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FOREWORD

The Space and Information Systems Division (S&ID) of North American
Aviation, Inc. (NAA) under Contract AF 30(602)-3638 with the Rome Air Develop-
ment Center (RADC) of the United States Air Force agreed to perform a 10-month
study designed to develop digital computer techniqqes in two areas of interest
to the RADC tracking facility. Firsto a differential correction geocentric
orbit computation program for reducing observed data was to be prepared which
would operate in a near-optimum manner at the RADC computer center. Secondly,
a computational logic which could be utilized in the tracking process for
driving the tracking antennae in an open-loop mode was to be prepared, This
second program would employ general perturbations theory in the definition of
the predicted trajectory. (This latter task is reported in SID 65-1203-3).

This report was prepared as partial documentation of the first task. The
contents present the program logic and FORTRAN listings for the main body of
the required program, The remaining portion of the logic for this program is
associated with the identification, ordering, and smoothing of the raw data;
this information is presented in the discussion of the processor in a separate
document (SID 65-1203-2), This document should be reviewed carefully, since
the interface between the two portions of the differential corrections orbit
computation program is a magnetic tape containing the smoothed data in a com-
patible format,

The differential corrections program (DCP) is designed in such a manner that
residuals associated with any one of the six types of data

1. Range
2. Range-Rate
3. Azimuth and Elevation
4, Range and Range-Rate
5. Range, Azimuth, and Elevation
6, Range-Rate, Azimuth, and Elevation

(defined by differencing the observed data and a computed set evaluated on the
best estimate of the trajectory) are minimized in the sense of minimum variance.
When this operation is accomplished (recursively), the nominal trajectory is
adjusted. Thus, after processing data acquired over some as yet unspecified
interval of time, the trajectory will be known to an accuracy sufficient to
allow it to be predicted with confidence. At this times data can be prepared
to allow the program developed as the second task in this contract to be acti-
vated to acquire more data, In a sense, then, the system would be self-
perpetuating.

Complete discussions of the program logic, and operation of the DCP will
be presented in the various sections of this document. However, the most infcrmatve
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discussions for the user will probably be included in the analysis of the sample
problem (section 3.). This conclusion is based on the fact that complete des-
criptions of program input, program operation, and program output for a real
problem are included, The remaining portion of the document will be a necessary
part of the library of the programmer who wishes to modify or adapt the program
to another use and of the individual who wishes to fully comprehend the rationale
which is mechanized,

This contract has been managed at NAA S&ID by Mr. J. A. Hill and directed
by Mr, G. E. Townsend, Mr, Townsend also designed the rationale for the
program, coded the major portion of the logic, performed the preliminary checks
of the operation, and prepared this document. Final checkout of the program
was accomplished with the aid of Mr. C. C. DeBilzan.

The assistance offered by RADC personnel under the direction of Mr. Gordon
Negus (Program Manager) is gratefully acknowledged. RADC Project 4519 applies.

This technical report has been reviewed and is approved.

Approved:. 1S '

GORDON F. NEB&6
Project Engineer

Approved:
CHARLES A. STROM, JR.
Acting Chief
Communicationo Division

FOR THE COMMANDE
1R IN GIB ELMAN
Chief, . dvanced Studies Group
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ABSTRACT

This document presents the formulation, computational logic and coding
information developed for the purpose of effecting the definition of
geocentric satellite orbits. The rationale for this process is constructed
around the recursive minimum variance data filter developed by R.E. Kalman
and a specially prepared magnetic tape generated in the preprocessor
(SID 65 1203-2).

The trajectory portion of the program is formulated in the Encke
manner and includes perturbing accelerations resulting from the first
3 harmonics of the Earth's potential function, atmospheric drag, solar
radiation pressure, and solar and lunar gravitation. These accelerations
are integrated via an uncorrected Gauss-Jackson routine started with a
fourth order Runge-Kutta process.
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LIST OF SUBROUTIMS AD THEIR FUNMIONS

SECTION ROTINE DMENIITION

2.1 MAIN This routine mechanizes the subroutines
and lower order driven routines designed
to generate the trajectory of a satellite
vehicle by a differential corrections
process*

2.2.1 INPUT INPUT provides all of the data (except
the observation data) necessary to define
the trajectory.

2.2.1.1 R REED is designed aa a simple special
purpose read package to provide the
capability for inputting modified station
data and estimated satellite data.

2.2.1.1.* SimXRD A special purpose routine deaigned to
assure that the first data card is the
station identificatioa card.

2.2o1.2 TNITAL INTAL sets up the solution process by
defining all of the required vectorr in
the aamputational coordinate frame of
1950.0 from the information given in the
true equation of data frame.

2.2.1.3 POSVEL This routine is designed to provide the
user the option of reading either the
satellites position and velocity vectors
at the tnitial epoch or the equivalent
set of orbital elements.

2.2.1.4 BLOC Data for the lunar and solar ephemerides
and for the 1962 U. S. Standard atmosphere
are stored in this routine. These data
are loaded directly into memory at the time
the program is loaded (BLOCK is not
called).

2 6 DAD^ - A speeial parpose routine designed to
DUP the entire blank COMMON array when
called.

2.3.1 TRAJ TRAJ mechanizes the working portion of the
program and serves as the means whereby
the reference trajectory is computed and
the tradking stations of the problem checked.

X
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SECTION ROUTINE DEFINITION

2.3.1.1 CONIC CONIC generates the position and velocity

on an arbitrary conic section defined by r.
V. as a function of time. It is utilized
for the purpose of defining the Encke refer-
ence trajectory and the luni-solar
ephemerides.

2.3.1.1.1 SEARCH This routine is designed to function in

conjunction with CONIC for the purpose of
iteratively solving Kepler's equation.

2.3.1.1.2 TIME This routine defines time on the conic

section as a function of a position
anomaly.

2.3.1.1.3 PARTL PARTL is the partial derivative of the

time variable with respect to the anomaly
variable. This information is utilized in
a Newton iteration by SEARCH.

2.3.1.2 MOTION MOTION is the driver routine for evaluating
the total acceleration experienced by a
vehicle mo~'ing in space relative to the
Encke reference trajectory in the
computational coordinate frame (1950.0).

2.3.1.2.1 OBLN OBLN computes the acceleration resulting
from the first three zonal harmonics of
the Earth's potential function.

2.3.1.2.2 DRAG This routine defines the acceleration
produced by the tenuous atmosphere on a
spherical satellite.

2.3.1.2.2.1 ATMS ATMS operates in conjunction with DRAG
ad is designed to compute the instantaneous
estimate of the atmospheric density.

2.3.1.2.3 ENCKE Since the largest contribution to the
acceleration is included in the reference
trajectory and since off nominal motion
produces a modification to the gravity
vector, ENCKE is required to define the
change in the acceleration resulting from
the change in the central force.

xi
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SECTION ROUTINE DEFINITION

2.3.1.2.4 PRESS PRESS computes the acceleration resulting
from solar pressure on an equivalent
spherical satellite.

2.3.1.2°4.. SPOWER This function operates in conjunction with
PRESS. Its purpose is to define the ratio
of the solar power to the speed of light.

2.3.1.2.5 PERT PERT defines the graviti~nal acceleration
experienced by the vehicle due to the sun
and moon.

2.3.1.2.5.1 FQ PERT is formulated in a manner similar to
ENCKE and thus it employs a series to
evaluate the off nominal nature of the
acceleration. FQ is that series.

2.3.1.2.6 EPHEM The position vectors for the sun and moon
relative to the earth which are required
by both PRESS and PERT are computed by
EPHEM from data stored in BLOCK.

2.3.1.3 INGRAT INGRAT is a driver routine for producing
the first and second integrals of the
output from MOTION.

2.3.1.3.1 HSIZE This routine determines the optimum
stepsize for a Gauss-Jackson intregration
of the equations of motion.

2.3.1.3.2 START START is a fourth order Runge-Kutta
integration routine utilized to establish
the data necese5ry to produce the difference
table utilized in the Gauss-Jackson process.

2.3.1.3.3 DIFTAB This routine differences the acceleration
vectors established by START and evaluates
the first and second sums on the leading
diagonal of the difference table.

2.3.1.3.4 INTEG iNTFG mechanizes the Gauss-Jackson
integration formulas for a stepwise
integration of the equations of motion.
INTEG also steps the leading diagonal
in the difference table.

xii
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SECTION ROUTINE DEFINITION

2.3.1.4 TRAK TRAK is the driver program which checks the
tracking stations of the problem and
determines if any can observe the satellite
at that time. TRAK transfers to FILTER
if observation data are available at this
time.

2.3.1.4.1 UNIT UNIT computes the position vector for the
tracking station and establishes the up,

east, north unit vectors at the station.

2.3.1.4.2 EQINOX This routine defines the coordinate
transformation relating the observational
coordinate frame (true equator of date)
and the computational frame (1950.0).
This transformation is the result of
nutation and precession.

2.3.1.4.3 GHA GHA defines the Greenwich Hour Angle as
a function of universal time and the number
of days since 1950.0.

2.4.1 FILTER FILTER is the driver routine for a Kalman
estimate of the correction to position and
velocity (state vector) resulting from
processing the observed data.

2.4.ll KALMAN This routine computes the minimum
variance estimate of the state vector and
the covariance matrix for the estimation
errors.

2.4.1.2 STMAT The errors at two points on the perturbed
trajectory are related by employin, an
averaging process and two estimates of the

transition matrix obtained using conic
representation (TRANS).

2.4.1.2.1 TRANS TRANS provides STMAT the conic
approximations of the transition matrices.

xiii
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SECTION ROUTINE DEFINITION

2.4.1.2.2 INVAO This routine works in conjunction with
STMAT in the averaging process. It is
designed to determine the analytic inverse
of the output of TRANS.

2.4-.1.3 NEASUR MEASUR computes the matrix of partial
derivatives of the observation irector
with respect to the state vector.

2.4-1.4 ERROR This routine computes the weighting matrix
for the Kalman estimate. Data for Station
errors and noise in the observations are
employed.

2.4.1.5 UPSTAT UPSTAT is designed to determine whether
the state vector as computed by KALMAN
is known to a degree which is satisfactory
to allow the position and velocity to be
corrected.

2.4.1.5.1 ELEMEN Since the orbital elements of the
osculating conic are of interest in the
data reduction problem, ELEMEN is included
to provide this information at those
times when data is processed.

2.4.1.6 DATAPE DATAPE defines the time of the next
observation, the recording station, the
type of data and the data itself. This
information is recorded on magnetic tape
by the preprocessor.

2.5 Mathematical Subroutines

2.5.1 MATMPY Matrix multiplication of two confoirable
matrices in double precision.

2.5.2 MTINV Matrix inverse of a square matrix in double
precision.

xiv
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SECT ION ROUTINE DEFINITION

2.5.2.1 CHOOSE This routine functions in conjunction
with MTINV to determine if the matrix
is singular.

2.5.3 ADDMAT Matrix addition

2.5.4 SUBMAT Matrix subtraction

2.5.5 TRANSP Matrix transposition

2.5.6 CROSS Vecto- cross prod-uct

2.5.7 DOT Vector scalar product

2.5.8 AMAG Vector magnitude

2.6.1 SINH Byperbolic sine

2.6.2 COSH Hyperbolic cosino

2.6.3 ARKTNS Computes the single precision arc tangent
and assigns the angle to the proper quadrant

2.6.4 DERAQ The Kroneeker delta

xv
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1. INTRODUCTION

1.3 PURPOSE

FS4-305 is a FORTRAN IV IBM 7094 program which was written and checked
using the standard North American Aviation monitor system (NAASYS - version 13).
However, the program can also be operated on CDC equipment and other systems
possessing FORTRAN capabilities, Consequently, to minimize possible system
incompatibilities, care has been exercised to assure that only the basic fea-
tures of the system are utilized.- This approach assures that the program will be
operable on new generitiQn machines (e.g., the IBM system 360).

The primary function of this program is to construct an accurate trajectory
of a 'geocentric satellite based on a series of observations (e.g., range,
range-rate, azimuth and elevation, etc.). This task is performed through a
differential corrections process by generating a reference trajectory and
minimizing the observed minus computed residuals in a minimum variance sense.
(The operation of the filter is explained in general in section 1.2 and in
detail in section 2.4.)

The trajectory required in the corrections process is generated by numer-
ical integration of the accelerations relative to a reference conic (Encke's
method). Accelerations resulting from the off-nominal nature of the motion,
the Earth's oblateness (first 3 zonal harmonics), solar-lunar gravitation,
atmospheric drag, and solar radiation pressure are all included. Tracking
station data and tbe corresponding relative position data are generated simul-
taneously as a function of universal time for the purpose of defining the
predicted values of the observations from each station.

The observation data utilized in this program are provided on a magnetic
tape by the preliminary processor (see FS4-305A, SID 65-1203-2). These data
have been operated on in two distinct fashions. First, the raw data from each
tracking station were smoothed by filtering the observations over a restricted
interval of time (approximately 20 seconds) to a parabolic curve and the mid-
point of this interval was selected for processing in the differential cor-
rections program. Thit operation assures that the effect of random scatter
in the data can be reduced and assures reasonably efficient operation of the
differential corrections process by reducing the amount of raw data to be
considered. Secondly, the data from the various sites were identified as to
the station which recorded them and the type of information gathered; then
the complete array was arranged in a chronological fashion to facilitate
filtering of the'data in a recursive mode.

The interface of the preliminary processor and this programi is provided
by subroutine DATAPE (data tape). This routine reads the tape and identifies
the data for use in differential corrections solution. Thus, complete
consistency is assured.

SID 65-1203-1



1.2 Program Concept

The differential corrections orbit computation program is designed
around the Kalman data filter developed and discussed in Subroutine
KALMAN. Operation requires that input data be read to identify the stations
which recorded the observed data, and estimates of the position and velocity
(or orbital elements) of the vehicle at an arbitrary epoch. At this time,
the first data point (time, type of data, recording station, and the
observation vector) is read into memory and the trajectory from the initial
epoch to the time of the observation is defined. When this is done, the
position and velocity relative to the observing station are computed and
an error signal is generated based on this data and the actual information
recorded.

The filtering of this information or prediction of a corrected position
and velocity is accomplished recursively (i.e., one set of observations at
a time) by employing a minimum variance formulation (see KALMAN). This filter
has been shown to approximate the true non-linear process very well. Further,
the filter provides for weighting the data in a general manner not obtained
with a simple least squares solution. Its inclusion is thus felt to constitute
near optimum design of the differential corrections orbit computation program.

After predicting the best estimate of the position and velocity at the
first data point, a second data point is read and the process is repeated.
This operation is demonstrated in the following ske'ch.

-2-
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MAIN

read station
and satellite
data and time

Output of

Preliminary Processor
observation data d

(time., station., type ra
and data) read by

DATAPE

no more data EN

predict trajectory
from time to time
of data

compute the numbers
corresponding to the
observed data and
construct the observed
minus computed residuals

estimate the corrected
position and velocity
by employing the
minimum variance Kalman

filter (recursive form)

An appreciation of the general nature of this program is now available.
The immediate problem is, thus, to add detail to the flow diagram and
establish a rationale which will assure efficient and accurate operation.
This detail can best be included by dividing the program into logical blocks
(driver subroutines) which accomplish the desired functions,and by discussing
each block in terms of the intended purpose and formulation. Indeed, this
division has been performed and is outlined fully in the discussion of the
three principal drivers of the program, MAIN, TRAJ and FILTER. Therefore,
attention will turn to the first, MAIN.

-3-
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2,0 PROGRAM DISCUSSION

The formulation, rationale and computational logic for the routines designed
to perform the differential correction of geocentric satellite trajectories is
presented in the sections which follow, These discussions attempt to document
each routine in a complete manner so that subsequent modification to any func-
tion presently being performed can be facilitated,

Careful review of these separate discussions is essential to establish the
complete computational logic for the program and a working knowledge of its
structure. However, if interest is centered in the area of program utilization,
attention should be directed primarily into the structure of the sample problem
and the associated input formats. (In the latter cases no detailed information
of the program logic is essential.)

The mechanism for communicating between the routines of the program is
the COMMON region DATA. A map of this region and the definition of the
variables assigned is presented in' Appendix 1. This information should be
reviewed in conjunction with any attempt to revise the program log!.

SID 65--1203-1



2.1 MAIN Program

Purpose: To mechanize the subroutines and lower order
driver routines designed to effect the differ-
ential correction of a satellitets position and
velocity vectors based on data recorded on a
magnetic tape by the preliminary processor
routine, PROCES.

Deck Name: MAIN

Calling Sequence: None

Input/Output: None

Subroutines Required: INPUT (loads satellite and station data)
DATAPE (loads observation data)
TRAJ (generates trajectory)

Functions Required: None

Approximate Deck Length: 63 (octal)

Description and Program Logic:

MAIN is the driver routine which mechanizes the complete progran for the
purpose of processing observed data for a single (i.e., one at a time)
identifiable satellite and differentially correcting the estimate of the
position and velocity vectors describing its motion. In order to accomplish
this task efficiently and facilitate the development and checkout process,
the program has been constructed in a series of major blocks (modules),each
of which is itself subdivided into a number of subroutines. These modules
serve to provide the input data for the program, to read into memory the
first observed data point from the data tape, to generate an accurate tra-
jectory which can be utilized in the computation of the observed minus computed
residuals, to check the various tracking stations employed in the problem for
the relative position and velocity information, and to process the observed
data (recorded on a magnetic tape provided by PROCES) and differentially correct
the elements of the trajectory. In its simplest form, then, the program can be
viewed as the link between these modules, i.e.,

-5-
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MAI"

CALL INPUT

CLDATATE

Check Rest 
of 

TJ

Stations

All Stations Checked, No Data
Available at This Time

Read Next
Data Point

END

However, due to the fact that data required as input to TRAK and FILTER are
available in TRAJ and TRAK respectively and are not utilized in the MAIN
Program for any other purpose, this logic has been modified slightly.
The modification consists of placing the call statement for TRAK (and FILTER)
in TRAJ (and TRAK) and constructing a transfer within TRAJ which will assure
that control is reta~incd by TRAJ until all data have been processed. In
this sense, then, TRAJ is the gross data processor and the flow diagram
reduces to:

(INPU)

CALL DATAPE -------- This routine is docu-Smented with the Filter
' TA -Group since successive

TA RCcalls will always come
DATA PROCESSOR) following the reduction

of a given observation.
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A careful review of these modules is essential to a thorough appreciation
of the functioning of the program. For this reason, complete documentation of
all routines employed will be presented in the following sections of this docu-
ment. The task of reviewing this information, however, has been simplified by
grouping the subroutines when their function relates them to a larger jroblem
to assist in the comprehension.
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2.2 The INPUT Group

This group of routines is designed for the purpose of providing the com-
munications link between the users of the differential corrections program
and the program itself, The group contains .t routine which provides nominal
information to the program (INPUT), a routine which reads specific information
regarding the satellite (REED), a routine which loads ephemeris and atmosphere
information (BLOCK), a routine which effects conversion from orbital elements
to position and velocity if this form of the data is provided (POSVEL), and a
routine to set up the solution process by initializing various data cells in
memory (INITAL).

The group also includes in a sense the routine (DATAPE) which reads the
data tape prepared by the preliminary processor. However, since this routine
is a more integral part of the logic associated with the filtering of the
data, it is documented in the FILTER group.
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2.2.1 Subroutine INPUT

Purpose: INPUT provides all of the data(except the observation
data) necessary to effect the differential corrections
solution of a given trajectory. Data for the physical
characteristics of the Earth, Sun, Moon, and vehicle,
station location and error data, position and velocity
information for the satellite, and an estimate of the

covariance matrix for errors in the state vector at the
initial epoch are provided.

Deck Name: INPUT

Calling Sequence: CALL INPUT

Input/Output: ....
FORTRAN Math Corwon/

I/O Name Name Dimension Argument Definition

0 CON 15 DATA (1) A subarray of common
containing constants
for the program

0 RE Re 1 CON (1) Equatorial and Polar
RPOL Rp I CON (2) radii (Km) for the refer-
COEFJ J 1 CON (3) ence ellipsoid, the first
COEFH H 1 CON (4) 3 coefficients of the
COEFD D 1 CON (5) potential function
GMERTH 1 CON (6) (Jefferies notation), the
O1FGA C 1 CON (7) gravitational constant

(Km3/sec 2 ), and the spin
rate for the Earth.

O GNMOON A 1 CON (8) Gravitational constants
GMSUN 1 CON (9) for the moon and sun

(Km3/sec 2)

0 AU AU 1 CON (10) The astronomical Unit (Ki)

0 CONDAY SEC 1 CON (11) Conversion from days to
DAY seconds (86400.)

CONV 2 RAD 1 CON (12) Conversion from degrees
DEG to radians

0 NIN 1 CON (13) Input and output tape
NOUT 1 CON (14) numbers

-12-
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FORTRAN Math Common/
I/O Name Name Dimension Argument Definition

I SAT - 20 DATA (16) A subarray of common containing

datp pertnining to the satellite
at the initial epoch.

I/O SMASS m 1 SAT (1) Satellite mass (Kg), reference
AREA A I SAT (2) area (m2 ), drag coefficient, and
CD CD 1 SAT (3) surface reflectivity.
REFLEC R 1 SAT (4)

I/O RVEC r (or 3 SAT (5) Position and velocity vectors (or
a,e,i) orbital elements) in the true
' (or 3 SAT (8) equator of date frame at the
2,4, 0.) initial epoch (Km-sec Units).

I/O TW (DJ) to 1 SaT (i) The whole and fractional part of
TF (DJF) 1 SAT (12) the day corresponding to P, "

relative to January 0 1950.
(1950.0) J.D. 24332S2.423.

I/O WINDEX - 1 SAT (13) Indices utilized to define the
CHECK - 1 SAT (14) format of RVEC and VVEC (cartesian
GO NO - 1 SAT (15) vectors if 1. or orbital elements
CODUMP - 1 SAT (16) if 2.), whether or not Pach

station is to be checked at each

integration step (yes if 1. or
no if 2.), whether or not trajec-
tory data is to be prepared for
each Nth integration step (yes
if N. or no if 0.), and whether
COMON is printed (no if zero).

0 KCHECK - 1 SAT (17) Fixed point equivalents of SAT
NOGO - 1 SAT (18) (14) and SAT (15).

I SDA 250 DATA (36) A subarray of common containing
station data.

I N (I) ni  10 Station identification indices-
used to select those stations to
be employed.

- 13 -



FORTRAN Math Common/
I/O Name Name Dimension Argument Definition

0 STATN I 40 SDA (1) Station array (1 to 10)
>1 containing position infor-
H mation for each of the
Name stations and a 6 charac-

ter identification.

0 HORCOR E 10 SDA (41) Horizon corrections in
elevation for each of the
10 stations.

0 STERR 2 30 SDA (51) Station error array (1
to 10 stations) containing
variance information for
latitude, longitude and
altitude (_, _, Km2 )

0 SNOISE 2 40 SDA (141) Station noise array, (1
to 10 stations) containing
variance information for
measurement for errors in
range, range in rate,
azimuth and elevation,
(Km2, Km2/sec 2, _, _,)

0 Number 1 SDA (241) The total number of
stations employed in the
tracking program for this
given simulation

T STT 105 DATA (286) A subarray of common
containing statistical
information (and related
data) for the satellite

I/O PP 6 X 6 STT (70) Covariance matrix for the
errors in ! and ' at to
(metric units) resulting
from smoothing raw data
as done in the po1no v
processor.

-14-
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Subroutines Required: REFD (Relative Read rackage)
POSVrT (Conlrerts 'PmPnts to ro -'
I'I TAI (initializes vectorg for nrohlemi)

Fiinm.ions Rpquir-d : None

Aprrxi"at, e Deck
!ength: ]h152 (octal)

Description:

INPUT provides all of the constants, the data for a fixed network
of ten tracking stations, and the logic for selecting (and modifying) from
the fixed array of stations those to be employed on the analysis. In
addition, INPUT serves as the driver for a read routine (REED) which is
constructed in such a manner that any of the constants previously loaded
into common can be changed at the time the physical data and estimated
orbital data for the satellite being tracked arc loaded. Upon return from
REED a test is made to determine whether the 6 components of position and
velocity or 6 constants of integration in the form of the orbital elements
(a, e, i,r.,w , 9o ) were provided. (In the latter case the correspondinr
radius and velocity vectors are computed). INPUT then cal]s subroutine iNITAL
which initializes the cells in the common array containing vectors used
in the integration of the "best" trajectory and in the processing of the
data. As a final step, all of the input data are printed for reference.

The first observation which should be made of INPUT is that variance
data are given for the station errors (i.e., varianco, in latitude, longitida.
and altitude) and for the noise errors (i.e., variance in range, range-rato,
azimuth, and elevation) under the assuT.tion that the errors are uncorre-
lated. If calibration of the stations employd in this simulation shnuld
subseqently prove that the present formulation is inadequate or could
be improved, the complete arrars should be provided. The incorporation of
these additional data requires only that the dimension of the 3r, 37,
SMOISE, and STERR arrays be altered and that the PITI1R package be modified
accordingly to accept th- new data. Allowances for this modification have
been made in the design of th- common array in that ex"ra locations have
been provided.

A map of the COMMON array (DATA) utilizd by this routine is presented
as Appendix . to this repor. This map shulwd be utilized to facilitate
conmwmaoation with the program and to aid in analysis of ths .OalIu.. ion
between routines.

- 15 -
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The second observation which should be made is that, since the data
being processed have been smoothed previously to reduce the number of raw
data points and to remove the random scatter in the raw data, the variances
utiliznd in the program should correspond to the smoothed data points rather
than the raw data. Thus, to prepare these data if raw data variances are
known, it is necessary to develop the covariance matrix for the difference in
the true and smoothed values of the observation vector.

Y 'TRUE - SMOOTH

and note that the smoothed values obey the equation

YSMOOTH 1 X. Xt2  b

M c

where: X1 tI - tmidpoint

a,b,c coefficients of the parabola which best fits the data.
AL

Further, the vector-of constants (8) which is determined in an unweighted
least squares fit of the parabola to the data can be represented as

=Yobserved

(see the preliminary processor documentation of SMOOTH). Now,if the observed
vector is represented as

-. -%. %

Vobserved = Vtrue + N,

substitution back into the equation forA Iyields

4V (I - MO) *Y4r -MA

Thus, the desired covexiance matrix can be found by taking the expected
value of the productsA A'* •

D, A A r lr .J h T T - - - F T -A + K N N ' K J-.. . E AU
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But: E (T =T 0

E ( TRT) E 0

E (N TT) 0o

Leaving

E (, yT) K V KT

which is generally not diagonal even for a diagonal V, but which (for the types
of problems attempted during checkout,) can be approximatpd with a diagonal matrix.

The operation of INPUT is controlled by data provided from REED and on
the station identification card (SIC) which must precede all of the card
input. This is accomplished as follows: the SIC (a card of 10 fixed
point numbers of FORMAT 10 I 4) is read and those stations for which an
index other than zero is recorded are assumed to be utilized in the data
reduction problem (The numerical sequence of the utilized stations must be
provided as input to the preliminary processor so that the observed data
will be credited to the proper station). Now, INPUT selects data from
arraysof numbers provided for these stations and loads these data into
common for use in subsequent operations (it is thus important to note
that the remaining station data are discarded and will not be available to
the program at later time) subject to modification from REED if any or all
of the data from one or more stations is to be changed.

Having selected -the nominal station data, INPUT calls REED for the
purpose of obtaining the required satellite data and varifying the nominal
station arrays. REED provides data to the program by assigning any data
(previous to the first blank 12 digit field) to the common location
provided in the first 12 digit field (right justified) of the card. When
REED recognizes the fixed point number 999 in the first field of a card
it assumes all numerical data have been provided and begins to look for
new station names (one to a card) until tht location 9999 is read. At
this point, all data are assumed to be available and control is returned
to INPUT. It is important to note that with the exception of the grouping
of the data cards before 999 and the name cards before 9999, no sequencing
of the data cards for subroutine REED is required.

The data expected by INPUT from REED is as follows:

Data (16) satellite mass (kg)
Data (17) cross section area (m2 )

Data (1.8) drag coefficient
Data (19) surface reflectivity
Data (20) radius vector (X, Y, Z) (Kn) or the orbital elements a, e,

i in the true equator of date-frame (Km, - , DEG)
Data (23) velocity vector (X, Y, Z) (Km/sec) or the orbital

elements w,4L, 9 (true anomaly) (DEG, DEG, DEG)
Data (26) whole number of days since 1950.0 to beginning of present

date
Data (27) - fractional part of present day in U.T. expressed in days

- 17 - SID 65-1203-1



Data (28) = WINDEX - an index utilized to define the option for Data
(104) - (109). WINDEX = 1. if these data are position
and velocity vectors; and 2. if they are orbital elements

Data (29) = CHECK - an index employed in TRAK to bypass checking the
tracking stations unless tracking data are available at
the given instant. CHECK = 1. no bypass; = 2. for
efficiency

Data (30) = GONO - an index employed in TRAK to bypass checking the
tracking stations unless the particular station involved
recorded the data. GONO = 1. no bypass; = 2., bypass

Data (31) = CODUMP - an index used to assist checkout and as a perma-
nent record of program constants, etc. If CODUMP =
nonzero, the entire DATA array is printed following
initialization.

Data (356) = covariance matrix for the errors in the initial position
and velocity vectors in the coordinate system of * and %
and in units of Km2 and (KM/sec)2

These data can be augmented with station data if desired. This step is
accomplished by identifying the number of the station to be changed (the
number of stations on the SIC preceding the station to be changed) and
loading data into the following locations.

Data (36 + 4N) = Latitude in radians
Data (37 + 4N) = Longitude in radians
Data (38 + 4N) = Altitude relative to the reference ellipsoid (KN)
Data (39 + 4N) = Station name (6 characters)
Data (77 + N) = Horizon correction (rad)
Data (87 + 3N) = Variance in latitude (rad) 2

Data (88 + 3N) = Variance in longitude (rad)2

Data (89 + 3N) = Variance in altitude (KM)2

Data (177 + 4N) = Variance in range (KM)2
Data (178 + 4N) = Variance in range-rate (KM/sec)2

Data (179 + 4N) = Variance in azimuth (rad)2

Data (180 + 4N) = Variance in elevation (rad) 2

- 18 -
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Computational Logic:

INPT

load constants
for Earth, Sun
and Moon

Station I.D. Card

1- - - N10 station
indices defining the REA
tations to be considered

load basic
data for
a fixed set

of 10 stations

Using NI - - N10 and
station data, construct
the compact arrays of
numbers containing
information for the

stations of interest

(load satellite data

CALL 1EED ~and alter the arrays of
station data if desired

input elements
of orbit <

rV, V. v
'Oestablishes position and

velocity vectors in the
CALL INITAL frame of 1950.0, and initial-AL izes the vectors required to

'define the conic reference

T,r,v,E (x XT), mACDR trajectory and the state
transition matrix.

[coN
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2.2.1.1 Subroutine REED

Purpose: REED is designed as a simple reading routine for numeric L
data and alphabetical characters. This routine is essen-
tial to the program if permanent data of the type listed in
subroutine INPUT are to be retained or changed as desired

Deck Name: READ

Calling Sequence: CALL REED

Input/Output:

FORTRAN Math Common/

I/O Name Name Dimension Argument Definition

I NIN 1 DATA (13) The input tape number.
N 1 - The location in the common

array (DATA) at which the
floating point number pre-
sented in the secona
field of the card is to be
placed. This numoer is
assigned a 12-digit field
but should be rightly
justified.

When N = 999, the outin.'s
interprets this as a sig-
nal that no more data
(numerical) are aveil1le
and transfers to a second
mode. In this mode, the
routine reads one 6 char-
acter alphabetical re-ae
per card into memor until
N x 9999 At this timr,
return is triggered.

I/0 D(K) DATA 5 DATA (N, Up to 5 consecutive pieces
N+11 N+29 of information (floating
N+3, N+4) point numbers) which are

to be stored in the common
array. If any of the 5
numbers is blank, the bal-
ance of the card is not

I read.

- 33 -
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Subroutines Required: None

Functions Required: None

Approximate Deck Length: 130 (decimal)

Dos cription:

REED is a semi-general purpose read routine which is designed to accept
cards in an 112, 5E 12.8 Format and assign the data recorded in the second
through sixth fields of the card to the consecutive locations in common
(DATA), beginning with the location read in the first field. Several comments
governing the operation of REED are in order, however, since they affect the
functioning of REED and thus of the main program. The first is that REED
will not search a data card past the first blank field which it recognizes.
(Blanks are interpreted as -0.0; thus, zeros must be input using no sign or
a plus, e.g., 0.0). If non-consecutive pieces of information are to be placed
in the program as data or as new constants, it is necessary to start a new
card following the point of discontinuity (or else fill in the data for the
intervening location(s)).

The second observation is that all data are assumed to be floating point
numbers for the sake of simplicity. Thus, if data are to be utilized as
fixed point numbers, a fixing operation must be performed in the calling
program after the data have been read. This operation is quite easily
accomplished by equating a fixed point name to the floating point variable
and equivalenting both variables to locations in the common array (DATA).

The third observation pertains to the method utilized to identify the
time at which data are complete. A signal of quite arbitrary nature can be
utilized; however, it was felt that the information should be recorded in
the first field since this field alone is always read. Further, since the
DATA array used for common generally require fewer than 1000 locations,
it was decided that when N > 999 no more numerical data would be read. A
card bearing this number must thus follow all of the data.

When the program identifies & location N %, 999, return to the calling
routine is not triggered immediately. Rather, a test is made first to see
if any alpha-numeric information is to be read. If N< 9999, additional
cards are read in a format 112, A6. If N>,9999, transfer to the calling
program is effectea. Thus, this card must also be present in the deck
whether there are alpha-numeric data or not.
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2.2.1.1.1 Subroutine SICRD

Purpose: SICRD is a special purpose subroutine which
operates in conjunction with the program logic
to assure that the first data card is the
station I. D. card. If not, execution is

terminated.

Deck Name: SICR

Calling Sequence: CALL SICRD (N)

Input/Output

1/0 FORTRAN Math Dimension Common/ Definition
Name Name Argument

0 N 10 Arg array of numbers indicating
which of the ten stations
of the program are to
be utilized (1 = yes,
0 = no)

I NIN 1 CON (13) input and output tape
mnT CON (14) numbers.

Subroutines Required None
Functions Required None
Approximate Deck Length 100 (Octal)

Discussion:

This routine is designed to read the first data card in an "A-FO4AT"
and to test the first word on that card to determine if it is in fact the
station I. D. card (SIC). If the card is identified as the SIC, the words
in the next 10 fields of the card are tested for zeros. Finally, an array
Sub () is constructed of zeros and ones so that the main program

will employ the proper network. It is important to note that since the data
are read in an A Format a non-zero characters can be employed to identify
the users desire to include a station.

If the first card is not the SIC, then execution is terminated with
an error message.
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2.2.1.2 Subroutine INITAL

Purpose: INITAL is designed to set up the solutior to op Per-
formed within TRAJ by taking the input data and
storing the position and velocity vectors and the
associated epoch in cells set aside for the purpr,sf-
of computing the conic reference trajectory and th-
state transition matrix.

Deck Name,: INIT

Calling Sequence: CALL IMITAL

Input/Output:
FORTRAN Math Common/

I/O Name Name Dimension Argument Definitior

I R, V r, v 3, 3 SAT (5) Radius and velocity
SAT (8) vectors in the true equator

of date frame of refer-
ence (Km, Km/sec)

I/O TW, TF to 1, 1 SAT (11, 12) Whole and fractional
W-F~ (50, 51) number of mean solar days

elapsed since the refer-
ence epoch of 1950.0
(JD 2433282.423)

0 ROTATE NP 3 X 3 WRK (1) Transformation matrices
ROTINV pTNT 3 X 3 WRK (10) relating true equator of

date frame of reference
to the mean equator of
1950.0 system.
(rD = NPr 5 0 )

0 RCON rc (0) 3 WRK (28) Position and velocity
VCON Vc (0) 3 WRK (31) vectors used to describe

the conic reference tra-
lct.- for the Encke
integration (Km, Km/sec)

0 TCON tc  1, 1 WRK (34) The epoch corresponding
TCONF WRK (35) to the radius and velocity

vectors used to define
the conic reference
trajectory.
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FORTRAN Math Common/I/O Name Name Dimension Argument Definition

0 RTRAN 3 WRK (36) Position and velocity
VTRAN v 3 WR - (39) vectors utilized to define

the state from which
errors will propagate
to the time of data
acquisition. These
vectors are in the true
equator of date frame.
(Km, Km/sec)

O TTRANW, tn_-1  1, 1 WRK (42) The epoch defining the
TTRANF WR-K (43) point from which errors

will be propagated

0 R0 rO 3 WRK (44) Position and velocityV5O v5o 3 WRK (47) vectors corresponding to
R and V in the frame of
1950.0 (Kin, Km/sec)

0 DR 4 3 WRK (52) Position and velocity
DV A 3 WRK (55) vectors for the satellite

relative to the conic
reference trajectory
(Kin, Km/sec)

0 RCONIC Mc (t) 3 WRK (117) Position and velocity
VCONIC c t) 3 WRK (120) vectors on the conic

reference traj ectory
at the epoch t (Kfm, Km/sec)

0 STATE X (t) 6 STT (64) The initial components
of the vector composed
of errors in the radius
and velocity vectors

_ _(Kin, Km/ec)

Subroutines Required:. EQINOX (relates frame of date to 1950.0)
MATMPY (matrix multiplication)

- Functions Required: None

Approximate Deck 134 (octal)
- Length:
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T) iscussion:

TFTTAT. is intended to tal'e the position and ir, loci- vent-~rs in f~h-
tr'e eqliator of date framn o"' ref"-ren-'c and cnrnu+ the corr-srondircz
posi tion and vlcyvetrint oPpta+ioral f'rame (thp n' an
equator of 2950.0). This is accrihshed by, call!-.)' FQTTICY and r lrr.nf
th- f'ollow-ing multiplication

r5 0 - rTT)

VS)- PpT

H4avi-.n omleted this operation, the vpctors required to rerform b
in+ecration of the. trajectry and the compitation of' the state transition
ratrix are l-oaded into cormon. A+ tlhis point, 'lie process iscop 1 ne
by, establishing the components of' the Iitial sta t e vec t or (0).
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1.

Computational Logic:

IN1IfAL

CALL EQflOX

CALL MATMPr
r5 0  T rD

CALL MATMPf

0 T VD

,00 - 0

Vn-l = vD

t e = t o
tn. I = t o

- 46 -
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2.2.1.3 Subroutine POSVEL

Purpose: POSVEL accepts data in for form of the orbital elements
and computes the position and velocity vectors
corresponding to the epoch of the elements.

Deck Name: POSVEL

Calling Sequence: CALL POSVEL (GM A, E, OIfC, OMEGAW, OMEGA, THETA,
R, V)

Input/Output:

FORTRAN Math Common/
I/O Name Name Dimension Argument Definition

I GM AL I CO !(A) The product of Newton's gravita-
tional constant and the mass of
the Earth. (Km3 /sec2)

I A a 1 Arg The semi-major axis, eccentricity,
E e 1 Arg orbital inclination, argument of
OINC i 1 Arg perigee, longitude of the ascending
fEGAW 1 1 Arg node and true anomaly of epoch for

OMEGA 1 Arg the elliptical orbit of interest
THETA 90 1 Arg as expressed in the true equator

and equinox of (late frame of
reference (Kin, -, deg, deg, deg,
deg)

0 R r 3 SAT(;) The position and velocity vectors

V 3 SAT(8) in the true equator and equinox
of date frame of reference (Kin,
Km/sec) (cartesian coordinates)

Subroutines Required: None

Functions Required: SIN, s:iUiD (sine function)
COS, COSD (cosine function)
SQYT (square root)

ATAN (arc tangent)

Approximate Deck 231 (decimal)
Length:
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Formulation:

The orbital elements define a corresponding set of position and
velocity components (in the same coordinate system). POSVEL is designed
to compute this equivalent set of numbers by utilizing elliptic fcrmulae.
However, since these formulae are reasonably well known, they will not be
developed; rather, those employed will be presented.

The elements which are assumed to be available make up a variation of
the classic set to be specific.

a - semi-major axis (Km)

e - orbital eccentricity

i - orbital inclination to-the Lrue equator of date (deg)

- argument of perigee (deg)

Q - longitude of the ascending node relative to the tre vernal
equinox of date (deg)

go ;- true anomaly of epoch (deg). Thip element is utilized rather than
the time of perigee passage due t% he fact that it simplifies
the resolution process

Thus, the dynamics of the problem is introduced through these elements by
employing elliptic equations as follows:

ro a!1 o
1 + e cos go

r "a

to tn1esin on -90 Y. 4 +90o
11+ecos Go01

where nen :o* o

These quantities fail to fully establish the desired information, however,
since the orienttlon of the plane of motion has not been introduced, this
step is acconp..aed by referring to t- ol owng sketches.
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v

v v sin r̂ + v cos ^s

where r and As are obtained from

S" TZ(O)Tx(I)Tz(n)

dos V dcosrz -SI/aosr S/"VAf d- ~O.5O J1S IL) 'SIAif eOS e CdSS)X S1iS1A1<P1.-S/AJ p C051,1 - CoO Ce5Z/ S1l -SlAl.PDSlVj 0 COJ9 COS," CO.SS1 e05 PuI/VZ
S/ AU -i/ZdOJ L6e

and. where T(f ) means the transformation constructed by rotating the
coordinates about the Z - axis in a ccw sense through the
angle n

TX% ( means the kransformation constructed by rotating the
coordinates about the x - axis in a ccw sense through
the angle i

09 9+
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Computat.o14aI Logic:

=POSVE L

I C o.SaA -,oCos O Sl.) X 4 (CSIA Pi .3/A/l1 e4 COSE CO.Q) Y dswi Slile9'l

r ri
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2.2.1.4 Block DATA

Purpose: BLOCK stores atmospheric density and lapse rate data
and solar-lunar ephemeris data into cells utilized by
subroutines ATMS and EPHEM, respectively. BLOCK is
executed at the time the program is loaded; thus, the
routine is never called in the program.

Deck Name: BLOCK

Calling Sequence: None

Input/output:

FORTRAN Math Common/
1/0 Name Name Dimension Argument Definition

0 ALT 1 h] 1 ATCON (1) the altitudes in Km correspond-
ALT 2 h2  1 ATCON (2) ing to the ranges over which
ALT 3 h3  1 ATCON (3) lapse rate and density data

for the 1962 U.S. standard
atmosphere will be quoted.

O REQT Re 1 ATCON (4) the equatorial and polar radii
RPOL Rp 1 ATCON (5) of the earth in Km

0 STEP 1 4h1  1 ATCON (6) the intervals at which density
STEP 2 Ah2  1 ATCON (7) data are quoted (between h1

and h2 . and h? and h3,
respectively)

0 RHOF /o 21 TABLE (1) the density and lapse rate for
RATE K 21 TABLE (22) the 1962 U.S. standard atmosphere

at the tabulated intervals

O EPHAM to 1 EPHCM (1) the date relative to 1950.0
Ats 1 EPHOM (2) (J.D. 2433282.423) at which the
Atm 1 EPHOM (3) tabulated data begin (days); the
rm,vm 270 EPHOM (4) time interval for solar ephemeris
rsVs 66 EPHOM (274) entries (days), the time interval

for lunar ephemeris entries(days),
position and velocity vectors
for the moon (Km, Km/sec), andIposition and velocity vectors
for the sun (kin, Km/sec)
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Subroutines Required: None

Functions Required: None

Approximaete Deck~ 1 (octal)

Length:
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2.2.1.5 SUBROUTINE DADUMP

Purpose: DADUMP prints the entire conitents of the unlabeled
COMMON region DATA. A complete description of the

• output data may be found in Appendix (COMMON map).

Deck Name: DADMP

Calling Sequence: CALL DDUMP

Input/Catput

FORTRAN COMMON/
I/O Naine Dimension Argument Definition

I/O DATA 525 COMMON Unlabeled COMMON region composed
of the subarrays CON, SAT, SDA,
STT, WRK.

I NOUT 1 CON(17) Output tape number

Subroutines Required: None

Functions Required: None

Approximate Deck Length: 533 (octal)

Discussion:

The principal purpose of this routine is to provide a print-out of the
pertinent conditions at program initiation. After reading the program input
data and performing any necessary initialization, subroutine DADUM? is
mechanized from subroutine INPUT by setting the flag CODUMP to a non-zero
value (input data location 31).

Utilization of this option provides a permanent record of all of the
numbers associated with a particular run (gravitational constants, etc.),
and a convenient means of checking for system incompatibilities during
program checkout.
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2.3 THE TRAJECTORY GROUP

The second of the major blocks included within the differential
corrections program is the trajectory program. This group of roukines
evaluates the acceleration vector, integrates the acceleration to define
the position and velocity and computes the data relative to the selected
tracking stations. These functions are discharged by four separate driver
routines.

1) CONIC (Generates conic reference trajectory for an Encke
solution to the equations of motion - called from
INGRAT)

2) MOTION (Generates the total acceleration vector for motion
relative to the reference ellipse)

3) INGRAT (Integrates the acceleration vector obtained from
MOTION and defines the position and velocity vectors)

4) TRAK (Defines the position and velocity vectors relative
to the tracking stations and computes the predicted
values of the observed data)

which are mechanized to function in conjunction with a master routine TRAJ.
This master is discussed on the following pages and the manner in which these
routines are incorporated into the total computational problem is demon-
strated.
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2.3.1 Subroutine TRAJ

Purpose: TRAJ mechanizes the working portion of the program

and serves as the means whereby the reference
trajectory is computed and the tracking stations of
the problem checked. Once entered, control is not
returned to MAIN until the final data point is
processed.

Deck Name: TRAJEC

Calling Sequence: CALL TRAJ

Input/Output:

FORTRAN Math Common/
I/0 Namt% Name Dimension Argument Definition

I TCONW tconic 1 WRK(34) TW and TF corresponding to
TCONF 1 WRK(35) the epoch at which the

reference ellipse was
definrod (days).

I RVEC r 3 WRK(44) The position and velocity
VVEC v 3 WRK(47) vectors in the frame of

1950.0 (Km, Km/sec.)

I TW t 1 WRK(50) Whole & fractional part of
TF i WRK(51) the number of days since

1950.0 for present epoch
(Days from J.D. 2433283.423)

I R A r 3 WRK(52) Position and velocity
RD v v 3 WRK(55) vectors defining the motion

relative to the Encke
ellipse (Kin, Km/sec.)

0 TIME t-to  1 WRK(104) time in seconds since last
reference trajectory
rectification

o RCONIC rc 3 WRK(117) Position and velocity

VCONIC vc 3 WRK(120 vectors at TW plus TF for
the uonic reference tra-

SJectory (Km, Km/sec.)

-?3
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Subroutines Required: EPHEM (ephemeris for Sun and Moon position vectors)

MOTION (driver for evaluating the total acceleration
experienced by vehicle)

INGRAT (numerical integration driver)

EQINOX (routine for relating the true equator of date
to the mean equator of 1950.0)

TRAK (routine designed to compute topocentric data

for tracking stations)

Functions Required: None

Approximate Deck 115 octal
Length:

Discussion:

TRAJ does not in itself accomplish any portion of the required solution.
Rather it is constructed for the purpose of sequencing the operations which
are performed in generating the trajectory and checking the stations for
visibility. In this sense, then, TRAJ is a direct extension of the program
entitled MAIN and may appear unnecessary. However, for the purpose of check-

out, it was deemed desirable to test the input and output functions of the
program separately. Further, for the purpose of program appreciation and
understanding it was deemed preferable to retain the checkout structure.

The first step taken upon entry into TRAJ is the computation of the
solar and lunar position vectors (EPHEM) to aid in the computation of the
gravitational and solar pressure contributions to the acceleration vector.
This done, MOTION is entered for the purpose of computing the total accelera-
tion vector and INGRAT is called for the purpose of estimating the positior
and velocity vectors at a time subsequent to the present epoch, (the step
size for this integration is determined by the time interval between two
successive data points and the magnitude of fifth difference of the accelera-
tion vector as described in the discussion of the integration package). At
this point, all vectors are known at the new epoch, time has been stepped,
etc. and the conversion to the true equator of date from the mean equator
of 1950.0 is defined. (For the sake of efficiency, this operation is per-
formed only at one day intervals of time.) As a final step TRAK is called
to determine if any of the tracking stations being employed observe the
satellite and if there is data available at this epoch to process. (in the
latter case, TRAK calls FILTER).

A transfer is constructed in TRAJ inmediately after return from TRAK back
to the computation of new solar and lunar position vectors. The cycle then
repeats. Thus, on the surface there appears to be no means for the program
to terminate. This conclusion is improper rsi2ce at the time the last data
point is processed, execution is terminated from within FILTER.
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Computational Logic:
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2.3.1.1 Conic Reference Motion Group

The trajectory for the space vehicle is formulated in the Encke

Manner to assure numerical precision. That is,the difference in the

acceleration vectors for a vehicle moving on the true trajectory and an

imaginary vehicle which is moving along a conic trajectory (selected in

such a manner that 'o and Io are equal for the two trajectories) is

evaluated at every point, This differential acceleration is then

integrated to obtain the differential position and velocity vectors and

the true motion constructed by adding the reference position and
velocities to the corrections.

This group of routines is designed to provide the reference r

and v as functions of the time utilizing a deterministic set of variables
to assure nuuierical significance in all computations. The group is

completely self contained save for several math functions which are

provided elsewhere in the program and for the gravitational constant
which is acquired from common.
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Subroutine CONIC

Purpose: CONIC provides the conic reference trajectory to be
utilized in conjunction with an Encke integration
being performed in other portions of the program.
The variables are those recommended by Dr. S. Herrick
and are employed to avoid ambiguities in the solution
as the eccentricity approaches zero or one and/or
as the inclination of the reference orbit plane
approaches zero.

Deck Name: CON

Calling Sequence: CALL CONIC (R0l So, TIME, X, DTIME, R, V)

Input/Output:

FORTRAN Math Common/
I/O Name Name Dimension ArFument Definition

I RO :co 3 Arg The position and velocity
SO Vco 3 Arg vectors at an arbitrary

epoch in cartesian coordi-

nates (Km, Km/sec.)

TIME t 1 Arg The time in seconds from
the epoch of 1o, _o to the
epoch at which r and V are
desired.

I/O X X 1 Arg The eccentric anomaly
variables (E - Eo) defining
the position at the desired
time. The quantity is
saved to aid in future iter-
ative solutions for
Y=X( t)

DTIME t 1 Arg The inci
seconds since the previous
solution yielded the value
of X being fed back into
CONIC
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FORTRAN Math Common/
I/0 Name Name 9imension Argument Definition

0 R r 3 Arg The radius and velocity
V v 3 vectors at time t (in the

same coordinate frame as
V) expressed in Km and

Km/sec.

I GM 1 CON(6) The gravitational constant
for the central body
(Km 3/sec2)

Subroutines Required: SEARCH (numerical-analytic search for the position
variable satisfying the time constraint)

Functions Required: DOT (vector dot product)
AMAG (vector magnitude)
COSH (hyperbolic cosine)
SINH (hyperbolic sine)
Cos (cosine)
SIN (;sine)
SQRT (square root)

Approximate Deck 420 (octal)
Length:
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Formulation:

The equations of motion for the central force problem are

'( 1 )

Thus, the rate of change of the angular momentum vector is

d r rx F rx r -

d6 h(2)

This equation states that the angular momentum (thus the plane of motion)
of the resultant conic is constant and leads directly to the fact that any
vector in the plane can be constructed by linear combination of any two
vectors selected. i.e.,

r = ' -t fV

(3)

Further, since ro and vo are constants and since ' = d/dt (C)

V = ,, -- V o ( )

This representation of r and - is completely definitive for all conic

trajectories and exhibits none of the ambiguities or indeterminances
encountered with the solubion employing the classic set of elements
( a, e, i, c., -a , Mo). For this reason, equations 3 and 4 will be employed
in this program and attention will be turned to the evaluation of the

quantities f, g, f and g

Consider the following sketch which illustrates motion in the orbit

plane

r

r
A A
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.. V.
ro h/

Now since equations 3 and 5 represent the same vector

t(6)

where 4 -0

The basic problem at this point now reduces itself to the evaluation
of the angle 6 in terms of variables which can be related to time through
the dynamics of the motion. This task requires that equation 1 be inte-
grated and that the solution shown to be conic. Howsyer, since this process
has been accomplished in such a large number of referen'es (eog., Reference
1), the solu.tion is assumed to be known and the angled is recognized to
be the difference in the true anomalies at positions corresponding to ro
and r.

Under these observativns the trigonometric functions sin , and cos4d
may be reduced to functions of the eccentric anomaly (selected due to the
fact that Keplerts equation will be utilized to obtain f, g, f and j as
function of time) by substituting the following identities:

sine = (8)I-

cos L E - C) (9)
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Thus * )

rr

ro (io)

where: the notation s< = sin o; co( = cos %v and X = E- Eo

but SE = sin (Eo + X)

= sXcEo + cX SEo

so that

_ I-e I.S x + V. (-cx)

s imilarly

cos/ 3  = cos 9 cos 0. + sin Q sine0

AE E E 5
hro

- eo(CC 0 -,5E -CEO) )
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-f cX t-2~ - e' ,s x r , s E ,, - e a c x . o

AL

Cc"xf SE (12)

which can be grouped and reduced as follows

rE SE, -- (cc ,

L 6 x( o) cx

_ _ a(13)
P a Ilea/

= (I-I-a.
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Finally, Keplerts equation in terms of the time of transit from r- to
can be obtained as

'-) , (( E -Z-o -\,E

;- ( c EO _E x 0S 0 )

,X C. -- CS ) "

=X+

(x -Sx) -- SX - r (i-cx) (15)

0-~~ 87z -0

and the quantities f and g determined as follows

t ) r" (I-cXi

W 87 f.-,
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or f (16)

similarly

v -a ( /--- r

which may be simplified by observing the form of Kepler.'s equation to yiel1

,q[n- sx (-s (z)x r

The coefficients £ and g can now be determined by differentiating
Kepler's equation as follows:

oru ziX v(is
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and by returning to equation 3 to note that

d &r

- S Y-

rn (19)

and d(4 )

(20)

Equations 3, 4, 15, 16, 17, 19, and 20 now provide the complete
description of the conic motion problem in a completely deterministic set
of variables. These equations are utilized as follows to define F and '
as functions of t - to:

1) solve 15 for X (iterative)

2) solve 16, 17, 19, and 20 for f, g, f and

3) solve 3 and4 for rand v

At this point Dr. S. Herrick's notation in "Universal" variables
(Reference 2) can be adopted by defining the following quantities

s=VIT x

V - x -S X)

-7- VT(Z Z,
V' V/
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V V

and f', g', f', and A' can now be expressed in the form in which they
will be coded.

It is noted that at every step in the development of these equations the
implicit assumption of elliptic motion has been made (see equation 8 )
However, since for hyperbolic motion

ah  = negative

F = iE

F - F = Y = X

only the following modifications need bh bee to provide for a hyperbolic

reference orbit capability

AY

'v 4( I

Thus, this generalization will be included.

1. Townsend, G. E., "Orbital Mechanics" Chapter 3 in The Orbital Flight
Handbook NASA SP-33 Part 1, 1964.

2. Herrick, S., "Universal Variables" published by the author, University
of California (L.A.) November 2, 1964.
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2.3.1.1°1 Subroutine SEARCH

Purpose: SEARCH is the iterative logic utilized to solve
1k Kepler's equation for the position variable X

(see CONIC) as a function of the time elapsed
since the epoch of ro, vo .

Deck Name: LOOK

Calling Sequence: CALL SEARCH (TAU, DTAU, X)

Input/Output:

I/0 FORTRAN Math Dimension Common/
Name Name Argument Definition

I TAU T 1 Arg Universal time variable
defined br 7 V f7-

I DXAU 1 Arg the change in tau since
the solution was last
iterated. (Tau for first
solution)

I ELM To  1 WRK(130) the array of constants
Do  describing the nature of
a the motion
Co  1

0 X X 1 Arg the eccentric (hyper-
bolic) anomaly variable
defining position on a
conic section as a function
of t - to

Subroutines Required: None

Function Required: PARTL (partial derivative of Keplers
equation with respect to X)
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Function Required (continued) TIME (Time relative to the epoch
of rt, vo)

SQRT !square root)
SIGN (function for attaching the

sign of one variable to
another)

ABS (absolute value)

Approximate Deck Length: 190 (decimal)

Discussion:

SEARCH solves a monotonic transcendental equation of one degree of
freedon in a two stage iteration process. First, a guess of the solution
is made and the function evaluated at the guess and at the guess plus a
fixed increment. The error in the functions are then computed and the
value of guess which produced the smallest error in an absolute sense is
saved. The process then repeats itself until the desired solution is
approached. At this time, the step size is reduced and the search contin-
ued in stages until the error in the desired root is small enough to assure
that a Newton type iteration will converge to the answer. At this time
a variable step size is computed based on the error in the function and
the slope of the transcendental equation at this argument.

SEARCH may, thus, be constructed as a general purpose routine for
functions of this type with provision for incorporating a means of gener-
ating the initial guess, the transcendental function being solved, and an
analytic partial of the function with respect to its argument. This
approach has been taken in the routine being discussed with minor revision
for the sake of brevity and with only the specific anplication in mind
(that of solving Kepler's equation of the anomaly variable as a function
of time).
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2.3.1.1.2 Function TIME

±'rpose: TIME is the function which computes the difference
in the epochs at two points on an arbitrary conic
section.

Deck Name: TIME

Calling Sequence: TIME (X)

Input/Output:

1/0 FORTRAN Math Dimension Common/ Definition
Name Name Argument

I X X 1 Arg the eccentric or hyperbolic
anomaly variable defining
position relative to that
of an initial epoTh

I ELEM 1. 1 WRK(130) array of constants used to
Do  1 describe the conic section.
a 1
CO  1

0 TIME 1 the normalized time
variable -r (t - to)

Subroutines Required: None

Functions Required: CoS (cosine)
SIN (sine)
COSH (hyperbolic cosines)
SINH (hyperbolic sine)
SQT (square root)

Approximate Deck Length: 150 (decimal)
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A

2,3.11.3 Function PARTL

Purpose: PARTL provides the derivative of Kepler' s equation
with respect to the anomaly variable (X).

Deck Name: PART

Calling Sequence: PARTL (X)

Input/Output:

O Math Dimension Common/ Definition
Name Name Argument

I X X 1 Arg the eccentric or hyper-
bolic anomaly variable
defining position relative
to that of an arbitrary
initiel epoch

I ELMA ro  1 WRK(130) array of constants used
Do  1 to describe the conic
a 1 section

0 PARTL T 1 the partiad derivative of

the normalized time -ariable

with respect to X

Subroutines Required: None

Functions Required: cos (cosine)
sin (sine)
cosh (hyperbolic cosine)
sinh (hyperbolic sine)

SaR (square root)

.ppr,,,,.t..,,,, L. ri 120 (decimal)
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2.3.1,2 MOTION and the Motion Croup

This group consists of those routines designed to evaluate tne
acceleration vector in the inean equation of 1950.0 frame (selected to
eliminate terms in the eauations of motion resulting from rotating

coordinate systems). Forces resulting from

1) the earth's oblateness
2) atmosphicric drag
3) displacement from the reference conic
4) solar radiation pressure
5) solar-lunai gravitational forces

are bll included and the -roup is designed to be co.nplete to itself in that
it contains all routines (save general purpose math routines) necessary
to evaluate the forces in question (i.e,, an atmospheric routine, an
ephemeris routine and a solar power function). These routines will be
discussed on the following pages.

109

SID 65-1203-1



Subroutine MOTION

Purpose: MOTION serves as the driver routine for all of the pre-
vioi sly discussed routines in the Motion Group (i.e.,
it is designed to compute the differential acceleration
vector which will be integrated to define the trajector
as a function of time).

Deck Name: MO IV

Calling Sequence: Call 'OTTON (ISTART, INDEX)

Input/Output:

FORTRAN Math j oranon/
i/o Name Name Dimension Argument Definition

O RCO r0o 3 WRK (28) the conic rcsiti-n and
VCO 1co 3 WPE (31) velocity vectors to

be utilized in subse-
quent computations of
the reference trajectoiy
if the orbit is rectified
in FN0KF (2', Kin/sec)

O TWCON t 1 WRY (34) the time of the last
TFCUN 1 NRK (35) rectification of the

conic reference (Julian
date in days)

IR -r 3 WRK (4L.) radius and velocity
V v 3 WRK 47 vectors on the true

trajectory (Km and
Ki/sec) in the frame

of 1950.0

I TW t I WRK (50) whole and fractional
TF 1 WRK (51) part of the date (days)

relative to J.D. 2433282.23

I DR 3 WRK (52) disr2acement, velocity
DRDOT r 3 WRK (55) and acceleration vectors
RDD A 3 WR. (58) reaative to the refer-

ence conic in the frame
of 1950.0 (Km,Kn/sec)
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FORTRAN Math Common/
I/O 11Z!riie Name Dimension Argument Definition

T RCONIC rc  3 WRK (117) radius and velocity vectors

defining the present esti-
VCONIC v 3 WRK (120) mate of the conic reference

c path (Kim, Km/sec)

0 ISTART 1 ARG counter which is equal to 1
set upon rectifying the
conic reference to restart
the numerical integration

I INDEX 1 ARG counter used to identify the
source of the call of motion
(TRAJ or START)

Dismissi or:

1'o dsrnssonr -f' WOTTO' as an indererd-n± -W-itne is c-rsile"ei -9s ra
exc(?-* insfar as +wo points are c-'rerred. First. irpr exit fr,- ' WrVr , a
t,,t is -ade to detrmin. e V FNCFF co.sid-rret +be disFIhcement fror- ih'e coni-
refor-.no 4o he excessive. Tf so, the conic is recli,'L. the ''ern t ia 1

rpositiro and veInocif vectors are zerred, the epoch is recorded as the time
of rectification, and +he ECV'1 acc32era+ion 23 zeroed prior to evaluating
all of the other accelerations.

1he otber roin 1 is that since the forces die to drag and solar radiation
psssire are expressed in newtons and since 'he acce2erations are h-ing eval'-
ated . Km/sec2 rather than m/sec 2, thp resultant %rce vector .,i 'st be
derided h;1 ],nOO +m-s the nass to obtair nnnsister+ units.
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Computational Logic:

MOTION

CALL ENCK

' r0

V 0 0  V

TWCON
TFCON =TF

(.T. OBLNO

CALL PRT

CALLPRES)
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2.3.1.2.1 Subroutine OBLN*

Purpose: lo compute the non-central nature of the force
(expressed in the mean equator of 1950.0 frame)
exerted on the 3atellite resulting from the second,
third and fourth spherical harmonics of the Earth's
potential function.

Deck Name: OBU T

Calling Sequence: Call OBLN (ACCEL)

Input/Output:

FORTRAN Math Common/
i/O Name Na.ne Dimension Argument J Definition

0 ACCEL F 3 Arg the difference in the
force per unit mass
exerted by the model
of the Earth and the
central force for the
same satellite position

I RE Re 1 CON (1) equatorial radius of
the Earth (Yin)

I CJ,CH,CD J,H,D 1,1,1 CON (3,4,5) second, third and
fourth coefficient
of Jeffrey's poten-
tial function

I GM 1 CON (6) gravit6.tional constant
for the Earth (Km3/sec 2 )

I AN NP 3 x 3 WRK (1) the rotational matrix
relating the frame of
.950.0 to the true
equator of date

I RVEC r 3 WRK (44) radius vector in the
frame of 1950.0

* Note: This routine is a version of a routine by the same name originally

prepared by JPL (one reference is JPL TR 32-223)
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SJtvoutines Required: None

Functions Required: SQ _

Approximate Deck
Length: 250 (decimal)

Formulation:

The potential function (Jeffrey's notation) for a vehicle of unit mass
moving in the vicinity of an oblate Earth is

r ' e4 3 Zw 6- '

where i= = position vector in the true equator of date frame

iL : geodetic latitude = - "lr =

and the force per unit mass may be evaluated by constructinq the negative
gradient of U

F V U a 0 _

However, the force vector (F) would be expressed in the true equator of date
frame rather than in the desired frame of 1950.0. Thus, before constructing
the partials, it is noted that the radius rector in the two frames are related
as follows:

1 q3I 13R R Lr:Q~ z
R r"

and thus that

.(aj, 3.2 R 2 0 ) 23)

With these substitutions established, the force vector F') expressed in
the frame of 1950.0 is

C)'
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Where

Uq ..,, RA , ._

92 R' RRi '

Computational
Logic:

compute radius vector in true equa-
tor of date

compute constants for use in evalu-
ating components of acceleration
(e.g., sin L, sin2 L ./rj etc.

construct functions of L to be
attatched to each of the coeffi-
cients of the potential function

Scompute the 3 components of the 1

cacceleration vector , (" Y

R ETUR

END
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2.3.1.2.2 Subroutine DRAG

Purpose: To evaluate the force acting on a satellite (in the mean
equator of 2950.0 frame) resulting from passage through
a rotating ob]ate atmosphere.

Deck Name: DRAG

Calling Sequence: Call DRAG (DF)

Input/Output:

FORTRAN Math Com..on/
T/O Nome Name Dimension Argument Definition

I OMEGA 1 1 CON (17) Spin rate of the Earth

I A A 1 SAT (2) Reference area

T CD CD I SAT (3) Drag coefficient

I ROTATR T-1 3 x 3 WRK (1) Rotational matrices
relating vectors in

ROTINV T 3 x 3 WRK (10) the true equator
of date frame to 1950.0

I R r 3 WRK (44) Radius vector (1950.0)

I V v 3 WRK (47) Velocity vector (1950.0)

I t 1 WR (50) Day number relative
to ]950.0 (used as in-
put into atmospheric

density routine)

n DF D 3 Arg Drag force (if A =scuare
meters, density = Kg/
m3 , and velocity = Km/
sec, then D = newtons)

Subroutines Required: ATMS (atmospheric density), CROSS (cross-product)

Functions Required: AMAG (vector magniLude)

Approximatf Deck
Lengi h: 146 (octal)
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Formulation:

The drag force is computed in the frame of 1950,0 as follows

Cr3 [ Z

where CT] = rotational transformation relating the true equator of date to
the mean equator of 1950.0

) = spin vector of the Earth in the true equator of date frame

= spin vector in the frame of 1950.0

VO o x-r
Vr V-VW

where r =  radius vector (1950.0)

v velocity vector (1950,0)

vr velocity relative to the wind (1950.0)

V = velocity of the wind (1950.0)

where D drag force in newtons

15,= mass density of the atmosphere

CDA drag coefficient times reference area
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Computational Logic:

convert spin vector from frame of
date to mean equator 1950.0

compute velocity of wind in frame of
1950,0

compute relative velocity vector
(1950.0)

call atmospheric density (1962 U.S.
standard with solar activity varia-
tion imposed)

D 1/2 CDA,/ V2

RETURN

END
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4; 2.3.1.2.2.1 Subroutine ATMS

Purpose: ATMS computes an approximate atmospheric mass density
(Kg/m3 ) at any altitude (h) between 100 and 700 Km.
(Below 100 Km the density is set equal to that of
100 Km and an error message is recorded; above 700 Km
the density is set equal to zero). The U. S. Standard
Atmosphere 1962, is used as a reference for a table
(stored in memory within the Data Input Group) with

21 entries (10 Km steps i00 h< 200., 50 Km steps
200< h < 700). A dichotomic interpolation is then used
in conjunction with the assumed exponential atmosphere
(in the neighborhoods of the tabulated point) to pro-
duce an interpolated density (2 to 3 place accuracy
throughout the table). These data are then corrected
for the 11-year sunspot activity cycle.

Deck Name ATMS

Calling Sequence: CALL ATMS (RVEC, TJD, DENS)

Input/output:

FORTRAN Math Common/
I/O Name Name Dimension Argument Definition

I RVEC r 3 Arg radius vector in the

true equator of date
frame

I TJD t 1 Arg dummy variable (such as
the Julian date) which
can be used to compute
corrections to P

0 DENS /o 1 Arg atmospheric mass
density (Kg/m3 )

I ALT 1 hl I ATCON (1) Altitude limits for
ALT 2 h2  1 ATCON (2) density data
ALT 3 h3  1 ATCON (3)
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FORTRAN Math Common/
I/O Name Name Dimension Argument Definition

I REQT re 1 ATCON (4) equatorial and polar
RPOL rp 1 ATCON (5) radii for the Earth

I STEP 1 Ah1 1 ATCON (6) altitude increment for
STEP 2 A ha 1 ATCON (7) density and lapse

rate tables

I RHOF 21 TABLE (1) density and lapse rate
RATE 21 TABLE (22) at altitudes between

hl and h3

Subroutines Required: None

Functions Required: SQRT
EXP
SIN
ALOG
AMAG

Deck Length: 00524 (octal)

Formulation:

Atmospheric density will be approximated utili,'ng data taken from the
1962 U. S. Standard Atmosphere and assumed exponential behavior with a
single parameter, altitude. Thus, the first task is to compute the radial
distance from the center of the Earth to the subsatellite point (the inter-
section of the radius vector to the satellite with the Earth's surface)
which will be defined to be r. This task, in turi, will be accomplished
by employing the oblate spheroid representation of the Earth.

Let R be the satellite position vector and c be the projection in the
plane of the true equator of date

2 = r1
2 + r22 + r 3 2

c 2 = rl2 +r 2 2

If c = 0, the satellite is directly above either the North or South Pole,
and

r rp
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where rp = polar Earth radius and r local Earth radius. However,
if c O0

(') I "

where tan E
C

Then from the equation for an ellipse,

.2X
aA PA,

;2 'SA

or JX

Substituting into (1)

and the height above the Earth is

h = r - r

Now the atmosphere is assumed to be constructed in uniform concentric
shells around the (oblate spheroid) Earth with densities which agree with
those predicted by the 1962 U. S. Standard Model. For simplicity, a two
part table of these data has been prepared. Part one covers altitudes
from 100 Km to 200 Km in 10 Km steps whiile part 2 covers from 200 Km to
700 Km altitude in 50 Km steps (there are, therefore, 21 entries in the
table). Since this region contains all altitudes for which the tenuous
atmosphere should be considered in studies of satellite motion, the table
was not extended. Rather, below 100 Km the density is set equal to the
value at 100 Y1m, and above 700 Km the density is set equal to zero.
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For any altitude, h, between 100 Km and 700 Km the values in the table
corresponding to the nearest altitude above and below h, must be determined
and interpolated to find the density at h. Let m be the index corresponding
to the nearest tabulated altitude below h, then,

(1) between 100 and 200 Kin, in = greatest integer1
(2) between 200 and 700 Ki, m = greatest integer ( ) + I

Let A h be the distance between h and the nearest tabulated altitude below
h,

(1) if 100 Km -h A- 200 Km

X = greatest integer in ,o

Ah = (h-100) - X (10)

(2) if 200 Km , h 700 Km

X = greatest integer in

Ah = (h-200) - x (50)

The tabular values of density above and below h can now be extrapolated
to predict two values of the density at h; then, an interpolation can be
made between the two predicted values of density to include the non-
exponential nature of the atmosphere.

Let Ah be the distance between h and the nearest tabulated altitude

above h, then

A = Ah - 10 if 100-h _200

h = A h - 50 if 200- h - 700

and let/o, = extrapolation of lower value (index m) and 2 = extrapolation
of upper value (index m + 1)

/0

where A' = tabulated value of density

r = tabulated slope (lapse rate) =

Finally, by linear interpolation between

Y/10 = y, , ( / - ,],,O,

50
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Computational Logic:

EN/TER

40.

F,~~C AA vA?, T

,FE =u~1 A &Hc,/wi C
YAP "1/PAS

siAl 6-2A-1



Ah= h-XM*Hs
Az Ah - Hs

1A "'OF .(N) -W((,) A)

END
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2,3.1,2,3 Subroutine ENCKE

Purpose: ENCKE provides the correction to the acceleration vector
resulting from motion on the true (rather than the
reference) trajectory

Deck Name: ENCK

Calling Sequence: CALL ENCKE (ACCEL, IRECT)

Input/Output:

FORTRAN Math Common/
I/O Name Name Dimension Argument Definition

I GM 1 CON (6) Gravitational constant
for the central body

I RCONIC / 3 WRK (117) Position vector on the
conic reference
trajectory

I DELTA Ar 3 WRK (52) Displacement relative
to conic position

o ACCEL A r 3 Arg Differential accelera-
tion vector

o IECT 1 Arg Signal for MOTION to
alter the reference tra-
jectory

Subroutine Required: -None

Functions Required: DOT (dot Droduct)
SQRT (square root)

Approximate Deck
Length: 213 (octal)
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Formulation:

Encke's method of integration involves the computation of the accelera-
tion vector relative to a known reference which in the present case is
an ellipse. Thus in addition to real perturbing forces there are terms
which must be included for the off-nominal nature of the motion. Consider

/" * .z F (1)

So J =:A(2)

where e= radius vector (in some frame) for true trajectory

F summation of all non-central forces

radius vector (at the time corresponding to the
instantaneous position on the true trajectory) on the

conic reference

defining r = - .A.

The differential equations for AP can be obtained

But since lAdr may be small, the term in the brackets may be known to
less accuracy than - or ,0 due to the fact that two nearly equal numbers
are differenced. Thus, a modification to maintain accuracy for such
cases will be presented,

3)

=F -A""
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Now fq has one more degree of freedom than does the ratio ("/-)3 so the fol-

lowing identity can be written arbitrarily

(1-fq) (l+2q)-3/2 = (5)

or (6a)

=3k-3 -q 6*3- 7 ~ Z Jq

Y(6b)

where

/

2 2

__LL-o (7)

Equation 6b,when truncated at any given term,defines the accuracy to

be obtained from equation 4 for the case where /F/~' IA' . Thus,

if a fixed number of terms are consistently carried, the maximum value

that q can attain before the reference trajectory is altered (rectified)

(or before the equation for evaluating fq is changed from equation 6b to

6a) is defined by the maximum error allowable in the scalar fq. For

example, if this allowable error is arbitrarily set at 10-8, and if

seven terms in fq are carried, the upper limit in q is defined by
7

}.5.7.9.11.13.15 qax < 10 - 8

2-.3"4-5" 6.7

qmax 2.5 X .011

which corresponds roughly to

qmax .03
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Computational Logic:

EINCKE

compute q, (Ar fq1

fq = 3q - .5 q 2 + 3.5.7 q3 +

compute A
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2.3.1.2.4 Subroutine PAESS

Purpose: To compute the force exerted on a spherical satellite
due to the pressure of the impinging light

Deck Name: PRES

Calling Sequence: Call PRESS (SFOR)

Input/Output:

I/O, FORTRAN Math Common/
Name Name Dimension Argument Definition

SFOR FS  3 Arg Solar pressure force
vector in the fi:ame
of 1950.0

I RVEC r 3 WRK (44) radius vector in the
frame of 1950.0

I RSUN r. 3 WRK (98) Position vector for
the sun relative to
the earth (1950.0)

I A A 1 SAT (2) Cross sectional area
of spherical satellite

I R R 1 SAT (4) Surface reflectivity

I RE Re 1 CON (1) Equatorial radius of
e_ the earth

Subroutines Required: None

Functions Required: AMAG (vector magnitude)
DOT (Dot product)
SPOWER (solar power)
SQRT (square root)

Approxim Ate Deck
Length: 220 (octal)
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Formulation:

The solar force exerted on a spherical satellite resulting from
impinging light can be obtained directly from the expression relating the
solar pressure, i.e.,

p - P (I+R) cos2O

where P is the power of the incident radiation

C is the speed of light
R is the surface reflectivity
Ot is the angle between the surface normal and the

impinging light.

This is accomplished by integrating the pressure over the surface and
(due to symmetry) applying the result in the direction of the impinging
light.

F P (I+R)( cos 2 o dA
C A

But for the spherical satellite

dA = 27r S2 sinxdoc

where S =radius of the satellite
c( = angle between an arbitrary radius vector to the

satellite skin from its center and the vector
defining the direction of the impinging light.

and the integration over the surface reduces to the integration with
respect to c< from 0 to V/2. The result is

Fs  P (1I+R) 27r S2

Fs -Fs ( - /l s-

This description of the problem is not, however, complete since it
fails to consider the effects of any time which might be spent in the
earths shadow. This correction might be made by zeroing P for these
times but for reasons of data availability in PRESS and not in SPcWER
%.JI.L comUputes PU) Vile 1o o0"I-'- appr o a c h " wi"- be followed Lo deLermine
if the sun is visible before the force is computed.

First, the angle between the -s-P
relative sun and the radius
vector is

r4 9' I
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Then, the angle defining the limits of the cylindrical shadow can be
defined as

9 sir1 l(R)

and the requirement for visibility is

There are, of course, several assumptions which have been made which,
though not completely apparent, should be noted since they introduce
slight errors

1) The sun is assumed to be a point
2) Ihe earth is assumed spherical for the purposes of

defining the shadow
3) The shadow is assled cylindrical

These assumptions are believed to be reasonable for most applications
and should introduce negligible errors due to the small effect of Fs
on most trajectories.
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Computational Logic:

Rs= rs - r

Check for shadow

sinA = /-cOs 2,6

/3 =tan-I (sin.4)

sinG 0 R /r

0:tanJ- ____e
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Then, the angle defining the limits of the cylindrical shadow can be

defined as

'i ~ ~ = sin-l1

and the requirement for visibility is

There are, of course, several assumptions which have been made which,
though not completely apparent, should be noted since they introduce
slight errors

1) The sun is assumed to be a point
2) The earth is assumed spherical for the purposes of

defining the shadow
3) The shadow is assumed cylindrical

These assumptions are believed to be reasonable for most applications
and should introduce negligible errors due to the small effect of Fs
on most trajectories.
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Computational Logic:

P6 r -

Check for shadow

,G :tan-J- )sn
sinG o /r

cosO Q 1 i 9
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2.3.1.24.l1 Function SPOWER

Purpose: .;-CWER computes the ratios of the solar power to the
i.ed of light in inks units. This routine was intended
:o allow for .-otion about bodies other than the earth

Deck Name: 3POWER

Calling Sequence: SPOWER (RS)

Input/Output:

FORTRAN Math Common/

I/O Name I Name Dimension Argument Definition

I RS rs- 3 Arg Position of sun
relative to the

satellite

0 SPWqER P/C 1 Ratio of solar power
to the speed of light

Subroutine Required: None

Functions Required: None

Approximate Deck
Length: 50 (octal)
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2.3.!.2.5 Subro,,tine PERT

Purpose: PERT is a special purpose rcuti. e wh1- conbu+,'s tbe
gravitational acceleration-;(r +,tpbai re) o- 'he sn

and moon on a geonentric satel2ite. The as-uiiptior is
z'ade in +,he develoment tha+ tle georen+ric ra'iJa! Iis-
tanck is small compared +o 'he distance to th di f',rbing
mass: thus a more exact formulation is reqiired '-r +he
general case.

Deck Name: PFRT

Oalling Sequence: Call PERT (ACCE,)

T nput!Ou tput:

FORTRAN Math Common/
i/O Name Name Dimension Argument Defi it i on

I R r 3 W1tK (44) radi.s vector in the
frame of 1950.0

T RS rs 3 WRK (98) radius vecror of the
su,,r (mnon) in the

RM r 3 WPK (2Y1) I rame of J950.0 re-a-
tive to the Earth

S TtM COy (8) graritational constant
us A S  I COm (q) for the moon and sun

0 ACCEL 3 Arg perturbati. ve ace lera-
tion vector due to
gravi tationa] accel-
eration of the sun and
moon

Subroutines Reqired: None

Functions Required: AM4AG (vec+,or magni+ude), PQ (.ncke series ,..ctior)

Approxi mate Deck
Tength: '7 (octal)
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Formulation:

The acceleration experienced by a body (traveling about the Earth, for
example) resulting from masses other than the central body (i.e., the sun, and
moon) is the summation of terms of the following form,

This equation, while correct, exhibits a very undesirable nature for -<<R
since for these cases the term in the brackets is the difference of two nearly
equal quantities, Therefore, since this limiting case is the case of primary
interest, an alternate form is necessary if these terms in the acceleration are
to be included, One 3uch modification is based on the similarity of this per-
turbation equation and that for the Encke acceleration,

consider:

where as before, since f has one more degree of freedom than the ratio ,
can be defined as follows

or

also
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2

but

therefore

- YY #Zz) -(x2Iy' t Z)

Computational Logic:

comput-e positi on of sun and moon
relative to the vehicle

compute Encke series for solar and
lunar perturbative accelerations

construct resultant perturbative
acceleration

RETURN

END
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2.3.1.2.5.1 Function FQ

Purpose: to evaluate the Encke series utilized in constructing solar
and lunar gravitational accelerations of close geocentric
satellites.

Deck Name: FQ

Calling Sequence: FQ (RN, R)

Input/Output:

I FORTRAN Math Common/
I/O Name Name Dimension Argument Definition

I RN R 3 Arg radius vector for the
sun (or moon) in the
frams of 1950.0

I R 3 Arg radius vector Lor the
vehicle in the frame of
1950.0

0 FQ r 1 numerical value of
- . Encke series

Subroutines Required: None

Functions Required: None

Approximate Deck
Length: 120 (octal)
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2.3.1.2.6 Subroutine EPHEM

Purpose: EPHEM is designed to compute approximate position
vectors for the sur and moon from two-body eqiatiors
of motion and tabvlated position and velncit irnor. -

ation obtained from the Data Tnput Groir,.

DecK Name: EPHEM

Calling Sequence: Call EPHEM

Input/Output:

PORTRAN Math Cormon/
I/O Name Name Dimension Argument De fi.niti on

I TW t 1 WRY (50) The whole and functional
part of a mean sn1ar

TP I WRY (51) day de fining +h desirpd
Ppcch for ] , and Tr;

RS r s  3 WR.K (98) Solar and lurar rnsi-
lior ven+ors i +,he

RM rm  3 WRK (101) -oordira+e Prare of
1950.0

I A COm (6) gravitational cors+.ans
G2. C('Th (8) for the Fairh, the
GMS 0"s 1 CON (9) moon an the sun (in

Km3/sec4)

T FPHAM ri, i 339 EPHOM Tabulated position
and veloci 4  veclors
for the sn and moo -

for the time period
965 - 1975

T FPH4 r. V. 271 EPHAM (h) Subarrav cont,a '1.,
-C the lunar data

I EPES 66 EPHAM (274) SiibarraY corairinT FE P H S r i a i i
00 ~the soa dt
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Subroutines Required: CONIC (conic section routine)

Functions Required: None

Approximate Deck
", Length: 456 (octal)

Formulation:

The equations of two-body motion (i.e., the Earth-sun and the Earth-moon
systems) relative to the center of mass are

2  r,

which are immediately recognizable as the equations of conic motion, This fact
will be utilized in the following paragraphs to approximate the true ephemeris
of the moon and sun relative to the Earth.

Consider a table of values for ' and -'4 at regular intervals of
approximately 1 year from which the conic describing the motion of the sun
(relative to barycenter) can be computed. The problem is simply to locate the
closest tabulated point (no more than about 6 months), define the time over
which the body has moved, and compute l and "V utilizing the conic section
routine developed for the reference trajectory. Since this conic is altered
but a very little by planetary perturbations, the result is of moderate
precision.

Now consider the problem of the moon's motion when the sun produces a
significant perturbation. First, it is obvious that the time interval between
values of r and - must be reduced so that the effect of the perturbations
can be kept small (for the present case At = 3 months). Second, it is apparent
that the results obtained with the technique would be more accurate if they
could include some of the effects predicted if the next-to-closest point in the
table were utilized for extrapolation purposes. This correction was included
by weighting two separate computations of the position vector (in a manner
which resulted in even weighting for a date midway from either point in the
table and a weight of 1 for the term designed to include the effects of the
closest point if the time was equal to a tabular time) and averacinc the
results,

The final step in both cases was to translate the origin from the bary-
center to the Reocenter.

Results prepared by this routine have been checked against a true
ephemeris to compute the errors inherent in the process, This analysis showed
that the solar position data were completely satisfactory (from the standpoint
of accuracy) for the computation of both the solar radiation force and the
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solar gravitational acceleration in that the noise in the data would normally
produce errors in the total perturbatin, acceleration (from M1OTION) which were
beyond the 8-digit limitations of the machine, The same is not quite true (for
near-Earth satellites) of the lunar ephemeris even though the correction cycle
is employed, However, it is noted, in defense of its use, that the second
integral of the total resultant differential acceleration ( 4ir ) is in itself
a correction to the conic position vector ( rc ). Therefore, the noise which
is not lost when summing the perturbative terms in IMOTION is penerally lost
when adding Ar to r
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EPHIA

locate closest
tabulated value of
position and velocity
for the sun from data
stored in common.
Then using the 2 bok,,
equations compute the
position of the sun
relative to the barycenter

Srepeat the process for
the moon

locate next'
closest point in
table and store 2 values of position
lunar position vector are available

Scompute weighted average
of two lunar positions

transform all data from
the barycenter to the

geocenter
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2.3.1.3 THE JNTEGRATION GROUP

The differential acceleration vector (relative to the central force

acceleration describing the reference ellipse) is integrated to define
both the differential position and velocity vectors with a Gauss-Jackson
backwards difference formulation. This solution is accomplished by
mechanizing several separate routines.

INGRAT The driver routine

HSIZE Dynamically varies the step size for the
integration to maximize accuracy and efficiency

START A fourth order Runge-Kutta integration routine
utilized to establish the required difference
table.

DIFTAB Evaluates the leading diagonal in the sum-
difference tables

INTEG Gauss-Jackson backwards difference uncorrected
integration

The various portions of this group are in themselves general purpose
routines. However, the group as a whole has been designed as a special
purpose routine for the differential corrections program. This design
philosophy can be understood whcn the requirements for the routines operation,
the nature of the acceleration being integrated, and the requirements for
communication between the calling program and INGRAT are analyzed. This
approach also affords the maximum efficiency from this integration concept
by eliminating checks for alternate stops, etc.
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Subroutine INGRAT

Purpose: INGRAT serves as the driver for the integration of the
equations of motion employed in this program and is

intended to function in the mode of a Gauss-Jackson
integration. Complete logic is included for starting

the integration and/or varying the step size and re-
starting the process.

Deck Name: INGRT

Calling Sequence: Call INGRAT (ISTART)

Input/Output:

FORTRAN Math Common/
I/O Name Name Dimension Argument Definition

I/O ISTART 1 ARG A fixed point index
utilized to define
the mode of operation
for INGRAT. ISTART = I
for Runge-Kutta starter;
= 2 for Ganss-Jackson
continuation

I CONV1 sec 1 CON (11) Conversion frron mean
day solar days to seconds

I RCO -c 3 WRK (28) Position and velocity
vectors for the conic

VCO Vc 3 WRK (31) reference trajectory
at the time of the
most recent rectifi-
cation (KEL,Km/sec)
in the frame of 1950.0

i/O RVFC r 3 WRY (1L) The position and veloity

vectors in the mean

VVEC 3 WRK (47) equator of date frame

of 1950.0 (Km, Km/sec)

I/O TW t 1 WRK (50) The whole and fractional
number of days elapsed

TF 1 WRK (51) since the reference date
1950.0 (JD 2433282.423)

for the present epoch
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FORTRAN Math Common/
I/O Name Name Dimension Argiment Definition

RDD 3 WRK (58) The acceleration,
I/0 RD r 3 WRK (55) velocity, and position

I/O R A 3 WRK (52) vectors defining the
true motion relative
to the reference ellipse
in the frame of 1950.0
(Km/sec2, Km/sec, Km)

I TSTOPW tstop 1 WRK (61) The whole and fractional
TSTOPF 1 WRK (62) number of days since

1950.0 for the data

I/O H h 1 WRK (68) The step size in sec-
onds for the numerical
integration

I RS r. 3 WRK (98) The position vectors

RM ti 3 WRK (101) for the sun and moon
in the form of 1950.0
(Kin)

I/O TINE t-tc 1 WRK (104) The time interval in
seconds since the refer-
ence trajectory was last
rectified

Subroutines Required: CONIC (conic reference trajectory)
START (Runge-Kutta starter)
DIFTAB (difference table)
INTEG (Gauss-Jackson integration)
HSIZE (step size control)

Functions Required: AMAG (vector magnitude)

Approximate Deck
Length: 501 (octal)

Discussion:

INGRAT is a special-purpose driver routine for a step-by-step numerical
integration of the equations of motion as developed for this program. This
integration is accomplished by mechanizing a step size check routine and either
a fourth-order Runge-Kutta starter or a Gauss-Jackson (aouble-sum) backwards
difference (through sixth difference) continuation routine.
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INGRAT accomplishes its objective by continuously monitoring the time
interval f~iom the present epoch to the time at which data will be available
and defining the information required during the checks performed within HSIZE
to assure that an optimum step size can be utilized to arrive at the target
epoch exactly in the fewest number of Gauss-Jackson steps possible, In addi-
tion, INGRAT serves as the means by which data generated in ETART (the fourth
order Runge.-. utta starter) are stored and differenced to set up the solution
by the Gauss-Jackson routine.

Several steps are taken to assure that the solution proceeds in an
accurate and efficient manner. However, no corrector cycle has been employed
either in the starting process or in the continuation process. This step is
felt justifiable since:

1. The equations being integrated represent the displacement from and veloc-
ity relative to the reference ellipse (Thus, even moderate errors will not
generally be realized when the true position and velocity vectors are com-
puted by adding the results of the integration to the conic position ard
1,elocity.).

2, The Gauss-Jackson formulation has demonstrated superior performance capa-
bilities when compared to the Runge-Kutta formulation in the integration
of X = -KX for similar step sizes without employing the corrector. (For
this reason, the Runge-Kutta method [which is employed to start the Gauss-
Jackson integration] will utilize a step which is one-half of that to be
employed in the Gauss-Jackson method.)

3. The step size itself will be controlled in such a manner that the predictor
formula alone will provide the required accuracy by monitoring the contri-
bution of the last term carried in the integration series to the integral
(this procedure will cause the step size for this routine to be less than
that for a predictor-corrector formulation; however, sample calculations
have shown that the slight improvement in accuracy [about one digit] and
step size [a factor of about 2] ) does not justify this procedure for this
application.
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2.3.1.3.1 Subroutine HSIZE

Purposel HSIZE is a step-size, control routine designed to operate
in conjunction with the Gauss-Jackson integration pack-
age. In its simplest form, HSIZE determines whether the
stepsize (h) should be halved or whether *t can be doubled
without loss of accuracy or chance of producing a loop.

Deck Name: SIZE

Calling Scquence: HSIZE (TTOGO, DEL6, ACCEL, RXX, ISTART, L, IH, H)

Input/Output:

FORTRAN Math Common/
I/O Name Name Dimension Argument Definition

I TTOGO t 1 ARG the time interval (sec)between the present

epoch and the epoch of
the next piece of
observed data.

I DEL6 1 ARG the magnitude of the

largest component of
the vector composed of
the sixth differences
in the acceleration

(A r = m/sec2).

ACCEL 1 ARG the magnitude of the
acceleration vector
(Kn/sec2 )

I RXX 1 ARG the magnitude of the
change in the second
integral compared to

the previous step. (Km)

I ISTART 1 ARG an index used to define
if INGRAT is functioning
in the start mode
(ISTART=l for Runge-
Kutta) or the continue

191

SID 65-1203-1



FORTRAN Math Common/
I/0 Name Name Dimension Argument Definition

mode (ISTART=2 for Gauss-
Jackson)

I L 1 ARG an index used to check
the number of consecutive
times through HSIZE that
the step size has been
adjudged to be too small
(when L=4 the step is
doubled)

IH 1 ARG an index used to deter-
m~ne if a step is to be
guessed (to be refined
later. or if the present
stop is to be checked.
IH=l for guess; =2 for
present step

-H h I ARG the step size to be
employed in the numerical
integration of the equa-
tions of motion employing
the Gauss-Jackson back-
wards difference formula-
tion. (see)

Subroutines Required: None

Functions Required: ALOG1O (log to the base 10)

Approximate Deck
Length: 377 (octal)

Discussion:

The basic rationale for deciding whether the stepsize for the integration
(Gauss) is adequate is based on a set of more or less arbitrary limits for the
absolute value of the largest sixth difference (DEL6). These limits, in turn,
are based on the order of the magnitude of the acceleration and were selected

in such a manner that the integration series would be convergent to the desired

degree with terms through the sixth difference included.

One slight problem arises in the application of this rationale in that if
the acceleration itself ever passes through zero, the tolerance goes to zero;
and the stepsize is immediately adjudged to be too large. To surmount this
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problem, a second test is employed in those cases where the quantity DEL6 is
larger than that allowed by the upper limit. This second test requires that
the contribution of the sixth difference to the second integral be less than
one part in 104 of the change in the second integral for the last step, i.e.

Ar H .A

or say

I0&H r r<.)A

(The seccnd integral is the displacement from the reference conic which is
growing in a reasonably slow fashion.) The step is always halved if the upper
tolerance level is violated.

Three other modifications to this basic rationale were also coded for the
sake of operation, efficiency and accuracy. Each of the three pertains to the
case where a signal would normally be generated to double the step size (DEL6
less than lower limit). The first modification is employed to assure that the
step size is too small at several consecutive points before a signal is
generated to double the step. This practice assures that fewer cases in which
the tolerance range is temporarily violated on the low end will result in
restart. The second modification is employed to assure that after a whole
number of the new integration steps, the time-to-go can be reduced to zero
(this performance is essential in the operation of the program). This second
test is passed automatically if the step is halved; however, if the step is
douuled, time-to-go divided by the old step must be even. The third modifica-
tion is employed to assure that the integration can be effectively restarted
prior to the time that the time-to-go will reach zero,
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2.3.1.3.2 Subroutine START

Purpose: START is a fourth order Runge-Kutta integration routine
utilized to establish the accelerations at the seven
points along the trajectory and define the difference
table required by the Gauss-Jackson integration.

Deck Name: START

Calling Sequence: Call START

Input/Output:

FORTRAN Math Common!
I/O Name Name Dimension Argument Definition

.Ab

RCO rco  3 WRK (28) The position and vel-
ocity vectors in the

VCO Voo 3 WRK (31) frame of 1950.0 des-
cribing the conic
reference trajectory
at the time of the last
rectification (Km,

x(m/sec)

0 RAI r50  3 WRK (44) the position and velo-
city vectors in the

VEL V50 3 WEK (47) computational coordinate
frame of 1950.0
(Kin, Km/sec) at the
epoch t+h

I/O RDD Ar 3 WRK (58) the acceleration
(Km/sec2) the velocity

RD r 3 WRK (55) (Km/sec) and the posi-
tion (Km) vectors

R A 3 WRK (52) relative to the refer-
ence ellipse in the
coordinate frame of
1950.0

I/O TIME t-tc 1 WRK (104) the time interval in
seconds since the last
rectification of the
reference ellipse
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FORTRAN Math Common/
i/O Name Name Dimension Argument Definition

0 RC .c 3 WRK (217) the instantaneousreference 
positior

VC Vc 3 WRK (120) and velocity vectors
(1950.0) (Km,Km/sec)

H h I WR( (].23) the step size employed
in the integration
(sec). This quantity
ip one-half that employed
in the Gaussian inte-
gration,

Subroutines Required: CONIC (reference conic)
MOTION (total acceleration vector relative to ellip-
tical reference)

Functions Required: None

Approxinate Deck
Length: 500 (octal)

Discussion:

START functions in the standard single integration Runge-Kutta mode.
That is, the second-order differential equation is reduced to two first-
order differential equations with the substitution

v~r
r v

and each part which may be represented as

k = f (t,x)

as integrated as follows:

x (t+h)= x (t) + h (f,2f 2 + 2f, +f,

where:

fl = f (t,x)

f2 = f (t+h, x+h f1)
22

f3 = f (t+h, x+h f 2 )
2 2

f4 = f (t+h, x-i'f 3)

199
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No corrector cycles or smoothing operations are superimposed on this pro-
cedure. Thus, since the errors tend to grow more rapidly in this method of
integration than is the case with the Gauss-Jackson integration, it was decided
that the step size utilized for each step of the starter would be no more than
one-half of that utilized for the continuation integration. This step (made
in INGRAT) assures a more consistent level of accuracy in the two routines. It
is noted, however, that the subroutine MOTION must now be called eight. times in
this mode of operatio:, compared V :)e time in the Gauss mode.

A complete discussion of the development of the Runge-Kutta family of
integration formulae can be found in many texts treating the subject of
numerical integration4 One such text is Numerical Analysis by K. Z. Kunz and
published by McGraw-Hill in 1957.
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rc :r COAJ IC
VC Vr,0AJ/C

G/ iH* R.D

GI *H+GIIDO

r=R C +)(IEV VC *XtD

CALL M07IOAJ

F2 H//XP

62 :h*X DD

X wf?+F2/.

XD:RD+GZIZ1
RA = RC 1*x

CA4LCO~JIC VALVAT9 CONIC
ADVAT 71tH

: L.L Morl 
oA

3S H i- XD

31Y )(OO
x= R FSP

Xtk - RD fG 3

RA =RC *X

VE = VC-#-X

A
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CALL MOMiAI

F4~/XD

G4 =H*XDD
R=R *F//6 +F219 iFP3/3*P4%6

RD = RD +G 116 * G2/3tiG3/39 ls//

RAD = RCAJ -fR
VEJ4'r% VCAJf RD

REJURNJ
EIM
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4

2.3.1,3.3 Subroutine DIFTAB

I"

Purpose: DI33TAB differences seven values of the acceleration
vector and constructs the diagonal of backward differences
and leading sums required in the Gauss-Jackson integration
routine (INTEG).

Deck Name: DIFTAB

Calling Sequence: CALL DIFTAB (R TORE, VSTORE, STORE, H, COEF)

Input/Output:

FORTRAN Math Common/
I/O Name Name Dimension Argument Definition

I RSTORE Ar 4  3 Arg the position and velocity vec-
VSTORE AV4 3 Arg tors relative to the reference

ellipse at the center point in
the table. (Km, Km/sec)

I STORE ari  7, 3 Arg the array of acceleration
vectors at seven times (spaced
at intervals of h) which are to
be differenced and sunned
(Km/sec2 )

I H h I Arg the step in time which correlates
the various entries in the STORE
array (sec)

0 COEF 8, 3 Arg the array of numbers which is
required by INTEG for the inte-

Ar ..... ,,& of the equations of
Motion. The first subscript
denotes the second sum, the
first sum, the first difference

I ... ,, h "it diflerence. Thesecond subscript denotes the

x. y and z components.

Subroutines Required: None

Functions Required: None

Approximate Deck 470 (octal)
Length:

2O8
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Discussion:

The output of the start cycle is an array of acceleration vectors at
seven times (spaced h seccnds apart) and position and velocity vectors for
the center point. These numbers will be utilized to construct the leading
diagonal requir'9 in the Gauss-Jackson integration process as follows

1) The six differences of the components of the acceleration vector
will be constructed.

2) The second sum corresponding to the position for the central value
of the acceleration is calculated from:

J/

+_L
0 h I ZVO 601/80

3) The average value of the first sum ccrresponding to the velocity for
the central value of the acceleration is calculated from:

_-m +

o h Z4/ I-qIO
190( A5 f 6

+ I-,/ #:
120960

and the corresponding first sum on the proper diagonal in the difference
table is

F,0 X0

4) The first and second sums are stepped down to the next to last
diagonal and the terms along this diagcnal are loaded into an array
set aside for input into INTEG. (The next to last diagonal was selected
since TEG updates t. e diagonal before performing the integration).

In order to preserve accuracy in these operations the differencing will
be performed in double precision. This procedure has been shown to conserve
approximately one significant figure when operating with the !BM 7094.

2OO
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Computational Logic:

DIFTAB

CONSTRUCT DIFFERENCE TABLE
FOR EACH COMPONENT OF r

USING THE POSITION AND
VELOCITY VECTORS AT THE
CENTER POINT IN THE TABLE,
EVALUATE V', E AND STEP
THESE SUMS DOWN TO THE
DIAGONAL OF THE NEXT TO LAST
ACCELERATION. THE GAUSS
CONTINUATION WILL STEP ALL
N11MERS TO THE NEXT DIAGONAL
BEFORE STEPPING THE FUNCTION

EQUATE THE COEFFICIENT ARRAY
(DIMENSIONED 8 BY 3)TO THE
DIAGONAL CONTAINING THE NEXT
TO LAST VALUE OF X, Y, (THIS
VECTOR CORRESPONDS TO R, I AT
THE LAST STEP TAKEN BY THE
STARTER ROUTINE)I

TRETURN

END

21.0
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2.3.1.3.4 Subroutine INTEG

Purpose: INTEG continues a stepwise intogration of
the equations of motion in a Gauss-Jackson
mode once started by an independent process.
The routine employes six diffences and is
formulated around the backwards difference
concept (no corrections)

Deck Name INTG

Calling Sequence: CALL INTEG (SAVE)

Input/Output

I/O FORTRAN MATH DIMENSION COY/ DEFINITION
NAM NAME ARG

I/O COEF 8,3 WRK(71) The array containing
the diagonal to be

A6  utilized in the next
integration step em-

ploying Gauss' Equation
(2 sums, 6 differences,
3 components of
acceleration)

I RDD Ar 3 WRK(58) The acceleration vector
defining the motion
relative to the refer-
ence ellipse (Km/sec2 )

i/0 SAVE ar 3 Arg The acceleration vectorat the last integration
step (Km/sec2 )

0 RD r3 WRK(52) The incremented
R d WRK(58) position and velocity

vectors for the motion
relative to the refer-
ence ellipse (Km/sec2)

214I
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FORTRAN Math Common/
I/O Name Name Dimension Argument Definition

I STEP H 1 . WRK(68) The stepsize for the
P 1numerical integration of

the eq. of motion (see)

Subroutines Required: None

Functions Required: None

Approximate Deck Length: 330 (octal)

Discussion

The continuation of the intregration will be performed by employing
a Gauss-Jackson or double sum formulation. This process is accomplished
by mechanizing the following backwards difference fcrmulae

*26/ A3  95 a/0 7 i9oAg A.*
720 A-/ 2-8 - 6o,18o

/7280 -3 1

2 -*- ; E l 2 270 9 ,

z z. /_72__ _ _ _ _

.1 1 /i*

- , --S

2

215
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This mechanization will be aided by the establishent of a two dimensional
array which will be referred to &b the coefficient array (COEF) and which
,will contain the information required by the formula.

COEF(,) - COEFi,)2)

co~eF(2Z,) -

COEF(5,) '

COEF(6,I)=Z x

(This array is thus seen to contain the terms along the second leading diagonal)
Upon entry to fITEG, the diagonal which is stored in COEF will correspond
to the last integration step; thus, the first task to be performed will be
the updating of COEF according to the definition of its members. This
done, the trajectory can be stepped.

Two specific comments are required regarding this process. First,
the process is obviously not exact and thus for extreme accuracy a
corrector cycle based on central differcences should be empl)yed. This
type of operation has been avoided by attention to detail in the formulation
of the trajectory portion of the prorram and by careful selection of the
stepsize. However, this revision is felt to be advisable if any numerical
problems develop during the application of the differential corrections
program to the determination of satellite orbits.

The other comment is an observation which pertaines to the fact
that two integrations which are performed are both based on the acceleration
rather than on the acceleration and velocity. This fact results in the
evaluation of the second integral to an accuracy superior to that obtained
with the other approach or for that matter, to that obtained for the first
integral. This behavior is ver7 desirable for this program since it assures
that the major contribubives to the acceleration at future points along the
trajectory (primarily functions of position) will be well known. Care must
be taken, however, in applying this logic to trajeccories for which the
non-Li I.near effects of drag, etc. are involvad since for these cases the
accumulative errors in the first integral (X) could drastically effect the
predicted path.

21A
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Computaticflal Logic:

TINTEG

STEP THE TERMS ALONG
THE OPERATING DIAGONAL
IN' THE DIUTERENCE
TABLE SO THAT TIE PRESENT
\TATJJE OF THE, ACCELERATION
IS CONTAINED. THEN SAVE
THlE ACCEIERATION FOR FUTURE
STEPS.

EXTRAPOT-AUT, THE MOTION
USIN~G GAUSS: FORMT JIAE
FOR TE FIRST AND SEfCOND
T31TEGRATS. SIX DIFFERENCES1
OF r AJRE CAR'RFJD

p 
1
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2 .3.1.4 THE TRACKING GROUP

This group of routines is desigded to define the position and velocity
of the satellite relative to each of a set of prescribed tracking stations.
This task is performed by defining the position vectors for the group of
tracking stations as a function of the time and associating with each,
a set of unit vectors describing a topodetic coordinate system. This
information is then utilized to determine the range, range-rate azimuth
and elevation of the satellite relative to each of the stations.

The operations are performed with the aid of the following routines:

TRAK Driver routine for computing the relative
position and velocity data for each station

GHA Defines the position of the Greenwich meridian
as a function of universal time

UNIT Constructs the position vector for the
tracking station and the topodetic coordinate
system

EQINOX Computes the correction to the computational
coordinate frame of 1950.0 (used for trajectory
definition) to adjust for nutation and
precession

Following the construction of the relative prsition information for
a given station, a check is made to determine whether observation data
are available for the epoch under analysis for that station. If not,
the checking of the various stations is continued. However, if data
are available, transfer is made from this group into the Filter group
and a correction to the state vector is computed before continuing the
station check process. This link between the two groups is very
important and deserves considerable attention.
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Siroitine TRPY

~ur~o~: ~V isd-ski~znd to cnb-ol- each of' the tracljiny sla+dions
b'--i-Z n~yl-o at eanb -oiri+ alor- the tra;,mrctoi. for th
rivrros- o'+d~i~r~ hose stations at which the vrehicle

is visible and to chck< +he data tap- to se- if data is
alrailab'-- at that. ti-e bpf'ore tl,ra-sf'erri-- to the data
fi I +er.

fl'~~V ?ar:TRACv

'!allin- Seq'-,ce: Call TRAVK (TSTART)

PCPTT(,kT '-lath flormon/
T /c T\Ta= Tare Thire-'sion Ar'-mvet Definition

T STA?" 1 I ArZ index utilizod to
restart the int-'rat-ion

when the next data Point
hias bepn r-ad irto

T l~T~ 1n,, 0Ci (1) Oonversion f'actors
Cr~~2 - (W) (12) (da-rs -.o seconds and

dep~rees to radians)

T UTTT 0 (ONilL ("rut tarp imber

r r~r! AT(Al'dxuiized to cl ,ck

stations for visibilit-,
a+ a' Itim-es or .i~is+, at

t'times for which thpre
is datla

T CP~~r 1ST 1-1r.2 Tndpx to liirt nipr
of' stations chec'd

T STATIT LoU STA 0' Array contairircg data
for the stations to b,=
checked (2ati+ido',
lon ~i t')de, altitude

and na'7e
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FORTRAYT J~ath
1/0 1Tam-e T T are Pniension Arminert;T- Di-itirn

I HORCOR A T'T I tmA (L I Ylcrizo- Cr~rr'-ctons
f~or 'bach of +Ie i,- to
IC statljons -,r-]nd

T 1,umber -1 5'PA (241) 'o .al nuImb~r o' s'ations

I ROTATF NTP 3 x 3 WP i a-rix fn-r transorr~r
'ROTI tJV pTT 3 x 3 11 RV (10) the frar-e of 195r)V>, t o

that of data and itz
irverrsern = zPr 5 r0

T T-M M 3 x 3 IARY (19) rutation array relail
the -'ean equator of date
to thp tnup equator of
date rn -m

T TTUMA __- 1 WIRY (42) Time o f 'last data Point.
TTRANF I RK (03)

TRV, r5 (7 3 orY (LL. The cartesian rositioi
VVFC) 3 RY(4) and velocity-. vectors of

the sate12'it- at the ti-Q
7.1 , T in the reference

frame of 1950'.C

T 'All TF to0 1,1 IVRY (5n) The two words dafir'in7
WRY 51) the nroch at V114ch the,

station rositions are
desired (days) relat)-ve
to i195C.P Or) 24332P2.423)

I RWATA tn I wRy (61) Time of netdaaron
TFDATA 1 WRYK (62) relative to the -rcoch

of 195C.n

T T TRPY - 1 wRy, (63) Station which next
senses thp vel'c p

01 H h 1 AW (68) Ti r s t ernr nx -- ,a'.i on
to stern s!-, for inte-
gration to thie next ti'-e
fcr which th-ere is no
dita (sec)

T/O RT rT 3WILK (95) The fracki-n~z station
position vector (K.)L __________ _________________ ___________ _____________________in the frame of date
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FORTRAN Math oon

T/O N ame NIame Dimension Argumnent Definition

i/O SLAT L 1 WRKC (105) Tracking station lati-

SLON A1WRK (10'6) tude, longitude and

SALT H 1 WWK (107) altitude (rad, rad,Km)

T/ WR.K (108) THp, eaqt, north
E E 3 WIRK (12th) unit vectors at the

7N 3 VET, (127) tracking, station bein7
ch,-.ck ed

0 MDATE rD 3 WRV (111) T"he instantan-,ou3
3WRK (11L) position avid ves'ocj4,

equa~ 'f dal-- fra'ne

Subrolitines Required: AFETNS (arc tangent)
CROSS (nross -p-ndlic+)

C-HA (GC'eenwi eh ho'ir av-gle)
UNTT(Station vectors)

S TMAT (Static. +ransi.+ior -a+rix)
MAT>PY (n'a+ri x -"i tii patirn)

Functions Requir'ed: AI4AGT (Vector rail>
ATA" (Arc7 4 'an , ert)
DOT (Dot, produict)

Approx-rpate Deck
Length: 650 (oc'.al)
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Description & Formulation:

TPAK is designed to check each of the stations being employed in the
tracking network (one to ten) to determine the relative position of the
vehicle at that epoch. As a portion of the process the range, range-rate,
azimuth and elevation of the vehicle in topocentric coordinates are
computed for the purpose of comparison with the actual tracking data in
a differential correction of the trajectory itself. The procedure
involved is presented below:

Upon defining the position and velocity vectors in the frame of date
and computing the Greenwich Hour Angle associated with the time (GHA), the
locatior of each of the stations is computed and a set of unit vectors
defining a topocentric (radar Az-Ef) coordinate system is constructed (UNIT).
At this point the relative position and velocity are computed

rd - t (Vd  Vt )

and the elevation and azimuth are defined as follows:

sin EA = U -90< El<90

cos E1 +%'l-sin2EJ

" A
cos a = fPN cos Az cos El

sin b = L-_ = sin Az cos El

tan Az  .

When the data point has been reached (i.e., the time at which data
from the tracking stations is available) and associated with the proper
station, the FILTER group is called and the data point processed. However,
before the solution can proceed and before the trajectory can be stepped,
the radius and velocity vectors in the frame of 1950.0 must be defined.
This step is necessary due to the fact that subroutine UPSTAT may have
adjusted the trajectory discretely in order to correct the tendency for
the observed and computed trajectories to diverge.

TRAK is designed in such a manner that the routine can be by-passed
in two distinctly different modes. First, if specified in the input data,
the stations can be checked at every point along the trajectory (Le., at
every integration step) so as to provide a record of the track or only at
those times when data is known to be available, This option drastically
improves the general efficiency of the computational logic. Secondly, if
desired, a minor efficiency can be effected in that only that station
actually recording data at the time of the observation need be checked.

9 C



TR~K

Compute Tini Relative
To Oh

Jan 3. a3950,1
Dlays &TI.T.I

FD =T r~

ZE=I~or~o_+ TI~ Tim. ,
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CALL r1J t I

DO

D - VT1 (sn.

E A 0

cos a = N *

sir b = -

Az = tn- b
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CAL

T r7 D

Bo= TT rD

TTOGO = TDArPA-T
ISTART = 1.

L < numbe

A
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2.3.1.L.7 Subroutine UNIT

13,1 r-os IltT' Co~nrit-s tlbe ros4+io.), ,rpctor d-fij- tho
lornatinr or' +.Ii- Iracli-7 s+atio-s and ova111a+,zs +,ln

cnsC~f" +I,- (fTTr. '-'as+. ?'Iortjn) 11rjt v-c+nos at
Vie s+,atJ on.

('al'i- S-q'ie-'cs-: CallTrr (r..WTA)

"QQTITRA!,' ?lat~h orn
T/C' "~am,? Fame- TDi-iersinv, Arm"--~t. Th-firit.ion

T (Th4A G'HA I. Ar- Hcmur Anc-1-~ -)-r r-rppnwh

T pr' 1r (IT ('I tlqatrial radirs of'
th" earth (r

T TZPOT Tp 1(,lT (2) -lar radiuis of' thp

-art'h (Kmn)

o P2' rT 3 w' 9) Posi+.jor v-r'I-or for t )-
tracl-ira station at

.1 SAT 1 !PY('r(5) Station 'a4-it.-dp

T STONTX ~ ~ (mnA) St.atior 1o,1--twdp in

radi ans

T SAT' 1' 4 1 W~ (l-n7) Station altitu,1dp (7mi)

0 T I-F, UF\ 3,, WIW (10)'1~ ast, \Tort~h mni.
WTY (12Q) vecto~rs ex-ressed jr
WR1( (127) "artpesj.an c'iordinates

of' date f'raivPe
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Subroutines Required: None

Functions Required: SIN (sine)
COS (cosine)
SQRT (square root)

Approximate Deck Length: 170 (octal)

Formulation.

UNIT computes the components of a set of topocentric unit vectors
for each of the tracking stations being checked as a function of the
time and the radius vector of the tracking station itself. The unit
vectors will be constructed first utilizing the information and defi-
nitions presented on the following sketches.

A 2
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iN

R A

thus

So s [ L 0 sin L cos R.A. sin R.A. 0
c L 0 -sin R.A. cos R.A. 0

N -sin L 0 cos L 0 0 1 N

cos L cos R.A. cos L sin R.A. sin L 1
= -sin R.A. cos R.A. 0 Y

-sin L cos R.A. -sin L sin R.A. cos L [N'

The vector defining the position of the tracking station is, however,
more difficult to construct since it is not found by simple rotation.
This construction is, however, simplified by noting that

r = r + hU

r (cos 9 R + sing') + h U

and that the quantit. X can be evaluated by considering the equation of
the ellipse in the (R , N) plane

Xz + 92 1

dZ = -b 2  X -Tan L
dX aZ

and

Tan S = Z
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thus TanL

CL

But from the polar form of the equation of an ellipse

r = ab(a- si 2 + b,- cos 4-T'-

or

r cost = a

( a2 Tan 2 &+ 1) A
b 2

r sin = b
(b2 cot 2C+ 1)
a2

so that upon substitution

rT = 2a +h ( U + U2 Y )
(b2  sin L + cos L) 2

+ + b+h N3
(b2 sin 2 L + a2 cos2 L+JU 3 N

where: a = equatorial radius (R )e

b = polar radius (RP)
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Computational logic

SUNIT

Unit Vectors

U coiL cos R.A. + cosL sin R.A. + S inL N
Ax A
a - RA + r.osR.A. 1- 0 N

-31nL e-OSRA j ini. sin R cosLN

Tracking Station Position

Return
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2.3.1.4.2 Subroutine FQIN0X

Purpose: EQIN&, computes the transformcation M atrices relating

the true equator of d,"' frame of reference to the

mean equator of 195C.0 (J.D. '11-33 32.423) frmt.me.

Deck Name: KOX

Calling Sequence: CALL E0INOX (TIM'E)

Input/Out put

FORTRAN Math Common/

I/0 Name Name Dimension Argument Definition

I TIME t 1 Arg mean solar days since
1950,0 (J.D. .433282.423)

0 ROTATE NP 3 X 3 WRK (1) rotation matrix trans-
forming vectors in the
frame of 1950.0 to the

frame of date

O ROTINV pTNT 3 X 3 oBK (C) rotational transforma-
tion to convert vectors
in frame of date to
frame of 1050.0

O EN N 3 X 3 WRK (1q) nutation matrix
relating vectors in
the mean equator of
date frame to those
in The frame of date
(used in GHA)

Subroutines Required: MATMPY (matrix multiplication)

Fuictiois R tenJ V J: UI % S in)

COS (cosine)

Approximate Deck
Length: 1540 (Octal)
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Description and Formulation:

Over 2000 years ago it was discovered that the Vernal Equinox would
move from east to west by 50". 2453 every year. This r,,, Zon is called pre-
cession and is caused by the gravitational attraction of other celestial
bodies acting on the equatorial bulge of the earth, If the earth were
perfectly spherical and radially homogeneous, it would not experience any
deviation from its mean equatorial pole. However, since the earth has an
equatorial bulge, it experiences torques from the gravitational attraction
of the sun and the moon, Due to the fact that the lunar orbital plane is
approximately 50 oblique to the mean ecliptic, both the lunar and solar
torques tend to align the equator with the ecliptic. The earth responds to
this torque much like a spinning top responds to a torque. It precesses
about the mean ecliptic pole, This precession is called luni-solar precession.
Since the moon is so much closer to the earth than the sun, its contribution
to luni-solar precession is approximately twice as much as that from the sun.
The equatorial pole has an obliquity of about 23.50 so at the rate of pre-
cession mentioned earlier, the equatorial pole would very nearly trace a
right circular cone every 25,800 years.

Just as the sun and moon cause the equatorial pole to precess, so do
the planets of our solar system cause the ecliptic pole to precess; however,
the magnitude of this planetary precession is very small and will be considered
negligible in this discussion.

"Total geperal precession" is the sum of planetary and luni-solar pre-
cession and gives the changes in the mean vernal equinox of date from some
epoch. Total general precession amounts to 50", 2453/year and can be con-
sidered uniform for practical use. This is the rate of westward rotation of
the mean vernal equinox of date.

As the equatorial pole precesses about the ecliptic pole, it also
experiences further disturbances known as nutations. Free Eulerian Nutations
are those which would occur if the earth were simply set in rotation and left
to itself without any disturbing forces. Forced nutations are those which
are caused by the changing positions in space of the sun, earth, and moon,
which in turn cause variations in their respective gravitational attractions
to the earth.

The most significant nutation is the 19 Year Lunar Nutation. This
nutation is caused by the precession of the moon's orbit, which is inclined
about 50 oblique to the mean ecliptic. The line of nodes associated with
tis .- C1- a p of at-out 38,6 years. The result is to
change the direction of the small fluctuations in potential experienced
by the earth-moon system,

Other forced nutations include the Semi-annual Solar Nutation and the
Fortnightly Lunar Nutation. These phenomena are the result of the decreasing
torque that the sun and moon apply to the earth as they approach the passing
of the equatorial plane. Due to symmetry, the net torque, as one of these
bodies passes through the equatorial plane, is zero.
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The earth model that is generally used for the analyses of this motion
is a rigid ellipsoid which is later simolified to an oblate spheroid. This
model does not account for elasticityf'lrlity and other physical properties
of the earth; but it is sufficient to use for a fairly complete derivation
of precession and nutation. It must thus be noted that the results of an
analysis using such a simplified model are not exact.

Improvement of the theoretical analysis resulting from the incorporation
of observed data in the evaluation of the constants of integration and from
the incorporation of more complete models of the earth in the analysis
have, however, been effected. The results of these efforts based on formu-
lations presented in the American Ephemeris and Nautical Almanac will be
presented in the following paragraphs.

Precession:

Uniform precession is a rotation of the coordinate system defining
the mean equator of date and may thus be represented by the matrix equation

r ., = P r 5 0

where -"j denotes the position vector in the standard inertial reference
frame ( undamental plane and principal direction are the mean equator of
zero hours, January 0, 1950 and the corresponding vernal equinox) and
where rm is the position vector in the mean equator of date frame. The
problem thus, becomes one of determining the elements of P. This step in
turn is accomplished by selecting 3 small parameters which relate the two
frames. One such set is shown in the followinp sketch

/4mean eel*."of

1)1 6 I% 4i.or
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The earth model that is generally used for the analyses of this motion
is a rigid ellipsoid which is later simDlified to an oblate spheroid. This
model does not account for elasticitvtr"f-r 1ty and other physical properties
of the earth; but it is sufficient to use for a fairly complete derivation
of precession and nutation, It must thus be noted that the results of an
analysis using such a simplified model are not exact.

Improvement of the theoretical analysis resulting from the incorporation
of observed data in the evaluation of the constants of integration and from
the incorporation of more complete models of the earth in the analysis
have, however, been effected. The results of these efforts based on formu-
lations presented in the American Ephemeris and Nautical Almanac will be
presented in the following paragraphs.

Precession:

Uniform precession is a rotation of the coordinate system defining
the mean equator of date and may thus be represented by the matrix equation

r. , = P "5 0

where 5 denotes the position vector in the standard inertial reference
frame (Mondamental plane and principal direction are the mean equator of
zero hours, January 0, 1950 and the corresponding vernal equinox) and
where r m is the position vector in the mean equator of date frame. The
problem thus, becomes one of determining the elements of P. This step in
turn is accomplished by selecting 3 small parameters which relate the two
frames. One such set is shown in the followinp sketch

/ \

/ \_
/ ,co~ o.
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Nutation:

The relationship between the mean and true equator of date may be
represented in terms of two small parameters as shown in the follown

sketch

N?

Ua too

and the small parameters ( S-Vand 6 ) can be divided into long
(A"lVand AC ) and short (d I" and d6 ) period contributions which
can be computed as a function of a set of quantities defined in the
Nautical Almanac. These quantities are given in time series as:

A. 12.112790 -?052953922 D +0?0020795T +0.002081T 2  +0?000002T3

= 64?375452 +13?176397 D -0?00nl31575T -0?00113015T 2 -0?0000019T
3

' 208?84399 +011140408 D -0?010334T -0?010343T 2  -O000012T 3

r= 282?08053 +0000047068 D +00004553T tO?0004575T2 +09000003T3

L = 280?08121 +0498564734 D +0?000303 (T+T2)

where D = Days since reference epoch (1950.0) (J.D. 2433282.423)

T = Julian centuries past reference epoch

Corresponding to these time series the small parameters are:
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OrPx 10L = -(47?8927 + .0482T) sin.M

+ .5800 sin 2f - 3.5361 sin 2L - .1378 sin (3L- r')

+ .0594 sin (L + r) + .0344 sin (2L -4 ) .0125 sin (27 - 11)

+ 3500 sin (L - r') + .0125 sin (2L - 2T")

dyx 104 -!5658 sin 2 - .0950 sin (2j -.0.)

.0725 sin (3( - ') + .0317 sin (C +r')

+ .0161 sin ( ( -V' + n) + .0158 sin ( -'r,' -1A)

- .0144 sin (3d +T" - 2L) - .0122 sin (3a -r' - ).

+ .1875 sin (j -1") + .0078 sin (2C - 2r')

+ .0414 sin (a + rI, - 2L) + .0167 sin (2 - 2L)

- .0089 sin (4( - 2L).

AC x 104 = 25?5844 cosa - .2511 cos 2fl

+ 1.5336 cos 2L + .0666 cos 3L -T )

- .0258 cos (L + ) - .0183 cos (2L -a0)

- .0067 cos (2T'' -XL)

C)gx 104 - 02456 cos 2 d + .0508 cos (2€ -.C )

+ .0369 cos (3 -T") - .0139 cos (( +-T)

.0086 cos (+ - +0) + .0083 cos (¢ -T" -.0)

+ .0061 cos (3 ( +7" - 2L) + .0064 cos (3 -1" - )

Now since the mean obliquity of date is given by

23.4457587 - .01309404T -.00000088T 2 + .00000050T3

and since

I+
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the rotational transformation relating the frames (XmO Ym m9) and
(XTt YT' ZT) is

rT TX (-E) Tz (-sp) rx ( ) n

N rm= N m

where T ( ) denotes a rotational transformation, the subscript denotes
the axis of rotation and the term in the parenthesis denotes the angle of
rotation. Expansion of this transformation yields N as:

nil = Cos <5)/

n -12= sin Sycos 9

n13  - sin S sin £

n21 = sin 6Yfcos .

n22 = co' SVcose cos9 + sinE sin

n23 = cos 6ycose sine - sin cos -

n3l = sin S3rsin 9-

n32 = cos Ysine cosE - cos 6 sinE

n33 = cos Ysin , sine + cos6 cosE

which upon substitution of & + Cc for C may be approximated as

1 -S cos E -Sysin

N 1 cos 1

Sysine 1

Combined Nutation and Precession:

The true equator of data frame and that corresponding to the mean equator
of 1950.0 can now be related by direct substitution of the results of the
previous paragraphs.

rm = P r 5 0

rT  = N rm

or
rT  = NP r50  [ROTATE] r 5 0and

r 50 
= ()r D f ROTI rD
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Computational Logic:

'Precession Matrix

P f (t)

nutation parameter evaluation

.l, (, r'q L, r f (t)
Ay , d, )VqAC, dC = (Aq , j', L9

Nutation matrix

N = f ( Ayq d r 9&C de

Total Nutation Precession Matrix

ROTATE = NP

RETURN

EN
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2.31.4.3 Subroutine GHA

Purpose: GHA Computes the hour angle of the Greenwich meridian

relative to the true vernal equinox of date in degrees.

Deck Name: GHAN

Calling Sequence: Call GHA (T, D, GH, DA, OEGA)

Input/Output:

FORTRAN Math Common/
I/O Name Name Dimension Arguiment Definition

I T t 1 Arg Universal time for the
selected date at which
GH is to be computed
(sec.)

I D D50  1 Arg Mean solar days elapsed
since Oh Jan. 1, 1950
(integral number)

O GH 1T(t) 1 Arg Greenwich hour angle in
degrees

I DA da 1 Arg Nutation correction to
reference GH to true
equinox of date

0 ONEGA W 1 Arg Rotational rate of the
earth at the selected

-epoch

Subroutines Required: None

Functions Required: Sign

Approximate Deck Lenpth: 160 (octal)
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Formulation:

The hour angle of the Greenwich meridian relative to the mean vernal
equinox of epoch T is given in the Nautical Almanac as

'tm(t) = 100. 07554260 + O. 985647346d

± (2. 9015) x lO-3d2 + wt (mod 360)

where d = the integral number of days past Oh 1 January 1950

t = time in seconds past Oh of the epoch data

.001L17807/,17
1 1- (5.21)10- 13d

Thus, in order to be consistent with the measure of Myne in the remaining
portion of the program (time reckoned from 1950.)it was simply required that
the whole and fractional number of days (D50 ) reckoned from 1950.0 be changed
by the difference

d = D50 - .077

and that a correction for nutation (da) be applied to compute the hour angLu
with respect to the true vernal equinox

dn slacos i

00 (t IP(t) -j da
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Computational Logic:

DD = D

w = .004,1780742

1 + 5.21 x 10-1 3 DD

GH = 100.07554 + .9856L735DD
+2.9015 x 10- 1 3DD2 + Wt

n = GH/360.
=N

GH (H -X (36Q(Sign (1.,G)0 
I 

.+

GH = GH + 3601
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2.4 The Data Filter Group

The reduction of the data provided by the preprocessor (PROCES) will
be accomplished utilizing a minimum variance recursive filter first developed
by Dr. R. E. Kalman (the reference an a description of the filter will be
presented in KALMAN). However, because there are several distinct operations
involved in the process, it has been deemed desirable (from the standpoint
of program modifications for other types of data, ease of development and
checkout, etc.) to constract the filter in the form of several subroutines.
This group of routines is the subject of the discussions which follow
commencing with the driver (FILTER) and with the formulation (KALMAN). These
routines are discussed prior to all of the remaining routines, since they
establish the mathematical framework in which the others can best be under-
stood, and because they establish the notation to be employed.

The interface of the differential corrections program and its pre-
processon is also embedded in this group. This interface exists in the form
of a routine (DATAPE) designed to read the specially prepared data tape
and load the smoothed observation vector and identifying information into
memory. The operation of this roubine has been checked (as has the operation
of all other routines in the program) to assure compatibility between the
two programs.
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2.4.1 Subroutine FILTER

Purpose: FILTER is designed as the driver for all routines in
the Data Filter Group. It also serves the function of
computing the observation vector (observed minus computed
residuals).

Deck Name: FILT

Calling Sequence: CALL FILTER (NUMB, R, RD, A, E)

Input/Output:

FORTRAN Math Common/
T/0 Name Name Dimension Argument Description

I NUMB - 1 ARG Number of the station being
checked at this time in the
routine TRAK

I R 1 1 ARG The computed values of
RD / 1 ARG range, range rate, azimuth
A A 1 ARG and elevation relative to
E E 1 ARG the tracking station (based)

on the optimum estimate of
the trajectory at this time
(Km, Kin/sec, rad, rad)

I ODATA - 3 WRK(65) Observed values of range,
range rate azimuth and/or
elevation (no more than 3
pieces of this information
at a time) (Km, Kin/sec, rad,
rad)

I ITYPE - 1 WRK(64) The fixed point index which
identifies which of the six
possible types of data is
being processed

Subroutines Required: MEASURE (computes )
ERROR (computes Q)
KALMAN (computes and P)
UPSTAT (updates problem)
DATAPE (provides next data point)
MAIN (deck name of main program)
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Functions Required: None

Approximate Deck
Length: 205 (octal)

Description:

Subroutine FILTER serves as the driver routine for the complete filter
package. It is designed to function in such a manner that all of the informa-
tion required by KALMAN is available when the call is made. To be specific:

1) The firs:, step made is the identification of the type of data being
processed and the construction of the ordered set of observed minus
computed residuals.

-T

2) The next step is the computation of the matrix MT (OBST = )
in subroutine MFASUR and the definition of the w-ighting matrix in
subroutine ERROR

3) At this point KALVAN is called and the state vector (X) and the
covariance matrix for the error in X are estimated.

4) UPSTAT is then entered to determine if the trajectory is known
to a degree sufficient to allow-up-dating. If so, new conic
elements are computed and written,

Upon return from UPSTAT the problem has been reduced by one of the smoothed
data points (7 words - TW, TF, TYPE, STATION, OBSERVATION VECTOR (3) ) and
DATAPE is entered to determine if additional data are available. If so, the
the next data point is read into memory and control is returned to the program.
If there is no additional data, exit from the program is accomplished by calling
the $IBFTC name of the main program (MAIN). This sequence is utilized at this
time since it allows other cases to be run in a sequential manner, however, it
is noted that a modification of this procedure may be required for other
systems.
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2.4.1.1 Subroutine KALMAN

Purpose: To obtain the minimum variance estimate of the position
and velocity relative to an estimated trajectory and to
produce the covariance matrix for errors in the estimate.

Deck Name: KALM

Calling Sequence: Call KALMAN (OBVEC, M)

Input/Output:

FORTRAN Math Common/
I/O Name Name Dimension Argument Description

I OBVEC Y M ARG The vector composed of
observed minus computed
residuals (from FILTER)

I M 1 ARG The dimension of the observa-
tion vector

I PHI t2', ) 6 X 6 STT(l) Transition matrix relating
errors at two successive
data points (from STMAT)

I OBST MT(t) 6 X 3 STT(37) Matrix of partials of obser-
vations with respect to the
state (from MEASUR)

I Q Q (t) 3 X 3 STT(55) Covariance matrix for contri-
bution of errors in observa-
tions and of errors in
station location (from ERROR)

I/O STATE X (t) 6 STT(64) The vector where
Ar =r - ro

AV =V - V0
sub o = reference

I/O P P (M) 6 X 6 STT(70) Covariance matrix for errors
in the estimated state
vector
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Subroutines required: TRANSP (matrix transpose)
IMAT1,Y (matrix multiplication)
MTINY (matrix inverse)
SUBMAT (matrix subtraction)
ADD kT (matrix addition)

Functions required: None

Approximate Deck
Length: 1056 (octal)

For.,ulation:

The theory of Kalman's recursive minimum, variance data filter was first
oresented in a series of papers (e.g. Ref. 1) in which the author developed
rigorously the formi of the resultant estimate by employing an orthogonal
projection lemma derived as a portion of the paper. Since this computational
algorit%: is utilized in the digital progra,, being discussed, its form must
be discussed. However, since colplete descriptions of the development are
recorded (Aef. I), only a surmary of the steps required vill be presented.

The basic assimption of this procedure is that the optimal estj iate of the
state vector (X) for the system (in this case the vector 1[1 ) is of the
for. X . where VY for this discussion are the com-
ponents of th4"'observed minus computed residuals (Y = I. ), where the systems
equations are

where t. (, ) is an n by n matrLx of time-dependent coefficients and where
u (t) is an independent Gaussian process (u will not be utilized
in the estimation procedures). Lest this assumption be questioned on the
grounds that it is excessively restrictive, note is madc of the fact that Kal-
man proved that the results obtained with this model can, in general, be
j.iproved a with non-linear estimation only if the errors in tho data and/or

in the state vector for the system are non-Gaussian. Further, to achieve the
improvement, at least third-order distribution functions for the errors are
required.

Now, attention is turned to the problem of obtaining the optimlm estimate
of the state ( A ))at some tir.-e t by utilizing only the last estimate of
Lihe statc ) and the observation at tLe t. This statement of the
problem leads to the basic fon,. of the computation algorithm
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where the first term is the estimate of X(t) obtained utilizing data a. quired
prior to the last data point but propagated to time t. The second term is
a weighted correction which is determined by the difference in the observed
and predicted values of the observed minus computed residuals.

The task is now to define the optimum linear gain K(t) (optimum here will
be taken to mean in the sense of minimum variance) to be utilized in the
algorithm. This task %ill be accomplished by adopting the notation

vhere E (t) and q (t) are Gaussian errors and where the n:tation I (t) means
the error at t based on all data processed prior to t. Fxpanding these
identities

S(6) 6(6)

and noting that the optimum estimates for X satisfies the conditions that the
covariance matrix for I (t) qr(t) is minimized, or from the referenced lemma,
that

r()): o Expected value of ( )

ields upon substitution and expansion (after the independence of and
and of E and X are assumed).

- E

At this point in the development, a slight change -. the notation is
adopted in that
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and it is noted that if P (t-1) is positive definite then the product

will also be positive definite provided that the observr.bles (components of
y) are linearly independent. Thus, the product is invertable; and the
optimum weighting matrix is

[A40) P 2 (t I P-/) fyI , -/ 9~l /

- )MT(o)M Pt M ) t Q (1)]"

Now since the distributions of the errors in the estimates can be prescribed
at time zero and since the covariance matrix for the contribution of the
stations to the uncertainty can be defined at any given time, the first
weighting matrix can be computed. However, to reduce additional data points,
the relationship defining the covariance matrix for the errors in the estimate
after the reduction of the data point (P (t) ) must be defined. This
matrix may in turn be evaluated from the definition of P (t)

where 97R=-, P.

Filter Description (operational characteristics)

The minimum variance formulation presented here is a simplification of
the maximum likelihood estimator in that it assumes the errors are normally
distributed. This, however, is the only valid objection voiced to the use of
this procedure since in its general form the formulation includes most other
data filters. (For example; weighted least squares - the simple case where
the components of y are uncorrelated). The recursive nature of the filter also
provides a distinct advantage 3ince non-linear effects resulting from errors
in the equations of motion and from non-precise relation of the errors at -

various points along the trajectory are minimized by the fact that time
required for data accumulation is itself minimized. Further, if the trajectory
is updated at each of the data points (assuming that the elements of P (t) are
sufficiently small to make this practice feasible) the linear system can pre-
dict the behavior of the non-linear system to a very good degree. Finally,
due to the recursive nature of the filter, the order of complexity in reducing
any number of data points Is constant; and problems of loss of numerical
significance arising from manipulating large arrays of numbers are drastically
reduced.

Ref. 1 Kalman, R. E., "A New Approach to Linear Filtering and Prediction

Problems" Journal of Basic Engineering (March 1960.) pages 35-45
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Computational Logic:

C:LI;D

update covariance matrix of A,,v

F=4.9Py

construct weighting matrix

w-- PMT IjNPMT + Qj

weighted error vector

OB = OB - M? gstatel

update state vector

state = W.OB + ?o Istatel

update covariance matrix of ' r ,-J-

P = P 1,94P

=RETURN

6EN D
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2.4.I.2 Subroutine STNAT (State Transition Matrix)

Purpose: to provide the 6 X 6 matrix of partial derivatives o.
the state vector at some arbitrary time with respect
to the state vector at an earlier epoch.

Deck Name: STM

Calling Sequence: Call STM1AT (TIM)

Input/output:

FORTRAN Math Common/
I/O Name Name Dimension Argument Definition

I RTRAN 3 WRK (36) radius vector in frame
of date at time t1

VTRAN 3 WRK (39) velocity vector in frame
of date at time tl

I RDATE r 3 WRK (111) radius at t 2

I VDATE V 3 WRK (114) velocity at t2

I TIME1 t2 - t

0 PHI 6 X 6 STT (1) matrix [x]

Subroutines required: TRANS (conic Transition matrix)

INVAO (analytic transition inverse)

Functions required: None

Approximate Deck
Length: 310 (octal)
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Description:

The trajectories for the vehicles of interest to this stui; are nearly
conic. Thus, partial derivativcs evaluated for the no;'.inal conic trajector,

ill agreo well with those obtained f.-o,,. the trua trajectory by m.ore
elaborate means such as the integration of the adjoint equations. For0 this
reason, the conic representation i.rill be utilized to construct the o X 6
imbrix of partial derivatives though two slight mkodifications wil be
employed to assuie that the conic and true matrices agree as well as possible.
The first m-odification is that the position and velocity vectors used to de-
fine the partials will correspond to those of the true trajectory at the tile
from which the errors are propagating in this case, (the last data point)
rather than the corresponding point on the conic references trajectory. The
second modification is that the truc position and voloclty vectors at the
time of the present data point will be utilized to obtain the inverse of a
second esti;nat of this matrimc by solving the conic problem backward in tl.2.
This second matrix vrill then be anal.tically inverted, utilizing a sp-cia]
prope r--t-- of this matri:z (developed in iNVAO) to obtain the desirel pa:.tials.
These two matrices of partials will not be identical because the conic
trajectories utilized to defin, them-, differed in regard to each of the six
constants of integration (the result of oblateness, drag --- forces).
Further, they will differ from the true ,,atrix. However, a first-ordcr esti-
mate of the effects of these forces can be included and the agreerent with
the true solution improved by averaging the two separate solutions for the
partials.

Computational Logic:

,= (rtran, itran, t)

tt = -t
& = (rvec, Vxrec, tt)

ii) I +rA2) /
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2.4.1.2.1 Subroutine TRANS

Purpose: TRANS computes the matrix of partial derivatives
of the state vector at an arbitrary point on a
conic trajectory with respect to the state
vector at another epoch. The variables utilized
in this analysis are well defined for all conic
motion.

Deck Name: TRAN

Calling Sequence: Call TRANS (R, V, T, PHI)

Input/Output:

1/0 FORTRAN Math Dimension Common/ Definition
Name Name Argument

I R 3 ARG radius vector in cartesian
coordinates at T = o (Km)

I V v 3 ARG velocity vector in cartesian
coordinates at T = o (Km/sec)

I T 6t 1 ARG time at which partials are
desired (relative to point 1)

0 PIt Kt 2 ,tl) 6 X 6 ARC matrix

I GM 1 CON(6) gravitational constant

Subroutines required: SEARCH (solve analog of Kepler's equation for
position as a function of time)

Functions required: AMAG (vector magnitude)
DOT (dot product)
SQRT (square root)
Cos
SIN
COSH (hyperbolic sine)
SINH (hyperbolic cosine)
DERAQ ( . o0 J
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Approximate Deck Length: 820 (decimal)

Formulation:

The equations of conic motion in terms of the -o-c-lled univerzi.2
variables of Dr. S. Herrick will be utilized to develop the partial deriva-
tives of the components of position and velocity at any given time (on the
conic section) relative to the components of position and velocity at some
other arbitrary epoch. This task will be performed utilizing a formulation
valid for a non-rotating coordinate system and will be based on the develop-
ment presented in the discussion of the reference trajectory. The required
expressions for this analysis are:

-= . 0

where fe /-/

_ A

r= inertial position vector =X , y/ t Z

A(* yy
: normalized velocity vector X X/ Y .

Y_ is the X unit vector. This notation is adopted to avoid confusion
,with a variable to be defined subsequently.

a

Do /0 50

Co

0_2i t-.
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X =F- (h ,,.oh,. moa)

X~ a X

The first step in obtaining the desired partial derivatives involves
differentiation of the equations for ' and B with respect to the components
of ro and 'o. This task will be drastically simplified if full advantage
is taken of the similar form of these derivatives at the outset. Thus, a
shorthand notation will be adopted in that u and v (a and v) can assume
the values of s, y, and z (i, r, and i)

aU=fU af

'iv

ao o ai

where8 VO a V

aa v

Thus, the problem has reduced itself to one of obtaining the derivatives
of f, g, f and with respect to and g. This task will in turn be
simplified if a set of intermediate parameters is selected, since the x...
do not appear explicitly in the equations for f...g. The set to be utilized
is suggested by the equation for the magnitude of r in this set of voriables.

Having selected the intermediate variables the next task is the
differentiation of f, g, f and g.

For f a a

ar -~ i _

no~r aGL , V

-2g0-
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For g

d 7 aU

a= r au

lot a oc a o

For f

( r (rr)-

aro  (rro)Z

ac (rr0 )2

andfforgo
R (rr) ro dr

DO D

aDo r r)7

Now attent .on turn~s to the derivatives of C, S, U, t' etc. with

respect to ro, Do,0

aax

forU9

C A Or

ao "x

_2' Or

C'rn 65 ]20f-1



-' dx9U )

A 

A ?,X 2
for S

a

for T

S o9a

ana for r
0dD0

9 r = I a 0 .

- Do --+ , o - r C C

The final, set of partials required is now recognized to be that of
with respect o r, and Do, and o4 . This set requires the .... ... ticn ^ for
time (analogous to Keplers equation) be differentiated as follows :

for .

A -'
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rA
-' a aD

for 0. CY-*C -

e~D- r

AA

forUr a) ( C ( -d. -La7-= r, -g 't 0o 0- , a,- + U o

Now, substituting back into the previous ex'ressions and collecting
terms, the derivatives required to compute the partials of f, g2 f, g)
with respect to 'the intermediate parameters are:

A AZ

d, r

SC

dDo r

C

for A

ar r

ao r

A gx r 2 LUa U

r

SIT) 6~1203-1



forr er S) ()

Finally, the required partials of' f, g, f', and g, with respect to
ro, Do , and c are:
.r D_ , (_. X

-10 )r

_ 2
dO r

_- rr

a , r j xr , ,+ '

r r

0

-D rC~tt

a 0+ xc
- Ao- r , rc< - r
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The only remaining steps at +his point are thus to provide the deriva-
tives of the intermediate set of Tarameters with respect to the components
of r, and -o, to construct the derivatives of f, g, f and g with respect
to r o and So, and to relate the results to the parameters ' and v. The
first step is accomplished by referring to the definitions of ro, Do, and

r= :. I ; So=Yf2
0 CX

r S. S'.

0 =IiS

dodODo

C SL

The second step is accomplished through the medium of the chain rule, i.e.,

af' _ ar df adDo 9F 90P= Z' a -o aX o Y- a
etc.

and the third and final step is employed to remove the normalization factor
applied to the components of the velocity. Since

the desired matrix is

I___S I , -1
d ~ so

d1 I a10-

(C 651202-1



C'omputational Logic:

S0ul'r1t-n- TRANS

V I

Cal Sc2r 0

=~~ J/iC x(/~~
alr
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2.4.1.2.2 Subroutine INVAO

Purpose: to produce the analytic inverse of the 6 X 6 matrix of
partial derivatives referre . to as the state transition
matrix (i.e., the matrixITI-j where all vectors are
expressed in cartesian cod~inates)

Deck Name: INVA

Calling Sequence: Call INVAO (AO, AOI)

Input/Output:

FORTRAN Math Common/
1/O Name Name Dimension Arginient Definition

I AO 9(6,6.) 6 x 6 ARG the matrix of partial
derivatives of the
state vector (') at
"t" vith respect to
the state vector at
fit 0 1

0 AOI o 6 X 6 ARG the analytically in-or

1(4 & IIverted matrix

Subroutine required: None

Functions required: None

Approximate Deck
Length: 160 (octal)

Formulation:

Consider a linear system (expressed in cartesian coordinates) described
by the following equation

SA M)X Z(b) * 8(W F()(1

where x(t) is an even-ordered state vector composed of' a set of output
variabe s and their derivatives
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F(t) is a forcing function ( 0 for the analysis to follow)
A(t) is a coefficient array for the syste., composel of square, s6.T , . -
even-ordered subarrays of the following fonm,

A(t) -(2)
21 O

I ,|

B(t) is an array relating the sensitivity of the s:-st.. to the fot'c 'n.
function
and the solution for F -o

IJ

If equations 2 and 3 are substituted back into equation 1, the folaowing
identity results

1 0 (4)9

and equation 4 yields upon, expansion

(5a)

(Sb)

(5c)

-0 ;z (5d)

Equations 5 may now he operated on to produce an equivaleIt set of
differential equations. This operation is perfomed as follows:
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or

sir.iilarly r ~r~=(b

r (6c)

Finally, the results of the integration can bc, 2estat,. 1 i.ati
notation as

zl-2 (7)

and the constant a:'ray s resulting, froim, these Thnt,gratiorns -.a,7 now~ be
evaluated by substituting; the initial Cortlitions

This step n rod-uces

co

C3

Cg-.

,~TD 6r5 1203-1



and reduces equation 7 to the identity matrix. But, the only matrL'x which
can be utilized to reduce an arbitrary scuare i.atr. to I is its inverso. Thus

G" " r (8

Equation $ is iiiportant for general linear syste. i that it pl-ovide.3
an anal,,tic ]eans of constructing the inverse transition riatrix diroctly froL
the ele:.ents of the knowm transition matri.- by rearrang-uent of ten.ms and the
change of a few signs. It irill be utilized in this prograi.. in conjunction
with a correction to the basic conic transition ratfix Jescirbed in .3TMT.

In conclusion, it is noted that the true meaning of the terms Al2 ani
A21 (equation 2) was never employed, and only symetry is required. Thus,
there is an dj.rediatt generalization providing that an arbitrary system can be
described by equation 2. It is also noted that another approach to the
derivation is suggested in lef. 1, along with a discussion of several rulat.1
problems.

References

1) Friediander, A. I.., "Inversion Property of the Fundacntal M.1atrix in
Trajectory Perturbation Proble..s." ATAA Jo'u,-a!,
Vol. 1, No. 4, pages 771-973(April l'Y3)
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I

2.4.1.3 Subroutine MEASUR

Pirpose: To construct the matrix of partial derivatives of
the observables with respect to the state vector
(i.e., M = )where the observables may be

1) range
2) range rate
3) azimuth and elevation
4) range and range rate
5) range, aximuth and elevation
6) range rate, aximuth and elevation

Deck Name: OBSN

Calling Sequence: CALL NFASUR (M)

Input/Output:

FORTRAN Math . Conunon/
I/O Name Name Dimension Argiunent Description

I ITYPE 1 WRK(64) Fixed point number which
identifies the type of data
being processed and hence,
the type of matrix desired.

3 WRK(lI) Radius vector in frame of
I RVEC r date

I VVEC 3 WRK(114) Velocity vector in frame of
date

I RTRAK rt 3 WRK(95) Radius vector of tracking
station in frame of date

I X (YZ) U (E,N) 3 (3,3) WRK(108) Up (east, north) unit vectors
WTK(.2C4) at the tracking station

S,, 4-- ( I%

1 ARG Fixed point integer which

identifies the number of

pieces of data in the obser-
vation vector (1, 2 or 3)

1,M) 6.r 12n.1-1



FORTRAH,11 IIat Iox-IoI
I/(, Marie o, 11L~rision Ar-u:.ent I*IJ.t >i

('PS" U-3 STT (37) -:a'-~ ata
-at-v2)3 cC'; c'z1-
-vations witt. -cs-ect
to the statv voctor

1I :G A 1. CON (7) spin ratu of ,,Q carth

L _ _ __ _ _ _____

- ubro-atines requIrod: C'..0 :1 (cross prod3uct)

rim'cions recwuirecl: Al TAG (vector .a- 'Itude)N
DOT (doct pr~oductk)

* SQR (square root)

Appro:x 'rate Deck
Length: 3 50 (de c 4--)

Fo~mulat ion:

'Part--iaas for range, range rate, az~t n loain~ rspec to

the state vector can b--e obtainc-4 from, the f'olloiwinz equatio.-s:

P~(~P *,/2

I -

V V-V
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where:

R = range

4Rp, range rate

A = azimuth

EL - elevation

U1,TE = up, east, north unit vectors

r = vehicles position in equa+.orial frame of date

rn = nominal position on reference orbit

= tracking stations position vector

when it is noted that for the purpose of differentiation, the nominal posi-
tion vector and the tracking station position vector are constant, i.e.,

d " = d-

This set of operations has been performed, and the results of the
analysis are presented below:

1) Partials of range

4 * z.0
x aoVo/)

2) Parbials of range-rate

r Y- Pr r2

3) Partials of Azimuth

E.j (Ei rj
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E3 N - N3(

oO, O ]
4) Partials of Elevation

0)0, 0J

Computational Logic:

ubroutine ,'A UR

/r7=

No,,o data +

r

ID , U-



4No data

=~ 41 x FT
-r - -

r

al /0 /

No A. E data

2 =f2

(A Sz
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2.4-1.4 Subroutine ERROR

f.j Purpose: To compute the weighting matrix (Q) for the data point
(one of 6 types) from uncertainty data provided per-
taining to station locabions errors and recording
instrument errors

Deck Name: EROR

Calling Sequence: CALL ERROR (NUMB, M)

Input/Output:

FORTRAN Math Common/
I/O Name Name Dimension Argument Description

I iNUMB - 1 ARG Number of the station - this

number corresponds to the
sequence established in
INPUT (comes from TRAK)

I M - 1 ARG Number of pieces of informa-
tion included in the obser-
vation vector (from MEASUR)

I RE Re 1 CON(l) Earth's equatorial radius
(Kin)

I RPOL R 1 CON(2) Earth's polar radius (Km)

I OMEGA L 1 CON(7) Earth's spin rate (rad/sec)

I STERR L' 3 SDA(51) Variance and latitude,
longitude and altitude for
the station

I SNOISE cp M SDA(141) Variances on the observed
_% data for the equipment
UAA* AE utilized

I IOBST MT(t) 6 X 3 STT(37) Output of MEASUR

0 Q Q (1) 3 X 3 STT(59) Combined weighting matrix

I ITYPE 1 WRK(64) Type of data being processed

-324-
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FORTRAN Math Common/
I/O Name Name Dimension Argument Description

I SLAT L 1 WRK(105) Geodetic latitude of the
station (rad)

I SLON A 1 WRK(106) Longitude of the station
(rad)

I H H 1 WRK(107) Altitude relative to
reference ellipsoid (Km)

I X (Y,Z) U (EN) 3 (3,3) IRK (108) Tp (Fast, North) unit vector
at stati.on

Subroutines required: MATMPY (matrix multiplication)
TRANSP (matrix transpose)

Functions required: SIN
Cos
SQRT

Approximate Deck
Length: 627 (octal)

Formulation:

In order to construct the matrix of uncertainty required by the Kalman
filter resulting from station position errors and errors in the observations,
two assumptions are necessary. The first is that the groups of errors from
the two sources under ana~ysis are statistically independent, and the second
is .hat the equations descr.ibing the processes are linear. Under these
assumptions the resultant uncertainty matrix (Q) is

and attention can be directed to each source independently.

In order to define Ql, it is first necessary to consider the manner
in which the specified set of errors affect the problem (consistent with the
assumptions previously outlined). This relationship is

AX6 0

qTO 6r 1201-1



!I

[COErFF

which leads directly to

F (A (0835) A'- (09s)) [COEF] E t~ A~L L~A6H1) [00ErF1

Q FCOEFF1 r [COo]

where a- is specified.

The problem to which this analysis must address itself is thus the
construction of the matrix CCOEFFJ . This development is simplified
considerably, since the chain rule can be employed to produce the desired
results as follows:

COEFF ___M i
I LL6LI

-[oS roERIvJ
where [OBS] T is the output of subroutine NEASUR and where X is the state
vector. For this reason, subsequent analyses will be directed to the deriva-
tion of the matrLx DERIV.

The first steps in relating uncertainties in the position and velocity
of the tracking equipment and the corresponding uncertainty in the satellite's
position and velocity are the definition of the observed quantities

Vr V -VT

where: the subscripts r and t denote relative and tracking station,
respectively, and the description of a coordinate system in which the vec-
tors will be defined (in this case the true equator of date fraine).

A

-126-

SID 65 1203-1

.- -.-



Yr C-( d" A o' C L, .COO cA

VYT X± WXr-

where Re equatorial radius of the oblate spheroid
R polar radius of the oblate spheroid
c= a function of latitude

cos 2 L +(I/Pe)2 sin2 L
I, geodetic latitude of the station
A right ascension of the station

= longitude relative to Greenwich ( A ) plus sidereal time
of the Greenwich meridian

= spin rate of the earth
X = unit vector toward the vernal equinox
Z = unit vector along the spin vector of the earth

Now if the vehicle's position and velocity are held constant for the
purposes of differentiation, the sensitivity of the state vector to errors
in the tracking stations position and velocity can be obtained by coi'utinL
the partials of the relative P and with respect to errors in L, A, and H

-~ -2 L- =_,A,H

S-- -aV. u- L,A,H

However, before these derivatives are evaluated, it is noted that since
right ascension can be expressed as

A-

and since sidereal tine is uncertain to a degree much less than that associate-A
with A , dA t dX

Now

~X, .(Re Z1 >.~ C4' A .C ao

aH
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II

4

d-C C

aH

acr - (R cr .\d..tcR R/ J

Zr_ ... t L
d)H

where - o- /

" FUNCT (in program -2anguage)

and

di- dL..

a__r= -60 Xr

dkd

,lith the evaluation of DER V, the array COEFF is knon and Q, can

be computed once data for the errors in the variables L, A , and H are
3pecified. Attention thus turns to the second source of errors to be con-.
s4dercd; name'y, those resulting from observational uncertainties. Assuming
that the observation vector for this analy sis is ordered in the sae fashion
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as for the previous analysis, Q2 is by definition

Q2  E(EJ

C YrRU - Y053ERVED

and is provided as input data for each station.

For the present, both r and Q2 have been assumed to be diagonal (i.e.,
the errors involved arc uncorrelated); and provision has been made in sub-
routine INPUT to store only the variances. However, should station calibra-
tion and survey indicate that a significant degree of correlation exists
between the elements internal to these arrays, other terms must be added.
This step requires only the modification of INPUT and ERROR.

Computational Logic:

Subroutine ERROR

r
o=[rM71

0"=S TAT/oN ARRoRSi

I S

M VA- I AI,

A
E E T) -I.a' .
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2.4.1.5 Subroutine UPSTAT

Purpose: To determine if the uncertainties in the estimate of
the state of the system are sufficiently small to
justify updating the position (velocity) by adding
the state vector to the position and velocity vectors
on the nominal trajectory and to write the results of
the data reduction problem.

Deck Name: UPST

Calling Sequence: CALL UPSTAT

Input/Output:

FORTRAN Math Common/
I/O Name Name Dimension Argument Description

I/O STATE x W.) 6 STT(6) The state vector for thesyste (Kin, Kin/sec.)

I P P( 0) 6 X 6 STT(70) Covariance matrix for estima-
tion errors in X (4)

I ROTIhNV 3 X 3 WRK(1O) Matrix relating coordinate
frame of date to frame of
1950.0

O RCONIC rc$C 3,3 WRK(28) Position and velocity vectors
WRK(31) for new conic reference

trajectory (Kin, Km/sec.)

0 TCONW tc 1,1 WRK(34) Time in days at Which recti-
TCONF WRK(35) fication of reference conic

occurred (days relative to
1950.0)

0 RTRANS roV o  3,3 WRK(36) Position and velocity vectors
VTRANS WRK(39) in frame of date on true tra-

jectory at data point just
reduced (Kin, Km/sec.)

O TTRANW, tt 1,1 WRK(42) Time from which errors will
TTRANF WRK(43) propagate for next pass

through filter (days relative
to 1950.0)

'Tn 6g 1201-3
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FORTRAN Math Common/

I/O Name Name Dimension Argument Description

I TW, TF t 1,1 WRK(50) Whole and fractional part of
WRK(I1) the present day relative to

th epoch of 1950.0 (J.D.
2433282.423)

;T/O RDATE, _ 3 WRK(III) Position and velocity vectors
VDATE v 3 WRK(114) in the frame of date

(Ki, Kn/sec.)

I RE Re 1 CON(l) Equatorial radius and gravi-
GM GM 1 CON(6) tational constant for the

Earth (KIm, Km3 /sec 2 )

I NOUT - 1 CON(14) Output tape niuber

Subroutines required: MATMPY (matrix multiplication)
ELEMEN (computes conic elements)

Functions required: DOT (dot product)

Approximate DecP 704 (octal)
Length:

Discussion:

UPSTAT (Update State Vector) is designed to determine whether the un-
certainty in the estimate of the state vector is sufficiently small to allow
the trajectory to be discreetly changed by adding the state vector to the
position and velocity vectors on the integrated trajectory. This test is
made to assure that large uncertainties in the estimate early in time will
not produce the degenerate solution which is possible if noisy estimates of
the state are allowed to be introduced directly into the system along with the
desired results of the filtering and corrections for the non-linear nature
of the problem.

In order to produce this test, however, it is necessary to define a
comparison function and specify a measure of error which is considered
acceptable as a Threshold for updating. This process, quite arbitrarily,
has been performed as follows:

F = 2 ( 1iY
and the weighti.g factor has 1h-n 1--.ahlished so that the s-?nsitivifb of te
semi-major axis to Prrors ir radius ard velocit.- ror a circular orhit. are zqual
i .e.,

a, _ Ar 2Ar
a r r r

qTO) 65 ]20"1-1



ak V V

Thus, for this criteria, the two ratios in question should be weighted
equal'y That. is, X = I. The th'reshold for this flincti on has bee.n spt ai
2 x .04.

Upon entry into UPSTAT, the covariance matrix for the errors in the
state vector is examined; and the elements along th . principle diagonal (ti-
trace) are extracted and utilized as Anr (or AVi ) in the construction 't
the comparison function. The test is then made to determine whether updat.-i.j
will be accomplished; if not, the position and velocity vectors at this time
are stored for future -'putation of the transition matrix, and l
is returned to the calling routine. However, if updating is practical, it
is performed, the conic reference trajectory is rectified, the state vector
is zeroed, and the "classic" elements of the osculating conic trajectory
are computed for reference (these variables are not utilized in the program
due to problems of indeterminancies as e and w approach zero). Operation
from this point is identical to the case where the test was failed.

Computational Logic:

write time, state vector., and
estimation errors I

determine accuracy of estimate

3 "

'- 2

F / 2 1T 9F z/-

qTD 6r5 2203-3



A

write:tethere was no r= *+ All
rectification V =V +
at this time Ar=O

A'V --0

write: the trajectory has
been rectified,

CALL ELEME4

RETURQN

-3/Lo-
TD 6 1203-1
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2.4.1.5.1 Subroutine ELEMEN

Purpose: to compute the classical conic elements (for the purpose
of user convenience) at those times when estimation of
the state vector has been performed (providing that
tolerances established in UPSTAT for the estimation
errors are satisfied).

Deck Name: ELF!A

Calling Sequence: CALL EIEMEN (R, V, GM, RBQ, A, E, P, THETA, OMEGA, OMEGAW,
OINC, OMDOT, WDOT)

Input/Output:

FORTRAN Math Common/
I/O Name Name Dimension Argument Definition

I R . 3 ARG radius vector (cartesian) Km

I V v 3 ARG velocity vector (cartesian)
km/seo

I GM u 1 ARG gravitational constant

for central body (km3/sec 2 )

I REQ Re 1 ARG equatorial radius (km)

0 A a 1 ARG semimajor axis (km)

0 E e 1 ARG eccentricity

0 P p 1 ARG semilatus rectum (km)

0 THETA 1 ARG true anomaly of epoch (rad)

0 OMEGA _i. 1 ARG right ascension of ascend-
ing node (rad)

0 OMEGAW C 1 ARG argument of periapse (rad)

0 OINC i 1 ARG orbital inclination (rad)

0 OMDOT A1 - 1 ARG secular change in t due
to earths oblateness (rad/rev)

O WDOT A 4) 1 ARG secular change in c due
to earths oblateness (rad/rev)

-346-
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Subroutines required: CROSS (cross product)

Functions required: AMAG (vector magnitude)
DOT (dot product)
ATAN (arc tangent)
SQRT (square root)
SIN

Approximate Deck
Length: 640 (octal)

Formulation:

The paragraphs which follow present a sunmnary of the equations which are
mechanized in the routine and other information required to resolve ambiguities
in quadrant, etc. This approach to the formulation assumes a degree of fam-
iliarity with the equations of conic motion in terms of the "classic"
elements; thus, should questions arise, a discussion similar to that of Ref.
1 should be reviewed.

The first step to be performed is the definition of the plane of motion.
This set of computations will be accomplished through consideration of the
angular momentum vector (per unit mass) and will assume that the position
and velocity vectors exist in a cartesian format in some selected frame of
reference (the main program operates in the true equator of date frame).

//7)

The orientation o:e H can now be obtained in terms of the orbital

inclination and the right ascension of the ascending node by two simple rota-
tional transformations

H. 9

-347-
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0~i lliw0
and

Now equating the two expressions for H yields the desired information:

coo- J"

The next step is the computation of the energy of the conic (or its
equivalent the semimajor axis) and the eccentricity. This computation in-
volves both the energy and angular momentum equations

--4= __ -__Ua. <0 Hyperbolic motion

p = 1h1 Elliptic motion

The final step is the computation of the argument of periapse ( )
and the position in the orbit at the given time ( 9 true anomaly of epoch)
(see sketch)

erigee

x
This evaluation is accomplished as follows:

= o I i= angle from ascending
node = ,j

-348-
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9< 7/ r .vo

CO7e < G <27"r v ;P10

The routine concludes with the computation of the secular perturbations
in the right ascension of the ascending node (-a. ) and in the argument of
periapse ( c ) resulting from the first coefficient of the potential function
(Jz~

A =3 ?77r T C&O ,2". rad/rev

,,Aw J7 rad/rev

where: Re = the equatorial radius of the oblate spheroid

References

1) Townsend, G. E., "Orbital Mechanics" in the Orbital Flight Handbook,
Volume 1, Part 1, Chapter 3 NASA SP-33, (1963).

Computational Logic:

ELN

i h 3

rV/3- h32

S A 2
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2.4.1.6 Subroutine DATAPE

Purpose: Reads a specially generated magnetic tape containing
smoothed and ordered coordinate data.

Deck Name: DAPE

Calling Sequence: CALL DATAPE (KOUNT)

Input/Output:

FORTRAN Math Common/
I/O Name Name Dimension Argument Description

O TW TDATA 1 WRK(61) The whole and fractional
TF 1 WRK(62) part of the number of days

relative to 1950.0 at which
the next observation will
occur (1950.0 = J.D.

2433282.423)

0 ISTN 1 WRK(63) The number for the observ-
ing station

0 ITYPE 1 WRK(64) The type of data:
'IRange

2, Range-Rate
3, Azimuth, Elevation
4, Range, Range-Rate
5, Range, Azimuth, Elevation
6, Range-Rate, Azimuth,

Elevation

0 ODATA 3 WRK(65) The components of the
observation vector

I/O KOUNT 1 ARG Control indicator.
Code:
i, Do not return next

point (INPUT)
2, Return next point

(INPUT)
3, No more data points

on tape (OUTPUT)

-358-
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Subroutines Required: None

Functions Required: None

Approximate Storage Required: 650 (octal)

Restrictions: Requires that the input data tape to be
generated by FS4-305A be mounted on logical
tape drive unit 9.

Nomenclature:

FORTRAN
Name Dimensions Description

A 7t37 Buffer array containing a
single logical tape record.

IFIRST First pass indicator

IGP Logical record counter,
IGP=l, NGPS

NGPS ---- Number of logical data
records on tape.

XPERGP Number of points per logical
record, excluding final record.

NPREM Number of points per final
record.

NP0INT Buffer array point index,
NP0INTl, (NPERGP or NPREM)

XJDREF Program reference Julian
date .**

Method:
The first CALL statement to this subroutine mechanizes the input data

tape prepared by the preliminary processor program. An information record
containing J.D.2433281.5 (unused in this program), the number of logical re-
cords, and the number of data points* per record is read into the program. The
first logical data record is then read into the buffer array A and, after
extracting the first data point from the buff , d6ntiol is returned to the

11 t.... -. ALL o++emen+s extract sigle -pr.-+ :o,-+ 4i

from the buffer. After the final point within the buffer has been extracted,
the next logical record is read in and the procedure is repeated until all
data has been read from the tape at which time the count index (KOUNT) is se+
equal to 3 and control is returned to the norm program.

*A data point is defined as the ordered set TW, TF, ISTN, ITYPE, 0DATA.
**JD (24) 33282.423

-359-
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2.5 Matrix and Vector Algebra Group

The routines of this group are general purpose algebraic routines
for vectors and matrices, and there are no inherent limitations in the
formulations or codings which restrict application (though there are
fixed dimensions in some cases which should be altered to provide expanded
coverage). Accuracy is assured in those cases where single precision
arithmetic may produce loss of significances by employing double precision.

ST- 69--201-1



2.5.1 Subroutine MATMPY (Matrix Multiplication)

Purpose: MATMPY is designed to multiply any two conformable single
precision matrices (with less than 70 elements each) to
obtain the single precision product. All operations
interior to the routine are performed in doiuble precision
to control roundoff and .oss of significance.

Deck Name: W.XPY

Calling Sequence: CALL MATMPY (C, I, K, D, K, J, CD)

Input/Output:

FORTRAN Math Common/
I/O Name Name Dimension Argument Definition

i C C I (rows) Arg Array of numbers to be
K (columns) used in the premulti-

plication of D by C.

I D D K (rows) Arg Array of numbers to be
J (columns) premultiplied by the

matrix C.

I CD CD I (rows) Arg Product array.

L _J (columns)

Subroutines Required: None

Functions Required: None

Approximate Deck
Length: 700 (decimal)

1300 (octal)
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2.5.2 Subroutine lTIINv (Matrix Inverse)

Purpose: MTINV computes the inverse of a nonsingular square array
(of up to 36 elements) using the theorem which states that
if a sequence of row operations will reduce a matrix to
the identity matrix, then the same series of operations
performed on the identity matrix will produce the inverse.
(Error control is maintained internal to the routine with
double precision arithmetic though input and output are
single precision).

Deck Namne: INV

Calling Sequence: CALL MTINV (B, ES, N)

Input/Output:•

FORTRAN Math Common/
I/O Name Name Dimension Argument Definition

I B B N X N Arg The N X N array of numbers
to be inverted. (single
precision)

0 ES B- 1  N X N Arg The N X N inverse of B.
(single precision)

I N N 1 Arg The dimension of B

Subroutines Required: CHOOSE (Check for singular B)

Functions Required: None

Approximate Deck
Length: 500 (decimal)

740 (octal)
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2.5.2.1 Subroutine CHOOSE

Purpose: CHOOSE is utilized in conjunction with MTINV to determine
if the matrix (of order less than 6) is sufficiently non-
singular to allow the inverse to be constructed without
excessive numerical difficulty.

Deck Name: CHSE

Calling Sequence: CALL CHOOSE (A, E, M, N)

Input/Output:

FORTRAN Math Common/
I/O Name Name Dimension Argument Definition

I A A N X N Arg The array of numbers which
is being reduced to the
identity matrix.

I/O E E N X N Arg The inverse being con-
structed from A.

I M 1 Arg A row counter for the
operations being performed
on A.

I N 2. Arg Order of the square array
A.

Subroutine required: None

Functions Required: None

Approximate Deck
Length: 200 (decimal)

270 (octal)
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2.3.5 Subroutine ADDMAT

Purpose: ADDMAT is designed to add two arbitrary vectors or

matrices of the same order

Deck Name: ADDM

Calling Sequence: CALL ADDMAT (A, I, J, B, C)

Input/Output:

FORTRAN Math Common/
I/O Name Name Dimension I Argument Definition

I A, B i A, B I (rows) Arg Two arrays of
J (columns) numbers which are to

be added

0 C C I (rows) Arg Matrix containing
J (columns) the sum of A and B

Subroutines Required: None

Functions Required: None

Approximate Deck
Length: 80 (decimal)

-360-
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2.5.4 Subroutine SUBMAT

Purpose: SUBMAT subtracts the I by J array of numbers B from
another array (A) of the same order

Deck Name: SUBM

Calling Sequence: CALL SUBMAT (A, I, J, B, C)

Input/Output:

FORTRAN Math Common/
I/O Name Name Dimension Argument Definition

I A, B A, B I (rows) Arg A is an arbitrary
J (columns) array to be reduced

by a second array of
the same dimension
(B)

0 C C I (rows) Arg C A - B
j (columns)

Subroutine Required: None

Functions Required: None

Approximate Deck
Length: 80 (decimal)
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2.5.5 Subroutine TRANSP (Matrix Transportation)

Purpose: TRANSP constructs the transpose of an arbitrary array of
numbers

Deck Name: TRSP

Calling Sequence: CALL TRANSP (A, N, M, B)

Input/Output:

FORTRAN Math Common/
I/O Name Name Dimension Argument Definition

I A A N (rows) Arg Array to be transposed.
M (columns)

0 B AT M (rows) Arg The array containing
N (columns) the transpose.

Subroutines Required: None

Functions Required: None

Approximate Deck
Length: 80 (decimal)

140 (octal)
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2.5.6 Subroutine CROSS

Purpose: CROSS constructs the vector product of two arbitrary
vectors A and B (in the following order C = A X B)

Deck Name: CROSS

Calling Sequence: CALL CROSS (A, B, C)

Input/Output:

FORTRAN Math Common/
I/O Name Name Dimension Argument Definition

I A A 3 Arg The two vectors to
B B 3 be multiplied in the

sense A X B

0 C C 3 Arg The vector product

Subroutines Required: None

Functions Required: None

Approximate Denk
Length: 70
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2 j 2.5.7 Subroutine DOT

J Purpose: DOT computes the scalar product of two 3-vectors

Deck Name: DOT

Calling Sequence: DOT (A, B)

Input/Output:

FORTRAN Math Common/
I/O Name Name Dimension Argunent Definition

I AB A, B 3, 3 Arg The two 3-vectors to be
utilized in constructing

I the scalar product.

0 DOT A, B - The scalar product.

Subroiitires Reqnixred: None

Functions Rqvii red: None

Approximate Deck
Length : 50 (decimal)
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2.5.8 Subroutine AMAG

Purpose: AMAG constructs the scalar length of a vector

Deck Name: A~IVG

Calling Sequence: AMP. (A)

Input/Output:

FORTRAN Math Common/
I/O Name Name Dimension Argument Definition

I A A 3 Arg The 3-vector (in cartesian
coordinates) for which the

length is desired.

0 AVAG A 1 Vector magnitude.

Subrout.ines Required: None

Functions Required: DOT (Scalar product)

Approximate Deck 30 (decimal)
Length:
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2.6 General Purpose Math Group

In addition to the functions and routines required for algebraic
manipulation of vectors and matrices (as presented in the preceding
discussions), there are several mathematical functions which are utilized
in conjunction with the conic motion formulation (and the related state
transition formulation) and in conjunction with the definition of azimuth
of the vehicle relative to the tracking station which must be discussed.
These routines, due to their general nature and the fact that they are
employed at several points in the programn, do not logically fall in one of
the other main groups. They have, thus, bcen presented in a separate section
on the following pages (no formulation or computational logic due to their
simple form).
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2.6.1 Subroutine SINH

Purpose: SINH computes the hyperbolic sine of a single precisio.

argument expressed in radians.

Deck Name: SIN-

Calling Sequence: SINH (X)

Input/output:

FORTRAN Math Common/
T/O Name Name Dimension Argument Definition

I X X ] Arg Single precision argu-
ment (exprenised in radians)
for which S'*NH is to be
evaluated.

0 SINH sin.h 1 Hyperbolic sine.

Subroutines Required: None

Functions Required: None

Approximate Deck
Length: 100 (decimal)
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2.6.2 Subroutine COSH

Purpose: COSH computes the hyperbolic cosine of a single precision

argument expressed in radians

Deck Name: COSH

Calling Sequence: COSH (X)

Input/Output:

FORTRAN Math Comnon/
I/O Name Name Dimension Argument Definition

I X X 1 Arg Single precision argument
(expressed in radians)
for which COSH is to be
evaluated.

0 COSH cosh 1 Hyperbolic Cosine.

Subroutines Required: None

Functions Required: None

Approximate Deck
Length: 1.00 (decimal)
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I
I

] 2.6.2 Subroutine COSH

Purpose: COSH computes the hyperbolic cosine of a single precision
argument expressed in radians

Deck Name: COSH

Calling Sequence: COSH (X)

Input/Output:

FORTRAN Math Conmmon/
I/O Name Name Dimension Argument Definition

I X X 1 Arg Single precision argument
(expressed in radians)
for ;,hjch COSH is to be
evaluated.

0 COSH cosh 1 Hyperbolic Cosine.

Subroutines Required: None

Functions Required: None

Approximate Deck
Length: 100 (decimal)
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2.6.3 Subroutine ARKTNS

Purpose: ARKTNS computes the single precision arc tangent (when
given the sine end cosine of the angle) and assigns the
angle to the proper quadrant (- V e4& or O<e )

Deck Name: ATAM

Calling Sequence: ARKTNS (N, X, Y)

Input/Output:

FORTRAN Math Common/
I/0 Name Name Dimension Argument Definition

I N 1 Arg Fixed point number to
identify the range of the
are tangent
N- 180 -180 - 180
N- 360 0 K- 360

I X cose 1 Arg Cosine of angle

I Y sine 1 Arg Sine of angle

0 ARKTNS 9 - Arc tangent (Y/X)

Subroutine Required: None

Functions Required: ATAN (arc tangent function)

Approximate Deck
Length: 160 (decimal)
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2.6.4 Subroutine DERAQ

Purpose: DERAQ is intended to represent the Kronecker delta
(i.e., .,i ) and as such has the value of 1.0 or 0.0
dependi-ng on the arguments I and J

Deck Name: DERQ

Calling Sequence: DERAQ (I, J)

Input/Output:

FORTRAN Math Common/
I/O Name Name DLrFnsion Argument Definition

I I, J i, j l, 1 Arg Two fixed point variables
defining the value of.

0 DERAQ 1 Kronecker delta.

Subroutine Required: None

Functions Required: None

Approximate Deck
Length: 30 (decimal)
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3.0 Accuracy Tests

The program logic has been checked numerically against three precision
programs.

1) APl1O - A general purpose trajectory program prepared for the
Apollo program and employing an Encke formulation and an
Adams integration logic.

2) SPACE - A JPL single precision cowell trajectory program employing
a 4th order Runge-Kutta integration logic.

3) ITEA - A Goddard trajectory program employing an Encke formulation.

The results of these tests indicete that agreement can always be obtained
through the sixth digit (frequently through the seventh) for integrations
covering several orbits of the earth providing that the constants of the
programs are corratible. This level of agreement, is considered as a proof
of the program logic. This conclusion is strengthened when it is observed
that the basic logics of the three programs are somewhat different and that
in no case could the agreement be expected through the eighth digit due to
the restricted word length employed in single precision on the IBM 7094.
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4.0 SAMPLE PROBLEM

4.1 SAMPLE PROBLEM DISCUSSION

Punched paper tapes with tracking data recorded by the Floyd Terminal for
passes 6069 and 6070 of ECHO II were provided for the purpose of demonstrating
the operation and accuracy of the differential corrections prugram described
on the previous pages. Thus, the discussions which follow will enumerate
the procedures involved in construction and solution of this sample problem.

4.2 ORBIT PARAMETERS

Passes 6069 and 6070 of ECHO II occurred on 27 April 1965. Thus, published
data for this satellite was searched to determine an estimate of the position
and velocity at some epoch prior to this date. This procedure was
required to assure that the trajectory could be generated accurately so that
the differential corrections process can converge to the desired trajectory.

The Goddard Space Flight Center on 30 April 1965 issued the following
information pertaining to 1964 04-A (ECHO II) in TX NR 054/301-474-4911 (the
true equator of data frame of reference).

Epoch ohos UT, 20 April 1965

semimajor axis 7528.31 Km
eccentricity 0.02447
inclination 81-4500
Mean Anomaly 113.0920
argument of periapse 34.1560
right ascension of 31.2020

ascending mode

Accordingly, this information ,as resolved into the corresponding position
and velocity vectors. (Using subroutine PO3VEL) the resrult as:

Epoch 0 O0 s UT, 20 April 1965

Radius Vector = -5915.9438 - 2918.1582 3783.0742 (Ki
Velocity Vector = -2.7144510 -.2.7299969 .'- 6.0748353 (n,'/sec)

At this point, this information was updated to an epoch just prior to 6069
by employing the general perturbations program described in SID 1203-3.
(The elements themselves could have been updated employing only the secular
changes in w and. However, this approach was discarded to avoid introducing
the slight errors associated with such a process.) The results of this
process are:

Epoch 27.63865740, April 1965

Radius Vector = 4952.3943 1406.9609 -5362.9226 ym
Velocity Vector = 4.4573218 2.9062537 5.0928345 Kri/sec
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4.3 REDUCTION OF THE RAW DATA

4.3.1 RAW DATA TAPE

Input da.ta for the sample problem consists of two paper tapes recorded
by the Floyd tracking facility containing the following observations for
the ECHO II satellite passes 6069 and 6070: elevation and azimuth in degrees,
doppler reading in kilo-cycles, a lock-on indicator, and universal time in
seconds. Since the IBM 7094 computing system utilized does not have a
paper tape input capability, a short IBM 1401 program was written to transfer
the data directly to magnetic tape with the format shown in Figure 1 (one
physical file per pass). The leading information record for each data file
contains the following indicators.

PASS PASS
SY!4BOL DESCRIPTION 6069 6070

NSTN Code indicating the tracking 1 1
station recording the data
(Floyd, see input)

NTYPE Code Indicating the type of 6 6
observed data (range rate,
a7imuth, elevation)

NM4.N Total number of words per file. 3564 3392
(rhis was determined by the 1401
program in transcribing the
data from punched paper tape)

XJDATA Julian date (zero hour UT) of (24)38877.5 (24) 38877.5
the first observation for each
file. (27 April, 1965)

A third file containing NSTN equal to zero indicates to the program that
all data has been read from the tape.

Graphical representation of the raw data is presented in Figure 2
through 7 (the broad line apparent in these figures is in reality a
series of points or plotting symbols). Examination of Figure 6 will dis-
close random irregularities of azimuth observations being recorded 360
degrees out of phase, especially prevalent for angles approaching 360 degrees
(e.g., +3540 recorded as -6°). These points were adjusted in the preliminary
processor immediately prior to smoothing the data segment to assure that a
consistent convention is employed in recording the observed and computed
values of the data.
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FIGURE /

INPUT TAPE PORMAT
RAW DATA.

( NSTN.J TRACKING STATION
INJFORMATION WTYPE TYPE OF DATA
RECORD Aimum NUMBER OF WORDS PER FILS

YJDATA 3ULIAN DATE OF FIRST DATA POINT

T TIME.

x t COORDINATeS DATA
Y AS INDICATED POINT

ONE STAI'ION Z MY NTYPE
PER FILR PER DAIA T
PASS RCRD x

x

ENdD OF
FILE

N ST m
kNTYPE
JQU U M

XcTDA7A

T
x
T
x_1

FILE
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" FORTRAJ 21
" BINJARY M OD;

" MULTI- PV11Y.$X4 PI/.,s
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This figure also serves to illustrate a data format which is not generally
acceptable to the program. Although most of the data are observed to be
sequenced chronologically, a few recording errors of the time are evident.
At this time no attempt has been made to determine if such errors exist.
Rather, it is considered to be the user's responsibility to assure that
such errors have been eliminated.

Fortunately for this problem these errors do not affect the solution due
to the manner employed in smoothing the raw data over short intervals of
time. However, this circumstance exists only because the erroneous time
values did not occur at the midooint of a 20 consecutive point strip of

data (see subroutine FIT in the preprocessor SID 65-1203-2). Since such
fortuitous arrangement of errors cannot be guaranteed, remedial steps should
be taken in recording the data.
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4.3.2 Variable Dimensions for Preprocessor

The required values for the variable dimensions were detprmined by the
procedure outlined below. (See "Variable Dimensions" and "Storage Limita-
tions" in the "Program Operation" section of SID 65-1203-2)

AA(4, MAXAA): This array must be large enough to hold the smoothed points
corresponding to a single raw data file. The largest raw data file contains
3564 words. The number of words per information record is 4, and there are
4 words per data point (time, doppler reading, azimuth, elevation.) Thus,
the number of raw data points per file is (3564-4)/4 = 890. Now the
smoothing routine reduces 20 raw data points to a single smoothed point,
therefore, since 890/20 45, MAXAA was dimensioned by 50.

A(6, MAXA): The primary purpose of this array is to receive the smoothed
data from the AA array. Since NAXAA was set to 50 and there are two files
of data, MAXA was set to 2 x 50 = 100. If there had been storage limitations,
NAXA could have been reduced (the smoothed points would then be temporarily
stored on tape). However, this array must be large enough to hold the
smoothed points corresponding to a single raw data file.

STN (6, MAXSTN): The usual criterion for dimensioning this array is number
of raw data points per file. The sample problem has 4AXSTN = 1000.

This procedure is outlined here since more demanding tasks will undoubtedly
be presenced to the program during its period of use. The sample, in no
way taxes the capability of the program. Before passing it is noted that
these variables can be assigned large values to assure operation for most
problems and that should these limits ever be violated a message will be
printed as to the nature of the problem and steps required to correct it.

4.3.3 Input Data Load Sheet for the Preliminary Processor
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4

4.3.4 Preprocessor Output

Primary output of the preproc' ssor is a magnetic tape read directly by the
differential corrections program (a format shown in Figure 8). However,
several print options exist (see SID 65-1203-2). These options include

printing of the raw data
printing of smoothed data

Since the ray data were provided in graphical form on -:evious pages, the
first option was not mechanized. The second option was however employed.

Accordingly, smoothed and sorted data corresponding to the curves presented
earlier are presented in the follow.ting table.
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4.4 Sample Differential Correction Program Input

The input for the sample problem i.]. be di.scussed in relation to the
si-gnificance of the data and its location in the fundamental data array.
All quantities which can be readily changed wil] be discussed though some,
as will be noted, will. not be changed from' their pre-rog,vimed values.

Reference to the map of the fundaental array (Appendix 1 ) wf.ll varify

the DATA locations given in the following pages.
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4.4.1 Physical Constants for Math Model

Equatorial Radius DATA (1) As Programmed
Polar Radius DATA (2) As Programmed
Coefficient J DATA (3) As Programmed

H DATA (4) As Programmed
D DATA (5) As Programmed

GM for the Earth DATA (6) As Programmed
Spin Rate for the Earth DATA (7) As Programmed
GM for the Moon DATA (8) As Programmed
CLM for the Sun DATA (9) As Programmed
The astronomical Unit DATA (10) As Programmed

4.4.2 Satellite Data for ECHO II

Mass (assumed) DATA (16) 1.0
Area (assumed) DATA (17) 100.0
Drag Coefficient (") DATA (18) 2.0
Reflectivity (") DATA (19) 1.0
Position Vector X DATA (20) 4952.3943

Y DATA (21) 1406.9609
Z DATA (22) -5362.9226

Velocity Vector X DATA (23) 4.457323-8
Y DATA (24) 2.9062537
Z DATA (25) 5.0928345

Time Relative to 1950.0
Oh April 27 1965 = 2438877.5
Epoch - _ 63 6f5740
J.D. of Epoch 243878.13E 65740
Reference Epoch J+a2282. 3__

5595.71565740 days

T DATA (26) 5595. days
TF DATA (27) .71565740 days

4.4.3 Control Options
wIMEX DATA (28) 1.
CHEEC DATA (29) 1.
GONO DATA 30 1.
CODUMP DATA 31 1.

4.4.4 Station Identification Card (SIC)

Station one (Floyd) vrill be utilized
Stations two through ten will be deleted
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4.4.5 Station Data*

Latitude (rad) DATA (36) .75393225
Longitude (rad) DATA (37) 4.96824718

Altitude (Kn) DATA (38) .17937
Station Name DATA (39) As Programmed

Horizon Correction DATA (77) As Programmed
Variance in Latitude DATA (87) As Programmed

Longitude DATA (88) As Programmed
Altitude DATA (89) As Programmed
Range DATA (176) As Programmed
Range-rate DATA (177) .01 **
Azimuth DATA (178) As Progrv'med
Elevation DATA (179) As Progrbilmed

4.4.6 COVARIANCE MATRIX FOR ERRORS IN ' AND I

The data for the elements imply that estimates of the errors in these para-
meters are approximately:

3 G' = .1 Km
£10.

3 = .0001

3 0.01 rad
57.3

A 0.01 rad
- 57.3

0.01 rad
3 - 57,3

3 rt, 0.01 rad
57.3

or 1 x 10- 3

'Ae =1x 10- 9

1.

lr A  =.35 x lo - 8

Ca =.35 x 10- 8

S. x 10- 8
AL -

r = .35 x 108

, See subroutine INPUT and Appendix 1.
** From conversations with RADC personnel it was learned that the Doppler

data from which R was computed were not as precise as had been assumed

earlier. No firm estimate of variance was available, however.
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Now, since this set of errors is relatable directly to the set of errors
d' and d in rotating coordinates by the matrix equation of Table I. ,
and since the rotating and inertial coordinates are relatable by a linear' transformation, the covariance matrix for d and di can be evaluated as
f ollows:

{AXA AAE

ZA'i T(A X 7-A{A.4E)

6(.4 "axl'z TA 6 (AE ET )A

where a X cl F J rotating coordinates

, ( Xd . cartesian coordinates

A matrix of Table I

Transformation from rotating to inertial coordinates

But 6(4 aX ) is not the matrix required because it is valid for
the initial epoch rather than the updated epoch. Thus, one final transformation
is required

and

/

where ce ( L2  s,) is the state transition matrix. For the present purposes
C(e 2 t2 ,) can be assumed to be adequately approximated using a conic reference

trajectory (see subroutine TRANS).
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Adopting the notation Tx( 0, ) etc. to mean a positive rotation about

the X a is through the angle o, the transformation of position errors
becomes

R AL f j (f ) d~r

similarly

' -2T( -sL) TC - * ]T( V

where

90 -(L9 - )

thus, T becomes

R(e, , o) 0

T

0 RP(e)i,.
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These data must be red into the differential corrections program column -
vise. (The digital computer stores elements of Aij in a single subscripted

array a,, a 2 1 1C 3 1 "''ni; Q Z Oz o32.- n2 ; etc.), thus

P11  DATA (355)
P21  DATA (356)
P31  DATA (357)
P41 = DATA (358)
P51 = DATA (359)
P61 = DATA (360)
P12 DATA (361)

4.4.7 Input Data Load Sheets for the Sample Problem

As was noted in the discussion of subroutine INTPUT, most of the data required
for program operation can be prerecorded (in fact data for a check network
is presently provided within the program). As was also noted in the discussion
of INPUT and REED, these data will not be affected by inputting the desired
data unless new data are assigned to the locations presently occupied by
these numbers in the common array (see Appendix 1). Thus, only the following
data are required (the load sheets are in the proper format and should be
copied).
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Five notes are worthy of attention before this discussion ends.

1) The SIC must be the first physical card in the data deck.

2) The 999 control. card must follow all numerical data.

3) The 9999 control card must follow the station name data even if
there are no changes (as in the case of the sample).

4) The order of the cards following the SIC and preceding the 999 card
can be arbitrary since a location is provided with each group of data.

5) With the exception of the locations and data provided on the SIC, all
numbers are floating point. These floating point nmbers can be
expressed with a decimal point (as on card 2) or without (as on
cards 6-13). However, in the latter case, a decimal is assumed
to be located between the first two locations of the field (i.e.
before the first digit) and the last 3 locations of the field must
contain the exponent of ..0 which properly defines the number in
question.
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4.4.8 Program Output

The differential corrections program was utilized in conjunction with
the data of the preceding pages to compute the orbit of ECHO II. The results
of this effort will be presented in their entirety to facilitate checkout on
other systems and to demonstrate program operation.

However, before presenting these data, it is felt advisable to discuss
several problems which were encountered. First, the trajectoryas computed
from the data providedchecked the Goddard estimate of this time with negli-
gible error and the observed values of azimuth and elevation to within
one-half of a degree after seven days of prediction. This fact implied again
a good level of accuracy. But, the computed values of range-rate failed to
show this level of agreement. This fact was not considered entirely un-
reasonable at the time.

Second, reference to the raw data disclosed that the range-rate as
recorded exhibited a discontinuity of approximately 2.6 Kc at the Lime the
doppler changed signs. This jump corresponds to approximately 0.172 Km/sec,
and thus could explain the range-rate disagreement which was experienced if
it could be ascertained how this correction should be applied; (i.e., is the
positive segment of doppler correct, the negative correct, or are both in
error?). Regardless, however, the data are in error and will affect the results
in two distinct ways:

1) Since the data are biased, the filter processas codedis not
correct (biases are assumed to have been subtracted from the
observed data).

2) Since the data are to be processed with the biases included,
an oscillatory nature of the solution is to be expected(under
the assumption that neither branch of the doppler curve is
correct).

Third, since the range-rate data was assumed to be in error, a call was
placed to RADC (in the person of Mr. Frank Braddley) to ascertain the level
of accuracy previously obtained by RADC in range-rate measurements. No
precise information was obtained, though it was indicated that the accuracy
was subject to question. For this reason, reference was again made to the
raw data to determine whether variance data earlier assumed for range-rate data
were reasonable. The results of this review indicated that these earlier
data should be replaced with an estimate of variance on the order of .0001
Km2/sec 2 . Therefore, these modifications to the data enumerated in the
previous sections have been made.

At this point, refer to the sample problem presented on subsequent pages
(pass 6069 of ECHO II) and note that

1) All data utilized in the program are printed for reference during
checkout.
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2) The operation of the trajectory, integration and tracking groups
is demonstrated.

3) The behavior of the filter is demonstrated.

!
Now, note that after the trace of the covariance matrix for estimation errors
has been reduced (the initial errors are quite large since they have propagated
for approximately 8 days) and orbital elements begin to be printed for the
rectified (corrected) orbit (U.T. = 56616. sec),there is a steady change in the
elements "a" and "e." The first printed values lie somewhat below those
predicted by Goddard (about 1% in semi-major axis and 10% in eccentricity),
but as subsequent points are processed the solution is attained, passed,
attained again, and finally passed for the second time.

As is apparent, the process is tending to converge, though the rate of
convergence is less than originally anticipated. The observed rate of con-
vergence is believed to be affected by two distinct factors. First, the
nature of the doppler data itself will preclude exact convergence and may
introduce an oscillatory motion in the solution. Second, the "memory" of
the system is slight. In the way of explanation, the history (effect ) of
all previous data points is carried in the covariance matrix for the
estimation errors. This matrix in turn was allowed to "deteriorate" for almost
eight days following the last "fix" on the satellite in the sample problem
though, in reality, more recent estimates of this matrix probably existed.
Thus, while the trajectory itself could be updated with reasonable accuracy
from the prescribed epoch of 20 April 1965, it is unlikely that a "true"
data reduction problem would be subjected to errors as large as those
utilized in the sample except for the initial phases of the problem (i.e.,
immediately following injection). Rather, it is expected that the estimation
errors at the epoch of 27 April 1965 were probably similar to those con-
structed for the epoch of 20 April 1965. This change in the sample problem
would reduce terms in the assumed covariance matrix by terms ranging from
l03 to lO4, and would reduce the effect of the differences in the observed
and computed values of the data by the same factors, thus allowing the
trajectory of ECHO II to be corrected with precision. To illustrate this
conclusion, the reduced data for an epoch near the final data point is
presented in the following table for this variation of the sample problem.

TABLE 2

rLLIPTIr ORBIT ELFMENTS

SEMIMAJ(OR AXIS (KM) = 0.75307?51F 04
ECCENTRICITY O.24977477E-01
TRUE ANOMOLY DATE (DEG) 0.14263121F 01
R ASC OlF ASC NODF (MFG) = 0.24846007E 02
APG OF PERIAPSE (DEG) = 0.14930505E 02
ORBIT INCLINATI[N (MFG) = 0.81473733F 02
DFL N(DE PEP REV (PAD) = -0.10861R21E-02
DEL APSF PFR RFV (RAO) = -0.32604282E-02
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As is also apparent in the sample problem, the limit of the convergence
process is not identical to the Goddard data. This fact is not alarming under
the circumstances, due to the gross nature of the assumptions regarding the
statistics of the problem, the poor quality of some of the data, and the
small number of points processed. (The entire pass was reduced to approxi-
mately 45 points.) It is fully expected that a more complete i3ample problem
involving more precisely reduced raw data will converge to the desired

solution.
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5.0 CONCLUSIONS AND RECOM{ENDATIONS

The program described in the previous pages is an accurate and efficient
tool for estimating the trajectory of a satellite traveling about the earth.
There are, however, several features which should be incorporated in the
program to extend the number of applications and to further enhance the
accuracy. The most important of these are itemized below (not in the order
of importance).

1) The present program prints at intervals determined by the step
size employed for the numerical integration. This mode of operation
is completely adequate for applications of the type of the sample
problem. However, should the program be applied to general trajectory
problems (a simple task implemented by replacing the present sub-
routine DATAPE with a dummy which reads an end time and the sub-
routine FILTER with a routine whi ch terminates operation if called),
prints at regular prescribed intervals would normally be required,
thus, an alternate logic for this application is recommended.

2) The present logic employed in the integration cycle involves
restarting the integration with the most recent valites of i and f
at those times when the step size has been changed. An improved
logic would be to use the updated differences and sums foT an
epoch 3 steps before the most recent point to reevaluate the i and
v at the time in the past using the central difference formula for
integration. This procedure would assure that errors introduced
in the extrapolation of r and V coul.d be controlled to a higher
degree.

3) The present starter routine for the numerical integration is a 4th
order Runge-Kutta. This routine provides a series of values of ,
v and a which are differenced and sum.ed to construct the table
requi -red in the Gauss-Jackson stepping. However, the Gauss routine
operating with the predictor cycle done is a more precise routine
than the R-K starter. Thus, if extreme precision is desired, the
difference table provided by the start cycle mst be corrected.
This correction could be achieved by assuming the 6th difference
is constant, constructing the missing differences back to ro, Vo,
and employing the central difference formula for reestinpating the
values of - and to be used for the difference table.

4 ) The constants of the math model (the coefficients of the potential
function, the gravitational constant, the quantity CDA/M, etc.)
could be estimated at the same time the state is being differentially
corrected to adjust for slight bi.as errors. This mode of operation
would assure that the trajectory could be estimated to a higher
degree of precision than presently obta.inable. Alternate logic
wo'uld, of course, be required to determine when sufficient infornation
i,.s avrnilble in the dnta to rake such a process convergent.
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5) Tho present. L-ic makes no at-emp+ to correct the raw data for any.known biases, for "iases of the tyne (iisoayed in Figures 2 and 5
(di sc sed i r he sample problI n), for time of signal propagation,
for refraction, etc. Thus, these effects must bi reflected in the' daia pr or to processing in the PREPROCESSOR. Slight modification
of the preliminary logic could, however, effect this correction and
save considerable uffort at the recording station. Thus, if corrections
to tie data are worthy of inclusion, these changes must be made.

6) Some eting of the raw data is presently accomplished (the observa-
tiors are rade "continuous" fDlructions of time; e.g., if the data
are Jncreasin; .oward 2 7and a value of slightly more than zero is
encour.tared, ajustment will bo made t.o assure that all data fall
near some contiruouF curve before 9moothina). However, no editing
to determine if time is recorded properly is attempted. Several
+csts of this latter nature should be devised to 'dscard the bad
data points so that the possibility of effectina the smoothed
data files can be disregarded (see the discussion of the preliminary
processor in r,.he sample problem).

7) The present system of providing the input data might conceivably
be revised to simplify operation. Particular attention should be
directed to the manner in which time is inp..t. This data could
1-e provided in a ore straightforward manner in the form of ,,ear,
month, day, hour, second, or *Tu].ian date.

Cthar modifications would of course bc required to allow lunar and planetary
trajectories to be analyzed. These modifications would al stem from the
inclusior of an accurate ephemeris routine and the ligic necessary to produce
information in other coordinate systems. Should this task be adjudgcd worthy
of attentioi., simultaneous effort should be directed toward the inclusion of
midcourse gaidance logic so that simulations of true trajectories and studies
of trajectory shaping can be effected with efficiency.

The application of this program to real problems (such as that which
was attempted in the samp]e) requires precise data for the station, for the
station errors, for the nise, and for the observatio.s (this latter point
was discussed in items 5 and 6). However, no means is provided within the
loaic as a chenk on these data. Thus, it is considered Pssential that the
Facility be periodically calibrated against the r-mainder of the trackin"
network, and that the results of this calibration be ,tli nd , frnce
to assumed data of the type built intc subroutine hPTIP.

Finel!y, it is recomended that another asample problem be prepared.
This new sample should utilize precisely reduced observed data (of all six
types permissible) from several tracking stations (acquired over a period of
several orbits), precise station data, precise noise data, and precise error
data for the station's position. Only in this manner can a final check be
performed.

-548-

SID 65-1203-1



APPENDIX I

COIK,'"I' data storage is affected zrrough the facility of labeled (non-
blalk) and unlabeled(blank) COIIMgN, A detailed descri.tion of the contents
of both storage facilities is contained within this section.

Blank COMI ION Map.

A blank (unlabled)CO114ON section is utilized as the principal means
of communication between the varioius subpro.7rams. This section, specified
by the 525 element DATA array, is composed of the following five subarrays.

CON: A 15 element subarray, loaded at DATA (1), containing program
constants and conversion factors.

SAT: A 20 element 8uharray, loaded at DATA (16), containing data
pertaining to the satellite at the initial epoch.

SDA" A 250 element subarray, loaded at DATA (36), containing data
pertaining to the tracking stations.

STT. A 105 element subarray, loaded at DATA (286), containing
statistical information and related data for the satellite.

WRK: A 135 element subarray loaded at DATA (391). The primary
function of the array is to act as a "scratch naer" or
working array for communication between the various subroutines.

The following map, which describes the bl nk C01 I1N01 region in detail,
utilizes standard FORTIK nomenclature with a single exception. When a
description refers to a series of locations in a DATA subarray (usually
time), an abbreviated notati-n is used, in that, reference to the two cells
WRK (50) and WRK (51) is written WRK (50,51). From the context, it will
be apparent that WRK (50,51) is not a single element of a double sub-
scripted array.
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jab-aled COIMEN MAP

In acdition to blank COMMI-i, CO EiON storage utilized by the pro-.ram

includes three regions of labeled CNIN. These latter regions, containing

tabulated atmospheric and ephemeris data, are set at load time by means of

a BLOCK DATA subprogram. These regions are explicitly accessed by sub-

routines ATMS and EPHEM exclusively. A description of the data stored in

the labeled COMM0N regions is tabulated below.
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APPENDIX II

PROGRAM INPUT/OUTPUT TAPES

The program logic has been constructed in such a manner that variable
input/output tape numbers can be employed so that operation on any system with
a basic FORTRAN capability will be possible with a minimum of effort. This
mode of operation has been provided by placing the desired tape numbers in
COMMON [CON(16), CON(17)] while loading subroutine INPUT and calling for them
in each routine requiring input or output.

Unfortunately, due to problems of checkout with the present NAASYS system,
it was necessary to revise this logic and insert the actual tape units utilized
in each routine.

INPUT tape unit 5

OUTPUT tape unit 6

SPECIAL tape unit 9

The linkage to COMMON was not, nowever, removed. Thus, if suff-cient CORE
exists to allow communication with each tape unit in this mode, the capability
should be reinstated to assure complete compatibility of the program with all
FORTRAN systems and to avoid problems associated with updating or changing the
system.

For the sake of reference, tne locations of all input/output statements
in the program are listed below,

SUBROUTINE CARDS

MAIN 0390
INPUT 3830, 3910, 3931
REED 0280, 0410
SICRD 0026, 0058
DADUMP 0210, 0250, 0330, 0370, 0450f 0490, 0500, 0580, 0620, 0700, 0740, 0795
ATMS 0340
TRAK 0910, 1022, 1480$ 1530, 1550
UPSTAT 0350, 0370, 0400, 0420, 0660 0770
DATAPE 0690, 0720, 0880
ATANS 0270
CHOOSE 0160

T-

BID 65-1203-1.



The preceding comments pertain only to those systems for which the use of
uonte'ol cards (in the binary deck) to equivalence the addresses of the tape

f units requested and those actually utilized is not permitted. However, if
su.h cperation is possible, this "fix" is by far the simplest remedy.
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