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ABSTRACT 

Problems a r i s ing  i n  the f i e l d  of'superfionic ae~odynamics f r e -  
quently involve "Pranatl-ble$ern flows. These f l & s  permit exact 
mathemiitical so ln t i6 i s , l  a n d t a b l e s  d e s c r i b i q  such flows are available. 
Hmeoer, most of these t ab l e s  suffer f'rm 01% defect  or another. Thus, 
s d  of them'are based on a value of I of 1.4, which i s n o t  suf f ic ien t ly  
accurate fo r  mahy investigations. Others a r e  e i t he r  not extensive or 
accurate enough. I n  the  present table  care h a s ' b e e i ~ t a k s n  t o  avoid most 
of these major defects; the calculations a re  based on Y =1.405, and 
they haw been carried out with an acorn-acy deemed sa t i s fac tory  for most 
purposes. 

For a treatment of such f lavs  consult, f b r  examplgE. Sauer, 
TheoretischoEinfihrung i n  die Gtisdynamik, Berlin, 1943. 
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The plane, steady, i r ro ts t lona l  i ' l l r i r  of a perfect gas i n  the neigh- 
borhood of a corner 0, FigGe 1, i s  composed. of J parts: the undisturbed 
flaw, having the velociky qo to . the  l e f t  of the i n i t i a l  character is t ic  

Co, the flow about the corner 0, between C and .the fin81 character is t ic  
0 * 

Cf, and the turned flow, with S f  = W ,  and the velocity qf, t o  the 

r ight  of C 
f '  

It- i s  the "Prandtl-BByer" flow betry~een C end C which i s  
0 f  

of in te res t  here. 

Figure 1. Flav around a corner. 

This flow s a t i s f i e s  the pa r t i a l  d i f f e ren t i a l  equation 

where + (x,y) i s  the velocity potential, +_ =. u, +.- = v are the cm- 
P 'Y 

ponents of the  velocity q i n t h e  ~ , ~ - d i r e c t i o n s :  respectively,  9 being 
measured i n  terms of. the velocity c of effl& in to  vacuum, a i ~ d  a i s  the. 
local  speed of sound, a l s o  measured in t e rms  of c .  The veloci t ies  a, c, 

- 2 2 8  and q = (u + v ) are  re la ted  by means of Bernoulli's equatian 

with 7 = 1.405 denoting the r a t i o  of specif ic  heats of a i r .  

5 



The f l m  aromd a corner i s  characterized by the f a c t  t ha t  the 
veloci ty  vector i s ~ c o n s t a n t  along the rad ia l  l ines  l ines  from the 
corner; see Figure 1. It i s  thus more appropriate t o  describe t h e - f l m  
i n  polar coordinates r, $reither than in  Cartesian coordinates x,y. I n  
terms of the new coordinates we have t h e  potent ia l  fimction 4 = r 
for  the r ad ia l  and transverkal veloci tg  components U, V P  U = '3 9 
= 5 (a), and V = a$/r a@ = $ "(8)- Eq,uE.tion (1) becomes 

Bow in supersonic flcmvs the  loc city conponint  perpendicular^ -to a 
Miich l i b e  always equals the local  speed of soued. For f l w s  around 
corners, then, V = a ,  so t h a t  equation ( 2 )  becomes 

with k2 = (g'- 1.)/(1+ 1). 

If the,  f ree  stream Mach number M i s  unity, so  t h a t  q = k, then 
I 0 0 

the angle 0, which'is counted' clockvdse from the i n i t i a l  charac te r i s t ic  
Co, i s  i n i t i a l l y  0, and, clearly,  

The solution of equation (5) with the i n i t i a l  condition (4) i s  
obviously 

Consequently 

Since M = q/a = q/V, and V = 0 fo r  Qm 5 wk, t3 may range between 8 and 

@me As 8 increases from 0 t o  8 the  various quant i t ies  behave as  m" 
follows : 

1. U = s i n  k @ increases from 0 t o  1. 

2, V = a = k cos k @ decreases from k t o  0. 
3. 

3 ,  The local  speed q = (u' + $ ) H  inoreases since q' = (uV/q)~ 
2 

(1  - k ) 2 0 in 0 5 8 5 EJoreover, q(0) = k, q(8m3 = 1. 

4. The local  Mach number M = q/a increases from I t o  c-. 

2 I/( 7- - 1) 
5. The density r a t i o  p/pO = C ( V  ) , with C = 

@/( 2- - 111 'I' ' - 'I, a n d p  denoting the s t a g n a t i a  

density, decreases frmn [2/( Y + l)] I/(  7.- 1) to oa 
f l o w i n g  around the corner t he  gas i s  continuellybeing expanded. 



6. The pressure r a t i o  p/p = ( f  
7 

a l s o  decreases, fl-om 
y/ (  y - 1f' to 0, 

7. The temperature.ratio T/To = (P/Po)/(P/,eO) decreases from 

2/( 7 + 1) t o  0. 

8. The Mach a n g l e p  = arc  t a n  ( ~ / f r )  decreases from 5f/2 t o  0. 

9. The incl inat ion 8- of the streamlines i s  re la ted  t o  8 and p hy 
2 8 =.9 +p- ~ / 2 .  H&bver, = 1 -(k cosp/tT.) = 1 -(lc/q) 2 

7 0. Thus 8 increases, wry ing  between 0 and 8 _ .= 
"L 

(71/2) [(l/k) - 1-1 -129.0.32. In pract ipa ..the angle 8 of tu rn  
- 

is  frequently prescribed, and the problem consists then i n  the 
determination of Y, p, etc. for the  specif ied em&t of turn. 
The calculat ions  leading t o  t h e  tabul'ated'values s ta r ted  w i t h  
the  computation of U and V by me&s of equati.ons (61, for equally 
spaced.values of the  po lw angle, 8. 'Xed  &Tach angle tindangle 
8 of s t reaml i i~ee inc l ius t ion  were obtained.. This  iras folZmed . . 
by the  inversidn of 8 (8), and the  d i r ec t  interpolatians 
necessary t o  ge t  U, V a s  h c t i o f i s  of the  equi-spaced 'values of 
6 : Knowing the  veloci ty  components U, V the determination of 

q, M, f /pot p/Po, and T/To mas a simple matter. Wherever . 
necessary the computed values were smoothed by differencing. 

To check the tabular en t r i e s  the  m g l e  8 mas recalculated a s  
function of M by means of the  rel.ationship 

which i s  t h e  in tegra l  of the  ci-rfferential equation 

with  the i n i t i a l  condition 6 = 0 f o r  I = 1. Since'lkI becmes unbounded 
a s  6 approaches 129O.32 it i s  necessary, fo r  large values of M, t o  re- 
place 8 (M) by 8 (hf*), where 

I - 
A s  Ed becmes unbounded M* approaches [ ( Y  + 1)/(T - l)le. 



Next (&I) i2l~iei-ted t o  give 18 f o r  equidistant v. lues of  6. . 
Qn co~ilparison of these .values of bf wi th  the ones previcGsly computed t5e  
agreement wa.s fornd t o  exi;end t o  a l l  decGal  ple i9s  exhibited in the 
t ab l e  except fo~"  .%a occasional de-uiatioa of one un i t  i r r  the l a s t  place 
shown. 

;;e * 
ccr 

U. Lotkin 
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