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FOREWORD 

This report representa one phase of a general atudy of the 
Interaction of Ions with fluid flows under Contract DA-31-124- 
ARO-D-2ll6, U. S. Army Research Office - Durham, with Dr. Henry 
R. Velkoff serving as principal Investigator. 

The authors wish to thank T. Chuang« X. Dlller, D. Smith, 
I. Anderson, and M. Wlnlast for their assistance In various 
phases of the work reported herein. 
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ABSTRACT 

Friction factors, velocity distributions, pressure gra- 
dients, and density measurements were made on a 5/8-lnch x 
5-lnch rectangular flow channel with air flow. A plane of 
corona wires along the mldplane of the channel was the source 
of Ions which drifted across the air flow to the electrically 
grounded walls of the channel. Experimental data were collected 
to determine the Influence of the Ion flow on the air flow and 
the extent of the lon-fluld coupling. 

The electrodynamlc and hydrodynamlc equations were set up 
and several approximate solutions were obtained based on the 
postulatlon of a flow Induced body force and the assumption of 
fully established, one-dlmenslonal flow. The magnitude of the 
Ion effects was found to be significantly dependent on the Ion 
density distribution within the flow channel. 
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SECTION I 

INTRODUCTION 

The Investigation presented In this report Is concerned 
with the flow of slightly Ionized sir In a rectanguslr chsnnel 
In the presence of an applied electric field. The work pre- 
sented Is an extension of work In which flow of Ionised air 
in a round tube was studied and reported .1>2'3 The prior work 
utilised gas flowing along a 1-1/4-lnch diameter tube In which 
a fine wire was located concentrically. A voltage was applied 
between the wire and the wall of sufficient Intensity to pro- 
duce a corona discharge around the wire and consequently pro- 
duce unipolar ions in the gas. The results of this prior work 
indicated large changes in pressure drop, velocity profile, and 
heat transfer occurred when slgnlficnnt ion-currents flowed 
transverse to the flow. The analysis reported in Reference 3 
postulated the existence of an axial body force as a limiting 
case and the results of the analysis showed order of magnitude 
agreement with the test data. Prom the analytical work It 
could be concluded that the Ion-flow coupling mechanism could 
possibly be active in parallel plate channel flow and In ex- 
ternal boundary layers as well. Consequently, studies of the 
Ion-flow coupling effects on boundary layers was extended into 
parallel-plate channel flow and external flow. This report 
covers the studies conducted on the parallel plate case, which 
were aimed at determining whether the trends predicted by the 
theory for the flat channel would be found to establish the 
validity of the theory, and above all to secure a better 
understanding of the basic mechanisms underlying the ion-flow 
coupling phenomenon. 

In the present work, theoretical analyses and experimental 
tests were carried on using air at atmospheric pressure and 
temperature with a corona discharge as the source of Ionisation. 
Experimental results show that the friction factor of the fluid 
flowing in the duct is increased by the ion coupling by a fac- 
tor of approximately two, within the range of tests performed. 
Approximate solutions have been developed which show similar 
trends as the experimental results. 
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SECTION II 

APPROXIMATE THEORY 

Hydrodynamic Approach 

Th« oas« of tht flow batwtan two Infinit« parallel flat 
plan«« la contldertd. Thia modal approximataa flow in a rec- 
tangular channel with a large aapect ratio. lona of one sign 
are aaaumed to be emitted from a midplane and travel across 
the flow area to the flat platea. 

J 
FLAT PLATE ELECTRODES 

't2 / 
EBBmngmnmnxnasziixs! 

ION SOURCE AT MIDPLANE 

In the hydrodynamic approach, the Ions existing in the 
fluid give rise to a body force per unit volume, pcE, acting 
on the fluid. The following assumptions are also used: 

1. The fluid Is incompressible. 
2. Gravity forces and magnetic forces are negligible. 
3. Ionisation is produced only on the midplane, and 

therefore, only lone of one sign exist within the 
bulk of the fluid. 

4. Charge diffusion la negligible. 
5. Steady-state conditions exist at all points in the 

flow field. 
6. Non-uniform electric field terms are negligible. 
7. Conductivity Is small and, therefore, all current is 

caused by Ion motion. 
8. The Ions have a constant mobility. 

k 
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The complete set of hydrodynamlc and tlectrodynamlc 
equations for Cartesian coordinates listed In Appendix I 
then reduce to 

pfu 1* ♦ w »O • - Ä ♦. (¥*  ♦ *!*)   + p E 
\ ay    dz /    iz     w  Viy7  äz7/   c c « »      (1) 

AUä7+ wn)   ä7 + u ^*^l) * pcE« '     (2) 

|i*|I. 0 , (3) »y  as    ' v'" 

0CU + PcKEy ■ Jy   , (4) 

ocw ♦ pcKEz - Jz  f (5) 

(6) 

(7) 

(8) 

Up to this point In the analysis, gradltnts In the flow 
direction and fluid motion In tht transverse direction are 
Included. The assumption Is now made that the velocity and 
electric fields are "fully established", I.e., all gradients In 
the z direction except dp/az are zero and u ■ 0. Then Eq. (6) 
merely states that Jy Is a constant, and Jz appears In Eq. (5) 
only. The solution of Eq. (1) for the velocity field then re- 
quires a specification of Jz. 

A limiting solution may be obtained by taking Jz ■ 0.  It 
Is seen then that by combining Eq. (5) Into Eo. (7) that 

1 121 - 0 , (9) 
K 3y 

which Is satisfied only for w ■ 0 under the assumptions made. 
(See Appendix II where this difficulty Is removed, but then 
Eq. (8) Is not satisfied.) The following solution then will be 

aj^ 
ay 

+ az 
■ o . 

aEy 
az 

- 
aEz 
8y 

■ o , 

3Ez 
dz 

+ 
'y 

■ PC 
T » 

3 
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a limiting solution for the flow velocity approaching zero, or 
can be considered as an approximate solution for finite velocity 
which does not satisfy the Irrotatlonal field condition of Eq. (7). 
Eqs. (1) through (8) become: 

|£ - w ilw . PcEt . 0  , (10) 

Jj  " PcEy - 0  , CU) 

PcKEy - Jy  . (12) 

w ♦ KEZ - 0  , (13) 

Ä.o  , (ii) 

Ä- 0 , (15) 

(16) 
>y  7 

c 

Prom Eq.(1^), Jy Is a constant. Then substituting oc from 
Eq.(12) Into Eq. (16), It Is seen that pc and Ey are uncoupled 
from the velocity field. 

Substituting PC from Eq. (12) into Eq. (16) yields 

(17) 1 
2 

aEy 
Ke h 

whose solution is 

Ey 2 . 2JyjL + 

Ke 
Cl (18) 

where Ci is a constant. This relation has also been developed 
elsewhere CO. 

The boundary condition on Ey specifies the value of the 
constant Ci.  If the Ionisation Is described as "space charge 
limited", then Ey a 0 at y ■ 0 and Ci « 0. Then, the field and 
ion density profiles are 



-Z_ 

: 

: E. [Hff • (19) 

and 

(20) 

The above equation for PC yields an Infinite Ion density 
at the mldplane, y ■ 0, as a result of the neglect of the Ion 
diffusion term.  Ionic diffusion would tend to decrease the 
Ion density near y ■ 0. 

According to Eq. (19) the electric field strength Is zero 
at the plane of lonlzatlon, y ■ 0, and Increases with y1/z. 

When the lonlzatlon plane Is a corona discharge, another 
possible boundary condition Is that Ey ■ Ec at y ■ 0, where Ec 
Is a constant equal to the breakdown 
(Ref. 5, p.260).  Then Ci ■ Ec2 and 

'hi Id strength of the gas 

iy. |g«Li anj . 

K 
Kc 

2Jyy * E|Kc 

(21) 

(22) 

The solution to the velocity field will be determined 
first usine; the field and Ion density relation of Eqs. (19) 
and (20).  Prom Eq. (13). the electric field component In the 
z direction, Ez, Is 

Eg - - JL 
K 

(23) 

Substltutlnp; Eqs. (23) and (20) into Eq. (10) results In 
the differential equation for the velocity w. 

JUS . I  /S?vi- w _ i£ - o 
3y   K V 2K    y 8z 

(a*) 

The solution of Eq. (2^) Is listed In Ref. 3 and requires 
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a numerical evaluation of Integrals. An approximate solution 
can be schien ■• o . 
OSylH, which 
can be achieved by replacing y-1/2 by Its average value over 

Is 2H-1'2. Equation (2«) then becomes 

32w _ 1 \2Jyt  ["t w . !£ 
ay7  K [ HK J   "  as (25) 

Thla Is equivalent to taking a mean value of the charge 
density distribution represented by Eq. (19) which yields 

'cm (26) 

and then substituting Into Eq. (10). 

Using H, iowm, wm as non-dlmenslonallzlng distance, pres- 
sure, and velocity, Eq. (25) In non-dimensional form is 

ä!w . N  w _ ^ d££ 
Pc    2 dn «< 

(27) 

where W, pÄ, n, and t are non-dimensional quantities. Np is 
called the charge number and is equal to 

PcmH 2Jy. 
HK uK 

WHH 
The Reynolds number Npg is defined as Npp; ■ p -IÜ- 

The hydrodynamic boundary condition is H ■ 0 at y ■ *Hf 
the no slip condition at a solid wall, and dW « 0 at y ■ 0, 

dn 
which means that the lonization plane imparts no shear force to 
the moving fluid. 

is 
The solution to Eq. (27) with the above boundary conditions 

w = -NRE  3P# 

2Npc  3f. 
1 - 

u N  * cosh iJPc n 

cosh N. 
PC 

(28) 

which reduces to the expected parabolic profile 

W - - NRF _2£*(l-n
2) 

3 C 
(29) 

\ Ik 
■'...^i 
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for N, ♦ 0. 

Defining a friction factor f —i- we find from Inte- 
a c 

grating Eq. (28) across the flow area that 

3/2 

f - 
2 2Npc  

NRE(Npc^ - tanh N0 ±) ' 
(30) 

PC 

which reduces to the expected f ■ °/NRE for plane Polseulle 
flow. 

Velkoff 3 also gets an approximate solution to Eq. (24) 
by taking the second term of that equation equal to a constant, 
Its average value over 0 5 y 1 H. Equation 24 In non-dlmenslonal 
form Is then 

32W  N    ^[RE ap^ 
3y2 " Pc ~ 2 3 5 " (31) 

The solution of Eq. (31) with the boundary conditions as 
before is 

w Npc   NRE 8p* 
2        4   ac 

(n2 - 1) (32) 

The friction factor f » - äp/Ö6 is 

Hec 
(1 + -^ -2_ 

3  KRE 

which again becomes 

f.-i- 
"RE 

(33) 

(3^) 

for the limiting case of Npc = 0. Equations (30) and  (33) are both approximate 
solutions of the friction factor derived from Eq. {2b).    Equation (30) utilized 
an average value of y"7' and Eq. (33) utilized an average value of wy''A  for the 
solution. They can be regarded then as integral solutions of the friction 
factor. Figure 1 compares the graphs of the two integral solutions and it is 
seen that they differ by less then 11^ up to a charge number of U. 

The solution to the velocity field will next be determined using the field 
and ion density profile according to Eqs. (21) and (22).  Substituting Eqs. (22) 
and (23) into Eq. (10) results in the differential equation for the velocity w. 



äf*  Sä 
dy2 ' K2 

Kc 
2Jyy + Ec^Ke If-- (35) 

The relative magnitudes of the two terms in the denominator of the second 
term will be determined.    For 

Jy - 3.33 x 10"6 amp in.-2 

y « 0.312 in. max 

K ■ 0.216 in.2 volt-18ec'1 

€ • 2.5^ x 10-14 coul2lb'1in.-2 

Then 

and 

E*  =• 76.2 x 103 volt in."1 

2J yy - 2.08 x 10-°  amp in."1 

E2K€ = 2.8'+ x 10"4 amp in."1 
c 

Therefore, since 2Jyy is negligible compared to E2K6, it will be neglected. 
Equation (35) then reduces to 

a^   WJy  dp 

In nondimensional form 

(3o) 

IIi-£ 0^ 

2 Ö5 
(37) 

The quantity JyH2/(iK2Ec ■ Ni appears in Eq, (37) in the same position as 
Npc in Eq. (27). Since 

JvH' JyH 
UK2EC  Ec I 

K 
Npc 

the solution to Eq, (37) is the came as Eq, (28) except that Npc is multiplied 
by 

1   "Vn 

2Ke 

■•? 
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-he solution to Eq,   (37) is 

1 - 
cosh Ni14 TJ 

cosh Ni-4 ]. (38) 

and the corresponding friction factor is 

3/2 
f » 2Ni' 

%(■&**«* N1'A) 
(39) 

One significant difference between the velocity profile solution using the 
ion density relation of Eq. (36) and the solution using (22) is that in the 
former the current density appears in the non-dimensional charge number to the 
half power, whereas in the latter the current aensity appears to the Tifst 
power. 

The assumption is sometimes made when dealing with distribution of charges 
in an electric field that the charges do not affect the electric field. Making 
this assumption then, the electric field strength is constant. 

E ml ■if y  H (^0) 

where V is the voltaße applied to the ionization plane, and the walls are at 
zero potential. 

Now from Eq.   (12), 

Jy   ■   PCKEy 

._. ^ JyU 
KEy " KM 

ikl) 

Substituting Eqc.   (ho) and (23) into Eq,  (lO) results in the uifferential 
equation for the velocity rieli. based on no field distortion by ions. 

CTv        JyH dp 

az M^-" 
(^2) 

In non-dimensional terms, Eq. (U2) becomes 

am 
5 

JVH3 NRE    op 

)iK2V 2      21 
(U3) 

10 
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The non-dimensional parameter JyH^Ml^V ■ Na appears in Eq, (1*3) exactly 
as Npc appears in Eq, (27). The solution therefore, is identical to Eq. (28) 
with Npc replaced by Ng.    Since 

JyH3 L 1 f JyH3 

M^V " V L 2Ke 
NPr 

The non-dimensional parameter in the solution of Eq. (k3) is Npc multiplied by 

1 

V 2K€ J L 2K€ 

[] 

The corresponding friction factor is 

f 2N.3/2 
NRE(N2'/4 - tanh Na''4) PA) 

i 

As in Eq.  (37), the current density appears in the non-dimensional charge 
number to the first power. 

The approximate theories discussed are tabulated below: 

Charge Density 
Distrubution 

KH -i 

M 

5L 
KEP 

JyH 
c  KV 

Friction Factor 

2NP, 
3/2 

NRE(NPC'
A
 - tanh NPj/O 

Space charge limited field 
at midplane, integral solu- 
tion of Eq. {2k)  by taking 
average value of y"''4 

f = 
2Ni 

3/2 

NRE^Nl'/' " tanh **» 

Wz 
3/2 

NRE(N2''
4
 - tanh Na'^) 

11 

Space charge limited field 
at midplane, integral solu- 
tion of Eq. (2|0 by taking 
average of wy-'/' 

Critical field strength 
at midplane 

No distortion of field by 
charges 

?"5" 



where 

NP. 
f 2Jyg T H2 

L HX -■ l« 

Ni > 

Na 

JyH2 

JvH 

In the table above there are only two different functional relations 
between friction factor and charge number, which are shown plotted in Fig. 1. 

If f = dp/d5 from Eq. (30) is substituted in Eq. (28), there results the 
expression for the non-dimensional velocity distribution as a function of 
charge number. 

W = 
cosh Npc7*') 

cosh NPQ* 

tanh Npc 

NP * -] («»5) 

Figure 2 shows the shape of the velocity distribution from Eq, (^5) with 
charge number as a parameter. The velocity distribution becomes flattened in 
the central region of the flow channel with increasing charge number, in exact 
analogy with Hartmann flow in magnetohydrodynamics. 

Kinetic Theory Approach 

The kinetic theory approach treats the ions as being discrete particles 
dispersed within a fluid. If the ions have a statistically different motion 
than the molecules of the main fluid, then forces on the main fluid arise 
because of collision between the ions and neutral particle. 

Considering flow between infinite parallel plates and using the same 
notation as before, the equation for the velocity is, from Refs, 6 and 7 

^ |fw     ^ + 8 f2m*nkTP dio
zn0pc(M-Vi) w 

where 

12 

wl 
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me'' ~ f 

Bt* ■ reduced mass m^ino/in^-hnQ 

mi, mo ■ mass of ion and mass of neutral particle 

T ■ absolute temperature 

dio - 1/2 (di-hio) 

di, d0 ■ diameter of ion and diameter of neutral particle 

Pc, n0 ■ number density of ions and neutral particles 

wi = statistical average velocity of ion 

The last term in Eq.  (kS) is analogous to a body force per unit volume in 
the hydrodynamic formulation.    The solution of Eq.  (U6) requires a specification 
of wi, the ion velocity.    The greatest contribution of the last term of Eq. 
(^46) occurs for w^ ■ 0, which would mean that the ions travel across the flow 
with no downstream motion.    This is exactly the same simplifying assumption 
used earlier when J2 was tauten equal to zero.    The solution to Eq.   {k6) will 
be obtained using w^ = 0; the friction factor thus obtained will be an upper 
limit on the effect of ionic coupling to the mean fJow. 

First nondimensionalizing Eq.   (^46), 

Ö - i [2™*^]* aio
2 a«, Pc JC W - M  & = o 

^3 n 2      dt 
(U7) 

Comparing Eq.   (hj) with Eq.   (27),  the quantity 

I [ata^kT]'4 dio
2 nc pc a- = Na m 

is exactly anaioguus to Npc« 

Since Pc, the ion number density can possibly be a function of y, the 
solution of Eq.  (^7) requires a separate solution of the electrodynamic equa- 
tions to obtain PC.    This requirement is the same at. the requirement of obtain- 
ing oc  in the hydrodynamic formulation. 

For the assumption of pc = constant = Jy/KEC,   (which led to nondimensional 
parameter Ni  in the hydrodynamic formulation) and 

mi ■ BQ =1.02 x lO-25 LBM/Moleculo 

m* - 5,13 X lO-20 LBM/Molecule 
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T 

n 

H 

K 

Ec 

di - do - IM x 10-8 in. 

3000K 

k.03 x 1020 Molecules in.-3 

1.23 x 10-5 Ibm ft-lsec-1 

0.312 in. 

0.2J£ in.2 volt-xsec-x 

76.2 x 103 volt in."1 

we find 
Na » 0.20 Ni (^9) 

and for 

1x1 
L KH J 

which led to the nondimen jional parameter NPC in the hydrodynamic formulation, 
we find 

N3 ■ 0.1k  Np, (50) 

The kinetic approach leads to the identical problem as the hydrodynamic 
formulation, i.e., the ion number density oc must be specified for a deter- 
mination of the parameter equivalent to the charge number.    For numerical 
values of the quantities resulting from the kinetic approach, the resulting 
nondimensional parameter is seen to be less than the analogous nondimensional 
parameter resulting from the hydrodynamic approach, based on the same ion 
density. 

The simple kinetic approach assume? that momentum is transferred by col- 
lision of ions and neutral particles, treated as hard spheres which exert 
forces only on collision.    Since changed particles can exchange momentum with- 
out actually colliding in the narrow sense,  close agreement in the determina- 
tion of the charge number between the simple kinetic approach, and the hydro- 
dynamic approach is not expected. 
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SECTION III 

EXPERIMENTAL 

Description of Flov Channels 

The production of ions in all phases of the test work was achieved by the 
positive corona discharge mechanism, A high positive voltage was applied to 
thin steel wires, with a grounded electrode, usually the duct walls, located 
nearby. The resulting electric field is much more intense near the wires than 
near the ground electrode, and if the applied voltage is above a critical value, 
breakdown of the air in the high field region near the wire results in ioniza- 
tion of the air. 

Within the region near the wire where ionization takes place these exist 
both negative and positive ions; the negative ions or electrons travel to the 
wire and the positive ions travel out of the ionization region and drift toward 
the grounded electrode. Except for the thin region near the wire then, the 
fluid under investigation consists of air containing drifting positive ions. 

Since the applied voltage is the cause of the ionization and is also the 
cause of the positive ion drift, it is clear that the amount of ionization and 
drift velocity are not independent for this method of ion-flow tests. Varia- 
tion in drift velocity and ion current could, however, be achieved by using 
wires of different diameters. 

The first rectangular channel to be constructed under the test program 
was a l/U inch 5 t inch x 3 foot long duct with one 5-inch side as the grounded 
electrode. Wires (0,OOU-inch dia) were stretched along the opposite 5-inch 
side in the flow direction. The wires were spaced l/U-inch apart and located 
tangent to the wall surface. 

* 
f fit n f n f 

Grounded Wall 
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The flow channel with no voltage on the wires would closely approximate 
flow through a rectangular duct, and serve as a definite limiting case for 
the study of the ion coupling phenomenon. 

With the application of slowly increasing voltages to the wires in the 
above channel, it was observed that a constant current was not obtainable, but 
rather frequent arcing and spark discharges occurred. At this time it was 
postulated that the proximity of the dielectric wall (Plexiglas) was in some 
way affecting the comona discharge mechanism. To further investigate this 
occurrence, some test work was performed to measure the effect of a dielectric 
surface near a corona wire. This work is described in Appendix III where it 
is shown that the proximity of a surface to a corona discharge greatly affects 
the corona characteristics. 

Since the main object of the study was the ion flow coupling with air 
flow, another rectangular duct 5/8 inch x 5 inches x 10 feet long was con- 
structed as shown in Figs. 3-7. 

The corona wires were stretched lengthwise along the midplane of the 
channel, thereby obviating the surface effect noticed in the earlier flow 
channel. 

Static pressure taps were located along the centerline of the upper 5-inch 
wall at one-foot intervals along the duct length. Traversing total pressure 
probes, constructed of glass, were located at distances of 5» 9> and 9.8 feet 
from the duct inlet (hereafter referred to as Positions A, B, and C, respec- 
tively). Probes at Positions A and C were located in the center of the duct 
in the transverse direction and hence traversed the duct cross section midway 
between two corona wires; the probe at Postion B was directly over a wire and 
hence, only traversed half the height of the duct. 

The output from the hißh-voltage supply was connected to ten variable 
resistors in parallel (Fig. 5). Each resistor was in turn conne^lci to one 
of the ten corona wires in the duct; then with a given voltage setting on the 
high-voltage supply, the voltage drop across the variable resistors enabled a 
different voltage to appear on each comona wire by adjusting the resistor. 
The voltage adjustment was necessary since each wire has a slightly different 
ampere-voltage characteristic (Fig 81, and it was desired to maintaii: equal 
currents in each wire. For all tests performed, the resistors were so adjusted 
that a uniform current existed in each wire. From Fig. 8 then it is seen, 
from the variation in voltage at a given current, that the voltages appearing 
on the wires could differ from each other by up to 150 volts. The range of 
voltage applied to the corona wires for all test work on the duct was 5000 to 
5700 volts (Fig. 8). 

Electrical Characteristics of the Test Apparatus 

Upon application of the high voltage to the corona wires, a uniform blue 
corona glow was observed and repeatable ampere-volt characteristics were 
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achieved. Figure 8 shows the range of characteristics of the different wires, 
and Pig. 9 shows the ampere-volts characteristic for ascending the descending 
voltages. 

Figure 10 shows how the ampere-volt characteristic acts with a flow of 
air in the duct. Since the ampere-volt curves at various Reynolds numbers are 
approximately identical, it can be concluded that the mean air motion has no 
effect on the corona voltage-ampere characteristic. It may also LS stated 
that within the range of air flow rates tested, there is no loss uf ions by 
being blown from the duct exit, as this phenomenon would cause the ampere-volt 
characteristic of the electrical circuit to be dependent on the Reynolds number. 

The plane of the ten wires is positioned at the midplane of the channel, 
and consequently an equal current should flow to each grounded wall if the wire 
spacing were exact. For the experimental tests performed, it was possible by 
positioning of the wires to obtain ion currents to the two grounded walls which 
were equal to within 5^« 

Since the approximate theory developed earlier led to the condition that 
the transverse current density Jy ■ constant, Jy could be obtained by dividing 
the total corona current by the total exposed area of both grounded walls. 
The nondimensional charge numbers as developed earlier by means of various 
approximations are tabulated below for this flow channel at several values of 
total corona current. 

Total Corona Current 
in Test Channel 

0 
1 ma 
2.3 ma 
h.O ma 
5.5 ma 

JvHs 

MK2EC 

0 
0.076 
0.183? 
0.30U 
O.U15 

JyHa 

MK
2
Y 

0 

0.3^3 
0.836 

1.31 
1.76 

It was found that the corona wires, which were bright and lustrous in 
appearance when new, exhibited a light-brown coating on their curface after 
an extended period of corona discharge. This phenohenon, postulated to be 
caused by the corrosive action of ozone, caused a slight change in the volt- 
ampere characteristic: of the- wire. As shown in Fig. 11, the effect is to 
require approximately 150 more volts on the old wire to obtain the same current 
as on a new wire. 
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Effect of Ions on Friction Factor 

A friction factor 

f =^ 
5 Pwt ö| 

I 
I 
I 
I 

\ 

was determined by measuring the static pressure decrease along the duct in the 
flow direction. It can be seen from Figs, 12, 13, 1^, 15, and 16, that the 
pressure gradient in the flow direction appears as a constant, which supports 
the assumption that the flow field can be described as "fully established," or 
one dimensional. Figure 17 shows the log friction factor plotted against log 
Reynolds number. The curve for zero current isj parallel to and slightly above 
the line f = 6/Np£ which is the result for simple laminar flow of air between 
infinite parallel plates. The amount by which the zero current line is above 
this curve can be attributed to the side wall and wire influence on the fric- 
tion, and experimental error. 

For Reynolds numbers below about 650, it is seen on Fig. 17 that the 
curves for friction factor with ion flow are parallel to and above the curve 
for simple air flow. This indicates that the ion coupling effect behaves as 
a laminar flow, i.e., friction factor times Reynolds number equals a constant 
for a certain charge number Npc. 

Above Reynolds numbers of about 650, the curve in Fig. 17 for zero current 
departs from lineurity, indicating transition to turbulence. The flow regime 
above Njyj = 65O will therefore be considered the turbulent regime. It is noted 
from Fig. 17 that within the turbulent regime the measured friction factors 
with ion current fall on the same curve as the flow with no ion current. In 
this flow regime the frictional resistance caused by turbulent mixing becomes 
large in relation to the induced electric body force, and thus would tend to 
overshadow the measureable effect of the charge number. In addition, the eddy 
diffusivity associated with turbulence might sufficiently affect the ion dis- 
tribution across the duct to result in smaller electric body force than would 
exist in laminar flow at the same charge number. 

The quantitative effect of ion current on 
in Figs. 18 and 19, which include only data in 
included on Fig. 18 axe  curves representing the 
earlier (Eqs. (30, 33. 39, 1+10. AJ1 the theore 
upward on Figs. 13 and 19 by a facotr of 1.53 
experimental friction factor data at zero ion c 
represents the friction contributed by the side 
corona wires— not included on the theoretical 
experimental errors. 

the friction factor is depicted 
the laminar flow regime. Also 
approximate solutions developed 

tical curves have be^n shifted 
o that they agree with the 
urrent. This upward shift 
walls of the channel and the 
treatment, as well as systematic 

Figure 18 shows that the experimental data lie between the first two and 
last two of the approximate solutions listed on page 11. The upper two curves, 
Eqs. (30) and (33) are functions of Npc, which contain the ion current to the 
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: one-half power, fluid hence appear as curved lines. The lower curves, Eqs. (39) 
and (hk)  are functions of Ni and Ng which contain the ion current to the first 
power, and hence appear as approximately straight lines. Althouf^i Eq, (kk)  is 
closest to the data points at high values of current, it is to be noted that 
the data functionally does not behave as a straight line for small values of 
current. 

On Fig. 19 the experimental friction factor data is plotted against Npc. 
It is seen that the data feüJ. fairly well on a straight line for all values of 
charge number, and hence it is concluded that the friction factor is function- 
ALLly dependent on the ion current to the one-half power. Although the theo- 
retical curves on Fig. 19 indicate much too great on ion effect than that 
measured, it must be remembered that they are dependent on the value of the 
mobility, which appears in the charge number to the 3/2 power, euid the exact 
vaJ-ue of mobility to be used in any one experiment is somewhat uncertain.5 A 
straight line was drawn through the data points on Fig. 19 which represents 

fNRE = 9.2 (1 + 0.13 NPC), (51) 

an empirical line which best fits the experimental data. 

Effect of Ions on Transverse Pressure Gradient 

For fully established flow with no ion effect, the static pressure trans- 
verse to the flow is constant.    However, in the presence of a field E    and a 
charge density PC, there results a body force in the transverse (y) direction 
equal to PcEy, which,  for one dimensional flow is equal to the transverse 
pressure gradient,  dp/dy. 

Since 

from Eq. (6) and Jz was assumed zero, there results 

Jy = Pc^Ey ■ constant (52) 

and since pcEy = <%>/$/ from Eq.  (ll) then 

•2E = -^ = constant. 
3y      K 

(53) 
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Static pressure measurements were made using the traversing pressure 
probes with zero air flow in the duct. Figure 20 shows the pressure varia- 
tion at locations A and C which represent traverses between corona wires. It 
id seen from the slopes of the curves that the experimentally measured pres- 
sure gradient is approximately equal to the theoretical gradient except for a 
region near the wires representing about one-fourth of the duct volume. In 
this region the fact that there are discrete wires, each acting as an ion 
emitting plume, may be affecting the pressure variation. Therefore it can be 
expected that the transverse pressure gradient near the plane of the wires will 
be somewhat different from the gradient far from the wires. It is also noted 
that the pressure distrib itlon at location C, near the duct exit, is similar 
to the distribution at location A, as expected since the probe locations only 
differ in tie value of axial position z. 

It was thought that the transverse pressure gradients existing in the 
channel could result in a circulating flow around the corona wires, (corona 
wind) which would also have the effect of increasing the friction factor if 
the circulation were active with an axial flow. Therefore, transverse pres- 
sures with no net axial flow were measured with the pressure probe oriented 
along the axis (the total pressure probes used in the flow tests) and also 
with a probe oriented perpendicular to the bottom duct wall. If there was 
any air movement in the duct, there would be a different pressure distribution 
read by the probes in the two orientations. Figure 21 shows a comparison of 
the pressure measurements made at location A, which shows some scatter, but 
no definite differences in the pressure distribution as measured by probes at 
the two orientatior.s. For all the pressure measurements at locations A and 
C, the minimum pressure was at r) = ± 0.2 to ± 0.3, this fact not explicable 
by a model of a planar ion source may be caused by the effect of the individual 
wires. 

Figure 22 shows the pressure distributions measured at location B, which 
is located directly above a wire. Again there is some scatter in the measure- 
ments, and it is net evident that the probe orientation is important here. 
The data points indicate that the pressure distribution does not follow the 
slope of the theoretical dp/c3y = J/K line. It is suspected that here, when 
the probe is directly over the wire, the presence of the probe affects the 
corona discharge and hence affects the ion density ir' the vicinity of the 
probe. Figure 23 shows the effect of current on the transverse electric pres- 
sure difference between the point rj ■ - 0.5, which is halfway between the raid- 
plane and the lower wall, and the pressure at the upper wall, wher^ TJ = 1. 
The measurements show an approximately linear increase of pressure with current 
density, as expected, and the slope of the data points is approximately equal 
to the theoretical line based on öp/py = Jy/K. 

Effect of lor.- on Velocity Distribution 

Local velocities across the air duct were determined at locations A, B, 
and C, by measuring the difference between the total pressure and the static 
pressure. The total pressure was measured with a glass probe oriented up- 
stream. The static pressure at the upper wall at locations A, B, and C were 
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obtained from the pressure at a point away from the wall was then determined 
from the transverse electric pressure curves of Pigs, 20 and 22, Since no 
correction was made for the effects of sheared flow on the static probe reading 
near the wall or wire, errors can be expected for the velocity determination 
close to the wall or wire; also, because of the large scatter in the trans- 
verse pressure gradient measurements, the velocity profile data are subject to 
a large experimental error. 

Figure 2k  shows the results of velocity determination for location A 
compared with the velocity profile determined by the approximate theory. The 
mean velocity wB used to nondimensionalize the velocity was determined by a 
measurement of the total flow in the duct. The integrated value of the veloc- 
ity curve over the flow cross section should, therefore, equal 1,0 if no exper- 
imental erros existed. The effect noticed is that the experimentally measured 
velocity profile is flattened much more than the theoretical model would indi- 
cate. 

The velocity curves for low Reynolds numbers. Figs, 25, 26, 2? in the 
laminar regime, show that the ion coupling acts to depress the velocity at the 
center of the duct and causes a higher velocity gradient (and more friction) 
near the walls, in qualitative agreement with the approximate theory. Near 
the center of the duct the deviation of tne theoreticaJ. velocity curve and the 
measured values is the greatest, but it is here that the effect of the discrete 
corona wires affect the model, as discussed earlier in the treatment of the 
transverse pressure gradient. 

The velocity curves for a flow rate in the turbulent regime, Fig, 27 
shows that the ion effect is very small, in agreement with the effect noticed 
on the friction factor, that the ion effect was smaJ.1 in the turbulent regime. 

Figure 28 is the measured velocity distribution at location B, which 
shows an almost flat profile. As discussed earlier in connection with the 
transverse electric pressure at location B, the electric pressure determination 
here is in doubt because of the probe effect on the local corona discharge. 
The velocity determination at location B is therefore thought to be much more 
in error than at locations A and C where the probes are between wires. Figure 
29 is a measured velocity distribution at location C, near the end of the duct, 
and is seen to be similar to the results obtained at location A, 

Effect of Flow on Current Density 

From the electrical field equations. 

V x E = 0 (5U) 

.: 

and in this channel case this equation reduces to Eq, (?) 
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As a limiting case, the approximate theory Indicates 

Ez - - w/K (23) 

Assuming K is constant, then 

Since fully established flow is considered, w / f(z), hence 

w = f (y) alone (56) 

and 

|---fi(y) . (57) 

Thus 

J    dEy -i j   fi(y)dz (58) 
Z»Zl K  Zi 

Eyz2 " Eyzi ■ Z^- (z2-zx) • (59) 
a 

This above analysis indicates that unless w is a constant value across 
the channel, we can expect that a variation in Ey will occur along the axis 
of the channel. If one examines the characteristics of a corona discharge, 
see for example Fig. 9» it is readily apparent that the discharge is highly 
sensitive to changes in voltage. In the cirtical discharge region, a small 
change in voltage will lead to a large change in current. Since the internal 
field in the transverse or y direction is related closely to the voltage, it 
can be expected that if changes in the transverse field, Ey, occur along the 
channel, then changes in the local transverse current, Jy, should result. 
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From the foregoing analysis, one should expect to see an approximately 
linear change In Ey along the channel. If this occurs, then one would expect 
to find that the corona currents increased along the length of the channel. 
Under such conditions for a very long channel, it could be expected that the 
air flowing along the channel would induce very high local Ey fields at the 
end of the pipe, perhaps sufficient to lead to breakdown. Since a variation 
of Ey aJong the pipe was predicted from the analysis, it was decided to con- 
duct a test to determine the variation of current density along the channel. 

In the Initial tests, the grounded channel walls were constructed of 
single pieces, and measurement of local current density was impossible. The 
flow channel was later modified by covering one grounded wall with an insu- 
lating covering and painting it with transverse strips of conductive silver 
paint, each strip being separated from the adjacent one by a thin unpainted 
area approximately l/32-inch wide. The current to each strip divided by the 
area of that strip then gives the local current density at the location of 
that strip.  (See Fig. 30) These modifications were made to determine the 
extent to which ion density is affected by the air flow. 

Figure 31 shows the current density profile for zero, 265, and 860 
Reynolds number. The curves show only a slight shift in shape, toward a higher 
density downstream with air flow, as expected. The curve for zero air flow 
is not flat because slight changes in Geometry along the duct due to wire sag 
and duct alinement greatly affect local current density. The  isolated points 
on Fig. 31, showing low values of current density, are caused by the effect 
of nylon filaments stretched across the duct to support the corona wires and 
eliminate wire sag. 

Figure 32 shows the average current density for an area of duct wall in 
the upstream half of the duct and an area of wall in the downstream half of 
the duct, as a function of Reynolds number. It is seen that the air flow acts 
to force a higher current density downstream and a lower current density up- 
stream. The amount of change depends on the Reynolds number below about U00, 
and is independent of the Reynolds number above U00. These curves indicate 
that an ion-fluid coupling does exist and suggest that the postulated flow 
induced body force may possibly exist. 
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Flow Visualization Attempts 

Smoke was injected into the channel through the total pressure probes to 
obtain a visualization of the flow field. (The side walls were transparent 
Plexiglas). Although smoke particles are inherently charged, their mass is 
large compared to an ion, and therefore, they would drift to the electrodes 
much more slowly than the ion drift, and hopefully the smoke particle motion 
would be affected by the local fluid motion in the duct. 

With no ion current, the smAe stream provided a clear!/ defined visu- 
alization of the streamlines, but upon the onset of ion current, the smoke 
pattern was rapidly diffused, mixed with the air, and precipitated, resembling 
a turbulent motion in appearance. Consequently, no characteristic flow pattern 
was discemable with the smoke studies. 
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Supplementary Tests 

Effect of Fringing Field 

Although the static pressure drop along the flow direction was meas- 
ured as a straight line, Indicating that the Ion effect was continuously active 
throughout the duct length and was not an end effect, the following test was 
performed to determine the influence of the electrical end effect, or "fringing 
field." Several 2-inch-wide transverse conducting strips at different locations 
along the length were disconnected from ground and left "floating" with no 
current. Air passing completely through the duct then would have the effect 
of passing through six channels In series, as far as the electric field on the 
lower half of the duct Is concerned. The upper grounded wall was not provided 
with separate conducting strips and hence was at ground potential completely. 

With the above arrangement, the discontinuous electric field had 
practically no effect on the friction factor, (Fig 33) and hence it was con- 
cluded that the ion coupling effect is definitely not a surface or "end" effect. 

Effect of Number of Wires 

Throughout all of the test work, there were 10 corona wires, spaced 
at l/2-inch intervals across the 5-inch width of the duct. To determine the 
importance of the number of ion producing sites, one experimental measurement 
of friction factor was done with only five wires, spaced at one-inch Intervals, 
impressed with voltage. The other five wires were left in place, but discon- 
nected. Figure 3k  shows the pressure drop along the duct compared with a test 
using ten wires, both tests being at the same total current. The corresponding 
friction factor for the five wire run was 21%   larger than the ten-wire case. 
The difference is attributed to the fact that with one-inch wire spacing the 
ratio of wire spacing to half height of the duct becomes too large to maintain 
geometrical similarity with the ten-wire case. 
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SECTION IV 

CONCLUSIONS AND RECOMMENMTIONS 

Die effects of transverse ion flow on the flow of air In a rectangular 
duct were shown to display the same trends as found earlier9 in experiments on 
a circular pipe.   Friction factors were significantly increased, velocity 
distributions distorted, and a useful correlating parameter, the charge number, 
could be defined« 

Experimentally, it was found that the laminar flow friction factor was an 
almost linear function of the nondimensional charge number, Npc, as predicted 
by one of the approximate solutions*    The data was well represented by the 
relation 

&i (1 + 0.13 Npc) 
NRE 

up to a charge number of 8,2, which was the greatest charge number investigated. 

The transverse ion flow was found to generate an electric pressure gra- 
dient transverse to the air flow which agreed closely with the theoretical 
expression for a planar ion source. 

i 

near the channel walls. Near the midplane of the channel where the corona 
wires were located, the above expression was not applicable because of the 
individual effect of the wires which deviated from the ideal planar ion source. 

Velocity distributions across the flow channel were significantly dis- 
torted by the ion current.    Typically, the centerline velocity was decreased 
and the velocity gradient at the walls increased. 

Local transverse ion ''urrent density at the channel wall was measured 
and found to be dependent on the air velocity within the channel.    The effect 
of the air flow was to cause an increase in current density in downstream 
parts of the channel and a decrease in upstream parts.    At sufficiently high 
velocity no further change in current density was noted. 

It is recommended that further work be done to determine the type of 
possible ion-fluid coupling mechanisms and the extent to which they are active 
in specific fluid-flow configurations.    Included among the various possible 
ion-fluid coupling mechanisms we find (l) the direct generation of electric 
wind, causing mass motion along the direction of the electric field,8 (2) the 
generation of secondary flows induced by electric body forces,  (3) the modi- 
fication of the transport properties of the fluid medium caused by 'on motion. 

; 
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(4) the generation of flow-induced electric body forces, which Is treated in 
this report and elsewhere,2»3»9 the destabillzation of a fluid interface when 
two fluids or phases are present.10»11   Such mechanisms are distinct from 
effects caused by a non-unlfom electric field in fluids with a dipole moment.12 

Experimental and theoretical work is in progress on the study of flow 
Instabilities caused by electric body forces, item (2) above, which has been 
discussed in the literature as formation of toroidal cells19 or longitudinal 
roll cells,13»14 and its analogy with magnetic fields,15   Such secondary flows 
have analogies in classical fluid mechanics where the destabilizing body forces 
are caused by centrifugal force fields or gravitation force fields.19 

It is anticipated that further experimental work will include the appli- 
ca-tion of electrostatic probes to the direct measurement of ion density and 
field gradient within a moving fluid, and the development of flow visualization 
techniques suitable for use in electric fields. 
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APPENDIX I 

HYDRODYNAMIC AND ELECTRODYNAMIC EQUAKONS 

Momentum Equation 
> 

y direction ^--l^i i(|+f)^ (60) 

z direction 

• 

(61) 

Mass Continuity 

Charge Continuity 

Body Force 

|£ + ^eiii + ^esi - o 
ot       ay oz 

^^^■0 

Fy- 

FZ - PCEZ ♦ ^(JxH)z + | p V ?.E( ^ }TJZ 

■f2^).(f) 

(62) 

(63) 

(6U) 

(65) 

Maxwell's Equations 

dfeE V x H - J + 

^xr-.^ä 
dt 
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I! 
f] V.H-0 (68) 

n fitmSä &) I 

Equation of State 

■ | 
p - PRT (70) 

Ohm's Law J - cr[i* + ue(7x iß] + pcKi*- D V pc (71) 
I 
n 
1 
1 
1 
1 
D 
E 
E 
I 
[ 
E 
L 
I 
D 

where a subscript y or z signifies the component of that quantity in the y or 
z direction, respectively. 
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APPETIDIX II 

APPROXIMATE; AMLläiä SATISFYING THE IRROTATIONAL ELECTRIC FIELD CONDITION 

By formulating the electro-fluid dynamic equations as a one-dimensional 
problem, It was shown previously (Eq. (9)) that Eq.  (7)« which Is the condi- 
tion that curl E = 0, leads to the result that the velocity is constant, and 
therefore zero everywhere.    The analysis was continued, but for a finite 
velocity the approximate theory violates the electrodynamic Eq. (7), the condi- 
tion of an irrotatlonal voltage field. 

In the following analysis, Eq. (7) Is alway satisfied, i.e., curl E ■ 0. 
and the field Is a potential field, but it results in a violation of Eq.  (l£), 
which is the relation governing the electric field distortion by space charges. 

From Eq.  (5) 

w 
K 

(23) 

Substituting in Eq.   (7) 

dEy     1 äw 
dz       K äy 

(72) 

take 
Since w is a function of y only, Ey must be linear In z.    Therefore, we 

Ey » [l + ß I f(y) (73) 

where ß is a constant and f(y) is a function of y. 

For the y dependency of Ey, we take the relation of Eq. (19) > based on 
space charge limited current and zero velocity. Then 

•[ t,']!*»» 2Jyy 
K€  J 

% 
(7U) 

Substituting into Eq. (72) and integrating, 

2 ß 
w a — C. 

3 H ^ r [^2 - *3/2] (75) 
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(I 
I {     "which Is an expression for the velocity distribution obtained without consid- 

eration of the fluid momentum (Eq. (10)). If we put Eq. (75) into Eq. (23) 
Band Eq. (7*0 into Eq. (12)), it is possible to obtain an expression for the 
electric body force term, pcEz. 

T Using this force term in Eq. (10) and integrating Eq. (10) twice, 

i 
I 
Bf -—   1 -fißNPc Na (78) 

NRE   -       80 C      J 

fm where 

I? N = drift number - f S« K drlft veloclty 
■ • L qEW_  J   mean veloeltv 

I 
I 

c 
E 
[ 
r 

where the first term is the electric-induced term and the second term is the 
classical-parabolic term. 

Calculating the mean velocity from Eq. (77)> the friction factor, cem be 
calculated. 

9EW„ -1  mean velocity 

If Eq. ^'O and Eq. (12) are combined ir.to Eq. (1J6), a contradiction 
results; therefore, the above analysis does not satisfy the condition of Eq, 
(16). 

The above analysis indicates that the friction factor, f, varies with Jy 
and that fNj^g varies with NRJ. It was verified experimentally, however, that 
f varies with J^ and fNRE is constant in laminar flow, and, therefore, tlie 
above analysis is not a realistic model of the ion-fluid coupling. 
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APPENDIX III 

EFFECT OF NEARBY SURFACES ON CORONA 

In the early channel flow tests, corona wires were stretched along a 
plastic surface (Plexiglas) which formed one wall of the duct.    It was found 
that the corona current characteristic was non-unifonn and frequently not 
repeatable.    Since it was thought that small variations in the distance between 
the corona wires and the dielectric surface might be inportant in the corona 
current-voltage characteristic! an apparatus was constructed to determine the 
magnitude of the effect of a nearby dielectric surface to a corona discharge. 
The apparatus, shown below, maintained a fixed distance between the plane 
grounded electrode and the corona wire while the distance from the corona wire 
to a Plexiglas surface could be varied by a screw adjustment. 

n 

D 
D 
D 

Fixed Distance 5/16' 

Grounded Electrode 

/////// /IJ / / 
Corona Wire 

TTTTTlWTTTl 

Plastic Surface 

Variable Distance d 

A 0,010-inch wide x l/32-inch-deep slot was cut in the Piexiglas surface to 
enable the surface to move beyond the 0.00l+-inch-diameter wire.    Figure 35 
shows the effect of d, the distance from the wire to the plastic surface.    It 
is seen that for small values of d the current-voltage curves become steeper, 
and sparking from the wires to the ground electrode occurs at a lower voltage. 
For d«"0, the result was that no corona current occurred at all voltages up to 
the sparking voltage.    Therefore, the effect of the plastic surface was very 
critical to the corona characteristic for small values of d. 

It was desired to also determine the effect of an air flow over a corona 
discharge while being affected by the proximity of a dielectric surface.    For 
this purpose a needle utilized as a corona point was maintained concentric 
within a hole in a nylon spool.    The spool could be raised or lowered to allow 
various lengths of the needle to protrude beyond the hole in the spool, as 
shown below.    The distance from the grounded plane electrode to the needle at 
positive voltage was held constnt whilo the 
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distance d could be varied and the air flow through the bole in the spool could 
be jnetered. Figure 36 shows the effect of distance d on the (ampere) voltage 
characteristic, which shows that for the needle tip closer to the nylon spool 
the current-voltage curve is steeper and that sparking occurs at a lower volt- 
age in agreement with the previous results on the wire. 

Figure 37 shows the effect on the corona characteristic of air flow 
through the hole in the spool. As indicated on the figure, at the end of the 
test of Fig. 37, the current at zero air flow was measured again and found to 
be 8.5(1 amp where it was 13.9^ amp at the beginning of the test. This diffi- 
culty of a changing corona characteristic of the needle point is a result of 
the wearing away of the needle tip with current, which changes the radius of 
curvature of the needle tip. A change in curvature then changes the field 
strength at the needle tip and changes the current-voltage characteristic. 

Because of the effect on the needle tip, repeatable results were not 
obtainable. However, it was found that there is an effect of the air flow on 
the corona current. Figure 37 shows that the current increased with higher 
velocity air flows, porbably resulting from a flow-induced change in the space 
charge around the needle. It is to be noted, however, that the air velocities 
of Fig. 37 go up to 500 feet per second, while the flow velocities used in 
subsequent channel flow tests were about 1 to 10 feet per second. For less 
than 10 feet per velocity, the slope of the data points in Fig. 37 would indi- 
cate a negligible charge in corona current. Indeed, Fig. 6 shows no effect 
of flow on the corona characteristic for Reynolds nunibers of up to 1270, 
corresponding to a flow velocity of up to 10 feet per second. 
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Fig. 36 - C Tuna current versus voltage applied to a needle 
point, showing the effect of geometry 
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Fig. 37 - Corona current versus voltage applied to a needle 
point, showing the effect of a superimposed air 
stream 
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TECHNICAL IMPORT | 2    Contract DA-31-12U-ARO-D-21+6 December 16, 1966 

ERRATA - May 196? 

The following corrections are applicable to Technical Report # 2 (unclassi- 
fied) "The Effect of Transverse Ion Current on the Flow of Air in a Flat Duct," 
by E. Pejack and H. Velkoff. 

Page 3 Item I - 
Item II 

Page U Item I - 
Item II 

Page 6 Item I - 
Item II 

Item III 

Item IV 

Change last term of Eq. (2) to p-Ey 
■ Fifth line after Eq. (8) change öp9z to öp/öz 

Change Ey to Ey 
• Change Jyy to Jyy 

Change exponent on bracket to +5 
• Line 2 after Eq. (25) change Eq. (19) to Eq. (20) 

- Change right side" of Eq. (26) to read /2jy«y/2 
\ HK / 

equation following Eq.   (2?) right side should read 
LirJ      •« 

Item V In Eq. (28) change material 
inside bracket tc read 

1 - eoth N 
^2     1 

po 

cosh N    I'* 

Page 7 Item I - 

Item II 

Item III 

Page 8 Item I - 

Page 10 Item I - 
Item II 

Page 11 Item I - 

Page 12 Item I - 
Item II 

Page 13 Item I - 

Page lU Item I 

Page 15 Item I - 

Line following Eq.   (32) change to read   öp*/ö| 
N 

• Equation (33) -- close parentheses after   -=- 

- Change numerator of right side of Eq.  (30) to read 2N 

Eq.   (37) Change    »p/> {     tO    »pV»! 

Eq.   (38) Chacge   »p/> C    tO IpVU 
. Eq.   (43) Change |p/» {    to  »pV? ( 

First item in first column of table should read 

3/2 
^c 

&r 
Second paragraph change f ■ dp/d( to f ■ -dp*/dt 

■ Eq. (U5) put exponent ■■ on second set of brackets 

Ordinate should read TJ * y/H 

Change f^ t0 ^f 

Following Eq. (U9) change Jy to 2JJ 

D D C 
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Page 16 

Page 28 

Page 30 

Page 38 

Page U5 

Page U6 

Page 66 

Item I - 

Item I - 

Item I - 

Item I - 

Item I - 

Item II . 

Item I - 

Item I - 
Item II • 
Item III 

Fourth Paragraph, ll:v 2, delete t after 3 

Delete H in equation at top of page 

Ordinate should read p* 

Third paragraph, last line, should read dp/dy 
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Page 70       Item I 

• Write "Location A" on graph 

Change N^ «= 530 to read Npg = 5^0 

Change Eq. (77) -- öp/öt should read dp/öz 
• Change Eq (78) -- N should read N 
- ID equation rollowing Eq, (78) change E to € and 

VC to w£ m m 
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