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ABSTRACT

Problems arising in the Pield of supersonic aerodynemios fre-
quently involve "Prandtl-Mever®™ flows. These flows permit exact
mathematical solutions,t and tables describing such flows are available.
However, most of these tables suffer from oné defect or another. Thus,
some of them are based on a valué of ¥ of l.4, which is not sufficiently
accurate For mary investigations, Cthers are either not extensive ar
accurate enough. In the present teble care has been taken to avoid most
of these major defects; the caleculations sre based on 7 = 1.405, and
they have been carried out with an accuracy deemed satisfactory for most
purposes.

1 For & treatment of such flows consult, for example, R, Sauer,

Theoretische Einfihrung in die Gesdypamik, Berlin, 1943,
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INTRODUC TTOW

The plane, steady, irrotational flow of a perfect gas in the neigh-
borhood of & cormer O, Figure 1, is composed of 3 parts: the undisturbed
flow, having the velocity d, to.the left of the initial characteristic

GO, the flow about the corner 0, betmeen Co and the finkl characteristic
C,, and the turned flow, with 8, = ¢, and the velocity d, to the

f,
right of C It.is the "Prandtl-Msyer™ flow between ¢, end Cf which is

f.
of interest here.
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Figure 1. Flow around & corner.
This flow satisfies the partial Qifferentisl equa'Eion

(- P m2uve, +(a-v)4> 1)

where qb(x,y) is the veloclty potential, - gb_ .=, qb = v ere the com~

penents of the veloclty q in the =,y dlroctlons, respectlvely, q belng
measured in terms of the velocity ¢ of efflux into vacuum, and a is the
local speed of . so%nd also measured in-terms -of c. -The velocities a, c,

ard q = (u + v )a are related by means of Bsrnoulli's equation

q_+2aﬂr-1)=3, ) (2)

with 77 = 1,405 denoting the ratio of specific heats of air.
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The flow srcund a corner is characterized by the fect that the
velocity vector § is constant along the radial lines lines from the
corner; see Fipgure 1, "It is thus more appropriate +to describe the flow
in polar coordinates r, €,rather than in Cartesian coordinates x,y. In -
terms of the new coordinates we have the potential function ¢ =r & (8),
for thée radiel and transverisal veloclty components U, Vs U =23 % ar
= $(0), andV =3Pk 28 = " (8). Equstion (1) becomes

(2 -v*¥(a7/3e+T) =o0.
Now in supérsdnié’“ flews the veleocity compeonent perpendicular o a

Mach line alwhys squals the loecdl speed of sound. For flows arcund
corners, then, V =a, so that equation {2) becomes

Wlgn?+32 -, (3)
with k% = (7= 1)/(7+ 1),

If the. free stream Mach number M is unity, so that 9, = k, then
i

the sngle 6, which is counted clockwise from the initial characteristic
C_, is initially O, and, clearly,

U (0) = Z(0) =0, - | (43

The solution of equatiom (3} with the initial condition (4) is
obvicusly

$(8) =sin x &, ' : (5)

Consequently
U=sinky V=k cos‘keg _ _ (6)

Simce M = q/a =g/, and V = 0 for 6 = T /2k, & may range between € and
eﬁ.. As @ increases from O to em"’ the various guentitiss behave as

foll’cms H

l. U

il

sin k 6 increases from O to 1.

2a V=& =k cos k § decreeses from k to 0. 7 ‘ .

3. The local speed g = w? 4 Vz)% increases since q! = (WV/q)x
(1 - 1;2) >0in026% er'n._, Moreover, q(0} =k, Q(e%n) =1,

4e The local Mach number M = g/a increases from 1 to e=,

, .
¢ The density ratio p/p,o =G(V2?l/( 1), with C =
E@/( Y = 1)] /(7 - 1], and’©  denoting the stagnation
density, decreases from [2/( 7+ 1)] /(7 =1) to 0. In
flowing around the corner the gas is continually being expanded.
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6 The pressure ratlo p/p = (/.*»//oo)r also decreases, from
/(r+ 1)]7 /(7 1ft 0.

7. The temperature.ratio T/T = (p/p, /(/o//oo) decrsases from
2/( 7+ 1) to 0.

8. The lech angle s = arc tan (VA7) decreases from 71‘/2 to O,

9. The inclination O of the sireamlines is related to 6 and e Ty

8 =6+ - /2, Howsver, &' =1 -(k cos ,u./U) =1 --(1;:/q)2
> 0, Thus -8 increases, varying between 0 and Sm.—
(77/2) [(l/k) - .1f] ~=1299,32, In practive the engle 8 of turn

is frequently preseribed, and the problem consists then in the
determination of M, p, etc. for the specified emount of turn,

The calculations lead:_ng %o the tabulated values started with
the computation of U and V by means of equations (8), for equally
spaced velues of the polar angle 8. Next Mach angle a and angle
8 of streemline inclination were obtained. This was followed
by the inversion of & (8), and the direct interpoletions =
necessary to get U, V as functions of the equi=-spaced values of
& « Knowing the Velocrtjr camponents U, V the deternination of
M p/p, p/p and T/T was. & s:.nple matter. Wherever.

ﬁeceSsary the computed 'mlues were smoothed by differencing.

" Po check the tabular entries the angle 5 wa.s recalcula'ted as .
function of M by meens of the relatlonshlp

_ ) -1 2 24 2 X
2 & =arc cos(l 2/1'\!1 ) + k “erc cos [(-'F:T -Mz)/(-;;-r-i' Mz)]"'ﬂ.' (7)
which is the integral of the differential equation

= (o - 1)'%' da/s-

e meapnt
7= [z/(Y-1)]+ + 2
with the 1n1'tia1 coﬁdltlon 8 =0 for M=1, BSince M hecomes unboundéd

&s & approaches 129°,32 it is necessary, for large values of Y, to re-
place § (M) by & (M*), where

[(J!’-rl)M2 z | (8)
(re1) 2 + 2

Ag M becomes unbounded M# approaches [()’+ 1)/(7 - l)]:g

7



Next & (M) wes inverted to give M for equidistant valies of & .
O comparison of these values of M with the odes previcisly computed the
. agreemsnt was found to extend to all decimal places exhibited in the
table except for an occasimel deviation of one unit in the last place

shown.,

. Lotk

M. _Lo'tkin
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