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BALLISTIC RESEARCH LABORATORIES

-.EM&)RMD4 RXMORT NO. 18902

Ji~rasier/zo
A4berueen Prtoving Ground, 1-U.
Deecep-er 19671

Ballistic Researc-h La-borattories Ypewr'±n-dtm Report 1477 (jarpo7v. may

3*193 includes a discussion of Ste-wrartsom's stability anal~ysis of lianlid-

filed project-iles, and "Tables of Poles and Residues t' neede-d for

quantitative design use of the analysis. Various desig -_o-b1,_--- sbx;

that an extenmdeed tabulation is ne-.ded, and the preseent reeporlu moroiides

frev~ency range of 0.00i to 0.70 in increments of 0.02 and a range ofI

cavity fill ratios of 20 to 100 mpercent in raaxi:-r increme-nts of ten

pmercent..

A brief descriution of Steva"-so'n's analysis is also given in this

4report. Eripasis is placeed on the pbysica sigaificmz.e ef the

J ass= ions and resnIlts ofL the theovy ratheer than its =Ithezatical detall.1Thee intent is to nrovide the nvice designer of li-quid-fill~ed shell1 -with

an appreciation and first woeking 1morledge of tthe amalyzis. Addlitionaally,7

tesma=ary ofL the; theory is a~sed to pint. ount the significant advances

that 'havre baeea m~de in un-derstandin irayid- t ill ed sel prbles sne

thle a'iblication ofL Ballistic ?eesearch Laboratories M'enorandi= Rport.

NIo. lhT7.
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In Ballisti-cs Rieseareb Laborzatories vj--mrandmz Report 14,77, 1-%y

.Z.963 Ka-rpcrv presented r-e-orr endatiorns and aids for desigl±ers of lI~i~id-

filled shell . He a-.:-ise-d that Stev~ae-son's 1* analysis concerning the

fliVWht stability of spinniz-n projeetiles cal-7-yn-g liquid. in- zylindrical I
1cavities reparesenteed the best, a p~zrio means for design against flig7ht

instabili-ty of liquid-fifIled shell'. The thneory dewastrattes tthat un-

st,-bb e flights arre the result of resonan-ce betixeen- oscillations in t~he

li-cruid a-id the nut-ational mition of the shell'. Tb aid designeers in use

of the- theory. ~Zr~s-'ieithe dee~tof St-earartson's ins-tabilty

criter27ion-, and ±mz-'. ided am- exteen-sive wmerical 0ablaio:o the 'poles

and residraes" reanired for cuantitative design uurok. Ibhis tabulation, in

_ vjmc ion Stewa-..son' s -criteriom, allows designers to calculate the

aereco=5inations of physical and geometricall omioerties off a s~lell

and its liquid filler that, will render an unstablee flighit. Ti'i zpra=ezAers

gover-n the aneof conditions oerQby -the tables or -oles adresidms

(1) the 1lioul:d filil-ratio of the avyand (2) zzertain non-dim-ensionall

elgnfre~penz~es(netural frequencies) of -the liculd. In Ka-os

tabulatiom-F , fill -ratios from 50 to 100 poercenTt are enzacouasseed. -3ile

thre 2ru~c ag s0.00 to 0.50.

Szoerscrizpt wxzbers denote mfferenmcs whichi =a be foxzd m~ pqge 31.
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II I
A rr~ber of instances have occurred -bere the coverage of the

tables given by Karpov was insufficient for quantitative design. Hence,

calculations were xmdertaken to extend the tables to include fill-ratios

of 20 to 100 percent (in steps of 5 and 10 _mercent) and frequencies frozm
0.00 to 0.73 (in steps of 0.02). 7he pricary purpose of the present

report is to provide designers viith the extended tabulation. As a

-onvenience to users of the- tables a brief sma-y of Stew•artson's theory

is also ineluded. The ass=-Ttions, capabilities, limitations, and

ji portamt for_ alae of the theory are .'o-.red, but not in extensive

I -athematical detail. By so doing, -we bhoe to _roiide a useful reference

for the designer familiar with the stability probis of liquid-fil!ed

shel!, and to give the novice designer an appreciation and first working

J wirledge of the basic theory.

Above we mentioned Karwo,'s advice to make use of Stewartson's theory

to design liquid-lifled shel!. 7bere is no reason to alter this reccm-

men-aeion excent to state it mre e:batically and to take cognizance of

recent advances in ou; understanding of the factors. influening the

behavior of these shell. The ory remains the most effective basis for

design of well behaved licuit--dlfed projectiles. Its ele=ents shno-Jld be

understood by designers and -it results s !ould be put to use at every

o protunity. Furthermore, advantage should be taken of the_ increased

ca-aabi'lity for design analysis achieved t-ough the research efforts of

I 37.mrg , Wede-zaey, and Scott'. Ste-.-a.t.son' s basic theory deals only
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I with shell coatamining in-viscii, f'ully-spinning iiquids in cylindrical

cavities. !Bwe-.er, the letter in-vestigators have shoun how to treat

-Dfblm 1movi
(1) Viscoas effects in the liouild filler2

(2) Certain types of non-cylindrizaJ. cavities, including tho.;se

j wnith m'-o-fi 1les similar to tie ogival shame of the conventional

arti-Lery shell: 2 f , a

(3) Liauid spin;-Lm effectsae(by a sem-- emirlical apo~)

Rt is in-.rt-antf that designers '-ow z o these advan-es and wie int;end t) is

-'-eoz-t to have- the second-ary sur-posa of pmroiding an awareness of them.

Onhis irill -be done in the- cmarse of ou~r su-iary of Stewartson' s theory by

discussion (be- not deeocetof foiaemlp) and referenze to i~mor-ant-

-aNikiations. An erkensivwe theoretical accotunt of-: tbe advances is no'-

amqxropriate he-ra * Such detail wouild likeely aefeat our pirpose of mi-anlying

a wmeking -apr-eciation of Stmewart bson's basin- theory. ~rhzra Demsign

Ha-ndbCook for icmuid-Filled -Projectiles is to bee pubolished end -willl c-over in

detail all thases of lictuid-filled 7projez4tile theory and design. Acco-r=ing-ly,

this report. is prepared as an interim s-xpolemnt. to MRL Memran-d-ra Report

I l4-77.

*Tehandbook, "Lianid-11illed oecleDsg itobo-bshdn
- ~t:he Army Materiel Cbýi -: ee" Hand-book series.
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3II. SvARTSO!W'S TheORY OF S¶1BILT.JI

Stewartzon's theorj concerns the flight stability of a spinning

shell with a right circular cylindrical cavity either wholly or partially

f£lied with liquid. Results of the theory show that growh of the

"anutational co-ponent of the projectile's yaw is possible under adverse

co•binations of the geometrical and physiza! characteristics of the

projectile and its liquid filler. The mechbanis= producing this instability

is resonan•ce between the nutational frequency of the snell and certain

of the natural freauencies of the liquid. When resonance oc-curs,

oscillations of the_ liquid produce a meriodic mnoant (coute) on the shell

casing and lead to the growth in yaw.

TThe the-orj is very valuable for several reasons. --xrst, it mroT•_des

a clear underst.anding of the 3hysical phenomena tbro,2gh 'n liraUids

produce instability of spinning projectiless namely, the resonance Ibehav.ior

mentioned above. This basic mechanism applies to cavities of al'

I ]geometries and not just cylinders. With this knowledge, --e are better

nrepared even for ad hoc design approaches. Second, the theory ora-vides

a cuantitativz means for designing against instability in liquid-filled

shell provided the varioos rea-airements placed on the shell allow use of a

Scylindrical cavity*. O0- course, Stew-a-son's theory is not --niversal in

aonlication but is based upon assui~tions and sitipuations that define

the situations for -ehich it is val-id. Here -we will review the s"t

*Act naily, we can now design for so=e non-cylindrical cavities.

10
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it~ortant of these factors and attempt to -pint- out theiar p~hys icall

iirzestigators will be mentioned and references to their work citeed

Ve begin our :.:_ary of the theory by stating and discussIng the

con3 itqions and assi~ptions on which it is founded. Certain of the st"ion-

jlations are absolute recauirernentCs in that if t-hey are not satisfied the

I4
I theory is invalid. Others are ta:keen as a ra~tter of conv~enience to

sanplafy the analysis and to clarrify the r-ole of the 1licirud in =aising

* Iflig~ht insta~bility. An ex~eof an assuamtion of the l-att-er typle i.s

I Ithat the overtuxrning mment is teonly sitgnificaut ape oynac-ic for.-_ or
zoment acting on the shell. Dragg, ete., can 'bee inelzmied in the analysis

but are aotI. essential to its develapc~eat. The-re-fore, we- sb"U neglect

the-n to rainta-in focus on the basic featuxres of interactl.ion betw-een the-

4she-l-L and its lic'2id. Distinctions bet-w~en t e tw.o tyn-es of assizumions

oil, become clear in the -oir-se of' Adizussi-cn.

4 A. Assiz~nions of Stpew-artson's Analysis.

(1) Tbe cavity- in the shell is a right circuialar cylIn.;der wboze f
axis is marallel to the spin axis of the projeetile. I~~aeywe see

that t~he theory _is restricted zo shell w,,it~h cylindrlical cavritties. Hen--,a

direct- cuantuitative apolicatiom of its resunlts is 1:1-ted to a sing-le

geometrical. shapee. Wedemeyeerl howuever, has achievwed a modiificatiom

3.1'
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of Stewartszon's theory through which it is possible to design

for other shames; specifically, cavities whose radii change

slowly along their length. As a consequence, we are able to

perform analyses on =any practice! cavity goemetries. To use

Wedemv.yer's imodification, one rust have a working krzovledge of

the basic Stewartson ana3ysis-

(2) Mie aerocynanic overturning m~o~nt is the cnLv

external force or mcmant affectinc the flight of the shell. We

explained above %that this assu=rtim is taken for ccnvenience.

Gravity and other aerocynanic effects can be taken into accont,

but are not essential to the theeo-y. By. considering only. the

aerovnaric overturning =cnent, we will be able to -esign against

instability due to the liquid.

(3) The shell flies with constant translational --elocity

and soin. This ass -ticn is ccnsist-nt with (2) above but also

irolies that the liauid does not irfluence the spin rate of the

projectiie. in practice these cc&.tions are never satisfied,

Sof caurse. For a meric-d af ter the projectile leaves the gun

=uzzle, the shell's spin decreases lecause it =ust soin-u-m

the liquid. Subsequent to i'quid spin-unp, the shell

12



e-pe-riences smin decrease dme to drag. Yurt'hercore, the -rojeztil

enco~mt-ers tzranslattion-al dr-ag. Inn 1--eral bm-re-er. on-- the tran-Siea4

phase of lI-quid spin-unp is con-letee, tedra-g effect'-s arre sufficiently

snall for tbe c-urrment assu=ntion to -ze- reasonable for mast mrojezctiles.

--m. er~- t'n-t this ass-.xmntion dealls -xtb the shhel casing-

not ith the liaain- and rellates to the eacuattion of =tioa arte for toe

j nr~Ž~ile s'tns(. n (5) he -- onzern the =rt mo of tae 'iQuid.

(4) Me- mxos natom of -the icii i a rlidi body --rarnsipion

and S-afl idenmtical to the translation and spnof the projtie 2. Thi

taszsetion. inM cofl3Ufztton it (3). restrilcts ourr consadexrations to tb--

r-uJZ- s-pin zomdiltion of the 1 cuid. !:-: t~heoy- -:oes n-o't consider--

situastioas -U'e tensell' casing and Klicuid have unequal- rii5-~dy

spi-as, nor aDoes it ta:- acn oA vaitios in th spin of" the1 liid.

Wed-emeyer 31 and Scot-t- hzare uerforz-ei anlvyses that an us tof alculatetre ti-e rea-ired for the- licuid- to ~-nafter a mroII

lewzes the =uz-l 'z.in mrac-ticall situat-iors - we --e- dete~rire -4hlen

Stewatse'sa5sutz-Of ion~ e valid. Usually, it is soon

aft.er eaxt ffrmm tbý~'~e Fartherzm-re.. a se-i--mi ical analysis is

aviabeto detexr-dm ine betber instabillity is likely during tZhe tran-sient,

spin-iip =-oeesse. The possibility ofl tbis latter nhnreasbwould be-

guardeS against in the design of all li iuid- filI led shell'

33



(5) ib p s-in f the lio~,d and the dfr~ens ions of the-

Ulinitc'aa ca:it -aiy the condition

af 2)cc()

-abere

I~a. = cavity radius~, inchems.

0 =spin rate of the prorjectile (and tberefore th*-e licaid),

rail/see.

q =nagnitd of thbe -resolved gravity and drag ve-ctors,

infsec;2.

2c = height, of the cavity.. inches.

Th T2ivsica2l sigrd~ficanze of this assum-tion is that centtri-fugl forces

ev-rred oa- thee U-liL-:i daue to its spin f ar on shailov any forces i~pozed -by

gravity ox drag. A conseaqaencze of the assum-tion is that the licm-id

(exce-pt .iihen the cavuity is ccopletely filled) has the shamoe of a cylinder

vith a bollow, cylindrical core*.

Eouation (1) =ast be satisfied for Stevi-artsom' s the-oryv to -be usedi.

If -1. shell1 extperiences highu d-rag alonig v a !a spinl rate there is a

-vossibU ;t~y tthe relatiorn ~-"be violateed. 7iben th lciqid ---M not bave-

a cylindrical core, cIme viii dev--looz a Par-aboloidal- surface. Mle

desianer sho-uld alvay-s veif amtiom (1) is zatisi'ied to avoid i--=udeent

a-Uplcation of tbe theory.

AAct-maly a --ara-hl~o]ii -W-ose verxte3x is far fzomx the shell.

Ap



It should be understood that the cuirren-t assuzntio is distinct

from ass'.zmticm (2). The forzer condition concerns external forces

and mozents acting on the shell casin9 -and their effect rn the =otion

of the shell. "Ibe present assu~ptivn ecncrnns the efffect of gravity

(6 She =ass o' th" licuid is szal-l c-- armed to the total

=ass of the -shell1. This assirmdton is one of convenience. It is sa ti..fied

for mrny, shell4 and sirnlifiies th 'eauaticns of ot&icn for the liquid-

shell systen. Ve use it 1here fow these reasons.

(7) She licuid is inccnnre%-ssibe!- an-d invi1scid. The assu--tion

of inconnressibility is reascaablee for the liquids encozinteered in actual

projectiles. Viscoin effects, hcire-.er, camn -influence the behavior of

:Lioui&-flled mroaectiles. ?ortimnately, Wedentýyer-3c has provzideed an

analysis to acccmnt for these effects. 'His an-aly,-sis; involves a bolmdary

[Ilayer corrzection to the basic, in-.isci:d theory. of Stevar-tso. Here we

consider only. the f~ds ntal in-.iscida case and recc~end that designers

o-cone faniliar with Wede~eyeer~s work once they. hav-e Steweartsmo's theory

well in hand.

8)Tie final assunticn concern the natur-e of any variations

to the risid podt. translation and spin of the shell' and liquid. Any,

distuiban-ce to- The shell'ls notion is restri3cted to -- al arlitude

15
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j Derturationls superposed on its Mrss translation and sumn. Corr-s~onding-

ly. the lioid is assumed to experien--e only sr~al ainulitude perturbations

to its large sca2le translation and suin. 7The assit--ation about the shell

is the-- fariliar -s-al.1 yaw situation associated -i'ith the linearized

eoaetions of yawing ration. Similarly, the ass=cption im-poseed on the

liquid lineeari-zes the- eaimtio=- describing its biehavior. By virtre of

li11earization!, the equations for t.be liquid nations can- be solved and

tbeir res-ult inmrororated into the eauations of the =ot-ion for the shell.

B. Rezullts or Steu.-artsons Analis.

-Al t!ie lasac aszS5ptions and condi5tions ~~l~gSea'sz

the-or-y -.-ere pmresented abo~ve. ?rom these ass-m.j.tofl5 -&e can mae a ual-i-

jtat-ive sta-em-ent of our- problem. !iama-ly, detersnine the ondit-ions for

-.6icb a s_-ýtrric, -a~il sping proJecti-le expill eriencefl~I instability as a conseqience of having liquid (at full sp~in) in a cylindri-cal

ý-Ivit alngits axis. Stev-.art-Isar attacked thi-s problem iz two

I ~ms.es and it seem-s most effective to describe his analys-is in a similar-

I asbion. ?irst, he -consiiered thbe be-hav.ior of, th-e liudin a state of

j amid rotation vithin a comt-airner t;hat cou"Il perform =)'ios Si;l to

those- of the Yaw.ing ='tion of-: a sheill . Z-- then wzobined the Duroblem

soluation he f ound for the licraid wdtth the eamations of Motion for a sh-el.I

U=o anal.ysis or the resulsti-mequations ilt -wras ,Lomid that 'under certain

adve-rse cond3itions the Yaw Of t1-1 shell 'Wil grow -vitivout limit.

I 16



71b describe- the behaVior Of the liqaid, we remember that it is

confnedin a -ontainer and that its basic motion involves rigid body

snPin about anl axis withn fixed dirrection. U-pon ass-,-i-ng that the axis of

the contain-er is siubjected to a sczalll distlawbance sikilar to the yaviing

m~tiOm Of a strell', it is necessary that. the liquid also

axroerlen-ces adisturbarace to its basic =otiom becawase it -mstz4o

o1-0i0a tine walls Olf th-a cwiity. Stewartson's soluxtion show~s that the-u

liquid confe'm-s to the carrity motion tifro-ugb the exitation of smiU

am litude oscillations su->erc-osed on the rigid boyction. Thenre is a

inf-iimite muraber of discrete frec-enzies for tUhese oscillations - the

ntrlffreonencies (or ignraecs)of the spinning lionid. ]For an

-~ azbitrary motion of the con~tainer all the natural freaueancies wil be

jexciteed, bu~t ini -arying degreeas. if. bowe-er, the cozntainer yer-fozrns a

vain =o ~tlom at. cerltain of- the eigenfrecaenzies off the 1-;,id, oscilla:tions

at this f'ýAGme-ny be ome Dredom_-inantu -thatu is, a condition Of re-sonanc-e is

established. -As -re shall des=_ibe later,*i is tlis eonanc that" lads

to instability of a 1l-iqn_ fil-led projectile.

We shaiemnhasize that the oscillations mverfor-ed by the :licuf i

arre of sralll amulit'ue. Slohm Adoes xot occuzr, blut a wave pattvern, is

- establishdi thee longit. in al, ra.ia, and circt~ferential directions

of the ca-vity and there are modes mumbrbcs* associated with each direction.

For p-o'ble~s of projectile stability, am infinity of the possible

*Ttbese can llbetougigt off as f~nd-mntal wave patterns and hwazrnics.
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longitudi• and radial nodes are sis-miicaut th__e-orettica!!y, but only

the_ first circumferential mode is i--vortant. Tais circumtace is a

result of th•e fact that t~he pressure fluc:tuations produced in t•e liquid

Sby, this mode lead to a periodic couple (vith the same ffrecency as the,

of the osci~lating liqauid) an th1,e wal of the container. it is this

Raw, -.- I-t e~plain bow the nat -requencies of Vhe_ liquid are

determined. Stea tson's tdi eary gi-es tese frequencies in a colicatoed

resation of thee forh

2 5i; n 1, 2, ,- (2)
Sj = 0 , --, 2 , ---

by~~ t=i rdladitoal wderoi cum~i (ith- theba sof deoes nc ash tradia

j = longituinal 'a.-ve n~beer (2j+l n= n--•br of npds in

tUn longitdint walls ote c t rhern)i

r~~~, we au t epan e hentl frequencie of-: t7he lioidar
c ~ 3a whoch re.r9 rjctl ntbe

r,= the atioei requcy of the njo =de,

iii1.,,. 2

2a = ditmeter o f cavity.

2b = dirae••er of the cylimndr( ical air core,

2c = cat.-t:•a len oeh.

; ~18 •



Several. asnects of Eauation (1) s~inld be nated. First, the eigen-

frequencies of- the- liquid are dependent upon the cavity geometry tbrough
the~~~~~~ raiscaadb 2 . The.- ratio -b2 /aF is the air -c. ntecvt

I expressed as a -raction of the total cavity. volir-e. Hence (I- b2 /aF) is

the fraction of the ca-wit: occupied by liquid -et-enoehate

eigenfreonencies depeni upon the- longitudin-al mode nuzber thbrough the -

ratio c/a(2j-1l) Saonearingg as a v-rariable in f..This is a fortunate

ciremzstance, because once i.- 2 is 1-mou-n for a seeI of-: fixed -values of

c/a(2j+1). , 2/i , and n. the eige-n-frfequeencies are knawn for all loaigiý-

atudi-mal mdezs for vhiCnh; c/a(2j-91) ecu-al-s the- set vralue. Finally, Equation

(2) sboi.-s the frecu=-ncies arre linearly related to 0, that. is, T~is

indeo-enden-1t of -0.

As memtioned above, th fun ctp:ion in Ecua-tion (1) iz a complicated

one andI It uastq be evaluated n=erically throug~h rachima detsermination of

t~he -tles (singuplarlities) af anaotha eqruatian appe-aring in the Ste--aeuson

analyysis. Mie eigen-frequency (poles) partion of Steiiartsom's -alsis

-no mra than r- mumericall tabnltion of selecteed vzalues of T.~ c/a(2j+l),,

b2 /a 2 . and -a satisfyi-:ng 7Eq=aton (1).

Aumeendbc B contains the tabulatimom of I-= Arag-enment of the Tmbles

i s as :Pollo-rs. Eacdh sheet is for a fiLxed value of the Darraeter ba

I ani contains a col= headed v-;. and coli= rairs h-ea~ded cja(2j+l) anI 2
fobr ze-ea aleof ni. 'in _d the aleof 7~~satisfyi.-ng Equation 1

*T-.e significemne of this ci dlbe exwlaimned later.
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for given values of 1,/a2, c/a(2j+l), and n we proceed as follows.

to the sheet for the specified value of b2 /a 2 and pick jut the colirm

pair headed by the proer value of n. Next, read do-n the c/a(2j+l)

"colm= to the assigned value aui read to the left to deterine T -. When
C

the values of b2/a2 or a(2j+l) do not appear explicitly in the Table,

Slinear interpolation is to be used.

'his ca--pletes om- discussion of the natural frequencies of the

spinning liquid. We have sbown ho-i these fequan'cies deedupon tbe

fini the fre-ajencies fro= Stewsartson's Tables. ricri, we turn to the

-uestions -f oow and wLV=n instability of a liauid-filz1led shell is produced

by the oscillating liqucid. rib begin -F recall our as.=ions that the

overturning mm:it is the only significant aerod-ymaic force or o=eant

Sa•ng on t shell and that -e_ are d-ealing with small yaws. Under these

conditions, the rh~tion of the shell (without the liquid) is governed byI the r-eltions

iD-
2

w7-re i. and 1 are, resuecti-ely, t:e axial and trsverse zonents of

inertia of "the shell, and

20



I_ is the complex yaw,

t is time,

. is the non-dimnsional. frenimen2y Of the motion of the shell,

s is th- gwsco'oic stability factor.

Equation (3) represents t- form of the motion of the sheU and the

-ahlues of 1 are mrvided by solution of E(ration (4). Sinca E quation (4)

is -uadratic, the latter are found easily:

- IL |l H: ½ (i + a) frequency -5

- = ½ (1 - g) -Precessional ferency (6)

-2
S

r= n "

SSd, -2
M X. CU -r

= air daesity,

S reference area of, shell, usuilly th cross-

sectional area.
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n = twist of rifling, calibers per turn,

d = diame-ter of the shell,

M=-ass of the s==eU,

=a 3Todnamic c've-rtur~img mament coefficient.

It is adva'cageo~zs to recall beree that the shell-- is stable (the

yaW. d:Oes aiot VrOW with tire) so l.ong as -. and T7, are real quantitices-

To achieve this situaltion we ust !hav- c greater than v~n7e. a familiar

condition for the axyroscopic stability of & projezt-ile. if s is less

than 3ne. a arnd t1herefore -.. and -., lbecocre arzaginary. and- an, exponiential

grolwth or yaw Occurs =

Im

Earlier. ve stated that the oscillating hia id proiuces a nocent on

the casing of the mrojectile. Now wie =4st describe that Mament in

functional for-- and mDiify Equation (4) to incl-ude its effect.- Ste--wartso:n

sbo.wed thatt w.hen thie ifrequency, iof the projectile is near any one- of

t~he natunral frecueancies, vsof heliquid, t~he roc-ent applied to the

shell casing is given by

Il

-O I2(;,)f/42

ii -
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where -14 is the m:)m;ent exerted omth she-ll by the liquid,

I i is the- freauency of motion of the shell,

o is t.he density of the liquid,
1T

!I(i-.., is a~smaill) constant depending upnonr ani is always positive.

'The quantity P.,~ is the res-Ifdue" of' thie Tables of' moles and residue-s,

and wre see fro= Equation (7) that it gov-erns the =agniitude of the liociid-

rkx-ent for a given cavity and freauenc-y, ... 3 Every, possible frequency

and modal -configuration of the liquid imnwvnl'- a specific value of

and these values are listed in the tables ad.~acent to C/a(2j+3l). When

-r-3~ is obta!ne-d f'--3 the- tables, the -corresponding value of R jis obtained

I by reading to the righit of th-e value for C . With regard to the

-esidu-. it- is convenient to point out a significant fea-ture of.t

behvior as seen in the tables- N-=ely, for an.; specific value of freqcienny,

r-. t~he residue decreases greatly Ifor each succcessively lkrger value- of

n (i.e., 1ý decreases with increasing radial mi~e rnu~ber). Maus, theV

higier radial zodes produ~e relativwelyj weak 1i ud~nts. In practice

it has been foun-d that =)sdes be-yond n 2 are seldom strong enough toL

cause shell to be imstable.[

ii he rma3ent dtue to thle liquid is a forcing Afuntion on the notion of

th hell. 71ras to account- ftr the uresenze of the licaid in t~he ecraa-on

of- rtion of the shell we add E-cuation (7) to the rig~ht-hannd-side of

Ean-ation (4) and obtainj

I - -- - - -- _ _ _ _ _ _ _
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wieefrzoInec.-0hsbe rteni lc f t ~hsz

is cnerton for -.nveience rr h as benaritninpnarte ofu~n. of Courzn sie.

t'hat. s > 1). Here, we shall onuW s'marize t:he r-esult-'.s of this solution.

It is f ound tha"t wihen -., is close to ',:!t:e pr-ec--ssico--' fteauency, noW

instalbfllit-y occurs. -Boezer. if -. is near tbhe nuttational fr-equenzy, ,

Ea-matin (8 has the roots

Pr -- Pa'[ (-.))

T!:e condition for instability is provided ixrediattely by Equiation (19)..

When the quiantity =nder tte rs=dicall is negattive, v has ýa naegative 1=agi-nary

pa-rt as w-e see by stfrsVIz.atinig (9') inta (32):

o(ll

ex 2 texn ut

-Zhere-

pal-

4CI.CL

2!:



Thus. an exwn:ential growtbn of th~e n-utational comp'Onent of yaw. occurs

when

11

or, written m-re conveniienttl:, -Xnen

-1< 0 -,T. )/s < 1 -iec-anlition for (i
ins tabilit-;

v.iere S, "Stew-arltson' s Pparameter, i

WEcu cation (U1) is satisfied. t~se rate of growtýi of yaWC is

P-quation (10)] =J~~~2,(2

orJ

22

Fig-u-1 is a -pot of (2yS2)a against (z0.i.. )/S2- Th:is reson-ance dW

ciwre, as vweU as e~miainof Bomtos(11) and (12), seres theI

______ ____
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instabilit~y to be sitrongest when T-=1-i- For n-on-zero values of -0T

the yaw growlth rzate decreases until it ranislesfo 1 c- S-.

'Eqations (11) and (12) are the basic result-s of th-e Ste-iar-tson

412eory. "Ihey permit us to calculate the coaditionse produazing instability in

a Siven projectile (and t~here-fore the ne-ans to a-v--d th~ese instabilities)

and to malculate the steghof the instability.

Appendix A providdes eyxanznles of tbe- use or- t"he theory in s~hell design.

Tv rg'r to use off t:e teor for auantitattive design, a cauttknaryi note

i~s advisable here.. It, coacerns theý theoretical limits of 1- avzea'in

J ~ in ~xain(11) -which wrere der.ive.d -mder t:he ass-.cnntioi ths t1 the liquid

is in-viscid - Wedaerýeyer and Karpo-w ~v show.n tliatl viscous effects

c-an exertC a sinfcm vS-ez on the shame ofL the-- reswi-ce M~-~Te

inflenceis -ie~~strated qualitatively in ?iggure I wl:ere a remresentative

resomnzne Tir-.g- for a viscous lI.-nird is -danalong ith he cu; p-rovilded

by the inviscid amaal-ysis. Vis-cosity is seenn to decrease Vhee neak vwaluej

of a. noweve-r.. it also bmdan the czr Inl fazt. . with viscozitv, the curve

never becomes zero or neggative and the liquid alvays tends to cause th1-e a

to grow. ~aeeon the -wrings off the crea' -s very sm-aUl and zan be

Overcome by aerrodynanic dacxnping in ac~tual -.-act'Ice. En"Oe, the ]inits

(in Etraation p1l)) to be used in ora-ctice =-ist%, be established ky the-

shame of -the viscous resonenze cur-re and the zagnit Ae of aerodyn-anic ds"Azig

We mention the effects of' --zoit hOZ.-. ere bcseindiscrlininate use of'

thetheretcal liiso 1 appearing in 3azuation (11) could lead to an

27



iipop-verly designed sseU.. Sver:; d-2sign-t~r is advised to study "Wedemeyer' s

viscous correction to Stewartso.2 s th~eory oie he 'has be conee familiar with

the basic, in7is-zid analysis-.

The vrevious discassion has surr.eyeed Ste-wartsom' s analysis of the

instability of liquid-filled shell w&it~h cylin-drical cavities. The.

mnec:hnnism -roducing instsbility is reson-anze bnet-ieen the nutatio!2al frem.uency

of the pojectille ani ertain of the eigenfreane-ncies lof t1-- spinning lic-iid.

Ior th-ese eigenfreqne--nci;es, the- vpess-:e- fluctua-m-tions in the liquaid p-rodirce

a -aerio'dc m-aent on the walls of the cavity and this w-nent continuously

Lincreases the y of the p--ojeztile. The- tables of moles an residues

calculated fron the analvsis mrovide z7he- =--a- to deternidne the Uicuid

c:.lindcr dimensicas that will camse a gi en 1 el.i to b- uimstable,

and3 to ~tzietestr-ength of the instambility. Thus, thCe theory emnables

us to -ýkae a v2riozr design, against- instabilities in Ucquid--filled selle11

-When a cylindrical cavitty is ezrplayeed. If other design considerations alaaow

t:-:, use of such a cavit y, it se"l be -ased bo ass-.e a we. -r'ling

ooectile - W~hen rec. -ements demnud oher than a1 ynri al city,

evere attt- sho-uld be --de tD have- the --ont,-iner satisfy the conditionls

used i-n Wed-=e-j;er' s analysis --:or non-cylind-rical ca.ites - Then the

design-r stillj can- perfo--= a cuantitasti-ve stud- of his she!-'

The.re a=. situatticas where it is necessary to use cavity

~eoetresnot covered k.-j the =analyses of Stewmartscm and eeyr-

-Tat the cavit:-y r-ad5us changes slowly as a function of' ca-vity lengt-h.

* * 28



An ad hoc design approach is then necessary. However, even in these

cases Stewartson' s analysis can be nut to o'.ialitative use. Fobr even

thnough the nuierical. results of the theory no xt apply, the Mechanisci

for instability rems-ins the sarne: resonanze bet-ween natural frequencies

of the shell and liquaid. With this understanding, the astute designer

possesses valuable guidance for selecting and m:Iifying cavity geometries

to achieve a stable Pnr1ojectilee.

Steowrsn s hieory and the -,iork of Kaxwov. Wedaeeyrer, and Scott

provide tine shell designer vith r-axderfv"1 tools for design against flight

instability of lieuid-filled projectiles. To use these tools, it is

-eesar to have a 4fI=r =miersaj of the pbysical ba~sis azd signifi.-

canZe Of the theoretical results, and the n=-erical tables reauifred for

quantitative uiorrk. Ma this report, w.e hone to have supplied a partof

bothn. Tob give the tables is a sirle task, and those- contained in App~endix
Bshould satisfy the reourirreze-nts of' vitually- all desig mroolems here

-v et: " l i rdr

the the-ory is applicalee. To give an adequate descriptioz of the th,,eory

i s a =aen more difficult Dnroblem. The fall =atbi.ratical aalysis is both

oD=plex and tedi,,ous, and we recognize that its idetailled pumrsm-ft is beyond

the t. e den an.ds placed on cost. designers. In onterast to the athesatics
m however, the hrysical resno fhena associated with instability of li.qid-

filled shell are relatively sit le, and familiar to the designer. s tus,

.-- -- :29
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ve bave atteinpteed to si=;arize Stei-a.tson s th-ovry by stressing the-

,ihysical. significsnme of its basic assiriptions a-nd results. O.-ice the

daesigner ims the-se la-torz well in had, --e is pr-epared to apply

Stewartson' s results to pr-oblems of sheell. design. and to smudy the -more

recent advanmes a--bieved through- licuid-i'i led sbe~ll researcn.
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A.PP~rLDIX A

BEmxales of D-wesign of Lia'±id-Fifled SbellI

-Tbe dasign zroblees contained in th-is appeendix have been extractc-d

AVithoult ch=ange from 3RL- Y4=r 1eor477. They provide lucid exa-.-les of

the design prozedure for shell -dith =ylind-rical. cavities. Wheen -wrorkinZ

1.7=ougi thne exea-les, tha read-ar will n-te that Ste-warton :rtio for

instablity Equ.Aton (ai)) is used with thbe li---ts -3.9, and +-2.7.

The-se er reco--en-ded for design pracctice prior to iVed~e~yerls analysis

OZ NvisCUS SA'fects. H eret we have not chanrged the limits to --h6asize-

that tetheoreti%':cal (invistcid) ones o--:- 1 ofteen require modIfi-cation as

AdIscuss-e: in Ithre bodýy of this repor-t.

'lo
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7Ib illustrate the use of the tables. we =ay consider tuo cases:

a) new shll.!, and b) existing shell. For the new sheell it is important

to know, a priori, the cavity dinensilons which will give rise to resonanme

between 4the fluid oscillations and the ntztationp.1 frequency of the shell1.

T!.e designer, thefeCf-re, should avoid tbese dimensions. If the existing

slhelll is being adapteed 'for carrying liuds.i si ratt nur

whether its c-avity is such as to lead to -resonance an~d. Dresuzably, bad

Consider the-- case of a new shll he designer shouild estimate the

mom-ents of inertia of tbe einpty shell, I, and I7, and the- gyroscop~ic

stability factor, s. from wihich to -omrate aT. With these he conutees

the nutationall freoquenzy

1.t might be adequ~ate, at thnis stage, to usee avp-v-Oxinate for-z"Aae

L. I and

I,. 0 .51,~ + 0-059~4 =E?-

wh~ere m= =ass of thell

d = ia--ter

L = overall length

31,



Th-e wyroscoDic st-ability factor

-2
S

and -S. =turist o--: rifllng in calibers per t.nurn. 7-4 can bee 'wrrtte-n

M o.Sd K2M~~~~ = ~ ;( cg) C_

weecn cezter of pressure, in zaJi-Ters

cg =Center of gravity, in cal~ibers

=ý wr flbree coefficient

ep and -C depeend only on the- exterior shame of t~h abefl anid, hence,

remain invariant withn Ithe changees in the ca-vity dimnesions.

let us c-onsi-de-r, as Pan ex--=le, the l05=. chemical shell for 'which 'we

have either es~tirnalted or measurred the fel-ow-ing characteristics:

105= Cbe-iical Shell

I, =0.56 lbs ft 2

T7 = 5.56 lbs ft 2

s = 1. 2; ;7= .41

=0. 07

35



II
1£

I
The geometry of the cavity is right circular cylinder with the

diameter a = 0.13 ft, and with the finenres: ratio, c/a, so selected as

to aoid resonance condition. The cavity is to be filled to W50 by a

liquid of density o = 62.4 lbs/t 3 .

The prob!em is to find wbich fineness ratios uill lead to resonance

and, hence, are to be awioided.

Lblo this, e tnrn to the table for -e-a? .05 (9$ ffII cavity)

and lozate on the Uin-'- 0.07 the corresponling values of c/a•. 'o "- - " •j - 1

and •ssoziated residue. 2R, in each of t be three cobri .airs. We faind

..he folloeing:

-or T = .07 C L I
2j + 1

ist coiu-n Mair 1..OT8 .212

2:0d co!-z pair .5C9 .02_52

3rd colt-- pair .320 .0067

Therefore. the resonance will occur at the follow-ing c/a v-alue-s:

(eI,• = l.07o (2.j + 1)

(c/). =.51a)cjP (2ij + 1

(cfh= 20 + 1)
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3(Y3X c/) (c32)~

IID

e5.39 2-51.60

3 3- 57 2.24&

_4 459 2.88

5 3. 5 22

6 '4. 16

?aluý- Of the3 nutatio0all frec-aency, T, , remained constant. vwhile v--e hanged

c a. L- Pra-ctice.. Of courze, -.- will' change be-Canse T11 I, and aall. jjfl

wit 2hang.- s in z/a. 3u%.thesem can bi taken into~-

accoiint at mra d~etailed exa=Lmmtiamof 0?tbe situa+tion in Lh-e vicinity of'

the S3esired zia ratio. The- -piesent rougbn sur~-ey stakes out only the

danger areas.

The abooe- table zhoics a fairly; lar-ge- 7zbrofness ratios ;~b--h

are to be o-ted in order to escap-e resomiane. Ho-m-e-mer, the situation isj

w~t- as bad as it looks. T.-'e third cb.(c/a), , conarins- a greater

n'i~ber of entr-ls. But because of the verxy -- 1 resi~t-Is associated with
this coli=, the -coincidence of th ~~1vl~ fc/a wiith tabulated

muue st be: ve-ry prreacise for rescmanncee to o~cciu. 71bis 'can be sbmoun as
'Using tbz .si~ies giaven above, -.,a -oc thequn.a-
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foIec2R ca
CI=Frain cn erwitna*
Ir

I1;)1')] .

a

32-d --39 Go, I < 50 r(g) -(g)< 2

lahe-re ()are tim tabulated values as given above_, for ea!ýh -ol ari ar.,

a!

the- a~bovve in-stability con~itioms the differeane in t1.he vic!-nity of

tzablateed fineness ratios a--w!~ acttiaŽ desigmed valbueaz -ust be very

sal br tV -r o~m ess or the 2nd ccoli=, and still less

critical for th 1st col=. in practice, therefore, the coincidence

.itzb tab.aed value-s in te3rd col=i is li1kely. to '!,e pazrely zfrtuiJtoas

becruse one us'ycanot design th cvity vith tereauireed prneci-sion.

Sit fine-ness ratios anpeaeing in the is'. cobzn are tbe =)st iz-ýOrt~azt

and should, th-ere fora, be avoided.

MMEHE 2:

Tbor th se'cond case, ~-.-,-y considerte - O5=nc als

*Nbte tb-s of -. 9 - 1 2.7 uzen .-- rx ra~bx hn t--Oei~

Ii=-ts oi- 1 Se_-: ccýnt att beginning of thids app~endix.
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Let_. -as supp:ose that the -ineness ratio of its ca-rity is = 3.2. We

-av_ foh'on already that this finenýess ratio should be avoided. But, as

San i-!ustra-ti;e ••ey e. -.e shel! r-roceed edi the analysis of this case.

Le 4i-±. 3.2317.1Da a (62.4 .37 xa

A= 17.8

"*n--e ,I- on.tton -for i--t-- iity, is, therefo--e

-3-9 < (17.8) < 2.7
2R

Le- --- 23

Since the za'-itv is to be _iled to q5% e use the table fbr b~/a= .05.

--- -- Tal "ja 2 = .05

___•c/a 2R B

0 3.2 - -

1 1.06 .06 9 -. 55
3:. =_ !.o67 --6.05 - -L

2 O.64o .23 .1d: 26._

S.... •3 0-b-57 :o- .6,57 Se:•

. 0.356 .- b .013.62 83

5 0.2%1 - .0182 -

6 0.246 - .0036
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17he restri~ts sho-i that- for this cavity, c/a - .,an 95 fl th- sb-1U

is p~redicted tolea iznstabl~e for j =1.

The y&~&ua~c roent s Doortion to the residues at the roles.

Heconly the leading poles, low~er j vahmues and a~ssozinated lar-ger residu-es,

arre t'-e ms-,, i~pOe-m.

One of t.oe -possible rend-es is tD Itry to ??'"g--te &-!!etry of the

7b-- Effect of Cbandng C& on 105zaShl

Values of-: -B"'I
j c/a = 283.0 3.2 3,11 3-6

122 -.42 -. 55 2.3 3.2

2 2i 26 126 25 29I

3 39 9100 92 722 5

-13 51 5339 101I
5 153 37

j Thiia, this shell- is uastable for c/a =3.2, as ~r-i-SIODsM, bOU&t

also is dang-exrusly, closee to instability z-Lr values of c/a up to 3.6. -:brI i
,c/a 3.57 for ez-mpe, it. is wnstabile frj o b .l

15-.6
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A-tbehr possible remedy is to alter the air space or fill ratio. The

"folloving table +_ n-eyz some sense of sensitivity of itability condition L

to v2arious eir spaces.

7he Eff-ect of, ChAnzing Air Srace o-- Stability. l05=n Shell

c/a= 3.2, j=l, 2la• ~2j +l!

* ~b?/a 2  .

DO .-87-

.02 -.87

.05 -. 55

.A0 .16

.15

.20 1.8

With he_ f-ineness ratio of the cavity of 3.2, the shell is mstdble

for fill ratios fr--on W,;, to 103. For this shell. t-here1bre, witb a

fineness ratio of the cavity of 3.2, csnging the loading conditions is

not an effective means of rezed-ing a bad situation. j
Another exa=le:

S2t shell 90% irdl; b2 !a2  = 0.o0

1 1 2.4~ g=--c= 7 0.155

T- 251.6 9=-czn2 c/a 2.68

- .8a 0.77

D 3 -ms/e:-ý

h42.4,.4A "'2.7 =18.3

I3i I l
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and instability criteria becoes:

-3-9". O9 < 2.7

d a
-2j + 2R B

0 2.68 - - -

i .893 .; .2633 n1.6

2 .536 -145 .0523 -2.11

3 .383 .26 .0305 33

S.2033 .0,3 .0365 -126•

5

The sl-_l th-ere-.re, is slble if ome uses Stewa'-tson's -ts of'-

but is vnstable fbr j = 2, if oe unses l=--its -3.9 a=-d + 2.7.

!

-
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Ti!- tabo'-es -::,0 b1a o., 0.01 ed0.03 were -nt eifteended, and

are rerrodined f'ro= 3-:r- eZfpmand= Reemozt 47
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12 3

C/(2J+I)A 2R C/(2J+1)A 2R C/(2J+1 )A. 2R•

.00 .9C5 .000 .478 .0000 .3; .OCS3

iG2 1.018 .058 .490 .0070 .319 0C 9
.4 1 .042 .118 .503 .0144 .327 OG.-3

1.066 .181 .516 .0223 .336 .0CS,2
z 1.091 .246 .530 .0307 .345 .00o8.3 1.117 .313 .544 .0396 .355 .01,1

1.1A .3S2 .559 .0491 .364 .0o39
1.2 .4-54 .574 .0591 .375 .01,3

.16 1.201 .528 .590 .0697 .385 .011598

.18 1.231 .604 .607 .0809 .397 .02t:

.20 1.262 .682 .624 .092k' .408 .026C

12 ..- 994 .762 .642 .1054 .42t) .03Z:-;
.24 1.328 .845 .661 .1187 .433 .03L.-
.26 1.363 .930 .680 .1328 .446 .0387
.28 1.399 1.017 .700 .1478 .- 60 .04-33
.30 1.437 1.107 .722 .1636 .475 .01481

.32 1.478 1.200 .745 .180. .490 .0533
_.521 1.295 .769 .1981 .500 .0589

" 1.565 1.392 .7-4 .2169 .523 .0649
1.612 1.491 .820 .2369 .541 .0714

= 1.662 1.593 .82.8 .2581 .561 .0783

1.715 1.698 .878 .2805 .582 .08p3
I. 1.771 1.805 .910 .3043 .603 .09=.,,

1.831 1.914 .944 .3296 .626 .102-,
.-.-8 1.895 2.026 .980 .3566 .651 .1118
.50 1.963 2.142 1.019 .3853 .678 .1220

b2/•a2= 0.00

-- _-__ _____ _ _-.5
. li___________ ___________

m ilL,

). _---=--..



I = n=2 n-f
n 2-

Sc 2c c 21
_______ c 2Rl ~ (23+1)a-

0.00 0.995 0.000 0.477?.O 0.003w 0.-002-4

0.0 1.018 0.058 0.490 0.0370 0.317 0.0019

o1.0o2 o.U8 0.503 0.o14 h 0o.5 0.0040

0.06 1.o56 o..a81 0.516 o.ce22 0.354 0.0062

0.08 1.091 o.2'46 0.530 0.0505 0.343 0.oo%6

0.10 1.317 0-3-13 0.541 0.0395 0.353 0.0111

0.12 1.141 0.,32 0.559 o.04,86 0.363 0.01o5

0.11, 1.172 0.-453 0.57+4 0.0584 0.375 o.o067

0.16 1.201 0.527 0.590 0.0688 o.0-8. 0.0o10

0.18 1.252 0.605 0.607 0.0"93 3.595 0.02P51

C-0 1.263 o.8 .2 0. c91- 0.4CW, 0.0266

0.22 1.295 0.761 o.6435 0.1038 0.420 0.0o0.

o.-24 1.5330 0. M- o.662 o. 6 0.3353. 0.045

0.26 1.366 0.92-9 0.62 0o.13o5 0.-44+7 o.03ES

0.23 1.401 1.o.6 o.7o4 0.-s50 0o.461 0.0 1+1=

0.30 1.443 1.105 0.727 o.i6o5 0.477 o.o4a

0.32 1.4+85 1. 196 0.751 0.1765 0.1+93 0.053-3

0.34 1.529 1.289 Q.776 0.1955 0.510 0. o59z6

0.*6 1.576 1.384 0.803 0.211 0.5-9 0.0655

0.38 1.626 1.1+81 0.852 0.25Ol 0.5-.9 0.0721.

0.,0 2.670 o .E6 0.245% 0.571 0. a756

0.,2 1-757 !.676 0.93 0.22699 0.595 o.03"1

0." 1.799 1.772 0.936 0.2905 0.621 0.095,

0.1+6 3.863 1.8W1 0.978 0.5310 0.650 o.:w05

0. o.. i.9-%-5 1.S45 I.Clo 0.33o5 0.685 o.215-,

3.fo 2.0o+- 2.035 1.-05 o.30475 0.721 0.2 2-_

eI7 .0.01



-- :. - .. . .. . . . .- ~'r .. ..... . ..

n n=2 n=3

C/(2.÷1)A 2R C (2J--i )A 2.1 C/(2J+I)A 2R

* .. 305 .0000
-3 OG`

-S -- ~~..Oi Z 2

5 " .369

-- * o.. c., *533 *. " 0 ;33.305 .0O060

~T . .... 2 - 3 =-" 3

.369 .021o7
2 --2 . ,-.

^0~ -20

.128 LcB -L3&

-. ,, ..077 1391 .022"
.,.,o- -799 .723 -0402 ,39 .0285

* :'__ ,.... - .11 . 3i -".52 . G38 .3L.' .03 02

L ..A 69.. . .f2 .03 •-3

.-... "-2 .20 .8 .33 .03865--730i.-2 1.0.-:.128 A1 ,23

.7 .52 7.6 C3 .0-83

•.'--.- " •.- .'5? 12.90. .75,2 .2738 .1 - *i6 502

7-7 -Z .*'9 o309
".3" " 1"-c~ .,. 2083 .'-•-3 089--* .- * I -- 25.30

-. ,' - O, _ 1;

- ;.- 1.o57. .7. . .. .. -

S- •""-• .• . 7277.6 .0 .2657 . -7 . 08.932

•r •.. ,.":1 !.89-. .7528 .3&73 .630 .1050•:

. - - :-7-, ; .2393 .;- 3321 -. 83 .12072.5C37 1.953 .22 .3083 .719 .13533

IL,7 °.i63 .812 .1700
2-., 82-7 1.75,9........ ..92 .869 .9261

..6: .-49 o936 i2il1
C',.85 .3601.012 .2774

m u-4.4

4607...

75 2. -- -2.8.913 1.471 .61 7

- •,_ - -- .. , ~ . •i ,$3.2 2 1. 00 .-.S...... 2,.2.8'-.'.36.7595" "

2 .C%-.6

• --- '-•t _'

-= : : - - . ,.-- ' . g : . -• , 9. 9 3 .2 ".-



22

(23+1)a R (2341)

0.00 1.93 0.20:5 0.5,25 0.099 0.355 o.co85

o.1 1.016 0.532 0.5 0.0o89 0.3ow2, 0.o0oo

0-4.3 1.040 0.381 0.55o9 0.A141 0,3517 O.O1514

0.1 1.0652 0.153 0.59 o.0570 0. -lk6 o.036o

0.08 1.20 0o.52_6 0.525 0.0299 0.3,5 o.0o19

0.10 1.22 0.632 o.6539 O.OTA7- 0.386 o0.012

0.20 1.264 0.68,0 0.,5 0o.04 Q.35 0.0o3259

I 0.22 1295 0.760 0.639 0.1009 0.210o 0.0297

-0.24- 1.332 0.8-42 0.659 0.3135 0.1425 0.0337

j o.26 1.571 0.927 o.68o 0.3265 o.0.47 0.0580

0.25 1.4o10 1.013 0.02 0.o1.1' 0.452 0.o o .

0.30 1.2,52 1.0 0.726 0.1-555 0.467" o.,I

0..2 1-9 1.193 0.751 0./176 0.4835 0.0532

0.34 1.543 1.255 0.778 o..1&3 0.501 0.0591

0.36 1-593 1.y"6 0.807 0.2058 0.5eC 0.055

0.58 1-,577 0.85 0.2245, 0.540 0.C7"25

0.1o :1.705 1.568 0.87"2 o.2444 0.562 0o.005

0.42 1.7"71 1.66, o.910 0.2654 0.586 o.oE.S-,

0.144 %.&"7 1.75 1 0.952 o.23' 0.63 0."b

0.45 1.950 3.874 1.0Ow 0.3315 0.640 0.l059

2..13 2.CC9 1.905 Q. 055 0. 33•7 0.672 0.o209

02..55 1.9,6 1.M0 0.54A 6.7 ,7-o.0.7,70. 1,!

b /e_. = 0.05

kJ8 _
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.-

r A

Cl(2J+e-.1,A 2.1 Zi:f2J÷)A 2R C/(2J31)A 2R

C o .s .291 .0000

.2 9s- GO
S. •:. •:... • -,•,.0-,38 , ,7 i00 7

=' ".c1zS • .• 09 .3i4 .0078

s3 1.1!- .381 .5- .037C: .333 .011 "2
- O -zo. --:-"

I •, .381 5 5 .0c52 .363 .0126

r-" "- .. 73 .37- .02,135
.~:: .-.. , .3-: .0153

-.- ~ .. 299 . .3 .,;3 .97 .02T2:

S- 3735 . .6.. 3 .37- .0,21

a, 30,.! -6:-.t I
.5 222-S4 2 1~ .37 679 .024.

" -" -.233 .,2T '-1 .97 .0282

4.13 5.23 iEO .2785 .2072

1..7 233 .2303
2.0i 15 1 01 . 1.0367 .73. .212

2.D! -567 1.12.40m;2 .31.

,•• • "•.727 I 5"7.7.7 - 1:•51.;3 07 •-

'•;" Z.i -4 i.$'-- 1.57.192 1.602; 1.127 .3i596[

.T,2

• ".6 .87 t9•• 2-.322 .- 9300 ..2....5

4. ... x53 20.707 ,.7a .127

,. 1 . 1 3

1_66 -=iT ..... 99.5" 22066

.,,, ,r, •.,, 1. . 26253:i .07o.35

1.9 1267 ! 1.5 .0-.-2 .312 55
TSC,0 i.76 72i. 12S.-S' 51 0,04a :=.

1.-5 .* , S- .1051
2.08 1.4- 2.S 0:::;.33 SO0 1094 .•- I.

Si 7 .552. 2.5 '1. 05 .1:.72A gs_.:.85., 14.7

4.94 __- i 25- .62 5 .1
1 0,; .97' .71

SI1 ".3

.66 .19 1.702 .12 .3cof11S- .09 4
CS .32.

.73 2575 .275 'es305 472-



u=1 n=2 n=3
4L A

roi % C2j,÷,)A 1R,. Cif 21;A- '-'.I CI,;2J-÷)A 2R

* -07 - -- G

."--'" -- . -. F...

.0". * a -: .297 .0 51

---- .03. -_

-.% '.15 .22" 5.O *,.: .Co,8 i .- 79

. "-- --• ,o" .'JY, •.3 " " .c23q

7, -:. r-. I.,-'.7- -
..- -:, -, -,

-.c5•" 1 -.-S .- • : "- -28 - --

v.s-5 .925 .7. ,o -. --- -. ".. ' 97--:-• •- . -5 05:"

: :9 :, 76' .2.739 . -4 7G 0589

-- • • .• . .O23~

.2029 1. 5C. - .s- .5,. . -

2.0385

• 2.3*277 2.26S .612i :'

- 8 . .7 . 2 5 - 1 7-.7

4.77 -,.-.., S 7-.L- .753 . i "

'•'•"" 73 8 •38.-49 2-G97zz 2.3---, X 7
S-7 2.

-:-" 7 2..2222 .5- 37 1.260 . -9

. - :1 : " - A N. --- 2



"TO' :";"? ; 0%2,, A 2} R -C/(2J+l )A 2R .

.-oo .- "• .•,•u.245 .0000 i
* v.5 C054 251 .00` 2 •

S.C - ! 0i! .].," .•:Go.t i i -2:58 .5.9025.1. ;0315 o173 S- Cot 4-"fa^6 0.,
ca 1.060 .239 . .023 .272 .0054

.p .,8 " .

008.0.J-. . L--2 .0259 .,2,83 G070
!.-.'3"3-7 288 .

.-.- .5•0 .C•I4 .295 .0G16.05 *1.S .5!4: .05i7 .335 .0120
.- ,, 1.03 .59 052 .023 .272 .004 "-..20 -.- .8 .54- .0239 .323 .0171

22 .273 .75 .-552 07 .233 .0-13
.834. .5S3 .02--0 .323 .0223
.92 .7.18 .0585 .054 .0255.1.34 -1.011 .638 .1097 028.

30 1-..3 104" .6-,g .0121-7 .323 011 P ,
S. •2 i.23 i. ,5, .32 .134 .6.3 .0.55

S.•L ..5.2 1.830 .eS5. . 10 .- 4353 .023:3

1. 4.3031.1 08

".36 1.6G, 1.4.10 .7V! .1635 .4-9 .G439
.33 1.668 1.523 .739 .1759 .4-35 . 04371.743 1. 6,45 .769 .1978 .451 .0539

i -. 16 " .773 .So 1 .2173 .L-, .0596
1. 22 1.9i .836 .2389 .'8 . C653

.5 2.035 2.064 .875 .2S30 .509 .0727
2.172 2.241 .918 .2903 .531 .0203
3 2.343 2. 458 .9- .3205 .556 .0887

.52 2.59 2.733 9.0!7 .355 .582 .0381

.51 2.8U8 3.1 z--9 7.o7:• .3964 .5i .i 7
.6 3..430 3.885 14 7: 7 .643 • So

-. &.-•8 5.7-S !.2.! .5029 T678 .1-0
.60 9-421 21.765 1-3:5 .5735 .717 .13 -43

._ .0763 .809 .1D
.62 i.6:S .9006 .8:-213

cu 1 .750 1.0532. .927 .23-73. 73 1.551 1. 208 .998 .2U38

- I C i" = ',

51



"MI 0
n=1 n'2 n=

TA -

o• -F .- --••> •:'.-- ... >.5 05

---- ---- .25-

[' 4 -

It-- •7 ._•l . 3

rrj

S -. •- .--.-*. 5 5,-.,
"*t2 '"- • •2"-"" +.G 8

.0....9 33 .0:
1.577 11 6 " 2

*:" " A0-212 . .'i-- -' .059
- .- '. i% .. ,1". -.-; .2,-. .J,•:•

.- a.,, .2/-7 . ,-. _ ,._

.7i9 - "1' -17 a .- 2 C440

2C -5 3

-;.-- 215 65-3
"-•- 2•-

-: 2 S 2 59
"-.- .8- .;

-..3:i -533-

6. 5(~g 12.660 64 4ia ~ ~::

c"2310 .725- . 45

r- -AI .7: 93 .7773S% . 57-4
-592 .83ýE2- .832 . 188-3J

7r73> .97005 .894 .2123

52



tTZ7 - -- T,- 777- - ---

n-i ni a-

n 3

CI(!,,+i)A 2R C/(2J+I)A 2R C/(2J+I)A 2R

.00 .925 .030 .360 .0000 .205 .OOCO

.02 .946 .O5p .370 .W041 .210 .0008
i . .068 .110 -379 .0083 .216 .0016
.06 .991 .168 .389 .0127 .222 .0026
.o. 1.015 .229 .A-00 .0173 .228 .0035
.10 1.039 .290 .411 .0221 .234 .0046

.12 1.035 .35- .427 .0272 .21,1 .0038
4. 4- 1.092 " .422 .434 .0326 .248 .0070
2 .16 1.122 .4-92 . .0383 .255 .0033
I .18 1.153 .565 .4-59 .01),1" .262 .0098

.20 1L185 a.,-2 .473 .0509 270 0113

.22 1.22,0 .722 .4", .0577 .0130
.2 1.2t7 .806 -5 03 .0650 .247 .0148
.26 1.29S .893 .5?9 .0728 .29S .0168
.28 1.338. .983 .536 .O811 30G6 .0189
.30 1.a33 !..078 o553 .0900 .316 .0211

1.L.32 1.178 .572 .0996 .326 .0236
34 .4,85 ;.285 .593 .lI VC . 338 4.0263

.6 1. 543 1.398 .614 .1211e .350 .0291
a.3" 1.68, 1.322 .637 .1333 .362 .0323
S. •1.683 1.65- .662 .1466 .76 .03.7

S7 1.765 1. 03 .639 .1612 .530 .0395 tl
1.85, 1.506 . .718 .1772 .406- .0436-

.46 1.970 2.150 .749 .1949 .423 .0181

.- 2.1G0 2.360 .733 .211.4 .4..1 .0530

.50 2.261 2.630 .820 .2361 .60 .0584
.52 2.2"•ý65 2.970 .Pl .2607 Agi9 :O645

• 2.739 3.44 -90.' .07 ;,288 .50 .07123.133 4.190 .957 .3206 .530 .0787

.568 3.802 5.616 1.013 .3573 .557 .0871
63 5.307 9.816 1.076 .*004 .388 .00566

.62 1.1A, .4511 .6.2 :.1074

.6, 1.225 .5111 .660 .1197

.66 1.3-. .5834 .703• .1339

.6 ,1.423 .6695 .751 1502 L

.7I ,.550 .7727 .806 1692

•- 0.25

- • . .. . m~a m'3
,. aii i ;im mi iiam nla • m i



2..;1-. 22, C!( 2J+u A 2it

.02 .i; .. .... 1 3, .19 CO SO

•.--.O . ,. . ,6• 2 D 3 .Oi os .202 .0020 ;G3 .5,7 -220 3 -7 . .208 .C-028
-..01 .2-1 .3•0 .08 .213 .0037

•. .03 393 .22:3 .3i02 .0115• .208 .05,

A.. 030' .343 .3 2i9 .0 6
1.5 - 7A2~C-. .226 i5

:6 1 .091 .k76 .143 .0322 .232 .0•S7
.- 54.1 .- 0 .425 .0373 .239 .6079 *

----. 11.2 .53 .S23 .438 .rC!2- ."-3 .oG
_._ - . 7 ,, . -- o.5- . "-=::. - o 5

.2-ý -223 -7 .264 .ci33
-1. 2 .869 . .270 .0 -

, 2a 1.302 . -950 .49 .0o.32 .279 .0152
-- 30 Is.3 4- 1.052 .512 .0757 .288 .o70

- .33 1 1 _2 .~' ~.29? .0GI90
-- .. 3 1. 238 .53 .0525 .. 02 .021"

50'-. 1.372 .5,7 .10t9 ., .235

.18 1.565 1 .496 53 .12 3?' .0260.... ,7 1.533 .- .123." .342 .0288
37 . 3- -.2 ,

- ."-. 2, "•J .6 .3Z5 .0317
-.6-i,: 1$ .3M, .0351

.6 1.93 2.518~ 367 .13-35 .38
2.G37 2.36, .723 .,E-• .ot .0;2 IS

ea.50 2.18 29 .75--" 5.932 .419 .P-1-70

•-: 1 .5"-- 2.32S 2.97?7-. .2"-3 .:3C .0 •i8
2.,25 3-43 =•--- .241. .,5 .o571

.3767' 53 0=.071-= 2.373 .2.67013'r .0531|
.53517 5. 361 5~- 2 .2974 .5006 .0598

.60 4.5.% 8.24.4 .1, 3 .19 .533 .0,77k-.

.62 8.383 24,961 1. C.2 .3718 .5 ,,6k -.0 -59 5-A-2

-:.183 5.18 .598 .0 ;7 -

.6-. 286 .5410' .679 .1B97
.70 1.391 .I19, .728 A134 6

5k

-- 7-



-

n2 u3
10 C(2~1A ~*A A i

i (2:--.1) A 2.' C/I2J+1)A 2R C/(2J+I)A 2R

103 .872 .C03 .307 .CO00 .170 .0000 J-

.02 .1392 .0=3 .313 .C028 .1714 .0005

.0. .9-2 .102 .323 .0057 .179 .0010
.06 .934 .155 .332 .0088 .. 184 .0016
.08 .957 .211 .3!!i ;0120 .18 .0023
.10 .980 .269 .303 .0154 A? .14 29

.12 1.004 .329 .3s; .0189 .200 .0037
".. 1.030 .392 .aS- .02,-" .205 .oo45 V ,

.1 .57 .452 .3ZE.0 -.0267 .2i1 I 0053
.18 1.086 .527 .391 .0309 .217 .0063
.20 1.117 .600 .1403 .0354 .224 .0073

.22 150 .66 .415 .0102 .231 .C083
-24 1. 8l. .755 .428 .0453 .238 .0095
.26 1.221 .838 .441 .0507 .245 .0108
.28 1.261 - .920 .456 .0565 .253 .0121
.30 1.303 1.018 .47 .o628 .261 .0136

.32 1.349 1.116 ".47 .0695 .273 .0151
1.399 1.220 .503 .0767 .2S .0169
1.l'54 1.333 .521 .0845 ,289 .0187

.38 1.515 -.&457 .541 .0930 .30 .0207
-.0 1.584 1.593 .561 .1023 .311 .0229

.42 1.659 1.7-; .753 .1124 323 .0253

A 1.746- 1-906 .607 .1235 .336 .0279
.46 1.8146 2.097 .632 .1357 349 0308
.8 1.963 2.317 .66o .1492 364 .033
.5- 2.104. 2.582 .60 .1 6 0 380 .037

.52 2.277 2. 16 .723 .1807 .397 .06412

5L 2.500 3.359 .755 .1995 .416 .0.55
-56 2. 02 3. Se6 .75-7 .2207 .A36 .0502

3.250 5.039 .81:3 .2W8 .458 .0555
.6-3 4.022 7.143 .89Z .2724 .483 .0615
.62 5.9 14.119 .4 -30,3 .510 .062

1:00 .3415

S.64 1.079 .3851 575 .
. 00"i. 159 .4•366-. .613 .09 -,. -
.7 1.251 .4980 .657 .:1665 _..•

r - 1I .35

-ýK,

- 5

1I

I*I i4ip I I I I I N N II I i-' iiC-i--i I I



ii... =;n1 n=2 ,n3

.c';s-.i- )A 2- C/{2j-+!)A 2R CI(2J+ 1)A 2R
~0

-'S .6-2 . ,e .30 . CZ;33 .154 .0O00

.012 .80j .37 .2 .00.,23 .158 .0Z34
68i; .097 .296 o 047, .162 . -3 r

.9D1 .4 .36 .0072 .166 .C013
.923 .20' .32 -. 0098 .171 .0018

.10 .5 .256 .320 .0125 .176 .0023

-. 9 .373 .32a 'G!54 .181 .0029
_+.....3..13o .3.035

.16..020 .? .32.11 .191 .0042
.18 i.04- .5;3 .35E .02.2 .197 .0049
.2 ; I.077 o,-2 .369 .02F.9 2C3 .0057

. .22 .-.1C9 .64 ., . G322 .209 .00,6a -. 2 .722 .3!2 .0369 .215 .0C75

2- :.178 .82 . .0.4 .222 .00'5
Z"8 ".215 S .I8S .,17 .04.6 .229 .0095

..30 .256 .975 .k i .0512 .237 . C07

-.--. '.3- i. 7 .. 3 .- 567 .245 .01" S

-.36 1,. • s .282 .47.7 .-0590 .262 .0 47
";..3- i.59 1. .2 .4-94 .759 .271 .0163
*i . 1.524 1.535 .513 .0835 .281 ,0181

-. .596 1. . .533 .0917 .292 .0199
- 1.677 81842 .5 5-- .*008 .304 .0220

S.77- 2.026 .5-.7 .1107 .316 .024-3
2.81 2.2.-. .632 .1217 .329 .0267

-5- 2.010 2.497 .629 .1337 .343 .02S4

.52 2. 16 2.S 8 I .65"& .14173 359 .0Thz
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'>Ballistic Researoch eaboratories Msmorandum Repoirt 17 [.,7.-•, D. 1963)".iicludes

a discassicn of Ste-wartsox's stability analysis of liquid-filled projectiles, and
I - e• of Poles azd Besidnes" needed for •qamtitative cesign use of the analyis.

i ricus design prcb•ezs show that an extended tabulattic is needed, and the present
report provide-s this extensicn. 7enew tabulatiai (Appendix B)eo-vers; a nca-
di- sical frecruen-cy range of 0.00 to 013in increments of 0.02 and a range of
cavity fill ratics of 20 to 100 percent in imaXLde incremnts of ten .•ercent.

A brief descripticz of Stewartson's analysis is also given in thi report. Ephasis
is plarceed ca the t~sclsit-ifiScance ef the ass~tias and r-esul2ts of. the ter
rather than its matbenatical detail. Mbe intent is to zrG--ide the novice designer of
liquid-filled shell vith an appreciaticc and first vortdng knowledge of the analysis.
Additicnaaly, the smry of the theory is used to roint cut the significant advances
that have been =de in understanding liquid-filled shell prblems since the
publicaticu of Ballistic Research laboratories Hearandm Report lo. ITT.
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