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o ouggasted 3cryo Control 3ystem for gumblebee
R “ith ”reliminarv Theoretic~1 nﬂleSfo.

1. 3UMMARY:
~=+ 4-general »lan is descrived for a servo system which
automaticallv stavilizes tha bumolebee about the roll, vaw,
and piteh axes and steers it in els avation and traverse. 4

—-gchematicé diasram of a rewrdsenteiive svstem is shown in

Tigure 1.

Tiuations are written wovarninz the stabilization and
stecrine resoonse based upon assumptions regardinz the action
of the fSPiOHS'COMUOnGntSQ General assumpticns ares

‘4s  The response of the whole syvstem, and each
part in o2rticular, is linear.
~ B. oDbacklash, dead space, noisc in the rader sig-
: nal, leakaqu, and drv friction arec nuhliﬁlolo.
6. the response of the vee about any one of the
three axes is independent of its responszs about
the other two,

Some of the =cneral conclusions arrived at aree

"a. It e»npcars that a stabilization-steerinz sys<
tem vsing two fres ayros may ove possibple,
_— This will denend upon the aoility of the roll
) - _ - systom to ston the s»in. Otherwisc a rateé ZYro
. connceted in seriss with the roll fre- gyro
: mav be nacessarvy,
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Stability of the stabilization-steering sys-

tem can be adjusted by feeding back to the
error signal an anti-hunt signal proportional
to the displacement of the control surfaces.

The steady state stabilization about. the three
indenendent axes with no steering signal is
theoreticallv oerfect.

For a migsile which is aerodynamically stable
about the pitech and yaw axes, the res»monse to

a constant steering signal is a constant per-
centage of that signal.

Por a missile which has neutral stabiiity about

the yaw (or pitch) axis, the ressonse to a
constant steering signal is verfect.

The over=-all stability of the control system
depends heavily wupon:

i) The static stability coefficient of
the missile,

ii) The dariping constant of the missile,
iii) The feedback coefficient.,

and to some extent upon all the other par-

- ameters: of the systen,

The constant. vélocitv leag during steering of

-the simplest system can be eliminated theoret-

icelly by the addition of irntegral :error con-
trol on the ground or in the bee,

Formulas for ‘the amplitude ratio of the bumble-
bee response to sinusoidal target motions (or

radar errors) are given, but numerical calcula- -
- tions have nct been made because of the lack of
" information on the exnected range of the

Darameters.

— ner {0-an unaw .
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i. The feedback in the stabilization system can
be adjusted to make the Staoilization system
stable evén when the static stabilitv coeffi-
cient Xo of the missile is negative. It is net
evident that the corresponding statement holds
for the oversll steering-stabilization system.

-

I: 3TASILIZATION 3Y3TEM

2. General . Plan for Stabilization. ~-- A zeneral -lan for
stabilizins the bee about the three axes is proposed. The
system: is similar to the Sperry autometic Pilot. 4is visual-
ized at present it will operatc for roll axis staoilization
somewhat as follows:

Roll AXis otabillzatlon. -- 4 free gyro is mounted with
the axis of the outer. "imbéi'narallel to the center line of

the bee. Upon launching, the gyro is uncaged so that the spin
axis is vertieal. any rotation aoout the axis of symnetry

will inducé an error siznal, such as a pressurc difference,
in the pnewmatic pickoffs. The differsnce in pressure oper-
ates a diavhragn attaﬂhed to a balanced 0il valve restrained
by .a spring which makes it. seck a neutral position. ais the
valve is opencd and ¢losed, oil, under pressure, flows into
a piston whcse .displacement moves the control surfaces on the
bea, At thé same time it feeds back a sisnal on the pickoffs
to decreasae .the error signal. This fecdback is used to make
the system stable. The action of thc aerodynamic forces on
the control surfacos caus2s the bee to rotate about its roll,
axis in a dirnction opoosite to that of the error signal.
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3inee this i3 ‘a pneunmatic-hydreulic mechanical system, the
need for sources of elecctrical power is climinated. Of course,
if a generator i{s installed to furnish an clectrical supply xor
the electronic cquipment, it misht be vossible to replace the
pngsumatic »nickoff with an electrical one. ‘The power for the
hvdraullc servo has beszn taouzht of as Jressure gensrated
in a tan% b¥ chemiecal action such as that of slow burning
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cordite. It may be found that an air turbine can be used for

power without additional cost in rag; howéver; the problem of

. pearing down the high speed would nrobably be insurmountable.

If the hvdraulic servo is used, it seems desirable to build

a system which will not waste the oil from the sérvo but will ‘
recirculate it: The decision as to whether or nét it is cheap- ;
er to build the additional oil pump rather than to waste oil '
denends upon the amount of oil reguired if not circulated,

One aim in the desigzh should be to make it possible to set

the controls in a fixed position without losing oil.

Yaw .and Pitch Stabilization ovstems. == Th. combination
stabilization systen for yaw and nitch will be like that for
roll with the Tollowing additions. A different free gyro will
be used, which must be eguipped with pickoffs indicating ers-
rors about both the vaw and pitch axes: Furthermore, a gvro
precessing mechanism) assumed now to oe an air source, will
be needed for steerins: Radar error sighals will control the '
srecession either (a) automatically from the missile, or (b)
from the zround:. The combination of pickoffs, ~reccssing :
mechanism, and fcedback mechanisms on the nitch-yaw gyro :
seems to be the most com)licuteq »art of thc control servo
mcchanism,

3: 3chematic Diagram of the Control Servos. -- The -diagran
of Fim. 1 is & schomatic representetion of the system for
servo control about the vaw or nitch exis. . sox (I) may be
spoken of as the stabilization part and box (II) the steeringz
part of the system: The roll stabilization system may be rcp-
resented bv another obox lire (I).

4, ,qgeuions of -Compconents of thu Stabilization dvstem. -

Equations reprosenting the nerformance of each part of the
system in (I) of Figure 1 will now be written under the
following assumations.

. 4s The whole system, as well as esch of “h3 parts,
is linear.

This document contains infoym
Q S
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Backlash, dead space, leakage, radar noise,
and dry friction are negligibvle.

Control about the three axes is mutually in-
dependent.

e Egquations of Performance of Components.

s (1)
8 (2)
{3)
S (4)
:D‘ B (5)
&
: (8)
.
¢ where
s £ -
5 =

L en-§& ERROR SIGNAL-

= Cals - 4 %) FICKOFF
(33p% + Fip + Ky )& = gy A VALVE
pv = Cg A& HYDRAULIC PISTON
E =CpV CONTROL SURFACES
(Jop? + Fop + Kp)w = G4 €, MISSILE RESPONSE

angular displacemsent of gyro spin axis
measured from a fixed zero position.

: angular disnlacement. of bes (and gyro case).

from same zcero as used for g .

m - & = angular error between the ‘case axis
and the spin axis.

displacement of pickoff from ncutral position.

= displacement of .control surface from neutral

position.

-displacenent of Hneumatic pickoff per unit
error signal without feedback.

proportionality feed back constant.
mags of valve.

coefficient of viscous friction of wvalve.

ent containa informaation affecti
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Kl;-.spring constant of restraining spring on the
* valve,

M -“1inear disnlacement of valve.

05:--disp1acement of valve per unit displacement
of" pickoff.

P = %f -rdlfferential operator.

v & displacenent of ‘hydraulde piston measured
from the neutral position.

. Cg = velocity of piston per unit displacement of
) Valfe.

~C7" displacement of control surface per unit dis-
placement of the piston.

J, = moment of inertia of missile about its axis
of respons=z,

Fy = the damping constant of the missile.
K,.s missile static stability -constants

Cg = rotational torque on the missile ver radian
. disnlacement of the control surface.

, Equation (8) with E5 > 0 implies serodynemic stability
of the mnissile about the appropriate axis. In other words,
the missile is effectively Soring-restrained about the axis,
the angular position of ‘the missile in which the spring exerts
no force being the stable poésition. The snales n and & are
botlr measured from the fixod staole position. During free
flight (no steering signal) the s»in axis of the' free gyro
will be so aligncd that & = Q. The flight of the missile
will be controllod oy ovrecessing the axis of the free gyro
awey from the fixed zero nosition.

~
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5. Equations for the 3tabilization 3Jystem. =-- A Single
equation relatine the engular displacement of the bee to that
‘E of the zyro axis may be ootained by eliminating G, /J,

v, and g from equations (1)-(6).

i The resulting dirfenentia; equation is

i (7) E;193_+ F1p2 + K10 + K1a4)(Tap2 + Fap + Ka)+ Bﬁin = 5K1
whefés | |

g (8) A& = CqCgCsCoCs 3 = CgCnCglsCiy = S-Z- Ao

It will now bs assumed that the mass of the valve J)

E and the coefficient of viscous friection F; on the valve

# are negligible. If this assumption should turn out to ve

; incorrect, thé followinz results will be only approximate. .
i Thus,. settlng J1 = F} = 0 in (7) and dividing both sides by

K1, .the equation uvetween n and & reduces to

(9) Ezns + {(Fo + Ajg)nz + (Ko + AFéx)p + (4Eo + dﬂﬂ = Bié

In order that the solution .of (9) be stable it is
necessary and sufficient that .

ie AYl coefficients on the right side of (°)
" be positive, and )

3, (Fg + ATg)(Kp + AFp) D> Jp(aKp + 3).
This stahilitvy inegquality cdn be simplified to:
(10) 5FgTy + AFp® + Ppkp >8I, .

T-a feedback coefficient 04 is a factor of A therefore,
theoretically the fecedback can be increased sufficiently to
satisfy (10) and mseke the system stable. Major factors deter-
mining the value of' A to: give stebility are J2.:F3, and Ko,
all of which rewresent aerodvnamical »ropertics of the oee,
and none of which are known. Actually Jy, Fp, and Ko will

- _ 4
| e . s Ot i, TR
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chosen and then A will be adjusted to make the system stable
when the controls are acting.

1f Jg9y Ko, Fp and the constant 5 = CnCnCgCsCz are such
that FdK2:> JoB, the system will be stable without feedback,

6. otabilization when the 5yrc 3pin axis is aliened so
that € = 0. -- Assuming that the bee i3 stable about the
gxis urider eongideration (roll, nitch, or yaw), and that the
axis of the ‘corresponding free gyro is alisned with the sta-
ble nosition of the nissile, the resmonse of the bee to an
angular ‘displacement m frOﬂ.the stablé nosition is described
by equation (9) with € = 0. The soclution of the equation
is then

(11) m = Dye¥lt + DgeXat 4+ pge*it

where Dy, Do, Dz are constants desending on the initial
conditions and xl, Xo, Xz are the three roots of the cubic

equation

(12) J2x5 + (Fy + AJg)x2 4 (Eg + 4Fp)x + (4Kg + 3) = 0.

If the coefficients of (12) are all nositive and in-
equality (10) is satisficd, the real parts o»f the roots
X1y X2, X3 Will be negativej hence, the solution (11) will
contain only transient terms and the bee will return to its
stable. position m = O: :

L]

7. 3tabilization in Yaw or Zitch when & = €o (a constant)
-~ Acain assumine that the Deec is staole about ths axis under
consideration, but now assuminax that the axis of the corres-
ponding free ayro is at an-anzle € with the stable position

‘of the missile, the res.onse of the bee to an angular disnlace~

ment n from the steble position is deseribed by equation (9)

with € = Eo . The stcady state solution of this eguation is

. ,*:,! v !‘!: o
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and the transient solution is siven by (1l). The stability
criteria arc unchanged.

It follows from equation (13) that the bee returns to
a position which is between the stable position 2nd the no-
sition of the gyro axis. The missile ttemnts to return to
the pnosition of the gzyro axis, but is Jrevented pecause it
isfeffectivelv spring-restrained about the stable position.

If the bee is neutrally stable’, that is Fp =.0, equa-

tion (13) reduces tom = &op. In this case the Missile
actually does return to the position of the gyro axis..

&8s Rate Gyro for additional Roll otabilization. -~ If the
roll stapilization systcn violates the assumption of linesr-
ity violently due to the higzh :angular velocitv at launching
so that the analyses do not apply, it is vossible that the
frec gyro control alone will not ston the Sﬂinninq. In such

"a case it mizht still be possivle £o add & rate gyro with

its innut sxis alone the roll axis, as has been suggested by
various neople: The output of this evro could be fed into
the error signal channel with the possible elimination of

the feadback link on the free gyro. In this combination
system, the free gyro would oe used to furnish the error sig-
nal and the rate evro to furnish the derivative of the error
signal.

?' Throuchout this renort it is assumzd that the bec is
oithar stable or neutrﬂllv stable about csch of the threc
axess as stated elsewherﬁ it mizght develop that a hizher
degree of maneuverability can be obtained if the m1331le is
made slightlv unstable, that is,; if Ko is negative. all of

the equations of this renort hold equallv well for Ky nega-

tive; but the conclusions regarding stabilitv must be re-
v1sed The over-all sts bilitv of the system is a strong
function of Jp, Fg, Ko and a whose values are still unknown
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’

Bquations of Comnonents.of Elevation Stesrins Mechanism.

Fisure
follows:

and’ ' the elevation.-of the missile.
delayed bv an RC eircuit in the T and & scope to give smooth-

ing.

indieates that the steerine contrel will overate as

The radar oquipmént on the grouné will form a signal
which is the difference between the elevation of the tarset

““The cquations of performancc of the various parts of the

This error signal will be

The smoothed error signal then will act in the bee
throuzh a nneumestic precessor to change the direction of the
spin axis of the pitch-yaw gvro.

steering ‘mechanisn in Fi sure 1 may be written as follows:

(14)

(15)
{18)

(17)
(18)

A =9 -q

ERROR SIGNAL

(Tp+1)¥=p RC DELaY

o
jof 3

na

where

e\
a

é

T = the
Y = the
o
Cy

=8

Cy L d PHETHATIC COFTOL V»i % DI SFLACHIENT

. Cab SPT¥ XT3 DISPLACTMIT

Cqpm PATH RESPONST

o

. and missdile

"

the

the force on-the zyro spin

error sicnal.

TS docurnent contains 1nto!

= the elavation of the target in fixed s»acc.
= the elevation of th: missile in fixed svzcec.

- a = the difference in clevation of the target

time constant of tha RC delay circuit.
snooth outﬁut error sicnal.

nrecessing force on the s3»in axis of the zyro.

axis 72cr unit smoothed

Fepe g

I TG @ I e e 2 o
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Co = velocity of spin axis precession per unit applied
force..

i Cg = rate of change of the clevation of the missile
; per unit enmular velocity of the missile about
; its pitch axis.

|

£ © The first four of the set of equetions (14)-(18) reprc-

! sent the manner in which the error signal from the ground ra-
dar is uscd to vreccess the gyro spin axis, theréby setting a

b new course. #When this spin axis has been »recessed through

¢ the angle &, an error signa) appecars in the stabilizatien

i system, causing the missile to respond as deserived in the
previous paragravhs on stavilization. The change in orienta=

tion of the missile causes a chance in its nath and in its

clevation, thus reducing the crror signal at the radar,

This change in »ath elevstion due to chande in vissile orien-

tation is deseribed by equation (18).

v e b

‘ issumptions .i}, 5), and C) of scction 4 have been car-
i ried over and apply to the stecring system. The actual re-
, lation between o and « is not that given by cgquation (18)

: but rather

(19) ,pm = pa + { 024

where

] = ranze of thc missile,

0
[

and R = ranee rate of the missile.

: R
Zzuation (19) is lineer, but the coefficient 7 varics
with time. In order to simnlify the mathematieal ¥nalysis,
the apnroximate relation (18) is used in nlace of (19) : megts
may show that ranse infTluences staoility of the issi]c, but
the present analysis will not uncover this effect becausc (19)
has been rconlaced bv (18), If stability does hapnen to de-

crease with range, - mlvht be possible to vary the wheel

speads of the gyro: deust for the dlf?crence.
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10. Steerin &COntrol about Pitch ixis - No Intezral Control.--
#hen the var%asIcs » Y y Ty Qn

are eliminated fro.. equations (ls ?65 and (14) (18) inclusive,
and Fy and J, have been replaced by 0, thz equation of the
responise of the missile becomes

(20) ;[?JQP})' +(TF, + TATp + Jo)p® 4+(Dr, + TuFp 4 Fyp + adp)p® +
(QAK + T3 + Kz AF2)p2-+(aK2 + o)p + Cgczclé]a =
CgCoCy80.

A gtudy of equation (20) leads to the followinsg con-
clusions:

1. For a constent target angle 6 = 8, the steady state
elevatiéh of the missile ig also a = Qg.

2. For a target whose zngular velocity in elevation is

a constant, that is, 8 = nt, the elecvation of the
missile is given by ‘ '

(21) « = nt -{C4K2 + Ca)n ’
CgCaGngl

so ‘that it is seen that there is a constant ve-
lotity lam of

(Cqltg + C=)n
_ CgCrC2C1 ,
3. ‘The stability -of the system depends only on the

left member of equation (20), thé actual stapility
riteria being

A A1l of the coefticients arc poésitive, and
3+ A certain vair of inequalities exists between
~the coefficients of this left member.,

As 2 flrst 87Drox timat ion, w2 he~lact tha fifth

order term in (£0) and write the stability cri-
terion as

)
s 'n
> ;rdE
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(22) (bu(z + ﬁ) ,iv:urz +t.‘3 + KB + .'&Fz) (tl"z + t:‘st + F2 + AJa))-

CoCaCys(Tky + TATy + Py + alp)?

4, Ié is theoretically possiole to vary i to make the
system acrodynamically stable.

11. 3teerinz Control about Yaw ixis - No Intecral Control. --
If the missile is designcd to be stable about the vaw axis,
the svstem described in 3ections 9 and 10 for pitch anply
verbatim. However, to get arcatzst maneuverability of the
missile, 1t may ‘be necessary to make it have ncutral stabiles”
itv about the yaw exis. In such a cass the static coeftii-
cient of stability Kp about the yaw axis becomes 0. 3ub-
stituting Fp = 0 in equaticns (20), (21), and (22) lcads to

- corresnonding results for the response of a missile which is

neutrally stable avout the yaw axis =iven by
(23) @Jgps + (TFy +Tady + Jplot + (TaFy + Fo + alp)pd +
(Cs + AFp)p? + Bp + 090201430 = CgCpC150 ,

24 Q = t-...—g..._..
(24) n Cgczcl ’

(25)‘[(1:.a + AT ) (CaFy + Ty + AT5) = CgCnCyn(TF, + DAT, + ;2)]
/CQCgcl(vAFz + Fz “P :\Jg)z o

Conclusions corresponding to those for pitch may oe drawn.

12, Intezral Control - Fitch. == The c¢quations for the ree
sponse of fthe wmissile to 2 3tiéering sisnal ziven in eguation
{21) show that there will be a steadv state constant veloc-
it-r 1sg for a target whose ancular velocitv in elevation is
c. tsnt. 4s this is the z2pyroximate condition whick will

| i
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'hold during the enticipated operation of thc wmissile, an
attempt has becun made to elininat2 this constant velocity
lag. Two alternatives &are possible depending upon whether
the missile is automaticallv cohtrolled

i4e From the ground, or
B. In the air.

If the c¢ontrol is from the ground, a computer may be
developed which will senerate the constant velocity lag
given in (21). It may be noticed that the computer will
80lve: an equation which involves known constants and ths
_~angu1ar velocity of the target in eclevation. 3Such a com-

puter could be made from a rate gvro whose sensitivity is
set at the constant valué of

th + B C4K2 + 0'8,
T T TR

A second gyro for traverse computation would also be needed.

Ir the control is going to be genecrsted on the ground or
in the missile, the error siznal hhiCh has been used in the
orevious discbssions will be recslaced by error plus integral
error control.# This wovld necessitate additional equlﬁment
which would zive an extra fcoding channel between the error
indicator and pneumatic precessor in Figure 1. This channel
woald produce the integral of the error so that its equation
of verformance may be written as

(26) o=y
whers T = integral errnr control feedback sfenal. The per-=

formance of the nnoumatic »nrecessor is now changed from (16)
to ,

¥ Yf the Intonral 6r7or control 1s ﬁoneratcd {7 on bl‘ctric
circuit, it may not be nossibls to give wure integral con-
trol but very casy to met control, approximating the desired
type, renresented ov the cquation

o7 = (1 + Typ)¥V

ag informatior
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(27) b = Cor;“f + Clyo

When the variablaes are elininated in the equations
(1)=(6) (with F = o) and cquations (14), (15), (2%),
(27), (17) end %18), the equation for the response of the
missiie about the pitch axis with intesral control becomes

(28) [To® +(TFg + Tadp + Jo)p5 +(TKp + TaFp + Fp + alp)pt +
(Pikp + T3 + Yp + AFp)pS +(aFg + 38)p2 + CgCaC18p +
a studv of this equation indicates that

A. dhen the target elevation remains constant,
the steady state elevation of the missile is

also cquel to that constant.

b, The constant vecloeity lag for a target whose

elevation ancular velocitv is constant (6 = nt)

is zero.

C. The transient res-.onse of the system is changed

from that descrived in thc svstem of cjuation
(20), but the parsmeter i which includes the

feedback is still available for adjusting the
stability of the systenm.

13, Integral Control - Yaw. -- igsin the equatlons of the
vreceding Section deac»ibinz res-onse of the missilc about,

thn “itch,axis when the intcpral error control has been added

to the servo system apwlics equally well for the ra2snonsse .

about the yaw axis, nrovided tho missile is stable about this
axis. If, on the other hand, it has noutral stabilitv ebout
the vew axis, we can renlacde F2 = 0 in equation (28} and ob-
tain &n cquation for the resvonse in this case given bdy

(25) L‘C*) +(Tp + Tadp + Jg)p° o(TaTo + ¥p + AT2)DE +
(Co + aFp)p° + B2 + GqCpC]_Bp + CgCoColaa =

—— N N . e R iz~ Lo o
3 AR R " i R R SRV Y SRR i it R ’ -
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Conclusions 8imilir to (A) and (:8) still bold. The tran-
sient response is governed by an ejuation different from
thit of 3Section 10 .or 1?.

~ s

14, Amnlification of" oinusoidal Motion. -~ If the target
flies a course such that @ & .i sin «t or if the radsr track-
ine error has this form, then the steerinsz sisnal input is a
sine function. The position angle a, bused on the equations
and assumntions above wolld be egiven by a = P4 sin (wt + qT)
where p is the amn1ification factor; that 1s the ratio of the:
amplitude of the output (Fi) to the amplitude of the invut
(A), and .J~ 1s the phase laz oectwcen the input and responsc.
Thé values of @ and ¢ arc tevulated for each of the cases
congidered previsusly.

4. 3teering about the Fitch «xis - ¥o Intearal Control.

‘ch =G lﬁ

-o-.--.«—.~-~ ——— oa wmv

/ ETFZ'*D‘J?*JZ)OA_ (T4 2+7‘d+l’2+-tF2)(L + CgCgleB
,Ltho, - L 2+‘B4o2j-r 2"':&012)0: + (m-2+n«)w.‘2

(30:)
& < - Tan _1[[:Tze‘5 = (TY 2+‘Bmﬂ9+.u]”p)c. + (,v'2+.-3)(.n

e e s

5(Cu2+tA72+J2)w - (CawzﬁTb+V?+zn2)u + CQCZCIB]
3. 3tserine about the Fiteh axis - Integral Control.

PPy 4
v (C902010w)™ + (TaCaCos

.

/ [- tb vnF}*.ﬁ?""}TQ)U - :.\0.‘2 + Cg()g()os‘,z +
0 2
[p?p+t4J9+J9)w - (LJ+;“2)Q + }gczclaqj”

(31) ' — -
.y ¥ ) (t +L 0T oS o} - Rl S (.L" + $qCsC 5("
& = Tan™¥ 1% _ 7an 1/ TigTulgriple? - CutaTy) %201
o ‘CU ‘tn.. 9+F?+_. o 2)0; - 5C + (;_90 gboﬁ

S N T = 7Y
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LVII

3teerin~ about the Yaw ixis - 3Stable - Mo Intesral Control.

<

P - same as .
g ~ 3ame as a.
D. S3te=zrins apbout the Yaw axis - 3table - Inteeral Control.
P - 3ame a8 S
0" - Same as 5.

4. Otecerine avout Yaw ixis -« Meutral 3tability - No Integral
Control.

3et Ky =.0 in (30)

F. J3tearins avout Yaw .xis = Neuvutral Stapility - Integral

- .,

Control,

Set Ky = O in {31)
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