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BSTRACT

This report discusses the general types of failures of typical structures
that are used in aircraft and missiles. The theories of elastic and plas-
tic deformation of these structures are presented and comparison with
experiments of simple structures is given. It is found that the side on
impulse can be used together with rigid-plastic theory of buckled and
collapsed cylinders to predict plastic deformation for a wide range of
pulse durations. For beam type structures the impulse and rigid plastic

approximations seem to only hold for pulses of very short duration.
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LIST OF SYMBOLS

Energy delivered to structure from explosion
Work done by internal forces while structure is deforming

Lateral velocity of structure (i.e. velocity perpendicular to
surface of structure)

Impulse per unit mass applied to structure

Kinetic enerqgy imparted to structure

Mass per unit area of structure

Maximum value of impulse per unit mass

Function describing distribution of impulse over structure
Total impulse imparted to structure

Impulse per unit area

Loaded area of structure

Variation of potential energy

Symbol indicating an integral over the volume

Sfmbol indicating an integral over surface

. Constants in the expansion of internal work as a function of maxi-

mum lateral deflection
Maximum lateral deflection

Pressure on the sutface of a structure (a function of area loca-
tion, denoted by A, and time)

Lateral deflection distribution over the surface of the structure
Initial values of maximum deflection and velocity
Lateral deflection of structure

Contribution of the nth term in the series to the lateral deflec-
tion

Function describing the distribution of the deflection in the nth
term of the series representing the total lateral deflection of
the structure

Weight of explosive charge

Distance from explosive charge to target

Energy flux (energy per unit area) directed toward the target from

the explosion

Air density
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Sound velocity

Amplitude of the exponentially decaying pressure
Decay constant of exponentially decaying pressure
Ambient pressure

Scaled distance (it is actually a dimensionless number equal to

/1333 wh)

Modulus of elasticity of structural material

Moment of inertia distribution of beam type structure
Width of beam structure (a function of x )

Resisting moment at hinge -

Resisting moment for rth segment of the M-@ curve which is approxi-
mated by a series of linear segments

Constants invdlved in the representation of the resisting moment
in the rth linear segment

Hinge angle corresponding to the rth linear segment of the M-
curve (moment - hinge angle curve)

Distance from the root section of the beam to the point where the
hinge forms

LL,D H stiffness constants of an equivalent orthotropic plate

. (2 )Functlon describing the amplitude and shape of the :,*‘ term in the

¥

double series representing the deflection of the plate

f7§’ t)Pressure on the plate as a function of space and time

G(z?) Function representing the spatial distribution of the pressure on

£¢)

X %

Ay

a
b

%'

the plate

Function representing the timewise distribution of the pressure on
the plate

Beam functions representing the ijth shape of the plate in the x
and y directions' respectively

Frequency numbers associated with the ith and jth beam functions
respectively

Width of the plate (shorter side)
Length of the plate (longer side)

Second derivativ2 of the beam functions with respect to x and y
respectively

o; = \/o; "-a';o; 455 13 z?" for biaxial stress systems
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shear stress

}g7_ Strains in plate or shell; 635 65* are normal strains;

)— .
ey shear strain
Distance of any element of plate to neutral plane

Parameter describing a linear hardening material; if A = 0 the
material is elastic; if A = 1 the material is perfectly plastic

Yield stress

Yield strain

Thickness of surface plating in a stiffened plate

Ultimate stress

Tensions in x,y directions of an "equivalent thickness" plate
Equivalent thicknesses of plate in X,y directions respectively
Thickness of cylindrical shell

Radius of cyilindrical shell

Diameter of cylindrical shell

Length of cylindrical shell

x/

Cylindrical coordinates

Length of hinge line in a collapse pattern

Parameter describing the degay of the buckled deflection around
the periphery of the cylindrical shell

Distance from the edge of a supported shell at which uniform de-
formation starts in a shell loaded by sprayed explosive

3
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Mass density of shell material
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Introduction

There are two central aspects involved in calculating the response of
structures to blast or other impulsive loading which deforms the struc-
ture. The first aspect is the description of the loading and the sec-
ond is the method of obtaining the elastic and plastic response once
the loading is known. The classical method of obtaining the response
of any structure is to determine the differential equations governing
the behavior of the structure and solve these by some technique such

as a finite difference procedure, the Galerkin method, or obtain exact
solutions if possible. Such classical solutions are based upon the
premise that the loading on the structure is known completely, i.e.
that its amplitude and its spatial and temporal characteristics are
knovn. There is much work to be done in determining both the loading
and the response to a completely defined load; especially tc the point
where the analysis can be used with complete confidence in practical
situations. It is the purpose of this report to review some of the
recent procedures that have been suggested in the past ceveral years
for computing the loading and response of beam type, plate type, and
shell type structures and to point out some of the advantages and short-
comings by comparing the results with some available experimental re-
sults.

Damage in structures
A. General considerations

Often in the field of blast damage the terms critical impulse or cri-
tical pressure are used to denote values for which the damage reaches
a certain approximate value. The concept of critical values is ex-
tremely valuable in experimental studies - such as those conducted on
full scale structures or those conducted by Schumanl'2'3* on model
shells. Hawever one can and should expec: more from a theory than
just to predict critical values. In fact due to the inherent non-
linearities in structures the answers that one obtains in the large
deflection region is a dependency betweein load (or some function of
load) and deformation.

B. Types of failures

1. Beam type structures (wings, control surfaces, slender missiles,
slender fuselages)

In structures which can be replaced by a line with appropriately
distributed mass and inertia properties the elastic and plastic
behavior is rather straightforward. The structure behaves elas-

*Superscripts refer to references listed at the end of the report.
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tically and responds in its modes until the yield point is reached at
some section of the beam. At this sec¢tion a hinge forms and the struc-

ture deforms plastically around this hinge as shown in Figure 1.

—

la: Elastic Response of
a Cantilever

lc. Plastic Response of
a Cantilever

A

1b. Elastic Response of a
Free-Free Beam

\/

1d. Plastic Response of a
Free-Free Beam

Fig. 1 Typical Response of a Beam Type Structure

Since these problems are one dimensional and usually involve only one
plastic hinge they can be solved by starting with the differential

equations of an elastic beam in bending.

An investigation was under-
taken several years ago4 to study such problems and a general computer
program was developed to solve this general type of problem.
has been under investigation for a number of years and there have been

many papers written on the subject. From a practical standpoint this

type of problem is fairly well in hand at the present time if the load-

ing on the structure is adequately defined.

2. Plate type structures (Parts of fuselages,

plate type control surfaces,

plating between longitudinal and transverse stiffeners)

The flat . elastic surface has one more spatial dimension than the beam
but its elastic and plastic deformation characteristics are many times
more complicated. In the elastic region the governing differential equa-

tion usually has to be solved by a two dimensional finite difference
network or by some approximate modal method since the exact solution
can be obtained only for very few boundary conditions. The classical

plasticity problem, especially for the rectangular plate, offers an ex-

tremely difficult problem even for very small plastic deformations.

For that reason approximate approaches were developed several years ago

for small and large elastic and plastic deformations of plates.

-
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, Cylindrical Shells

The elastic analysis of cylindrical shells has been the subject of many
studies in recent years. However the only plastic problems associated
with cylindrical shells that have been approached from the cla§sical
viewpoint of flow plasticity is the axially symmetric problem.’ Other
problems have been considered from the standpoint of deformation theory.
The real problems in blast deformation of cylindrical conical and other
types of shells or composite bodies are not axisymmetric and involve sit-
uations where the pressure time relation on the shell is not easily ob-
tainable. This is the reasonngﬁ a work-energy approach has been follow-
ed in several recent reports.”’ In that work the asymmetry of the

load and deformation was considered as well as strain hardening, large
nonlinear deformations, and thermal aspects. It was shown experimentally
by Schumanl/ 23 that cylindrical shells under a blast which engulfs the
structure either fails in a well defined buckling pattern or a collapse
pattern. Moreover, for loading which is more of a local type such as
sprayed explosive the deformation was almost uniform along the length

but changed rather abruptly to zero at the supported edges. In addi=
tion if the explosive was sprayed over half the periphery, then only

this much deformed. A representative pattern is shown in Fig. 2.

-

[\ ]

Sgc#'o» A’A - A

Fig. 2 Typical Deformation Pattern from Sprayed Explosive
Over Half of a Fixed-Fixed Shell

Deformation of composite structures

Actual aircraft and missiles are composite structures which cvan be con-
sidered, in an approximate sense, to be made up of beam, plate, and shell
components. In such structures several types of failure may occur si-
multaneously, and for this reason careful judgement should be exercised
in evaluating the blast resistant characteristics of such built-up struc-
tures. For example, an aircraft is composed schematically of a beam

type fuselage which is built-up of a shell with ring and longitudinal
stiffeners. The wings can be considered as beams with variable mass and
stiffness. The fuselage can be considered as a shell or a beam when ex-

-



posed to an engulfing blast which loads the entire structure but it can
also be c¢orisidered as a series of stiffened and unstiffened panels. By
the same token, the wings, elevator and stabilizer act either as beams

or a series of panels.

In general we can divide the deformation into primary, secondary and ter-
tiary components as was done for elastic deflection of ships a number of
years ago. The primary deformation consists of deflection of the entire
structure (wing or fuselage) as a beam. The secondary deformation invol-
ves deflection of entire stiffened plate or shell sections and the ter-
tiary deformation involves deflection of plating between stiffeners or
shell deformation between rings.

It is important to look critically at each type of failure to see if it
would kill the utility of the structure in performing its mission. Re-
ferring to Fig. 3 it is seen that deformation can take place in the follow-
ing ways:

l. Overall hinging of the wing, rudder and stabilizer

2. Deformation of the panels contained in the fuselage, wing and tail
assembly

3. Buckling or failure of a section of the fuselage and consequent hing-
ing of the fuselage around the weakened buckled section

In a missile type structure shown in the same figure the deformation
patterns are similar.

Luniped parameter vs. classical theories

In classical theory the differential equations of the structure are set
up for the elastic and plastic ranges and the appropriate pressure dis-
tribution in space and time is used. The resulting answers are deflec-
tions, stresses, and strains as a function of time at many locations on
the structure. This type of theory for predicting elastic and plastic
behavior is practical for beam type structures where only one deflection
and only one space dimension is present. For plate and shell structures
where two space dimensians are present and more than one deflection may
be necessary to describe the behavior of the structure, the analysis is
many times more involved. For many cases such as large lateral deforma-
tions of plates and cylindrical shells an equivalent energy procedure and
variational approach such as used in previous reports offers many sim-
plifications. In the equivalent energy approach the estimated energy de-
livered from the explosion is equated to the internal work done by the
structure in plastically deforming. The main unknown which has to be in-
serted into the theory is the deflection pattern in the plastic region,
which is determined from tests. Once this deforw~tion shape is defined,
it is straight .. forward to compute the work done by internal forces in
the structure to deform plastically in this pattern. In many cases it is
the maximum damage or plastic deformation which is of primary significance.
The lumped parameter or energy type analysis is capable of predicting the
necessary informaton for many situatiéns.
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It will be seen later that for short pulses the above impulse or energy
approach is accurate, but for some cases involving longer duration blasts
we have to make recourse to a more accurate procedure which uses the spa-
tial and time characteristics of the load. The analysis which fits this
qualification is the variational approach. In this approach a variational
principle associated with deformation t¥pe (as opposed to flow type) plas-
ticity is used; the principle is essentially Hamilton's principle inter-
preted for the plastic regicn.

IV. Fundamental energy-impulse relations and the variational principle

A. Energy - impulse

Let V represent the work done by the internal forces while the struc-
ture is deforming and let E represent the total energy delivered to
the structure from the explosion; then the fundamental energy relation
that will be used is as follows:

E=YVY o

For cases where the impulse is given or can be obtained more easily
than the energy, an alternate relation is derived below.

Let I be the impulse per unit mass applied to the structure. The im-
pulse momentum relation for an elemental mass dm can be written (ne-
glecting the tangential and longitudinal velocity, assuming that the
lateral velocity, .« is much greater than the other two)

ans el = I A
Ar = L (2]

The Kinetic energy imported to the structure is
Te ) 4103 r'dA = 4 [atny) A

where ,Ahcg,a) is the mass per unit area of the structure (which can
vary) and dA is an elemental area. The impulse can vary over the sur-
face so write it as follows:

Thus

(3]

Ift';):' —z-o{/X,?) [4]
Thus X .
= ._Z;f J,a/x;;)f /z,;.ja’ﬂ (3]

Equating this initial Kinetic energy to the energy of deformation ab-
sorbed by the structure the expression for the impulse per unit mass

becomes
2V
L, =
' a4k 3) £ 15 ;) dA '
-6
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The total impulse on the structure will then be

- L 4 £1% 4) dA
I;— ’{/"'[z.f) I;f/x;})dﬂ —[A/‘?;;‘) \/4,“/‘;’){2/”;)//' ';) (7]

The impulse per unit area will be

= 2V
Ll q)= T nli 4)= (8]
LSRG AR s 7 i
If both the mass per unit area and the impulse are uniform then
= _ 24V
Z = A [9)

where A is the total loaded area of the structure.
The variational approach '

The principle of extremum potential energy can be applied to the plastic
regime if we are dealing with a plastic deformation theory (i.e. not a
flow theory) as we are in this work. Greenbergl states this principle
as follows:

sluv] =0 [10]
€.
where U=,/,([dfde;)dvl"/72u~"/2 = V-w
v s

The integral over V'’ is the potential energy or work done by the internal
forces during deformation and the integral over 2 1is the work done by
the external surface forces which give rise to the internal forces.'

The dynamic counterpi t of the principle of extremum potential energy is
EHamilton's Principle which can be stated as follows:

¢,
J‘{ L T-07 ot = 0 (11)
where T is the Kinetic eneréy and V..is the potential energy minus the work
done by the external forces.

We are dealing with large lateral deformations of thin walled structures
where we know the deformation pattern from test results but the amplitude
of lateral deformation, w, is inknown. If we neglect the longitudinal

and tangential inertia terms the Kinetic energy of the structure becomes

- » kS
T._f4ywnu¢aw v

A1 = mass per unit area of the structure
oA = element of surface area
v = velocity normal to surface of structure

= AW, R )S/A)where 4/ (¢) denotes the time dependency of the deflec-
tion and #(A) denotes the space dependency

The variation is taken just as in the elastic problem as given in Love.13 4

-7-
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This problem is equivalent to the following problem in the calculus of
variations:

ol N

-

l_m_ W B s -

Find the function y(x) which takes on a given value for = a and b
and which minimizes the definite integral

.
Z'= [ Ftx, g 30 (13)
The result is that F must satisfy the Euler equation
or 2e ) 5 14
95 ° ﬁé (-)f’) * 0 [14]
In our case
e L ar  paanicel 115
- A S P
Thus we have ? " d 7
7T = f[m«.’/})a)—zal/) = £4M/o4)d,‘/é)1"’?'ﬂ)dﬂ (16]

In general we can fit a power series to the potential energy (or work
done by the internal forces)

L-€- V =2A + 8y + Tas;?+ Dads - - - [17)
w :4¢(A,¢)Mq Fla)adA [18]
where r(AJ ¢) 1is the pressure applied to the surface of the struc-

ture

The result is the foilowing nonlinear differential equation in time for
the unknown 44/,

AL, Janch) £ %CA)AA +[Bt2Cur e 3505%---] = [[PA ) FLAVAA (g

The initial conditions are

;) = as; , M Co) = AT [20]

©

where #/, and -5 are the deflection and velocity at the béginning of
the plastic regime which are determined from the elastic analysis when
the yield point is reached.

Instead of the deflection being a function of one particular shape

supposing
w2 2 Wpult) Fu(A) -
then
T =4 A oA = £ [ aca)[ 245, ) f0n)] _—

V = \/(4—\/‘)4\!’5 ""3J¢/=‘)

Unless we assume complete decoupling among the terms the problem will get
completely out of hand; thus we will assume that this problem reduces to
finding the set of 4+ /s satisfying

=
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vaé“fﬁ)ﬂ‘ﬂ )dA +ﬁh*"c«““’:w*30u*’2;z*‘“ _7 ‘-‘A/?f/’,'t) F CA) A (23]

with initial conditions on displacement and velocity determined from the
end of the elastic region.

V. Description of the parameters associated with the loading

A.

General problem

Since the structure reacts with the blast it is usually very difficult
to determine the complete spatial and temporal characteristics of the
pressure which acts on the structure. When the blast comes in contact
with the structure it diffracts (bends) around the structure in a very
short time and then produces a drag type loading which lasts a much
longer period. In general even the deformation of the structure will
effect the pressure distribution and in many cases involving control
sur faces subject to rlast this is considered. In many of the more
complicated cases .t is possible to use some parameter to represent

the load other than the pressure distribution itself, such as energy

or impulse. In such cases the structural theory must be altered accord-
ingly in order to compute characteristics of the system, such as energy
absorption, which are most easily integrated with this load parameter.

Pressure distributions

There are a limited number of cases where pressure as a function of
epace and time has been obta}zed for rigid bodies of various shape.

The Nuclear Effects Handbook gives a partichlarig good outline of

the results to date. A recent book by Kornhauser~~ also gives pressure
curves for some particular cases. For aircraft and missile structures
we can approximate the pressure distribution and time history by re-
presenting the shapes of the various components of the structure by
idealized shapes such as long slender boxes and cylinders and then use
the pressure distribution for these shapes. The wings and other con-
trol surfaces of aircraft and missiles can be represented by flat beam
type surfaces (long slender boxes) and the fuselages can be represented
by oylindrical shapes. The problem is one of finding the loading while
the weapons are parked and when they are in the air. The pressure time
hifxory for a blast on a parked vehicle is shown schematically in Fig.
4.

==
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s . Diffraction Phase
Diffraction Phase

/ ' Gust Phase

'

| Gust Phase
P r~ = P

l

|

- l -
Prsssure for Lifting Pressure for Fuselages

Sur faces (Different plot for each

angle arcund cylinder)

Fig. 4 Schematic of Pressure Time History for Parked

Vehicles and Non-Lifting Bodies Subject to Blast

t

Fig. 5 Schematic of Pressure Time Histoiy for

Lifting Surfaces in Flight Subject to Blast
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The various parameters associated with each of these plots can be 8btain-
ed from the above mentioned referencel? and work by Baker et. al.l and
Baker and Schuman. Extensive data on incident and reflected pressure
and time duration of pressures associated gith explosions of pentolite

is contained in reports by Baker, et. al.1® ang Goodman. The use of
this data will be illustrated later in the report when some specific
problems are considered.

During flight the problem has to be handled as a lifting body gust prob-

lem and t{gisal pressureé time histories would look schematically as shown
in Fig. 577 for lifting surfaces. Although there is some lift on the

fuselage it is believed that the parked condition can be used as a first

approximation.

Energy and impulse of an engulfing explosion
1. Energy

For blasts which are at some distance from the structure the blast
wave engulfs the entire target when it reaches it. The characteris-
tics of the blast are described by a charge weight (or weight of ex-
plosive) and a distance from the target. The weights for nuclear ex-
plosions are given in terms of equivalent weight of TNT. 14 For ex-
plosions involving pentolite instead of TNT the conversion is that
1.1 pound of TNT is equivalent to 1 pound of pentolite and the weight
of pentolitf7in free air is equivalent to 1.8 times its weightszfn
the ground. For underwater explosions experiments have shown
the energy flux density (energy per unit area) and the impulse per
unit area before the shock wave hits the structure can be written
functionally as follows:

Fecwt (W) Bavicd)

where C, k, ﬂ and & are constants which are determined by fitting ex-
perimental results to the above relations: 21 Using the work of Baker
and Schumanl? a similar analysis can be made on air blast of pentolite
explosive as will be shown below.

that

Following the reasoning of Keil,22 if it .s assumed that the blast
wave is plane then the energy flux (energy per unit area) can be writ-
ten

- _ _L b
E, = £ ,/7'W) At 953

where £ 1is the air density, Co is the sound velocity in the air and
p(t) is the pressure at any given point as a function of time. 1If it
is further assumed that the wave 1s exponentially decaying, then

pct) = p,e"VF [26]

where p, is the pressure amplitude at t = 0 and & is the time con- '~
stant of the decay. Using the above two relations it is found that

E, = 78 [27)
focl
-11-
. - = ...—"-_-—-'fm'r
i = ' sk oaa ol =



The experimental curves of Baker and Schuman17 can then be'wused to obtain
pPo and & as a function of charge weight and distance. Substituting these
extrapolated values of p, and & and using the appropriate value for A, b
and C the following final relation is found for the energy flux (energy

per unit area) in the blast field at a distance R from the center of the
explosion:

%

/2 [ >

where R must be given in feet and W in #. It is unfortunate that we
have to attach specific dimensions to the input and that we have to mix
inches and feet in the same formula. However, it is most convenient to
present the relation in this form since it is empirical and was obtained
by fitting the relation to data that was given originally in these spec-
ific dimensions.

E{Aﬂ: /‘?,Zx103(

Ihn

2. Impulse

Values of side on (i.e. incident) impulse and reflected impulse (i.e. re-
flected from a flat rigid target of infinite extent) were studied exten-
sively by Goodman 8 for free air blast of bare spherical pentolite.
Goodman's formulas are as follows:

side on: L _ [(#7&7 _ 3r93 psi millsec [29]
ﬁhWﬂ ﬁ"h X /ﬂ",X)‘ m 7s \
_ :
Reflected: P 2 . 970 2 4 790 & o /Lo / ,o:,_‘ millisee (30} 1
L PR ’ o
72w AB3X phax)? p.2x)° 7%¢

where Z is the impulse per unit area (in psi milliseconds) Po is the am-
bient sea level pressure in atmospheres, W is the charge weight in pounds s
and X is a dimensionless number equal to

X= ®/323mw [31]

in which R is the distance from the center of the explosion to the target.
Impulse and energy content for local explosion (such as sprayed explosive)

As was seen above, for explosions that are at some distance from the target
the weight of explosive and distance away determines the energy content at
any point in the field. For impulsive loading or any type of explosion
which is an integral part of the structure such as sprayed explosive, the
problem is not so straight forward. In these cases it will be assumed that l
the impulse per unit area, Jf(k;?) applied to the structure can be measured.
Then the impulse relation in Section IVA can be employed to determine the i
deformation, i.e. é

2V
Ly, 3£ Vh y )l

f(&,?_) :/M/Z‘;_)
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in which//M is the mass per unit area, V is the energy absorbed anduﬁhgr)
describes the impulse distribution. If the impulse and mass per unit
area are both uniform then the energy flux will be

_— =
E = £:=¥%-4&2 (33)

A A T 2

VI. Work done by internal forces and coupling with the variational principle
A. Beam type structures
l. General

The complete theory for hinging deformation of beam type lifting
surfaces was derived by the MIT group23’24 and by the present auth~.
or4:® 1In the event that complete load-time histories are available
it is certainly preferable to use the comp}lete beam type theories
mentioned above. However for rough calculations and in cases where
overall damage criteria are being sought a theory consistent with

the impulse or energy approach and the variational approach discussed
previously can be employed.

2. Elastic region

Before plastic hinging occurs, it is assumed that the beam vibrates
in its elastic modes. The kinetic and potehtial energy of the struc-
ture in the elastic region can then be written as follows:

4 .
KE 7T = f/,ld(n)[w/x‘t-)jzaég B
°4 Qavtnat)7* Ll
PE VvV = {[ E-z;/&)[ x> J J&
Assuming a deflection of the form
ar = & Wonlt) Fnli) [35]
we then have (noting that cross product terms disappear due to or-
thogonality of modes) e a2t .
Td ol ":ff_r/ma)ﬁ 7 )b
. ~ ‘< [36]

> oA X 2~
Ve S ‘:Er_/’efzgnh)('ésééj A
~ & ©
Substituting into Hamilton's principle (or into Lagrange's equations)
we obtain the following differential equation for «s,,.(¢) -

,,;;;,[[,‘:éa)ﬂ‘m}m],cw;h[[éz;/u /%%r-‘s);/&]:/;/q ) Fnla)btelede [37]

where 4 (x) is the mass per unit length, 79/:,-:‘) is the pressure,
6(x) 1is the local width of the beam. The 1nitial conditions
under the assumption of blast loading are

Monle) = Win o) = O [38]
3. Plastic region

In the plastic region the potential energy is replaced by the work
done at the hinge as follows:

% Be-
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S
V = / MBI A
M o,
where (8) is the resisting moment at the hinge. The resisting
moment is a function of & and for most of the practical cases it
will take one of the following forms shown in Fig. 6. It is seen
that the strain hardening and unstable cases are approximated by a
series of linear segments. Thus the most general expression for

the hinge resisting moment, M, in each segment of the M-© curve can
be written

(39]

’rr(")_ﬁ\f JA'..,'..\ hﬂrdtn:'ﬂj

(40]
Mr = /(rd J—Cf — m:aJ Cr=2M, £f f(rﬁc’lly /‘/“-’"‘.
_\ 1o (=) For wunsthble
Thus 8, s ”
V= ;0/ ree)ds = ;dfmmc,)z/a = 2[%f m,a]d [41]
re > r By
Elartc 1 :
“;ff'n Plart'ss, Region LA .
Sf‘*’n'—s Mrd(nl'ﬂy r‘"‘s
/. / 'e
M ‘Arﬁcv‘, Plastic . & m):ﬁ‘
Unsh ble red) = -k . 8+C.

Fig. 6 Schematic of Hinge Resisting Moment Curves

The kinetic energy can be written

£
T =3 [/4/"—) [r2-24)8]" aln [42)

where Zg is the distance from the root section of the beam to the
point where the hinge forms.

Thus for the values of & between &._, and &, the equation of motion
becomes

’ £
&[.//(x)/x-“)ld‘] +~ KO rC. :[ﬁfg‘-t) b)) (x-ia )l (43]
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Thus we have linear differential equations in both the elastic and plas-
tic regions. The one in the plastic region has to be solved piecewise
for each segment.

An altermate method of dealing with the plastic region is to represent
the M- @& curve by a power series in & as follows:

n=0C6+CP+06 ---

The resulting differential equation is then the following nonlinear equa-
tion

(44]

. [0
ﬁ[[,«a) Ce-24)the [+ € +2C, 0+ 3G8 "+---=[£r¢)m)é-qm [45]

The initial conditions for the plastic region are the displacement and
velocity at the end of the elastic region. If we use the linear seg-
mented curve then the initial conditions for each segment are obtained
from the final conditions of the previous segment. Using the Allen in-
terpretation of the " frozen hinge"25 it is assumed that the final plastic
deformation of the structure consists of a rotation around the hinge and
occurs at the time when the angular velocity reaches zero for the first
time.

Plate type structures
l. Elastic deformation

For unstiffened or stiffened and sandwich plates the elastic behavior
of the plate can be computed by using the theory developed in a paper
by the author, published several years ago.5 The basic equations go-
verning the behavior of the plate is the orthotropic plate equation

o4 o4
B 55+ 2/40“‘);, + Py 535 +4 a“ = P 3, t) [46]

In the above mentioned paper the solution is given in detail for a
rectangular plate under dynamic loading. This elastic solution can
be written as follows:

v = 2‘ Z»wu x, 2) Ry CE) [47)

71,/'//)( .vu/?

R;50t) = /f/’z)o-—h;o ) o

_& ﬂ'* » 4 ” N 4 (50]
g =1 2L 087, 2H) Xm " olecky.
a M 4t - ‘ 5 it
,0404(‘X2 g_ahu%?

[49]
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In the above equations D,‘, yo) and H are the orthotropic constants
which can be determined from the analysis given in an earlier paper,

A1 is the mass per unit area of the plate, 2, is the natural frequen-
cy of the <2’ mode, X; and Y are beam funcgions describing th? modal
pattern in the x and y directions respectively, ,4; and /4& are constants
associated with these mode patterns, a is the shorter side of the plate
(parallel to the x axis), b is the.longer side of the plate (parallel to
the y axis), Cfx,,.) describes the spatial distribution of the load and
£(t) describes the timewise distribution.

. Plastic deformation

The theory of plastic defcznimation of isotropic and stiffened plates is
given 1in a recent report. The work of deformation, V per unit volume
of an elastic-plastic body can be written

e.-
v =/ oide; + "Lfv" (51]

where O} = g\/(c;-o;)‘a- G5 -0 (02-0G.) "+ € (B s Ty s s T

.= VZ\ /¢ N N
€ - VF \/(e,‘—e?)t,ufe}- E) N lE-€.) 20, b ba)
&V = é‘_ 7+ 67_'# 62

The relation between 0. and @€; describes the stress strain law of the
material. Assuming an incompressible material ( ® =0 ) and consider-
ing only plate stresses,

e
A4 :/\/,‘[/‘ a:;d(; 70’\/, (52]

where A\, = element of volume
oj::\/dzz-o;,0‘7+o;‘-+3r.7" (53]
P kS
€=\ 16 €y r€ s 4 b,

If we consider that only the lateral defornation, 4, is of significance
and neglect the longitudinal deflection u and the tiransverse deflection A~
then the strains &, €, and b5, become?8

d - Ju~Y ) 92 1.
€ =$(R)- 253 1050 -2 5% (54)
Qur Jpr Qav
92‘?: o a,,"z’?az.ar

where 2 1s the distance of any element of the plate from the neutral
plane as shown in the figure below:

(== B =l

™

A~
Fig. 7 Location of Plate Blement J
~16-

.-

iy




Further restrict the material to one that obeys an elastic-linear harden-
ing law as shown below

o

é-

3

Fig. 8 Linear Hardening Stress-Strain Curve

The stresses can be written in terms of strains as follows:

Ox = _L (éx +/'é7') [55]
63=%{1(67*‘£é~)
’Z,,,_:-f > 7
in which the stress-strain law can be written
E J1-ewce)] (56]

where w(e,) = o - € . cé,; Celastic)
N(e;): /\ /l— 6/6, ) /,o/nnl:.c‘) /\ = /- EL %’z

Substituting the linear hardening law into the bxpressions for the stress-
es and then into the relation for V, we obtain the work done by the in-
ternal forces on the plating of the stiffened plate

3"'—:

/// [Ef - /\)+E/\¢;¢_7dua§,a/£-4 [57]
) LSty b

where 2 1is the distance from the neutral plane of the stiffened plate
to the midsurface of the fac:, h is the thickness of the plate and a,b

and the width and length of the plate resppctively. If there is a top
plate then there is a similar expression V; that has to be added for this

part, i.e. 1*&

\/ /// [&Mt ¢,¢p,-¢.r.r,¢~ as 1n VvV ] [58]
1
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Fig. 9 Nomenclature for Top and Bottom Plates
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Now substituting the expre~sion for &
;+..

v, ///[E//-,\)ﬁfa re€prEytrg iy ’) 159)
*E)Cgl\/é‘*t‘éy *.6 ,..é ]w

u‘

/// E’\-’/w@c/e-

Substituting the express:.ons for the strains in terms of deflections,

we have _ ,L’
7.8 =gt =
_ / E(1=X) BT
0/‘, 2(- ,»)f‘**}f ’L/xé){'é [60]
+ 2EACs [T )i EFIg e Shie vj
P/
3 74 s*/i/Z' (/m ,;)/"?

2
[ 15 s

and a similar expression for v, if two surface plates exist.

In the above equation

= ‘/ ) 4 DTS $rhs)”
=) /i:f)(‘.’a;’) ["*’) (i:;)
2’-‘(/0“")( 3;)7:}" ‘2‘/%:_—'-)[-,;; = )/aw) __:.fi:'%._.._r

(61]
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For the stiffeners we gse an analysis s:.mllar to that employed in ano-
ther earlier reference
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Fig. 10 Location of Stiffeners

For a stiffener located at y = y,

V. =[‘;/[§//—A>e:+ £A¢, 6 ]dA o -‘/A]qtg,;,,,a,‘ (62)

' Where Ar indicates integration over the cross sectional area of the rth
%‘ stiffener.

% For a stiffener located at x = xg

* | //[E/,_,\) €54 EAc, a_]dﬂ,oé,-‘/zf_';\_ts;/,dsaé_ [63]

Where As indicates integration over the cross sectional area of the sth
’ stiffener. Substituting the expressions for €., 67.

We obtain

LT EE R  R)],
+EAE [£(4E) -2 5;{]},/4,&/&

=0 / EAC 44, o
& A, 2

Now
24A, - ) = the moment of inertia of the stiff-
A, r ener about its own neutral axis (65]
/ _3_/,4" o 2‘,4’ where Z. is the distance from the
A, neutral plahe of the stiffener to the
centroid of the stiffener ( = 0)
Thus

y S
V. = S EG-2)A$ (5)% Elma) Ta (22
+ EAGA, ﬁ(ﬁf)?fté/& - E_'\I?.' A a

The terms containing Ar are the contribution from stretching and the one
cpntaining Za, is the contribution from bending.

(66]
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Similarly

v, f{é/m\)ﬂ,, (""’)»‘E/-A) A_,/""’)+EA¢,A_,-§/..H)) [67]
E (’4 b
These values of the work done and an appropriate series for the assumed de-
flection can then be used with the variational principle or energy approach
to determine the plastic behavior ot the plate. A particularly appropriate
series for the rectanguiar plate would be

e ZE ow“(ﬁ-)a—;m@-fﬁ'c-%'ﬁz”-r [68]

This particular series can bhen be substituted into the internal work ex-
pression, V,above and the variational principle as given by equation [l4]
can be employed to determine the set of #4vjm . $ (in this case mn takes the
place of n in the general equation given by equation [23]). In the cases
involving pulses whose duration are greater than the fundamental period of
the plate we can represent #~~ as a single term series

Anr 2 A, (¢) o TTE .a.w.l’zl' (69]

An alternate approximation for large plastic detormations

As is seen 1n the previous sections the elastic region is characterized

by bending only (eq. [46]) assumes bending stresses only) and the plastic
region is described by equations involving both .bending and membrane de-
formation. The large plastic deformation ot plates can be predicted by

using only membrane deformation.?29:3 The equation describing the behav-
ior of ag 1sotropic, cross stitfened or sandwich plate can be written as
follows:

% PR o4
e =02 + =l .y YA
where . on” a‘ 0; Je v il 7 t) [70]

O fa Tg = Ay

U: is the ultimate stress ot the material and —I 1-’. are the equi-
valent thicknesses for stretching in the x and y dlrectlons respectively.
The equivalent thicknesses for representative cases are given in the fig-

ure be .ow. =
! . Y
. b}
A, }f A, A ¥ (
- |
7 3 -
- S} ;4 ft,
Case A. Stiffened Plate Casé B. _.Sandwich Plate
. A+ A + A+t
’41 = e : < 42‘ = %, ¢ z,

(A refers to cross sectional arcas of stiffeners)

Fig. 11 Equivalent Thicknesses ot Plating
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For an isotropic plate the equivalent thickness is the actual thickness
of the plate. The behavior of isotropic membranes under dynamic loading
was studied by Baker and Hoffman30 some years ago and by this author 2
more recently. The solution of equation [70] for a rectangular plate
which has its edges supported can be written

= ggzw,/ﬂ@’“—;’_—éa«%“—’? [71]
Substituting into the equation of motions multiplying both sides of the
equation by  gm PLE 4. f—"—;t and integrating over the area
of the plate we find that 7”‘” (t) satisfies the following equation

00 » ._72‘.".‘21& Ta onbirs _ PP ‘ .
Gt (,« o T T:)jm ;—?;[[M,zt)m’%ngtpzu? [72]

The solution can be written in the same form as the elastic solution given
in the previous section of this report, i.e.

- [t

BN orb (73]
2 [ Gt ) aontn gy Rt
:«44,[" 7 r"""b"/‘z?:/
.
t 1]
[fﬁn[ff’r)a-w P (e-T) 2]
where the load distribution Pfx, 2, - ) was represented as follows:
Plxg,¢) = Glx4) F(t) [74]
and f.,..,\ is ‘ : 4
Tx maim* , Ty anlnt (75)

Pz \[ = et T e

Fitting the plate theories together

The previous sections have given various theories for describing the re-
gimes of plate deformation. These theories can be used in conjunction
with each other to follow the complete behavior of the plate from the elas-
tic through the plastic region. The procadure is as follows:

a. Compute the elastic behavior up to the point where yield starts, then

b, Using the initial conditions determined from the elastic regime and the
plastic relations given in 2 or 3, determine the plastic deformation un-
til the velocity of the plate reaches zero for the first time. It will
be assumedzghat the plate is "frozen" at this time in the same manner
that Allen used in the beam case. The final plastic deformation is
then given by this frozen configuration.

-2]1-



[ 3
. Cylindrical shell type structures |

The theory of plastic deformation of cylindrical shells under short dur- ]
ation impulsive loads has been given in a series of reports by the pre~ L
sent author®'10 The general behavior was described in the earlier sections

of this report. The energy absorbed or work done by the internal forces
during deformation is as follows:

_ o / 5 &
V_E/Z/:)f‘) L /o?d..’/qﬂ . E/"/\)f‘“t//ﬂ;(-;.’dqd

4
6]
+AEeE td—//)//‘/z,g?k)\/o(fn /4.7/?—5—‘) - 2 #-.r v
' \/4.?/1-5
_/'/—z,é'f-af)\/ -r+g (4.(,4 -7 ‘)M /2 =6 +F )ﬁ
FAVE VAE -5

where — £ \Ne ralt

<rea) = () (2)F (L)% /*’)/i) (E)(E) 2y 9E)"
+4(%)*%5)* -('%—*) “($5)" +(E8)F

Foeg) = () (L) B(E)(SE) (L) E (L)L)
rE) 5 R SRR () 5%
V) CE)ESE)NLE) " 20 8) 72 LAAE
~2(i-) /W)/%)z’t/ogw) au)( —_—

B d) =(*4) /—‘f—)‘“/r) L) () (L) E) L )/ 3;"»
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In the above relations a linear hardening material was assumed as was done
in the case of plates in previous sections of this report and it was assum-
ed that the deflection took on a pattern s/ e 4, £/x’ /) where x'= 2/ .
In these equations a is the radius of the shell, L the length, t the thick-
ness, ~ Poisson's ratio .

For collapse type behavior where the shell forms a hinge line straight acrc-
the center of the shell on the side facing the blast, the deformation pat-
tern is described as follows:

W/"“p)= dan-qo—\/a’—%/el_"_r-z.n']" For o<x'<£

(78]
= _ A 9 )
aCn.¢ \/a T[,;.;,,_] Sor —f_«t <o
For buckling the pattern is as follows
1[ (e @) = avy M?TZ'C_MC.'A-M¢ - o<cferr (79]
t » "‘/J‘”-
' = W, ow k' e -«)Cm_m-/l-ﬂ'—cl) £ TTef< i

b and finelly for a very short terms impulse where the shell is loaded over
half the circumference and a "ring type" pattern results, we have

x (x'=%4)

e 4 3l I

R ~ [ 1

|

Scetren A-A - L

A
Fig. 12 Deformation Pattern of Shell with Sprayed

Explosive Over Half the Circumference

7?‘4\'-’ ' } a
S = A -é[ 5'4_) & < n_/’; (80)

= A a2y an <& (% +2Z) p<7

by symmetry we double the energy obtained for the first quadrant ( & < "7, ):
also the energy for (€ +4/i)ec 2’ < L. is the same as that for
x'¢ 4 (also by symmetry).

The above functions have been programmed for the computer. Some numerical
results are given in previous reports”’ O and some further results and com-
parison with experiments will be given in the next section of this report.



VII. A more exact theory for axially symmetric elastic-plastic deformation
of cylindrical shells

A.

Uniform isotropic shells

The equation of elastic deformation of isotropic cylindrical shells
under axisymmetric loading 1is

J far £ dhs /
D‘J_‘-‘ + ﬂ‘;éw ‘f‘f4 Jtr pl’f) (81]
where D= F—f ") , h = thickness, E = elastic modulus, @ = mass
13lr=y”.
density, Pl ) is the load distribution.

This equation can be solved subject to boundary conditions at the
edges x = 0, £ and appropriate initial conditons. For a uniform
shell made of perfectly plastic material, the shell becomes plastic
when the yield condition” ig reached at a given docations, i.e.
when

O “ -0z Gy +00> = 0.5  (TGg=o) [82]

If this condition occurs at the edge of a fixed heam then the boun-
dary condition at the edge 1is

w
M= Mg

If this plastic condition occurs at any other section then we must
resort to continuity conditions ior beams, i.c.

0 (edge deflection zero) (83]

(bending moment equal to plastic moment)

A zavp (deflection on the left of the hinge = deflection
on the right of the hinge)

M,
e left shear = right shear
D= @ ; ’

-

/7e. (left bending moment = right bending moment) (84]

", = r, (bending moment equal to plastic moment)
The finite difference computer program developed several years ago
for beams? can be appligd directly to this problem by making changes
in the yield ccrdicion. It is anticipated that the basic behavior of
shells going into "ring type" deformation and center hinging can be
ascertained directly from this theory.

Uniform anisotropic shells (including layered shells)

The basic behavior of certain anisotropic shells under general non-
axisymmetric loading was given by Flugge31 and applied to some dynam-
ic problems by this avthor. The equation for axially symmetric
lateral deformation can be written down immediately from these re-
sults. This equation is the anisotropic counterpa~* .f equation (81]
and ircludes such factors as initial external or “r /rnal static

& . - " o - -d -
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pressure. It is as follows:

a _4-_;({““*—)_ éf/§m+“—io—ﬁ_)]

I LB " g gt Ded” 2Dn

/- oo «Dx /- P/p, (85]

d %r P! Y
+a’- - S 2\) + ‘Q /— a —& Y

/-P'/ka
‘q F =, S
e BT ) |
- »x
tas[F e L S5e, D ‘a D _pa _ D
[F 3G e )R]
/ = P/Ox
(™ -
% "'22‘

p'is the initial pressure in load/unit area, P’is the edge loading in
load/unit length, u is the mass per unit area, ## Cxt¢) is the rad-
ial pressure. The appropriate values of the constants for sandwich,

cross stiffened, and orthotropic shells are given in the previously cited
reference.32 One case of considerable interest %5 the layered shell which
is not given specifically in the above reference but the constants can be
written down directly by using the work of Flugge31 and this reference,3?
First assume that each layer of the n layers is orthotropic and has a
stress-strain law

O = Eon €n + Lo, &y
sz'\« = &.\ 3—&‘?

[(86]

iiiiiii""'--

Fig. 13 Layered Shell

Then
O .= Zﬁ.., t,. where E... is the elastic modulus in the x di-
it rection of the nth layer and £, is the thickness of

the layer. (87]
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D¢= 25/“1(“ where Eg, is the elastic modulus in the ¢/ direction of

= the nth layer [88]

89

s, = %- Em Ean, (89]

Kot b BBt + Z B ERT [90]
oy "

where M~ is the distance from the midsurface of the entire
shell to the midsurface of the nth layer

/‘(¢=,J'7‘_ZE¢“ fh3+ZEq’wf«f;L [91]
A >
S¢ :'_S_—..S;‘ =0 [92]
and the other constants are
=i, €=/, fo=t g =t,0=), €=/, =0 ==/ [93]
f._._/) °?=/,ﬁ‘/):=2')5==")°'=0

VII.Some simple applications and comparisons with experiment

A.

Beams

Consider the simple case of the uinform cantilever under blast from

pentolite and let us apply the impulse theory, neglecting elastic ener-:

gy. As given earlier in the report the energy flux (energy per unit
area) can be written in terms of the impulse per unit area as follows:
E- " fl f:lM’u/.“ "V v-‘l:+ Org o 7’/"(‘/ *” ‘e.M [94]
u 4 M= mass per vt Ao of beann

. 18 . . 3 .
The value which Goodman obtained for the side on impulse per unit
area was given in a previous section of this report and its value 1is

__.2'-__ = 4787 - 3593 /ofé millisecc
¥3,,% v o T [95]
7w 2% X (p"x) /14 “

where X = 2.//32‘3

Pe
2

atmospheric pressure in ATM

R?&,‘: R = distance from explosion to target
W = weight of explosive

Applying the previously developed ideas of plastic deformation of hing-
ing cantilever beams, the energy absorbed at the hinge is

V = '(Bhfé) 6 [96]
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Assume a constant hinge moment My (perfectly plastic case). We obtain

v=H=~8
O = s . [97]
Thus = = Op & 'avr
A = EAsp, K
where w = width of beam
O, = yield stress
t = thickness of beam
A = loaded area of beam
Using the appropriate values for the energy flux, the impulse, etc. we
obtain N
[ 4728, 7x,7323 _ 35493 x,/323 WAL
d= 2 z 2+ [98]

poe’
P = mass density of beam material

Consider an aluminum beam 12" long, .091" thick and 1" wide. The results
for the tip deflection, d, given by the above relation and the corres-

ponding experimental resultsl® are given in the following table

Table I. Theoretical and Experimental Results for Cantilevers

Charge Weight Distance Theoretical Tip Experimental Tip
Deflection Deflection
Sy 2.5 " 7.4"
b = 3! 20" 2 3"
w* 4’ 472" 2.7"
L* 3! 33" 7"
3r )4’ s 3" r 08"

There are sufficient calculations shown in the table to illustrate the
trend. For small charges very close to the beam, i.e. for very short
duration pulses where diffraction loading is of primary consideration,
the impulse theory coupled with the rigid olastic assumption predicts
good results. However for large charges further away where gust load-
ing has a substantial contribution the results predicted by impulse theo-
ry and rigid plastic behavior are not good. Therefore recourse must be
made to the more complete theory such as the finite difference approach
mentioned earlier.

==



B. Cylindrical shells

1. Shells subjected to blast at various ranges

a.

Prediction using energy formula directly

We assume perfectly plastic behavior of the material. Thus the curves
of Fig. 8 of the earlier referencel® can be used directly. For com-
pleteness these curves are reproduced here in Fig. 14. Some examples
are given below which illustrate the application of the theory.

(1) A charge weight of 3go# of pentolite is exploded 29' away from

a steel shell; the shell is 3"OD, 6" lcng, .019" thick and goes into
a collapse pattern. The problem is to predict the final deformation.
The experiment showed de/p = /O

The energy flux predicted by the formula given in an earlier section
of this report is

7
= - 3 w~* F ir z
E;‘ = /9.2 x/0 ( L""‘> Tax = F/o _M_’:;‘_

The total energy from the explosion will be
V = E,s > A)’ /A, = projakc/ orrn o shell =L0)

Vz 3/0px¢x 3 = 5700 Fim

The theory says that this energy is absorbed in plastically deform-
ing the shell. Since we are assuming a perfectly plastic material,
assume that 05 1is the ultimate stress, which was found experimen-
tally to be about 50,000 psi.

Thus we obtain

= V S¢ 700 x /3
vV = = 2 1/
Geal SVXtoB X0/, TXE
;3

Going into the curve, a V= 1l corresponds to a d’/p >> / for
collapse of a shell with Y/p = 2. . This means that the theory
predicts deflections which are much too high.

(2) Next consider a charge weight of 8.4% at 8 away. The shell is
steel, 3"OD, 11.62" long, .019" thick (collapse pattern). The experi-
ment showed do/p =, 7

The energy flux preaicted by the formula @rs
A~ s

— e ohite 3
Er =19 2 x10% /?'T') =, 9R/0 TRE

Thus .
V = 3/,590 ¥/~

V = (3,0 x"’JL)/(fOXIoJx.olqu,.rx//,6J.) =33

Even in this case a V of 3.3 predicts collapse deformation which

is much too great.

Lpm=

3T
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(3) Next consider 1.1¥ at 3' away from the steel shell 3" OD, 11.62" long,
.019" thick with a collapse pattern. The experiment showed o/p =, 5

Ex = 1,06 x/o's‘-’:'—" 5 v = 3.6

Again the prediction is too large.
Prediction using side on impulse to compute energy

Instead of working with the energy formula supposing we use the side on
impulsel'z'l8 to compute the energy. The energy will then be given by

= L,z o)
E, Z

2
(1) Consider the first shell solved in the previous section. For this
case the side on impulse, =z , 1s about 90 psi millisec, thus

, 254 X.0/9 i’
Thus =
vV - Svoox /7?3 2- x~ /
SVvxr03 x,.0/9 x G
This value of V predicts a deformation of Ao D = / ; a
deformation of Ao/p = / was found experimentally.

(2) Consider the second shell solved in the previous section. For this
case the side on impulse is about 25 psi millisec
E, = 'Ix Coal)Txii® . 22,4 £7

, 259 X ,0/9 1h Y

V = 22.4 x 3x 1/.62 = 780 Fm

Ve (0 x1230) g ot sxiir)® OF

Coming over on the curve of #/p = 4 we obtain a “o/p = . §
The experiment gave a value of de /p = . 7

(3) Por the, third shell ‘U = 14.5 psi millisec, B, 8.1#"n , V2 022
Thus JO/a fcr the theory is .4. Experiment showed da/pg;.s

(4) Consider another case of a steel shell exposed to 8.4# explosive at
5.8'. The shell is 6" diameter, 17.5" long and .035" thick and goes
into a collapse pattern. The side on impulse is about 30 psi millisec.

The V  for thﬁ.s case is about .03 which corresponds to a &fe/p =, 4
The experimental value of °/D was about .5.

(5) Now consider buckling failure of an aluminum shell. The shell is 3"OD,
2" long, .008" thick,subject to an explosion of 1# at a distance of 8'.
We use an experimentally determined Js of about 15000 psi. Th2 assumed
value of k in the buckling formula [79] is k = %.
These values were assuned fo: all the subsequeht buckling calculations
in this reoort.
-29~
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. The side on impulse for this case is about 8psi millisec. The calculated
value of V i~ about .4. Going into the curve we find that for buckling
the value of “Vve,a is about .05. The experimental value of “e/a for
this test was found to be .08.

(6) Next consider buckling of an aluminum shell 3"0OD, 5" long and .008" thick
subject to an explosion of 1.1% at 10'. The side on impulse is about 6
psi millisec. The calculated value of V is about .3 which gives a */*a
of about .07. The experimental value was about .l.

(70 Lastly consider collapse of an aluminum shell 3"OD, 9" long, and .042"
thick subjected to an explosion of 115% at 17'. The O for this case
was 50,000 psi. The side on impulse is about 64 psi millisec. The cal-
culated VvV was about .31 giving a dofp =, & . The experimental value of

dv/p was about .6.

2. Sprayed explosive

In section IIB 3 of this report we discussed the behavior of shells under
very short duration loading such as would be obtained from sprayed explo-
sive. It has been found experimentally that the fixed ended shell deforms
into a pattern which corresp. .s to an abrupt change at the ends and an
almost uniform deformation alung the length. Consider as a first approxi-
mation that end effects are negligible. The energy of deformation can
then be written as follows: (assuming perfectly plastic behavior)

Ostal [ av T (M,. -./ ar . ]
- 7 2 [99]
v ﬂ[aszdc/—z‘),,f;ff)“"’ .
f:dvy\., 2—%
Now for a uniform impulse over half the cylinder
L = T, pt = \/v Crt) . [100]
Evaluating the integrals contained in V above, we obtain
- 2 .,
VI @ 2 a
An aluminum cylinder was tested, tle parameters of which were
a=+,ts" | d; = 26 00c ps¢

L =%, =022

The experimental deformation was about %" under a measured impulse of about
27 poi millisec.

Using the above relation we find that for Wese =.23 (which corresponds
to %" deflection in a cylinder with a = 1.5")
T = 24 P mitlisec

=30~




Thus the theory predicts reasonably well the impulse for a giwven deflec-
tion for this particular test.

Cpnclusions based upon experimental comparisons

It is shown that the side on impulse criterion give's excellent results

for beam deformation in the case of very small charges and short distance.
For larger charges and distances we will have to resort to the more exact
elastic-plastic theory using the differential equation.

For cylindrical shells it seems that the side on impulse gives excellent
results for rigid-plastic collapse and buckling behavior of all the shells
under long or short duration blasts. When more cases of sprayed explosive
results become available, they will be compared with theory.
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