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EBSTRACT
2allistic Research Laboratories Yemor-ndu= Report 1477 (:{ar;:ov, Vay
1053} includes a discussion of Stewartsoa's stability anaiysis of liguid-

2l

filled projzctiles, and "Tables of Poles and Rasidaes™ needad for
q‘.lan%g:tative desizn use of the analysis. Various design problems shos
that an extended tabulation is ne.ded, ard the present repori provides
this extension. The new tzvulzation [ATFRYDIX B) covers 2 ron-dirensicaal
frequancy rangs of 0.00 To 2.70 in increzents of 0.02 and a range of
cavity £iil ratios of 20 o 102 percent in rmaximzm increxents of ten
parcent.

A Dbrief descripiion of Stewarison's anslysis is also given in ihls
redort. Bmphasis is placed on ih= physical sigaificence cof ike
asswotions 2nd resuiis of the theoory rather than its mzthezatical datail.

The intent is Yo provida the novice Gasigeer of liquid-filled shell with

-

an aporeciation znd first working keowliedgze of the znalysis. Additionally,
the sumery of tha theoory is ased to point oal the significant advances
that rave deen made in undersiznding liguid-filied shell problems since
the publicaiion of Bellistic Research izborztories Memoranduwm Report

Ko. 1X77.
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I. DiRCDUCTIONR :
In Ballistics Research Lzboratories Memorandwm Report 1477, May ;
g

1653, Harpov presented recormendations and 2ids for designers of liguig- z

3 DOV T igna

.

- K
£i11ed shell, He advised that Stevartson’s?® anzlysis concerning the 2
flignt stability of spinning projactiles carryirg liguid in yiindrical [
czvities represented the best, g priori means for d2sign ageinst flizht g
instability of liguig-filied shell, The theory de~oasiraies that un- ; g
4
stzble fiighis are the resnit of resonance batween 0scillations in the g
13iguid 2ud the nuiationel opiion of ihe shall, 0 a2id 3asigners in ase
of tha theory., Zarvov sommrized the da72lor—ent of Sitewartson's Insizbiility 3
criterion, and provided an extensive mumerical tatulaticn of the “moles .
and vesidues” reguived for guantitative 3esigp work, Tois tebulation, ie z
sonjunction with Stewasison's criterion, a2llows dasigners to caiculate the §
a23vars2 cosbinations of thysical and geometrical pzoperties of z shell 3 _
. [
znd its liguid filler that will renda- zn mstabdble flignt. W0 peraevers 5
sovern the range of conditions covered 3y the izbles of poles apd resiices :
(2) the iignid fili-rztio of the cavity, ard (2) certain noa-dirmensional .Y

3
PRy
eigenfreguencies (natural freguencies) of the licuid. In Xerpov's t
. 'y . .. - = . L
tsbuiztions s fill-ratios from 50 ©0 100 percent ars enxopassad, while [
the fregusncy range is 0.0D e 9.50. i
o

[ ]
Superseript meders denote references wnich may be jound on page 31.
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1 A mriper of instances hawve occurred where the ccverage of the |
tables given by Karpov was insufficient for gquantitative Jesign. Hence, ;

calevlations were undertaksn o extend the tsbles o include f£ill-raiios

: of 20 $o0 100 percent (in steps of 5 and 10 percent) and frequencies from
0.00 %0 0.70 (in steps of 0.02). The primary purpose of the present
report is to provide Qesxigners with the extended tzbuvlation. As a *

conveniance {0 users of tha tables a brief sirmary of Stewartson's theory

is also included. The assua=piions, cepebilities, limitations, and
important formilze of the theory are -overed, but pot in extensive
sathematical gatail., By so doing, we hod2 to provids a useful veference
for the designer fe—iliar with the stability prodicms of ligquid-filled
shell, and to give the novice desizper an appreciation and first working
knowledge of the dasic theory.

Aboyz we rentioned Karpo7's advice to makes ase of Stewartsoa's theory
40 d2sign liquid-Till=d shell. Troeve is no reason (o alter this rescm-
meniation axcept to state it more exphaticaliy z2nd %o itak= cognizance of

recent advances in ouwr understanding of the factors. inllweacing The

behavior of thase shell. The theory resnins tke rost effective dasis for

design of we2ll behaved licuid-filied projectiles. Iis elements should e

7
bgl
§
i
1
8
®
q

understood by 3Jesigrers and its resmits shoull

opportunity. Purikher-ore, adventege should be taken of {he increased

capability for design analysis achieved throuzh the research efiorts of

RarpoR , Fedemeyer®, and Scott®. Stewartson's vasic theory deals oxly
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with stell containing inviscij, fully-spinning iigquids in oylindrical s
S
cavities. However, the latter investigators have showm how to treat L
r3 - rl 3
>roblexms involving: 3 X
(1) 7Viscous effects in the liquid f£iller® €, 2° § :
- i &
‘ b
(2) Certain iypes of roa-cylindrizal cavities, incluGing toose 5 :
. with profiles similar to the ogivel shape of The conventional . H
a~tiliery shell,?" > 32 ..
T 2¢ s
(3) Liquid spin-up effects (by a semi empirical zpproash). R
It is izporiant that Jesigners kmow of thase advances and we intend this 2
b
revort to have the secoméary Surpos2 O providing an awareness of then, :
i s 217 s 2 < zn - -~ . . ;
i This will Be Sons in ine courss of owr summary of Stawarison's theory by ¢ E
o
! discussion (bu: rot development of forzulzae) and referencze %o irmportant i
purlications. An exPensive {heoratical account of {he advances is nod &
avoroorizte hera, Such detail would likely 3afeat our purposs of supplying
*
2 working szppreciation of Stewarisoa's basic theory. Fartberrore, z Design . .
Handbook for Liguid-Filled Projectiles is 40 be publishad ang wiil cover in :
dateil 211 phases of liguid-filled projeciile theory and design® Accordingly, :
this merort is vprepared as an interin supplement 4o IR Merorandum Beport 3 3
47T, )
-
%
¥*The handbook, "Liquid-Filled Projectile Design.” is 40 be published in F
- the irmy Materiel Com=ni Zngzineesring Handbeox sories. - i
i3
Y
¥
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II. STEWARTSON'S TBORY OF STABILITY

Stewartion's thzory ccncerns the flight stabiiity of a spirning
shell with a right circular cylindrical cavity either wholly or partially
f1llad with liquid. Results of the itheory show that growta of the
autational component of the projectile’s yaw is possible under adverse
coxbinations of tha geometrical and physical chawacteristics of thke
projectile and its licuid filler. The mechanism producing this instability
is resonance between the nuiational freguency of the shell and certzin
of the natwral freguencies of the liguid. When vesonznce ozcurs,
oscillations of the liguid produce 2 periodic roment (counlz) on the shell
casing and lead Yo the growth in yaw,.

The theory is very valuablz for saveral yreasons. -irst, it providss

a clear undersianding of the thysiczl pheromena through which riguids

produce instability of spinning projectiles; nzmely, the resonance behavior
2entioned above. This basic mechanism applies to cavities of 2il
geoxetries znd not just cylinders. With this kowledze, we ave better
Trepzred aven for gqd noc é2s5ign apurocackes. Sacond, the theory provides

a2 guzntitative means for dosigning against instability in liguii-filleg

stell provijed the various requiremenis piaced on the shell allow use of 2

cyiingrical cavity*. 5T coursa, Stewartson's theory is pot umiversal in
amplication but is basad upon assuxpticns apd stiprlations that dafine

the situetions for which it is valid. Pere w2 will review ths most

¥Actuzily, we can now d2sign for some pon-cylindrical cayitias,

10
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important of these factors and attemst tc point out their chysical
significanze. Our prirmary atteation is {0 be directed to thz initial
theory. Howaver, wh2n avoropriate, significant resaarch advances by othar
investigators will be mentioned and references to their work cited.

e degin our ctomary of the theoory by stating and discussing the

conditions and assuwmptions o2 which it is founded. Certain of the stipu-

P 2.2 34
3 iel ¢

iations are absolute reguirements in that if thay ave not satisiied
theory is invelid. Others are izken as a matter of convenience o
sirplify in2 analysis ani to clarify the role of the Iicuid in 2azusing

flignt instapility. Ar 2xzmdie of an assugptior of the latler type is

"
J.

at tha overtwrning moment is th= only significant a2erodynz=ic force or
Dozent acting on thne shell. Drag, eic., can D2 incliud=d in the ana2lysis
but are 20t essential to its dewvaicpmeant. Therefore, we shall nagiect

than to =aintain focus ¢n the basic features of inbteraction detuwszen the

sheli and its liguid. Distinctions batwzen the iIwo tyzes of assusption:

A. Assuptions of Stewartson's Analvsis.

(l) Toe caviiv in th= shell 3s z righat cireniar oyiindar whose

2xis is verzilei to the spin axis of The projzctile, Immedialely w2 ss2

taat tee thoory is restricted oo shell with cylindrical eczyvities. Ezaw,
direct guantitative application of ils results is limited o a sinzle

g20=atrical shape. ﬁe&e:eyer“ howevar, bas aciaieved a2 modification
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of Stewartson's theory through whick it is possible to design
for otker shapes; specificelly, cavities whose radii change
slowly slong their length. As a consecuence, we are 2ble to
perforn analyses on many practicel cavity goemetries. To use
Wedemeyer's modifTication, one must have a working kmowledge of

the basic Stewartscn =2nalysis.

(2) The serodymamic overturning —oment is the cnly

externai force or mcxment affecting the flight of the sheli. We

explainad sbov= that this assurpticz is taken for ccoavenience.

Gravity and other aerogyna=ic effects can b= itzken in%to account,
but are not essential to the theory. 3y comsidering only the
aerodyna=ic overturning mcment, we will be able to éesign against

instability éue to the liguid.

(3) fThe shell flies with constent translaticnal velocity

-

and spin. This assurptica is ccasistznt witk (Z2) zbove but also
irplies that the liquid does not irfluence the spin rate of the
projectiie. 1In practice these conditions are never satisfiegd,
of cocurse. For 2 pericd after the projectiie leaves the gun
ruzzle, the shell’s spin &ecreases tecause it —ust spin-ur

the liquid. Subseguent to liguid spin-up, the stell
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experiences spin dacrease dus W érag. Furihermore, the projaoii

ancoanters transiationzl 4 In gegerazl however, ont2 the transient
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the eguation of moiion writien for
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roj2otile., Asswmpiions () znd {5) deiow coazarn ine =otion of the liguid,

[pessav:y
]

) k> zross moOtion of the licaaa is 2 rigil pody Franslation

2nd spin idaniicel $o the Transizlion 2n¢ spin of
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spins, nor Jdo2s it taXe accomat of variations in The spin of the iigui

22

Wodemeyer®™ and Sc0if™ have performed znalysss that 21low us o

TPy

caleulate the time regiived for the ligaid $o spin-wp afler a2 projactiile

pha't i)

lazves the muzzle., Hence, in tractical sitoziions, we tan Jebeimine waen

Stewariscn?s foli-spin assmmoiion becomes velid. Usueily, it is soon

- -3 2

after exit from th> mazzle. Furihermorms, o s2zi-a—pirvical amalysis is

availsnie 10 datermine whether instzdility is 1iksly Juring the {ransient

spin-np process® . The po3:zibility of this laiier pheonomena should be

9 v

v
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3 f (5) ihe spin of the liquid and the dimensions of the
] - cylindrizgi cavity satisfy the condition
;- 2 > go (1) ]
K- a = cavity radivs, inches, :
. ! = spin rate of the projactile (and therefore the liguid),
il radfsec.
x g = magnitude of the resolwyed gravity and drag vechors,
; infsec?.
‘J M : 2c = height of the cavity. inchres, :
P 3 h
|3 ‘ The physical significance of this assmsption is thai centrifugal forcas :
exerted on the 1iguil dus to its spin far oulshzdow any forees i=pos=d oy
: %
![ ? gravity oxr drag. A consegzence of the assmiplion is that the liguid
| = (except when the cavity is completely £illed) zas the shape of 2 cylinder
j : with a2 holiow, cylindrical core¥,
[ 4
. Bquation (1) st be satisfied for Stewartson's theory to be used.
' If ~ shall experiences high drag a2long with z 1ow 3pin rate there is 2
i v0ssibility the relation will b2 violated. Then the liguid wiil ot mawve
< a cylindrical core, bub will dzvelop 2 parcboloidal surface. T2
. 3 designer should always verify Saometion (1) is satisfied 1o avoid iprudent -
zoplication of the theory.
FActmally & paraholoid anos2 vertex is far from the shell.
’ - )
1t i
.
1 L - ) o
g
s
— - o - :
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It should be understood that the current assucpticn is distinct
from assumpticn {2). The for—er condition cuncerms external forces

and moments acting on the shell cas eng their effect cn the =otica

ks
*

of the shell. The present assu—pticn ccncarns the effect of gravity

o et wowreries

and drag cn the behavicr of the iiguid.

- {6) The m=ass of %the licuid is s—=211 ccopared to the total

=ass of the shell., This assu—piica is one of ccavenience. t is satisfied

- -

for =eny shell and sizplifies ithe sguaticas of —otic for the liguic-

shall systen. We us

1]
o
1y
1
!
’3:
]
g'
s
({4
P
ié:

{7) <re licuid is inccopressible znd inviscid. The assuptiom

o¢ incompressibility is reascnablie for “he liguids enccouxntered in actual

projectiles. Viscous effects, howsver, can infiuence the behavior of

-

< < e 2 3c . <=
é liguid-filied projectiles. Fortumately, Wedemeyer  hes provided an
analysis %o accomt for these effects. EHis znalysis invslves z boundary

layer correcticm to the basic, irnviscid theory of Stewarisom. Eere we

'

ccasider caly the fuméamental inviscid case ané recoammenéd that designers

=

become femiliar with Wedemeyar®s work cncs they have Stewartsm's theory

7L A Y PN AN A, SN A S S Aoy S g Sp ettt T

well in hand.

{8) The f£inzl asssi—oticns cocacern the nature of any variaticas

Taad w8 o enita

to the rigid bodry trensisticn and spin of the sheil and liguid. Any

- -

distuvpance Lo the shelli's motion is restricted to s=23l1 azplituéde

PETELSEIAPIILNAI RPN P I )

daads bk x




perturbations superposed on its gross translatioa and spin. Corresponding-

1y, the liquid is assumed to exverience oaly small awplitude perturbations

40 its larze scale translation and svin. The assu=ption about the shail

is tha famijiar s=all yaw sitnation associated with the linpearized
equations of yawing retion. Similarly, the asswcption iroosed on the
liguid linearizes the equations describing its behavior. 3By virtue of
linearization, thz equations for the licuid motions can be solved and
thair resnli in-orporated iuto the egaations of the motion for the shell,

B. HResuiis of Stewartson®s Analysis.

A3l {he Dpasic a tewarisoz's

(%]

]

$sumptions and conditions amdsriyim

theory were presanied zbove. Frox these asswpliions, w2 can make

o
[}
]
1

tative state—ent of our problem. XNamely, datermire ths condilions for

w<hich & syr=eiric, rapidly spimming projectile will experience flight
jostzbility as a consegaence of having liguid (at sul2 spin) in a cylindrical

navity 2long its axis. Stewartscn attacked this prodlex ia uo

vhases and 3t seems most effective to dascribe his analysis in 2 simiier
fashion. Rirst, be considered the bohavior of the Iizuii in a state of

rapid rotation within a2 contairer that could perform motions similar 0

- - - -

+hos2 of ite yewing moiion of a skell. He then co=bired {he provlen

solution %o found for the liguid with {he egzztions of =—otion for a shell,
Upon analysis of th2 resuiting eguatiorns it was found that under certain

adverse conditions tke yaw of the skell will grow withozmt 1i=3%.

16
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To describe the bshayior of the liguid, we remember that it is
confired in a <ontainer ani that its basic motioa involwves rigid body

spin zvout an axis wifh fixed Jirection. Upon assuming that the axis of

et . s s s

tha container is subjeocied to a sm»ll disturbance sinmilar o the yawing

motion of 2 shall, it is necessary that the liguid also
axperiences u distirbance o its dasic —otion because it =mst

follow the walls of the cavity. Stewartson's sclubtion shows that the

:g!
£,
8
By
g
g

the cavity Dotion toxoush the exitzation of small

¢

o fedkanan bekar, @

zmplituds os2il3ations suserposed oz the rigid body —oiion. There is an

B
f
‘cbk
W]
H
;3
A

discrete fraguenciss for thess oscillations - the
natural fregoencies {or eigenfreguencies) of the spinning liguid. For an
avbitrary wotion of ithe coniainer 211 the natuwral frecuencies will be
excited, oot in varying degreas. If, bowaver, the coatainer verforms a

Fzxing motion at certain of the aigeniregzencies of the iiguid, osciliations

e £ 1

2% this fregzenty berome predoxminant, that is, a coadition cf resonanse is

== H

esizblished. As we shalil descride later, it is this resonance thzt leads

o inst2pility of =z ligaix §iiied projectile,

i
+
:
}
2
k]
!
;
:
;

He s 3 errhasize thai the oscilliations perfor—ed dy the iicuii

ar2 of sm2il zplitude, Sioshing does moi occur, but 2 wave patliern is

astzblishagd in the longitudinal, radizl, znd civemferential directioans ;

T the cavity and there ave —ode ouwibers*® associated with each direction.

[
(=]

For oroviems of projactile stability, =zn infinity of the possidle

[P — - ———




longitulinal and radial modas are significant theoretically, but oniy
the first circwmferantiai mode is irportant. This circumsiance is a
result of the fact that the pressure fluctuvations produced in the 1iguid
by this mode lead to a periodic couple (with the same fregvency as that
of the oscillating liguid) on the walls of the container. It is this
corple which renders a projectile unstzble.

Tiow, w2 —ust eyplain how the natural fregnancies of tee iiguid are
d=termined. Stewartson's theory gives these fregusncies in a cozplicated

relation of the form

w-%-n [gey  Elm 2 @

-

i=o0,31,2,--

r = radizl mode mrber (ize nmbar of modes in tke radial
wave rattern) s

longitudinel wave n=der (2§41 = mber of podes in

&
1]

+b= longituiinzl wave patiern) s
xy = catural freguency of tze nji® mode.s

23

- - - . th <
= the nom-dimensional eigeanfreguency of the n)  =ode,

al
As

¥
]

dizmoter of the cavity,
25 = dimmeter of the cylindrical air core,

2c = cevity length.

18
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Several aspects of Bguation {1) should bs noted. First, the eigen-

=~

frequencies of the liguid are Jepenisnt upon The cavity geometry through
the ratios c¢fa and ¥¥/a°. The ratio v° /2% is tke air volume in the caviiy
expressed as a fraction of the total cavity volume. Hence (- ©°/a2) is
the fraction of the cavity occupied by licuid. Kext, we rote that the
eigenfregusncies Jareni upon the longitudinal =pde nusber through the
ratio c/a(2j+1) appearinz zs 2 varisble in f.. This is a2 fortunate
circuzstance,. bacaus2 onc2 7., is known for a szt of £iyed valuas of
cla(2541), ’92/2.2, znd =n. the 2igenfrecupencies are knmown for all loagi-

-

tudinel modes for which cfa(2j+1) equals ibe set yeln=. Rirally, Bcumation
(2) stows the fregusncies ave linearly related to 2, that is, 7., is
indapardent of 1.

As —ention23 Zvove, tae Tunciion f. in Eguztion (1) is 2 complicated
onz ani it =must D2 avalmated mericelly {hrounsgh rachine deter=iration of
the poles (singularities) of amoiher aguation appearing ir ike Stewarison
arz2lysis. The eigenfregusncy (poles) oortion of Stexartson’s Tebles is
7o more ihan & wmacerical iabulation of selecied values of 7., cfa(2j#1),
2 /2%, ani 1 satisfying Bgoation (1).

2popeniix 3 coaxizins tee tzbulafion of f,. Arrangsmant of the Tebies
is as follows. Each shea is for & fizad velue of the paramoter 3 /a?
an3 contains 2 colwm hesdad T, 2nd colu=m pairs beadad cja(25:1) ani 23

ind the valiuwe of 7,, satisfying Squation (1)

.6']

for several valwves of n.

*¥ine significance of this ool will 2 explainad later.

19




for given valuss of +°/a®, c/a(2j+1), ani n we proceed as follows. Torn
to the sheet for the sp=cified value of v?/a® ard pick out the colum
pair headed by the proper valus of n. Fext, read ddm tite cfa(2j+1)
colu= to the assigned value and read to the laft to Jetermine 7,4. ¥ren

the values of b2/e® or 'a%é.'ﬁﬂ' do not appear explicitly in the Table,

linprar interpolation is to be used. -
This co=pletes our discussion of the natural freguancies cf the
spinning liguid. We have showm bow these fregusncies dsperd upon the

{c/a ani bfa) and Gamonsirated the method for

naridey savendes. 1 o
CoTITY Sex=aTrys; 1:80.; (/8 ans fal oY

finding the frezuancies froxm Stewartson's Tables. %ww, we turn to tks

goestions of row ani when instability of a liguid-filled skhell is produced

v o b o b

by the oscillating liguid. To begin w= recall our assxptions that the
overturaing osment is the only significant aeroiyrawmic force or mozent
a-%ins on thoshell and that w2 ave d=22ling with small yaws. Under these
conditions, the motion of the skell (without the licuid) is govern2d by

the r=lations

3 =1, (3)
1,2
I - LT s - o (%)

where Iy and I, are, vespaciively, iZe axial and transverse Doxents of

inercia of the shell, and

20
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A is the coxplex yaws

Py

t is time,

is the non-dimensiosal frequency of the —otion of the shell,

s is thr gyroscopic stadbility factor.

o Hat g AN wFARR SERN RN N 2R
)

Bouation (3) represents the form of the motion sf the skell and the
valuss of T are provided by solution of Squation (4). Sincz Bguatioa (i)

5s guzdratic, the latler are found easily:

N £ 0o Bt 4 4P 73 s o o

[rrpantd

wh

1]
N

I

—~

Jod

g

Q
e’

futatioral freguency (5)

IO

; -
3 : -~ =3 =z (1-35) Precessioral freguency (6)
; i
: where
g = ‘ﬁx - - -
s
: =2
: v
. S =1 »
1 =_L ==
K v = henaniiE
: : iLn
:
3
3 0,54 . -2
=2 L ¢
!4 a o y‘g *
' 3 o, = air cdemsity ,
: S = reference ares Of skell, usually the Jross-
' : H sactional ares ,
|
! 21
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= twist of rifling, calibers p2r turn,

d = dismater of tha shell,

2]
]

=ass o0f th= shell,

% =offL,

Sy = aerciynamic ovarturning moment co=fficient.

It is advaptageous to recail hers that the sheli is stable
yaw do2s not zrow with tirme) so long as 7. and T, are real guantities.
To achieve this situvation w2 must have £ greater than sn2, 2 familiar

2 s is less

"1

condition for the gyroscopic sizZhility of & projectile,
than ope. ¢ and thevefora 7, ani T, bacore iraginary,and an expoazntial
growth of yaw occurs

Barlier, w2 stated that the oscillating liquid produces 2 momani or
the casing of the projectile. Iow w2 must daescribzs that mozent in

<,

v Bouation (%) %o include its effeci. Stewartson

m,

fanctionzl form and —n3ii
show2d that when the frequency. 7. of the projectile is nsar any or2 of

the natural freguencies, 7,,. Oof the liguid, tke mo=2nt applied to the

stell casing is given by

¥ __ et IR, )P/ e 7
= T ’ f

[ "-"

< e e 4 o -
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v
= woye

where ¥ is the momant exerted on the shell by the liguid,

.
DFPIPIT VRICA LT L § ot

25

T is th2 frequsncy of motion of the shell,

>

4

by

o is the density of tkhe liguid,

~
Porbyiapue vty o)

s

R(1,,) is a(s=211) constant deperding upor 7., apd is always positive.

L 55
L

Loornge,

[

The guantity Ry is the "residue” of ths Tables of poles and residuss,

o s

. and we see frox Bouation (7) that it governs ihe —agnitude of the liguid-

N ey

¥
A
ol
<
X

mozent for a given cavity 2nd freguency, Tuy. IZwery possible freguency

i
£2357 a0 |,

-

and modal configuration of the lignid inmwirzs a spa2cific valus of R

G2 N g b s &

and these valu2s are listed in the izbles adjzcent to cfa(2j+1). Wnen

v
§

Yot ety

7.3 is oblainzd frox the fables, the correspenling valne of R4 is ottain2d

by reading the right of the valuve for %(‘Z’?T) . With regard to the
=d

B s Ky caag g

residus, it is convenient {o point out 2 significant fezture of iis

AXTVORY WL MR

behavior as seesn in the tables. Hemely, for any sp2ciiic valu= of fregusncy,

I
i

T-3» the residu=s dacreases greatly for each successively larger value of

sl
FovErp A £ 35

n (i.e., R, d=creases with increasing radial mude nuwber). Thus, the

N

st

: higher radial oodes produze relatively weoak liguid-mozents. In practice

it has Dzen founi itkat mwdes De2yond n = 2 are s21ddm strong emouzn to

N

czusz stell o be unsiable.
The moment dus 1o the liguid is a forcing function on the wotion of

the skell. Thus tc account for tee presence of the liguid in the eqgzaison

TIPS e
Fore P AR U TS 3

f5 472350 Rii 63 (B

of —otion of ihe sheil we 243 Zcuation (7) to tke rigni-herd-side of

Bauation (&) &nd obkain

i
(MW
it g

R T

v

Lregver
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N
w
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3 v
T3° - I,7 L L5 el [R(G,)F ke (8)
: -y x 5Tys T - T, ?
4 ' ? wazra for cunvenienca, T4 has ba2en wrilten in place of 7., 1~ emphasize
_ that we are now thirking of a2 specific fluid frequancy. 3By solving )
' Bquatior (8) for T, the freguency of the shell's votion and the conditions
: ) under which the liguid can produce an unsiable flight are determined, (that .
: is, the conditions for which 7 has an imaginary part assuminz. of course,
: that s > 1). Here, w2 sh2ll only sicmarize the resulis of this solution.
? It is found that whem 7, is close te 7., ithe precessicnzl Ireguency, ™
, ty occurs. However, if 7, is nsar ibe nutational freguency, *.,

AV AT

o5
DY

A, 1%

£ -
; - (5% » [y )T %)
5 s = = . - A4
5 2 v2 21,0
4 The condition for instability is provided irmediately by Sguziica (9).
Ween the guantity uwnder the razdical is n2gative, T has a pegative imaginary
F part as w2 s22 by supstituting (9) int» (2):
o
: R T e s R e B e (20)
: e 2 Lkeiyo :
3 7 A -
=Y e:mg-' =2 t-_!ﬂ‘cn/a{}:/‘.

+
T TR g R e aeNee W e




R g -
—— e U erow e
. P T o T %

Thus, an exponantizl growth of the nutationzl componant of yaw ozcurs

when

(T= =7\ _ 02°(R)? <
2 4eX,G

or, written -wre conveniently, whea

- 1< (75-1. )/S5 <1 ™= condition for (11)
instability

When Sguztior (11) is satisfied, the rete of growih of yaw is

{Souation (20)]

a=13 k- Go-= F > (12)

or

[N/

3
Figare 1 is a plot of (2/52)x egeinst (7,-7. )/S2. Tais resonance

curve, as w21l as axzmination of Souztions (11) ani (12), shous the

N
A0
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instability to b2 strongest when 75=7,. TFor ron-zero valuss of T, -7,

by
the yaw growsth rate Jacreases uniili it vznpishes for l?c-7=! = §3.
Souations (11) 2ni (12) are the bzsic resulis of the Stewartson

theory. ‘They per=it us 0 calenlaie the cozditions prodnzing instapility in

2 given projectile {ani thewefore the mezns to 270:d these instabilities)

and to caiculate the stranztn of the ins t2oility.
D &
A

voendix & provides 2x==

ples of th2 use2 of the thoory in skell design,
I regard to use of tze izsory for guzniitzatiive dasign, 2z czuticoary mois
is zdviszble here. Ii concerns ithe theoreticzal 1limits of = 1 appeszring
in Sguatioz (11) which wore derived i3 i

ph

s imviscid. Wedsmeyer 32°

r2n exart 2 significant irnflwence oo the shape of tos

infinance is Jeronstrated guzlitatively In Pigure ] where z representative

resonance ~urve for a viscous ligaid is drzawn 2lozg with the corve providad

v th2 inviscid anzlysis. Visoosity is sz2en to decreasa the peatd 1

o, waeazver, it also yrozdans the caoxve. 1In fact itz
never becomes zero or negative and the 1i
{c grow. Bowaver, on the wings of the
ov2rooz? by aerodynzmic dz—ping in actuszl practice. Hance, ths ii=is

(in Bomation (31)) to e used in practice mist b2 esitsblished by the

shape of th2 viscous resoasnte curve ard tes magnituds of aevrodynza=dc dswping.

*¥2 mention the 2ffesis of viscos

-

v b2re b2ozuse indiscriminate us2 of

Jde

i

tha theoretical limits of = 1 appearing in Zgumetion (11) conid lead to an




"

- e

irproperly dasigned saeli. Bvery dasigner is zdvised to stedy Wedsoeyer's

viscous correction to Stewartsoa s theory oace he has become familiar with
the basic, inviscid znalysis.
The previous discussion has surveyed Stewartson'®s anzlysis of the

instability of ligaid-filled skell with cylindrical cavities. Tre
machanism prodacing instadbility is resonance betuwsen the nutatiormal freguency

£ the projactiile ang certain of the eigenfreguencies of the spimming liguid.
For these eigenfreguepcies, tke pressure fluctuzticns in the liguid produce
a2 periodic =oment on trhe walls of tte cavily and this mozenat continmousiy

increases ke yew of ite projactile. Tne tables of poles a2rnd residues

calculated from the zmalysis provids The means to Saiermine the licuild
cFlinger dirmensicns that will cazuse a2 given shell teo b2 umsizdle,

-2 3 &3 v & Ly SnoFathiiss [~ +5 5 323
ard 0 determin2 the stvenzin of Toe instzdility. Tous, the theory 20zbles

ns $0 mke g priori da2sign azainst instapilities in lignid-filled sheld

)

when 2 oylindriczl cavity is erxployed. If otrer dasige considarations allon
tha use of such 2 cavity. it shtonid b2 used o assare 2 well-flying

joctile. ¥When recziremeris demand other than a c—ylindriczl cavily,

g

every atitersi should be =2d2 ‘o rave its oconteirver satisiy toe conditions®
zsad in Yedemeyver's =2nalysis for mon-cylindrical cavities. Then the
dasigner 533111 can perform a gquantitative study of his skell.

ora zve Sitvaticns where it is rpecessary to us2 cavity

Tecmeiries not covered by the znalyses of Stewartscm and ¥edexeyer. -

¥hat the cavity radius changes slowly as 2 function eof caviiy lengih.

23
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An ad hoc 3design approach is then necessary. However, even in these
cases Stewartson’s arpalysis can be pat to gualitative use. For even

though the mmerical resulis of the theory d> mot aroply, the mechaniso

-

for instability remzins the ssm2: resonance betwsen natural freguencies

OF the shell and liguid. With this unierstanding, tke astute desigrer
possesses valuzble guidance for selecting and moi.fying cavity geozetries

0 achieve a stable projectile.

IIT. COXCLRION

- P

Stewartson's treory and the work of Karg v, wadameyer, and Scott
orovids th2 skall desigrer with powerful tocls for design against flight
instability of lignid-filled projectiles. To use thess toels, it is

D3cessary (o pave a firm understaniing of ihe phaysical tasis azd signifi-

o
i

canze o Lbeoraticsl results, and the numerical tzbles reguired for
quantitative work. In this report, we bope to0 have supdlied a Dart of
ooth. o give thes i=bles is 2 sizple task, ani tWos2 contain=d in Appeniiz

B shoald satisfy the reguiremenis of virimaily 211 dasign proalems shere

the theory is applicable. To zive an adaguzte description of the theory

is 2 much more difficalt problem. Tr= fall mathematical an2iysis is bhoth
co=plex and tedious, and we recognize that its datailed cursait is payond
te2 {ime damends placed on —ost dasigners. In conirast to the =athematics,
bowevar, th2 physiczl phemomenas assosisted with instability of ligaid-

£illed shsll are relstively sirple, ani familiar to the dasignar. Tius,




we have atterpted to sumarize Stewartson's thzory by stressing the

physical siznificsnze of its basic assumptions and resulis. Once the

d=sigoer hus thesz factors well in hand, e is prepared to aroly

Stewartson's results io problems of shell dasign, and to study the —ore

recent advances achieved throngh liquid-filled skell research.

38
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APFSIDIX

Bxzmples of Design of Lignid-Rilled Shell

T d2sign provlems containad in this z2ppendix have been axtractid

jad

changs frox 3RL, Merp Report 1477. They provids lusid examples of

da2sign prozedure for 3k21l with cylindriczl cavities. When working
torouzh the examples, thz rezdzr «will p~ie that Stewartson's criterion for
instability {Bcuztiorn (31)) is usa2d with the limits -3.9, and #2.7.

These were recommeni=sd for design Dractice prior to Wedsmeyer's analysis
of wiscous =f{fecis. Tere we have ot chzngad the 1imits to emphasize
that the theoreticel (inviscid) ones of : 1 often require —modification as

discusszd in th2 Hody of This report.
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To illustrate the use of tha tables, we may coasidar two cases:

a) aaw sh2ll, and b) existing shell, For th2 new shell it is importent

to know, & priori, th2 cavity dinmensions which will give rise to resonance

=

=
N
“

between the fluid osciilations and the natatioasl frequsncy of the shkell. i

N

: ) Tha designer, therefure, sheuld avoid thes2 dimensions. If the existing

e b
[

sh21l is being adapted for carrying liquids, it is important to inguire

whathar its cavity is such as to lead to resonance and, presu=sbly, bad

) -
AR AT oG 1Y

£1ignt.

9,
2t

Ccasidar the case of a2 m2w sh2ll. The desigrer shounld sstimate the

R A LN

‘ Dozents of irmertia of the expty shall, T, and I,, and the zyroscopic

By

P

stability factor, s, fyom which to cozpute 5. With thess 22 computes

th2 nutational freguency

G R

/AR

It might b2 adaquate, at this stage, to use approximate formulae

~

: for I; and I,.

I, = 0.1k o&®

©

€%

i, = 0.51, + 0.05%: =?

O

V 3 whare ™ = rass of the shell .
[

| 4 é = dgizmater

; .

I = overail length
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The zyro ¢ stability factor
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waere &
n

& -
5

o

end = = tuwist of rifling in calibers par twrn. Y can b2 wrt

"

®

e}
g,

o, 5S4 $ #

¥=-4—=X co -~ ¢ C 5

on ( 5) E

3

wnare ¢p = cexter of pressure, in caljhers g
%

»y

cg = center of gravity, in caiibers

va

\ C’I = nor=al force co2fficient

cp and cﬁa da2pend only oa the exterior shape of Tka shell and. henca, 3

P

rerain ipvariant with the changes in tha caviity dimensions. i

STAEIR 1:
; iet us considar, as an exz~ple, the 105t chemical shell for which w2 3
have 2ithar estimated or measured the fcilowing characteristics: o i

. 1050 Chaaicel Shell
E ° I, = 0.56 lbs 7 -
‘ $ I, = 5.55 Ibs ft®
s=1.2;5 = .11
,'g
[ 7: = 0.07 4
ee
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The geoxetry of the cavity is right circular cylinder with the
diamater & = 0.13 ft, and with the {inepes: ratio, c/a, so selected as
to avoid resonance cordition. The cavity is to b= filled %0 955 by 2
iiquid of dansity o = 62.4 lbs/7t3.

The prodblem is to find which {inenass ratios xill lezd o resonancs
and, neace, are to b2 avoidad.

To 3o this, w2 turn 20 the table for »?/fa? = .05 (55% full cavity)

- < . cla
and lorate on the lin= 7, = 7, = 0.07 {k2> correspoaniing values of -,-2-:/‘—7-1

arnd .ssociateld residea, 2R, in each of the three column pairs. ¥z fini

th2 following:

23 +1
ist colum pair 1.075° .212
223 colizm pair .56 .0252

Tharefors. th2 resonznce will occur a2t tha followinz cfa values:

]
ot
.
.(c‘{%
L)
n
Cabe
o
(2
St

{c/2)
{c/2), .

(cf2); = .320
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IT is 20 e moied thai, for sizplicity, we havs assweed tmat the

v2lu2 of £t

W

Dutetional freguency, T, , remeained constant while we changed
cfe. In practice, of courss, T, will change becanse I,, I, and ¢ a1l wiil
change, albeit slowly, with changes in c/a. t these can He taken into
account at more datailad exswination of iha siimztion in the vicinity of
the Jasired z/a ratio. Tos presani voush survey stzkes ot only tha
fangar agress.

Toe 2bov: itable shows 2 fairiy larze me—ber of finemess ratios which
are 0 e =v0id2d in order %o a2scape resonznce. Howsver, the situation is
ot as d2d as it looks. The third colum, (c/z2)., contzirs 2 greater
mThar of egtries. 3ut because of the yory sme2ll resilpes assosistesd with
tois colmm, the coincidance of the actuzl valve of cfa with tzbulated
valu2s mist D2 very pracise for rescaznce 10 occur. This can be showm as

follows. Using ths resigues given zbove, we co=pute the guantily
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b
1 (I,0\3 _
= for eac
2 \pe>. each

colum pair. Rguation (ll) can be rewritten ast:

jer
st -3.9<350 =1 @), -¢) ] <27 .

223 -3.C0< 1:0)‘!,% r(-:-) -(—E—) }< 2.7
- — 2 -

- sook TS (1< 27
¢ 2.9 <2500f TG )] <27

R e AR

- < - - - X - -
Anara (E) are tne tzbelated wvaluss as given 2bove, for ez-h
e
-

ez s < P
thzt in ordar to satisiy

[

< SY .- . - =
and (;) twe actual dasignad wvalue. It is clear

<
Feo sty

the zoove instebility conditions the differance in the vicind

3 the actual Gasigped valuacs —ust be very

Hytif
v,
P,

I

- . . t=balated finmeness ratios axd
E sm2il for the 3rd column, less so for tea2 2ni colwm, and stiil less
tk2 coimcidsnce

critical for the 1st colim., In practice, therefors,

<3 vats

with $2baiasted values 3n the 3vd colaem is 1ikely 0 be purely fortuitous

(gaptean

-

e 3 bacrus2 o2e wsuelly carmol dasign the cavity with the reguired procision.
. The fineness rztios zupearing in the 1si colcm are the —ost izmporiant

and should, thereiora, b zvoidad.

FEAS e i
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TS 2:

For the sa200nd case, w2 ey considar the sgme 105 che=icel shall, .

€yt

o

-3.9 203 2.7 used 2ere rethaer Than ths theoretical

et sl £ s ien 12

somment zt beginning of this zppendix.
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Ead
et us sucposa that the Tineness ratio of its cavity is 2= 3.2. We

glraady tha

g

is

L)
"o'o
H
bds

[y

ness ratio shtould b2 avoidad. 3But, &s

41}

fina
an i'lustrative exawple, we shall procesd with the analysis of this casa.

AT 490m arSTIp g fompt Parpbonepheviny

pop TPt pa gy

: Ic = _56) (k1 i
let & = 2F . - Eailar s 0% 327 N2
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-3.6 < :9—2—.;:-—05- (27.8) < 2.7
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Since the cavity is %o b2 filled to G5f we use ike isble for ¥o/a® = .05.

v DA, 7k $un i rche DS

Coxpzta: From Tadle v°/a° = .05

LRare At

£,
. cs8 -
i omEs G = 3

2 3e

v Aa Py
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1.057 .05k Jagk -.55
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The resuits show thset for this cavity, ofa2 = 3.2, and 25% £i1l tha shall
is predicted io %2 wnsizble for j = 1.

The hydrodynazic —momert is prorortional o the residees =zt the roles.
#ance, oniy tha leading poles, lower j values and assosiated larger residn
are the st i-poriont.

Cna of The yossible remedies is {0 try to changa the z20ma2iry of the
cavity or.Jre spacifically, ithe finsness ratio cfz in the viecinity of
3.2. The foliowing teble illustrates tee affect of suck 2 changa. For
This illestration 2gain, the irertial preperties of the siell were Xapt

consiznt and only cofa chanzed.

The Sffact of Chznzing cfs on Sizdilitv. 10=m Shall

Veloss of 87

cfa = 2.8 3.6 3.2 3.k 3.6

Gh

(]

2 -52 =55 2.3 3.2

21 25 2% 23 28

w N
N
8

22 = 5
L -3 51 83 = 101
5 153 37

Tous, this sbh2ll is uasteble for ofa = 3.2, &8s previously shown, but
21so is sanzerousiy close o instzbility for valuss of cfa wp to 3.6. For

cfa = 3.57 jor es==ple, it is mastzble for § = 3 Tor shich the 37 valme
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Anothar possible remady is to alter thz air space or {ill ratio. Tre

following tekle conreys soe sans2 of sansitivity of instzbility condition

J

Tha Bffect of Chanzinz Air Space o3 Stadbility. 105=m Skell

ofa=3.2, j=1, ;gﬂ 3 = 1.057

.20 i.8

witk the Tinpsness ratio of the zavity of 3.2, “he shell is wmstisble

b b e AR £ g b ? Y,

for £ili ratios from 80% to 103%. For this shell, therefore, with a
fineness ratio of the cavity of 3.2, ctanging the loading conditions is

rot 2n sifective teans 6f rexedying 2 bad situation.

20 sh211 ©0% fuil; p°/a® = 0.310

i, b2k gmz-c? T, = 0.155

I 251.5 gms-c=? cf2 2.68

bt e b T4 P ALY

- c 0.8% e 0.77

W
i
b
)
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and instability criteria baccmes:

-3.9 < '-'-a——-a-z‘_"z i 10.9 < 2.7

/,
. c/a -
J 23 + 1 ‘e 23 3

)
L]

(=2}
\D

3 Bk .2633 11.6

N
W
N
L]

¥
a
V)

.0523 -z
3 -353 .25 -0305 33

k .283 .03 .0055 -126
; 5 .2k - - -

The shall, therefore, is sizble if one uses Stewartson’s limits of z 1

' Tut is uwastable for 3 = 2, if one uses the limits -3.0 2nd + 2.7.
3 2
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n=1 a=2 n

~ 0

1 [} 1 ¥ L]

o C/{(2J+1)A 2R C/{2J#1)A 2R C/(23+13A 2R

.00 .565 .000 478  .0000 .3:0  .00%5)
.G2 1.018 .058 490  .c070 .312  .0C' 35
.C% 1.042 _.118 .503 .0tk .327 .0G-3
.C3 1.066 .181 .5i6 .0223 .33 .0C3

.33 1.001 .2k .530 .0307 345  .0025
.9 1,117 .313 .5hi;  _0396 .355 .O1:i
Lz 1.13% .382 .559 .0L91 .364  .0i33
ot 1.772 . i&5% 574 ,0591 .37 .01a3
.16 1.201 .528 .590 .G0697 .385 .01S¢
.18 1.231  .60%4 .607 .0809 .397 .023.
.20 1.262 .682 .62l .0928! .08  _0282
.22 3.294  .762 .62 105k 20 .03
.2k 1.328 .845 .661 .1187 433 .03%L;
.26 1.363 .930 .680 .1328 k6 0387
.28 1.329 1.017 .700 .1478 L560 .0L33
.30 1.437 1.107 .722 .1636 .575 .0L81
.32 1.578 1.200 .745  .180L .0 .0533
JIE 1.521 1.295 .769  .1981 .506 .058¢
.75 1.565 1.392 2% L2169 .523 .0649
.3 1.6i2 1.491 .£20 .2369 .51  .07:4
2 1.662 1.593 848 .2581 .561 .0783
=2 1.715 1,698 .878 .2805 .582 0853
1 1.771 1.805 910 .3043 .603 .09zC
.= 1.831 1.914 Lol 3296 .626 .10Z--
.-8 1.895 2.026 .80 .3566 651  .11i8
.50 1.963 2.1k2 1.019 .3853 .678  .1220
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°© TR
G.0D 0.9
o.c2 1.018
0.0% 1.0%2
0.05 1.056
0.08 1.091
0.10 1.117
- 0.12 1.3k
0.14 1.172
0.16 1.201
0.18 1.232
C.20 1.263
0.22 - 1.255
‘0.2 1.330
9.26 1.365
0.23 1.50%
0.30 1.3%3
0.32 1.@5
0.3 i.529
0.26 1.576
0.28 1.625
0.30 1.6%0
0.52 1757
0.%% 1.799
0.%5 3.888
.13 1.955
3.50 2.03:

0.1281
0.246
0.313
0.332
0.453
0.527
0.603
0.681
0.761
0.8%%
6.923
1.035
1.365
1.185

31.289

1.481
1.578
1.676
1772
21.85%
1.955

e.005

S

0(2—3—21)3 2R

0.477 0.009)
0.%90 0.0970
0.503 0.01%%
0.516 0.0222
0.539 0.0305
e.5%% 0.0395
0.559 0.04E6
0.57% 0.058%
0.590 0.058
0.607 0.0798
0.625 0.0915
0.643 0.1038
0.662 0.1168
0.6%2 0.1305
0.70% 0.1450
0.727 0.3605
0.751 0.1765
0.776 0.1955
0.803 0.211%
0.832 0.2301
0.85% 0.2455
0.533 0.2599
0.935 6’.2905
0.578 0.31310
1.025 0.3355
1.655 0.3575

n : 3
R
0.305 0.0309
0.517 0.0219
0.325 0.C3%0
0.35% 0.0052
0.3%3 0.0936
0.355 0.0111
0.353 0.0138
C.375 0.0167
0.38% 0.0198
3.3 0.0251
0.507 0.0285
0.k20 0.03C%
0.%33 0.03%5
O.ELT 0.033
0.k51 0.C:3k
0.577 0.C4E%
0.193 0.0533
0.530 0.0565
0.529 0.C555
0.5%Y 0.072%
0.571 0.G7%5
0.5%5 0.057:
0.621 0.0338
0.650 0..650
0.683 0.115C
0.721 0.22{2
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1. ORMENATING ACTIVITY (Copesaie suther) REPORT IECUMTY CLAIRFICATION

U.S. Ary Bailistic Research Laboratories ified
Aberdeen Proving Ground, Marsland snouve
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DYNAMICS OF LIQUID-FILLED SHELL: AIDS POR DESIGHERS

4. SRICTIP TIVE NOTES (Type of sapert and Sachmive dates)
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John T. Frasier

MEPOAYT DATE . TOTAL NO. OF PAGSED 2. OF NErs
Decerter 1967 67 I‘
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20. ISTROUTION STATEMENT

This document has been approved for public release and sale; its distribution is
mnliwmited.
3. SUPPLUMENTARY NOTES

12. SFONOMMNG aRLITARY ACTIWTITY

U.S. Army Materizl Command
Washingtc:, D.7.
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}Ballzstm Pesearch Laboratories Menmorandum Report 1k77 (!a:rpov May 1963 ‘includes
a discussicn of Stewvartson's stability analysis of liguid-filled project:zes, and
"Tables of Foles azd Besidues™ needed for quantitative design use of the gnalysis.
Varicus cesign probiexms show that an extended tabulsticn is needed, and the present

recort provides this extensicn. The new tabulation (Appendix B) covers 2 nom-

dimensicnal freguency range of 0.00 to 0.7 in increrents of 0.02 and a sange of
cavity fill ratics of 20 to 100 prerceat in maximuz incremeats of ten nercent.

A drief descripticn of Stewartson's analysis is also given in this report. Emghasis
is placed on the physicel csigmificance of the assumnticns =nd resnits of the theory
rather than its mathexmstical detail. The intent is t0 provide the norvice designer of
liquid-filled skell with an appreciation and first workzing knowledge of the analysis.
Additicnally, the summary of the theory is used to roint cut the significant advances
that have been mmde in understanding liquid-filled shell problems since the

pabiication of Ballistic Research Laboratories Meworandum Report Yo. 1M77.
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