COPY NO. IMM-NYU 235

NEW YORK UNIVERSITY
INSTITUTE OF
MATHEMATICAL SCIENCES

E. ISAACSON, J. J. STOKER
and A. TROESCH

REPORT 1III

RESULTS OF THE NUMERICAL PREDICTION OF THE 1945
AND 1948 FLOODS IN THE OH{(O RIVER, OF THE 1947
FLOOD THROUGH THE JUNCTION OF THE OHIO AND
MISSISSIPPI RIVERS, AND OF THE FLOODS OF 1950 AND
w2 W , H KENTUCKY RESERVOIR.
STEAR: HGHOUSE

N FEDERAL. SCIENTIFIC AND
| TECHNICAL INFORMATION

\\} '
NTRACT DA-33-017-ENG-267

REPARED UNDER THE SPONSOKSHIP OF

7 % g
- Ce “’“’/ U.S. ARMY, CORPS OF ENGINEERS
ﬁg@w%w@ @@y OHIO RIVER DIVISION
bl e REPRODUCTION (00 3071100 E OR INRE) \kT |
DS oy U DSy , (oo

OF THE Livii s s GOVERNAMENT, e

“+ OCTOBER 19556
L,

5
|
|
i
i
|
?
|

e ———— e N A B S e S S el S e U5 MM 4 N s
g PIPR T w12 110" 4 SN o L e e Ty A




page

12

33
39

54

59

62
65

66
67

E'rata'

Fourth line from bottom: replace "surve" by "curve"
Middle of page: replace "they are about 1% foet" by
"they are also quite small until the last week when

they reach a maximum of 1% feet." |
Eighth line from top: replace "functions" by ?runction"
Second line from bottom: should read "tiodir1edt1on"
Eighth iine from topd insert "to' afrtey éhe word "over"
Middle of page: deloté "over the bank:d and replace by
"into the river from tributaries and loeal drainage
between Wheeling and Cincinnati" |

Ninth line from footnote: replace "solvable" by
"solved"

Middle of page: delete "(pumps)"

Sixth line from bottom: replaee "outlines" by
"outlined"

Eighth line from top: replace "if" by "Ir"

Fourth line from bottom: replace "tributaries" by

"turbines"
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NUMERICAL SOLUTION OF FLOOD PREDICTION AND
AIVER REGULATION PROBLEMS

REPORT III

Results of the Numerical.Prediction of the 1945 and 1948
Floods in the Ohio River, of the 197 Flood.through the
Junction of the Ohio and Mississippl Rivers, and of. the
Floods of 1950 and 1948 through Kentucky Reservoir.

g§l. Introduction and Summary

In two previous reports (Reports I and II from the New
York University Institute of Mathematical Scilences, Nos. 200
(1953) and 205 (1954)) the basic general theory for the
numerical analysis of flood wave problems in rivers was
developed and applied to simplified models of the Ohio River
and of its junction with the Mississi»pi River. It was found
that the numerical treatment of flood problems seemed feaslble
from the standpoint of the amount of calculating time needed
for a digital computer of the type of the UNIVAC and thus it
seemed likely that problems for actual rivers could also be
successfully solved,

The present revort has as its purpose the application of
the methods described in the first two reports to the flood
wave problems indicated in the title of thils report. It might
be sald at the outset that the results of these calculations
show the numeriecal method to be feasible and rractical.

The data for the flood in the Ohlo were talzen for the
care of the big flood of 1945 and predictions were mude
numeriocally for periods of two weeks or more for the 375 mile
long stretch of the OChio extendlug from Wheeling, West Virginla
to Cineinnati, Ohio., For the 1948 flood in the Ohio, 6 day
runs were made during open yiver conditions. For the flood
through the junction of the Ohio and Missisaippi Rivers the
data for the 1947 flood were used and predictions were made in




all three branches for distances of roughly 4O miles from the
junction along each branch and for periods up to 16 days. In
Kentucky Reservoir, which e¢xtends from Kentucky Dam near the
mouth of the Tennessee River 184 miles upstream to Pickwick
Dam, flood predictions were made for the flood of 1950 for a
period of 21 days, and further calculations for the 1948 flood
for 7 1/l days were made., In each case the state of the river
or river system was taken from thu: observed flood at a certain
time t = 0; for subsequent times the inflow from tributaries
and the local runoff in the main river valley were taken from
the actual records. The differential equations which
characterlize the flow of tl.> river were then Integrated
numerically with the use of the UKIVAC digltal computer in
‘order to obtain the river stages at future times. The tine
required to performm the calculations for the Ohio River on the
UNIVAC is at presen. one minute for a one hour prediction, and
less than one-=half minute for a one hour prediction in the
other two cases, (We estimate that the same calculations on
the IBM 704 could be done in less than 1/15 of the time
required by the UNIV.iC.) The flood stages determined in this
way were then compared with the actual records of the flood.
The fact that such flood wave problems in rivers can be
solved in this way is, of course, a matter of conslderable
practical importance from various points of view, Once the
basic data for a river, river system, or reservoir nhave been
prepared and coded for a calculating machine, it becomes
possible to solve all sorts.of problems quickly and
inexpensively: for example, the effect on a flood wave of
damming a tributary, the relative merits of varicus scnemes
for serial operation of dams, or the praparation of tables
showing the influenco of cham ring the operating esonditions in
large reservoirs, are « ' problems which can Le successi™lly
attacked numerically. T..ss ovbrervations refer to the use of
the UNIVAC computer. The situation would be even more
favorable if newer and laster computing machines such as the
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IBM 70k were to be used. It 1s, of course, also of interest
to compare the method of numerical computation with the method
of using hydraulic models; the authors give thelr ideas and
opinions on this point in section 8 of this report.

Once it becomes clear that the integration of the
differential equations characterizing flows and wave motions
in rivers can be done accurately without an inordinrte amount
of expensive calcula ting machine time - and this was already
indicated by what was done in Report II mentioned above ~ it
follows that the success of the method for actual rivers hinges
on the possibility of obtaining accurate data from which to
caloculate coefficients and initial and boundary data for the
differential equations. .

There are four such ccefficients (cf, equations (2,1)
of the following section): the cross section area A and the
troadth s of the river, the resistance coefficlient G, and the
inflow ¢ from tributaries plus the local iInflow from the main
valley, The first two quantities are purely geometrical in
character and could in principle be determined from
topographic surveys (as is, in fact, done when hydraulic models
are built)., The resistance coefficicnt G 1s determined
empirically from resords of past floods; records of discharge
and stage along the river are needed for this purpose. The
gquantities A, B, and G are all functions of the location x
along the rivar, and of the stage Hs, The Inflow q 1s assumed
to be a known function of location x and time t. 1In the
problems to be treated here, whisch were set un to test the
method of numerical calculatlon, this quantity was obtained
from the reoords of an actual flood; in a pradiction prohlenm
i1t would be obtained from iknowledge of the gaged flowa from
the lerasr tributaries plus estimates of ihe local runeff
from ralifalls ‘'I'ne quantities A, B, and ¢ are all fixed
funotisng ol distance along the river and stage for a riven
river, .river system, or reservoir. The {arlow q will, of
course, vary from one flocd to another as will the initial
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and boundary data. In the two earlier reports it was ceen
that a knowledpe of the state of the river at some 1inltilal
time (usually taken ic be t = 0) is necessary in order to
determine the flow uniquely. This means that both stage and
velocity must be known initiallys as a rule, the initlal
veloclty is determlned by converting discharge data into
velocity data by using cross section areas, and the discharges
in turn are fixed from actual measurements or from rating
curves (in most cases, the latter). Since only finlte lengths
of any system are in question, it 1s necessary also to
prescribe boundary conditions at.the upstream and downstream
ends of the system; for tranquil, or subecritical, flow (the
only case dealt with here, since only rivers with relatively
low flow velocities were in question) it.is necessary to
prescribe one condition at each endpoint, which might be stage,
or velocity, or a relation between the two., In genersl, ths
discharge (or, what comes o the same thing, velocity) at the
upstream end shcould be prescribed, since that would seem the
natural condition in practice, while at the downstream end of
an open river 1t seems reasonable to use an average rating
curve to.furnish a relation between ztage and discharge; in
any case, & concition there must be prescribed which has the
effect of similating the influence of the river below the
endpoint. In the upper Ohio River, however, we have prescribed
stage at both upstream and downstream endpoints (slnce our
basic object was really to check the general feasidbllility of
the numerical method). In the prcblem concerning the junction
of the Ohio and Mississippi Rivers we have carried out the
solution first by presoridbing stage at the two upper endpoints
(1.e., upstream in the Ohlo and upper Missiassippl), and
afterwards by using discharge data at the upper ends. In dboth
cases a rating surve at the lower end in the Misalssippt was
used to furnish a boundary condition. Good results were
obtained in both ocases., (As will be exrlained later, it is
also ascessary to imrose appropriate continulicy conditions au
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the junction itself.) In Kentucky Reservoir, which is closed
at both ends by dams, the boundary conditions at both ends
were formulated in terms of discharge.

Once the coefficients A, B, G, and q are known, and
initfal and boundary data are given, .the differentilal
equations have, for all future times, uniquely determined
solutions for the stage H and velocity v as functions of
distence x along the river and time t.

As wes explained in the earlier reports, the differential
equations are integrated approximately by the method of finite
differences, which yislds values for the stage H and velocity
v.at a discrete set of points forming & rectangular net in the
x,t-plane. In the Ohio River a net with.intervals 2/\x = 10
miles in the x-direction along the river, and /At = 9 minutes
in the t-direction was used, and nets having approximately
these spacings were also used in the other cases. This means
that the coefficients and the initial data need be known only
at the net points, and these quantities should consequently
represent averages over 10-mile stretches, but their values
are taken at 5-mile intervals since a staggered net was used.
(Cur preliminary work on simplified models of the Chio River,
as discussed in Report TI, indicated that these interval sizes
are sufficlently small to yleld accurate enough anproximations
to the solutions of the differential equstions. However, the
simplified models were such that the differentisl equations
had constant coefficients; in the actual cases the coefficlents
are variable - so much so that 10-mile intervals are Jjust
barely small enough to yleld a reasonable approximeticn. More
will be said on this point later on.) The determination of
these coefficlents as averages over 10-mile intervale was a
1aborions*, difficult, and cruclal part of our task. It Js of
such importance that the method of doing it will be described

g

The data characterizing the geometrical and dynamical
parameters for 375 miles of the Chlo Rilver required the
tabulation of 1100 constants, for example.




in dotail in 83 below. It should be emphesized that this heavy
task requires close cooperation with englineers familiar with
the data; we were particularly fortunate in having the
cooperation of the engineers from the Ohlo River Division whose
nameys are given in the acknowledgment.

Although we describe in 83 the methods used by us in
converting the basic data for a river into data suitatle for
our method of numericai calculatior, it is nevertheless of
interest to indicate here in summary fashion how it was done.
Consider first the resistance coefficient G, which depends
physically upon the roughness and alsc upon the nature of the
cross section of the river bed. It must be cobtained from
records of past floods, and it would be very convenient for
this purpose to have simultaneous records of flood stages and
discharges at points closely spaced along the river.
Unfortunately, measurements of discharge are as a rule aveilable
only at the ends of rather wide intervals, called reaches - of
the order of 60-96 miles in length, even in the Ohio River,
for vhich the data are more extensive than for most river: in
the United States. Thus an initial estimate for the resistance
coefficient is obtained as an average over a distance
considerably greater even than the interval size of 10 mlles
upon which our finite differerce scheme is based%; a linear
interpolation from the midpoints of successive reaches was used
to fix the values of G at intermediate net points. As was
mentioned above, the cross sectlion area A and the breadth B of
the river are geometric quantities which could be obtained
from topographic maps. However, such a procedure is extremely
laborious and time consuming, and since another equally
important empirlcal element, the resistance cosefficient, is
known only as an average over each of the reaches, 1t seemeqd

" Ye had anticipated difficult ies because of this fact, but,
fortunately they dld not materialize in all of tha cases., Mor
example, in the junctlon problem and in Kentucky Raservoir,
the first estimates from the baslc data for this coefficient
were changed very little subsequently. Ilowever, quite
considerable changes from the first estimates were necessary
in the Ohlo River,




reasonable to make use of .an average cross section area over
each reach also, In fact, one of the important aspects of the
results to be reported here is that it 1s indeed possible to
make accurate flood predi-tions by using average cross secticn
areas in an appropriate way. Roughly speaking, this was done
in the Ohic River by analyzing data from past floods in such
a way as to obtain the storage veolume in each reach as a
function of the stage, from which an sverage cross section
area is at once determined., At intormediate net points the
area A was fixed by linear interpolaiions from the midpoint

of a reach to the midpoint of the adjacent one. In Kentucky
Reservoir, however, we were supplied directly with storage
volumes (obtained from topographic maps) for intervals of
about 10 miles in length. The %“readth B is, in vrinciple, the
derivative g% of the cross section area with respect to stage.
It was to be anticipated thut this quantity would be somewhat
sensitive, and this proved to be the case; how reasonable
average values for it were computed from the data 1s perhaps
best left to.the deiailed descrivtion in §3. Thus the
quantities A, B, and G are computed as numerically tabuiated
functions of stage at each of the net points along the river.
However, in order to save number storage capacity in the UNIVAC,
these.quantities were fitted to empirical curves {quadratic,
cubic, and hyperbolic curves in different cases) with a few
parameters: the details ars of some Importance, and they also
are discussed in 83, The quantity q(x,t) which yields the
inflow data, is of course taken directly from the records;

any gaged flows from trlbutaries were put in at the nearest
Interval, while the ungaged local drainage for a glven reach
was distributed uniformly over the intervals in that reach.

It would naturally be too much to expect that a gilven
flood would be accurately reproduced by numerical Integration
on the first trial. In order to Improve the numerical results
it 18 In general necessary to adjust the reslstance
coefficient and the average cross sectlion areas and breadths,




which are obtained initially as averages in an appropriate
sense over those past floods for which data are available, to
bring this about. Thais is, in fact, what 1s also done when
making model studies, in which, nowsver, all adjustments are
made through varying the roughness of the model. In erfect,
the observed flood 1s used as a means to correct first
estimates of the physical parameters. It had been anticipated
that very extensive changes in roughness coefficients would be
necessary (as it is with model studies) in order to reproduce
a glven flood accurately. Actually, it turned out that the
first estimates of the roughness coefficient were quite gocd
in two of the three cases, but that the average cross sectlon
areas and breadths were in need of revisions, particularly in
some reaches of the Ohic River. In the junction problem, and
in Kentucky Reservoir, no really extensive revisions of the
initial estimates for either the resistance or the area and
breadth coefficlients were necessaryw, while both of these
quantities had to be varled considerably in order to reproduce
the 1945 flood in the Ohio River with reasonable accuracy.
What this means is that the type of basic data available in
two of the three cases treated by us sufficed to fix accurately
the geometrical and dynamical parameters which govern the
flows, . and that consequently the differentlal equations in
these cases are adequate and correct formulations of the basic
laws which.determine the flows uniquely. In the case of the
Ohio River, 1t would be necessary to make still more revisions
In the coefficlients then we have had oppertunlty to make so
far before it would be sure that the difterential equations
mirror e:curately the characteristics of the river. In

In Kentucky Reservoilr, however, the mesh width of 10 mlles
was too ilarge for the finite difference scheme that worked
well In the other two cases. We thsrefore used a more accurate
finite difference scheme In the calculations for Kentucky
Reservolr., 1In fact, 10 miles is, we now feel, just on the
borderline of what 1s reasonable as an interval size for the
simple and straightforward ways in which we approximated
derlvatives by difference quotients.




particular, the use of average cross ssction areas obtained
from past flood records by balancing flows to obtain storage
volumes 1is probably not accurate enough, and ought to be
replaced by averages from topographie maps.

In 8l the results of flood predictions for the 1945 and
19518 floods in the 375 mile stretch of the Ohlo River between
Wheeling and Cincinnati are described in detall. 1In Fig. 1.l
we glve a graph showing e typical result; the graph shows the
observed and the calculated stages for the 1945 flood at
Maysville for 13 1/2 days. The time required on the UNIVAC to
make the computations was & 3/lp hours. As one sees, the
agreement 1s generally good. The error at the crest of the
flcod was 0.1 foot, and the maximum error (late on March 6)
was l.6 feet. Upon going back to the basic data, and looking
at a map of the drainage areas, it was ohserved thet the
ungaged inflow in this reach which was quite high for a short
time on March 6, was mainly introduced not far above Maysville;
on the other hand, in making our calculations (as we have
mentioned above) the ungaged inflow was distributed over the
whole reach, and it is thus not surprising that the calculated
hydrograph 1s smocther than the one actually observed. Later
on, the curves came together again,

Our process of calculation in all three of the problems
stuaied involves, at bottom, the replacement of the actual
river in all of its complexity by a model in which average
prcperties (average areas, resistance factors, etc.) over
distances of varying length come inte play. It turns out in
all three of our cases that the calculated stages given by
such models agree well with the actual stages all along the
river, but that the discharges obtained by taking the product
of the calculated velocity and the cross section area of the
model at a given point may disagree wldely with the local
dlscharge as observed in the actual river - at gaging statlons
at the ends of reaches, especlially, The reason for this
dlserepancy is that the gaging statlions are invarlably placed
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at narrow portions of the river, and thus the local areas and
resistance coefficients at such points differ widely from the
averages used by us. It is nevertheless possible to obtain
correct lccal discharges by making an easy supplementary
calculation which has the effect of passing back tc the actual
river from the model. The method of doing so 1s explained in
8 in connection with the problem of the upper Ohio River;

the same method applies in tane other cases, but will not be
repeated in the discussion of these cases.

It has already been stated above that quite extensilve
changes had to be made in the initial estimates for all of the
coefficients « resistance coefflcient G, area A, and breadth B =-
in the case of the Ohlo River in order to reproduce, as was
done successfully, the observed stages of the 1945 flood. The
fact that this was necessary 1s already a strong indication
that the baglc data were inadequate (or, perhaps, not used inm
the best way by us) to characterize the Ohio River accurately‘.
In fact, when the differential equations were used sub-
sequently to predict the stages in the 1948 flood, the results
were not accurate at some (though not all) of the gaging
stations, (This was particularly true in the region about
Huntington, It has perhaps some significance to add that we
are told by the engineers of the Ohio River Division that they
also have difficulty in getting thelr calculations to check
in this vicinity.) 1In 84 the details of the results for the
1948 flood verification, and a discussion of the possible
causes for errors and of possible ways to overcome them, 1is
giver.. In a way, it was unfortunate that we began our work
with the Ohio River, since we are now convinced thet the
problem presented by the Ohio River is Ly far the most difficult
of the three treated by us, (for reasons which will be given in
later sections), and that it should be studied more carefully

There are discrepanclec in the storage volumes of as much as
20 % when dete.mined by different methods, and one could have
legitimate doubts with respect to the accuracy of the inflows

between Wheeling and Cincinnati, which are a very large part
of the total flow.
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than our resources in time and funds permitted: with our
present experience we feel that we could attack the problem
in better ways.

In 85 the calculations for the 1947 flood through the
junction of the Ohio and Mlsgsisslppl Rivers are desecribed end
analyzed. We reproduce here in Figs. l.2(a) and (b) graphs
showing observed and computed stages at Cairo, ine junction,
and at Hickman in the Mississippl River below the junction.
Approximately 4O miles in each of the three branches 1is
Involved, and discharge was prescribed at the upper ends,
while a rating curve relating stage and discharge was used as
a boundary condition at Hickman. The computation time on the
UNIVAC for the flow over a period of 20 days was about 3 1/2
hours. As one sees, the observed and calculated stares are
in very good agreement, with a maximum error of about 6 inches
at Cairo and about 1 foot at Hickman., It 1s to be seen that
there is a uniform blas at both Hickman and Cairo 1n the senss
that the observed stages are lower on the rising part of the
flood and higher on the falllng part than the calculated
stages., This is doubtlessly the result of using a (single-
valued) simple rating curve at Hickman as a basls for fixing
the relation between stage and discharge that was used 2s a
boundary conditicn., Rating curves which depend on the water
surface slope as parameter should perhans have been used,
since that is what is actually observed. Had this been done,
the correction would have been in such a direction as to
decrease the discrepancy between observed and calculated
stages since the actual rating curve relation would, for rising
stages, furnish a lower stage for a glven discharge than that
used in the calculations, and just the reverse for falling
stages. One observes that the blas at Cairo is still notice-
able, though less in value than at Hickman. Only minor changes
were made in the cross sectlon areas and resistance coefflcients
from the values computed initially from the basic data.
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In 86 the calculations for the 1948 and 1950 floods
through Kentucky Reservolr are described and analyzed. As was
mentioned above, the reservoir is 184 miles long and extends
from Pickwick Dam at the upstream end to Kentucky Dam down-
stream. Discharpge data were used to obtaln boundary conditions
at both ends of the recservoir. In Fig. 1.3 results of the
calculations for the 1950 flood are shown. Stages were
calculated for a 2l-day period begirning Jan., l4, and a little
less than l} hours of UNIVAC time was needed for the computation.
Stages at Pickwick and Kentucky Dams® (the ends of the
reservoir), and at Perryville (close to the middle of the
reservolr) are shown. The agreement between observed and
calculated stages 1s seen to be very good. At Plckwick Dam
and Perryville the errors are of the order of a few inches,
while at Kentucky Reservoir they are about 1 1/2 feet. One
sees, moreover, that even the minor variations in the observed
stages are reproduced faithfully by the calculated stages.
These results again were ovbtained without extensive changes in
resistance, area, and breadth coefficients after their
determination from the origlnal data. A revislon and refinerient
of the finite difference scheme was, however, necessary (as was
mentioned abovs), because the mesh w~idth of 10 miles was too
large in comparison with the rapt. ariations in cross section
aregs. and width with location e’ the reservolr. The
coefficlents used for the 1950 .iocd were then used in the
differential eguations to calculate the orogress of the 1948
flood through the reservolr. In this case the flood is
renroduced quite accurately. The progress of the 1948 flood
wae calculated for 7 1/h days only, since the stages were then
higher than those of the 1950 {lood (herce it has no nwaning
to speak then of a verification), and also the inecrease in
stage was so renid in some places as to malie our finlte

¥ ) ,

Since discharpges only are prescribed at these points, the
stares are determined as part of the solutlon of the
differential oquations.
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dif'ference avproximations too crude: either a finer net should
be used, or a more refined scheme of approximation should be
devised.

Summing up, we observe that the numerical method rroved
to be very successful for the Junction problem and for Kentucky
Reservolr, and partially so for the Ohio River. The character
of the results in the first two cases - in particular, the fact
that even minor varlations in the observed stages were
reprodiced with only minor changes and adjustments in the
coefficients - convinces us of the feasibility and practicality
of' the numerical method. The authors feel sure that the Onio
River problem can also be solved by numerical methods as
accurately as the basic data permits.

In 87 we set down some suggestions, based on our
experience, for modifying the numerical methods. In 88 we
discuss the relation between the numerical methods used by us
for flood and river regulation problems and the method of
studying floods by means of models of rivers. The views and
interpretations presented there are those of the authors, and
do not reflect necessarily the views of any others who have
been assoclated with us in this enterprise. In 89 we describe
a method by which rainfall data can be converted into runoff
data to obtain tne ungaged local inflows in a form suitable for
machire computation; this was carried out for the Ohio River.

Finally, the instructions to the UNIVAC needed to solve
any of the nroblems discussed here wlll be made available,
though in a restricted number of coples because of their bulk,
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82, Outline of the Nurmerical Methods Tsed for Solving
Flow Problems in Rivers
The basic equations gove.ning the flow in a river are

BH, + (Av)x =q
(2.1)
v, Vv, +gl = -Gv|v! - % v .

In these equations H denotes ths elevation of the water
surface above sea level, v the velocity of the flow in tae
river, G the resistance coefficient, A& the cross ssction
area, B the width of the river at the water surlface, g the
volume of inflow over the river banks and from tributaries
per unit length and time., These eqguations corrsspond to
equations (2.3) and (2,11) of Report I. However, the temm
At in (2,3) of the esarlier report is now written in the ob-
viously equivalent form BHt’ while the coefficicnt of the
resistance term ir (2.,11) of Report I has been simplified
by writing it as a function G(x,H) which is to be empirically
determined, The derivation of these equations, which are in
any case well known, has been given in Report I, The nota-
tion here is slightly different from that of Report I; in
particular, it might be noted that the slope 3 ol the river
bottom does not appear explicitly in the second of emrations
(2s1)e S 1s contalned in the terin involving Hx gince Hx =
Y. = S, where y is the depth of the rlver. (It should be
ncted that H is considered positive upward, but the slope
S is taken to be positive although the downstream direction
Is talten as the positive x-direction.)

The solution of any concreto flood wave problem requires
the determination of H and v as functions of the location x
along the river and of the time t. As was explained in
Reports I and IJ these quantitles can be cbtained by intcgrating
the equations (2.1) (once the coefficients A,B,G are known)
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provided that the initial values for H and v are known at

scme time, say at t = 0, and if in addition the inflow over
the banks and from tributaries is given as a function of time:
that ig, the quantity q in the first of equations (2.1) should
be supposed knowm as a function of x and t. It is of course
possible to deal only with finite lengths of a given river

or river system and as a ccnsequence boundary conditions are
necedec at the end points. In the prcblem of predicting a
flocod through the junction of the Ohio and Mississippl

Rivers, for example, boundary data were applied as follows:
The discharge was assumed known above the junetion 2t
Jetropolis in ti.e Ohio and gt Thebes 1in the Upper Mississi-
ppi. At the dowmstream end of the }Mississippl at Hiclmen it
was assuned that the relation between stage and discharge
was known. In addition, at Cairo, the junction of the three
branches, it was necessary to fulfill transition ccnditions:
these took the form of requirements that the stage in all
three branches was the same and that the inflows from the
upper branches just balanced the outflow into the Lower
Mississippi.

As was descrited in the preceding reports, numerical
integration of the equations (2.1) with the given initial
ard boundary conditions is to be performed by using the
method of finite differences. However, before writing down
the requisite formulas involving finite differences there
is some peint in rewriting equations (2,1) in the so-called
characteristic form for two reasons: first of all it is
important to determine the slopes of the charancteristics
in order to fix a maximum safe interval for the time incre-
ment At, and secondly, this form of the eouation is appro-
priate for use in computations at boundary points, namely
at upstream and downstream ends of the river stretch to
be investigated,
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In order to put the equatlons (2,1) in characteristic

2A

form the second equation 1s multiplied by + and added

to the first equation thus yieldirng the system

- __' i LA
~ (Av)_+ BH;-q Yl (Ve t Uttt Gvlvj + x|
(242)
(AV) + BH, = - /24 {f +vv_+ gH_ + Gvlv] + vl =
t~4 J e L b'e X A

These can in turn be rewrltten in the follcwing form

' fd_gl.c 4 Be [, - g_-r_}

2 Bl{gzHit+ = 52v = - == {Gv|Vv] + - VA
( 03) \\.d’ ) gd q+ 8‘\ I I A’ X’
4.2
a0 2t
represents the speed of propagaticn of small disturbances

where + [v + ¢] 2 and o =/CA | The quantity c¢
x Sx? en i35 ° q J
(in the case of a rectanculnr channel ¢ =/gy, with v the

depth of the stream) and s< denotes differentiation in one

d5
of the two characteristic directions. That is

(2.1). " %% =v +e

are the characteristic directions in the x,t plane in vhich
the derivatives of H and v are taken in equation (2,3), and
the solution curves of these first crder ordinary differen-
tiel equations are called the characteristics cor:esponding
to a given solution H(x,tj, v(x,t) of (2.1).

The niethod of finite diffesrences 1s based on the deter-
mination of approximate solutions of the differential equa-
tions in a discrete net of points in an x,t-plane, There
are various procedures which can be vsed to determine such
approximate solutions. In general.,, use was made ol a
staggered rectangular net as indicated in figure 2.1.*

*The reasons for choosing such a net are discussed in the
earlier reports.
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Figure 2.1
Stageered net point lattice in interior

The general idea of the method of finite differences is to
advance the solution step-wise in time intervals of length
Z&t. Suppose, rfor exsmple, the values of H and v have
already been obtained in a certain horizontal row of ret
points, say in a row containing the points L and R of
figure 241, The method of advancing the soluticn to the
next row is then as follows: Consider the point M midway
between the points L and R The values of H and v at this
point are defined as the following averages

(265) Hy = %‘-(HR +H), vy %—(vR + vl

The derivatives of H and v at M are g proximated by diffe-
rence quotlients in an obvious way; and these approximations
to the derivatives at M are then inserted for the corres-
ponding derivatives in equations (2.,1). The result is a
pair of algebralc equatlons which can be solved to yleld
approximate values for v and H at point P, The results are
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Q.

1 £ RL

H, = = [H.+ HT] - TL——'“ [A v, = A v.] + Zj\,t [ Ep) ]
P2 "R L BR+3L)(§X RR L'w Pr ML

The criterion for convergence of the finite difference
scheme as Ax and At tend to zero is that P should always
lie within a triangle formed by the segment LR and the two
characteristics issuing from L and R of slope v tec,
glven by equation (2.l),
In order to ccmpute values of stage or discharge for

net points at either the upstream or downstream end, it
is necessary to have given one physical condition, such
as stage or discharge or a relation between stage and dis=-
charge such as a rating curve., The physical condition is
then used with one of the differential equations in charac-
teristic form to determine the boundary values of H and v,
For a boundary point on the upstream side the appropriate
characteristic equation’ (i.ee the second equation cf
(2e2)) when put in finite difference form is used first
with respect to a point X, not in the staggered lattice,

A and then for the point N which is in the staggered lattice,
as indicated in Fig, 2,2 below. (we recall that the posi-
tive x - direction is taken downstream),

*see Report I, p.30 for an explanation of this type of
procedure.,
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LQ OR 0
t[—_)

Figure 2,2
Jet point scheme at left boundary

Thet is, we use the given physical condition together with
equations (2.7) and (2.8) below to determine Hy and vy in
terms of already known quantities:

L A 2 A% 9pL,
,L L[ Y&°r . R7V1 R™"1, . 9rL V1 21 _
g [ At * [;.[_\_x * 8(25 ) * Ar * G| =
ﬁN"HK] , Ve~ A%k
'7\1; X 9kp
(280 o 2v2  HyeH
hyr | Vo=V V5=V -l QpnV -
K°K { VK . VPV ‘P K KK 2
- + = + + e 4+ = 0,

By Ay, ani Qyp We mean the inflows over the appropriate sege
ments at the appropriate time.

At the downstream end a similar pair of equations (2.9)
and (2410) is set up, as indicated in Reports I and II, with
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the additional point K, as indicated in Flgure 2.3

° P e Ox

t
o o L ° K
Flgure 2e3
ol S Sl N 7
R'TAE T T 2fx LR
(249) . 2 2 -
L PER [V, BTL, (R Hr,) cURR L 2] s
z | At T LfAx T BZAx Ap R'R
e Bl S 4 Sl 26
AT A% Upx
{2,10) - 22
.2k [Tk, VRO P K‘HP . qPK K, co?| o
&  |hAx *2 g5 KK

In the case of the junction problem, the values of Il
and v belonging to the net pcint at the junction are compu-
ted from the conditions that the stages in each of the three
branches are equal and that the volume of water which [lows
in from the upstream branches leaves through the downstream
branch, topether with equation (2.9) and (2,10) for each
of the upstrean branches and equations (2.,7) and (2.,8) tor
the downstream branch (i.e. the lower Mississippl). The
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various conditlions to be satisfied at the junction can be
reduced to a single implicit equation for the stage at the
Junction in the form

(2011) H = F(H)

where F is an explicltly known function of the unknown junc-
tion stage. Equation (2.,11) is solved by a process of
iterstion, in whieh the first guess at the solution 1s

taken to be the stage H at the previous time, This value

i1s inserted in F(H) to obtain a corrected value of H, etc.;
thls process converges rapldly,

In the Kentucky Reservcir problem it was at once no-
ticed that the finite difference methods discussed above,
which were satisfactory for the Upper Ohlo and for the
junction of the Ohlio and tl.e Mississippl, failed to give
coriect results. The reason for this fallure is the rapid
variation in the coefflcients of the differentlal equation
with viie distence. In other words, the essential guantitiles
A and B, thie area and wldth of the reservoir, varied imuch
too rapidly* in relation tec the mesh width 21&; of 10 miles,
to permit a gocd approximatlion to the solution of the diffe-
rential equatlions; 1in fact, “he numerical resulis werve so
wlld as to indicate strong divergence. In oddition, it
seems likely that the difficulty was aggravated by our use
of a sta:gered net: 1if the variations In the coefficicnts
happened to be roughly periodiec with a perliod of ten miles,
l.,es with a perlod equal to the mesh width, it is clear

*It should be sald that we were in a rosition to lnow thege
variations in the quantities .1 and B accurately slnce tho
Tenn. Valley Authority had furnished us with excellent data
in tihe form of averapges for thecse quantitios cver 10-mile
intervals, The changes of width and area are sometimes quite
atrupt - they vary by a factor of two or three in adjacent
sernients.
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that the shifting of the net back end forth at each time
step At = 9 min, could easily result in the building up
of a systematic error. In fact, thils does happen,

The obvious wey to overcome the difficulty would be
to decrease the mesh width in the x-direction from ten
miles to not more than, say, three miles, But since the
time step At would have to be decreased in the same
proportion the calculating time on a digital computer
vould be lncreased by a factor of 9 at least, Tnls womla
make the use of the Univac somewhat impractical, but 1t
would not necessarily matter if a faster machine such as
the IBM 704 were to be used. We, however, were using
the Univac, and hence found it necessary to devise a
different way to overcome the difficulty, Since the diffi-
culty was felt to arise because of the shifting back and
forth of the net in the x-lirection at tie time intervals
/\t, it was thought that it might be eliminzted by approxi-
mating time derivatives through the use of values at the
time t - At in addition to those at the time t in order
to advance them to the time t + /At - wiile in all pre-
vious schemes values at time t only were used as a basis
for advancing the solution to the time t + /,t. This
more complicated method ol approximating time derivatives
(which also complicates the codine for tne 'nivac) tarned
out to be much more accurate, and it led to a satlsfactory
solution of the problem?

The new scherie for approximating derivatives, whlch
we refer to as a centerod diifference scheme, 13 descrioverd

- -

¥e have been led to wonder wvhether scme o:i e dAlftlculting
rncountered in the Urper Ohlo miyiit not also be pertially
overcoms by using this technique. I[iore will be said on
this peint later,.
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on the basis of Fig. 2.4. The esscntial new factor 1is that
the values of v and H

g

X
Flgure 2.
Centered MNet Polint Scheme

are advanced to the point P by making use of thc known
values of these quantities not only ot polnts L and R but
also at point M as well, In fact, the time derivatlves

are calculated using values at P and M, while x-derivatives
are comp.ted in the same way as in the stagrered scheme
described above, which requires using values at L and R
orilye The resulit is the following difference equations

as approximations to the differential equations (2.11):

(2011) and

Ko =l ApVy = ALV
P™N ("R"R L'L)
8:1172(‘1 T 2% - qp = O

These e . atlons can be sclved for v, and HP as follows
to viecld tho aproximate solution at point P determined




from the kaown values at eax rlier times:
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83, Methods of Obtaining Coefficients and Initial
and Boundary Data f'cr the Differential Lauations
from Empirical Data, Fixing of the Maximum
Pernissible Time Step. :

In the differential equations (2.,1) we must £ix the
cross section area A, the width of the river 3, and the
resistance coefficient ( all as functions of the distance
x along the river and of the ste:e H (actually only at
points used in the finite differcnce scheme)., These co=
efficients are fixed once for all for & given river no
maetter what specicl problemsare to te solved, The remaine
ing coefficient, characterizing the flow over the banks
and from the trivutaries as fixed by the quantity q,
will differ from prcblem to problem depending on the
known or estimated run-off from rainfall and the inflows
from tributaries, It is supposed given 1in any specific
flood wavs problem.

The method of obtaininz thne coefficients from the
vasic data depends upon the river itself and also upon
the type of information available, Actually several dife-
ferent methods have heen uced by us: at least two for the
Chio ftiver, another for the junction »f the Chio and
[ississipni, and still another ror the Kentucky Reservoir,

a) Determination of A and B as functions of x and H:
Ve begin by diccussing, the determination of the cross
seotion area A. Thls coefficient, as was indicated abovse,
must be known &8s a function of H at cvery net pcint.
Ideal for this purpose would k¢ actual cross section arcas
from toposraphlcual surveys at points close enough so that
accurate averape cross ssctions over ten mile intervels
cous”’ be cbtained, (4Ls we have sald repeatedly our net
poirts have been chosen ten miles apart In the stag.cred
scheme of net pcints), Of course what is wanted is an
averspe cross section area for ten mile stretchies centeved
at each of the net polntc, For the cese of the Kentucky




26
Reservoir this information was furnished directly since
storage volumes "for level pool" were provided. That is,
the volume V of the water in ten mile stretches was glven
as a function of the stage H; the average cross section
area was then simply obtained by dividing the storage vol-
ume by the length of the segment. Such detailed dabta were
not, available for the Ohio River between Yheeling and
Cincinnatl, and other means of determining average cross
section areas had to be devised, It would have been pos=-
sible and probably would have given better results to do
done in cone-

| i
6]

it from toporraphic maps; this 1s what
structing a model of a river. However, csuch a procedure
is extremely laborious and time consumingz and it was thought
preferable to find out to what extent such reflinements &re
necessary, or rather to find out whether rougher and quicker
methods of determining cross sections would not be just as
satisfactory.

'e proceed tc describe the methods used by us for de-
terriining the cross section area A for the 375 mile
streteh of tiie Ohlo River from Wheeling to Cincinnati,
There arc main gaging: stations at Wheeling, 3t,. liarys, Pomeroy,
Huntington, ilaysville, and Cincinnati, as indicated
schematically in Fig. 3.1. At these stations, which are
from sixty to ninety miles or so apart, the crocs section
areas are known as a function ol stare, One micht think
it r-asonable to take the cross section areas at the meas-
urinrs stations as representative of the chiannel, Unfor=
tunately, these measurine stations are locat:d in reneval
at points where the river iz rrlatively narrow (which ir
natural, of course, since this facilitates measurencnt of
tihe discharre) o t ot these areas do not rorrcesent a mean
crecs sention over a reosch, In fuct a comparison o1 the
mean crcess sechicn areas for a reach as obtualned below with
tre areas at gauing stations shows the lutter to be an little
as half tho averace area over a reach.
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However, from analyses o. the records of past floods
{vhich included dischargze as well as sta-e neasurements
at the gagzing stavions mentioned above) the storage vol-
ures in each reach vere known as a fanction of tlie dic-
charge at the low.r end of the reach. (The data were
aveilable in this form beceuse it is in this form that it
is used in the conventional flocd routinz nrocedure.) In
addition to the storage volume as a function of discharge
at the lower end of the reach there is also available the
rating curve, that is, the relation between discharge and
stage at a gaging station for steady flow conditions in
the river. (3ince actual flows are rarely steady some man-
ipulation of the observational material is necessary in
order to obtain a rating curve for steady flow conditicns),
Next 1§ 1s necessary to know the average slope of the water
surface over a reach for steady cenditions as a function of
the stage*vat the lower end of the reach — which can be
cbtained from psst flocd records, It is therefore possible
to calculate the stage at the middle of the reach as a fun-
ction of the discharge at the lower end of the reach, whence
the storate volume is known for the reach as & function of
stage at the center of the reach, One need only divide the
storage volume by the length of the reach to define the
averasze crossection area as a function of stage at ths mid-
proint of the reach. This was done for each of the five
reacnes in the stretch between Wheelinz and Cincinnati,
However, as indicoted above, this ;ives averages at points
seventy to eility miles apart while a crocs zection area is
needed for the finite difference sciweme at points conly 5
miles apart, It should be remembered that tho mesh width
is ten miles, bu!. we use a sta-ered net, The ar:as at the
net points were obtained by linear irterpolation (as d2scribed
beclow) between the midpoint. of adjacent reackes,

In principle it wo'ild bn possible to code the dota for
the crocss sectlnn area as a funct on of stage and location
a3 a twc-entry table, 1In practice It is hetter, hovevor to

In Anoendix II to Rewort II it is ceen that the ulope in a
steady flow 1n a riven channel is rcluted In & unique way to
the stage.,
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approximate cross section areas at the midpoints of the
reaches by explicitly ~iven functi:ns involving a few par-
ameters so that the digital cormuter can calculate the de-
cired values from such simple fcrmulas: in this way the
storace capacity of the digital computer is coiserved, The
first method of appreximating crosc section areas tried by

us was to use the following gquadratic approximation forirula
(3.1) A(x,H) = a(x)[H = Hy(x)]% + & (x)

in which a(x), Ho(x), and Ao(x) were first evaluated at
the midpoints X4 of the reaches under study. This formula

for the area at the midpoints of the reachecs was then ex-
tended to the intermediate netpoints simply by interpolating
linearly between the midpoints of two nei:hboring reaches,
That is, the quantity a(x) for example is assumed given as
follows:

(3.2) a(x) =

Xy =X R=X,
Xp X a(xo) T X =X

a(x,)
o 1 %o L

in which X, and X, are midpoints of two neighborinsz reaches

and x locates any intermediate net point. Similar formulas
were used to fix the quantities Ho(x) and Ao(x) at inter-
nmeuiate points. For net points which were not located be~
tween nidpoints of two reaches, as in the vicinity of bound-
ary points, extrapolation formulas of the sane sort were used
with respect to the two nearest reaches, (In the case of the
junction problem data from reaches outside the boundary points
werc available and thus 1a this case the boundary points
played no special role., A slitht modification in this process
of fixing a cross section area was necessary at the junction,
in order to make sure that the sum of the cross section aresas
of the Upner licsls:ippl and the Ohio equaled the cross sece
tion area in the Lower Miscissippi,)

Once the cross sectlion area has been fixed as a function
of the stare, the width B 1s determined from the well krnown
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relation dA = BdH or by setting B = %% o HFlgure 3,2 in-

dicates the actual averace cross section area for the reach
from St, illarys to Pomeroy and also shows how the srea is
approximated by the quadrstic formula (3.1)(a third curv:
given by a hyperbolic forsula is 2lso drawn——see discussion
below). Figure 3,3 shows the corresponding w.dth B de=-
termined by differ:ntiation of the above area curves, A3
one sees = and this is quite important from the polnt of view
of the later discussion = the empirical curve for the width
B 1is approximated by thz straight line obtained by differ-
entiation ¢of the parabolic area curve. In the upper Chio
thls approximation to the width B is not accurate at the
higher stages, especially in the reach Pomeroy-Huntington:
the width increases at a much greater rate, Tiie natural
consequence was that the river stages obtainsd by calcul=-
ation at Pormeroy were much too high, as is shown by Fig. 3.,
which shows observed stages there corpared with those cal=-
culated using the parabolic aporoximetion formula for areas,
These observations indicate the need for a more accurate
approximation formula for cross section areas in at least
some parts ¢f the Uoper Chio. Since the linear variation in
width as a function of stage furnished widths that appeared
to be too small at higher stazes, it was thouzht better to
riake use of a hyperbolic rather than a parabolic apnroximation
formula for cress section areas, The formula finally fixed
unon for A was the following:

: 1) = a
3.3) AxH) = BIEL () [E-n(x)] + A (x),

end hence B = dA/dH is given by
(341) B(x,d) = b(x) - —XI_
(H~h(x)]-

Unon comsari:on with (3.,1) we note that there are now four
paranetors in (3.3), i.e, &a(x), b(x), h(x), and A (x) instead
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of the threc parameters in {(3.,1). The use of these more
accurate formules (see T'i-s. 3,2 ané %2,3) led to much
better results, as is shovn in P'ig, 3.4, where the observed
stages at Pomeroy ere compared with those calculuted using
the two different formulas for cross section area,

For the problem of the junction of the Ohio and the
Mississippi Rivers it was found sufficient to use a parabolic
interpolation formula for the irea---that is, formula (3.1)
was used, Also, storage volumes for intervals of about 20
miles in length were given as part of the basic deta, co
that accurate averuge cross sections were known for intervals
of this length,

In Kentucky Reservoir alsc, the average cross section
areas were simply cobtained from storage volumes over 10 mile
intervals. These were obtained by planimeter from tovno-
gravhic surveys, However, quadratic approximation fornulas
for cross section areas were not accurate enoush in the upper
parts of the reservoir; in these portions the following
cubic approximatior rormula was used, wlth good results:

(3;5) A(x,E) = a(x)[H-h(x)]3 + c{x)[H~h(x)] + Ao(x), with
a(x), b{x), c(x) and A _(x) as parameters.

It should perhaps be emphasized that all of tnese aprrox-
imation formulas for the cress section A refer, in the flrst
instance, to a point 2t the conter of a given reach (in the
Onio there were only five such reaciirs of varyin: lenrths
and in the other cases the reaches uere approximately ten
to twenty miles in length), Afterwards linear interpolations
between midpoints of siccesslve rcaches were used to obtain
the ccrrespording [ormuias at all netwoints in the manner
excaplified by formula (3,2) ror the parameter a(x): that
i3, the linear interpolati-n wac carried out with respect to

cach confflcient separately, and not to the formula as a whole?

*Tn the uppe:r onlo, houvever, where the hyperbolle 1nternolation
forrrula was used, it was necessary te modify this process acme-
what because the rzaches were v~ry longc and the parameters en-
ter In a nonlinear way., In some cases additional intermediste
cross sectlions were Inserted before linear interpolation was
carried ot,
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Finally, it mizht be added that our experience in-
dicates that the approximution formulas srould be checied
carecfully at the lowest stages, where they seem tc be sen-
sitive: otherwlse, it can happen that a formula which ylelds
reacsonable anproximations for tne medium and high sta.ces may
vield absurd values (even negative areas) at very low stages,
b) Detcrmination of the resistance coefficient G(X,H):

e procecd to discuss methods of deterr:ning the resise
tance cnefficient G wlhich, ol course. is ulco needed at
all of the net points alon: the rive: as & function of the
stare H, Une way to deterniine this function wouid be fto cale
culace it fron hydraulic data, for example irom the formula

Snz

" 009 2R4/3

(3.5) G

In this forriula n 1is lManaingt!s roughnecs coef{ficient and R
is the hydraulic radius. A more dircct approach, however,
was preferred and =quation (3.5) was used only as a check in
order to sce whetner rcasonntble roughness coefficients re=-
sult«d from the empirically detertiined walues of G,

The second differentizl equation of (2.,1) itself could
be used as a eans to deiire G if all other quantitics in the

and %V

are in ~enervl ne~li-ikle in value comparec¢ with the ot or

equaticn were known. Fortvnately, the terms v, VY.,

two at any one instant of time” o thrt G can be =_. ply
comuted {rom the formula

cH, -

CUx

(307) G:"'"!" .

v

This formula rishtliy cays tnat fdows in larie rivers wrc very

]

nea: 'y strady flows in whirh tae velncity acjusts {tecl! in
such 8 way that thie ferce of iravity don the slovin bhsd of
the streanm 1z very closely talanced by frictioen and turhulent

resistunce, From past records of flcoc.. the rslove I l.

inovn, and the velocity v can be computed from the dischacrre

records and the mean cross sectisn Qrea at the midille of the

“Thelr combined value i: almost always 1258 thun 14 of She
other torms, '

T L _ T e T e ——————
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reach in the manner described above, Formula (3.7) then
furnishec an averag: value for & as a function of the stage
h for each of the rcaches, Thic was the method used to
fix the coefficient G for the upper Chio from records of
past floods. &s with the cross section area A, it is con~-
venient to represent the recsistance coefficient G by &n
approximation Tfcrmula. For the Chio River the followin:
formula was used:

(3.8)  8(x,H) = a(x)[E=hy(x)] + pfiles + 6, (x),
o]

vhere a(x), B(x), ho(x) and Go(x) are firat determinecd at

the midpoints x, cf the reaches so that (3.8) approximatec
the average vslues obtained from (3.7)e For other values
of x, linear interpolation formulas of the type of (3.2)
are applied to the coefficients a(x), B(x), ho(x), and Go(x)

as in the ccse of the area cosfficients. In fisure (3.5)
we plot, as an example, the average resistunce coefficienc
G for the reach from romercy to Huntington. (The resicte
ance curve is aftcecrwards adjusted on the basi. of trial
caiculations as explained in section L),

For the case of “he junction problen and also for
Fentucky Reservoir tine determination of G was simplified
because tns basic data furnlshed by the engineers included
the knowledge of what is callsc tiie conveyance factor X, which
is velated to our coefficilent & by the formula

ra®
. —P
")

(29) G =

W

in whiich L 1s the len~th of the reach for which the cone
veyance factor K 1s known, For the case of the junction
ard kentucky Hezervoir problem, K was known for reaches
aporoximately ten miles in length, The curves obtained from
(369) were then aporoximated by a parabolic formula, At in-
termediate net points linear intermolation was again used to

fix the values of G.
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The best check on the correctness of our coefficients
is of course obtained by checking the calculated stages and
discharges against the observed quantities in actual floods,
However, in the case of the resistance coefficient & a
check for jenersl consistency is possible using formula (3.6)0
In this formula the hydraulic radius R 1s a purely geomet-
rical quantity which 1is easily computed from the known c¢ross
section areas as functions of the stage (as described above):
it differs, in fact, in all of our cases very little from the
mean depth A/B., Hence the formula (3,6) makes it possible to
calculate Manning's coefficient, the roughness factor n.

This quantity should vary between .0l and .15, but for rivers
of the sort we are interested in its value should be somewhere
near 03, In all of our trree cases reasonable values for
n were obtained, as follows:
Ohio River .02 < n < .05 (mostly .025 < n < ,035)
Junction «015 < n < .,035
Kentucky Reservoir .0l < n < Ok
Also, the roughness coefficient increased in general with
stane, as 1t should,

The fact that Manning's coefficient does not vary a great
deal 1s a fact that might be used to study flows in rivers for
which the data needed to determine our coefficient G are
insufficient: a first estimate of it could at least be ob-
tained, which might then be improved gradually once more
Information on floods became available,

¢) Preparation of initial and boundary data:

It has been stated a number of times that it 1s necessary
to know the state of a river at some initial instant, taken
by us to te at t = o, and this implies that the stage H
and v2locity v are known along the river initilally, With
the stage H there 1s no difficulty: 1t is directly given,
The determinaticn of the initial veloclty v in rereral reqe
uires some calculation using the basic data,
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In the case of the Ohlo River and also in the case of
the junction problem it was assumed that the initial state was
near enough to a steady flow that the second equation of (241)
could be used to determine a value forr v at each net point,
now that values for G have been determined by the methods
described above. (3ome experiments were made with the Univac
by using the observed initial velocitles, and it was found
that resulte would be Influenced only slichtly since the in=
itial errors were smoothed out within an hour.) This means
that v 1s fixed initially by the calculation from the fornula

gH
2,10) v + -G§ + % v = o,

with q the local run-off and tributary inflow for the pare-
ticular net point, Actually, the term qv/A is not important.

Ir Kentucky Reservoir discharge measurcments are availe
able at the ends of the reservoir only, i.e. at Kentucky Dam
and Pickwick Dam. In this case the velocity at the two end
points was of course fixed by the forrula v = Q/A,
A linear interpolation of the discharge between the two ends
then furnished the initial values of the discharge at inter-
mediate net polnts, and a division bv the local cross section
area then furnished the initial velocitles at the intermed=-
iate net polnts,

In the upner Ohlo, the bouncary conditions assumed by
us were that the ctuce was knovn as & function of time at
theeling and Cincinnati, At Cincinnati, the down-stream
end, it 1s of course somewhat artificial to presscribe the
stage==-=-1t should rather be ccaputed as one ol the important
unknovns &8 was done in the junction problem wiilch we describe
next. In the problem of the junction of the Ohio and Missisce
ipvpi Rivers the boundery data were applled in two different
ways, with good aiccess in both casscs. In the first calcul-
ation the stages at the upper ends ol the Ohio and. thse
lisslssippl were prescribed, but in the second calculation
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these were replaced by the discharges, which seems to be the
more natural procedure from the practical polnt of vlew. In
both cases, however, neither stage nor discharge was prescribed
at Hickman at the lower end of the Mlsslssippl, Instead,
the condition which 1s natural from the practical point of
view at the lower end point of a portion of a river which con=-
tinues open below that point was used there which furnishes
a relation between stage and discharge.* In our calculations,
an average rating curve was used that was the recsult of ouser=-
vations of past floods. In Kentucky Reservoir, which is closed
at both ends by dams, the natural conditions wevre used, l.e.
that the discharges were assumed known as functions of the
time: these are the physical quantities which are subject
to direct control,

d) Determinaticn of the maximum nermissible time step th:
As was explained in Report II, the maximunm time step A\t

which can be used to advance the solution from time t to
time t + [&t is fixed by the inequality

(3.11) As < L

. = V¥

in which Ax 1s the half mesh width (in our stagcered scheme
of net points), v is the velocity, and ¢ 1s the propagat=
lon speed of wavelets given by the formula

(3.12) c =/ = /e

with I the mesan depth of the river,

It turned out that ¢ varies between the same limits
in all three of our cases, l.,e, between 20 ft./sec.,, and 30
ft./sec. corresponding to average depths between 10 ft, and
4o ft., while the maximum value of v 1is of the order of &
or 6 ft./sec, (It is thus to be noted that we are opsrating
always with flows with velocities far under the critical vele
ocity). Since Ax in (3.11) i¢ five miles in our cases, it

aif would perhaps be better tn take rating curves with the
slope Hx figuring as a narameter,
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is readily found that /\t should be taken not greater then
about 10 minutes, We have taken it to be 9 minutes to be

on the safe side. This is of course a very ghort time step

in comparison with the times, of the order of weel's, for which
the Tlows have been computed., HNevertheless, it Is not pos=-
sible (at least not without a radical revision in the whole
method of computation) to relax this conditione~--which, it
will be remembered, 1s imposed bv basic mathematical fects con-
cerning our differential equations., In fact, if /'t is taken
even slightly larger than the limit imposed by (3.11), the re-
sult ie likely to be, not simply inaccurate results, but rathe-
er values of the unknowns which oscillate wildly. This ex-
perience=~~= well known in similar problems in other fields,
particularly in ~as dynamics-~-was verified for our problems
by an empirical test usin: an exact solution of the differene
tial equations as a basis for comparison, A steady progress-
ing wave in a uniferm channel (in fact, the wave described

in Report II) wes talken and initial values were chosen to con-
form to it; these were then advanced in the time by numerical
calculation usint our methods, ‘hen [;t was chosen properly,

the results checked the kiown solution very well; however,
when At was taken larger than the permitted value for conver=-
gence, wild osclllaticns occurred at once in the vicinity of
thoce places where condition (3.11) was violated. The same
experience wes noted also in a simple model of the Kentucky
Reservolir,

e) Further remarks about the preparation of data:

In this section we have described how the basic data for
a river, river system, or a large reservoir can be used to
furnish the coefficients and other data needed to formulate the
flov problems in terms of differential equations. It should
be remarked that the basic data for the mcut part are worled
out for steady ccnditions, and that such data may rnot be cute-
ficient in all respects for the purnoses in view, The acid
test is to check the results for aztual floods against those

i 0d
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obtained by calculation., If the two do not check, this im-
plies that there are errors in cross scction areas, or res=-
istance coefficient, or inflows, etc. These quantities
should then be chenged in such & way as to give bettcr re-
sults, It turned out in the three problems treated by us
~that only minor revisions wers necessary in two cf the cases,
but that extensive revisions in a third (the upver Ohio River)
were needed, Actually, the method of numerical calculstion
has in it the inherent possibility of improving the basic
data for a river by constant checking against the recsults
for new floods, and making changes in coefficlents where
changes are indicated. In the next sections, where our fin-
nl results for the three problems are presented, some detalls
on this matter will be given.
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8. Comparison of Predicted and Observed Stages in the Upper
Ohio River in the 1945 and 1948 Floods

In Fig. 3.1 of the preceding sectlion a diagrammatic
sketch of the Ohio River between Wheellng and Cincinnati is
shown together with the reaches and gaging stations. By the
methods discussed in the preceding section resistance
coefficlents and cross section areas reprresenting averages
over each reach are avallable. These in turn furnish by linear
Interpolation values at the net points of our finite difference
scheme. An Interval between net noints of 10 miles in the
staggered scheme described in &2 was taken, on the basis of
the experience with a simplified model of the Ohio River which
was presented in Report II. Calculations for the actual Ohlo
River for a limited period of time were made with a S-mile
interval, in order to get some idea of the possible errors to
be expected from use of 10-mile intervals. The results at
Pomeroy for a 3f-hour period are shown in Fig. h.l. There is
a difference of 6 inches between the two, as we see - which 1s
not entirely negligible. However, 1t was nevertheless declded
to proceed on the basis of 10-mile 1nt3rvals in order not to
use too much calculating machine time. A time interval of 9
minutes was used which is well under the maximum permissible
for convergence of the finite difference scheme.

Flcod calculations for the 1945 flood wers begun at &
time when the river was low. Calculations were first made for
a 36-hour period during which the flood was rising; as stated
earlier these calculations were made using the measured inflows
of tributaries and the estimated runoff in the main valley.
Upon comparison with the astual records 1t was found that the

uIt should be repeated here that we began the investigation
which forms the subject of this report with the problem of the
Ohio River, and had therefore to proceed without the aid of
previous experience from any source. Reallzing that it would
doubtlessly bYe necessary to sxperiment with and to revise the
methods of calculation, it was decided that to use too fine a
net at the beginning would result in waste of expensive
calculating machine time.
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calculated flood stages were in general systematically higher
than the observed stages and that the discrepancies increased
steadily with increase in the time.

For example, Fig. 4.2a shows the calculated versus the
observed stages for the first 36 hours at Pomeroy. It was
reasonable to suppose that the deviation was probably due to
an inaccuracy in the resistance coefficlent. Consequently a
series of flow calculations was made on the UNIVAC in which
this coefficient was varied; from these results an adjusted
resistance coefficlient was estimated for each of the reaches.
In Fig. L.2b the results of two such computations are shown.
In both cases, the resistance coefficient G was lowered
substantially (a maximum of 20 % -30 % ) over a portion of the
river, followed by a recalculation of the flow for a 24-hour
period. The curves show the difference In stages obtained
when the resistance coefficient is changed. In case (1), the
coefflcient G was decreased considerably at and near Pomeroy,
and the result was a change of stage of about 0,3 foot. In
case (11), the change in G was greater, and it extended over
a larger portion of the river; the result was a much greater
change in stage - a maximum of 1 1/2 feet - as was to be
expected. In both cases one observes that the maximum lowering
of the stage occurs somewhat upstream from the region where G
is lowered, and is followed downstream with a somewhat smaller
increases in svage. Lowering the resistance in one section
scems to increase the 1low above that section and to plle up
the water downstream. Once *the effects of changes in G have
been estimated, it becomes possible to make the changes in
such a manner as to bring salculated stages intc agreement
with observed stages. Actually this was done rather roughly,
simely by shifting bodily the oripginal ourves for the
coefficlent G as a funotion of stage by a displacemont of an
appropriate amount {n each reach (i.e., only the constant
Go(x) in (3.8) was changed). In other words no attempt was
made to maka corrections that would require modificatio in the
shape cf these curves in their devendence on the stage.
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Stages at Pomeroy
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¢c-calculated with adjusted resistance coefficient
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In Fig. L}.3 we plot the average resistance for the reach
from Pomeroy to Huntington. We show the curve determined by
the engineers from the basic data, the curve we found using
formula {3.7), and the shifted curve determined ty the trial
calculations, In Fig. L1.2a we have already givern the stages
calculated with the original and the shifted rcalstance
coefficients at Pomeroy for the first 36 hours. The new
coefficlents thus corrected on the basis of 36 hour predictions
(and thus for flood stages far under the maximum) were then
used to continue calculation of the flow for various 6 day
periods as well as one 16 day period, with results to be
discussed in a moment,

It should be said at this point that making such a
correctlon of the resistance coefficient on the basis of
comparison of results from a calculation of an actual flood
with the observed quantities corresponds eractly to what 1is
done in making model studies. Indeed, iIn making model studles
no first estimate for the resistance is possible a priori as
is the case with the method being described here; instead it
is always necessary to make a number of veriflcation runs after
the model is built in order to compare the flood stages given
by the model with actual floods. 1n doing so the first run is
normally made without making any effort to have the resistance
correct. In fact, the roughness of the con:rete of the model
furnishes the only resistance at the start. Of ecourse, it is
then observed that the flood stages are too low compared with
an actual flood because the water runs off too fast. DBrass
knobs are then screwed into the bed of the model and wlre
scresn is placed at other parts of the model to roughen it
until it 1s found that the flood stages given by the model
agree with the observations. This is in effect what was done
in making numerical calculations except that the empirical
data furnished at lenst a first estimate for the frictlor
resistance in the river channel (for the junction and Kentucky
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Reservoir problems, the data on resistance and area were given
for shorter reaches, and little adjustment of the resistunce
coefficlents was necessary - see §35 and 6).

In Pig. Lot t:e results of the first calculation of the
1945 flood are indic ived, Shown in the figure ara the river
stages at Pomeroy. As was mentioned above, the resistance
coefficlents used were those obtained upon correction after
making 36 hour trial runs. The cross section areas used were
those obtained by the parabolic interpolation formila discussed
in the preceding section; and as was already statec there,
they proved to be not sufficlently accurate at the highest
stages. One sees that the predicted flood stages approximate
the observed stages with errors at the higher stages of some-
what less than a foot for the first 6 day period. At the
crest of the flood, however, (on about March 9th, that is)
after 11 days the error at the crest of the flood is more than
4 feet. As the flood recedes and stages become less the error
once more becomes relatively small. That the calculated flood
stages come out too high at the higher stages was judeed to

be due, as was exnlailned above, to the fact that the actual
cross section areas were apparently not well anproximated at
high stages by the quadratic formulas used by us. We there-
fore replaced the quadratic formulas by hyperbolic formulas
and obtained much better results as can be seen in Fig. l.l.
Upon using the hyperbolie interpolation formulas for
cross section areas (again see the preceding section for
details), the results for the 1945 flood were very much
improved at all of the stations. In general, the errors in
stuge at the crost of the flood are small, of the order of a
foot or less, and the maximum errors ave of the order of 2 feet
or less, as one sees from Figs. 4.5a, b, ¢, d which show the
river stages at St. Marys, Fomeroy. Huntington, and laysville.
In addltion, the minor variations In the observed ste~es are

reproduced rather well by the calculated stages, though the
latter In general tend to be smoother curves. This smoothing
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effect, 1s, In some 1in tances at least dve to the distribution
of the local inflow, which was done more smoothly in the
calculation than is tru: in actuality (see the discussion in
the introductlion wilth rceference to the hydrograph at Maysville,
particularly near March 6).

By and large, 1t 1s right to say that the calculations
reproduced the observed stages of the 1945 flood with quite
reasonable accuracy after a good deal of adjustment of the
cross section areas and resistance coefilicients had been made.
The necessity for such revisions of the cocefficients obtained
from the original data 1s a strong indication that the original
date were not accurate enough - especlally near Huntington.
That this is true 1s then borne out by the results for the
1948 flood in the Ohio. If the coefficients used for the 1945
flood were correct it shoulc be nossible to calculate stages
correctly for any other flood. However, upon dolng so for the
1948 flood the results are not as accurate as they should be.
Figure lLi.6a, b, ¢, d shows calculated versus observed stages
for the 1948 flood. All of these show the calculations for a
6 day period starting Apnril 15. .is one sees, the errors are
high, narticularly at Huntington, where the crest is wrong by
about 1 1/2 feet. At other stations the results are better.
Figure |47 shows the stages at St. Marys for a longer period
starting April 12w: here the results are quite good. Much
more work would be required to obtain more accurate coefficlents
for the Ohio, but there 1s no cdoubt that they could be obtained.
In addltion, various revisions in computational methods should
be made, on the basis of experlences with the computations for
Kentucky Reservoir. Further discussion of these polints is
postponed to B7, after the results for the junction problem
and Kentucky Reservolr have been presented, and comparisons

* The reason for the sherter period at the other stations 1s
that the river was not open throughcut the period in question

- instead, a dam at Galliprolls, about 120 mlles below 3t. llarys,
was in operation, and this has consideratle effects. Since

St. Marys was rather far upstream it was thought reasonable to
ignore the effect of the dam on the stages there.
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and coentrasts can be made. Alsc, in 87 suggestions of varicus
kinds are given for improving the methods of computation, based
on our experience.

So far, our discuscsion of results has centered around
the ccmparison of obrserved with calculated stages, while
velocitles and dlscharges have received little or no attcntion.
In general, the stage is probably the quantity of most interest,
but, as we know, it cannot be computad by our methocds without
also computing the velocity at the same times and places. In
addition, the discharge is in many cases ths natural quantity
to prescribe as a boundary condition. Our method requires us
to replace the actual river cross sections by averages - in
the case of the Ohio River, by averages over quite long
distances -, and the velccities we compute are therefore also
certain averages with resvect to distance. In all three cases

, treated by us the stages obtained from cur model of the actual
rivers, or the reservoir, could be taken as the stages in the
actual river with good accuracy; but if one were to calculate
discharges by multiplying the cross section areas used by us
by the velocity computed by us, the result would often differ
very greatly from the observed discharge at a given point.

In other words, it is necessary, in calculating discharges,

to make a surplementary calculation in order to pass back frcm
our model to the actual river. e proceed to give a simple
way tc obtain correct discharges.

We know that the wvelocity at a particular nplace at a
given time 1is in general given quite accurately by the formula
(cf. §3):

(Lel) Gv2 =g .

However, that will be true only if G, the resistance
coefflcient, has the correct local value. We have used the
formula in order to compute an average value for G over the
various reaches. How widely the average value departs from
the locul value at the geging stations can be seen from
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Fig. 4.8, which shous the average values of G for all of the
reaches together with local values at Wheeling and Maysville.
The local values were obtained frcm the local values of the
elope Hx (these in turn were known from the basic data, which
included stage measurements at two points at the ends of the
reaches which were only a mile or s» apart), and the local
value of the velocity (from Q/A, with A the actual crcss
section area). The wide divergence of the average from the
local values of G is doubtlessly the result of the fact that
the paging stations are placed at exceptionally constricted
portions of the river.

Nevertheless, correct values for the actual local
discharge can be obtained from our results, in the following
way. Let us introduce tirst a few special notations for this
purnose. By Ac and v, We mean the cross section area used by
us in the ccmoutation and the velocity obtainel from our
calculations; by Aa and v, We mean the actual, local, values
of the same quantities. This means that the discharge Qc
obtained directly from our results would be given by Qc = Acvc,
while the actual discharge Qa is found from Qa = A V. He
introduce also the symbols G, and Ga to distinguish between
calculated (i.e. from our averages over reaches) and actual
locel values of the resistance coefficient. Since in all of
our cases the stage H and slope Hk are correctly given on the
whole by our calculations, it follows from formula (L.l)

written dovn above that the following relation holds:
_ 2
().{..2) G v =G VvV .

Since Qc = Acvc and Qa = Aava’ the following relation for Qa
therefore holds:

[e—

' A
° Q = 2 "'C"Q .
(4e3) N chGa c

We repeat the significance of the terms in this equation:
Aa and Ga are the actual local values of area and resistance
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coefficients,to be found from the basic data; while Ac and Gc
are the values used in the machine computation for these
quantities, and Qc = Acvc with v, the value for v obtained by
our computations.

Figure l.9a, b shows the results of such a computaticn
at Wheeling and Maysville. As one sees, the calculated
discharges mirror the observed discharges very well, once the
discharges are obtained by using equation (L.3). That the
results would be quite wrong if Qc were to be talen for the
discharge instead of Qa is salso shown by Fig. L.9b, which

contains a gravh of the factor Aa/hc f§c7Ga: as one sees,

this factor apvnlied to Qc can change the discharge by as much
as 100 % .

Finally, we glve the result of a calculation which
displays the flexibility of the numerical method. Once the
bagic data for the river have been coded it becomes possible
to experiment ir many ways with respect to hypotnetical flows
which would result from varying conditions in the river. As
a case in point we found it very simple to carry through a
computation in which the flow from one of the major tributarles
of the Ohio River, the Kanasha River, was cut off for 36 hours
- as might be the case if there were a dam in the Kanawha
River. The uvstream and downstream effects of such an
cperation were easily evaluated. In Fig. 4.10a, b the river
stages with and without the flow from the Kanawha River sare
shown at the nearest gaging staticns (Pomeroy upstream and
Huntington downstream) from the mouth of the Kanawha River.
Pomerocy is 1l miles above the tributary while Huntington 1is
46 miles below it. One observes that there is an upstream
effect of about 1 foot with a somewhat larger effect down-
stream., It mlcht be ncted that the conventional flood routing
procedure would in principle.furnish an effect downstream
only, and no effect upstream; this is a point which has been
discussed at some length in the two earlier reports.

: - dn SR .
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85, Results for the 19,7 Flood at the Junction of
the Ohio and Misslssippi Rivers

In the case of the junction problem the data furnizhed
were better for our purposes than the data for the Upner Ohio
' River., As was notaed above the data for the precent case were

furnished In such a way thst average cross section arcas over
about twentv-mile stretches wers known or casily calculated
and the resistance coefficient was given directly over reaches
csomevhat shorter than those in the Upper Ohio., In fact, only
slight adjustments of the area and resistance cocefficients had
to be made; what these were will be described chertly,
The problem to be solved 1luvolves strctches each about
110 miles in length alons all thres branches from Calro. i,
el indicates the situution schemetically. As boundary COli=
ditions at lietropcelis in the Ohio Nilver aud at sbes 1in the
Uuper idissiccipni River the river stages were Gaken from the
actual records of the 1947 flood. (We performed another cal-
culation=see second nhalf ol thils sectione=--in vhich the dise
charge data at Thicbes and lietrooclis were used instead of the
stage data,) At Hiclman in the Missicsippl river below Cairo
ver stages of course were available, but it was thoupht
nore r.oascriable to malte use of an average reting curve at
Hicimen as a boundary condition, ihat this means 1s that the
effect of the remainder of the [Hississipnl Kiver below liickman
s replaced bv tie (verare relation betueen diuscharze and
ctace at Hickman as obtained fron flecd vecords, (Fifure 5
displays the averaze rating curve at Tickman and a few of
the obscrved points.) In addltion to these boundary condit-
lons 1t 1o recz:isary to i-ipose amoropriate conditions at
Cairo, the Jjunctlcne 1In effect the differential equicions
arc colved for cuch of tioo thro  Lroncher gesarately In Lle
saae nanner L5 owas erxpliained in tie orec~diig asecbion for the
Upner Chio fiver; hovevor It 1.0 neccessary to plece Lo w.ther
the threc separate sclutinne in the hrancrizs ot Calro by make
inf- uce of the appropriaste coun t].n‘l.LtV conditionss easonuble
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conditions at the junction are that the stage at Cairo should
be the same in all three branches and that the inflow from
the upper branches should equal the flow into the Lower
Mississippi. These conditions together with the river stages
end discharges at all of the net points at the time *t =0
(which corresponds to January 15,19.7) determine the flow
uniquely in all three branclkes, Tue results of predictions
over a 16 day period are shown in Fig, S.3. These graphs
furnish the stages as functlions of time at Cairo and at
Hickman. As one sees even the minor irregularities in the
observed stages are followed closely by the predictions up
to the crest of the flood. The error was in fact never greate
or than 0.6 of a foot, The amcunt of computing time required
on the UNIVAC fer the 16 day prediction was less than three
hours.

It is worthwhile to repeat that the staze at Hickman
in the Lower Mississippi River was obtained as a consequence
of assuming that the part of the Mississippl fHiver below
Hickman could be replaced by an average rating curve, that is,
by an average discharge-stage relation, at Hickmen. The
accurate results obtained for the problem in this way indicate
that a lorge river system could be treated in this manner,
In other words even if machines with a smaller storage capacity
than the UNIVAC werc to be used it might still be nossible
to deal with lencthy stretches of a .iven river or river sys=-
tem by breeking, it up into pleces of cufficliently small
lengthse The total amount of machine time nseded in compe-
utation is proportional to the length of the stretch and is
not materielly lIncreased by the above described subdivision,.

It was thou-ht advisable to carry out the solution of thse
junction problem for the same flood of 1947, but to make use
ol the known discharges 1ntn the upper ends of the Ohlo and
!iscissippl as a means cf fixing boundary conditions, rather
than to use the cbserved stages at the<s points: in practice,
it would be the dlechargo which would be krown or estimated
rather than the stare, At Hickmun,in the lower Misslssippi
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the same average rating curve, shovn in Fig, 5.2, was used

as for the earlier calculatic.is It was found that slight ad-
justments in area and resistance coefficients were needed near
the upner ends of the two branches above Cairo in order to re-
produce tiae observed stages at these points (i.e. at Thebes
and Metropolis) when the discharges are prescribed rather than
the stages. The results with the new coefficients are very
accurate, as one sees from Fig, Sel} which presents graphs
shwoins stages at Metropolis, Thebes, Cairo, and Hickman. Even
the minor variations in stage are reproduced faithfully, (It
1s seen that with the coefficients used in the latest calcul-
ation, the stages at Thebes and ietropolis are rsproduced
faithfully. Therefore we would expect equally good results

if the stage upstream were used as the boundary data,)

It has been stated that proper continuity conditions must
be imposed at Cairo, the junction of the rivers, in order to
formulate the flow problem completely. VWe chose, rather nat-
urally, the conditions that the stage should be the same in
all three branches, and that inflows and outflows should bal-
ance at the junction, This, howsver, results in a violation
of the law of ccenservation of momentum, which is not very
large, but does exist. It might be more reasonable to impose
the laws of conservation of mass and momentum, ard put up with
a slight discontinuity in stage.* For example, one could im~
pcse the two conservation laws, and require in addition that
the stases should be the same in the two upper branches, with
a slight discontinuity in stage in the lower Mississippl as a
result, For example, in the model of the junction problen
which was treated in Report IT, a discontinuity of 0.2 feet in
stage would result by making the calculation in the marner sug=-
gested here,

There would @lso be a slight violation of the law of con=-
servation of energy, in that a locs in energy would occur,
Such a loss of energy at the junction misht be regarded as
reasonable,
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§6. Caloulations for the 1950 and 1948 Floods in Kentucky
Reservoir

Pigure 6.1 is a diagrammatic sketch of Kentucky Reservoir
which shows 1its division irtc reaches and names the stations
where the calculated and observed stages are compared.

It has already been explained in sec. 3 how the basic
data were converted into the form needed for our method of
computation. We repeat here that the data were accurate for
cross section areas, since storage volumes for 10-mile
stretches were made availables; and the resistance coefficlent
was essentlally given directly by the basic data. That the
basic data were good i1s evidenced by the accuracy with which
the two floods were reproduced without the neceasity for any
but quite minor changes in the coefficlents once they had been
fixed from the basic data.

In sec., 3 it was already stated that the method of
approximating derlvatives by difference quotients that was
successfully applied in the upper Ohio and in the junction
problems could not be used for the flow problems in Kentucly
Reservoir. The primary reason for this was that the
coefficients A and B varied much too widely over 10-mile
intervals, 1.e. at intervals equal to the mesh width. An-
other contributory factor was the very rapld increase in the
discharges into the reservoir from Pickwick Dam. However,
the difficulty was overcome by revising the scheme of finite
differences in the manner explained in sec. 3, while still
retaining the mesh width of 10 miles. We proceed to discuss
our results for the floods of 1950 and 19.L8.

In both floods the data prescribed at the two boundaries,
1.0, at Plckwiclk Dam upstream and at Kentucky Dam downstream,
consisted in the observed discharge Q as a function of time.
Filgure 6.2 pives the discharges for the 1950 flood., As one
sees, the discharge into the reservolr at Pickwick Dam
increases very rapldly at the beginning, going from 55,000 c¢.f.s.
on Jan. I to 220,000 ¢.f.8. between Jan b6 and 7, after which
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the discharge remains nearly statlonary for about a week,
after which there 1s a falrly sharp decrease to about 110,000
c.f.8., followed again by a slow rlse to about 160,000 c.f.s,
The releasrs of water from the reservolr at Kentucky Dam
follow much the same'pattern, but the changes are riore abrupt
and the maxima and minima are farther apart. The results of
the numerical solution of the flow problem in the reservoii
are given in Fig. 6.3, which shows tha stages at various
pointe along the rescrvoir as a function of time. It saould
be remarked that the stages at the two dams at the ends of
the reservoir, as well as ithose at Intermediate points, were
obtained by calculation from the difference equations. As
one sees, the observed flood is reproduced for 21 dajys very
accurately at most of the stations, In fact, with the
exception of Savannah and Clifton, where differences of 1 1o
1,5 feet occurred, the errors are of the order of inches.
Upon comparing the releases at the dams, as given by Figz., 6.2,
with the resulting stages glven by Fig. 6.2, we observe that
the large releases into the rcservoir resulted, as they
siiould, in rapid increases in stage at the upper end of the
reservoir., At Perryville, at about the midpoint of the
reservolr, the stage incr-ased only slightly, while it
decreased at Kentucky Dam, the lower end of the reservoir.
This resulted because of the hipgh releases of water at
Kentucky Dam. The relatively smcoth curve giving the stage
at llentucky Dam should be compared with the rather wildly
fluctuating curve ror the discharre at the same point, In
fact, the disciarges (aad hence also the volocities) thiough
most of the reservolr in peneral vary much nore rapldly than
the stapges. Anothor com.ent 1s alzo of nteresat Iln thls
connection. Ono sees that very heavy r-leasegy at Kentucky

Dam meem not to affect the accuracy of the sture culculations
at this roint; the roason is that such reclenscs cause a
receding wave whish lower's tho stage and tends to smooth out
as it uropamates. On tho other hand, rapid inflows at
Plokwick dn affect the accuracy of the approximate solutione,
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since rising stages are accompanied by steepening of wave
profiles, and the finite difference approximations based on

fixed mesh widths become less accurate. This may very well
be the cause of the inaccuracles at Savannah and Clifton
toward the end of the flow period: the effect of the long-
continued high rate of discharge at Plckwick Dam has perhaps
led to inaccuracies which might be corrected by using a finer
mesh width or by goling over a more refined basic scheme of
calculation, .

In Figs. 6.4 and 6,5 the results of calenlations for
the 1948 flood are shown. The calculated results were
obtained using the same coefficients as were used to calculate
the flow in the 1950 flood. The results are glven for 7 1/4
days only, stopping at 6:00 A,M. on Feb. 13 since the flood
stages increased from then on at such a rate that cur
approximate method of ccomnutation of finite differences was
very inaccurate - in fact, it seemed even to diverge. A filner
mesh width /\x (and of course, a shorter time interval /At),
or else a radical revision of the basic method would bs
necessary in order to obtain accurate results in this case.
However, for the first 7 l/u days the check with the observed
flood 1s, on the whole, quite good. At Kentucky Dam it is
very good, and even at Pickwiclk Dam, where the observed and
computed stages differed most, the error 1s not excessive.
At all statlons, the shape of the curve of the observed stages
is accurately reproduced. The same general remarks made
above for the 1950 flood hoid also for the 1943 flood, which
w..s also characterlized by heavy releases at the dams closing
the twe ends of the reservolr,

——

" The discharpge increased at Pickwick Dam from Q = 185,000
cefes. to 345,000 c.fus. within 28 hours on Ieb. 12. Upon
comparing Flgs. 6.3 and 6.5 one observes that by Feb. 12 the
stages in the 19448 flood had already reached the maxima
recorded in the 1950 flood - hence f{urther calculations for
the 1948 flood could not lead to a veriflcation of the
roefficients based on the results for the 1950 flood, which
was another reason for stopping at tais point.
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The results of the calculations for Kentucky Reservoir
show, to our minds, that the methods used by us can be very
successfully used to golve practical problems connected with
the operation of large reservoirs., For example, it 1s now
possible to make quickly and cheaply a series of calculations
of flows through Kentucky Reservolr when various hypotheses
F are made concerning inltial states in the reservoir and the
discharpe schedules at the two ends of the dam. By varying
parameters in a systematic way such calculations would serve
to furnish curves useful for operational purposes.

e s ——— — .
TN TR - — e ——




53
87, Discussion of Factors Affecting Accuracy. Sug-
gestions for Improvement of the Numerical Methods,

In carrying out the computations described above, insuf-
ficient time and money were available to immrove the accuracy
of the results in a number of cases in which there is little
doubt of the pos:sibility of improving them - often by rathar
obvious devices. Our aim was to use our resources of time
and money in as efficlent a manner as possible in order to
carry out the basic task of investigating the general pos-
sibility and practicability of numerical methods for attacking
flow problems in large rivers and reservoirs, As a conseg-
uence, finished results are not available in all cases, above
all in the Ohio River. It would require a magor effort to
revise the methods used for the Ohio River = in fact, once
having coded it in the way first thought reasonable, not too
radical changes were possible for us therealfter siance we wishe-
ed to have an opportunity to study the other two problems also.
It seems therefore reasonable to devote this section of our
report, even at the expense of occasional repetition, to a
discussion a) of what our experience has taught us about the
sources of error, and b) tc offer a few possibilities for im=
proving the numerical methods,

a) . Factors affecting accuracy:

1. Meshwidth AAX, In general, a mesh width 2/Ax = 10 miles
seems reasonable in the three cases Llreated by us, except

In Kentuciy Reservoir, where the variations in the coeffilc-
ients were too rapid., For the 1950 flood in the Kentucky
Rescrvolr 1t was poscible to use a mesh width of 10 mlles,
but only upon introducing a more complicated method of
approximating derivatives than was neccssary in the other
two cases, TI'or the 1948 flood in Kentucky Reservoir, ten
milas proved to be too large e value for 2/\x once the dis-
chargzes started Increasing with reat rapidity at rickwick

3

This was the problem with which we stirted. In retrospect,
we fecl now that it would have beecn better to have undertaken
it last.
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Dam.* Probably [&; should be decreased by a factor of two

or three, or, perhaps better, a different approximation
Scheme (berhaps the implicit scheme to be described below)
should be employed. It should be said, however, that ths
computation time required if the mesh width were to be re=
duced by a factor of two or three would still be tolerable
in Kentucky Reservolr even 1f the Univac were used, and if
a faster machine such as the IBM 704 were to be used, the
calculating time would be neglizible even for these small
mesh widths,

2e Ungaged local inflow, In the Ohio River the ungaged
local inflow 1s a very important factor in the data, but is
much less 1lmportant in the other two problems treated by us.

In the Ohio kiver this contribution can be quite high = in
the reach St, lMary's - Pomeroy, for exarple, it is 40 % of
the total flow, and In many cases it is as rmuch as one and

a half times the gaged Inflow from tributaries, 1In the
whole stretch from Wheeling to Cincinnati, there is one time
when the discherge of the main sSream at vheecling is

160,000 c¢fs while 470,000 c¢fs flows over the banks. The
accuracy with which the ungaged I'low has been given is, of
course, not precicely lknown, Ue suspect it to be not very
accurate, For example, & recent check”™" of the inflow from
the drainage areas shows that two different methods of using
the unit hydrograph method for converting rainfall into diu-
cherge (the difference concisted in taking 6-hour rather
than 12-hour time intervals) resulted in discharges which
differed by five to ten thcusand cfs for a period of helf a
day.,

The authors of thls report feel that the inaccuracles
in calculating the 1948 flood in the Chio may wsell stem in
large part from inaccuracies in the local inflows, The [inal
results obtained for the 1945 flood were rood, but they uere

oy
Thls may also have been a factor In affecting the accuracy in
the Ohio River, where the maxl.oum rate of lncreace of sta e was
Hy & 049 ft./hr., waich is even larger than the maximum of 0,75

ft./hr. in Kentucky iteservoir,
*“Made while this report was being written,
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brought about by somewhat radical changes in cross section
area and resistance coefficients, If it is true that such
changes were made to compensate for errors in inflow rathar
than for inaccuracies in coefficients, it would not be sur-
prising that subsequent calculations for another flood hased
on such coefricients would prove to be inaccurate, At the
same time, it should also be pointed out that there are
still other ® urces of error in the Ohio River problem, which
were not investigated - above all the effect of a mesh
width of 10 miles in the upper sections where the areca co=-
efficisnts varled considerably, and where rates of lncrease
in stage were larger than those wh ich occurred in Kentucky
Reservoir,

b) Suggestions for improving the accuracy:
l, Different interpolation schemes for cross section areas,

In sec, 3 our method of dealing with cross section
areas was explained in detail, YFor the purpose of the dis-
cussion here the main point is that average cross sections
were obtained for each of the reaches (in the Ohio these
were 60 = 90 miles long), these values were teken to hold
at the centers of the reaches, and values at intermediate
net points were obtained by lincar interpolation from the
centsr of one reach to the center of the next adjacent reach,
The resulting cross section area at a given place then de-~
viates often quite widely from th» locel value, especlally
at the gaging stations themseives which are usually placed
at narrow parts ot a river, However, our results show that
the stages obtained by calculatiors based on cuch average
cross section areas are accurate locally, but that the dice
chirges obtalned by multiplyinn the velocities obtained by
us into the cross scction areas used in ovr calculutions can
be quite wrong locally., This point has already been discusc-
ed in section 4 in conneation with the Chio River problem,

. and a satlsfactory resns to obtain correct discharges
was glven, Nevertholoss, 1t would nrobably be better to
revise our scheme of internolutlon for ecross section areas
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and resistance coefficients in such a way as to bring the
model of the river which the averaging process yields into
somevhat closer agreement with the actual river., One way to
do so would be to take the actual cross section areas at the
ends of the reaches, then employ the total storage volunes
for the reaches in such a way as to obtain an average cross
section at the center of the reach, so that linear interpol=-
ation between it and the actual areas at the ends or the
reach would yleld the correct total storage volume in the
reachs One could expect that correct values for the discharge
at the gaging stations would then be obtained simply by mul-
tiplying the calculated velocity with the cross section ares,
which now would be the correct local value, We carrled out
this program partially fcr the Ohio River, but obtalned bad
results because we did not recalculate resistance coeffic-
ients, but used the same values as before, It is hovever,
clear that the local value of G should be used at the gag-
ing stations, since the avera~s value used 1in the earlier
calculation can depart widely from the local value, as we
know from sec. !« Time did not permit a revision of G 1in
an appropriate fashion, but we would expect an improvement
in the results if it were done. 1In addition, thils new way
of dealling with area ond resistance coefficisnts would not be
essentially harder to &apply nor lead to more complications
in coding than the former scheme,
¢e Smoothing of cross section data,

In Kentucky Reservoir (cf, secs 3 and the preceding
sec. 6) we have seen that a new uchome for aporroximatling der-
ivatives was made necessery because of thc rapid variation
in the area coefficlent alony the reservoir. The data for
cro3s saection areas were supplied as averaves for reaches ten
niles in length (obtained fromn topographic maps), and iiese
values differed by factors as large as two in adjacent
reaches, Nevertheless, tre data in this form were used by
us, but a revision in the numerical methods was found to be
necessary. It micht have been better te have smoothed the
averace cros2 sections first, and then employed the sroothed

. m*""‘*"“""‘ m s w
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values as coefficients in the differential equations., A-
gain, time did not permit a trial of such a method.
3, Cross section aress from tonographic mups for the Upoer
Ohio River,
In view of the good results obtained in the junction
problem and in Kentucky Reservoir, in which averare cross

secticn areas were obtained from tovographic maps, it

would precbably be advisable to do the same thing for the
Upper Ohio River, There, it will be recalled, the averarce
crocs sections were cbtained from storage volumes i1 long
reaches and these in turn rsesulted from balancing out in-
flows and outflows in actual floodr., Thus the cross-zectlon
areas used Ly us contained errors due to faulty inf..w data-
and, a:¢ we have seen, the ungaged inflow, which can ornly

be estimated with not too good accuracy, can ve a juite
considerable fraction of ths total inflow. We would re-
comnend in general the use of average cross sections obtain-
ed from maps since the extra labor involved would not be a
large fracticn of the total, and one would thus be sure of
the accuracy of one of the most essential baslc quantities,
4o Imolicit schemes for numerical solutlon of the difieren=

tial equa®’ ‘ons,

It has beon stated repeatedly that our method of nume
erical sclution of the c¢iffcrential equations, which preo-
ceeds by advanclnz the values of the stage and discharge
from knoun values at time t to new and as yet unknown
valu:s at the time t + At, requires that the time step
[\t must be kept very small (cf the order of 9 minutes in
our three cases) in comparison with the total time for which
flow calculations would normally be mnede (df the order of
weeks), The time required for making computations on a come
puting machine is inversely proportional to the time inter-
val /At. In our case, it dld not mattsr too much, sihce
the amount of time nseaed for calculation on the Univac was
quite reasonable, Nevertheless, 1f nuch lonzer stretches
of & river or river system were to be treated numerically,




58

this factor of machine tine nizht become crucial. For thils
~eason (and Tor others to be mentioned later), it would be
worthwhile to study a radically different method o.' numerical
solution in which the values of stage and velocity can be ad-
vanced in time steps of the order of hours insteal of minutes,
though at the expense of a more compliceated compusational
scheme.

We proceed to discuss briefly one possible way to set up
a numerical scheme of solutlion which might permit values for
th of two or three hours., In the accompanying figure 7,1

t N
9 Ue o P b
Py Le °R 9
- > X
upstream end downstraeam eud

a double row of net poi."s in the x,t-plane is shown, and

the object of the calculatlon is to advance the values of v
and H wusing all of the values in both rows simultaneously.
To this end the differential equations (2.1) with A, replac-

ing BHt are wrltten down for each rectangle, e.2. LRUP:

2 2 2 2

(701) vg * vp = (vp + vg) +(VP +vg) = (v +vy)
‘ 2t EYAN
+ g T\x
2 2 2 2 '
) Gyvg + Gpvp * G Vp + Grvp 1 Qv
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and
(7.2) -AU.vU + APVP_;ALVL + ARVR . AU + AP - (AL + AR)
A 2\t

1
=3 (agp + qrg)

The unknowns in these equations are v, v, H,, and H,, l.e,.
U’ 'p, U P

two more than there are equations, However, if one boundary
condition is given at each of the upstream and downstrcam
ends (discharge, say, or a rating curve), the number of
equatlions and the number of unknowns would be the same, In
Fig., 7.1, for example, there would be eight values to be
fixed at the four upper net points; there would be six
equations of the type (7.l1l) and (7.2) and these together with
two values at the boundaries (or two relations there), would
yield a system of equations the same in number as the number
of unknowns.* However, in marked contrast to-the situation
in the schemes used by us so far, the present system of
equations would be a system of nonlinear simultaneous equat=-
ions vhich could be solvable practically only 5& methods of
successive approximaticn. Probebly the best riethod to use
for solving the equations would be an iterative method, with
initial trial values for the unknowns selected by linear cx-
trepolation from the results at previous rows of net points,
Since we know that v and H do not chan~e mucli for tines
as great as 2 or 3 hours, it seems quite possible that such
a method would yield good approximations to the exact solute
ion when time steps of these ma.nitudes arec used,

¥It is the implicit character of this scheme thut differen-
tlates it from the previous schemes, Ths fact that all of the
values at all net points for a vime t are used similtansously
in determining thse values for ¢t + Z&p is the reason why the

slops of the characteristics no longer dictates the maximum
slze permissible for AXt.
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The implicit scheme would have still another advantage
over former schemes which might 1ncrease the accuracy of the
approximation. The advantage 1is that the implicit scheme pro-
vides automatically & means to ensure that the continuity con-
dition holds in the large, i.e. that inflows and outflous
would balance not only at each net point, but over-all, if
such a computation were to be made, The methods nused bv us
hitherto do not always check well for a whole river - in fact,
in the Ohio fairly large discrepancies are found upon making
a check for the whole river (This 1s understandable asince
the computed discharges have to be adjusted as described at the
end of section !4). The same remark would also apply to the
law of conservation of momentum, thou_h with less force since
we find this law to be well satislied in the large when our
methods are used.

Such implicit schemes hLave been proposed before for sime
ilar problems, but as far as we know, they have never been
used on & large scale. It is also of interest to observe that
H. A. Thomas (The Hydraulics of Flood Movements ir Rivers,
Carnegie Institute of Technologye. 1937) proposed & varieiy of
schemes for numerical solution of river wave problems, some of
which would probably diverge, but elso amonz: them is a schems
essentially the seme as the implicit scheme propcsed here,

Se Simplified differential equations.,

It might be possible to sinplify the calculations some-
what by simplifying the differential equations, either through
the omission of terms felt to be unimportant, or by develop=-
ments and expansions of various kinds which yleld simpler
equations.

For examn’.e, the term vv, in the dynamical equation could
probably be ociitted without causing much error, snd also the
term gv/A (the contribution of the inflow to the momentum),
However, as long as one operates numerically with a systm of
hyperbolic equations (or even parabolic equations) the savings
from simplifications in the differential ejuations are not
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very great since the great bulk of the work conslsts in the
processing of the basic data, and coding it. Still, it is

by no means impossible that further studies could lead to
formulations in which less elaborate calculating equipment
than the Univac would suffice, at least for some types of
problems., For example, & flood in a long river for which the
inflows occur mainly in the head-waters so that the flood pro-
pagases essentially only in the downstream direction, with
1ittle or no backwater effects, very likely could be treated
by simpler methods than those used by us in this report.
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88. Model Studies Compared with Numerical Studies Using
Digital Computers

In the preceding sections some remarks have already been
made concerning the relation between the methods explained
here for the computation of flood waves in rivers through use
of the basic differential equations as compared with the method
of using physical models of a river or river system., These
remarks will be amplified somewhat in this section.

A brief description of the procedures used in making
model studies should first be given. Such models - at least
those models of the Mississippl system which are now at the
Waterways Exreriment Station at Jackson, Mississippl - are
bullt on a rather large scale, covering acres of ground in
fact. They are built with a very much exaggerated vertical
scale comparecd with the horizontal scale. Models are made of
concrete with the channel being built up accurately from
topographical surveys; this 1s a costly and time consuming
feature. The inflows must be fed into the channel by rather
complicated machines (pumps) which can reproduce any given
discharges as functions of time. However, hecause of :zost
these are not placed at all of the main tributaries. Instead,
the Inflows over a considerable stretch of tie river are
lumped together to form a composite hydrograph; this hydrograph
is reproduced by a machine, and the resultiiag discharge is fed
into the river at a number of points in various proportions.,
The actual inflows are thus not put in accurately at the
points where they enteixr the river, but rather, a certain
average inflow is put in. (It is, however, probably a
reasonable average.)

The river stages at the main gaging stations are then
recorded electronically and the recorde can be seen in a
special house containing recorders for each of the gaging
stations. Alr conditioning is necessary (just as with the
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UNIVAC computer) because of the large amount of electronic
equipment that is involved. All of thlis equipment 1s quite
costly, and i1ts operatlon requires a considerable staff,

It has already been mentioned that one of the main
physical features governing the flow in a river, namely the
roughness of the river bed which gives the flow its turbulent
character, cannot be scaled properly for a model. Instead
it 13 necessary to introduce cbstacles in the bed of the model
in order to reproduce the floods actually observed. At
Jackson, these obstacles take the form of srall brass knobs
screwed into the bed of the model, or of wire screen, the
latter placed as a rule in shallower parts of the stream.

The fact i1s that the resistance force 1is, together with
gravity, the biggest force conditioning the flow in the stream
and the fact that this element of the problem cannot be scaled
is a good reason for calling such models analogue comruting
machines rather than true scale models.

It has been stated above that the process of numerical
computation of floods is analogous in all respects to the
method of predicting floods using a model. The only difference
1s that we have made use of average cross section areas and
resistance ccefficlents rather than actual local values as is
dorie in the modelsw. It 1s the requirement of reproducing
highly accurate cross sections that constitutes one of the
costly features in buillding models, The experience reported
above for the case of the junction problem and for Kentucky
Reservoelr shows that it is not necessary to use actual cross
sections but rather that it suffices to use average cross
sections over 10-20 mile stretches. Even in the Ohio River,
where averages for reaches of 60 to 96 miles in length were

On the basla of our experience nsing average crosz ssctions
1t 1s even indicated that models might also be buillt using
averape oross sectlons rather than actual cross secticns, with
the expectation of getting results having sufficient accuraoy,
and presumably at smaller cost. This in faot is an idea which
ggsAadggoated long ago by the well-known hydraulins engilneer

° . omas,
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used, the fact that the results were not as good as in the
other two cases was quite likely less due to the use of
averages over such long stretches than it was to the fac* that
the basic data did not furnish sufficlently accurate averages.

The next vital element involved both in the model and
in the method of numerical computefion concerns correct
determination of the resistance factor. In models this is
done in a completely empirical way in the manner indicated
above. In making our numerical studies we could at least
begin with a first reasonable estimate for this quantity based
on analysis of actual observations. And, in the case of the
junction prohlem and Kentucky Reservolr, where the area and
resistance coefficlients were well-determined by gocd basic
data, little or no further experimentation with the resistance
coefficlent was required to reproduce the flood., True, it was
found necessary in the less accurately defined Onio River
problem to correct the resistance factor by making predictions
for a relatively short period and comparing with an actual
flood., This correcsponds exactly %o what must be done in a
model whsn brass knobs or wire screen are added or taken away
from various parts of the mcdel in order to reproduce observed
floods.

There are various ways in which the method of numerical
computation is much more flexible than the method of using
models. In the first place it is guite easy to vary cross
section areas if it is thought desirable to Improve the
accuracy. In a model that cinnot be done readily; it perhaps
should be done in some instancos especlially when the
topographical data which were used for constructing the model
are very old and there are pcssipbilities that tho river
channel had changed in the meantine. Another feature in waich
numerical methods are more flexible concerns the method of
dealing with the local runoff and the flow from tributaries.
In operating with models it was indicated above taut the
inflows are fed into the model at a relatively small number
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of points, after composite unit hydrographs have been
calculated, since the apparatus needed for this purpose is
rather complicated., In making numerical studies very little
additional effort is required to introduce the flows at any
point that might be desired. Of ccurse the method of finite
differences requires that the flows be introduced in the
Intervals between the net points. Thle, however, means in
the cases studied by us that flows are introduced at pointa
only 10 miles apart. That 1s, in each 10 mile interval the
flow either from a tributary entering that interval or from
the local runoff is introduced.

It 1s sometimes argued that the method of using & model
has an advantage over the method of numerical calculation
since with the model it 1s possible to observe what happens,
say, in case a dike breaks and a flow out of ths river channel
takes place. However, it would seem to us that the results
of such observations would be illusory unless observations on
floods of this kind were available for the purpose of making
verification runs in the modelj; while on the other hand, if
such data were available they could be used to carry out
predictions by numerical methods. In fact, as we have seen,
it would be possible to estimate reasonable values for the
resistance coefficlient without any flow data, and proceed by
nunerical calculation to study flows where no such data were
available.

In the end, presumably, it is the matter of cost which
is the dominant feature in any comparison of the two methods.
So far only the limited experience of this one group is
avallable for sstimating costs of the numerical metiiod.
However, in three years a relatively small group has been able
to carry out the wo k outlines above starting with no previous

erxperience. The total amount spent for the purpose of
research and developmont of numerical methods including the
cost of using the UNIVAC was well under $200,000.00, With the
experience gained now it should be possible to code the data
for equivalent stretches of other rivers for much less than
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this, As for the amount of machine time needed for actual
computation, we have seen it to be quite small. For the
junction problem, for example, a 16 day prediction required
less than 3 hours. The rental fee for the UNIVAC from the
Army Map Service in Yeshington is only $75.00 an hour;
privately owned calculating equipment is usually rented at
somewhat hligher rates than this but even so this cost is not
large., 1f a model 1is bullt, it and the equioment which goes
with 1t must be serviced and maintained, one would think at
rather high cost. Once the data for a river have hbeen coded
for a machine, 1t is stored permanently in a few rolls of
magnetic tape and is ready at any moment to be used to solve
any flow problem; codes would also be prepared in advance so
that the special initial and boundary data, and the inflows,
all of which differ from case to case, could be ranidly
prepared for use in the machine.

Finally, it should be remarked once more that
calcul ting equipment is constantly being improved, so that
our experlence based on the use of a UNIVAC 1s not at all
final., 1In fact, the use of the IBM 70l would probably reduce
the calculating time needed for the problems dlscussed in
this report in tlie ratio of about 1 to 15. Thus even the
calculating time for the most difficult case, the Ohlo, would
be reduced from hours (for flows lastin~ weeks) to a matter
of minutes,

Thus the authors are of the oninton that numerical
methods offer great advantages in comparison w!ith model
studies for the tyves of nroblems dealt with in this report
- J,e, wave prohlems in long rivers and reservoirs. Iiowever,
this should not be talken to imoly any adverse criticism of
model studies in pcneral, not even of thore made in the nust
for large rivers - after all, the ikind of computing ecuipment,
and knowledge of numerical aralysis, that was used for tihe
rroblems discussed in this report has been available only for




67

a few years., Only in cases 1llke the present ones, in which
a rellable mathematical formulation of the problems in a not
too complicated way 1s possible, can model studies be
dlspensed with. On the other hand, model studles could
hardly be dispensed with for such a problem as, for example,

the determination of the flow characteristics through the
pates and tributaries of Kentucky Dam i1tself, since an
adequate purely mathematical formulation of such a problem
would be, if not downright impossible, then at least
enormously complicated. '
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§9. Conversion of Rainfall Data into Runoff Data for the
Ohio River

The progress of a flood wave may depend decisively on
the amount of water which is contributed by the ungaged runoff
of rainwater coming from the area drained by the river: thot
1s, the flow from the main valley and from small tributaries
wiaich are not gaged. The simple arithmetical calculation
which converts rainfall data into runoff data has been coded
and tested on the UNIVAC. It took less tron 10 minutes of
machine time to compute the runoff data for the 5 reaches for
a 10 day period., All of our flood predictions were made with
runoff data that was hand-computed and supplied to us by the
Corps of Englrzers. Ye merely report here on the obvious fact
that 1t 1s feasible to prepare the runoff data on the UNIVAC
and indicate the method that was used.

The Chlo River Division of the Corps of Engineers
supplied us with the data on rainfall over each of the §
drainage areas which are associated with the 5 reaches into
wnich the upper Ohio River is divided. That 1s, the rainfall
amounts for each 12 hour pericd, from 5:00 P.M. on Feb. 25,
1945 to midnight of Mar. 6, were glven together with the
percentages of these which renresent the amount of water
(called excecs rainfall) which flows into the river according
to certain fixed unit hydrograph proportions., Our calculations
were made for the period from Feb. 26, 1945 through Mar. 6,
1945. (There was nc rain for l days rrior to Feb. 26.)

e used equation (9.1) to convert the 17 “our =ainfall data

for a reach into runoff data fcr tro reach at 6 hour {ntervals
(3lnce the hasic interval into which we divide the UMIVAC
comrutaticn is 6 Liours - that {9, we represented q(x,t) as

being a linear function of the time, t, for a reriod of & hours),
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uz.r(t-36)+uh-r(t-2u)+u6-r(t-12)+u8°r(t) )

for t = 6:00 A.M, or
6:00 P.M,

(901) Q(t) =

*.._/’\..___..,,___\

ul-r(t-u2)+u3-r(t-30)+u5-r(t~18)
+u7-r(t16)+u9-r(t+6) ’

for t = noon or
‘midnight

where q(t) is the amount of overbank inflow for the reach
expressed in units of one thousand cubic feet per second,

while r(y) is the amount of excess rainfall in inches that fell
over the drainage area during the 12 hour period preceding y,
i.e. from (y-12) until y; and Uy sUpseesslly (see Ta»le 9.,1) are
the 6 hour instantaneous hydrograph coefficients for the
drainage area. Note that only the rainfall of the vreceding

2 1/2 days is vermitted to contribute to the runoff

\\Egach Wheeling |St. Marys|Pomeroy Buntington[Maysville
u ““«* St. Marys|Pomeroy |Huntington|{Maysvilie |Cincinnati
Uy 11,172 3L,557 30,727 42,328 12,969
u, W,h57 | Wh,721 | 39,764 | Sh,778 | 18,078
U, 16,429 50,820 415,187 62,247 20,513
uu 18,100 56,018 50,609 69,717 23,008
g 20,536 | 63,525 | 56,483 77,809 25,679
U 17,743 5L4.885 48,801 67,227 22,186
G 12,€50 39,131 34, 794 47,930 15,818
g 10,51k 32,525 28,919 39,838 13,147

;ug 7,229 22,361 19,882 27,389 9,029
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The inflow data that was used in our Chiec River flood
calculations was read off at 6 hour intervals from curves of
inflow prepared by the engineers with the use of 12 hour
hydrograph coefficients. We compare the values of inflow
obtained by us through the use of 6 hour hydrograph
coefficients in equation (9.1) with the data supplied by the
engineers; Fig, 9.1 is for the reach Wheeling to S arya
and Flg. 9.2 1s for the reach St. Marys to Pomeroy. v 1s
seen that, as 1s to be expected, the 6 hour coefficients
produced slightly higher crests and lower troughs than was the
case for the 12 hour coefficlents (since the peaks didn't occur
at the ends of the 12 hour periods).

In particular, we noted that the short dry period which
occurred on March 5, coincides with a brief drop in stage in
the measured hydrograph at the stations between Wheeling and
Cincinnati on that day. Our calculated hydrocgraphs do not
have as pronounced a dip and we attribute this fact in part
to our having used the 12 hourly smoothed runoff data which
do not have as pronounced a dry period on March 5 as actually
occurred,
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