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ABSTRACT

Factors affecting the ultimate sensitivity of a typical micro-
wave receiving system are discussed, It is shown that the receiver
noise-temperature and antenna gain-to-noise-temperature ratio
are the dominating parameters which determine the system capabilities.
The gain-to-noise temperature ratio is used as a figure-of-merit for
the individual channel,

The techniques used to measure the receiver noise temperature,
antenna gain, and antenna noise temperature of the four receiving
systems at The Ohio State University Antenna Laboratory Satellite
Communication Center are presented, along with the results of the
measurements,

£ 1 expression for the gain-to-noise temperature ratio of the
array is developed and shown to be equivalent to an improvement, or
enhancement, factor operating on the gain-to-noise temperature ratio
of an individual element, The effects of system paranieter variations
or the array gain-to-noise temperature ratio are studied, and typical
values of the enhancement factor are calculated using the measured
values of antenna gain and system noise temperatures, Measurements
on the Ohio State University array have produced actual enhancement
factors of 5.3 to 5,7 db, which closely approach the theoretical maximum

of 6 db,
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CHAPTER 1
INTRODUCTION

The adaptively-phased array at The Ohio State University
Antenna Laboratory has been described in detail 1n other publi-

. 1, 2
cations.,

Briefly, it consists of four individual microwave
receiving systems, each utilizing a 30-foot diameter parabolic
antenna, whose output signals are phase-locked and added to
produce a single output, One of the purposes of the system is to
demonstrate that such a technique will produce a resultant single-
channel output with a signal-to-noise ratio equal to that produced by
a 60-foot diameter antenna, That is, the system is equivalent to
one using a single 60-foot antenna, all other factors, such as band-
width and noise figure, being equal,

The system is presently being used to track the passive satellit s
Echo I and Echo 1I, as well as for studies of the surface of the moon,
In order to make meaningful statements about the magnitude of the
signals received during such operations it is important that all system
parameters affecting the signal levels be accurately measured, The
purpose of this paper is to present the results of measurements of
an:enna gain anhd system noise temperatur: of each element of the

array, Also, the gain-to-noise temperature ratio of the array is

studied,and typical values presented,
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CHAPTER 1I
GENERAL

A simglified block diagram of a typical microwave receiving
system is shown in Fig. 1. The energy received by the antenna is
down-converted ir frequency by the local-oscillator and mixer,
amplified in the IF amplifier, and delivered to an output monitoring
circuit, such as a recorder or oscilloscope, The energy collected
by the antenna can be undesired, or interference, signals as well as
desired signals, Also, internally generated noise will be present at
the output terminals, The relative magnitudes of the desired and
undesired signals will, in large part, determine the usefulness of
the system, A precise measurement of the parameters affecting these
magnitudes will not only determine whether the system is functicning
properly, but also make possible statements about the absolute level

of the signals received,

Antenna
Mixer & i.F. Oufpuﬂ
Pre-Ampiifier Amplifier Moniforl
Interconnecting
Cable
Local

Oscillator

Fig, 1. Simplified microwave receiver system,




The relative importance of the various system parameters can
be seen by studying the signal-to-noise ratio at the output circuits,
as follows, The Ohio State University system operates as a bi-static
radar, in which the transmitter and receiver installations are at
separate geographical sites. The amount of signal power collected

by the receiver antenna is given by the familiar radar equation,

PyGyGR o\’
) ST
(47)° R; R,
where
S; = signal power received by antenna,
Pr = transmitter output power,
G = transmitter antenna gain,
GR = receiver antenna gain,
o = radar echo area of target,
A = operating wavelength,
R; = range to target from transmitter, and
R, = range from targct to receiver,

It is obvious, of course, that a variation cf any of the parameters in
Eq. (la) would affect signal level, However, since the intent of

this article is to present a study of the effects of the receiving system
alone, it will be assumed that all parameters are constant except the

antenna gain, Thus, for fixed ranges,
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PTG oA
(1b) S. = - T |Gy
1 3 2,2
(47) " R R,
=KSGR,
where

KS = conutant, depending on transmitter and target parameters,

From this it is seen that received signal power varies linearly with
the receiver antenna gain,

As was stated above, the antenna delivers desired as well as
undesired signals to the receiver, This undesired power can be
caused by radiation from stellar sources such as the sun, moon,
and radio stars; from emission by water vapor in the atmosphere;
and thermal radiation from the Earth, as well as man-made inter-
ference, Basically, the noise power per unit bandwidth received by

the antenna is

2) - 3 Aem SSS (8, ) U6, ) df,
where
Ny = noi1se power delivered by antenna, watts;
P(0,4) = power density distribution watts/m?/deg?/cps;
U(8, ¢) = normalized antenna pattern, (dimensionless),
U(0,0) = I;
Aoy, = maximum effective aperture of antenna (meters

squared) ;
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elevation angle;

¢ = azimuth angle;
dQ = sin 9 dO d¢ = element of solid angle (degz); and
B = receiver bandwidth, cps,

The factor of one-half enters into Eq. (2) since it is assumed that the
radiation is incoherent and unpolarized, If the received power in-
cluded polarized radiation, it would be weighted by the relative
polarizations of the antenna and the source,

If the ncise-source spatial distribution and the antenna power
pattern are accurately known, including the side and backlobe
structure, then Eq, (2) could be used to determine the output from
the antenna, However, both of the:e functions are compiex in nature
and difficult to measure accurately, Equation {2) serves primarily
to define the concept of ar antenna having an output when there are
supposedly no signals present and leads directly to the concept of
antenna temperature,

Antenna temperature, rigorously defined, is given by

21 AT
5 S Ty (6, ¢) U(6,0}dR
o o
(3) Ta = »

21 AT
S‘ “ (e, ¢)dQ2
o ‘o

brightness temperature distribution, The brightness

where Tp(9, ¢)

temperature distribution is analogous te the noise-power density




distribution P(0,4¢) of Eq. (4). The denominator of Eq, (3) is often
referred to as the beam solid angle of the antenna,

Antenna temperature can be conveniently expressed by assuming
that the noise power given by Eq. (2) originates in a matched resis-
tor at temperativre T, located at the receiver input terminals, That
is, the antenna is considered replaced by a matched resistor at

temperature T,, and the equivalent input noise power is then given

by

(4) N; = %Am1§§§P&MLMmMQB
= KT,B,

where

-23
K = Boltzman's constant = 1,38 X 10 joules/°K;
T, = antenna temperature, or temperature of equivalent
matched resistor, °K; and

B = narrowest bandwidth of recceiver,

The signal-to-noise ratio at the input to the receiver can now be ex-

pressed as

oo B\ ()
N; \KB \Ta / -

J

Equation (5) explicitly demonstrates the dependence of the input signal=-

to-noise ratio on the antenna gain-to-noise temperature ratio, and not




on the antenna gain alone, The pointis, both antenna gain and
antenna ncise temperature are functions of antenna pattern, and to
optimize the input signal-to-noise ratio the pattern rnust optimize
the gain-to-noise temperature ratio and not simply maximize the
gain,

The output signal power from the receiver is simply

(6) S, = ARS;
= Ap(KgGp)
where
S, = signal power output from receiver, and

Ap = receiver power gain,

The output noise power from the receiver is

(7 N, = Ag N, + Ng
= AR KT B + Ng,

where Np = output noise power internally generated., For simplifi-

cation, it can be assumed that the noise generated internally by the

receiver originates in a matched resistor at the receiver input and

that the receiver itself adds no noise to signals being amplified by it,

Thus, the output noise power is

(82) N, = ARKT,B + AgK Ty B,

where Tp = temperature of equivalent resistor at receiver input, or




(8b) N, = ARKB(T, + Tg) .

Henceforth, Tg will be referred to as the receiver noise temperature,

By usual definition,

(9} T = 290(F-1),

~

where F = receiver noise factor, The signal-to-noise ratio at the

receiver output can now be expressed as

: Ap(K GR)
(10a) iﬂ _ Ri®s YR
N, AgKB(T, + Tg)
or,
So C'R
(10Db) — = (Constant) ——————
No ( ) B(Ta + TR) :

The receiving system parameters that affect the signal-to-noise ratio
are thus seen to be the receiver bandwidth and noise figure, and the
antenna gain and noise temperature, Until recent years, the receiver
noise figure was large with respect to usual antenna temperatures,
and the temperature term in the denominator of Eq. (10) was es-
sentially just the receiver noise temperature. Thus, to increase the
signal-to-noise ratio cne needed only to increase antenna gain,
However, with the introduction of low-noise receivers such as masers
and parametric amplifiers, typical receiver noise temperatures

were reduced to values of the same order of magnitude as the antenna

temperature, which has thus become an important system parameter,

8




CHAPTER 1
AMTENNA GAIN MEASUREMENTS

1, Description of Antenna System

Each of the four antennas in the array has a solid-surface
paratolic reflector with a primiary feed horn located at the reflector
focal point. One of the antennas has a monopulse tracking feed sys-
tem, which consists of a single square waveguide divided by metal
septa to form four square open-ended waveguide horns symmetrically
located about a longitudinal axis, To meet the requirements of
optimum monopulse patterns, the four guides were made physically
smaller than normal, then dielectric loaded to operate above cut-off,
The other three feed horns are square air-filled waveguides driving
a co-.ventional pyramidal horn with a flare angle of 30° and a five
inch-square aperture, All feed-horn outputs come from waveguide-

to-coaxial adapters,

2. Gain Measurement Technique

Standard antenna range techniques were employed in the measure-
ment of the antenna characteristics, The test set up is shown in Fig. 2,
The standard gain antenna was a three-foot parabola which was care-
fully calibrated for the measurement, As shown in Fig. 3, this an-

tenna was connected to the support ring which supports the primary




30 mc Calibroted Pre - Amptitier
Amplifier B4 30mc 8
Detector Attenuator Mixer

BW:= Imcps T
LO
1000 cps
Amplifier Recorder
BW = 4cps

Fig

o

Coax

Switch In

Feed

Signal Source

, {1000¢cps Modulation)
3 Standord

Antenng f=2270 mc

Fig. 2. Gain measurement set-up.

. 3. Photograph of standard-gain antenna mounted on thiriy foot

antenna.
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feed package for the 30-foot antenna so that the center-lines coincided,
The two antena output transmission lines were connected via a coax-
switch (operable from the equipment van) to the input of the¢ parametric
amplifier normally used with the large antenna, The standard gain
antenna was of the sarne diameter as the feed package, so that no
additional aperture blockage resulted from this mounting configura-
tion, The test signal, a 2270 MC source, amp.itude-modulated at
1000 cps, was transmitted from a tower approximately 1200 feet
away, To measure antenna gain, the test antenna was oriented for
maximum response, and the 30 MC attenuator shown in Fig, 2 was
adjusted for a convenient reading on the recorder, After recording
this level, the standard-gain antenna was switched in, antenna posi-
tioning checked, and the attenuator adjusted for the same recorder
deflection as was obtained before, The difference in attenuator
settings corresponded to the difference in the gain of the two an-
tennas,

3. Standard Gain Antenna Calibration

The absolute gain of the standard antenna was determined by
the Absolute Method’ in which two identical antennas are used as a
transmitter and receiver, By measuring the ratio of received to
transmitted power at a known separation distance, R, the gain of

either antenna can be calculated from

11




(11) G, =—— |

t ?
g
where
G, = absolute gain of either antenna,
R = distance between antennas,
A = {free space wavelength at operating frequency, and
w -
—— = ratio of received to transmitted power,
t

The gain of the standard was measured to be

Gog = 23 t 0.2 db above isotropic,
The gains of the two antennas used in the calibration were found to be
within T 0. 1 db of each other, by comparing each with a third antenna,

4., Gain Measurement Results

Using the technique described dbove, the measured gains of the
antennas were found to be as follows:

Monopulse Tracking Antenna Gain = 42. 070, 5db = (2. 0%0, 2)x10*

Slave Antenna Gain =43, 0%0. 5db= (1, 5910, 2) )(10‘.
The reduced gain ir the monopulse antenna results from losses in the
feed horn, feed lines from the horn to the monopulse comparator,
and in the comparator itself,

The commonly accepted minimum distance for far-field pattern

measurements is given by
(12) D= — ,

12




where

D = minimum far field distance,
d = diameter of antenna, and
N\ = operating wave length,

The distance between antenna and signal source for these measure-
ments was fixed by geographical location of the antenna site and
available towers for use as a signal transmitting site. This distance
is approximately one-third the distance given by Eq., (12). However,
it is estimated that this factor produces less than five per cent error
in the measured results,

Using the measured values of gain, the effective aperture can
be determined, The effective aperture and on-axis gain of an antenna

are related by

(13) A, = — G

where
G, = on-axis gain relative to isotropic antenna,
A, = effective aperture of antenna, and
N\ = operating wavelength,

It should be understood that effective aperture includes the
effects of losses of any type, such as mismaich or attenuation, in
the antenna, It relates power delivered to the receiver to power

density of the incident wave,

13




Using the measured values of gain given above, at a frequency

of 2270 MC, the effective apertures are

0. 434)%(1.59) (10*
(14a) . ,(momnopulse) = ( )4< 9) {10 )= 238 FT?
- 1r

and

(0. 434) % (2. 0) (10%)
4

(14b) A (slave) = = 300 FT%,

The physical aperture of the 30-foot dishes is 706 FT?,
Aperwu. :fficiency, defined as effective aperture over physical

aperture, is

238 ,
(15a) Tm = 706 X 100 = 34%
and
300
-— — prd o7,
(15b) s = 708 X 100 = 439,

The additional losses in the monopulse system thus manifest them-
selves as reductions of aperture size,
For comparison purposes, if the aperture were uniformly illumi-

nated and the antenna were lossless, the gain (maximum) would be

2
4 0
(16) G (max) g, = 10 log,, 8m (30) (m) = 46, 74 db,

(0. 434) %(4)
For acceptable side-lobe levels and noise temperatures, antenna

gain figures are typicaily 3 db less than the maximum value.

14




CHAPTER 1V
NOISE TEMPERATURE MEASUREMENTS

1. Description of Receiver System

As was indicated in Chapter II, it is important that measure -
ments of the noise temperature of the receiver system and antenna
be made. The receiving system for each element uses a multiple -

conversion superheterodyne technique. As shown in Fig. 4, the

. 30 MC Oscilloscope
P:ro?:tnc L Mixer _c_?,(z:ﬁc y H4Super- Het. a
mplifier Fre—Amphfier Receiver Recorder
18" RG-98 {Locol 130" RG-5%
Coaxiol Cable Oscillgtor Cooxtal Cable

Fig. 4. Block diagram of receiver system,

output of the antenna is connected by coaxial cable to a low-noisc
parametric amplifier located in a feed package at the focal point of
the antenna, This feed package is shown pictorially in Fig., 3. The
output of the parametric amplifier is fed into a balanccd mixer
where it is converted to 30 MC by the injected locai oscillator
signal, The 30 MC IF signal is then amplified and transmitted
over coaxial cable to the equipment van, The 30 MC signal is then

again down-converted in the 30 MC receiver, where the 2nd IF is

15




amplified, phase-locked for summing purposes, and then summed

and recorded, In order to mr ssure the noise temp -iture of such

a system it is necessary to understand how the various receiver

parameters are related and how they affect the measurement.

To

do this, consider the generalized block diagram of Fig, 5, where

the noise power originating in the matched termination is amplified

by several networks in cascade, Alsc, each stage adds internally

generated noise, The input power to the first stage is

(17) Ni, = KToB,

where
T, = temperalure of matched termination, °K,
K = Boltzman's constant, and
B = receiver bandwidth,

The output power of network number one is

(18) No} = Niz = KTO BGI + Nl .
Ni ¢ Amplifier | Nj, | Amplifier | N; 3| Amplifier
= # | = # 2 == #3
Gain =G, Goin=G, Goin=Gy
RO TO

Fig., 5. Effects of cascaded networks on noise temperature,

16
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As was indicated earlier, the factor N, is the noise generated internally

by amplifier number one, and can be equivalently represented by

(19) Nl = KT}BGI,
where T, = temperature of equivalent input resistor, °¥, The output

of number one is the input to number two;

(ZOa) No] = Niz = KBG‘ (TO T Tl)'

Similarly, the output power from amplifiers number two and three is

given by

(20b) No2 = KBG;G, {To + T,;) + KBT,G,

and

(20c) Nos = KBG,GG;3 (T, + T)) + KBT,G,G; + KBT;3G,.

Now assume that this noise power output is attributed tc an equivalent
single amplifying system with the same composite gain, bandwidth,
and total internally added excess noise, Then the output noise power

would be given by

(21) No = Noj = KB{G1GG3 ) (To + T'),

where T' = effective system noise temperature of the cascaded

amplifiers, Equating these two expressions yields

17




(22&) KB(G}G;G;) (TO‘:T' ) = KBGlec3 (T0+ Tl) + GzG3 KBTZ
+ G3KBT,
or

{22b) (To + T') = (Tg + Ty) + T/Gy + T3 /GG,

If the gains of the first and second stages are sufficiently large, then

(22¢) T' = Ty;

that is, the noise temperature of the complete system is essentially
that of the first stage, This fact makes it possible to concentrate

the noise figure measurements on the first stage of the receiver,

i, e, , the parametric amplifier, Specifically, since the gain of the
parametric amplifier is approximately 100 (20 db) and the composite
gain of the mixer and 30 MC preamplifier is 10, 000 (40 db), the
system noise temperature is essentially that of the parametric ampli-
fier., Thus, the measurement of this noise temperature can be made
at the 30 MC level with the mixer-preamplifier having little effect

on the accuracy,

2. Measurement Technique

The standard "Y-factor' technique was used in all noise-
temperature measurements, Figure 6 shows the equipment set-up
used for this technique., The noise figure meter was located in the
equipment van, Operated in its ""manual' mode, it served as an

accurate 30 MC square-law detector, with recorder output,

18




Porametric H-P 3408
| Amplitier Mixer Noise
Noise Temp. Pre- Amplifier Figure Recorder
TR Meter

Moatched Terminotion,
Temperoture T,

Fig. 6. Set-up for pararnetric amplifier noise
temperature measurement,

The loss in the long length of coaxial cable separating the feed
package and the noise figure meter had little effect on accuracy since
it was effectively eliminated by the gain of the amglifiers in the feed,

The Y-factor technique can be demonstrated as follows: Assume
the matched termination is at some 'hot' value, Ty, The noise-power

output from the parametric amplifier is

(23) NoH = GKTyB + GKTRB = GKB(Ty + TR),
where
NoH = output noise power when termination is Ty,
TH = temperature of termination when hot,
TR = equivalent noise temperature of receiver, or

parametric amplifier,
G = total gain through channel, and
B = most narrow bandwidth through channel,

The output noise power when the termination is 'cold" i, similarly,

19




(24) Noc = GKT.B + GKTRB = GKB(T + Tg),

where T. = temperature of termination when '"cold, "' Let the de-

flection of the noise figure meter due to Noy be Dy, and due to

Nye be D.. The ratio of these two readings is
D GKB(Ty+T

(25) H _y. (TH*TR) _ (Ty + Tg)
DC GKB(T_.+TR) (Tc + TR) .

Thus, if the two temperatures, Ty and T, are known, the receiver

noise temperature can be found from

Ty - YT
(26) TR = —H_ "¢

(Y - 1) .

The desirability of this technique is readily apparent since only the
two temperatures need be known, Of course, the gain mu.t remain
constant, but the stability of the equipment was such that this was not
a problem,

The hot and cold temperatures for the measurements of the re-
ceiver noise temperature were realized by using a commercially
available Hot-Cold Noise Source (Airborne Instruments Laboratory
model number 7002) which contains two matched terminations, One is
in a temperature-controlled oven, the other is immersed in liquid
nitrogen, The oven temperature (Ty) is held constant at 373, 1°K
and the temperature of pure liquid nitrogen at sea level is 77, 3°K,

or 77, 6° at the station elevation, Either termination can be selected

20




by actuating a coaxial switch incorporated in the device, To make
the measurements, the Hot-Cold load was connected to the para-
metric amplifier input terminals, and the meter deilections noted as
the hot load and cold load were alternately selected, Specifically,
the noise-figure meter provides an output proportional to meter
deflection, which was continuously recorded while alternating be-
tween the hot and cold loads such that an average Y-factor could be
determined., Since the feed package containing the parametric ampli-
fier is exposed to a wide range of environmental conditions, the

measurements were repeated over a period of time to determine the

spread in experimental values,

3. Results of Measurements

The measured values of the four parametric amplifiers are
given in Table I. Each of the four units is referred to by the
geographic orientation of the particular antenna in which it is located.
It should be noted that the values stated for Ty and T, that is,

373, 1°K and 77, 6°K, are not the actual values used in calculating
the noise temperatures, In order to connect the.output of the Hot-
Cold Load to the input of the parametric amplifier, a short length of
coaxial cable was required, It is well known that a loss in a cable

changes the noise temperature of the load according to the expression

21




' TL 1
(27) Ty, = +'I‘o(1- '12),
where
Ty, = actual temperature of load, °K,

T, = temperature of the cable, °K,
L = amount of loss in cable (L 2 1), and

effective temperature of load, °K,

H
T,
The cable used in the above measurements had a loss of
L =0,45 1 0.05 db,

For a cable temperature of 300°K, the effective temperatures of the

hot and cold loads were

' _ 373.1 1 - .
(28a) Tg= T3¢ 300(1 11 “) 365°K
and

! 717. 6 1
28b T = —— +300{1 - —— )= .
(28b) c T 11 ( 1.11) 100°K ,

22




TABLE I
Results of Noise Temperature Measurements

T
|
i
Parametric Amplifier i Noise Temperature '+ Noise

Figure

Average
Low High Average in db

North 271 312 291 3. 01
South 255 2171 262 ! 2. 80
East 415 510 478 4, 23%
West 268 300 284 2,97

4, Antenna Noise-Temperature Measurements

To measure the noise temperatures of the antennas the same
basic Y-factor technique was used. In this case, the hot load was a
matched termination and the cold load was the antenna itself, This
is shown in Fig, 7. 7ae coaxial switch shown is a single-pole, four-
throw, rotary switch which is an integral part of the operational system,
It is controllable from the equipment van and is used to connect the
parametric amplifier to the antenna, to a test cable for tuning purposes,
and to other functions necessary for the operational check-out of the

system, For these measurements, a matched termination was connected

% All parametric amplifiers were designed to have equal noise figures,
Damage to the East unit resulted in the higher value shown, This
condition has since been corrected.

23




Cooxiol
S+itch

Parometric Mixer Noise Figure -
Amplifier Pre-Amp. Meter Recorder
Antenno TL Matchad i
Termination Locoi
Oscillotor

Fig. 7. Technique for measuring antenna temperature,

to one of the switch ports, then the antenna and the load were
alternately selected from tne equipment van, Since the cables
connecting the antenna to the switch and the switch to the parametric
emplifier, as well as the switch itself, are lossy, it was actually
the effective antenna noise temperature and not the actual value

which was measured, That is, from Eq, (27),

(29) T;=E‘+T(1_L)
L o L),
where
’I‘; = measured (or effective) value of antenna temperature,
T, = temperature of antenna without cable losses,
L = 1loss factor in interconnecting cables and switch, and

T, = temperature of cables and switch,
The value of L can k¢ determined by direct measurement, and the

actual antenna temperature can then be calculated, However, the

24




knowledge of the actual temperature is somewhat academiac since
the cables are a necessary part of the operational systen., It s

!
the measured value, Ta ,

which must enter into any ol ilations
involving system sensitivity or noise tempecrature,

From Fig. 7, the Y-{actor measured as the antenna and the
load are alternately selected is given by

(T1, + TR)

(30) i
(T, + Tg)

=Y.

The factor, TR, the receiver noise temperature, must be known but
has already been given in the previous chapter, The temperature,

T1,, of the matched load was determined by measuring the feed-package
internal temperature. The effective antenna temperature is thus found
from Eq. (30). Or,

v [Ty - Tr(¥-1)]
a v )

(31) T

5. Antenna Temperature Measurement Results

The average results of measurements made on the four antenna
noise temperatures are given in Table IL Both the effective tempera-
ture which includes cabie losses, and the actual temperature, which

excludes these losses, are given,
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TABLE I
Results of Antenna Temperature Measurements

Antenna Antenna Temperature at Zenith
Effective Actual
North 98 52
East 94 45
South 134 95
West 102 54

The accuracy of the measurement of T; is better than of T,, since
only the knowledge of the temperature of the drum and the parametric
amplifier noise temperature is needed, In order tc determine Ty
accarately it is also necessary to accurately measure the rather

small losses in the feed cables,

6. System Sensitivity

Using the data of Tables I and II, the sensitivity of the receiving
systems can be calculated. In this case, sensitivity is defined as the
level of received signal which i3 equal to the noise power present in
the system, referred to the inpat terminals, This value depends on
the antenna ncise temperature, receiver noise temperature, and

receiver bancwidth, and is giv:n by

(32, N; = KBy (T, + Tg).
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where

Using average

(33a)

(33b)

(23¢)

equivalent input noise power present in system,

receiver IF-noise bandwidth, and

18

Nj

N

Kcps.

values from Tables I and II the system sensitivity is
-23 3

= (1,38 X 10 )(18 X 107)(285 + 107),

9.73 X 10~'" watts, and

"

-130.1 dbm,
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CHAPTER V
GAIN-TO-NOISE TEMPERATURE
RATIO OF ARRAY

1. General

In the preceding chapters, e.g., Eq. (10b), it was pointed out
that for a given bandwidth, the ultimate usefulness of a channel is
determined by its gain-to-noise temperature ratio, Each of the
quantities in this ratio are uniquely defined and can be measured
by standard techniques. The gain-to-noise temperature ratio is
thus seen to be an effective figure-of-merit for the channel and can
be used for system calculations and for comparing systems,

Since the primary purpose of the Ohio State University array
is to function as an equivalent single-channel system, it is naturally
of interest to see if a similar {igure-of-merit can be defined for
comparison with other systems,

As was done for the single channel in Eq. (10b), the output
signal-to-noise power ratio for the array (i, e,, the sum channel)
will be developed in terms of the parameters of the system, This
expres.ion will then be examined in detail and a figure-of-merit
defined based on the results of this analysis, It will be seen that,
as for the single channel, the array gain-to-noise temperature ratio
is an effective way of expressing its ultimate usefulness as a

receiving system, The array gain-to-noi-e temperature ratio,
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unlike that of a single channel, is dependent on several paramecters
of its individual elements and is subject to variations, However,
for a given configuration, itis a single quantity that completely

describes the possible performance of the array,

2, Signal-to-Noise Ratio of Sum Channel

In Fig. 4 a simplified block diagram for each channel is shown,
Where the output is shown going to a recorder, let it be assumed that
a parallel output goes to the summing network, Each receiver includes
the phase-lock circuitry required for keeping the signals locked in-
phase at the input to the summing network., The total system can thus

be represented by the block diagram of Fig. 8. The quantities shown

CHANNEL |

2
Pix | RECEIVER " i IsummINg
- BANDWIDTH = By NE TWORK
T GAIN = Aqk T

X
»

Fig., 8. Simplified rulti-channel receiver,

in Fig, 8 are defined as
P;i = Sik + Njk = total power input to receiver channel k, including
signal power anad totalchannel noise power;
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Vi - instantaneous input voltage associated with Pjk;
Rjk = input resistance of channel k receiver;

Vox = instantaneous output voltage from receiver 'k'';
Ry, =input resistance of channel k on summing circuits;
R, = output load of summing circuit; and

vy = instantaneous output voltage from summing circuit,

The signal power, Sy, is that delivered from the kth antenna to its
respective receiver, after being attenuated by the interconnecting
cables, The noise power; Nji, is the total noise power of the kth

channel referred to the input; that is,

(34) Nji = KBr(Tak *+ Trk)s

where
K = Boltzman's constant = 1, 38 X 1077 Joules/cps °K,
B, = kth channel receiver noise-bandwidth,

T, = kth chanrel receiver noise-temperature, and

T,k = kth channel antenna noise-temgerature,

Referring to Fig. 8, the input and output signal voltages are,

respectively,

38k
(35) vik = [29ikRjk e
and
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(36) Vok = AvkVik

19k
= A B8 Ry <

where
Ayk = voltage gain of kth channel from parametric amplifier
input to sum channel input and
Bk = relative phase of kth channel IF with respect to
an arbitrary reference,
Since the noise voltage of each channel is a random process, it
is not very meaningful to discuss its instantaneous value, A more
applicable term is the RMS value of the noise voltage, The RMS

noise voltage at each input to the summing circuit is

(37) Vak = Avky NikRik = AyieK Bi(Tax + Tpp) Rige

To develop an expression for the signal and ncise output voltages
from the sum channel, it is necessary to kn ‘w the specific type of
summing circuitry used, The summing circuit used with the Antenna
Laboratory array is an operational amplifier in a weighted summing
configuration, shown in Fig. 9.

The gain, A, is large enough that the cutput voltage is simply

Ry Ry¢ R¢ R
(38) Vy T =l— vy, + Vot — v + T v -
Ry Rz, Ry, %% Rz,

The large negative feedback used in the amplifier places point P, the

junction of the input resistors and feedback resistor, at virtual ground,
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Fig, 9. Summing circuit,

This results in nearly perfect isolation between inputs and makes
the input resistance to the kth channel equal to just Rsy. Using

Egs. {36) and (38), the signal voltage from the surr channel is

R 16, R j0
(39) vy = Ay, s SiiRj;, e + Ay, _f ,’ SizRi2 eJ 2
Ry, Rz,
R - 36
+ o0 + Ayy —f S;i4 Ris et
Ry
4
3%

REk S1kR1k € .
k=1

The output noise voltage from the sum channel is the sum of N
random processes and is itself a random proce.s., As in the case of

the individual channels, it is best dealt with in terins of its statistics,
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The raost significant one, the standard deviation, is equivaient to

the RMS value of its voltage. This quantity can be meas ires casily
by commercially available, true-RMS-reading voltn.e'« rs. iowever,
an analytical expression for this output RMS rouise-voltage (an be
quite complicated., Specifically, the square oi the output RMS

voltage, proportional to the output noise power, is given by

N N N
z _ 2
(40) o-z = N + 2 Hij ‘Tio’j’
k=1 j=1 i=j+1
where
2
oy =variance of sum output noise process (corresponds to
noise power),
2
o), = variance of kth channel noise process,
P‘ij = correlation coefficient of ith and jth channels, and
o, = standard deviation of ith channel {corresponds to

RMS value of noise voltage).
The effectiveness of the array depends on the noise voltages
of the various inputs being uncorrelated, so that they tend to cancel
each other., The sum channel signal-to-noise ratio will be developed
assuming no correlation (pij =0 fori# j), then the effects of
partially correlated noise will bc treated separately.

Making this assumption, the sum output RMS noise voltage is,

from Eqs, (37), (38), and (40),
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2
Rg Rg 2[R 2
4 Nz (REI VN‘) (RZ VNZ) ' (RZ‘k VN’)

The output noise power, in terms of individual channel parametsars,

is
VNEZ
(42) Ny = R,
4
sz T AVk :
= K2 / \®Ry | BxRik(Tak * Tr -
o =1 k

The signal-to-noise power ratio of the output of the sum
channel can now be expressed directly in terms of Eqs, (39) and

(42) ; that is,

2
S _ Vsz/Ro _ Vsz
N BT ’
Z Vi Re  VNg
where

VSy = RMS signal voltage from sum circuit

or,
r 4 . 2
J—l}" Z e stikRik e
5z _ k=1 Zk
ST Avk .
K Z (“— BiRji{ Taxt TRi




The factor {2 in the numerator is necessary to express the magni-
tude of the sum signal as an RMS value.

Equation (43) is the complete expression for the sum « hannel
signal-to-noise power ratio and assumes only that the noise voltages
are uncorrelated, Although this expression is rather complicated
some simplifying assumptions can be made, First, the sum circuit
input resistors, Rzk, were all adjusted for equal values, Secondly,
the input resistance of each receiver, R;), is the input resistance of
each parametric amplifier, Since all channels show good VSWR
characteristics it may be assumed that all input resistances are

equal, With these assumptions, Eq. (43) reduces to

4 3%k
S Z Avk ,‘ Sik e
(44) NL = Llk=1
b
K § sz- Br(Takt Try)
iJ K
k=1

The above expression provides considerable insight into the opera-
tional requirements placed on the array to properly function as a
single-channel system, The maximum signal-to-noise ratio occurs
when all four channels are identical and the signals are exactly i
phase, That is, if all 8,'s are equal and the voltage gain, received
signal power, and noise power of each channel are equal, then

Eg, (44) simplifies to
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= t N.

- 2 . .
Ny  NALKB(T, +T)) 1

(NAy/S;) 2 (S
S i =pnl 2
(45) =% - 1) :

where ﬂ- = signal-noise power ratio of an individual channel,
i
For the four-element system at the Antenna Laboratory, the
raximum improvement is a factor of four, or 6 db, Although there
is four times as much noise power in the sum, there is alsoc four
times the signal voltage, or sixteen times as much signal power,

resulting i1. » factor of four increase in the signal-to-noise power

ratio,

3. Enhancement Factor of Array

It has already been shown through Eq. (10b) that the output
signal-to-noise ratio of each channel can be expressed as a function
of the gain-to-noise temperature ratio of the channel, In Eq. (45)
it is implied that this is also true of the sum signal-to-roise ratio.
Specificially, let channel one be chosen (arbitrarily) as a reference,
It can also be assumed that 8, is zero,

Equation (44) can thus be re-written as

(46) sp . L&, A Y
Ny g (Avk )z B | (Tak+ Tpp) o
B‘(Ta‘+Tr’)Kkzl Ay, (Bx ) (Tay + Try)

or, substituting Eq. (10b) into this expression,
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\
(n 4 . 2
[1 ) (AVk> /Siq HOk-00
| - - t .
| AL ; Sj |
Sy GRr. Ry vi /v Sk ’-‘»
(47) —— = (constant)| —————— | {73 . —— —
Nx (Tar+ Tpy) Q A\,k>z 3N ‘ak‘Trk> .
LS A,
I G et AT ey
k=1

As in Eq, (10b), the constant term takes into account the
specific transmitter and target configuration, The summing process
is seen to play the role of an operator on the gain-to-noise tempera-
ture ratio of the ..ierence channel. The gain-to-noise temperature

ratio of the array can thus be defined as

(484a, (G/NT) s = (G/NT) REF (Enhancer.ent Factor),

where

wy

x = R
N | D

(Avk) S;k ej(ek"el)

Avl S1

1

Avk \2 (E}E\ {/Tak+ Trk) )
Ay, j \ B, /\ Ta1+Tr

1

(48b) (Enhancement Factor) = -

In Eq. (45) it was pointed out that this enhancement factor has a
maximum value of N, the number of elements in the array,

It is readily apparent from the above expressions that the
array G/NT is not a fixed and unique quantity, It is a function of

many variables and cannot be directly measured, However, taking
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its optimum value, it provides a figure-ui-merit for the array which

can be used for direct comparison or calculation purposes,

4, Calculated Values of Enhancement Factor

As typical examples of the veriations to he expected in the value
of the enhancement ractor, consider the results of using the measured
values of anterna gain and system temperature of the four elements
of the array at The Ohio State University, The measured values are
repeated in Table II., The West antenna is seen to have the best gain
and system-temperature combination so it will be taken as the
reference, Four separate cases will be considered, In all cases,
the signai level in the West channel will be used as a reference level
and it will be assumed that the input signai levels in the other three

chunnels differ only by the ratio of their antenna gains,
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TABLE III

Measured Values of System Parameters

for Antenna Laboratory Array

Description

Receiver noise Temp ‘K

*

Antenna Gain
System temperature °K

Noise power normalized
to West

Antenna Gain Normalized
to West

Optimum receiver gain
for Case 1II, {normalized
to West)

Optimum receiver gain
for Case IV (normalized
to West)

* From Table 1

-".

*
From Table II

+The higher value was with a malfunction,

*Effective antenna Temp °K

West
284
i02
43 db
386

1.0

1.0

1.0

1.0

is the normal temperature,

39

North

291

98

43 db

389

1,01

1.0

0.99

0.99

East South
+478/300 262
94 134
43 db 42 db
572/394 396

1.48/1.02 1,03

1.0 0. 80
0.98 0.87
0. €8 0.87

the lower value




CASE I: Assume that the voltage gains of all channels are
equal, and the East antenna has its normal noise temperature,
Using values from Table III, the sum-channel signal-to-noise

power ratio is, from Eq. (44),

- 2
(192) Sz _ USiw(l+1+ 1+/0.8)] =3.74(§i‘1) ;

Ns Ny(l1+1,01+1,02 +1,03) Niw
er, in decibels, the enhancement factor is
E, F.db =10 logm 3.74= 5. 73 db.

CASE 2: Assume the same conditions as ior Case 1, with the
exception of the higher noise-temperature value for the East channel.

The sum signal-to-noise ratio then becomes

Sy [(Sim(1+1 +1+[0.8)]° -336(§-‘ﬁ>

(49b) = = -
Ny  Njp(l.0+1,01+1,.48+1,03) iw

The enhancement factor is reduced by the noisy channel to a value of

E.F. = 10 log,, 3.36 = 5. 27 db,

CASE 3: Assume the same conditions as for Case 1, except
the voltage gains of each channel will be optimized according to values
determined in Appendix B, That is, the gain of the kth channel will be
adjusted according to

Jgi—— Nijw
AV =( .k ><Nik> .

Siw -
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Using the values of gain calculated by the above criteria (shown

tabulated in Table I1I) the sum-channel signal-to-noise ratio 1s

[\/Si\;(l +0.99 +0.98 + (0, 87)(\] 0.8)) ] 2

s
(49¢) -Z -
S Niwl1+(0.99)%(1, 01) + (0. 98) (1. 02) + (0, 87) *(1.03) ]

a10(3)
Niw )

In decibeis, the enhancement factor is

E.F. = 10 log,(3.76) = 5.75 db,

CASE 4: The same conditions as for Case 2, except that the

voltage gains are optimized as was done in Case 3, Thus

oqy SZ - [JSiw(1+0. 29+ (0. 68) +(0.87) (/0. 8))]°
Ny Njwl1+(0.99)%1. 01) +(0. 68)2{1, 48) + (0. 87)%(1. 03) ]

The enhancement factor, in decibels, is

E.F. = 10 log;o 3.45 = 5,38 db.

From the above results it is seen that as long as the channels
are approxin.ately equal, the enhancement factor can approach the
theoretic al maximum quite closely, By optimizing the gains a small
improvement was obtained, bui this optimizing technique does n:
really pay dividends until the channels depart substantially from
their proper values, The increased noise temperature in one channel
was noticeable, but not as much as might have been anticipated.
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CHAPTER VI
EFFECTS OF SYSTEM PARAMETER VARIATIONS

With the above results in mind, a detailed analysis will be
made of the effects of parameter variations in the individual

channels on the sum signal-to-noise ratio,

1. Phase Jitter

Since optimum combining occurs when all signals are in-phase,
it is of interest to see how much phase litter can be tolerated before
the sum channel signal-to-noise ratio is degraded appreciably,

Phase jitter can be caused by noise voltages in the phase-lock loop,
power-line fluctuations, thermal transients, and other such pertur-
bations., By considering the phase terms, or the 8y's, as identically
and symmetrically distributed random variables, Brenner and Tourdot‘
have shown that signal degradation resulting from phase jitter can

be expressed as

2 2
(50) (degradation in db) = 10 log[ (1 - i— a’)+ (1 --li 0'2)] ,

where

|q

2

N = number of elements in array,
%= variance of phase iitter in each channel,

Equation (50) is shown plotted in Fig, 10.
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Fig. 10. Signal degradation vs. phase jitter.
Reprinted from» Brenner and Tourdot,
Reference 4,
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Considering the fact that for a loop to remain locked the
phase variations must be kept considerably below g radians, it
is seen that the sum channel is relatively insensitive to phase
jitter in the loops. In fact, if the loop design is such that the
overall phase jitter does not degrade angle modulation that may
be on the signals, then the summing will always be performed

under near-optimum phase conditions,

2. Signal-Amplitude Variations

As mentioned above, optimum ccinbining occurs when each
channel is receiving equal signal power at its input, This indicates
that excessive cable attenuation or decreased aperture efficiency in
a channel can degrade overall performance, Ideally, such losses
can be minimized and each antenna designed for best gain-to-noise-
temperature ratio, However, an effect that cannot be eliminated is
aperture blockage of one antenna by another at low elevation angles
and certain azimuth angles, Such blockage is a functior of antenna
size, location, and spacing and has the effect of reducing the input
signal power to the respective channel. In order to determine the
amount of degradation of signal-noise ratio, an expression was
developed to calculate the amount of blocking of one antenna by
another on an optical ray-path basis, That is, the aperture plane,

or disk, of each antenna was projected onto a refereace plane
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perpendicular to the sighting-line to the target., ‘lhe armount ot
overlap, or mutual area, of these projected disks gave the

amount of aperture blockage, Of course, since refledtions and
diffraction at each antenna will be inevitable, it is impossibtle to
completely block out the signal, Also, to simplify ca.culations,
uniformly illuminated apertures were assumed, Thus, the signal
power was assumed to be decreased in direct proportion to the
amount of shaded area, Since the edges of the antennas are actually
illuminated ¢ . much lower levels than the cen.er, these calculations
give values that are considerably more pessimistic than occur in
actual practice,

The results of these calculations show that no biocking occurs
above an elevation angle of 30° regardless of azimuth angle, Be-
tween elevation angles of 10° and 30° the blocked area varies from
less than one per cent to a maximum of only 28 per cent of the total
available aperture area,

Since most operations are over elevation angles of about 5°
to zenith, and since diffraction and tapered aperture illumination
make the problem less severe, aperture blockage would typically
hzve less than one db effect on the sum chanrnel signal-to-noise
ratio, Figure 11 shows the percentage of total aperture area

available as a function of time for two typical Echo II satelliic
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passes, The vaiues were calculated using computed look-angle
data for the satellite, It is seen that soon after acquisition more

than 90 per cent of the total aperture is in use,

3. Excessive Noise Power

Another facet of Eq, (44) which must be given consideration
is the effect of a channel with excessive noise power. This could
result, for instance, from an increase in noise figure of one
channel's receiver because of a malfunction of some type, It could
also result from an increase in bandwidth caused by receiver de-
tuning, At any rate, assume that all channels except one are at
their proper operating values of system noise temperature and

bandwidth, Then let

_ noise power from defective channel
N noise power from reference channel

K > 1.

n_

Then assuming other parameters are constant, the normalized
signal-to-noise ratio from the sum channel .s

1 {5z [NAys;]” . _N
GO \Ng)S” 1o N-1+K)] (N-14K )(
E[AVKB(TaJ»Tr)( -1+K)) n

It
[

).

p

where (El—) is the signal-noise ratio from the good channels,
N
i

Equation (51) is shown plotted in Fig, 12. Note that in each case

the values of 2z are normalized by %J so that the maximum

Nz
possible value obtainable from the N channels is unity,
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NORMALIZED SIGNAL-TO-NOISE
RATIO IN SUM CHANNEL
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Fig, 12, Decrease of sum signal-to-noise ratio cesulting
from an increase in noise power frora 2i.:
channel,
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4, Unequal Voltage Gains

The only remaining system parameter (o consider 15 the
effect of variations of the voltage gain of each channel, 1 rom
Eq. (44), if all respective parameters of each channel are equal

except for vcltage gain, the normalized output signal-to-noise

ratio is
N 2
S1 j‘ka—\
k=
L (2), ——
52 - =
(52) N \Ns N ]
2
NN, Z Vi
k=1

Now assume that the gains of all channels are equal except one,

which will vary over some range, Let

_ gain of defective channel
K, = , K,
V. gain of reference channci \

v
—

The normalized signal-to-noise ratin can now be expressed as

(53) (Sz ) _ (Si> [ (-1 +Ky)®
i = .I:I— . 2 .
Ns NORM i/ N[ (N-1 + KV]

Equation (53) is shown plotted in Fig., 13, This approach to an

analysis of gain variations shows the effect of one channel changing
considerably from all other channels, which cou'd happen because of
mistuning or a malfunction, A more descriptive analysis {from an

operational point of view would be to consider the gain of each channel
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as a randomly varying quantity with time, and to calculate the
average signal-to-noise ratio as a function of the spread, or variance,
of each channel., However, such an analysis is almost hopelessly
complicated, and beyond the scope of this paper, It is obvious,

from Fig, 13, that the sum signal-to-noise ratio is reascnably in-
sensitive to gain variations of 3 db or less as long as there ave

several channels,
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5. Effect of Partially Correlated Noise

It has been assumed thus far that all noise voltages in the
various channels are completely uacorrelated. However, it
must be assumed in general that some percentage of the noise
powers will be correlated, This is because a portion of the
antenna noise in each channel will arrive from very distant
sources (e, g., radio stars) and will produce very nearly the
same noise voltages at each antenna feed, These voltages would
be treated the same as signals by the summing circuit and would
result in a decrease of the enhancement factor,

To get a quantitative measure of the effects of correlation
in the noise signals, assume that the noise power input to each
channel of the sum circuit can be expressed as the sum of the

correlated power and uncorrelated power, That is,

2 2
ALK TokBiRik X AL K TyBy Rix

{54) Ny = R
R» z
where
Nj = total noise power input to sum circuit

of the kth channel,

]

T,k = equivalent noise temperature of uncorrelated portion

of noise in kth channel, and
T i = equivalent roise temperature of correlated
portion of noise in kth channel,
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Also,

(553) Tek + Ty © Tsko

where Tg) = total system temperature of kth channel, To keep
the analysis on a reasonably simple basis, it will be assumed
that for the power represented by Ty, the correlation between
channels is compiete, That portion of the noise powers will
then add on a coherent basis and the uncorrelated portions will
add in the usual incoherent fashion., Also, to keep the emphasis
on the effects of correlation, the usual assumption of identical
channels will be made, The output noise power from the sum

channel can now be expressed as

n
A KBR
(56) Np=_—— 1 Z [T kl Z
k=1
From Eqs, (48b) and (56) , it can be seen that the enhancement factor

is degraded by an amount proportional to the ratio of the uncorrelated

noise power to the noise power with correlation, That is,

[ N
E. F. (with correlation) Z Tk ‘1
(57) = (E.F. without correlation) k=1
N 2 N *
(z Tck) + Z Tuk
- k=1 k=1

For an array of four identical elements, this becomes
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(58a)

(58b)

E.F. =4
16T, +4T,
4 T
= , ¢ < (——C) <1,
T, T,

Equation (58b) is shown plotted in Fig, 14 as a function of the ratio

of the amount of correlated noise power to total noise power in

the channel,

It is seen that for the array to approach maxirnum

possible performance the correlated power must represent only a

small fracti
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CHAPTER VII
TABULATED VALUES OF GAIN-TO-NOISE

TEMPERATURE RATIOS
The importance of the gain-to-noise temperature ratio of the
individual elemens, as well as for the array, has already been
stressed, Table IV shows the values of the ra ios for each element
based on the measured values already presented, Also shown is
the calculated value for the total array, along with calculated values

of the enhancement factor,

TABLE IV
Tabulated Values of Gain-to-Noise
Temperature Ratios

Antenna Channel Array Calculated
G/NT G/NT G/NT Enhancement
deg" deg'l deg ™’ Factor
Element
North 43] 57,5 - -
East 498 45,0 - -
South 187 44,8 - -
West 415 58, 0 - -
*Array +
Case 1 58.0 217 3,74 (5, 73 db)
Case 2 +58,0 195 3, 36 (5. 26 db)
Case 3 *58,0 218 3, 76 (5. 76 db)
Case 4 *58,0 200 3, 45 (5. 38 db)

*See Section V-4
+Reference antenna used in calculations (see Section V-4),
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CHAPTER VIO
SUMMARY

This report presents the results of measurements made of
the antenna gain, antenna ncise temperature, and receiver noise
temperature of the four receiving systems at The Ohio state
University Satellite Communication Center, An analysis is made
of the effect these three parameters have on system sensitivity
and of the importance of accurate knowledge of each,

The antenna gains were measured to be 43,0 1 0.5 db for the
slave-antennas and 42,0 i 0.5 db for the tracking, or master, antenna,
This results in effective aperture efficiencies of 43 per cent and
34 per cent, respectively, The gain differential results from losses
in the ri:aster feed-structure,

The antenna temperatures, including effects cf interconnecting
cable losses, averaged 104°, and approximately 50° without the cables,
measured at zenith elevation angle,

The receiver noise figures averaged approximately 3 db, which
was slightly higher than the design-goal value of 2,7 db,

These values yield a system sensitivity, using an 18kc band-
width receiver, of -130 dbm.

The gain-to-noise temperature ratio is a convenient figure-of-

merit for the total array and can be expressed as an enhancement

v
oy




factor which operates on the gain-to-noise temperature ratio of
one of the array elements, This enhancement factor is a function
of the system parameters of the individual elements,

For the four-element array at The Ohio State University
Antenna Laboratory, calculated values of the array gain-to-noise
temperature ratio varied from 5, 26 to 5.76 db above the gain-to-
noise temperature ratio of the reference element,

The array gain-to-noise temperature is relatively insensitive
to small variations in the system parameters of the individual

elements, such as voltage gain fluctuations and phase jitter,
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APPENDIX A
ARRAY NOISE TEMPERATURE

It was pointed out in the previous sections that the total noise
temperature of a receiving system determines its ultimate sensi-
tivity, It is a quantity that can be measured by straightforward
methods, and tells the systems engineer how much signal power
must be made available to the receiver input to achieve a given
output signal-to-noise ratio, It has been shown that the array
gain-to-noise temperature ratio describes the performance of
the array, However, it would be of interest to try to define a
noise temperature of the array,

However, the definition and use of such a quantity must be
approached with caution, To be meaningful, the definition must
be such '* at the term can be measured, or at least calculated from
measurable quantities, For instance, in a conventional single-
channel system the noise temperature is independent of the receiver
gain, Since noise power and s.gnal power are affected equally by
a change of gair, the output signa'-to-noise ratio remains constant.
Consider, however, the output noise power from the sum channel,

as expressed in Eq. (44), i.e.,
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. 2
(59) Ny = Ak BielTar + Try)

w a2 ) \ 2
KAy B)(Ta) + TR))+ KA 3B (Taz + TRy) + *°

2
4 KA‘VN BN(TaN + TRN).

Obviously, this expression is not, in general, independent of the
receiver gain of each channel, nor is it easily normalized,

The expression, though complex, can be simplified by making
certaix% assumptions, First of all, it is not unreasonable to assume
that the bandwidth and noise temperature of each channel is a constant
over considerable lengths of time, Any receiver of commercial
quality would be designed well enough that the bandwidth would not
be affected by normal operating conditions, It can also be assumed
that, short of a malfunction, the receiver noise figure would be un-
affected by small variations from normal conditions, Of course,
if the antenna temperature is a significant fraction of the receiver
temperature, variations in elevation angle could change the total
system temperature, but this will be considered a special case,
it will thus be assumed that the bandwidth and noise temperature of
each channel are constant and known quantities, The only remaining
variable in Eq. (44), and the only one which is likely to vary over a

short period of time, is the gain of each receiver, It is also the




quantity which is the most difficult to measure, since it includes

the gain of RF amplifiers, conversion gain of RF mi:.ers, loss

of any interconnecting cable, and the gain of the IF amplifiers,
Since each channel of the array would most likely be designed

to be identical to all other channels, the output noise power ex-

pression reduces to

2 2
2 sz AVN
60 Ny = KTeBAy,|1 + P ,
( ) = S VI[ (AV1 ) (Av1 )J

where Tg = system temperature of the individual channels, If the

gain of each channel could be adjusted to be equal then

(61) Ny = NKTgB A% .

Referring this to the '"input terminals' of the sum channel, the
equivalent input noise power for the sum channel is

Nz

A

= KNTB,

(62) Niy = s

2
v

and the noise temperature of the array simplifies to

(63) T, = NTg.

Using this approach, the noise temperature of the four-element array
at the Antenria Laboratory, assuming a system noise-temperature of
396°K in each channel, would be 1584°K, It is at this point, how-

ever, that caution must be exercised, A natural impulse on the part
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of the system engineer would be to start calculating signal-to-noisec
ratios based on a noise temperatarc of NTg and an antenna aperture
area of N times an individual element, But this results in no im-
provement of signal-to-noise ratio, which contradicts the results
of Eq, (44)., The reason for this apparent contradiction is the way
in which the signals are combined in the summing circuit. Since
the signals add on an instantaneous voltage basis, the output signal
is N times the input, or making the output signal power N? times
the input from any channel. Therefore, if a noise temperature of
N Tg is used for calculations, an effective aperture area of N2
times the area of one element must be used for signal power calcu-
lations, An expression could be developed in which the effective
aperture area is just N times greater than one element, but then
the value of system noise temperature would also change,

If the noise temperatures and bandwidths are not equal, the sum

channel noise power output can be expressed as

2 Avz V2 N Avs ‘)z N
64 Ns=Ay Nyl 41 — =2 4f —— =3 4 e
(64) z Vi l[ (Avl) N, Avy N,
+ A'VN \ .N_N_
Av1 Nl !

where

!

Ny = noise power of kth channel referred to its input terminals

K(Tzx + Tyk) Bke

Normalizing this to the gain of the reference {number one) channel,
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2 \

=~ .
Ny Ay 1528,
65 — = KTq; B} 1+ (—-— (_——'—"')
(65) 2 S1 =1 [ Avl) Ts:1B,

2
2
Ays ( Ts; B, (AVN) (TSNBN)
+ —— — + see 4] — —
AVl TSIBI AVI 'ISIBI *
The sum channel system temperature is , then,

2 2 2 2
(66) T2=Tsl[l+Gzaz+G3a3+---+GNaN],

where
@) = ratio of noise power of kth chann-l 1eferred to its

input to the noise power of reference channel referred

to its input; and

Q
o~
]

the voltage gain ratio of the kth channel to the reference

~

channel,

It is apparent from this expression that, in general, the sum
channel noise temperature is not a fixed quantity that can be used
without reservation in system-type calculations, For a given
expression for such a system temperature, an associated expression
for effective aperture area must also be used if the true signal-to-
noise ratios are to be obtained, As a further dernonstration of ihis,
consider the systemn noise temperature expression when the gains

are weighted for optimum signal-to-noise ratio, In Case 2 of
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Appendix B, it is shown that, ior equai signais but unequai noise
powers, the best output signal-to-noise ratio from the sum channel
results when the voltage gains are weighted inversely to the noise
power of each channel, To do this, cne would first measure the
noise bandwidth and system temperature of each channel by con-
ventional means., The channel which had the smailest bandwidth-
noise-temperature product would be used as a reference. These
measurements would give the value of the @'s oi 1. (66), as

well as the best values for the Gi's. That is, using the measured

values of noise temperature and bandwidth of each channel

K(T + T B
(67) @ = (Tak rk) By r > 1,
K(Ta; + TR1) By

and the voltage gains of the various channels would be set according

to

1
(68) Gy =(:::‘l‘) = = Gy < 1.

Using these optimized values of gain, the array noise temperature

becomes
2 2
1 1 ...
(69) TE =Tg [l +( O’z) (o) + (;—3—) (03) +
| 2
Har) @)
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(cont)

N

QR
Ts: Z @ .

k=1
This expression, though, can be even more misleading than Eq, (63).
Since the value of each @ is greater than unity, the value of system
temperature in this case will be equal to or less than NTg. On the
surface, this implies that as the gain of a bad channel is reduced the
system sensitivity increases over that of which results when all
channels are normal, Again, this contradiction results from the fact
that the values of voltage gain have not also been incorporated into
the expression for signal power, When this is done, the signal-to-
noise ratio is seen to decrease from the optimum figure, as would be
expected,

The crux of the matter is that although expressions can be
developed for the noise-temperature of the array, these expressions
are subject to qualification and must be used with care. The only
completely general criterion for evaluating the operation of the array
is the sum-channel signal-to-noise ratio, or the array gain-to-noise

temperature ratio,
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APPENDIX B
OPTIMUM COMBINING FOR DOMINANT SIGNAL OR NOISE

The sum-channel signal-to-noise voltage ratio can be ex-

pressed as

M / M
(70) S/N = Z (G;S:) Z G;Np 2 |,

i
=

L\

i=1
where
i =1,2,3,°*"M;
£j = signal voltages which add coherently;
N; = noise voltages which add on power basis;
G; = voltage of the ith channel;

N, < prhere P=2,***,M, = G; =1; and
max (S/N) ?is equivalent to max (S/N).

The power ratio is given by

M
Z (G;S;) f (G;5;)

r\z_'l i=1 j=1 >
(11) (/M) %= = ,
Z (GsNy) *
\ L= J

To find the maximum value of this expression, take the derivative

with respect to an arbitrary reference channel; i, e.,
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f )
(M I 1 M )
IZ (G;N;) ] lz (GiSi)] S * [ Z (GJ-SJ-)J Skr
li=1 i=1 j=1
M M
2
) S)z - Z (G3S;) }: (GS;) | [ (2NGy)
(r2y AN/_ ) Vs j=1 |
de M )
Z (G3N;)
i=1 J
Now setting this derivative equal to zero,
2
{8
dN =0
Gk
or
M M M M
(73) 2 _ 2
Z (G;N;) Sk = Gy Ny (Gij) .
i=1 i=1 i=1J li=l
By canceling terms, this reduces to
M M
2 2
Li=1 j=1

This expression is the required gain for the kth channel for optimum

signal-to-noise ratio, Consider the following cases:
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CASE 1I:

(15)

(76)

(17)

(1) All Ny are equal Ni = N and

(2) AIllS; are, in general, unequal,

M M
N\ 2 \’
i= 1 j:}
M M
Sk \’ \’ 2| _
al_( = Z stj Z (Gi) = const; and
j=1 i=1

$,/G; =S, =5,/Gp = o> "'Sk/c‘k = eee =SN/GN?
Gy = (5,./S1), k=23, <+, N.

This is the familiar result for diversely combining signals of

unequal amplitudes,

CASE 2:

Now assume that the signals are equal, but the channel noise

powers are unequal, Thus,

e

(1) All Nj are in general unequal and

(2) All Si are equal; S; = S.
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R )

M M

(8 | N SN AN }
Z (G;N;) | =GN Z G|,
i=1

M M
, :

(19 GNp=| ) (G ) Gyl s
i=] i=1

2 2 2 2 2
GII‘II’-:Nl:GzNz: s =Gka= ¢ee =GMNM and

(80
"G =Ny

For optimum combining, the voltage gain of each channel must be
inversely proportional to its own noise power,

CASE 3:

Finally, take the completely general case, That is, assume

that
(1) All S; are in general unequal and
(2) All Ny are in general unequal,
[ M . M
2

i=1 i=1
M M
2 o~ )

(82) Sk/Gka= Z Gij Z (G;N;) 2l = const, and

j=1 i=1

2 2 2 2
$,/Gy Ny = Sp/GyNy= +e0 = sj/c;ij = eee = SM/GMNM-
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2 2
Let Sk/Nk P_Si/Ni, wherei =1, *+, M # k; for this case¢, let

Gk'—'l.

2 2
(83) Gj = (5/N)/B/Ny) ppay :Ii, 2 eee M
JE ke

This is the generalized expression for the value of voltage gain

for optimum combining,

REFERENCE
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