
II

SR 115

Special Report 115

COZ DENSITY, TEMPERATURE AND THE
O UNCONFINED COMPRESSIVE STRENGTH
wOF POLAR SNOW

by

Austin Kovacs

JULY 1967

U.S. ARMY MATIIIIL COMMANO
COLD REGIONS RESEARCH & ENGINEERING LABORATORY

HANOVW, NMw NAMPSHM

RIprodced by the

CLEARINGHOUSE
C EAR I N G~n~ tH 0 US

Distribution of this document is unlimited

Best Available Copy



ii

PREFACE

This study was performed by Mr. Austin Kovacs under U.S. Army
Cold Regions Research and Engineering Laboratory (USA CRREL) task.
Experimental Engineering in Snow, Ice and Frozen Ground.

Information reported herein was initiated by USA CRREL in the
Construction Engineering Frranch, Mr. Edward F. Lobacz, Chief, of
the Experimenital Engineering Division. Mr. Kenneth A. Linell, Chief.

The author wishes to acknowledge the time and advice contributed
by Messrs. Lawrence Co!ver, Anthony 3. Gow, Frank Michitti. and
Steven J. Mock of USA CRREL during the preparation of this. report.
Technical review was performed by Mr. RentfO. Ramseler_

USA CRREL is an Army Materiel Command laboratory.

I



iii

CONTENTS

Page
Preface -------------------------------------------------- ii
Summary ----------------------------------------------- v
Introduction ---------------------------------------------- 1
Existing methods for determining the unconfined compressive

strength of snow -----------------------------------
Comparison of the five unconfined compressive strcngth

equations for snow at -10C --------------- --------- 3
Temperature correction factors ------- --- ----------------- 11
Unconfined compressive strength of polar snow vs depth-density

and temperature --------------------------------- 14
Discussion ---------------------------------------------- 17
Conclusions --------------------------------------------- 18
Literature cited ------------------------------------------ 18
Appendix A. Test data ------------------------------------ z
Appendix B. Statistical data for polynomia" expressions fitting

3. L. Smith's dynamic Young's and shear modulus data 23
Appendix C. Relationship between the unconfined compressive

strength of polar snow and its dynamic Young's and
shear -noduli at -OC- ---------------------------- 25

ILLUSTRATIONS

Fig ,ire
1. Unconfined compressive strength vs temperature for clear

lake ice ----------------------------------------- 4
2. Existing unconfined compressive strength vs density rela-

tionships for polar snow at -10C ------------------ 4
3. Linear relationships of unconfined compressive strength

vs density for data of Butkovich and J. L. Smith above
and below the transition density of 0. 50 g/cm 3 .--

4. Linear unconfined compressive strength vs density rela-
tionships for the combined Butkovich and J. L. Smith
data above and below the transition density of 0. 50
g/cm' in relation to the polynomial relationship for
the entire data range ----------------------------- 8

5. Cu've trend comparison between the eq II unconined
compressive strength relationship and J. L. Smith's
dynamic Young's moduluz vs density relationship---- 9

6. Comparison of the unconfined compressive strength vs
density reldtionship of eq II with earlier relationships 10

7. Comparison between the Ballard-Feldt and eq I I uncon-
fined compressive strength vs density relationships - 11

8. Relative unconfined compressive strength vs temperature 12
9. Intercept density relationship between the extended

straight-line portions of different tests------------- 13
10. Relationship between values obtained from the different

unconfined compressive strength equations when they
are used to determine strengths from depth-density
and temperature profiles ------- ----------------- 16

11. Comparison betveen the values obtained from eq 9, tem-
perature-corrected after Bender (eq 12), and from eq
14 when they are used to determine the unconfined

0 compressive strength of polar snow from depth-density
and temperature profiles ------------------------- 16



iv CONTENTS (Cont'd)
Page

TABLES.

Table
1. Statistical data related to curves in Figure 3---------------- 6

U. Statistical data related to polynomial curve in Figure 4 --- 8
III. Statistical data related to curves in Figure 9--------------- 13
IV. Unconfined compressive strength relationships------------- 15



• V

SUMMARY

The relationships between several empirical and theoretical methods
for determining the unconfined compressive strength of polar snow from
depth-density and temperature profiles are discussed and graphically
compared. Two unconfined compressive ;trength equations are proposed
for snow at -10C:

9 c = 1719 (y - 0.422)

and

rc- 968 - 6b4ct1 5zoQy - 7 2 35y'.

These equations apply to snow densities from 0. 50 to 0. 72 g/cm 3 and
0. 36 to 0.72 g/cm 3 , respectively.



DENSITY, TEMPERATURE AND THE UNCONFINED

COMPRESSIVE STRENGTH OF POLAR SNOW

by

Austin Kovacs

INTRODUCTION

A rumber of methods have been presented for determining the unconfined
compresnive strength of polar snow when density and temperature are known.
Of particular interest to those concerned with snow's resistance to pile driving
are the methods devised by Ballard and Feldt (1965), Ballard and McGaw
(1965), Butkovich (1956), Mellor and J.H. Smith (19o6) and J. L. Smith (1965).
The unconfined compresqive stretigths obtainied by these methods, however,
w-, fc. ad to deviate considerably from one another with both density and
temperature.

This report covers a study made to determine why the anomalies exist.
Where possieie, inconsitenies in test procedures awd data anal-sis uced to
develop exiiting unconfined compressive strength formulas are pointed out.
Two equations for determining the unconfined compressive strength of snow
are proposed. The formulas take into consideration the decided changes in
slope of the Young's and shear modulus curves at a density of 0. 5 g/cmi for
Greenland snow. The slope changes signify that at this density a structural
and, therefore, a strength change occur. Analysis of existing test data indi-
cates this reasoning to be valid.

EXISTING METHODS FOR DETERMINING THE UNCONFINED
COMPRESSIVE STRENGTH OF SNOW

From a comparison of horizontal snow samples tested at Site II, Green-
land, Butkovich (1956) developed an empirical relationship between unconfined
compressive strength and density for 'now at -10C:

o lc  1418 (y- 0.3 9) (I)

where:

oc = unconfined compressive strength, psi

- snow density, g/cm3 .

Butkovich broke his samples with a Carver hand-actuated hydraulic press.
This type of press is not considered ideal for unconfined compression testing
because it produces undesirable pulsed loading and head speeds with each
pump of the hydraulic jack. The speed at which the press was operated is
not known but the average load rate was reported to be 7. 5 psi (0. 5 kg/cml)
per second. Jellinek (1957) has found that in testing the tensile strength of
ice at -4. SC the magnitude of the results is no longer dependent on the loading
rate above 0. 5 kg/cml per second. It cannot be assumed, however, that the
same is true for unconfined compression tests performed on snow at -10C.
Butkovich (1958) and Mellor and J.H. Smith (1966) have shown that the un-
confined compressive strength of snow is dependent upon temperature and
load rate. The load rate required to mask the plastic effects of deformation
is in turn dependent upon the temperature and density of the snow. There-
fore, it cannot be assumed that the strain rate for these tests was sufficient
to subject the samples to brittle failure over the entire density range.

.I



2 DENSITY# TEMPERATURE AND STRENGTH OF POLAR SNOW

Butkovich's samples consisted of cores 3 in. (7. 62 cin) in diameter with
a length-to-diameter ratio of 2.2 to 1. This ratio was perhaps too low to
eliminate the effect of end constraint (Butkovich. 1958).

At Camp Century, Greenland, 3. L. Smith (1965) found a relationship
similar to Ilutkovich's for vertical snow samples at I1OC:

s 1 5 4 2 (y- 0. 4 0 ). (2)

A constant-velocity motorized press having a head speed of I in. (2. 54 cm)
per minute was used in these tests. The samples were uniformly trimmed
to 2.00 in. (5.08 cm) in diameter with a special shaver and had a length-to-
diameter ratio of 2. 5 to 1.

Ballard and McGaw (1965) presented a theory that attempted to explain
snow failure or unconfined compressive strength at any temperature in terms
of the crushing strength of snow ice* and the porosity of snow when V > 0.46
g/cm 3 :

9' (3)rf Wli :.

where:

z failure strength, psi

a ultimate strength of fine-grained, randomly oriented
polycrystalline ice, psi

n a volumetric porosity of the given snow density

nL = limiting porosity, i. e.volurnetric porosity at wh ch
f is zero (extrapolated).

Ballard and Fe!dt (1965) cal-ulated the effective porosity (nf)t as a
function of porosity over the entire porosity range and developed the following
equation:

-Z(n/1-n)
f -- i e ' n 

( 4 )

Mellor and 1.H. Smith (1966) presented an unconfined compressive
strength equation for snow based upon the. crushing strength of ice* and the
void ratio:

€c = eL" e b r  (5)

*Snow ice in this report refers to consolidated snow with zero permeability.

tThe effective porosity (nf) is defined by Ballard and Feldt as the porosity of
the snow along the failure surface. Their geometrical considerations bhow
n f to be approximately twice n.

**Mellor and J. H. Smith suggest using the strength of clear lake ice for 16
as they believe this would represent an optimum value for snow ice at a
density of 0. 917 g/cm'.
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where:

b = a dimensionless constant

r = void ratio of the snow.

To develop this equation Mellor and J. H. Smith tested samples prepared
from snow gr.ound through a I1-mm sieve. The sn.ow was compacted in tubes
(5. 72 cm diam, 18. 9 cm long) and allowed to sinter for approximately 3
weeks at -10C. At the end of this period the samples were exposed to the
test temperature (0 to -50C) for 6 hours before being broken. The samples
were crushed under a motorized press with a head speed of 3.64 in. (9.25
cm) or 5. 77 in. (14.65 cm) per minute.

COMPARISON OF THE FIVE UNCONFINED COMPRESSIVE
STRENGTH EQUATIONS FOR SNOW AT -10C

Tn ,,., the theoretical expression developed by Ballard and McGaw (eq 3)
the limiting porosity and ultimate strength of snow ice have to be determined.
To apply this equation to Camp Century snow the necessary values are ob-
taA-1L1 truin Itle eAperimeii.. .. _- .". L. Sm&t . !%,a -q 2. c -O At a
density of 0.40 g/cm3 and nL becomes 1-1. 09y =0. 564. Assuming a density
of 0. 917 g/cm 3 for snow ice and extrapolating arc to €i. a value of 800 psi
(56. 1 kg/cm2 ) is obtained from eq 2.

Since the Ballard and McGaw (1965) equation is a straight line, the
unconfined compressive strength when plotted against porosity for each test
temperature results in a family of straight lines which pass through zero
strength at the limiting porosity and maximum strength at zero porosity. It
should, therefore, be obvious that using 800 psi for ri along with 0. 564 for
nL in eq 3 gives strengths directly obtainable from the simple 3. L. Smith
equation. Equation I -s merely a method for expressing any linear uncon-
fined compressive strength vs density relationship in terms of porosity.

It should be pointed out that some investigators have used the tempera-
ture dependence of clear lake ;ce (Fig. 1) to obtain ri (Abele et al. . 1966;
Ramseier, 1966). There is no justification for doing this unless'It is desired
to obtain c values which are low and, therefore, provide a factor of safety
for engineering purposes.

The exponential parameters of eq 5 can be changed to coincide with those
of eq 4. The constant b in eq 5 has been tentatively interpreted as an index
of grain structure. Using J. L. Smith's test results and eq 5, Mellor found
b to be 1. 8 for Camp Century snow. With the void ratio being directly
related to porosity (r = n/I-n) and the constant b known, eq 5 can be ex-
pressed as follows:

cc m -I1. 8(n/ I- In)z  (6)

A graphic comparison relating unconfined compressive strength vs
density as derived from all the equations is presented in Figure 2. To show
the effect of using €i for lake ice (700 psi or 49. 2 kg/cm; at -10C) upon the
unconfined compressive strength vs density relationship, this value is used
in e. 3 and 4 for the related curves in Figure 2. Equation 4 is also graph-
ically shown when an ultimate strength of 80C psi (56. 1 kg/cm'1is used for
€i as extrapolated from eq 2.
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Figure 1. Unconfined compressive strength
vs temperature for clear lake ice (from But-

kovich. 1964).
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vs density relationships for polar snow at -1OC.
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From an inspection of Figure . it is apparent that considerable dis-
crepancy exists between the strengths obtained from tne oierent unconfined
compressive strength vs density relationships as presently used. It as
believed that the development of the Mellor-J. H. Smith equation could have
been adversely affected by the snows tested. Althougfr sintered particle size
might have been comparable to that of polar snow of similar density, the
samples might not have adequately represented the sintered structure or
strength of natural snow-s of comparable density. Mellor recently has sug-
gested that the large divergence from the other unconfined compressive
strength values was due to the temperature and strain rate at which his
samplesiwere broken. The strain rate was apparently below that necessary
to cause brittle failure in the higher temperature snows. If this did occur,
the results would be influenced by creep effects and would be more applicable
to snow subjected to creep failure than to the structural collapse of snow
associated with brittle failure.

The difference in af between the Ballard-McGaw and Ballard-Feldt
curves is related to the considerations upon which their equations were based
and the different values of a-i used.

The slight disagreement between the Butkovich and J. L. Smith rectilin-
ear strength vs density values may have resulted from the different loading
characteristics of the test apparatuses and the different length to diameter
ratios of the teit samples. Although the relationships of Butkovich and
Smith are useful for a number of purposes. they do not adequately relate
unconfined compressive strength to snow density. This is especially truefor
snow densities in the pronounced transition range between low-density dpen-
structured snow of about 0. 30 g/cml and high-density snows of about 0. 52
g/cm3 where a sintered transition (stable bond structure) is established
within thermally stable in-situ snows (Ramseier, 1963; Gow, 1966).

Although previously mentioned test inconsistencies are believed to have
affected the test results, the linearization of the uncordfined compressive
strength vs snow density relationship into a single equation definitely resulted
in less agreement in the correlation of unconfined compressive strength and
density. To show this, the Butkovich and J. L. Smith data (Appendix A.
Tables Al and AIl) were replotted (Fi-. 31, Unconfined compressive strengths
obtained at temperatures other than -10C were not included to eliminate any
strength error associated with the use of a temperature correction factor.

An inspection of the replotted data showed a decided change in unconfined
compressive strength vs density at a density of about .0. 50 g/cm'. At a
similar density, changes in the Young's and shear modulus curves occur
(Nakaya. 1959: J. L. Smith, 1965). This indicates a structural change asso-
ciated with the transition between low-density open-structured snow and
closely packed high-density snow in which a sintered transition has been
established. Another indication of a structural change existing in in-situ
snow At a density of.0. 50 g/cmi is the bend in the P-wave velocity curve
near this density depth at Camp Century (Clark, 1966). Because this density
appears to represent an area where significant changes in both physical and
mechanical measurements occur, it is tentatively referred to as the "transi-
tion density."

Using the foregoing observations as a guide, an arithmetic leaet squares
analysis of the Butkovich and J. L. Smith data was made between the transi-
tion density and the highest test density of 0.7Z g/cm3 . An analysis of the
combined data in this density range was also made. Because of insufficient
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Figure 3. Linear relationships of unconfined compressive
strength vs density for data of Butkovich and J. L. Smith
above and below the transition density of 0. 50 g/cm 3 . Snow

temperature -10C.

rable 1. Statistical data relatec to curves in rigure i.

Butkosch I. L. Smith J. L. Smith and Butko h
Sym19 yzo. SO to Ots /m -.s o.7 gt ~f 0to. 72 gicn' .16tO40,n'

Slope m. ps, i(&lcm') 1.774 1 0D' I 845 . 01 1719 x 10 ) bzs . to,

lntercept A. Pal -7. S)4 . 100 -. 108 x I0' -7--,I x 10 3.494 x I0

Std error of *ot Sy. ps 2. 411 xO . r? x 10 J. 719 x IO 1. (09 x t

Simpie corr coot R 0 9|Z 0.874 0. 9-S C. 907
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test data between the transition density and the lowest test density (0. 36
g/cm s ) to permit the establishment of individual unconfined compressive
strength vs density relationships, only a combined data analysis was made.
For snow in the 0. 50 g/cm3. to 0. 72 g/cml density range, the analyses gave
the following unconfined compressive strength relationships:

For Butkovich's data (138 tests):

Cc = 1774 (y -0.425). (7)

For J. L. Smith's data (54 tests):

= 1843 (y-0. 4 4 0). (8)

For the combined data (192 tests):

1719 (y-O. 422 ). (9)

The 35 tests below the density of 0. 50 g/cm) rendered an unconfined
compressive strength vs density relationship of:

= 96Z (y-0. 3 6 0 ). (10)

Immediately appat ent from Figure 3 is the reabonably close agreement
between the rectilinear curves passing through he combined J. L. Smith
and Butkovich data.

J. L. Smith (1965) has shown that plotting the Young's and shear moduli
vs density results in a rectilinear curve above the transition density of
0. 50 gicm3 . Below this density the curves bow toward the left, intercepting

the x-axis at some density below 0. 30 g/cm 3 . To determine whether or not
the Butkovich-J. L. Smith test results would fit a comparable trend with good
statistical data - curve correlation, a computer evaluation (Mock, I96o) was

made. The combined data were fitted with arithmetic, exponential, power
and Znd-Sth degree polynomial regression equations. Statistically, the
following 3rd degree polynomial regression curve fitted the data best:

cc = 9 8 8 - 6 6 4 6 y + 13520yz - 7235-y'. (11)

This equation is only valid for natural snow between the densities of 0. 36and 0. 72 g/cm 3 . Above or below this range the formula gives erroneous

unconfined compressive strengths.

Equation I1, along with the previously presented linear expressions for
'the combined data above and below the transition density, is shown graph-

icaily in Figure 4. Here it is seen that the Folynomial not only becomes
quasi-linear above the density of 0. 5Z g/cm but follows the linear relation-
ships for the combined data above the transition density.

i

I!
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Figure 4. Linear unconfined compressive strength
vs density relationships for the combined Butkovich
and J. L. Smith data above and below the transition
density of O. 50 gjcm 3 in relation to the polynomial
relationship for the entire data range. Snow tem-

perature -10C.

Table II. Statistical data related to polynomial curve in Fij~ure 4.

Butkovich and Smith at
Symbols -1OC, y-O. 36 to 0. 72 g/cm 3

Slopes m, psi/(g/cm3 ) BI -6.646 x 103

Bz 1. 352 x 104

B, -7.235 x 10 3

Intercept a, psi 9.883 x 102

Std error of est Sye' psi 3.492 x 10

Multiple corr coef R 0.953
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Figure 5. Curve trend comparison between
equation I I's unconfined compressive strength
relationship and J. L. Smith's dynamic Young's
modulus vs density relationship. Snow tem-

perature -I0C.

In Figure 5 the curve of equation I I is shown graphically in relation to
J. L. Smith's dyna '.c Young's modulus vs density curve. * It is readily
apparent from this figure that the unconfined compressive strength and
dynami,. Young's modulus vs density curves do assume similar trends.
Finally eq I I is graphically rhown in comparison with the earlier uncon-
fined compressive strength vs density relationships in Figure 6.

If eq 9 is used to determine unconfined compreisive strengths above a
density of 0. 72 g/cm3 . an ultimate strength for snow ice of 850 psi (59.77
kg/cm ) is obtained:

ac = 1719 (y-0. 42 2 ) = 850 psi wheny = 0.917g /cm.

This is 150 psi (10.65 kgcm ) more than for clear lake ice at -10C. The
value may nevertheless represent the optimum strength of snow ice (ri)
which is required in the use of eq 3 and 4.

*J. L. Smith's dynamic Young's and shear modulus data are listed in Table
AV of Appendix A. Statistically it was found that a 3rd degree polynomial
regression equation also fitted these data best. See Appendix B for equa-
tions and statistical results. Appendix C gives the linear relationships
between the unconfined compressive strength of polar snow and its dynamic
Young's and shear moduli at -10C over the entire wc range.j

IiI
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?00 "0-
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strength vs density relationship shown in Figure 7. When this strength vs
density relationship is compared with that of the polynomial curve of eq I1I
in the same figure. it is apparent that a considerable lack of agreement
still exists between the theorized and the empirical expressions in the low-density range.

-10
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Figure 7. Comparison between the Bal'ard-Feldt and
eq I I unconfined compressive strength vs density rela-

tionships. Snow temperature -10G.

TEMPERATURE CORRECTION FACTORS

The Ballard-Feldt, Ballard-McGaw and Mellor-J.H. Smith equations
give unconfined compressive strength directly in terms of the associated
snow temperature. To relate strength values obtained from the formulas
of Butkovich, J. L. Smith. Ballard-McGaw (modified) or the author to a
temperature other than -IOC, a temperature correction must be made.
Bender (1957) gives an empirical relationship between unconfined compres-
sive strength and temperature:

log L 0.16 log .eA (12)

where:

= unconfined compressive strength at temp a,

ra : unconfined compressive strength at temp 92.
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Mellor and J..H. Smith also show unconfined compressive strength as
a function of temperature. Their equation gives unconfined compressive
strength at any temperature as related to -IOC:

= 1.73e4.76/0 
(13)

where:

s= unconfined compressive strength at 0 = OC.

The curve of the Mellor and J.H. Smith equation was found to be incon-
sistent with the above equation (wo /a- * 0. 41 as they indicate but is
-0. C75 when ro = it-10). Mellor has, terefore, suggested using the curve
(Fig. 8) in preference to the equation.

If polar snows are structurally similar, the straight-line portion of
their undonfined compressive strength vs density relationships should, if
extended to the abscissa, pass through a "common intercept density. " This
would be true regardless of temperature and ttst, provided the test sub-
jected the specimens to similar structural failures, e.g. failure occurring
through brittle fracture.

Comparison of the intercept of the extended unconfined compressive
strength vs density relationship for vertically sampled South Pole snow wih
that of eq 9 showed that the two polar snows do indeed share a quasi-common
intercept density (Fig. 9). Their intercepts are 0.414 and 0.4ZZ g/cm 3

respectively for a mean of 0.418 g/cm3 . The South Pole samples were
broken at -49. 4C. or 39. 4C lower than the samples used to develop eq 9.
The difference between the slope of the curve passing through the South Pole
data[2562 psi/(g/cm3 )] and that of eq 9 [ 1719 psi/(g/cro)] is 843 psi/
(g/cm3 ). Dividing the change in the strength slopes by the difference in

I I ' i i '|
1- .14-------------

aCa

0w -1 2 - -I0
MI l -.. Smith, 1

/ o

* a . - UNC0NPNED CO.PRESSON

0 UNCONFINED COMPRESSION
ILOW *ILIAS.IY|

A RAM HARDNESS

~~ 9, TEMPE RATURE .C -

Figure 8. Relative unconfinied compressive strength vs temperature (from
Mellor-JT.H. Smith, 1966).
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Page 13: The units for slope, intercept and standard error of estimate
in Table III should read kg cm/g, kg/cnvz and kg/enk3 respectively for
Ramseier's data and dynes cm/g. dynes/cmz and dyneh/cmz respectively
for J. L. Smith's data.
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Figure 9. Intercept density relationship between the extended
straight-line portions of different tests.

rable 111. Statistical clataf, related to curves in rogure 9.

Ramoviov 7. t Smith
iunconfined 8.,iho-ch -you.ng's Shear

c~f PC55~t ri." Y 1ss. modulaus modulus
_ tai Jtrn i - -) (GI

Slope m. PG. (I.gcml) 8 09 it lot 
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.
1 16

K l0' 1.612 X 10 S 824

lInter,.pt a. poit 469 a 10 .4.117 a 10' -6 632 -2 353

Std error of eat Syr. poi 1. 04 .4.044 z oil a 10-1 9 061 10lOA

Simple Corr Coef A 0. 916 0 -90 0.99S 0. 991

T . at data Isted in Appendixa A.



14 DENSITY, TEMPERATURE AND STRENGTH OF POLAR SNOW

temperature results in a constant for the change in the strength line slope
(M) of -21 psi/(g/cms) for each degree C.

Equation 9 can, therefore, be modified to account for unconfined com-
pressive strengths at any temperature below -10C as follows:

Cc= (719 + C)(y -0.422) (14)

where:

C = AT x M change in strength line slope with temperature

AT change in temperature below -10C.

UNCONFINED COMPRESSIVE STRENGTH OF POLAR SNOW
VS DEPTH-DENSITY AND TEMPERATURE

From depth-density and termperature profiles taken at Camp Century,
the related snow density and temperature per foot were obtained (Table IV).
With these data, the unconfined compressive strengths vs depth were cal-
culated using the methods previously discussed. The calculated strengths
from the equations of Butkovich (eq 1), Ballard-Feldt (eq 4) and the author
(eq 9) were temperature-corrected to the in-situ temperature using the
Bender formula (eq 12). For these calculations, ri in eq 4 is 850 psi as
extrapolated from eq 9. Strengths caLk;ulated using the J. L. Smith equation
(eq 2) were temperature-corrected using 'both the Bender and Mellor-J.H.
Smith (,-q 13) methods. For comparative purposes, the Ballard-Feldt (eq 4)
and Ballard-McGaw (eq 3) equations were used with Butkovich's temperature
related strengths of lake ice (Fig. 1) for ri. For nL in eq 3, a value of
0. 561 after J. L. Smith was used. A higher ari obtained by extrapolating one
of the other cc equations to a density of 0.917 g/cm 3 was not used in eq 3
for reasons previously discussed. All calculations are listed in Table IV
and shown graphically in Figures 10 and 11.

An inspection of the unconfined compressive strength curves in Figure
10 shows that the Ballard-Feldt equation (eq 4) gives the lowest strength
values when the temperature related strength of lake ice is usea for ri.
When the same equation is used with the ultimate strength of snow ice ex-
trapolated from eq 9. and temperature-corrected after Bender's formula,
01c values comparable to those of the Butkovich equation (eq Z) temperature-
corrected after Bender are obtained. The Ballard-McGaw equation (eq 3)
using Butkovich's temperature-related strength of lake ice for 0-i closely
parallels the J. L. Smith (eq 2) values temperature-corre(ted after Bender
(eq 12). By comparing the calculations in Table IV, it is found that the two
curves are within a constant 23* 3. psi (Jl. 62 * 0. 21 kg/cmz ) of one another.
When the Bender equation is not used to correct (rc strengths formulated by
the J. L. Smith equation, the parallelism does not exist. This is apparent
in Figure Z where no temperature correction is necessary at -10G and in
Figure 10 for the strength curve corrected by the Mellor-J.H. Smith
method (eq 13). Ii addition,, as is readily apparent in Figure 10, the high
values are again obtained using Mellor's strength equation (eq 5).
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table IV. Uncoot,,,ed compressive . i.,o. th relationshipia.

Depth De3nsity romp tal3ll.d-McGw Rallrd.Feldt, hIlilardraildt
t  

Mallor-$.N. Smith
*  

J L. Smth*o
(I fgh Ml) (-'C) (pes) (k'cm' (Rpm,) (kujcm' (p-1 ) 441 I/ms 3 (pL.1 (hg'cm, (p..) (kgLtcm j
I 5.0 14.0 37S I2.13 161 13i 3 194.S I3S.7 2S9 II. Zi M It, i
1 9110 16. 1a0 2.66 167 11.74 zoo. I I*.1 61.9 is 94 £01 14 14

S .0 17.7 M63 2.87 169 31.66 01.9 14.2 all 19.20 203 14.26
4 .,11 16.2 R9? 3I.9 3g0 12.66 234.0 15.0 29? 0.6? ll Is.20
S Ns Iq.0 208 14.01 190 11.16 Its.9 IS.19 3? 22.29 £30 16.17
* sO 19.0 its 16. I6 110 14.77 247.6 17.4 396 29.36 297 3 907
7 .560 0.7 2SS 17.91 226 16.01 166.4 16.7 3792 27.97 Z76 19.41
6 SIP i.2 2Sz 17.? Z26 39.69 164.3 16.6 190 17.41 27s 39. 34

950 1.4 z27 18.07 230 16.17 267.9 36.6. 396 27.615 27 19.Sa
30 .60 Z1.7 2S7 18.07 13 16.24 268.4 1.9 397 17.92 276 19. $
I1 .SA 22.0 25S 17.93 " ., 16.10 169.9 Is.? 94 27.73 27? 19.44
1 $46 Z.S 240 16.66 237 3S. Z6 2SI.3 7.? 61 is. AS' 260 Is.26
I3 .4 2.6 290 17.98 229 39.62 £61.1 1.4 344 A?.00 Z72 19 11
14 .964 z3.0 1 266 3. 19 16.01' 277.3 3q.S 414 £9.1 £90 20. 39
I3 .97S . 0 ZA? 20. 01 La4 17.86 29S. 3 2o. 444 11.19 309 2i 73
33 .84 24.0 309 it.4 27 10.06 )12.1. 2.0 474 It.33 7it 23.00
I7 %& 24.0 U-) L.66 291 20.46 336.0 23.6 So 39.79 391 24 "6
Is .On zi.0 its 22.66 £91 20.46 336.0 23.6 9W? 3.19 M95 24,60
39 .94 24.0 320 22. 9O 267 10.18 329. 3 £.1 499 39.09 344 24,39
20 .90 .24.1 311 " r]1 £60 .9.69 322. 9 £2. 7 446 14. It Is7 3.70

So ., 24.1 106 23.9z 273 39.20 114.0 22.3 477 If. S4 its 23 07
.166 24.2 R0 23 66 279 19.3I 33t.9 z. 460 33.76 329 23. 34

25 a 9o 24.2 114 22.06 260 39.69 322.7 zz.7 492 34.60 337 2t 3O
24 .96 24 Z Il 21.67 07 39.46 339. 3 22.9 460 33.76 314 23.49
. "b 4 3124 22.76 is 3 20. 9 333.0 23.4 906 ZIb Is. 346 24. I
26 904 24.2 326 21.14 294 20,61 3.161 2.6 ill 39.94 394 24.6

job 24. 2 324 £2. 76 290 2o,9 133 0 23. 4 906 39.9s 346 24 ;5
6 .600 24.4 i 23.26 206 2o. 3 J40.0 23.9 S36 16. 29 IS6 is 04

b07 24 4 142 24 09 307 2.99 3912.9 24 8 s32 37.41 366 29 68
1 i .9 24,4 i, 2 01 119 £2.43 366.7 zS a s3 36.69 362 Z6 86

l).pr6 Den1ty remp J L. S,,thft? Pufkovich* Eaouation 9e [qssscnl4
(I (.m -3C) (Pat) (k.Icm' (pat) (ka/c m

3  
(psi3 ) kl cm

3
) ((iii (kA/cm,

I . .A 14.0 Z26 IS.89 144 11.64 177 12.44 177 12.44
20 16.6 244 37.16 zoo 10.06 362 32.60 362 It.so

5 "- 17 7 2SO 37.s 202 14.21 IS 13.04 14 32.94
4 . I. s 36 . 8 1885 26 IS. 39 2oo 14.06 200 4.06

.931 19 0 286 20. 3 228 *i6.01 233 1.12 216 3I.19
6 9.O 39.0 119 22.43 292 37.72 244 17.16 244 17.16
7 .Sbo 2O.7 52 24,79 270 1.99 269 18.64 2e a.s
6 .996 23.2 IN) Z4. b . 266 111.1S 26 36.64 266 18.71
9 .96O 1.4 397 i.11 272 19.11 266 3.6s 270 14.99

30 .S60 23.7 lo is. 32 Z7 319. 2O 268 18.69 270 36.90
11 . 5Si 2.0 36 0 1. 1 1 270 18.99 zb 3a.64 266 3.s
I3 .946 22.9 140 3.91 299 17.91 248 17.44 so 17. Si
I3 .'94 22.6 196 29.04 £69 13.64 260 16.28 26 18.42
14 9164 23 0 364 Z7.00 z6 18.42 279 3q.62 263 R9.90"
I .;7% 25.0 409 26.69 2199 21.03 101 3 2.17 309 23.49
It i4.4 24, 0 417 30.73 jib 2t.2 £20 22 i.9 3o26 L2. 93
17 .%q0 24.0 470 53.09 33q Z3.64 147 Z4.40 IS4 Z4.69
39 .ON 24 0 470 31.09 19 2).C4 347 24.4n 3S4 2460

.') 094 24.0 4b 32. 3s 332 5. . 40 23.93 ;46 2I4.33
;0 24.1 493 33.86 327 2100 33z 23.39 3i 21.4

3 969 24 3 441 33 03 its ZZ.16 3z 227 126 Z$ 07
,63, 24 2 44 1 I3 1 3 20 22 0 )2s 22 A6 I3l Z3.2

25 9Qo 24 2 414 31.93 )27 23 00 Ill 23.42 J9 Z3.54
24 449 24 2 4O 11.64 324 22.78 10 41.2zi 3 39 56
. i * n 24 2 460 32.93 316 21.61 344 24.19 393 24.6
26 990 24 2 476 .. 47 141 2t. 96 390' 24.61 3W7 29.33

96 24 2 466 32.91 '36 23.63 344 14.19 3S1 24.66
.4 bon 24 4 460 3 76 144 24 19 392 24 6Z 360 2s 32

7 60 2 24 4 498 14 02 396 29.04 367 2S.61 374 26 10
tO 6N 24 4 9516 36.19 368 2S.883 is) 16.91 390 2. 43

Whe ar, strength of clear lake ace.

Whe" w, 850 psi (evtrapo1ated from eq 9. the" temperature-corrected Ubing Bender' eq 32).

- remp*rature-corrected at.,r Boender.

it remporature-orrected after Mellor and J. L. Smith.
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Because of space. limitation, cc values obtained using eq 14 are not
plotted in Figure 10. They are instead presented in Figure 11 along with
eq 9 strength values temperature-corrected after Bender (eq 12). See
Kovacs-Bender curve, Figure 10. In Table IV it is seen that at a density
of 0. 520 g/cm and temperature of -14C the two strength curves converge.
At a density of 0. 615 g/cm' and a temperature of -24. 4C they are 7 psi
(0. 49 kg/cmZ ) apart. 'This results from the fact that the Bender tempera-
ture correction is not a constant but decreases with decreasi ng temperature.
Nevertheless the agreement between the two temperature-corrected VC
values is exceedingly good.

DISC USSION

It is not surprising to find empirical unconfined compressive strength
vs density relationships in disagreement when one considers that -to stand-
ard test procedure exists. Mellor-J.H. Smith (1966) and Yosida %t al.
(1955) have shown the effect of strain rate and temperature upon t "nfined.
strength. Butkovich (1956) points out the effects of end constraint (when the
sample diameter-to-length ratio becomes too small) and shape upon crushing
strength values. Wuori (1966) mentions the increased strength values and
scatter associated with improper press-sample interface surfaces, i. e.
using a nonlubricated interface. He also points out the problem of resiliency
in the testing machine which permits absorption of energy which is later
released rapidly when sample failure is initiated. The applied stress is,
therefore, quasi-dynamically applied and the sample fails at a lower stress
level than would occur under stable loading conditions. Unless these areas
in the unconfined compression test are standardized, better agreement be-
tween the results of different investigators will not e possible.

There are strong indications that all polar snows of comparable density
are structurally similar (Ramseier, 1963; Gow, 1966). If this is true, the
straight-line portion of nondestructive elastic and shear modulus and de-
structive strength vs density relationships, if extended to the abscissa,
should join at a "common intercept density. " The strength difference be-
tween similar tests would be directly related to temperature. The closely
related intercept densities of differen. tests performed upon aouth Pole and
Greenland snows, shown in Figure 9, tend to support this conclusion. (See
Appendix A for associated test data.) With the establishment of standard
destructive test procedures which insure sample failure through brittle
fracture, test results will become more comparable and the pin pointing of
the "common intercept density" related to all polar snows will be possible.

To avoid the possible unfavorable effect of using a temperature correc-
tion factor, only strength data obtained at -10C were used to develop eq 9
and 11. Although eq 9 represents the unconfined compressive strength of
natural snow in the 0. 50 to 0. 72 g/cm 3 density range of the data, it may
accurately express strengths for higher density snow and snow ice. For
snow ice above a density of 0. 83 g/cm 3 the equation gives r strengths
higher than tests performed on clear lake ice indicate. Balfard and Feldt
(1965) point out that because the resistance along the plane of failure migra-
tion in clear lake ice is lower than through snow ice. wc values for snow ice
can be expected to be higher than those for clear ice. It therefore seems
unrealistic to set the ari strength of clear lake ice as an ultamate for snow
ice as Mellor and J. H. Smith do or to use the temperature related a-
strength of clear lake ice for that of snow ice in eq 3 and 4 as some inves-
tigators (Abele et al., 1966; Ramseier. 1966) have done.
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The Mellor-3.H. Smith unconfined compressive strength equation (eq 5)
has been shown to give values in considerable disagreement with other em-
pirical relationships. The same is true for their temperature-correction
equation (eq 13). It is believed that this discrepancy is related to the labora-
tory-prepared snow tested and the speed at which the samples in the higher
temperature range were broken.

No advantage can be seen in using the Ballard and McGaw equation
(eq 3) rather than linear unconfined compressive strength vs density rela-
tionships. Equation 3 requires the extrapolation of values from experimental
results, which are used simply to express the arc vs density relationship in
terms of porosity. The additional computations needed to obtain results di-
rectly obtainable from the simpler equation for the same line do not seem
justified.

The Ballard and Feldt equation (eq 4) must also use for €i a value ex-
trapolated from an empirical relationship. When eq 4 is compared with
eq I I in Figure 7, it is seen that good agreement exists between the two
equations above the "transition density. " Below this density eq 4 gives
values which are higher than experimental results presently indicate. This
is particularly true for snow with a density of less than 0. 30 g/cm3 in which
a completely unstable structure exists. It is, therefore, recommended that
eq 4 not be used to obtain unconfined compressive strengths below the "tran-
sition density" until new test data indicate that such strengths actually exist.

CONCLUSIONS

Equation 9 as modified .to eq 14 is a most simple method for determining
the unconfined compressive strength of natural snow at any temperature be-
low -10C. The equation has been shown to be in good agreement wi'% test
results for snow above the "transition density" of 0. 50 g/cm3 and its tem-
perature correction factor has been shown to be in excellent agreement with
Bender's (eq 12).

The unconfined compressive strength vs density trend established by
eq 11 for 0. 36 to 0.72 g/cm3 density snow has been found to agree with
both physical and mechanical properties of polar snow. Because the equation
also fits the strength data with a high multiple correlation coefficient of 0. 95
and standard error of estimate of 35, it seems to provide a more realistic
unconfined compressive strength vs density relationship for snow in the low
density range than the earlier methods discussed.
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APPENDIX A. TEST DATA.

Table AL hatkovichit eaceaefned cogpre.ive a, etbV data ag -IO.

Me*** C t ,mt te. lt
density Max Min Mean Ma

(lfsm
s )

(et) ... (ot) (Del) ..... ( c a

0. ;4 1£41. A17,3 .9" 146,35
0. 497 85.£ 12. 5 68. 2 4.300

0. S0% 140.4 119.1 1, s.0 860
0.474 I14.£ 7S. 3 96.6 6.76
0,116 174.4 187.6 164.7 116O
0.466 133.5 105.1 117.9 a. as
0.110 "£07.t I64.7 II,£ L.68S
O., I £07.1 193)1 1£01.4 14, 1S
0. 564 . £74. I £76, 9 19.4S
0.1i£ 191.7 ?64.7 74.7
0.510 £35. 7 193. I I410.1.1
0.S& 2 07. 346.1 1, Ia1 9
0. 5& £49.9 £07.3 £31.7 6. 55
0.15? 160.1 113.5 £44.1 11.66
0.540 £03.1 £19.? £78.9 £2.59
0.%71 £99. 6 £17.3 24.5 17.50
0.£ £6. 2. s 907. £ I13 .5 16.60
0.87 31.7 £96.3 103.9 £9.31
.0.:64 Asa. a 14.4 A14.4 19.16
O. 30 340. 305. I )28. 0 A6. Is
0.593 349, 24S.5 301.9 Al. 35
0.173 £71. 1".9 £ 40.0 16.85
0. 96 0. 14. £ 74. 1 19.30
0.% 9 101,. 1 £67.0 £66. £0.15
0.S69 £61. 3 187.4 A24.9 35.67
0.614 )77.? 19.51 147.9 £4.45

0 Mean of six tests.

Table All. J. L. Smith'i unconfined compressive strenyth data a& *loc.

kDensity Crushin 1 q)tn83£ Density Crashing strength Density Cru hinn strength
(it m

1
) (psi) 3

6
1m fm' pi ks/cm43Ih () (a/,cm')

0.16 It.3 1.17 0.qs ££7. 1 1S.98 0.64 3U9. 5 £3. 17
0.17 10.7 '1? 0.56' £ 00.0 £4.05 0.66 S08.6 31.79
0. 16 £7.6 1.94 0.15 17£. 11. 10 0.72 487.0 34.15
0.40 1S.4 I.05 0.16 £q.7 16.2 0.68 574.7 40.41
0.36 7.1 0.10 0.356 61. 6 13.14 0.71 551.9 36.61
0.i 7.3 0.S1 0.156 168.8 11.96 0.67 444.8 31. Its
0.40 7.1 0.50 0.64 2S9. 7 £6. V; 0.66 41Z.1 £.99
0.17 11.6 0.8£ 0.61 111.0 14.01 0.65 411.3 31.74
0.41 8.6 0.6 0.62 363.6 £S. 15 0.66 19£.0 £7.6U
0.37 £ 6.7 I. ? .63 32 f U4. 7 £2.83 0.9 3SO.6 94.66
0.10 144.4 10.15 0.61 44S.0 3 . 0.70 409.1 IS6 77
0.10 139.6 9. 1 0.67 414.1 31.96 0.69 461.1 A£.43
0.49 £23.4 6.40 0.67 441. 1 £9.91 0.68 371.0 £6. 37
0.49 119.6 9.8! 0.68 386.4 Z7.17 0.70 170.1 26.0)
0.48 138.0 9.71 0.66 17S.0 26.17 0.70 S71.4 40.16
0.49 136.4 9.60 0.61 32A7.9 £3.06 0.70 470.8 13.11
0.10 149. 5 £0.90 0.64 360.4 £1.34 0.68 465.9 i. 76
0.49 £2.14 8.70 '1.66 405.8 28.54 0.6S 405.8 £6. 54
0.49 136.4 9.60 0.71 S74.7 40.4 0.64 106.S 35.6£
0.48 116.9 6. Z4 0.68 452. 9 31.8 0.66 512.1 17.41
0.16 246.7 17. I 0.64 347.4 24.43 0.64 A-7. 1 1.98
0.1S 172. 1 £2.1 0 0.6S 40Z.6 £8.1 0.64 )73.4 26.26
0.67 389.6 27.40 0.61 324.7 £2.81 0.71 57.0 40.44
0.4£i 274.7 19.3£ 0.61 £76.0 19.41

Table A11. Butkovich's ring tensile strength at -10C. Sit- U,

Means Ring tensile strength
de.tsity Man Min Mean Mean
(1/cm') (psi) (psi) (psi) (kg cvij

O.S41 I10.0 65.0 $9.4 6.3
0. 7 141.0 99.0 £24.4 8.7
0.6£1 Z60.0 146.0 160. 11.3
0.646 Z27. 0 179.0 199.2 14.0
0.661 272.0 149.0 £01.2 14.1
0.61 £68.0 194.0 £231. 0 1.7
0.6495 271.0 14.0 236.0 416.7
0.716 Z9.0 £10.0 £s0.5 17.6

a Mean of 10 tests.
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Table AIY. Rame.vs ".c nt-ned c omprossive strengthdta*a &1 49. 4C, South Ps.

Densty Crushing strength DOnit trail stengtth Do* IF C toil" strengt

Uhl') ('s b/cmnJ) U1a/cm'), (tx) &At/C in') fillcom) (ei-)" LWA / c 
1

0.410 .. 9 .9 0.970 410. 9 19. 0.614 1. 9 43.1
0.471 Ill.1 7.9 0. S4 345.S 49.? 0. "a 977.1 40.4
0.474 9pi.3 4.? 0.571 447.9 31.5 0.416 619.? 4s. 1
0.401 119.4 11.4 COG7 479.4 337 0.450 494.3 14.9
0.494 194.1 33.6 0. 90 338.5 "1.4 0. "1 9133. 37s
0.496 14.3 I3.3a 0.97 431.1 30.4 0.41? 444.4 Me6
0.491 174.9 31.3I 0.S60 407.7 34.3 0.4*9 594.4 43.6
0.%03 I391.1 a 0.? 0.SI6 40.611 3.7 0.47 447.8 33.5
0.S06 147.4 68.6 0.116 %17.6 34.4 0.430 487.7 34.3
0.511 .178.7 19.4 0.990 470.? 7 33.1 0. 414 S36.2 34.3
0.909 141.4 10.4 0.400 46.4 43.S 0.417 4460.? 31. 4
0.937 333.9 10. 4 0.941 496.3 ?4.9 0.4"a 934.1 07.7
0.936 46.6 is. q 0.994 496.0 30.3 0.4"1 S41.4 34.
0.9S? 14.0 36.0 0.9 436.0 30.6 0.4"7 400.31 4I.1
0.Sall 190.1 10. 4 0.603 436.0 30.81 0.431 934.3 37.7
0.933 337.1 £.1 0.6" 940.4 36.0 0. 41 973.8 40.5
0.911 341. ? 14.1 0.433 440.7 34. 4 0.441 996.6 39.1
0.540 344.7T 14.3 0.407 4M1.A 33.81 0.44 "a 646 43.9
0.93 39I 4.1 14.9 0.407 44S.1 33.31 0.440 S04.1 39.4
0.947 309.4 17.3 0.403 917.4 37.3 0.441 4864.3 4.5
0.94? 346.4 14.5 0.312 900.9 391.1 0.444 913.3 34.8
0.994 3931.1 14.1 0.413 4S3.4 33.9 0.14? 990.3 36.7
0.997 399.9 21.1 0.409 940. 4 38.0 0.447 594.4 43.61
0.994 406.3 Is. 7 0.439 547.4 39.9 0.448 4164.8a 46.3
0.994 304.9 S 4. 9 0.46 971 40.3 0. 44 64.6 44.5
0.944 479.1 33.7 0.46 977.3 40.6

* Vertical samples

Table AV. J. L. Smith's dyna~mic Young*$ and shear meodeli at -10C.

Density Sonic wave velocity (ft/sec) Ma.stic constaabs (dynse cm4)
(/ CL CS C C

0. ;9 1398 3716 3963 A.461 l0t 1.01w 30Ig
0.43 3636 1117 3941 4.39 3.49
0.4US 386-9 £460 £1s1 9.43 .1.41
0.44 4309 1486 U97 4.40 9.57
0.49 9743 3539 £990 1.13 s 100' 4.79
0.908 9370 3960 1100 1.34 4.09

0.993 7300 4190 3600 A."1 6.60
0.96 7116 3740 3470 3.9 7.44
0.94 7043 3704 3469 a.1t 6. 4&
0.97 7307 4039 3711 1.1&4 6.711
0.96s 7495 4131 3804 1.39 9.13
0.40 11461 4339 3970 .73 1.04w 1000
0.43S 666£ 4460 4330 3. 33 1.14
0.437 6300 4410 4160 3.06 3.&A
0.41 93 4619 44"1 3.93 1.34
0.668 9300 9190 4610 3.99 1.40
0.463 6610 S0t0 4490 4.09 3.43
0. Us 9979 9330 460 4.119 3.5
0.728 30300 9900 9300 S.14 2.04

0.711S 100t 90So0 4430 4.45 1.4"
0.744 30030 S340 4940 9.14 1.0£
0.7%4 30970 9430 $000 S.408I 108
0.774 10440 9900 9090 S.75 A.3Is
0.790 30940 9440 9070 9.6 A. t0
0.634 33900 9690 Sat0 4.47 5.49
0.60 33690 9790 9190 7.06 I."4

0.694 33930 9600 9330 7.43 7
0.894 33700 9790 9330 7.45 &Lis
0.914 31900 96s0 9390 7.9 4.91

Note- CL longitudinal wave velocity.

CS 2 shear wave velocity.

C R Rayleigh' wave velocity.

9 dynamic Young's wmoduli.z
G dynamic shear moduli.
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APPENDIX B: STATISTICAL DATA FOR IPOLYNOMIAL EXPRESSIONS
FITTING J. L. SMITH'S DYNAMIC YOUNG'S AND SHEAR MODULUS DATA

Symbols 3. L. Smith's

E G

Slopes m. dynes cm/g B1  -3.158 x 10  -1.Z09 x 10

Ba 6.856 x 10 2.711 x 10
B3 -3.228 x 10 -1.338 x 10

Intercept a, dynes/cmZ 4.038 1.481

Std. error of est. Sye, dynes/cml 1.943 x 1061 8.a88 x 10-

Multiple correlation coef. R 0. 997 0.996

Polynomials: (for r = 0. 390 to 0. 914 g/cms)

E = 4.03 - 3 1.SSr + 68. 56ja - 3Z.Z8y3

G - 1.48 - IZ.09r + Z7.11y - 13.38T3



as.

APPENDIX C: RELATIONSHIP BETWEEN THE UNCONFINED COM-
PRESSIVE STRENGTH OF POLAR SNOW AND ITS DYNAMIC YOUNG'S

AND SHEAR MODUTI AT -10C.

Equations:

cc = 0.000738 E - A.009

€€ = 0.001977 G- 10.838

Statistical Data Related to the Above Equations

Symbols E G

Slope m 7.38 x 10- 4  1.977 z 10-

Intercept a. psi -2.01 -1.08.-l 10

Std. err. of e't. Sye' psi 4.496 1.92 x 10

Simple corr. coef. R 1 .000 0.998

t
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