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SUMMARY

The relationships between several empirical and theoretical methods
for determining the unconfined compressive strength of polar snow from
depth-density and temperature profiles are discussed and graphically
compared., Two unconfined compressive strength equations are proposed
for snow at -10C:

o, = 1719 (y - 0.422)
and
g, = 968 - bosoy T 13520y% - 72337,

These equations apply to snow densities from 0. 50 to 0. 72 g/cm? and
0.36 to 0.72 g/cm?, respectively.

h,

%,




DENSITY, TEMPERATURE AND THE UNCONFINED
COMPRESSIVE STRENGTH OF POLAR SNOW

by

Austin Kovacs

INTRODUCTION

A rumber of methods have been presented for determining the unconfined
compressive strength of polar snow when density and temperature are known.

. Of particular interest to thcse concerned with snow's resistance to pile driving
are the methods devised by Ballard and Feldt (1965), Ballard and McGaw
{1965), Butkovich (1956), Mellor and J.H. Smith {(1906) and J. L. Smith (1965).
The unconfined compresaive streugths obtained by these methods, however,
were fc.ad to deviate consxderably from one another with both density and
temperature.

This report covers a study made to determine why the anomalies exist.
Where possiule, inconsistencies 1n test procedures and data analysis used to
develop existing unconfined compressive strength formulas are pointed out.
Two equations for determining the unconfined compressive strength of snow
are proposed. The formulas take into consideration the decided changes in
slope of the Young's and shear modulus curves at a density of 0.5 g/cm? for
Greenland snow, The slope changes signify that at this density a structural
and, therefore, a strength change occur. Analysis of existing test data indi-
cates this reasoning to be valid,

EXISTING METHODS FOR LETERMINING THE UNCONFINED
COMPRESSIVE STRENGTH OF SNOW

From a comparison of horizontal snow samples tested at Site II, Green-
land, Butkovich (1956) developed an empirical relationship between unconfinad
compressive strength and density for snow at -10C:

L 1418 (y ~ 0. 39) (N

" where:
g, = unconfined compressive strength, psi-

y € snow density, g/cm?,

Butkovich broke his samples with a Carver hand-actuated hydraulic press.
This type of press is not considered ideal for unconfined compression testing
because it produces undesirable pulsed loading and head speeds with each
pump of the hydraulic jack. The speed at which the press was operated is
not known but the average load rate was reported to be 7.5 pei (0.5 kg/em?)
per second. Jellinek (1957) has found that in testing the tensile strength of
ice at -4, 5C the magnitude of the results is no longer dependent on the loading
rate above 0.5 kg/cm? per second. It cannot be assumed, however, that the
same is true for unconfined compression tests performed on snow at -10C.
Butkovich (1958) and Mellor and J.H. Smith (1966) have shown that the un-
confined compressive strength of snow is dependent upon temperature and -
load rate. The load rate required to mask the plastic effects of deformation
is in turn dependent upon the temperature and density of the snow. There-
fore, it cannot be assumed that the strain rate for these tests was sufficient
to subject the samples to brittle failure over the entire density range.
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2 DENSITY, TEMPERATURE AND STRENGTH OF POLAR SNOW

Butkovich's samples consisted of cores 3 in. -(7. 62 c) in diameter with

a length-to-diameter ratio of 2.2 to 1. This ratio was perhaps too low to
elu'mmte the effect of end constraint (Butkovtch. 1958) .

At Camp Century. Greenland, J. L. Smith’ (1965) found a relationship
similar to Butkovich's for vertical snow samp_let_ at -10C: .

. = 1542 (y - 0, 40). S = - e : 2

A constant-velocity motorized press having a head speed of 1 in. (2.54 cm)

per minute was used in these tests. The samples were uniformly trimmed

to 2.00 in. (5.08 c¢m) in dxameter thh a opecxal shaver and had a length-to-
diameter ratio of 2.5 to 1. .

Ballard and McGaw (1965) presented a theory that attempted to explain
snow failure or unconfined compressive strength at any temperature in terms
05 the’ crushing strength of snow ice* and the porouty of snow when y > 0. 46
g/em™:

'f & civ\x' -;:} .-i . §))
where:
o = failure strength, psi

o * ultimate strength of fine4grained, randomly oriented
polycrystalline ice, psi

n = volumetric porosity of the given snow density

= hmitmg porosity, i.e, . volumetric porosity at which
o is zero (extrapolated). : .

'Ballnrd and Feldt {1965) calrulated the effective porosity (ng)t as a ,
function of porosity over the entire poronty range and developed the following
equation:

e-Z(n/l-n). g . ' | (4

o¢ i

Mellor and J. H Smith (1966) presented an unconfined compresswe
strength equation for snow based upon the crushing strength of ice** and the
void ratio: ‘ ) ,

-br? . »
c x » . , ’ - (5)

3Snow ice in this report refers to consolidated snow with zero permeability.

t The effective porosity (ny) is defined by Ballard and Feldt as the porosity of
the snow along the failure surface. ‘I‘heu‘ geometncal considerations show

n, to be approximately twice n.

**Mellor and J.H. Smith suggest using the strength of clear lake ice for ’i
as they believe this would represent an opnmum value for snow ice ata
density of 0,917 g/cm’
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where:

b a dimensionless constant

r void ratio of the snow,

" To develop this equation Mellor and J. H. Smith tested samples prepared
from snow ground through a 1-mm sieve. The snow was compacted in tubes
(5.72 cm diam, 18.9 cm long) and allowed to sinter for approximately 3
weeks at -10C. At the end of thias period the samples were exposed to the
test temperature (0 to -50C) for 6 hours before being broken. The samples
were crushed under a motorized press with a head speed of 3. 64 in. (9.25
em) or 5. 77 in. (14. 65 cm) per minute.

COMPARISON OF THE FIVE UNCONFINED COMPRESSIVE
STRENGTH EQUATIONS FOR SNOW AT -10C

Tn nen the theoretical expression developed by Ballard and McGaw (eq 3)
the limiting porosity and ultimate strength of snow ice have to be determined.
To apply this equanon to C‘amp Century snow the necessary values are ob-
tatiacd (rom the eaperimeni.’ ..o JJJ. L. Smith. Fiumeql, o 20 ata
density of 0.40 g/cm? and n;, becomes 1-1.09y =0.564. Assuming a density
of 0.917 g/cm? for snow ice and extrapolating ¢ to ¢;, a value of 800 psi
(56.1 kg/cm? ) is obtained from eq 2.

Since the Ballard and McGaw (1965) equation is a straight line, the
unconfined compressive strength when plotted against porosity for each test
temperature results in a family of straight lines which pass through zero
strength at the limiting porosity and maximum strength at zero porosity. It
should, therefore, be obvious that using 800 psi for ¢; along with 0. 564 for
n; in eq 3 gives strengths directly obtainable from the simple J. L. Smith
equation. Equation ? ‘s merecly a method for expressing any linear uncon-
fined compressive strength vs density relationship in terms of porosity.

It should be pointed out that some investigators have used the tempera-
ture dependence of clear lake ‘ce (Fig. 1)} to obtain o; (Abele et al. . 1966;
Ramseier, 1966). There is n0 justification for doing this unless it is desired
to obtain ¢ values which are low and, therefere, provide a factor of safety
for engineering purposes.

The exponential parameters of eq 5 can be changed to coincide with those
of eq 4. The constant b in eq 5 has been tentatively interpreted as an index
of grain structure. Using J. L. Smith's test results and eq 5, Mellor found
b to be 1.8 for Camp Century snow. With the void ratio being directly
related to porosity (r = n/l-n) and the constant b known, eq 5 can be ex-
pressed as follows:

o = ‘rie-l.ﬁ(n/l-vn)z .' (6)

A graphic comparison relating unconfined compressive strength vs
density as derived from all the equations is presented in Figure 2. To show
the effect of using o; for lake ice (700 psi or 49.2 kg/cm? at -10C) upon the
unconfined compressive strength vs density relationship, this value is used
in eq 3 and 4 for the related curves in Figure 2. Equation 4 is also graph-
ically shown when an ultimate strength of 80C psi (56. 1 kg/cm3)is used for

o; as extrapolated from eq 2.
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From an inspection of Figure 2, it is apparent that considerable dis-
crepancy exists between the strengths obtained from tne c.ierent uncornfined
compressive strength vs density relationships as presently used. Itas
‘believed that the development of the Mellor-J. H. Smith equation could have
been adversely affected by the snows tested. Although sintered particle size
might have been comparable to that of polar snow of similar density, the
samples might not have adequately represented the sintered structure or
strength of natural snows of comparable density. Mellor recently has sug- -
gested that the large divergence from the other unconfined compressive
strength values was due to the temperature and strain rate at which his
samplesiwere broken. The strain rate was apparently below that necessary
to cause brittle failure in the higher temperature snows. If this did occur,
the results would be influenced by creep effects and would be more applicable
to snow subjected to creep failure than to the structural collapse of snow
associated with brittle failure.

The difference in g¢ between the Ballard-McGaw and Ballard-Feldt
curves is related to the considerations upon which their equations were based

and the different values of ¢; used.

The slight disagreement between the Butkovich and J. L.. Smith rectilin-
ear strength vs density values may have resulted from the different loading
characteristics of the test apparatuses and the different length to diameter
ratios ot the test samples. Although the relationships of Butkovich and
Smith are useful for a number of purposes, they do not adequately relate
unconfined compressive strength to snow density. This is especially true for
snow densities in the pronounced transition range between low-density dpen-
structured snow of about 0. 30 g/cm? and high-density snows of about 0. 52
g/cm? where a sintered transition (stable bond structure) is established
within thermally stable in-situ snows (Ramseier, 1963; Gow, 1966).

Although previously mentioned test inconsistencies are believed to have
affected the test results, the linearization of the uncor.fined compressive
strength vs snow density relationship into a single equation definitely resulted
in less agreement in the correlation of unconfined compressive strength and
density, To show this, the Butkovich and J. L. Smith data (Appendix A,
Tables Al and AII) were replotted (Fic. 2}, Unconfined compressive strengths
obtained at temperatures other than -10C were not included to eliminate any
strength error associated with the use of a temperature correction factor.

An inspection of the replotted data showed a decided change in unconfined
compressive strength vs density at a density of about 0.50 g/em?. Ata
similar density, changes in the Young's and shear modulus curves occur
(Nakaya, 1959: J.L. Smith, 1965). This indicates a structural change asso-
ciated with the transition between low-dersity open-structured snow and
closely packed high-density snow in which a sintered transition has been
~established. Another indicatior. of a structural change existing in in-situ
snow at a density of.0.50 g/cm? is the bend in the P-wave velocity curve
near this density depth at Camp Century (Clark, 196€). Because this density
appears to represent an area where significant changes in both physical and
mechanical measurements occur, it is tentatively referred to as the “'transi-
tion density. " '

Using the foregoing observations as a guide, an arithmetic least squares
analysis of the Butkovich and J. L. Smith data was made between the transi-
tion density and the highest test density of 0. 72 g/cm?. An analysis of the
combined data in this density range was also made. Because of insufficient
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Figure 3. Linear relationships of unconfined compressive

strength vs density for data of Butkovich and J.L. Smith

above and below the transition density of 0,50 g/cm3. Snow
temperature -10C.

Table I. Statistical data refatea ta curves in Digure §.

Butkovich J. L. Smith - J. L. Smuth and Butkovich
Symbaols ¥:0.50 to 0. 62 g/cm’ y=7. 50 t0 0. 72 gfemb 30,5010 0,72 g/cm? 1036 10 0. 49 o /enm?
Slope m. paii{g/cm’) 1.774 x 10} 1 843 x 10! 1.719 x 10} 9.625 x 30!
intercept a. pe -7.9%4 x 10% -8.108 x 10? -7.251 x 10 3.494 x 10?
Std error of est sYe' pat 2.418 x 10 §.€27Tx10 3.719 = 10 1.939 x 10

Simple corr coef R o 92 0.874 0.92% ¢.907?
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test data between the transition density and the lowest test density (0. 36
g/cm?) to permit the establishment of individual unconfined compressive
strength vs density relationships, only a combined data analysis was made.
For snow in the 0.50 g/cm? to 0. 72 g/cm? density range, the analyses gave
the following unconfined compressive strength relationships:

For Butkovich's data (138 tests):

o, * 1774 (y - 0. 425). o (7

For J. L. Smith's data (54 tests):

o, = 1843 (y-0.440). - - (8)

For the combined data (192 tests):

‘e, = 1719 (y-0.422). ' (9

The 35 tests below the density of 0. 50 g/cm® rendered an unconfined
compressive strength vs density relationship of:

w, = 962 (y-0.360). (10

Immediately appatent from Figure 3 is the reasonably close agreement
between the rectilinear curves passing through he combined J. [.. Smith
and Butkovich data. ‘ '

J. L. Smith (1965) has shown that plotting the Young's and shear moduli
vs density results in a rectilinear curve above the transition density of
0.50 g/cm?’. Below this density the curves bow toward the left, intercepting
the x-axis at some density below 0.30 g/cm?, To determine whether or not
the Butkovich-J. L. Smith test results would fit a comparable trend with good
statistical data - curve correlation, a computer evaluation (Mock, - 1960) was
made. The combined data were fitted with arithmetic, exponential, power
and 2nd-5th degree polynomial regression equations. Statistically, the
following 3rd degree polynomial regression curve fitted the data best:

o, = 988-6646y + 135207 - 7235y%, (11)

This equation is only valid for natural snow between the densities of 0.36
and 0.72 g/cm?. Above or below this range the formula gives erroneous
unconfined compressive strengths.

Equation 11, along with the previously presented linear expressions for
" the combined data above and below the transition density, is shown graph-

icaily in Figure 4. Here it is seen that the ?olynomial not only becomes
quasi-linear above the density of 0.52 g/cm’ but follows the linear relation-
ships for the combined data above the transition density.
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Figure 4. Linear unconfined compressive strength
vs density relationships for the combined Butkovich
and J. L. Smith data above and below the transition
density of 0. 50 g/cm?3 in relation to the polynomial
relationship for the entire data range. Snow tem-

perature -10C. . ‘

Table II." Statistical data related to polynomial curve in Figure 4.
_ : Butkovich and Smith at
Symbols ' -10C, y=0.36t00.72 g/cm?
Slopes m, psi/(g/cm?) B, -6.646 x 103
B, 1.352 x 104
B, -7.235 x 10
Intercept a, psi 9.883 x 10%
Std error of est Sy, Psi 3.492 x 10

Multiple corr coef R 0.953
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In Figure 5 the curve of equation 11 is shown graphically in relation to N
J. L. Smith's dyna :..c Young's modulus vs density curve.* It is readily
apparent from this figure that the unconfined compressive strength and
dynamic Young's modulus vs density curves do assume similar trends.
Finally eq 11 is graphically rhown in comparison with the earlier uncon-
fined compressive strength vs density relationships in Figure 6.

If eq 9 is used to determine unconfined compressives strengths above a

density of 0.72 g/cm?, an ultimate strength for snow ice of 850 psi (59. 77
kg/cm? ) is obtained: ‘

o, = 1719 (y - 0.422) = 850 psi wheny = 0.917 g/cm?.

This is 150 psi (10. 65 kg,/'cm? ) more than for clear lake ice at -10C. The
value may nevertheless represent the optimum strength of snow ice (g;)
which is required in the use of eq 3 and 4.

*J. L. Smith's dynamic Young's and shear modulus data are listed in Table
AV of Appendix A. Statistically it was found that a 3rd degree polynomial
regression equation also fitted these data best. See Appendix B for equa-
tions and statistical results. Appendix C gives the linear relationships
between the unconfined compressive strength of polar snow and its dynamic
Young's and shear moduli at -10C over the entire 7 range.
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Figure 6. Comparison of the unconfined compressive htength vs
density relationship of eq 11 with earlier relationships. Snow tem-
perature -10C.

Using 850 psi for o; in eq 4 results in the unconfined compressive
strength vs density relationship shown in Figure 7. When this strength vs
density relationship is compared with that of the polynomial curve of eq 11
in the same figure, it is apparent that a considerable lack of agreement
still exists between the theorized and the empirical expressions in the low-
density range.
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TEMPERATURE CORRECTION FACTORS

The Ballard-Feldt, Ballard-McGaw and Mellor-J. H. Smith equations
give unconfined compressive strength directly in terms of the associated
snow temperature.
of Butkovich, J. L. Smith, Ballard-McGaw (modified) or the author to a
temperature other than -10C, a temperature correction must be made.

Bender (1957) gives an empirical relationship between unconfined compres-
sive strength and temperature: ‘

To relate strength values obtained from the formulas

0.16 log -g-:- (12)

= unconfined compressive strength at temp gy

2 =

unconfined compressive strength at temp ¢;.
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Mellor and J.H. Smith also show unconfined compressive strength as
a function of temperature. Their equation gives unconfined compressive
strength at any temperature as related to -10C: :

T -0 -
3 = 1.73e 4.76/6 (13)
-18 ‘

where:
og = unconfined compressive strength at ¢ = 0C.

The curve of the Mellor and J,.H. Smith equation was found to be incon-

sistent with the above equation (¢y/o.,, # 0.4l as they indicate but is
ﬁlerefore. suggested using the curve

(Fig. 8) in preference to the equation. ;
If polar snows are structurally similar, the straight-line portion of

. their unconfined compressive strength vs density relationships should, if

extended to the abscissa, pass through a '"common intercept density. ' This
would be true regardiess of temperature and test, provided the test sub-
jected the specimens to similar structural failures, e.g. failure occurring
through brittle fracture.

Comparison of the intercept of the extended unconfined compressive
strength vs density relationship for vertically sampled South Pole snow with
that of eq 9 showed that the two polar snows do indeed share a quasi-common
intercept density (Fig. 9). Their intercepts are 0.414 and 0. 422 g/cm?
respectively for a mean of 0.418 g/cm3?. The South Pole samples were
broken at -49,4C, or 39. 4C lower than the samples used to develop eq 9.
The difference between the slope of the curve passing through the South Pole
data [2562 psi/(g/cm?)] and that of eq 9 [1719 psi/(g/cm?)] is 843 psi/
(g/cm?). Dividing the change in the strength slopes by the difference in
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Figure 8. Relative unconfined compressive strength va temperature (from

Mellor-J.H. Smith, 1966).
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Erratum = USA CRREL Special Report 115

Page 13: The units for slope, intercept and standard error of estimate
in Table III should read kg cm/g, kg/cm? and kg/cm? respectively for

. Ramseier's data and dynes cm/g, dynes/cm? and dynes/cm? respectively

for J. L. Smith's data.
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DENSITY. TEMPERATURE AND STRENGTH OF POLAR SNOW
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Figure 9. Intercept density relationship between the extended
straight-line portions of different tests,

Table lIl. Statistical data® related to curves in Figure 9.

Ramseter J. .U Semith
unconfined Buthovich Young's Shear
compreseive ring teneile modulue modulus

Symicnle strength strength (E}) (G}
Slope m. pait{g cm?) 1 809 x 10 9.316 x 10% 1.612x10 S 824
intercept a. pmr 7 489 x 10 -4.117 =108 -6 832 -2 88
Std error of est S, . put 3. 674 -4.044 2 012 x10"" 9 063 x 10-¢
Simple core coef R 0.936 0 °9%8 0.99% 0.993

-Test data histed 1n Appendix A.
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14 DENSITY, TEMPERATURE AND STRENGTH OF POLAR SNOW

temperature results in a constant for the change in the strength line slope .
(M) of =21 pn/(g/cm’) for each degree C.

Equation 9 can, therefore. be modified to account for unconfmed com=
pressive strengths at any temperature below -10C as follows:

e, = (1719 + C) ly - 0.422) ‘ (14)

where:
~C = AT x M = change in strength line slope with temperature
AT = change in temperature below -10C.

" UNCONFINED COMPRESSIVE STRENGTH OF POLAR SNOW
. VS DEPTH-DENSITY AND TEMPERATURE

From depth-density and temperature profiles taken at Camp Century,

the related snow density and temperature per foot were obtained (Tablie IV).
With these data, the unconfined compressive strengths vs depth were cal-
culated using the methods previously discussed. The calculated strengths
from the equations of Butkovich (eq 1), Ballard-Feldt (eq 4) and the author
(eq 9) were temperature-corrected to the in-situ temperature using the
Bender formula (eq 12). For these calculations, ¢; in eq 4 is 850 psi as
extrapolated from eq 9. Strengths calculated using the J. L. Smith equation
(eq 2) were temperature-corrected using both the Bender and Mellor-J,. H.
Smith (erq 13) methods. For comparative purposes, the Ballard-Feldt (eq 4)
and Ballard-McGaw (eq 3) equations were used with Butkovich's temperature
related strengths of lake ice (Fig. 1) for o;. For ny in eq 3, a value of
0.561 after J. L. Smith was used. A higher ¢; obtained by extrapolating one

" of the other ¢, equations to a density of 0.917 g/cm? was not used in eq 3
for recasons previously discussed. All calculations are listed in Table.IV
and shown graphically in Figures 10 and 11.

An mspecuon of the unconfined compressive strength curves in Figure
10 shows that the Ballard-Feldt equation (eq 4) gives the lowest strength
values when the temperature related strength of lake ice is usea for e¢j.
When the same equation is used with the ultimate strength of snow ice ex-
trapolated from eq 9. and temperature-corrected after Bender's formula,
LA values comparable to those of the Butkovich equation {eq 2) temperature-
corrected after Bender are obtained. The Ballard-McGaw equation (eq 3)
using Butkovich's temperature-related strength of lake ice for o closely
parallels the J. L. Smith (eq 2) values temperature-corrected after Bender
{eq 12). By comparing the calculations in Table IV, it is found that the two
curves are within a constant 232 3 psi (1. 62 £ 0. 21 kg/cm? ) of one another.
When the Bender equation is not used to correct ¢_ strengths formulated by
the J. L. Smith equation, the parallelism does not exist. This is apparent
in Figure 2 where no temperature correction is necessary at -10C-and in
Figure 10 for the strength curve corrected by the Mellor-J.H. Smith
- method (eq 13). Iu addition, as is readily apparent in Figure 10, the high
values are again obtained using Mellor's strength equation (eq 5).
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DENSITY, TEMPERATURE AND STRENGTH OF POLAR SNOW

Tabla V.. Unconfined compressive sirength uhnomh‘npo.

Depth  Density  Temp Ballard-McGaw®  Ballard- Feldte Ballard-Feldt* Mellor-J. H. Smithe | L
() (glemY  (-°C) (ps1) (nglem®) tpm) (hg/cmf) (pei} (hgiem?) (per) (pgicm}]  (pey)

15

Smithee
(rgem?)

1 . %20 14.0 17y 120 161 [ T4 194.% 15,7 59 10.2% i9%
2 . 940 16.8 180 12. 66 167 1.7 200. ) R 269 18 92 401
3 20 "7 183 12.87 169 11.80 i01.9 is.2 2 19. 20 203
4 .58 18.2 197 11.8% 180 12.66 214.0 15.0 297 20.83 t1%4
s . 838 19.0 208 14. 0% 190 [T 225.% 15.9 "t 22.29 230
6 . 550 13.0 233 16. 38 ito 14.77 247. 6 17. 4 158 2%. 18 57
7 . 560 20.7 2%% 17.93 2 16.03 266. 4 is? 392 27.5%7 “2e
[ . 558 212 252 17.72 226 15.89 264.3 18. & 190 27.43 K 241
" . 560 21.4 2%7 18.07 20 1617 267.9 18. 8. 196 27.8% 78
10 . S60 2.7 457 18.07 23t 16.24 268.4 8.9 )7 7.92 - 218
[}] . S5A 22.0 2%% 17.93 iavw 16.10 26%.9 is. 7 194 1.1 277
12 . 548 P ) 240 16.88 t1x4 19.26 2%1.3 1.? 168 25. 88 260
1) . 554 22.8 2% 17.%8 22% 15.02 261.1) In. 4 R L1 27.00 272
14 . %64 2.0 268 18.8% 239 16.01 2711 19. % 414 2911 290
15 . 578 i3 0 287 20,18 2%4 17.86 29%.) 20,8 445 31.29 109
16 . 584 24.0 108 2l. 48 2N 10.06 M2 2.0 44 3593 127
17 R 24,0 32s 22.86 294 20. 46 3116.0 2.6 507 5. 719 381
18 RLLT] ce. 0 124 22.86 291 20. 46 136.0 23,6 "7 T 194
19 . 594 24.0 20 22.50 287 ‘0. 18 129. 1 21 499 1%.09 44
20 . %90 4.0 3 PR | 280 .9.69 322.% 2.7 L 1] 4. 82 33T
2 . 585 24.1 106 21,82 P44 ) 19.20 ile. 0 2.1 477 13. 94 L ¥ ]
a2 .86 242 108 21 66 278 19. 1) 3189 .22.2 480 $3. 76 39
X . %90 24.2 sS4 2. 08 280 19. 69 2.7 22.7 492 34. 60 7
24 . SAA 24 2 m 2i.a7 1?7 19.48 119.3 2.4 480 1.7 i31)
23 596 24 2 324 22.18 29 20,39 330 2). 4 %06 3%. %8 346
. saq 24.2 129 23. 14 294 20. 68 3318, 1 1.8 sl 15.94 (R0
27 . 596 24.2 124 22.78 290 20,139 333 0 2). 4 06 3. 59 40
& . 600 4.4 i3] 23.2 296 20.82 340.0 23.9 sie 16.29 156
- 607 24 4 142 24 05 jo? 21.59 152.% 24 8 832 7. 41 o
30 . bis 24. 4 358 25 04 jjo 22.43 366. 7 25 8 £11) 18.89 jsz
Depth Density  Temp J L. Smuhtt Butkovichss Equation 9se Equation 14
{10 (gem?) (-°C) (pw) (mgiem?) (per) (kgicmt) (pa1) (kg/emé) {pm]) (Wgiemi)
1 . 520 14.0 226 1%. 89 194 13. 6¢ 17 12. 44 177 11.44
& L 320 i6. 8 244 17.16 200 le.06 182 12.80 182 12.80
3 A 177 250 17.58 202 14.21 188 13.08 is4 12.94
4 AR | 18.2 268 18.85 216 15.19 200 14.06 400 i4.00
) L5935 190 286 20. 14 828 "16.03 2is 15.12 6 - 1519
[ 550 i9.0 39 22. 4} 252 1.1 244 17.16 244 17.16
7 . %60 20.7 152 24.7% 270 18.99 26% 18. 64 268 1s. 8%
) . 558 P4 151 24.68 . 268 18,85 26% 18, 64 266 18,71
L] . 560 21.4 367 2811 212 19.13 268 18.0% 270 18.99
10 . %60 2.7 160 28. 32 27 19. 20 268 18.85 270 18.99
1l . 958 2.0 360 25, 42 270 18.99 265 13,64 208 18.8%
[ .48 2.5 340 23.91 25% 17.93 248 17. 44 250 17.5»
iy . 554 2.8 356 28.04 26% 18. 64 260 18.28 262 18.42
4 . 864 21 0 1.2 21.00 282 1842 219 19. 62 83 19.90
15 FEYAY 210 408 e8. 69 299 21.0}% 101 21.17 3o0% 21. 4%
is ARLE} 24.0 497 10. 7% ile 2L.22 j2o 22.50 326 22.93
17 . 59n 24.0 470 311,098 9 25,084 47 24.40 354 24.89
in . A9 240 470 33.05 39 25.64 347 24. 40 354 24 89
19 294 24.0 46n 32.45 32 - 238 340 23.91 c 146 24. 83
2 Aa0 o4l 45 3. 86 327 23.00 332 23.35 339 25.84
24 LLA 24 441 31 0l 1Y ) 22.%6 523 221 328 23 07
22 pLTY 24 2 444 3118 320 2250 325 22 Wb 313 23.28
24 s90 24 2 454 31.9) 327 23 00 113 2342 339 25.04
<4 SRR 24 2 450 3l 64 3124 22.78 330 2120 335 23 56
2 394 24 2 468 2.91 3116 23.63 344 24.19 3st 24.68
43 599 24 ¢ 476 43 47 141 23.98 350° 24.61 357 2%5.11
&7 596 24 2 468 32.9) 136 23.63 344 L4 19 111 24.68
28 600 24 4 480 33 76 J44 24 19 352 24 82 360 2% 32
29 607 1 4 4 498 35 02 356 25.04 367 25.81 374 26 310
10 615 24 4 Sle 36.29 s68 25.48 is} 26.93 390 27.43
‘When e, : strength of clear lake ice.

tWhen v, * 850 psi (extrapolated from eq 9. then trmperature-corrected using Bender's eq 12).
**Temperature-corrected after Bender.
1t Temperature-corrected after Mellor and J. L. Smith.

1N
is 1s J
14.28
19. 26
16.17
is 07
19 41
19. 314
19.5%
19 %%
19. 48
18.28
19 13
20. 9
21 18
43.0%
24 68
24.60
24.19
25.m
23.07
23. 14
23 70
i3 49
4. 93
4. 09
24 33
25 04
25 88
26 86
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Figure 10. Relationship between values obtained from

the differentunccnfined compressive strength equations

whenthey are usedto determine strengths from depth-

density and temperature profiles. The name of the in-

vestigator who developed the equation is shown in cap-

ital letters; otker names indicate type of temperature
correction used.
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profiles.
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Because of space limitation, o values obtained using eq 14 are not
plotted in Figure 10. They are instead presented in Figure 11 along with
eq 9 strength values temperature-corrected after Bender (eq 12). See
Kovacs-Bender curve, Figure 10, In Table IV it is seen that at a density
of 0.520 g/cm? and temperature of -14C the two strength curves converge.
At a density of 0. 615 g/cm? and a temperature of -24. 4C they are 7 psi
(0.49 kg/cm? ) apart. This results from the fact that the Bender tempera-
ture correction is not a constant but decreases with decreasing temperature.
Nevertheless the agreement between the two temperature-corrected. o,
values is exceedingly good. : i :

- DISCUSSION

It is not surprising to find empirical unconfined compressive strength
vs density relationships in disagreement when one considers that 7o stand-
ard test procedure exists. Mellor-J.H. Smith (1966) and Yosida ¢t al. -
(1955) have shown the effect of strain rate and temperature upon unconfined.
strength. Butkovich (1956) points out the effects of end constraint (when the
sample diameter-to-length ratio becomes too small) and shape upon crushing
strength values. Wuori (1966) mentions the increased strength values and
scatter associated with improper press-sample interface surfaces, i.e.
using a nonlubricated interface. He also points out the problem of resiliency
in the testing machine which permits absorption of energy which is later
released rapidly when sample failure is initiated. The applied stress is,
therefore, quasi-dynamically applied and the sample fails at a lower stress
level than would occur under stable loading conditions. Unless these areas
in the unconfined compression test are standardized, better agreement be-
tween the results of different investigators will not possible.

There are strong indications that all polar snows of comparable density
are structurally similar (Ramseier, 1963; Gow, 1966). If this is true, the
straight-line portion of nondestructive elastic and shear modulus and de-
structive strength vs density relationships, -if extended to the abscissa,
should join at a ""common intercept density.' The strength difference be-
tween similar tests would be directly related to temperature. The closely
related intercept densities of differen. tests performed upon south Pole and
Greenland snows, shown in Figure 9, tend to support this conclusion. (See
Appendix A for associated test data.) With the establishment of standard
destructive test procedures which insure sample failure through brittle
fracture, test results will become more comparable and the pin pointing of
the ""common intercept density' related to all polar snows will be possible.

To avoid the possible unfavorable effect of using a temperature correc-
tion factor, only strength data obtained at -10C were used to develop eq 9
and 11, Although eq 9 represents the unconfined compressive strength of
natural snow in the 0. 50 to 0.72 g/cm? density range of the data, it may
accurately express strengths for higher density snow and snow ice. For
anow ice above a density of 0.83 g/cm? the equation gives ¢ strengths
higher than tests performed on clear lake ice indicate. Balfard and Feldt -
(1965) point out that because the resistance along the plane of failure migra-
tion in clear lake ice is lower than through snow ice, g values for snow ice
. can be expected to be higher than those for clear ice. It therefore seems
unrealistic to set the ¢, strength of clear lake ice as an ult.mate for snow
ice as Mellor and J.H. Smith do or to use the temperature related o;
strength of clear lake ice for that of snow ice in eq 3 and 4 as some inves-
tigators (Abele et al., 1966; Ramseier, 1966) have done.
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18 DENSITY, TEMPERATURE AND STRENGTH OF POLAR SNOW

The Mellor-J.H. Smith unconfined compressive strength equation (eq 5)
has been shown to give values in considerable disagreement with other em-
pirical relationships. The same is true for their temperature-correction
equation {(eq 13). It is believed that this discrepancy is related to the labora--
tory-prepared snow tested and the speed at which the samples in the higher
temperature range were broken. .

No advantage can be seen in using the Ballard and McGaw equation
(eq 3) rather than linear unconfined compressive strength vs density rela-
tionships. Equation 3 requires the extrapolation of values from experimental
results, which are used simply to express the ¢, vs density relationship in
terms of porosity. The additional computations needed to obtain results di-
rectly obtainable from the simpler equation for the same line do not seem
justified, ' :

The Ballard and Feldt equation (eq 4) must also use for ¢; a value ex-
trapolated from an empirical relationship. When eq 4 is compared with
eq 11 in Figure 7, it is seen that good agreement exists between the two
equations above the ''transition density.' Below this density eq 4 gives
values which are higher than experimental results presently indicate. This
is particularly true for snow with a density of less than 0. 30 g/cm?® in which
a completely unstable structure exists. It is, therefore, recommended that
eq 4 not be used to obtain unconfined compressive strengths below the "tran-
sition density' until new test data indicate that such strengths actually exist.

'CONCIUSIONS

Equation 9 as modified to eq 14 is a most simple method for determining
the unconfined compressive strength of natural snow at any temperature be-
low -10C. The equation has been shown to be in good agreement wi'1 test .
results for snow above the ''transition density' of 0. 50 g/cm?® and its tem-
perature correction factor has been shown to be in excellent agreement with
Bender's (eq 12). : '

The unconfined compressive strength vs density trend established by
eq 11 for 0.36 to 0.72 g/cm? density snow has been found to ayree with
both physical and mechanical properties of polar snow. Because the equation
also fits the strength data with a high multiple correlation coefficient of 0.95
and standard error of estimate of 35, it seems to provide a more realistic
unconfined compressive strength vs density relationship for snow in the low
density range than the earlier methods discussed. .
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APPENDIX A. TEST DATA

Table Al Buthovich's unconfined compressive streagth dats at <10C,

Means T Gruehing strength

deneity Man Min Mean Meoan

(a/cm} psi} {pet) {pei) Lag/cm®)
0, 343 248, 7 211.3 232.9- 16, 3%
0, 487 . 85,2 2.5 8.2 4.80
0. %00 140. 6 119,y 125.0 8.80

C0.472 112.2 1) 9.6 6.78 .
0. %16 . 174. 4 157. 6 164. 7 11.58
0.466 ) 13,8 1081 1. 8.28
0.%10 207, 164.7 183.2 i2.88
0,517 207.) 193,11 0L, 6 1418
0. %64 2883 24,1 176.9 19,48
0.%32 191.7 164.7 174.7 12.29
0,530 . 238,17 1931 220.1 14. 21
0.%28 207.) 146,13 183.2 12.9¢
0. 858 249.9 207.) 235.7 16,38
0.827 180} 133.% 166. 1 11,68
0. 540 203, 139.2 178.9 14.%9
0.%7 e 299, 6 2117, 248.% 17.%0
0. 564 265,98 307.) i18.% 16.80
0.%87 33.7 296.8 303.9 29.38
0, 564 : 252.8 224.4 234.4 19. 16
0. %80 340, 0 308.3 348.0 26.8%
0, 591 349, 3% 440, 5% 303.9 21.38
0.578 2788 108, 9 240.0 16.9%
0. 596 108, 3 234.3 2748 19,30
0. %89 308, % 267, 0 i88.3 20,15
0.369 261.3 107.4 322.9 15.67

0.614 3.7 395 . 147.9 24.4%

® Mean of six tests,

Table All. I.L. Smith's fined p ive strength data at ~10C.

‘Density Crushing(n’fngst, Density Crushing strength Density Crushing strength

em) (e (k&/em?) (gremd)  (pui) (wgfemd) (giem?)  (oei) (kw/ce?)
0.36 2.3 1.87 0.58 227.3 15,98 Q.68 329.% 2317
0.37 $0.7 3.87 3. 56 - 2ud. 0 14,08 Q.66 508. 6 16. 79
0.18 27.6 1.94 0.5% 172,01 iz. 10 Q.72 487. 0 34.2%
0.40 15.2 1.08 0,56 259.7 18.25% 0. 68 574.7 40, 41
Q.38 7.1 0. 50 0. 56 165, 6 13.%4 0. 71 5%1.9 38, 81
d.38 7.3 0. 51 0.56 i68. 8 11.96 0,67 444.8 31.28
€. 40 7.1 9.5%0 0.64 259.7 18.2% Q. 66 412,13 28.99
0.37 1.6 0.82 0. 61 313.0 22.01 0. 6% 451. 3 31.74
0.4 LN 0. 62 (L7 163. 6 25.5% 0. 66 392.8 27.62
Q.37 6.7 .17 0.63 324.7 22.83 0. 69 350.6 24. 66
0.50 t44.4 10,15 0.63 44%.0 3t.29 ¢.70 499. 1 28,77
0,50 139.6 9,81 0.67 454.5 31.96 0. 69 461.1 12.43
0. 49 123. 4 8.40 0.67 425.13 29, 9% G. 68 375.0 26.37
0.49 i19.6 | 9.8 0. 68 386.4 2717 '0.70 370. 1 26,03
0.48 138.0 9.7} 0. 66 375.0 26,37 0.70 571.4 40.18
0.49 136. 4 9. 60 0.6% 321.9 23.06 0.70 470.8 3341
0.50 149.3 10,50 0. 64 360.4 25. 34 0. 68 465.9 32.76
0.49 1234 8.70 1 66 405.8 28.54 0. 65 405.8 28. 54
0,49 136.4 9. 60 0.1 574.7 40. 41 0. 64 506. 5 35. 62
0.48 116.9 8.24 Q.68 452.9 31.85 0.68 532.% 37.45
0.56 246,17 17.38 0. 64 3147. 4 24.'43 0.64 227. % 15.98
0.5% 172.1 12.10 9.6% 402. 6 28,31 0. 64 373. 4 26.26
Q.67 389.6 27.40 0.63 324.7 22.83 0.7 575.0 40.44
0.62 274.7  19.32 0. 61 276.0 19.41

Table Alll. Butkovich's ring tensile strength at -10C, Sit= [f,

Mean® Ring tensile strength

density Max Min Mean Mean
{g/cm?) {pe1) {pei} {ps1) _(wgtcm
Q. 541 110.0 65.0 89.4 6.3
0.5718 145.0 99.0 124.4 8.7
0.61) 260.0 126.0 160.2 . 11.3
0, 648 227.0 179. 0 199.2 14.0
0. 661 212.0 149.0 201.2 14.1
0. 681 268.0 194.0 223, 0 15.7
0. 69% 272.0 216.0 238.0 \ 16.7
0.716 292.0 210,0 250.% : 17.6

® Mean of 10 tests,

s
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Table ALY, Ramseter’'s unconl.ned compressive strength ‘An'u «49.4C, South Pule.

Density Crushing streagth
{gfem?)  (res) Jcm
¢.470 tev. 9 [ R}
0.47) 1id.y 7.9
0.474 9.3 61
0, 481 1194 4
0,49 196.2 11.0
0,498 186. ) 1.
0.49) 174.9 12.)
0,501 152.2 10.7
0. 508 267, 6 ie. 8
0,812 278.7 19.6
0.%09 261.6 10.4
0.%17 313.8 20.6
0.518 268. 8 18,9
0.%27 2%s8,0 10,0
0.%22 290.1 0.4
[1}) N .1
Q.58 4?7 24.)
0. 540 342.7 4.1
0,.9)¢ 3154, 1 24,9
0,947 385. ¢ 27.1
0,547 340.4 4.5
0,5%% 151.3 4.7
0.%%7 329.9 23.2
0,5% 408, 8.7
0.5%6 .8 6.9
0, %4 479.2 33.7

* Vertical samples

Don.ll'y

cm

0.570
0. 566
0.%7¢
0.570
0.89%0
0,87
0. 880
0,506
0,506
0.390
0, 600
0.%92
0.%94
0,593
0. 603
0. 608
0.61!
0.607
0. 607
0, 60)
0.612
0.61)
Q. 609
0.619
0.610
0.610

Crushing strength
3 m

420.9
365.5
4“9
479.2
318.8
43,3
407.7
4%0.9
$17. 6
470.7
618, 6
496.)
428.0
438,90
438.0
540, 4
460.7
452.2
445. 1
837. 6
800. 8
4%). 6
940. ¢
867. 4
$73.1
$77.3

<

9.4
4.7
3.9
1.7
.4
30. 4
4.9
H.?
6.4
331
4.3
4.9
30.1
30,8
0.8
8.0
2.4
31.8
31.3
3.3
8.3
.
1.0
19,9
40.1
40. 6

Density

<m

0.414
0. 640
0.618
0. 620
0. 642
0,827
0. 629
0.6d7
0.630
0,624
0.627
0. 628
0. 627
0.627
0.63)
0.632
0, 642
0. 640
0, 640
0.642
0, 646
0. 647
0. 647
0. 648
0. 046

Crushing strength
1

61d.9
877.3
s, 7
49¢.3
833.%
466. 4
$94. 4
47,8
487.7
sie.d
400.7
836.1
843.2
600, |
$36.4
71,6
$50.0
618.6

wg/cmt)

41
40. 6
43.3
34.9
7.9
12.8
4.0
3.9
34.)
36.3
32.4
3.7
8.2
2.2
.7
40.2
39.3
43.9
1%.6
4.3
6.8
38.7
4.0
48.)
“.3

Table AV. J. L. Smith's dynamic Young's and shesr meduli at ~-10C,

Density Sonic wave velocity (ft/sec) klsstic constante (dynes/cnv')
{alcm® CL Cs Cr E [
0,39 3388 1728 1501 .68 10 1,01 x 10°
0. 4t 3636 2527 1943 4.19 1,69
0, 425 3865 2480 2251 5,61 2.43
0,44 43058 2406 2297 6. 40 2.57
0.49 85763 3238 2950 1.21 x 10 4.7%
0,508 8370 3960 3200 1.34 6,09
0.52 6358 3847 3280 1.57 6. 19
0.551 7300 41%0 3800 2.22 8. 80
0.56 1128 3740 3470 1.94 71.44
0.5%6 7063 3706 1689 2.12 8. 42
0,57 1307 4039 3T 2.24 8.7%
0,58 7692 411] 3804 2.39 9,23
0, 60 826t 4315 3970 &N 1.04 x 1O®
0.615% 8882 4660 4330 3.3 1,28
0.617 8100 4610 4260 3.08 1.22
0.62 8991 481% 4462 3.8 1.36
0. 668 9100 8250 4810 3.99 1.60
0., 68) 8820 5020 4650 4.0% 1.61
0,725 9975 5330 4820 4.0% 1.8%
0. 728 10100 5500 $100 $.32 2,06
0,738 10012 $0%0 4630 4.45 1,66
0. 744 10030 $360 4940 S.24 2.02
0.756 10870 5410 $000 5.48 2.08
0.774 10640 5500 5050 5.7% 2,18
0,790 10940 5440 3070 5.86 2.20
0.0834 11500 8690 8220 6. 67 2.49
0. 860 11650 $750 $290 7.00 2.64
0,894 11930 $800 8310 1.4 i 7%
0. 894 11700 $790 5310 7.48 2.78
0.914 12900 5850 $390 7.9 2.9
Note: CI_ longitudinal wave velocity.
Cs shear wave velocity,
Cgp Rayleigh wave velocity.
E dynamic Young's moduli,
G dynamic shear modult,
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APPENDIX B: STATISTICAL DATA FOR POLYNOMIAL EXPRESSIONS
FITTING J, L. SMITH'S DYNAMIC YOUNG'S AND SHEAR MODULUS DATA

Symbols J. L. Smith's
E G .
Slopes m, dynes cm/g B, ~3.158x 10 «1.209 x 10
B, 6.856 x 10 2.711 x 10
By ~3.228x 10 -1.338x 10
Intercept a, dynes/cm? " 4,038 1.481 '
Std, error of est. Syer dynes/cm? 1.943 x 10! 8.288 x 10°%

Multiple correlation coef, R 0.997 ‘ - 0.996

Polynomials: (for v = 0.390 to 0,914 g/cm?)

E
G

"

4,03 - 31,58y + 68,56y -~ 32,28y%
1.48 - 12,097 + 27. 119 - 13,3870
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APPENDIX C: RELATIONSHIP BETWEEN THE UNCONFINED COM-
PRESSIVE STRENGTH OF POLAR SNOW AND ITS DYNAMIC YOUNG'S
AND SHEAR MODULI AT -10C,

Equations:
ec = 0,000738 E - 2,009
g, = 0.001977 G - 10.838

Statistical Data Related to the Above Equations

Symbols E ' G
‘Slope m 7.38 x 10-4 1.977 x 10-3
Intercept a, psi -2,01 -1,08 x10
Std. err. of est. Sye. psi 4,496 1.92 x 10
Simple corr, coef, R 1,000 : 0.998
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