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ABSTRACT 

A potential high energy laser material, GdAlO» doped with 

chromium, is discussed in terms of its growth problems and spectro- 

scopic characteristics.  Crystals have been pulled frotr the melt, but 

difficulties in maintaining stolchiometry during growth have not been 

completely solved.  The fluorescence of Cr  lias an 18 nsec decay 

time and a broad R-llne. The width and structure of the R-llnes are 

theoretically described as due to the ferromagmjtic exchcnge inter- 
3+ 

actions with neighboring Gd  ions. 
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i OBJECTIVES 
ij 

~t To Investigate crystals which show potential as high power 

J laser materials, the study to include both spectroscopic measurements 

Pj and the development of crystal growth techniques. The ultimate ob- 

jective is to discover a laser crystal that is capable of a greater 

total output energy in a Q-spoiled laser mode than presently available 

If materials. 

Summary 

The study has concentrated on oxide crystals doped with 

chromium in which the chromium R-line fluorescence has a long decay 

time and/or a broad line width so that laser gain will be sufficiently 

low to prevent saturation due to amplified spontaneous emission. 

Crystalline materials that meet these requirements are lanthanum 

aluminate (LaAlO.), gadolinium aluminate (GdAlO.), and magnesium 

aluminum spinel (MgAl_0.), all doped with chromium. 

The studies on these materials showed that LaA10.:Cr has 

sharp emission lines having a 76 ms lifetime (77<>K), GdAlO :Cr has 

broad lines (^ 50A) having an 18 ms lifetime, and MgAl_0.;Cr has broad 

lines (^ 80A) having a 12 ms lifetime.  Crystal growth of LaAlO did 

not result in good quality crystals due to a phase transition at 

4250C which causes domains to form, although work by another contractor 

showed that it may be possible to improve the quality of these crystals 

after growth by applying uniaxial pressure. No phase transition 

occurs in GdA10„ but the results of Czochralski growth have not been 

completely*satisfactory, possibly because of the purity of the starting 

materials. Work on MgAl-O. growth has been pursued by another con- 

tractor. 
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Spectroscopic studies revealed that concentrations of chrom- 

ium as high as 0.5 atomic percent can be incorporated into LaAlCL and 

GdAlO» without excessive absorption. This is significant since it 

means high energy storage per unit volume is possible in a Q-spoiled 

laser of these materials. 

A basic study of chromium-gadolinium intt-actions in GdA10_ 
3+ 

was conducted. Since Gd  has a half-filled f shell, there is a 
3+ ferromagretic exchange interaction between each Cr  ion and its eight 

3+ 
Gd  nearest cation neighbors. Our theoretical work indicates that 

the line width and shape of the R line fluorescence is due to this 

interaction. Crossrelaxatlon across the emission line Is much faster 

than the decay time. It has not yet been determined whether the m 

emmision can be considered homogeneously broadened in the time range *• 

of a few nanoseconds, as required in a Q-spoiled laser. 

In addition to the study of chromium fluorescence, the 

transfer of energy from chromium to neodymium in LaAKL, GdAiO», and 

Y-A1,01_(yttrium aluminum garnet) was investigated. Rapid and 

efficient transfer occurs in LaAlO. and GdAlO-, while the transfer 

rate is somewhat slower in ^oAlcO.». The efficiency of neodymium- 

doped lasers can be appreciably Increased by sensitising with chromium. 

The major results during this contract period are adequately 

described in two papers which are being submitted for publications. 

These papers are included as Appendix A and B. Earlier results on 
3+ 3+   3+ 

Cr  in other hosts and on the transfer of energy from Cr to Nd 

are described in the previous Annual Report of the same title dated 

15 November 1965, and in the Semiannual Report dated 15 May 1965. 

Future Research 

Crystal growth efforts on GdAlO, and MgAl„0. should be con- 

tinued until sufficient quality is attained to first demonstrate 

laser action and then to determine the energy storage capabilities. 

When good crystals of GdAlO- are available laser action using neodym- 

ium doping should also be tested. The fast decay time of neodymium 
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(•v l^O ysec) will not allow a long pump pulse to be used.  However, 

the low gain of neodynrium in this material and the high efficiency 

obtained by sensitizing with chromium should allow a hgh efficiency, 

high repetition rate Q-spoiled laser output. 

In addition to the above materials we have successfully 

used an efficient high gain material, Ca,(PO.)-F:Nd in Q-spoiled 

operation. Large crystals of good quality have been grown.  Related 

apatite-structure hosts with lower gain show promise for efficient 

high repetition rate lasers and crystal growth, spectroscopic studies 

and laser tests should be conducted on them. 
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APPENDIX A 

THE SPECTRUM OF Cr3+ IN GdAlO» 
+ -' 

R. C. Ohlmann and J. Murphy 

I.  INTRODUCTION 

Exchange interactions between rare earth ions and transi- 

tion metal ions in insulating solids have not yet been studied very 

extensively.  In compounds containing a high concentration of transi- 

tion metal ions, the exchange interaction between these ions has the 

dominant effect on the magnetic susceptibility so that it becomes 

difficult to determine the weaker rare earth-transition metal exchange 

interaction.  Spectroscopic studies, both in the visible and in the 

infrared spectral regions, have revealed some direct information on 

fhese weaker interactions, particularly between rare earth ions and 
3+ 2—5 

Fe .  In these experiments   the perturbations of the rare earth 

ion energy levels (as observed by optical absorption) du* to the 

exchange interactions with the magnetically ordered transition metal 

Ions were examined.  In some cases the perturbation can be described 

by the molecular field theory, although the details require a spin 

wave treatment including anisotropy and higher order coupling. In 

the case of highly anisotropic exchange interactions it har  been 

necessary to consider an exchange potential rather than an exchange 

constant to describe the spectra. The studies do not extend to the 

paramagnetic region (T > TN) since the strong exchange between the 

transition metal ionp results in a high Ne^l temperature, and the 

spectral lines of the rare earth ions become too broad to observe 

structure in the spectrum. 

In order to study rare earth-transition metal ion exchange 

interactions at low temperatures and without the complication of 

strong interactions between the transition metal ions, materials 

have been chosen containing low concentrations of the transition 

metal ions.  Since trivalent chromium has some sharp spectral lines 

in many crystals, it has been used as a probe in the rare earth 

- 1 
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aluni",.nates.  The magnetic properties of some of the rare earth ^lumin- 

ateo have been recently determined, and spectral studies revealing 

the excnange interactions between rare earth ions have been recently 
9 10 

reported. '   These ccuipounds tend to order magnetically below 40K. 

Therefore, to a first approximation, the exchange interactions between 

the raie earth ions zic  considered small compared to the chromium- \ i 

rare earth exchange, an assumption justified bv the experimental 

results. 
U 

In this paper the characteristics of the optical spectra 
3+ 1* -■ of Cr  in GdAlO are reported and analyzed. In a previous publication 

3+ we briefly described the fluorescence spectra of Cr  in GdAlO. but 

did not Include much data c? the absorption spectra. The gross 

features of th« absorption spectrum are typical of that found for 
3+ 

Cr  surrounded by six oxygen ions in almost octahedral symmetry. 
2   4 

However the R-lines due to E - A« transitions are broaa and consist 

of two bands in absorption and four bands in  fluorescence. Our inter- 
3+ pretaticn is based on the exchange interaction between each Cr  ion 

3+ ani the surrounding cluster of eight near.st Gd  ions.  Blazey and 
12 3+ Bums  recently reported similar fluorescence spectra from Cr 

In GdAlO-, but their analysis contains significant conceptual differ- 

ences from ours, and the^r lead to somewhat different results. These 

differences are discussed in Sec. VI. 
13 

GdAlO. has a distorted perovskite-type structure 
16 

(D.   - Pbnm) which ia isostructural with GdFeO-. The simple cubic 

perovsklte unit cell may be visualized as a cube having eight Gd 
3+ ions at the corners and an Al  ion at the bodv center, and having 

2- 
six 0  ions at the center of the faces. The true orthorhombic 

structure of GdAlO- has four formula anits per unit cell, although 
3+ dll Al  ions are at crystallographically equivalent sites which only 

have inversion symmetry. The distortion of the unit cell from a 

simple cubic structure is small since a pseudocell may be constructed 

with sides 3.731, 3.731, 3.734 (A) and comer angle of 90.6°. The 
14 

principal indices of refraction  are 1.991, 2.004, and 2.151. Small 
3+ 3+ 

amou u'.8 of Cr  wil" preferentially substitute for Al  in GdA10„. 

- 2 
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l our theoretical treatment we assume that the optical spectra can 

be adequately described by the approximation of a simple cubic pero- 
3+ 

vskite structure with Cr  in octahedral symmetry. 

- 3 



II.  EXPERIMENTAL TECHNIQUES 

Preparation of Samples 

The initial studies were conducted on ceramic samples pre- 

pared by the solid state reaction of Al-O-, Gd.CL and Cr203, in pro- 

portion to make GdAl,  Cr 0-, with x having values from 0.0001 to 

0.005. The starting materials were ground, fired at 1450oC in air, 

reground and refired. There was always some small quantity of ruby 

in the resultant powder, as evidenced by the distinctive fluores- 
3+ 

cence of the R-lines from Cr  in A120_. However, x-ray powder 

patterns detected only GdAlO-.  Reflection spectra showed the tail of 

a broad band absorption in the blue and ultraviolet probably due to 

color centers. Tbit absorption could be reduced but not eliminated by 

heating in a hydrogen atmosphere. 

Single crystal samples containing about 0.1 at. % Cr v.ere 

prepared by the Czochralski technique. They were pulled at 2030oC 

from the melt contained in Iridium crucibles. Although Laue x-ray 

photographs from each end of the boules appeared to show a single 

orientation, sufficient strain or twinning was present so as to make 

polarization studies Impossible. A crystal purchased from Union 

Carbide (Linde Division), although of good optical quality, also 

could not be used with polarizers. The fluorescence spectra from 

both ceramic and single crystals had Identical appearance except that 

no ruby R-lines were detected from the single crystals and, of course, 
3-r 

the lines due to near pairs of Cr  ions were stronger at higher 

chromium concentrations. 

I   ; 

-- 
i- i 

Apparatus 

Absorption spectra of the single crystals were measured on 

a Gary Model 14 spectrometer modified to increase the dynamic damping 

and thus the time constant. This allowed the measurement of absorp- 

tion of the crystals while they wore immersed in boiling helium to 

- 4 
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insure thermal contact.  Noise was also reduced by using liquid helium 

below its A-point.  The Gary spectrometer also had a tungsten iodide 

cycle lamp and a special phototube with an S-20 response. 

Fluorescence measurements were made using a Jarrell-Ash 

1 m Ebert grating monochromater (60Ü Ä/mm) blazed at 7500A.  Crystals 

were excited by a 1-kW AH 6 high pressure mercury lamp, and the 

fluorescence detected at the exit slit by, a cooled RCA 7102 photo- 

multiplier or by an EMI 9558 photomultiplier.  The photon sensitivity 

of the system vs wavelength was determined using i  standard lamp. 

Fluorescence measurements were also made on a 0.5 m Jarrell-Ash 

grating spectrometer with automatic analog correction for th^ spectral 

sensitivity. 

Excitation spectra were obtained by exciting the fluores- 

ence with monochromatic wavelength obtained using a 900 W Hanovia 

xenon short-arc lamp, and a 0.5 m grating monochrometer.  In order 

to correct ior the variation of the exciting light with wavelength, 

part of the radiation was reflected off a clear quartz disc just 

before it illuminated the sample.  The reflected radiation was inci- 

dent on a constant-quantum-efficiency and highly absorbing detector, 

elfher a cell containing Rhod-mine B in water (fcr X < 6000A) whose 

fluorescence through the cell was then detected, or a silicon diode 

(for 5000 < X < lO.OOOA).  The fluorescence signal was divided by 

this reference signal so that the excitation spectra obtained are 

proportional to the fluorescence per inr'.dent photon rate. 

All low temperature fiuoresrsrce measurements were made with 

the sample immersed in the cryogenic fluid.  Tests of linearity of 

the fluorescence with exciting intensity showed that contact was 

maintained with the thermal bath. 

- 5 - 



III.  EXCITATION AND ABSORPTION SPECTRA 

^ 1 
Experimental Results 

3+ P I 
Althüugh the fluorescence of Cr  in GdAKL around 7280A is 3 S I 

the principal concern of this paper, the absorption spectra and the ex- 
■» 1 

citation spectra of the fluorescence will first be presented and analyzed 
3+ 14 I 

in order to show that Cr  is nearly octahedrally surroundad by oxygen 

ions, and to compare the phenomenological crystal field parameters with J 

those from other materials. * 

Figure 1 illustrates the excitation spectrum of the fluores- m 

cence at 7280A from GdAlO- containing 0.5 at. % Cr obtained at 770K. A j 

The structure has be^n labeled with the most probable energy states in 

octahedral symmetry by comparison with the spectra of Cr  in other * I 
15 4 I 

crystals. ' This sample was highly absorbing at the peak of the T1 
4 * 3 

and T„ bands which causes their peak intensities to be almost equal. 
2 * I 

The lines due to absorption into T.. are present and have unusually 

strong intensity. The spectrum also shows evidence of the excitation * 

of the chromium fluorescence by absorption by Gd"  ions which then 
3+ 

transfer energy to the Cr  ions. Absorption lines due to transitions -» ! 

into the upper states of Gd  have been observed but will not be dls- » | 

cussed in this paper. 

The absorption spectrum measured on a single crystal sample ! 
3+ 

at 2.20K is shown in Figure 2. The absorption bands due to Cr  are 

superimposed on the long tail of a strong ultraviolet absorption band. 

Absorption into this band, whose absorption coefficient is 20 cm  and 
-1 3+ 

still rising at 39,000 cm , is not effective in exciting Cr IF 

fluorescence. A similar strong ultraviolet absorption is observed in 

LaAKL and has been attributed to a type of vacancy. t 
4^4 ft i 

The two strong bands correspond to the A_ ■*    T- and A» -»■ mi 
4 4 til 
T, transitions. The T„ band shows conslHerable vibronic structure on 
1 z ■**  _ 

low energy wing which extends almost to the peak of the band. There is 

an uncertainty of at least + 100 cm  in locating the peaks of both 
4     4 ~ 4 '* 

the T, and T1 bands due to their width and the structure on the T« 
17 *■ li \ 

band. The peak energies  are listed in Table I. 

- 6 - 



Cr3*    Levels 

Obs   Catc 

Gd *     levels 

'?/? 

7/2 

Intensity at 77 «K ^n 

Figure 1 

3+ 
Excitation Spectrum of Cr  Fluorescence in GdAlO, at 770K 
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GdAlO,: Craool2 

Cur...   ,8ilfto-t 

»xlO3 

I 
I 
I 
I 

Frequency, cm 

Figure 2 

Absorption Spectrum of GdAlO.rCr.OOlZ at 2.2<>K 
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Weak lines appear at 27248, 27285, 27502, 28011, and 28280 

cm" in absorption and are also evident in the excitation spectrum. 

Although they lie near the energies of the higher doublet states of 

Cr , transitions to these doublet states are expected to be broad and 

weak, and therefore unobservable. The weak lines are likely to be Aie 
3+ 

to an unidentified rare-earth impurity (other than Eu  which has been 

investigated in GdAlO-). Very weak lines also appear at 19970 and 
-1 

20034 cm . These have been tentatively identified as due to 
4    2 
A„ -*■ T„ transitions, although they also may arise from a rare-earth 

impurity. Their intensities are an order-of-magnitude weaker than 
2     2 

the lines due to transitions to the lowest doublet states, E and T1. 
4    2     4    2 

The absorption spectra due to A» -► T1 and A« -> E transi- 

tions are shown on an expanded scale in Figure 3 and 4 respectively. 

These figures show that both the peak and Integrated absorption 

coefficients of these lines increase considerably as temperature is 

decreased, although no change of the quartet bands was observed. This 
3+ 

effect may be due to the antiferromagnetic ordering of Gd  ions and 

will be discussed further in Section V. 

The observed absorption lines, their integrated cross section 

and their oscillator strengths are listed in Table I. For the oscilla- 
18 

tor strength, f, we used the relation 

f-   9n 
2  2 (n+2r 

2 
mc 

2 
ire 

odv, (1) 

where n is the index of refraction (n ^ 2). 

The lifetime of the emission at several wavelengths across the 
o 

band (roughly 10 A separations) was measured and decay time was found to 

be independent of wavelength.  It was observed that the decay time in- 

creases with temperature from helium temperatures to 770K and decreases 

between 770K and room temperature. This is consistent with the measured 
2 

temperature dependence of the integrated area under the E absorption 
18 

curve. The lifetimes and integrated areas are related by the formula 
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Figure 3 

Details of the ^T2 *■  ^A2 Absorption of 
GdA103:Cr.001 at 2.I

8 and 70K 
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GdA103:Cr.001 at 2.15° and 4.4
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n 
i i 
■ § 

■■ ■ 

i - STTVVC -^   odv (2) 
8L  -' 

where v is the average emission frequency, n is the index of refraction 

of the crystal g and gT are the upper and lower state degeneracies. 
3+    y 

(Both Cr  states have a degeneracy of 4 in this case.) The results 

are listed in Table II along with the measured lifetimes. 

Crystal Field Parameters 

It is well-known that the simple crystal field model is a 

very incomplete description of transition met::l ions in solids. How- 
19 

ever, as HcClure has pointed out,  the values of Ä, B, and C obtained 
20 

when the matrices of Tanabe and Sugano  are solved using the experi- 

mentally determined energy levels are very useful phenomenological 
2 3+ 

parameterb. Since the E level of Cr  in GdAlCL is about 5% lower 
15 

In energy than it is In most other compounds,  it is useful to 

determine the crystal field parameters and compare them with those n 
3+ 

found for Cr  in other oxides. U 
3 

From the matrices for d in a cubic field the value of A is 
4 4 

the energy of the T. state (all energies are referred to the A« y 

ground state), and B is determined by solving a 2x2 matrix involving 
4 fl 

A and the T. energy.  Simply considering the propagation of errors 
-1 

shows that a 1% cm  uncertainty in experimentally determining the 
4     4 

peak, of T„ and T. bands leads to about 9% uncertainty in B. The 
2 

value of C was found by diagonalizing the E matrix on a computer 

using the previously calculated value of B, and fitting to the mean 
2 
E energy as observed in the absorption spectra. The parameters with 

their uncertainties21 are A - 18,200 + 100, B - 605 + 25, and 

C - 3085 + 75 cm-1 which gives Y(- C/B) - 5.1 + .3. 

It is to be noted from Table I that the observed positions 

of the levels other than those used to derive the values of the para- 

meters are in fair agreement with the calculated values. Better 

agreement is not to be expected because of the approximations made. 

.♦ 
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Ignoring the errors Introduced by the neglect of the spin- 
22 

orbit Interaction, It Is well known  that a better fit to the free 

ion data can be obtained by Including conflguratlonal mixing arising 

from the electron-electron Interactions. Because of the depression 

of higher configurations when an ion is placed in a solid, it is 

reasonable to expect that such mixing effects would be even more im- 

portant in crystalline spectra. 

Another Important effect that occurs in crystals is the mixing 

of metal ion wave function with those of the ligands. With this modi- 

fication of the wave functions, the electron interactions are reduced 

because the electrons are spread out over a larger volume of space than 

they are without the mixing. The relative contributions of conflgura- 

tlonal mixing and convalency to the variation of the spectroscopic para- 

meters from crystal to crystal is uncertain, however there is sufficient 
23 

evidence  from EPR and optical experiments that admixture of ligand 

orbltals with metal orbitals, i.e., covalency, is necessary to account 

for the observed properties of metal-ligand complexes. The fluortscence 
3+ 

spectrum of Cr  to be presented in the next section shows a coupling 
3+ 

between the Cr' ion and the nearest neighbors gadolinium ions. There 

are various mechanisms by which these ions could be coupled together. 

If an exchange Interaction is responsible, as is probably the case, 

the chromium electrons spend oome time around the gadolinium centers. 

This implies a further expansion of the chromium charge cloud resulting 

in a reduction of the B and C parameters. The correlation between the 

reduction of B and C with the existence of exchange coupling of the 

Cr-Gd system is made only to point out the consistency of the two ob- 

servations.  In Table II we show by way of comparison, the B and C 
3+ 

parameters for Cr  in various hosts as well as the Slater parameter 

F2 and F,. 

- 13 



IV.  FLUORESCENCE SPECTRA 

The fluorescence spectra of GdA10_ containing 0.2 at. Z  Cr 
3+ 

is shown in Figure 5. The band near 7350A arises from pairs of Cr 

ions since its intensity increases quadratically with chromium con- 

centration. The principal feature of the spectrum is the fluorescence 
2   4 

of the R lines due to transitions nominally labeled E ->■ A«. The 
•Ti *  1 £^ ryt 

fluorescence of Cr  in a related perovkite, LaAlO-, consists *  of 
_1 J 

two sharp lines split by 5.4 cm . Therefore, it is not reasonable to 

assume that the overall width (> 100 cm ) and structure of the R lines 

■■n GdA10_ are due to crystal field and spin-orbit coupling effects. 

The change In fluorescence spectrum when going from 4.2° to 
2 -1 

770K is roughly what is expected if both E bands, about 31 cm  apart 

as seen in absorption, participated in the fluorescence. The more 

diffuse nature of the spectrum at 770K is due to both the oveilap of 

two bands and the 20 cm  width of each E band. 

The fluorescence spectrum also changes shape between 4.40K and 

2.15aK as shown in Figure 6. This change was also noted by Blazey and 
12 

Burns  who ploctrd tht positions or the three maj ,r peaks vs tempera- 

ture. Extrapolation of their data toward lower temperatures indicate 

that the lines do not converge at 0oK but rather near -r'0k.  .ne changes 

in the spectra in this region occur because of the ordering of the 
3+ 

Gd  ions and the direction of the changes are qualitively understood 

as discus.'»d in Section VI. 

There is an overlap of the wings of the absorption and 

fluorescence spectra even at 2.20K as illustrated in Figure 7. This 

over.1 ip appears to be 20-25 cm  or about 15 kT. The overall Stoke«? 

shift between absorption and fluorescence we do not believe is due to 

the absorption and emission of lattice Khonons but rather arises 
3+   3+ 

naturally in our theory of the effect of Cr  -Gd  exchange inter- 

actions. 

~ U - 
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Figure 5 

Fluorescence Spectra of GdAlO :Cr.002 at 4.2° and 770K 
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V.  EXCHANGE INTERACTIONS 

In this section, we will show that the observed tiuorescence 
3+ 

spectrum of Cr  in GdAlO, bears a strong resemblance to the e srgy 
3+ 

distribution of states for a Cr  ion In its ground state coupled to a 
3+ 

system of eight Gd  Ions. The coupling is assumed to be an Isotropie 

exchange Interaction of the form. 

H' - - Z J. S ' S.. (3) 
1 c   1 

3+ 
where S is the spin operator for the Cr  ion and S is the spin 

C        th  3+ 
operator for the 1  Gd  ion, all in units of n. 

3+ 
The structure of GdAlO- Is such that each Al  Ion Is 

3+ 
surrounded by eight Gd  ions in an almost simple cubic arrangement. 

Since the distortion from cubic symmetry is small, we will assume that 
3+ 3+ 

it is zero so hat when a Cr  ion replaces an Al  ion, the interaction 
3+ 

with all of the nearest neighbors Gd  ions is the same, I.e., 

J^ - J for all i. 

For the moment we will neglect the interactions between the 
3+ 

Gd  ions. Our justification for this lies in the fact that the undoped 

GdAlO. is known to order antiferromagnetlcally at around 40K whereas 

the principle features of the spectrum that we wish to describe are 
3+ 

clearly evident at 770K (Figure 5). We assume that the Cr  ion is 
3+ 

exchange coupled to the eight nearest nelgabors Gd  ions only. 

The Interaction defined In Equation 1 contains the spin 
3+ 3+ 

operator for the Cr  ion and the spin operator for the eight Gd 

Ions. It is convenient to write it as 

H' - - J ^ • S* (4) 
c 

where 

I si. 
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The matrix elements of an operator of the  form ^ -S  can be derived from 

the matrix elements if |s| , |S | , and |S + S|* through the relation 

2t  -t-  \t    +S|2- \t  |2. |^|2. c    ' c   '    ' c'    ' ' 

All elgenstates of the Hamlltonian H' are also elgenstates of jS + S| , 
2       2 

JS ( and |sj , and the eigenvalues of H' are givin by 

.      ^ .               JU+1) -  S(S+l) - S (S +1) 
- J <i, S, SjS'SlJ,  S, Sn > = - J  x     (5) 

where J  takes on all values S+S,S+S -1, •••• |S-S|. 
_ c'     c        '    c1 

When the Cr  ion is in its ground state, the spin is 3/2. The total 

spin values range, therefore, from S J   3/2 to JS - 3/2J. Substituting 

the possible values for 4 in  Equation 5, we see that the energy levels 

of the four ground state bands are given by 

E(S + 3/2) = - 3/2 JS, S = 0 to 28 

E(S + 1/2) - 3/2 J - J/2 S, S = 1 to 28 

EC'S - 1/2|) =   2J + J/2 S, S - 1 to 28 

E(|S - 3/2|) - 3/2 J + 3/2 JS^ S = 2 to 28 

(6a) 

3+ 
We will assume that the exchange coupling when the Cr  ion is in the 
2 
E state can be treated as if we had a simple non-degenerate spin 

25 1/2 system.   The energy levels are then 

E'CS + 1/2)  -   E - J72 S,   S = 0 to 28 
(6b) 

E'(S - 1/2)  = E + J,/2 + J72 S, S = 1 to 28 
o 
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?generacy of the Eigenvalues 

In a system of N Ions each of which has an angular momentum 

of S , the number of angular momentum states that one can form is 

(2Si + 1) which in our case is 8 or 2  since S - 7/2 for Gd  in the 

ground state and therefore each Gd ion may be in any of eight spin 

states.  Each state of total angular momentum S will have the usual 

2S + 1 degeneracy.  Let us call the number of sets of these (2S + 1) 

states N(t)). The numbers N(S) must satisfy the relation 

where N(-l) «0, 6 is the Kronecker delta and 

n(I) - (2S +1)(2I+1) - 3/2 1(1+3),  0<I<2S (8c) o  o 

(4S -I+1)(AS -1+2^ 
n(I) ^     , 2S <I<4S (8d) 
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28 I 
I    (2S + l)N(S) - 8° (7) 

S»0 

The sum over S runs from 0 to 28 since the maximum S corresponds to 
3+ having all eight of the Gd  ions aligned, so that if we specify one 

component of S (say S ), then S    ■ 8 x 7/2 ■ 28, and the minimum S 
is zero, corresponding to having four Gd ions anti-aligned with the 

remaining four. 

In Appendix I, we show a procedure for calculs'"ng the number 

of ways (N(S)) of forming a state of total spin each with S ■ S . The 

results are contained In the following equations. 

4S -S S-l o 
N(S) - NC-l) + I        (2-6 )n(l+S) n(I) - y n(S-l-I)n(i), 0<S<4S  (8a) _*•      so T

4-  o 
I-O I"0 

as -s+i o 
N(S) - N(S-l) - I n(4S0-I)n(S-l-4So+I),     ^c^<ßSQ (8b) 

I-o 

I 
1 



The numbers N(S) for S = 7/2 are listed in Table I.IIIb of Appendix I. 
0  3+ 3+ 

Each state of the eight Gd  ions with total spin S couples to the Cr 

ion through the interaction H' (Equation 4) to form a final state of 

total spin«. Each of these states has (2(*fl) components. Now since 
34. 

there are N(S) Gd  spin states of spin S, the total number of functions 

with total spin -o is 

N( ) = (2i+l)N(S) (9) 

and in our simple model these states are all degenerate. We therefore 

call this number the degeneracy. Using the N(S) values from 

Table I. Illb, Equations (6a), (6b), and (9), we arive at a distribution 
3+    3+ 

of states of the Cr  - Gd  system shown in Figure 8. 

12 4 
Blazey and Burns  have calculated the A„ density of states 

and used the expression (2S+1)N(S) rather than our Equation 9. Con- 

sequently they derived a distribution which is symmetric. On the 

basis of this they concluded that they were unable to determine the 

sign of the exchange parameters. We see In Figure 8 that the correct 

distribution is asymmetric. 

It ic '"ident from Figure 8 "hat the S + 3/2 bands are three 

times as wide as the S + 1/2 bands in the ground state bands. By 

averaging over a narrow band of lavels we obtain a density of states 

that is shown in Figure 9 compared with the fluorescence spectrum at 
3+    3+ 

4.20K. A comparison suggests that the Cr  - Gd  coupling Is ferro- 

magnetic and a value of J = 2.1 cm  is obtained by matching the peak 

positions of the theoretical curve with the flourescence spectrum. 

In matching the theoretical curve to the data, the effect of 

averaging the various S states over as wide a band as is indicated in 

Figure 9 resulted in raising the minimum between the two strongest bands 

as well as broadening the bands. This fitting procedure has obviously 

sacrificed the fit in the wings for a better fit in the center. 

A similar comparison of the upper bands with the absorption 

spectrum again implies ferromagnetic coupling but here the exchange 

- 21 
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Figure 8 

The Degeneracy of the Perturbation Hamlltonian 

H' = -J S 
i»i 

Si with Si = y. In the Lower Manifold 

S = 3/2; in the Upper, S = 1/2. 
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Figure 9 

A Comparison of the Curve Obtained by Averaging the Lower Manifold 
in Figure 8 and Adjusting the Value of J to Match 

with the Observed Emission Spectrum. 
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I 

coupling in the excited state must be J' = 3.2 cm . These numbers 
12 

differ from those reported by Blazey and burns  because as we have 

pointed out they have used the wrong density of states so that the peak 

to peak separations of their theoretical curve in units of the exchange 

parameters are incorrect. 

It is evident that the simple model has features that relate 

to both the absorption and emission spectra. Notice in Figure 5 that 

as the temperature is raised to 770K an additional band appears on the 

short wavelength side. The separation of the peak of this band from 

the peak of the nearest band to it is roughly equal to the separation 

between the peaks in ihe absorption spectrum. It seems reasonable to 

assume that this extra band arises from transitions between the S - 1/2 

excited band to the S + 3/2 ground state band. The other transitions 

from the S - 1/2 excited band are superimposed on the transitions from 

the S + 1/2 band and presumably contribute to the excess width of the 

main peak at 770K. There is an indication of a bump on the short wave- 

length side of the highest peak which is just where the S - 1/2 to 

S - 1/2 transitions would peak. 

Selection Rules 

The following considerations determine the selection rules 

for our simple model. Because the transitions involve the coupling 
3+ 

of a Cr  moment to the electromagnetic field, the total spin, S, of 

the gadolinium ions is conserved. In the limit of low temperatures, 

we should then see four sharp lines in fluorescence, the long wave- 

length line noticeably weaker than the other three because of the 

selection rules on the chromium transitions. For example, it is known 
3+       26 

that for Cr  in AIJ)-,  there is a selection rule on the chromium 

transitions, namely 

|2E, + 1/2 > -M. |4A2, - 3/2 > » 0 

|2E, - 1/2 > *-* |4A2, + 3/2 > - 0 
(10) 
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VI.  DISCUSSION 

The fluorescence spectrum clearly does not consist of four 

sharp lines, nor the absorption spectrum, of two. A possibility (which 

we will shortly discard) is that the fluorescence and absorption spectra 

are inhomogeneously broadened i.e. each S state of the gadolinium is 
3+ 

equally likely but a Cr  ion sees only one gadolinium configuration 
3+ 

always i.e. the gadolinium system does not relax internally. The Cr - 
3+ 

Gd  system can relax by interacting with phonons in such a way that at 
3+ 

T = 0oK only the S + 3/2 states are occupied when the Cr  is in the 
4 3+ 
A- level and only the S + 1/2 states are occupied when the Cr  is the 

2 
E level. We can see from Equations (6a) and (6b) that the state sep- 

arations between the components of the excited and the ground state 

bands are functions of the parameter S and therefore the fluorescence 

and absorption would consist of bands rather than sharp lines. In 

fluorescence, the restrictions given by Equation (10) lead to the con- 

dition that the S + 1/2 -*■ S - 3/2 transitions are weak as are the 

5 + 3/2 ->• S - 1/2 transitions in absorption. 

The absorption corresponding to the |S + 3/21 -»- |S + 1/21 

transitions should be Identical with the |S + 1/2J -► JS + 3/2| fluores- 

cence spectra. We have measured (Figure 7) an incomplete overlap of 

the absorption and emission spectra. This suggests that the Gd environ- 

ment does not preserve its total spin quantum number but that it relaxes 

towards the lowest energy xevels before the fluorescence occurs. It is 

entirely reasonable that this relaxation should occur in the time scale 
3+ 

of the fluorescence (^ 9 ms at 2.20K) since the Gd  ions are coupled to- 

gether by exchange and magnetic interactions that do not conserve the to- 
3+ 

tal spin qua.itum numbers of the eight neighbors to Cr  ion. If the re- 
3+    3+ 

laxation took place in an inflnitessimally short time, every Cr  - Gd 

system would find itself in the minimum energy level of the excited 

manifold just prior to fluorescence. To account for the fluorescence 

spectrum we would then have to  allow that the spin selection rult on 
2 

S of the Gd environment is completely abolished and transitions are 

allowed from the bottom of the upper band to every level of the ground 
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m-nifold.  This ■ evere breakdown is not unacceptable in view of th« 

S mixing nature of the Gd-Gd Interactions. The limit of rapid relaxation 

would lead to the conclusion that :he overlap between the absorption 

and emission spectrum should not be much greater than kT. The data 

shows an overlap of roughly 15 kT. Although this might indicate a 

condition intermediate between the "rapidly relaxing, S-mixxng model" 

and the "non-relaxing, S conserving model', the overlap may be due to 

variations of + 15% in the value of the exchange coupling parameters 
3+ 

at different Cr  sites due to imhomogeneous strains. To determine 

whether such a variation In the J's can occur would require knowledge 
3+  2-      3+ 

of the Cr  , 0  , and Gd  wave functions in the crystal. This in- 

formation is not available at present. 
3+ If it were the case that the Gd  system could relax only 

'^+ 
partially before the Cr" ion fluoresced, a change in the temperature 

should aller the Gd relaxation rate thereby altering the amount of over- 

lap. Unfortunately, sufficiently detailed experiments have not been 

done to Investigate _his change; however, it would seem from a compari- 

son of Figures 4 and 6 that there is not much difference between the 

extend of the overlap at 4.4° and at 2.150K. Both the short wavelength 

emission and the long wavelength absorption shift to shorter wavelengths 

at .he  higher temperature. 

We have so far found it necessary to deviate from our simple 

model tt allow non-S conserving transitions. A spread in the J values 

can account for the overlap between the emission and absorption spectra. 
3+ 

■A':  US now consider deviatiors of the Cr  environment from cubic 

swactry. It has been mentioned tb t the space group of GdAlO., is 
it D„. - Pbnm. The pseudo cell that we have is generated by compressing 

a cube along the CllO) direction and dilating it along the (1T0) direction. 

If the length of the unit cell i.i the (001) direction is left unchanged, 

we have, in distotting the cube in the manner prescribed, pxodu^ad a 

T„ distortion. The effect of such a distortion on the states of Cr 
2g 2 A4 

would be to mix the E stace  wxth the T_ and the T.. states when taken 

in second order with the spin-orbit coupling. W<2 are tempted to 
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attribute the decrease In lifetime and the Increase in Intensity of the 

fluorescence and the absorption spectrum to the increase in the distortion 

of the lattice from cubic symmetry as the system becor.es magnetically 

order. However, rurther experiments are necessary to irr ^stlgate this 

interpretation. 

A further point to be made is that the larger admixture of 
4 2 
T states with the E state due to a greater exchange interaction, the 

more depressed will be the latter siate so that the emission will occur 

at longer wavelengths. The greater exchange coupling wil also result 

in a greater spread in the density of states (Equations 6a and 6b). 

The combination of these two effects leads to a non-uniform change in 

the widths of the observed bands relative to the calculated density of 

states for a given set of J parameters in the ground and excited mani- 

folds. To be specific the two long wavelength bands in emission should 

be broader than the shorter wavelength bands. This effect is observed 

(soe Figure 6). Notice that as the temperature is lowered to 2.15<'K 

the two highest peaked bands seem to  be coming moiJ equal in width. 

It is conceivable that th,  hange In particle positions due to magnetic 

ordering might be appreciably greater than the variations from site to 

site due to Inhomogeneous strains. If this is so, we can understand 

that the Inhomogeneous strain effects would become less important as 

the crystal orders. 

Magnetic Ordering of the Gd Lattice 

9 10 12 
It is known that ' *  that GdAlO^ orders antiferromagnetlcally 

at around 40K. There is evidence In the fluorescence spectrum that the 

effects of this ordering affect the Cr  transitions by mo^lfyir^ the 
3+ 3+ 

energies and elgenfunctions of the Gd  spins around tne Cr . The 

marked change in shape of both the absorption and emission spectra 

from 2° to 40K if» presumably due to this ordering. Notice in Figure 6 

that the separations between the peaks de' reases and the bands get 

narrower with decreasing temperature. 

Blazey and Burns  have sugj 

separation Implies a reduction of the Cr-Gd exchange coupling parameters, 

Blazey and Burns  have suggested that the decrease in peak 
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Although this is a possibility, an alternate explanation might be that 

the Gd-Gd interactions, since they are antiferromagnetlc, would tend 

to make the maximum Gd spin states higher in energy than the minimum 

spin states, thus narrowing each of the bands and reducing the separation 

between the peaks, as is observed. The fact that the radiative llfe- 
2 

time and the integrated absorption in the E levels increase with 

decreasing temperature may be due to an increase in the Cr-Gd exchange 
3+ 

interaction which, due to deviations from cubic symmetry at the Or 
2 

lead to increased mixing of the E levels with the higher more allowed 

bands. The effect of increasing the Cr-Gd exchange parameters on the 

distribution of energy levels could be compensation by the narrowing 

effects of the Gd-Gd Interaction as discussed ibove. 
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VII.  SUMMARY 

3+ 
The fluorescence and absorption spectra of GdA10_:Cr  in the 

2    4 
region of the E *-+ A- transitions consist of broad bands whereas in 

materials having nonmagnetic host metal ions, these transitions are 

sharp. The difference is attributed to an exchange interaction between 
3+ 3+ 

the Cr  ion with its eignt nearest neighbor Gd  ions. A simple model 
-► -*■ 

based upon an Isotropie interaction of the form -JS • S where S denotes 

the spin of tne chromium and S denotes the combined spin of the eight 

neighboring gadolimlum ions, gives qualitative agreement between the 
4 

density of states in the ground ( \.)  manifold and the observed 

fluorescence spectrum as well as the density of states in the excited 
2 

( E) and the absorption spectrum. 

Deviations from the predictions of the simple model manifest 

themselves in the following ways: 
3+ 

1. If we assume that the Cr  environment can relax rapidly 
3+ 

so that thermal equilibrium is established before the Cr  fluoresces, 

the selection rules predict at most four sharp lines. We observe four 

broad overlapping bands.  In absorption we observe two broad bands 

whereas the model predicts two sharp lines. 
3+ 

2. If we assume that the environment of a Cr  ion is frozen 

in and cannot relax, the theory predicts a complete overlap between the 

shortest wavelength emission band and the longest wavelength absorption 

band. We observe only a partial overlap. 

3. The rapidly relaxing model predicts overlap of oily kT of 

the absorption and the emission at low temperatures. The observed over- 

lap at 2.20K is roughly 15 kT. 

4. The lifetime of the emission decreases and the intensity 

of the absorption and the fluorescence increase as the temperature is 

lowered. 

5. The width of the emission bands decrease with decreasing 

temperature. 
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We believe that the observations can be acccmmodated within ^ 

an extend theory by Introducing the following modiilcations: 

1. The interaction between the gadolinium ions that results J| 

in the magnetic ordering of the lattice mixes all of the eigenstates of 

S of the cube of gadolimiun ions surrounding the chromium.  This inter- T 

action also allows the environment to relax so the fluorescence occurs ' 
2 4 

from the bottom of E manifold to all of the levels of the A manifold f 

of states. # 

2. The partial overlap between the emission and absorption 

spectrum is accounted for by allowing a distribution of strains about 4 
3+ 

the Cr  ions resulting in a distribution in the values of the exchange 

parameters. The variations in the widths of the observed bands can also I 

be attributed to these inhomogeneities. 

3. The temperature dependence of the lifetime and intensities | 

is thought to be due to the variation of the distortion of the crystal 

from cubic symmetry brought about by the magnetic ordering. The known |, 

crystal structure is of the right symmetry type to mix the E states • 
4     4 

with the T1 and T. states which are strongly coupled to the ground 

state by photons. ^ 

5. The variation of the width of the emission spectrum with 

temperature is thought to be caused by the competition between the 
« i 

Cr-Gd interactions and the Gd-Gd interactions. The former interactions 

tend to make the S - 28 state highest in energy. Above the N&el 

temperature, the Cr-Gd complex interactions with randomly oriented next 
3+ 

nearest neighbors to the Cr . This interaction averages to zero. As 

soon as the lattice starts to order, the average interartion no longer 
3+ 

vanishes and so the states of eight nearest neighbors to the Cr  increase 

In energy. 

The best fit to the data is obtained with a ferromagnetic 

coupling of the chromium ion to the nearest neighbor gadolinium ions. 
4     2 

The values of the exchange parameters ii the A„ and E states are 
-1 -1 2.1 cm  and 3.2 cm  respectively. These values disagree with those 

published by Blazey and Burns who used an incorrect formula for the total 

number of coupled chromium-gadolinium states. 
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TABLE II 

3+ 
The lifetime ot the Cr  emission at various temperatures. 

The calculated values are obtained from the integrated absorption using 

Equation 2. 

Temp 
"K Calc 

Li fetime 
Obs 

2.2 7.3*2 9.0*.2 

4.. 12.5*4 15.4*.3 

77 - 18.0*.5 

300 - 13.2*.5 
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TABLE III 

3+ A comparison of the Slater Integrals F» and F, for Cr  In 

several hosts. All entries but the last two are derived from B anc C 

data reported by Wood et. al. (Ref. 22) using the defining equations 

B " F2~5F4 anc C = 35 F4 

F2 F4 
Host -1 

cm -1 
cm 

Free ion 1446 105 
YAG 1111 94 
YGaG 1056 97 
Beryl 1203 85 
K2NaCrF6 1191 86 
CrCl3 1036 97 
CrBr3 899 106 
LaA103 1041 86 
GdAl03 1046 88 
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APPtKDIX I 

Van Vleck has describea a method of determining the number of 

ways that N ions of 8*ias S can be coupled together to form a state of 

total spin S.  It consists of first finding the number of ways, of forming 

a state of S by finding the coefficient of x z in the expansion of 

S    S -.1   S -2 -S N 
(x0 + x0  +x0  + x 0) 1-1 

Calling this number Q(S) we find that the number of states with total 

spin 3 aatisfies the relation 

N(S) = ln(s) - n(s + i)] (2s + i) 1-2 

This procedure is rokward to use when dealing with as many as ei^ht spin 

7/2 ions. We have therefore derived a set of formulrc that enable one 

to calculate these quantities simply for arbitrary S . 

We be<;ln by considering two ions of spin S coupled to form 

states varying in angular momentum from 0 to 2S .  For the moment we 

needn't consider the 2S_ + 1 possible projections of each total spin 

vector on any direction. The subscript 2 refers to a two-spin state. 

Wj ^ay ;hat out of two vecto ^ there is only one resultant vector for 

each total spin from 0 to 2S . The next step is to couple each pair 

state to a state from another pair to form a four-spin state of total 

spin S,.  It, Table I-la we have listed across the top the minimum value 
i  i 

of S, that the pairs of spins (S?, S^) in the corresponding column can 

form while at the left Is shown "he maximum S,   that the pairs (S„, S^) 

in the corresponding rjw can form. The entries in Table I-lb are the 

total nunbers of pairs of the  corresponding entries In Table I-la. Each 

entry in Table I-la where S« ^ S^, has the number 2 in the corresponding 

position in Table I-Ib.  This number derives from the fact that for each 

pair (S,,, S^) the'e is another pair (S,, S7).  For those entries where 
if S    - S^  there is only one paJr for each i,  hence the 1 entries  in the 

(S^,   s|)   positions. 
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Now conside the total nianber of four-spin states of spin 

S. ■ 0. The only way to form a four-spin S,  m 0  state is to use two 

equal S» vectors. The sum of the entries in the S = 0 column is the 

required number of S, ■ 0 states. The number of ways of forming a state 

of S. - 1 is found by adding the S, = 1 column of Table I-Ib to the 

S, " 0 and subtracting the S, = 0 row. This is so because each entry of 

Table i-la in columns S. - 0 and S, = 1 can form an S, = 1 state except 

the entry in the S. = 0 row. To find the number of S, " 2 states we 

add the S, = 2 column to the previcJS result and subtract the sum of 

the entries in the S. = 1 row. We continue tnis way until there are no 

more columns to add. When we arrive at this point we inst continue to 

subtract rows until we exhaust the Table. By this time we will have 

calculated the number of ways of forming the state of maximum S..  Since 

the state of maxlmun S, has all four spins aligned, it is obvious that 

there is only one way of doing it. The fact that the last quantity 

calculated must have the value 1 is a useful check on the results. 

Tables I-Ia and I-Ib are applical .e to the coupling of 4 spins 

of s = 7/2; however, from it we can deduce a formula appropriate to the 

coupling of four equal spins of arbitrary S value. As we have already 

pointed out, the sura of the entries in the S. = 0 column is the number 

of ways, n(0), of forming a state of s^n S, = 0. In our present case 

this number is 3. For a general value of the s. this number would be 

(2S + 1) as cau be seen by examining the structure of Table I-la. 

According to "T prescription, we find n(l) by adding the S. = 1 column 

and subtracting the S, ■ 0 row. In general we find n(I + 1) for I in 

the range 0 < I < 2S 

n(I + 1) « n(I) + 2(2S + 1) - 31 1-3 
o 

with N(0) - 2S +1.  When I is in the range 2S < I < 4S , the re- 
o o   -  o 

cursion relation is 

n(I + 1) = n(I) - (4S - I + 1) I-A 
o 
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It is a simple matter to perform the sums indicated by these formula and 

when this is done we find 

n(I) = (2S + 1) (21 + 1) - | I (I + 1)      0 < I < 2S     I-5a 
o I o 

,4S - I + 1) (4S -If 2) 
n(I) = K—^ ^  2S < I < 4S   I-5b 

2 o -  -  o 

The quantity n(2S ) is given correctly by either formula. 

We have thus far coupled four spins S together to form all the 

states from S, ■ Ü to Sy = 4S. Now we must couple two sets of S.'s 

together to form the state rf S-. The procedure is similar to that used 

for S.. A table is composed with rows labeled by all the values of SR 

from 0 to 8S and with the columns with all the values from S0 =45 to 0 
o So 

smarting from right to left as in Tables I-Ia and I-Ib. The entries in 

each column will be made up of all the pairs of vectors of S, that ha -e 

in t-Tunon that tleir minimum resultant spin that can be formed by com- 

blm  the elements of the pair Is given by the number labeling the 

column.  Each pair of a row has iu common with members of the same row 

the property that the maximum resultant spin is given by the number 

labeling the row. The resulting table is shown in Table I-IIa. Table 

I-IIb is derived as follows. As before, the entries of Table I-IIb are 

in a one-to-one correspondence with the entti^s of Table I-IIa. Consider 

any pair (S,, S^) in Table I-IIa. We nave already found that there are 

n{S.} wiys of forming the vector S^ and n{S^) ways of forming the vector 
\ ill 

Sr. Ih*rre are, therefore, n{S.) n(S^) pairs (S^, S^).  If i - j the 

entry in Table I-IIb is [n(S,)]2, however if i ?* j we must multiply the 
i    1 i  i 

n(S.) nCS^) by 2 since the pair (S , S^) is equivalent to the set 

(SJ, S ). Each entry in Table I-IIa is therefore given by 
4  4 

I-IIb [1. J] « (2 - 6 ) n(sj) n(sj) 1-6 

where 6.  is the Kronecker 6- To find the number of ways of forming a state 

of S„= S we add elements in a column subtract the sum of elements of a row 

as before.  The results are given by 
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4So - S S - 1 
N(S) - N(S - 1) + I C - <5e ) n(I + S) j.(l) -  I  n(S - I - 1) n(I), 

I - 0       S'0 1=0 

0 < S < 4S I-7a 
-  -  o 

8S - S + 1 
o 

N(S) - N(S - 1) -    I n(4S - I) n(I + S - AS - 1), 
I - 0       0 0 

4s < S < 8S I-7b 
-  -  o 

The value of N(4S ) Is given by either formula. In these formulae 

n(-l) ■ 0 and the n(I) are given by Equations I-5a and I-5b. The 

niS.)  and N(S0) value for eight S *  7/2 spins are listed in Tables I-IIIa •to o 
and I-IIIb, respectively. 
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s    \ s , 7    6    5    4    3    2    10 7    6 5 niax\   mln 

0 0,0 
1 1.0 
2 2,0      1,1 
3 3,0      2,1 
4 4.0      3,1      2,2 
5 5 0      4.1      3,2 2 
6 6,0 5.1      4,2      3.3 2 
7 7,0      6 1      5.2      4,3 2 2 
8 7.1 6,2      5.3      4,4 2 
9 7 2      6.3      5,4 2 

10 7,3      6.4      5,5 
11 7,4      6.5 
12 7,5      6.6 
13 7.6 
14 7.7 

Table I-Ia 

The pairs (si. sp that form 

minimum values of S. given by the 

number labeling the column and 

maximum values of S. given by the 

number labeling the row. 

Table I-Ib 

The number of pairs of 

vectors (S-. S^) for the 

corresponding entries in 

Table I-Ia. 
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Table I-IIIa 

The Number of Ways of Forming Vectors 
of Length S, Using Four Vectors S « 7/2 

'» o 

h n(S4) S4 n(SA) 

0 8 8 28 

1 21 9 21 

2 31 10 15 

3 38 11 10 

4 A2 12 6 

5 43 13 3 

6 41 14 1 

7 36 
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Table I-IIIb 

The Number of Ways of Forming Vectors 
of Length S- Using Eight Vectors S = 7/2 

8 
N(S8) S8 

N(S8) S8 N(S8) S8 
N(S8) 

0 11.096 8 87,598 16 16,884 24 210 

1 32,592 9 80,444 17 11,704 25 84 

2 52,080 10 71,316 18 7.784 26 28 

3 68,453 11 61,103 19 4,949 27 7 

4 80,899 12 50,617 20 2,995 28 1 

5 88,956 13 40,536 21 1.716 

6 92,532 14 31,368 22 924 

7 91,890 15 23,436 23 462 

1 
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APPENDIX B 

CRYSTAL GROWTH OF GdA103 

R. Mazelsky and W. E. Kramer 

I.  INTRODUCTION 

The compounds having perovskite type structures have long been 

of scientific interest. These compounds have found applications as 

ferroelectric and magnetic materials and, recently, have been thought to 

be possible laser host materials. For the latter use, the rare earth 

aluminum oxide perovskites were thought to be particularly promising as 
(1) 

host for chromium.    Most of the rare earth-aluminum oxide penvskites 

were grown by solution techniques using molten salts as a solvent until 
(2) (3) 

recently Forrat et al   and Fay and Brandle   were successful in 

growing LaAlO. crystals from the melt by the Czochralski and Verneuill 

methods respectively. These crystals grew as twins due to a phase 

transition from rhombohedral to cubic occurring at approximately 400oC. 

A series of definitive papers on the structure of several families of 

perovskites including the rare earth aluminum oxides were written by 

Geller and »;o-workers.  * '   In these ^..pers the structure of the 

"arious perovskite type compounJs were clarified and a relation was 

tentatively established between ionic sizes and the occurrence of the 

rhombohedral and cubic structure. A less clear relationship was observed 

between the orthohcmblc, rhombohedral, and cubic forms of the perovskite 

although it was proposed that an orthorhombic structure would first go 

thro-igh a transformation to the rhombohedral form before a cubic perov- 

skite would be obtained. 

II.  PREPARATICIt 

Gadolinium oxide and aluminum oxide advertised 99.999% purity 

were mixed together and melted in an iridium crucible. An approximate 

melting point was obtained by means of a series of pyrometer readings 
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III.  CRYSTAL GROWTH 

The apparatus for the growth of refractory oxide crystals has 

been described elsewhere.    The power source was a Westinghouse 10 kHz, 

30 kw motor generator set. This low frequency was found to be quite 

benaficial for high temperature growth due to the large penetration depth 

of the field with the result that small crucible irregularities did not 

result in hot spots. As a result crucible life was extended for several 

runs even at crucible temperature estimated at 2200oC. 

For all pulling runs the crucible was 1/2 to 2/3 full.  By 

proper positioning of the crucible in the coil a thermal gradient of 

approximately 50oC was maintained on the crucible.  The temperature of 

the crucible wall as measured with a pyrometer was approximately 50° 

cooler at the top of the crucible than at the liquid level. When the 

charge was completely molten, a distinct grapefruit pattern was observed 

on the surface of the melt which has been related to convective instability 

by Bardsley and Cockayne.    This pattern was partially disrupted on 

dipping of the seed. 

I 
I 

uncorrected for eraissivity and was found to be approximately 2050''C. The I 

melt on freezing could not readily be removed from the crucible.  Since 

there was no visible attack on the crucible nor any significant less in t 

weight of the crucible on removal of the charge even after eight hours, 

the Iridium was thought to be a suitable crucible container. A sample # 

of the boule resulting from the melt was ground into powder and an • 

x-ray powder photograph was taken. Within the limits of the method the _ 

photograph was that of GdA10_ only with no other phases observed.  The £ 

lines were indexed   ' 'attice parameters were calculated.  The results 

were in good agreem     th Caller's data on an orthorhombic cell having f 

the dimensions a ■ dlnl,  b »■ 5.304 and c ■ 2.447.  Successive meltings 

and x-ray data showed only GdAlO .  This was taken to indicate that 1 

GdA10_ is a congruently melting compound which lends Itself to growth 

from the melt. I 
I 
I 
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Preliminary growth runs were made using a polycrystalline seed 

of GdA10_ cut from an Ingot of previously melted material. The seed was 

necked in and then broadened into approximately 1/4" diameter. Pulling 

and rotation rates were 1 cm/hr and AO rpm respectively. On cooling the 

crystal remained clear until approximately red heat after which point 

cracks were observed in the boule. On cooling to room temperature the 

crystal became opaque due to the large number of cracks. A small trans- 

parent area remained and this was used as a seeding for succeeding runs. 

Several crystals were grown of approximately 1/4" diameter and 1/2" to 

1-1/2" long. In all cases in standing at room temperature for times 

varying from 1 to 48 hours, cracks developed and optical quality pieces 

larger than a centimeter could not be retained. Coolirg rates of the 

pulled crystal were varied from 2 to 6 hours with no effect on the 

tendency of the boule to crack. Crystals were also grown off-stoichiometry 

on both the gadolinium and aluminum excess side of GdAlC, without any 

apparent effect. 

Chromium was added to the melt in concentrations jf 0.001, 0.01, 

and 0.1 atom % as a substitute for aluminum. The crystals obtained also 

showed a marked tendency to crack. Spectroscopic data on chromium doped 

GdAlO» is described in the preceding appendix to this report. 

IV. DISCUSSION 

It is not clear whether the crystal's propensity for cracking 

is due to strains in the crystal or a high temperature phase transition. 

A small hole was bored in an ingot of GdA10_ and a thermocouple was 

inserted. A second thermocouple was used to monitor temperature of the 

furnace. A multipoint recorder was used to monitor temperature in this 

furnace and simultaneously in the GdA10_ while the furnace was cycled 

between 500oC and 1500oC at about 100oC per hour. No anomaly was observed 

in temperature indicating there is no rapid phase transformation at these 

temperatures. 

i 
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Geller ' '  has described the phase relationships among 

compounds of the perovskite structure, ABO», where A is a rare earth 

trivalent ion and R is a trivalent transition metal ion. None of these 

are cubic at room temperature, the structures being rhombohedral or 

orthorbombic. The three symmetries are closely related to one another 

and it is ä relatively simple matter to work with nearly cubic pseudo- 

cells of all the compounds. Geller has looked at the rare earth aluminum 

oxide series and has approximated a critical volume for the "aluminates" 

at which they become cubic. This volume for the simple pseudocubic cell 

is approximately 56 A this value being derived from the compounds LaAlO- 

SmAlO , and PrAlO-. The volume expansion as a fuuction of temperature 

has been determined for these compounds and they are the same within 10%. 

If one assumes thai; the same relations given above hold in the GdAlO, 

system, one can estimate the temperature at which GdAlO- will become 

cubic. This temperature is above the melting point and is estimated at 

between 2200oC and 2600CC. 

Empirically, it is therefore unlikely that a cubic transformation 

occurs in the solid range. However, there is some evidence that the 

orthorhombic structure will undergo a phase transition co rhombohedral 

before the cubic phase appears. Geller does not make any estimates of 

volume relations between the orthorhombic and rhombohedral phases. 

However, It is possible that there is such a transition below the melting 

point.  It is, therefore, difficult to determine if the phase transition 

is responsible for the cracking of the crystals or If the cracking Is due 

to simple mechanical strain. The thermal analysis did not show an energy 

anomaly to 1500oC. However, the transformation, if it exists, may be 

sluggish or at temperatures above this point. 

A slice of one of the crystals Is shown in Fig. 10. Twin 

bout daries are visible in the photograph and they show a triangular shape. 

Back reflection Laue photographs indicate that this phase is the 111 of 

the orthorhombic cell. This slice was cut perpendicular to the pull 

I 
I 
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: I 

Figure 10 

Photograph of a Slice of a GdAlC^ Crystal 
Showing Twin Boundaries 
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direction of a crystal nucleated in a polycrystalline seed. An ftxamlnation 

of the orthorhombic and rhombohedral structures does not show any obvious 

relationship as to why the twin boundaries should form in this way if a 

phase transition took place. Therefore, it is not possible to distinguish 

between a mechanical twin or one due to a phase transition. 

V.  CONCLUSION 

The results on the growth of GdAlO- are not clear although it 

is possible to grow large transparent crystals, the strains due to 

growth, impurities, or a phase transition cause severe cracking.  Suffi- 

cient information has not been acquired to determine the source of the 

strain. 
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