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NUMERICAL SOLUTION OF FLOOD PREDICTION AND
RIVER REGULATION PROBLEMS

REPORT III

t Results of the Numerical.Prediotion of the 1945 and 1948
Floods in the Ohio River, of the 1947 Flood-through the
Junction of the Ohio and Mississippi Rivers, and of the
Floods of 1950 and 1918 through Kentucky Reservoir.

91. Introduction and Summary
In two previous reports (Reports I and II from the New

York University Institute of Mathematical Sciences, Nos. 200
(1953) and 205 (1954)) the basic general theory for the
numerical analysis of flood wave problems in rivers was
developed and applied to simplified models of the Ohio River
and of its Junction with the Mississinpi River. It was found
that the numerical treatment of flood problems seemed feasible
from the standpoint of the amount of calculating tiiae needed
for a digital computer of the type of the UNIVAC and thus it
seemed likely that problems for actual rivers could also be
successfully solved.

The present report has as its purpose the application of
the methods described in the first two reports to the flood
wave problems indicated in the title of this report. It might
be said at the outset that the results of these calculations

show the numerical method to be feasible and practical.
The data for the flood in the Ohio were taken for the

cape of the big flood of 1945 and predictions were made
numerically for periods of two weeks or more for the 375 mile
long stretch of the Ohio extendizig Ifr-om Wheeling, West Virginia
to Cincinnati, Ohio. For the 1948 flood in the Ohio, 6 day
runs were made during open river conditions. For the flood
through the Junctinn of the Ohio and Mississippi Rivers the
data for the 1947 flood were used and predictions were made in
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all three branches for distances of roughly 40 miles from the

Junction along each branch and for periods up to 16 days* In

Kentucky Reservoir, which oxtends from Kentucky Dam near the

mouth of the Tennessee River 184 miles upstream to Pickwick

Dam, flood predictions were made for the flood of 1950 for a

period of 21 days, and ftrther calculations for the 1948 flood
for 7 1/A days were made# In each case the state of the river

or river system was taken from thi observed flood at a certain

time t = 0; for subsequent timues the inflow from tributaries

and the local runoff in the main river valley were taken from

the actual records. The differential equations which

characterize the flow of th., river were then integrated

nu•erically with the use of the UNIVAC digital computer in

order to obtain the river stages at future times. The tine

required 4n performu the calculations for the Ohio rliver on the

UNIVAC is at present one minute for a one hour prediction, and

less than one-half minute for a one hour prediction in the
other two cases. (We estimate that the same calculations on

the IBM 704 could be done in less than 1/15 of the time

required by the UNIVAC.) The flood stages determined in this
way were then compared with the actual records of the flood.

The fact that such flood wave problems in rivers can be
solved in this way is, of course, a matter of considerable

practical importance from various points of view. Once the

basic data for a river, river system, or reservoir have been

prepared and coded for a calculating machine, it becomes

possible to solve all sorts of problems quickly and

inexpensively: for example, the effect on a flood wave of

damming a tributary, the relative merits of various schemes
for serial operation of dams, or the praparation of tablet

showing the influence of chrniging the operating oonditions in

large reservoirs, are , problems which can be suecessCl.1y

attacked numerically. T,,4 sse ob.'ervations refer to the use of

the UNIVAC computer. The situation would be even more
favorable if newer and raster computing machines such as the
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IBM 70 were to be used. It is, of course, also of interest
to compare the method of numerical computation with the method

of using hydraulic models; the authors give their ideas and
opinions on this point in section 8 of this report.

4 Once it becomes clear that the integration of the
differential equations characterizing flows and wave motions
in rivers can be done accurately without an inordinrte amount
of expensive calculating machine time - and this was already

indicated by what was done in Report II mentioned above - it
follows that the success of the method for actual rivers hinges
on the possibility of obtaining accurate data from which to

calculate coefficients and initial and boundary data for the
differential equations.

There are four such c~efficients (cf. equations (2.1)
of the following section): the cross section area A and the
breadth J of the river, the resistance coefficient G, and the
inflow q from tributaries plus the local inflow from the main
valley. The first two quantities are purely geometrical in
character and could in principle be determined from
topographic surveys (as is, in fact, done when hydraulic models
are built). The resistance coefficient G is determined
empirically from rezords of past floods; records of discharge
and stage along the river are needed for this purpose. The

quantities A. B, and 0 are all functions of the location x
along the river, and of the stage H. The inflow q is assumed
to be a known function of location x and time t. In the

problems to be treated here, which were set up to test the
method of numerical calculation, this quantity was obtulned
from the records of an actual floodl in a prediction problem
it would be obtained from• cnowledge of the gaged flovs from
the laroer tributariec .pIus estimates of the local rmnoff
fr om .a :. Tae quantities A, B, and 0 are all fixed
1Lnotions of dstatice along the river and stage for a given

river,.river system, or reservoir. The inflow q will, of
course, vary from one flood to another as will the initial



and boundary data. In the two earlier reports it was reen
that a knowledge of the state of the river at some Initial

time (usually taken to be t = 0) is necessary in order to

determine the flow uniquely. This means that both stage and

velocity must be known initiallyl as a rule, the initial

velocity is determined by converting discharge data into

velocity data by using cross section areas, and the discharges

in turn are fixed from actual measurements or from rating

curves (in most cases, the latter). Since only finite length$

of any system are in question, it is necessary also to

prescribe boundary conditions at.the upstream and downstream

ends of the system; for tranquil, or subcritical, flow (the

only case dealt with here, since only rivers with relatively

low flow velocities were in question) it.is necessary to

prescribe one condition at each endpoint, which might be stage,

or velocity, or a relation between the two. In general, the

discharge (or, what comes .o the same thing, velocity) at the

upstream end should be prescribed, since that would seemi the

natural condition in practice, while at the downstream end of

an open river it seems reasonable to use an averagA rating

curve to-furnish a relation between stage and discharge; in

any case, a condition there mist be prescribed which has the

effect of simulating the influence of the river below the

endpoint. In the upper Ohio River, however, we have prescribed

stage at both upstream and downstream endpoints (since our

basic object was rea'ly to check the general feasibility of

the numerical method). In the prcblem concerning the junction

of the Ohio and Mlssissippi Rivers we have carried out the

solution first by proscribing stage at the two upper endpoints

(i.e., upstream. in the Ohio and upper Mississippi), and

afterwards by using discharge data at the upper ends. In both

cases a rating surve at the lower end in the Mississippi was

used to furnish a boundary condition. Good results were

obtained in both cases. (As will be explained later, it is

also necessary to impose appropriate continuity conditions ai.



the junction itself.) In Kentucky Reservoir, which is closed

at both ends by dams, the boundary conditions at both ends

were formulated in terms of discharge.

Once the coefficients A, B, G, and q are known, and

initial and boundary data are given, .the differential

equations have, for all future times, uniquely determined

solutions for the stage H and velocity v as functions of

distance x along the river and time t.

As was explained in the earlier reports, the differential

equations are Integrated approximately by the method of finite

differences, which yields values for the stage H and velocity

v-at a discrete set of points forming & rectangular net In the

x,t-plane. In the Ohio River a net with-intervals 2Lx = 10

miles in the x-dlrection along the river, and jit = 9 minutes

in the t-direction was used, and nets having approximately

these spacings were also used in the other cases. This means

that the coefficients and the initial data need be known only

at the net points, and these quantities should consequently

represent averages over 10-mile stretches, but their values

are taken at 5-mile intervals since a staggered net was used.

(Our preliminary work on simplified models of the Ohio River,

as discussed in Report TI, indicated that these interval sizes

are sufficiently small to yield accurate enough approximations

to the solutions of the differential equations. However, the

simplified models were such that the differential equations

had constant coefficients; in the actual cases the coefficients

are variable - so much so that 10-mile intervals are just

barely small enough to yield a reasonable approximation. More

will be said on this point later on.) The determination of

these coefficients as averages over 10-mile intervals was a

laborious', difficult, and crucial part of our task. It is of

such importance that the method of doing it will be described

The data characterizing the geometrical and dynamical
parameters for 375 miles of the Ohio River required the
tabulation of 1100 constants, for example.



6

in detail in 93 bolow. It should be emphasized that this heavy
task requires close cooperation with engineers familiar with

the data; we were particularly fortunate in having the
coop,'ration of the engineers from the Ohio River Division whose
names are given in the acknowledgment.

Although we describe in §3 the methods used by us in
converting the basic data for a river into data suitable for

our method of numerical calculation, it is nevertheless of
interest to indicate here in summary fashion how it was done.
Consider first the resistance coefficient G, which depends
plhysically upon the roughness and also upon the nature of the

cross section of the river bed. It must be obtained from
records of past floods, and it would be very convenient for
this purpose to have simultaneous records of flood stages and
discharges at points closely spaced along the river.

Unfortunately, measurements of discharge are as a rule available
only at the ends of rather wide intervals, called reaches - of

the order of 60-96 miles in length, even in the Ohio River,
for which the data are more extensive than for most rivei : in
the United States. Thus an initial estimate for the resistance

coefficient is obtained as an average over a distance
considerably greater even than the interval size of 10 miles

.
upon which our finite difference scheme is based.; a linear
interpolation from the midpoints of successive reaches was used

to fix the values of G at intermediate net Doints. As was
mentioned above, the cross section area A and the breadth B of

the river are geometric quantities which could be obtained

from topographic maps. However, such a procedure is extremnly
laborious and time consuming, and since another equally
important empirical element, the resistance coefficient, is

known only as an average over each of the reaches, it seemed

Ile had anticipated difficulties because of this fact, but,
fortunately they did not materialize in all of the cases. For
example, in the junction problem and in Kentucky Reservoir,
the first estimates from the basic data for this coefficient
were changed very little subsequently. However, quite
considerable changes from the first estimates were necessal,y
In the Ohio River.
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reasonable to rmake use of.an average cross section area over

each reach also. In fact, one of the important aspects of the

results to be reported here is that it is indeed possible to

make accurate flood predl-tions by using average cross section

areas in an appropriate way. Roughly speaking, this was done

in the Ohio River by analyzing data from past floods in such

a way as to obtain the storage volume in each reach as a

function of the stage, from which an average cross section

area is at once determined. At intermediate net points the

area A was fixed by linear interpolations from the midpoint

of a reach to the midpoint of the adjacent one. In Kentucky

Reservoir, however, we were supplied directly with storage

volumes (obtained from topographic maps) for intervals of

about 10 miles in length. The breadth B is, in principle, the

derivative !2: of the cross section area with respect to stage.
dH

It was to be anticipated that this quantity would be somewhat

sensitive, and this proved to be the case; how reasonable

average values for it were computed from the data is perhaps

best left to.the detailed descriotion in 93. Thus the

quantities A, B, and G are computed as numerically tabulated

functions of stage at each of the net points along the river.

However, in order to save number storage capacity in the UNr#AC,

these.quantities were fitted to empirical curves (quadratic,

cubic, and hyperbolic curves in different cases) with a few

parameters: the details are of some importance, and they also

are discussed in 93. The quantity q(xt) which yields the

inflow data, is of course taken directly from the records;

any gaged flows from tributaries weve put in at the nearest

interval, while the ungaged local drainage for a given reach

was distributed uniformly over the intervals in that reach.

It would naturally be too much to expect that a given

flood would be accurately reproduced by numerical integration

on the first trial. In order to improve the numerical results

it is in general necessary to adjust the resistance

coefficient and the average cross section areas and breadths,
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which are obtained initially as avbrages in an appropriate

sense over those past floods for which data are available, to

bring this about. This is, in fact, what is also done when

making model studies, in which, however, all adjustments are

made through varying the roughness of the model. In effect,

the observed flood is used as a means to correct first

estimates of the physical parameters. It had been anticipated

that very extensive changes in roughness coefficients would be

necessary (as it is with model studies) in order to reproduce

a given flood accurately. Actually, it turned out that the

first estirmiates of the roughness coefficient were quite good

in two of the three cases, but that the average cross section

areas and breadths were in need of revisions, particularly in

some reaches of the Ohio River. In the junction problem, and

in Kentucky Reservoir, no really extensive revisions of the

initial estimates for either the resistance or the area and

breadth coefficients were necessary , while both of these

quantities had to be varied considerably in order to reproduce

the 1945 flood in the Ohio River with reasonable accuracy.

What this means is that the type of basic data available in

two of the three cases treated by us sufficed to fix accurately

the geometrical and dynamical parameters which govern the

flows, and that consequently the differential equations in

these cases are adequate and correct formulations of the basic

laws which.determine the flows uniquely. In the case of the

Ohio River, it would be necessary to make still more revisions

in the coefficients then we have had opprrttuity to make so

far before it would be sure that the differential equations

mirror E•curately the characteristics of the river. In

In Kentucky Reservoir, however, the mesh width of 10 miles
was too large for the finite difference scheme that worked
well in the other two cases. We therefore used a more accurate
finite difference scheme in the calculations for Kentucky
Reservoir. In fact, 10 miles is, we now feel, just on the
borderline of what is reasonable as an interval size for the
simple and straightforward vays in which we approximated
derivatives by difference quotients.
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particular, the use of average cross section areas obtained

from past flood records by balancing flows to obtain storage

volunes is probably not accurate enough, and ought to be

replaced by averages from topographic maps.

In 94 the results of flood predictions for the 1945 and

1948 floods in the 375 mile stretch of the Ohio River between

Wheeling and Cincinnati are described in detail. In Fig. 1.1

we give a graph showing a typical result; the graph shows the

observed and the calculated stages for the 1945 flood at

Maysville for 13 1/2 days. The time required on the UNIVAC to

make the computations was 6 3/4 hours. As one sees, the

agreement is generally good. The error at the crest of the

flood, was 0.1 foot, and the maximum error (late on March 6)

was 1.6 feet. Upon going back to the basic data, and looking

at a map of the drainage areas, it was observed that the

ungaged inflow in this reach which was quite high for a short

time on March 6, was mainly introduced not far above Maysville;

on the other hand, in making our calculations (as we have

mentioned above) the ungaged inflow was distributed over the

whole reach, and it is thus not surprising that the calculated

hydrograph is smoother than the one actually observed. Later

on, the curves came together again.

Our process of calculation in all three of the problems

studied involves, at bottom, the replacement of the actual

river in all of its complexity by a model in woihich average

properties (average areas, resistance factors, etc.) over

distances of varying length come into play. It turns out in

all th2ree of our cases that the calculated stages given by

such models agree well with the actual stages all along the

river, but that the discharges obtained by taking the product

of the calculated velocity and the cross section area of the

model at a given point may disagree widely with the local

discharge as observed in the actual river - at gaging stations

at the ends of reaches, especially. The reason for this

discrepancy is that the gaging stations are invariably placed
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at narrow portions of the river, and thus the local areas and

resistance coefficients at such points differ widely from the

averages used by us. it is nevertheless possible to obtain

correct local discharges by making an easy supplementary

calculation which has the effect of passing back to the actual

river from the model. The method of doing so is explained in

94 in connection with the problem of the upper Ohio River;

the same method applies in the other cases, but will not be

repeated in the discussion of these cases.

It has already been stated above that quite extensive

changes had to be made in the initial estimates for all of the

coefficients - resistance coefficient G, area A, and breadth B -

in the case of the Ohio River in order to reproduce, as was

done successfully, the observed stages of the 194ý5 flood. The

fact that this was necessary is already a strong indication

that the basic data were inadequate (or, perhaps, not used in

the best way by us) to characterize the Ohio River accurately

In fact, when the differential equations were used sub-
sequently to predict the stages in the 1948 flood, the results

were not accurate at some (though not all) of the gaging

stations, (This was particularly true in the region about

Huntington. It has perhaps some significance to add that we
are told by the engineers of the Ohio River Division that they

also have difficulty in getting their calculations to check

in this vicinity.) In 54 the details of the results for the

1948 flood verification, and a discussion of the possible

causes for errors and of possible ways to overcome them, is

given,. In a way, it was unfortunate that we began our work

with the Ohio River, since we are now convinced that the

problem presented by the Ohio River is Ly far the most difficult

of the three treated by us, (for reasons which will be FP.ven in

later sections), and that it should be studied more carefully

There are discrepanciec in the storage volumes of as much as
20 96 when determined by different methods, and one could have
legitimate doubts with respect to the accuracy of the inflows
between Wheeling and Cincinnati, which are a very large part
of the total flow.



than our resources in time and funds permitted: with our

present experience we feel that we could attack the problem

in better ways.

Tn 95 the calculations for the 1941 7 flood through the

junction of the Ohio and Mississippi Rivers are described P~nd

analyzed. We reproduce here in Figs. 1.2(a) a~nd (b) graphs

showing observed and computed stages at Cairo, tne junction,

and at Hickman in the Mississippi River below the junction.

Approximately 40. miles in each of the three branches is

invol~kved, and discharge was prescribed at the upper ends,

while a rating curve relating stage and discharge was used as

a boundary condition at Hickman. The computation time on the

UITNVAC for the flow over a period of 20 days was about 3 1/2
hours. As one sees, the observed and calculated stares are

in very good agreement, with a maximum error of about 6 inche's

at Cairo and about 1 foot at Hickman. It is to be seen that

there is a uniform bias at both Hickman and Cairo In the sense

that the observed stages are lower on the rising part of the

flood and higher on the falling part than the calculated

stages. This is doubtlessly the result of using a (single-

valued) simple rating curve at Hickman as a basis for fixing

the relation between stage and discharge that was used as a

boundary condition, Rating curves which depend on the water

surface slope as parameter should perhaps have been used,

since that is what is actually observed. Had this been done,

the correction would have been In such a direction as to

dE'crease the discreparkay between observed and calculated

stages since the actual rating curve relation would, for rising

stages, furniLsh a lower stage f or a given discharge than that

used in the calculations, and just the reverse for falling

stages. One observes that the bias at Cairo is still notice-
able, though less in value than at Hickman. Only minor changes

were made in the cross section areas and resistance coefficionts

from the values computed initially from the basic data.
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In 96 the calculations for the 1948 and 1950 floods

through Kentucky Reservoir are described and analyzed. As was

mentioned above, the reservoir is 184 miles long and extends

from Pickwick Dam at the upstream end to Kentucky Dam down-

stream. Discharge data were used to obtain boundary conditions

at both ends of the reservoir. In Fig. 1.3 results of the

calculations for the 1950 flood are shown. Stages were

calculated for a 21-day period begirning Jan- 4, and a little

less than 4 hours of UNIVAC time was needed for the computation.

Stages at Pickwick and Kentucky Dams (the ends of the

reservoir), and at Perryville (close to the middle of the

reservoir) are shown. The agreement between observed and

calculated stages is seen to be very good. At Pickwick Dam
and Perryville the errors are of the order of a few inches,

while at Kentucky Reservoir they are about 1 1/2 feet. One

sees, moreover, that even the minor variations in the observed

stages are reproduced faithfully by the calculated stages.

These results again were obtained without extensive changes in

resistance, area, and breadth coefficients after their

determination from the original data. A revision and refinement

of the finite difference scheme was, however, necessary (as was

mentioned above), because the mesh width of 10 miles was too

large in comparison with the rapt. ariations in cross section
aree. and width with location eP 'he reservoir. The

coefficients used for the 1950 L.Locd were then used in the

differential eq'iations to calculate the progress of the 1943

flood through the reservoir. In this case the flood is

reproduced quite accurately. The progress of the 1948 flood

wat calculated for 7 I1A1 days only, since the stages were then

hlgher than those of thb 1950 flood (herce it has no ,ioaning

to speak then of a verification), and also the increase in

stage was so ranid in -;o-le places as to min:e our finite

nince dirscharges only are pres-cribed at thcse points, the
VtaMes are determined as part of the nolution of the
differential ocjua tions.
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difference approximations too crude: either a finer net should
be used, or a more refined scheme of approximation should be

devised.

Summing up, we observe that the numerical method proved
to be very successful for the junction problem and for Kentucky

Reservoir, and partially so for the Ohio River. The character
of the results in the first two cases - in particular, the fact

that even minor variations in the observed stages were

reprodu.ced with only minor changes and adjustments in the
coefficients - convinces us of the feasibility and practicality
of the numerical method. The authors feel sure that the Ohio

River problem can also be solved by numerical methods as

accurately as the basic data permits.

In §7 0e set dcown some suggestions, based on our

experience, for modifying the numerical methods. In 08 we
discuss the relation between the numerical methods used by us

for flood and river regul:ation problems and the method of

studying floods by means Df models of rivers. The views and
interpretations presented there are those of the authors, and
do not reflect necessarily the views of any others who have
been associated with us in this enterprise, In §9 we describe

a method by which rainfall data can be converted into runoff

data to obtain the unigaged local inflows in a form suitable for
machine computation; this was carried out for the Ohio River.

Finally, the instructions to the UNIVAC needed to solve
any of the nroblems discussed here will be made available,

though in a restricted number of copies because of their bulk.



§2. Outline of the Numerical Methods Used for Solving

Flow Problems in Rivers

The basic equations gove,,ning the flow in a river are

BHt + (Av)x = q

(2.1)
v + vv+ gl fx -Gv Iv1 - v

vt + XVVx X A

In these equations H denotes the elevation of the water

surface above sea level, v the velocity of the flow in the

river, G the resistance coefficient, A the cross section

area, B the width of the river at the water surface, q the

volume of inflow over the river banks and from tributaries

per unit length and time. These equations correspond to

equations (2-3) and (2.11) of Report I. However, the term

At in (2*3) of the earlier report is now written in the ob-

viously equivalent form Blht, while the coefficient of the

resistance term in (2.11) of Report I has been simplified

by w:Jiting it as a function G(xH) which is to be empirically

deterimined. The derivation of these equations, which are in

any case well known, has been given in Report I. The nota-

tion here is slightly different from that of Report I; in

particular, it might be noted that the slope S of the river
bottom does not appear explicitly in the second of euaat'ions

(2.1). S is contained in the terin involving H since H =x
y - S, where y is the depth of the river. (It should be

noted that 11 is considered positive upward, but the slope

S is taken to be positive although the downstream direction

is ta?:en as the positive x-direction.)

The solution of any concrete flood wave problem requires

tho determination of H and v as functions of the location x

along the river and of the time t. As was explained in

Reports I and II these quantities can be obtained by intcý;rating

the eiuations (2.1) (once the coefficients AB,G are known)
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provided that the initial values for H and v are known at

scme time, say at t = 0, and if in addition the inflow over

the banks and from tributaries is given as a function of time:

that is, the quantity q in the first of equations (2.1) should

be supposed kno, ni as a function of x and t. It is of course

possible to deal only with finite lengths of a given river

or r-ier system and as a consequence boundary conditions are

needed at the end points. In the problem of predicting a

flood throug-h the junction of the Ohio and Mississippi

Rivers, for example, boundary data were applied as follows:

The discharge was assumed known above the junction at

Metropolis in the Ohio and at Thebes in the Upper Mississi-

ppi. At the dowmstream end of the Mississippi at Hiclnm it

was assamed that the relation between stage and discharge

was knowm. In addition, at Cairo, the junction of the three

branches, it was necessary to fulfill transition conditions:

these took the form of requirements that the stage in all

three branches was the same and that the inflows from the

upper branches just balanced the outflow into the Lower

Mississippi.

As was described in the preceding reports, numerical

integration of the equations (2.1) with the give, initial

and boundary conditions is to be performed by using the
method of finite differences. However, before writing down

the requisite formulas involving finite differences there

is some point in rewriting equations (2.1) in the so-called

characteristic forn for two reasons: first of all it is

important to determine the slopes of the chararteristios

in order to fix a maximum safe interval for the time incre-
ment At, and secondly, this form of the equation is appro-

priate for use in computations at boundary points, namely

at upstream and downstream ends of the river stretch to

be investigated.
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In order to put the equations (P,1) in characteristic

form the second equation is multiplied by +±?afld added

to the first equation thus yielding the system

(Av)++ •-H--- ' + vvx + + Aqv

AVx+ Bt-q g + Gv ghx AJ

(2.2)

(Av) + BHttq -t!v + vv + gHX + GvlvI + Aqv .

These can in turn be rewritten in the following fonrm

(2°3) B H-v q. . c q- vA,
\d i -g d6 +g tA X

d • •=IA-where - = + [v + c] and c The quantity c

represents the speed of propagation of small disturbances

(in the case of a rectangular channel c =g, with y the

depth of the stream) and d denotes differentiation in one

of the two characteristic directions. That is

(2,4), d-x -

are the characteristic directions in the x,t plane in i-hich

the derivatives of H{ and v are taken in equation (203), and

the solution curves of these first order ordinary differen-

tial equations are called the characteristics cor:'esponding

to a given solution H(x,t), v(x,t) of (2.1).

The riethod of finite differences is based on the deter-

niination of approximate solutions of the differential equa-

tions in a discrete net of points in an x,t-plane. There

are various procedures which can be vused to determine such

approximate solutions. In general, use was made o- a

staggered rectangular net as indicated in figure 2.1.

'The reasons for choosing such a net are discussed in the
earlier reports.



17
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F i g u r e 2,1

Stagered net point lattice in interior

The general idea of the method of finite differences is to

advance the solution step-wise in time intervals of length

/At. Suppose, for example, the values of H and v have

already been obtained in a certain horizontal row of ret

points, say in a row containing the points L and R of

figure 2.1. The method of advancing the solution to the

next row is then as follows: Consider the point M midway

between the points L and R. The values of H and v at this

point are defined as the following averages

(2,5) HM l(HR + HL) , VM = 1(vR + VL)

The derivatives of H and v at M are Ep proximated by diffe-

rence quotients in an obvious way; and these approximations

to the derivatives at M are then inserted for the corres-

ponding derivatives in equations (2.1). The result is a

pair of algebraic equations which can be solved to yield

approximate values for v and H at point P. The results are
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(2.6) - [H1R+ I] - At[,RVR +ALv 2f1 t H TR 1

vp = (B[R+%)Ax .....

1 _[- + RL

The criterion for convergence of the finite difference
scheme as Ax and L•t tend to zero is that P should always
lie within a triangle formed by the segment LR and the two
characteristics issuing from L and R of slope v + c,
given by equation (2oL4).

In order to compute values of stage or discharge for
net points at either the upstream or downstream end, it
is necessary to have given one physical condition, such
as stage or discharge or a relation between stage and dis-
charge such as a rating curve. The physical condition is
then used with one of the differential equations in charac-
teristic form to determine the boundary values of H and v.
For a boundary point on the upstream side the appropriate
characteristic equation• (i.e. the second equation of
(2.2))when put in finite difference form is used first
with respect to a point K, not in the staggered lattice,
and then for the point N which is in the staggered lattice,
as indicated in Fig. 2.2 below. (we recall that the posi-
tive x - direction is taken downstream).

See Report I, P.30 for an explanation of this type of
procedure.
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00

K 0  P o

F i g u r e 2.2
ilet point scheme at left boundary

That is, we .use the given physical condition together with

equations (2,7) and (2.8) below to determine HN and vN in

terms of already known quantities:

BIHK-L ARvR ALvLL•-••• +Z T 2 x .. . RT,

(2.7) 2 2. _•_•_ + •_X + +gjKV VR VL HR'HL) + qL VL GL2
.jBIaj [ mVK + + G + v~

H "HN-K ApVp) - A KvKBKL- J-K] + A X" qK P

(2.8)

-vK + - + g-7- +L) - +--- = kv o
gKxG`-Kj

By qRL and qKp we mean the inflows over the appropriate seg-

ments at the appropriate time.

At the downstream end a similar pair of equations (2.9)

and (2.10) is set up, as indicated in Reports I and II, with
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the additional point K, as indicated in Figure 2.3

0 0 ON

0 P0

P i g u r e 2.3

(2,9) 2 2
+ /Y vK-vR +vvLR-HL qLRV_. G 2+ + g'2.•' + + Rv R

B +H H--/ --- + " qP K

(2.10) .2 2.
+vN-v VK-VP / 1 vI- +gHKn +2

+ rv v qp+ KK + G [v 2 0
P, L 6,, x+ x- + AK 71

In the case of the junction problem, the values of 11

and v belonging to the net point at the junction are enimpu-

ted from the conditions that the stages in each of' the three

branches are equal and that the volume of water which flosis

in from the upstream branches leaves through the downstream

branch, together with equation (2.9) and (2.10) for each

of the upstrealnI branches and equations (2.7) and (2.8) for

the downstream branch (i.e. the lower Mississippi). The
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various conditions to be satisfied at the junction can be

reduced to a single implicit equation for the stage at the

junction in the form

(2.11) H = F(H)

where F is an explicitly known function of the unknown junc-

tion stage. Equation (2.11) is solved by a process of
itera.tion, in which the first guess at the solution is

taken to be the stage H at the previous time. This value
is inserted in F(H) to obtain a corrected value of H, etc.;

this process converges rapidly.

In the Kentucky Reservoir problem it was at once no-
ticed that the finite difference methods discussed above,
which were satisfactory for the Upper Ohio and for the

junction of the Ohio and the Mississippi, fatled to give

correot results. The reason for this failure is the rapid
variation in the coefficients of the differential equation
with ;he distance. In other words, the essential quantities
A and B, the area and width of the reservoir, varied mauch

too rapidly* in relation to the mesh width 2A.x of 10 miles,
to permit a good approximation to the solution of the diffe-
rential equations; in fact, the numerical result- weVe so

wild as to indicate strong divereonce. In addition, it
seems likely that the difficulty was aggravated by our use

of a sta:.gered net: if tio variations in the coefficicnts

happened to be roughly periodic with a period of ten miles,

i.e. with a period equal tc, the mesh width, it is clear

itIt should be said that we were in a posit~on to 1.noý! theze

variations in the quantities A and B accurately since the
Tenn. Valley Authority had furnished us with excellent data
in the form of averaCes for thcse quantities over 10-mile
intervals. The changes of width and area are sometimes qvite
abrupt - they vary by a factor of two or three in adijacent
segzrents.

- -wm, . . .. "



22

that the shifting of the net back and forth at each time

step At = 9 min. could easily result in the building up

of a systematic error. In fact, this does happen.

The obvious wey to overcome the difficulty would be

to decrease the mesh width in the x-direction from ten
miles to not more than, say, three miles. But since the

time step /t would have to be decreased in the same

proportion the calculating time on a digital computer

wiould be increased by a factor of 9 at least. This •c',Id

make the use of the Univac somewhat impractical, but it
would not necessarily matter if a faster machine such as

the IBM 704 were to be used. lie, howrever, were using

the Univac, and hence founi it necessary to devise a
different way to overcome the difficulty. Since the diffi-

culty was felt to arise bezause of the shifting back and
forth of the net in the x-lirection at ti.e time intervals

/\t, it was thought that it might be eliminated by approxi-
mating time derivatives through the use of values at the
time t - /\t in addition to those at the time t in order

to advance them to the t:.me t + /t - while in all pre-

vious schemes values at 1iine t only were used as a basis

for advancing the solution to the time t + /4to. This
more complicated method of approximating tLne derivatives

(which also complicates the codinri for the Univac) tmrned
out to be much more accurate, and it led to a satisfactory

solution of the zroblem,ý

The ne-: scheme for approximating derivative3, 4hlch

we refer to as a centerod diteorence scheme, is describr-d

lWe have been led to wonder whether somo o:. t .' 11f!iculti",
nricountered In the Upper Ohio miC.t not also be partially

overcome by usinf- this technique. "lore -,ill be said oii
this point later.
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on the basis of Fig. 2.4. The esscntial new factor is thst

the values of v and H

* *p S

ig u r e 2.4

Centered Yet Point Scheme

are advanced to the point P by making use of tho 'movim

value3 of these quantities not only at points L and R but

also at point M as well. In fact, the time derivatives

are calculated using values at P and M, while x-derivativez,

are coip •td in the same way as in the stagrered scheme

described above, which requires using values at L and R

only. The reslIt is the following difference equations

as approximtations to the differential eauations (2.11):

2 27 (VE H v1 Aq qLRM2_P + L. -~x + g R 2Ax +A71V2

(2.11) and

B(P'"MI2) + (ARVR"VL LL q 0B1 2&\ t + •x "LR

These eO, •t•ons can bo solved for vp and H as follo'..s

to yield tho a!,proximate 3olution at point P determined

V.-TWPI ... -F
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f'romr the known values at eaplier ti~mes:

1 ~22
jvR- V L (HR -H 2 LivvVP =v - 21..t + -p 4L-\x vfq Am1

(2o12)

H2At (A v mA vHp FN {- ý2x L LRf
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£3. Methods of Obtaining Coefficients and Initial

and Boundary Data fcr the Differential Loquations
from Empirical Data. Fixing of the Maximum
Permissible Time step.

In the differential equations (2.1) we must fix the

cross section area A, the width of the river 3, and the

resistance coefficient C all as functions of the distance

x along Lhe river and of the sts.e H (actually only at
points used in the finite difference scheme). These co-

efficients are fixed orice for all for a given river no

matter what specisl problemsare to be solved. The remain-

ing coefficient, characterizing the flow over the banks

and from the tributaries as fixed by the quantity q,

will differ from problem to problem depending on the

known or estimated run-off from rainfall and the infleows
from tiibutaris. It is supposed given in any specific

flood wave problem.

The method of obtainin, the coefficients from the
basic data depends upon the river itself and also upon

the type of infornation available. Actually several dif-

ferent methods have been use. b~y us: at least two for the

Chio Kiver, another for the junction of the Chio and

Iississippi, an( still another for the Kentucky IReservoir.

a) Determination of A and B as functions of x and H:
ITe begin by diCcussin, the determination of the cross

zeotion area A. This coefficient, as was indicated above,
nust be known as a function of 1i at every net pcint.

Ideal for thi3 purpose would tc actual cross section areas

from topojraphical surveys at points close enotigh so that
acc.urate avra:c cross sactions over ten mirle intervsls

cou,' be obtai;•ed. (Ls we have said repeatedly our net
polits have bt-n chosen ten miles apart In the stag .:c~red

schome of net pcints). Of course what is wanted is an
avcrzge crQzs section area for ten mile stretciie. cente!,ed
at each of the net points. For the cese of' the Kentucky
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Reservoir this information was furnished directly since

storage volumes "for level pool" were provided. That is,

the) volume V of the water in ten mile stretches was given

as a function of the stage H; the average cross section

area was then simply obtained by dividing the storage vol-

ume by the length of the segment. Such detailed data were

not available for the Ohio River between 1 lheeling and

Cincinnati, and other means of determining average cross

section areas had to be devised. It would have been pos-

sible and probably would have given better results to do

it from topo Iraphic maps; this is what is done in con-

structing a model of a river. However, such a procedure

is extremely laborious and time consuminri and it was thought

preferable to find out to what extent such refinements are

necessary, or rather to find out whether roug-her and quicker

methods of determining cross sections would not be just as

satisfactory.

1e proceed to describe the methods used by us for de-

termining the cross section area A for the 375 mile

stretch of the Ohio River from Wheelina to Cincinnati.

There are main gagin;:• stations at Wheeling, 3t. harys, Pomeroy,

Huntington, ,aysville, and Cincinnati' as indicated

schematically in Fig. 3.1. At these stations, which are

from sixty to ninety miles or so apart, the cross section

areas are known as a function of sta.-:e. One, mi-ht think

it rtasonvble to take the cross section areas at the meas-

urinr; stations as representative of the channel, Unfor-

ttnately, these measurint, stations ritr locat,:d in -ene-oal

at points wh:ere tho river is rrlatively narrow (w!hich '1"

natura'., of course, sinco this PactIitates m;easuren-rtt of

ti',e Ciischar•e) so t at thýse areas do not re 4ýen" a mean

crc,3 s section over a rench. In ff.ct a comparison oi the

mean cross secticn areas for a rpach as obtained below with

the areas at gaging stations shows the lutter to be as little

as half the averif;o area over a x'eac&.



p. 26o

REACHES IN THI- OHIO RIVER

98 mi.
-.- -

% N- 
-

// Pittsburgh

Wheeling

67 mi.

St. Marys

96 mi.

Pomeroy

Cincinnati

F ig. 3.1



27

However, from analyses o. the records of past floods
(which included discharge as well as sta-e .ieaurements

at the gafging stations ;-ienLionedi above) thoe storage vol-

uries in each reach -,ere known as a fLnction of the dio-

charge at the low.r end of the reach. (The data were

available in this form because it is in tnis form that it
is used in the conventional flood routin'w procedure.) In
addition to the storage volume as a function of dischare
at the lower end of the reach thore is also available the

rating curve, that is, the relation between dischrarge and
stage at a gaging station for steady flow conditions in

the river. (Since actual flows are rarely steady some man-
ipulation of the observational material is necessary in
order to obtain a ratinrg' curve for steady flow concditions).
Next it is necessary to know the average slope of the water
surface over a reach for steady conditions as a function of
the stage at the lower end of the reach - which can be
obtained from past flood records. It is therefore possible
to calculate the stage at the middle of the reach as a fun-
ction of the discharge at the lower end of the reach, whence

the storag'e volume is known for the reach as a function of
stage at the center of the reach. One need only divide the

storar,ýc volume by the length of the reach to define the
averag-e crossect!on area as a function of stage at the mid-

point of the reach. This was done for each of the five
reaches in the stretch between Uheeling and Cincinnati.
however, as indic-tcd above, this ;ires averages at points

seventy to eighty mi.les opart while a cro's section area is

needed for tho finite difference scheme at points only p
miles apart, It should be remembered that the mesh ui.dth
is ten miles, but. we use a sta oered net. The ar,:as at Lhe
net points wcre obtained by linear irterpolation (as d'IarIbed
below) between the midpoint- of adjacent reache•.

In principle it woll be nos!ible to code the detv for
thc cross section area as a funct on of stage Land location
as a twc-entry table. In practice it is bettcr, holevr to
*In Anr endlx II to Renort II it is seen that the lope in a
steady Plow in a rivcn channel is rc)utcd in a unique wa'y to
the stage.
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approximate cross section areas at the midpoints of the

reaches by explicitly ,iven functi.:ns involvin7 a few par-

ameters so that the digital co:-iutýr can calculate the de-

sired values from. such simple fcrmulas: in this way the
storaze capacity of the di:.zital computer is coi.served. The

first method of aDproxirnatinrr cross section areas tried by

us was to use the following quadratic approximation forr,-ula

(3.1) A(xH) = a(x)(H - H(X)]2 + A (x)

in which a(x), He(x), and Ao(x) were first evaluated at

the midpoints xj of the reaches under study. This formula

for the area at the midpoints of the reaches was then ex-

tended to the intermediate netpoints simply by interpolating

linearly between the midpoints )f two nei.•hborin- reaches.

That is, the quantity a(x) for example is assumed given as

follows: -X

(3.2) a(x) - a(xO) + - a(x

in which xo and xI are midpoints of two neighborin. reaches

and x locates any intermediate net point. Sinilar formulas

were used to fix the quantities H (x) and A (X) at inter-

riediate points. For net points which were not located be-

tween midpoints of two reaches, as in the vicinity of bound-
ary points, extrapolation formulas of the sa-ie sort were used

with respect to the two nearest reaches. (In the case of the

junction problem data from reaches outside the boundary points

were available and thus in this case the boundary points

played no special role. A sli'ht modification in this process
of fixing a crosi section area was necessary at the Junction,

in order to make sure that the sum of the cro0s section areas

of the Upper Iicsiss;ippi and the Ohio equaled the cross sec-

tion area in the Lower Niszissippi.)
Once the cross section area has been fixed as a function

of the sta'e, the width B is determined from the well known
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relation dA = BdH or by setting B = dA Figure 3.2 in-

- 0 . Cur . in

dicates the actual averace cross section area for the reach

from St. ilarys to Pomeroy and also shows how the 6rea Is

approximated by the quadratic fori-aula (3.1)(a third curv3
given by a hyperbolic fortala is also drawn-sec discussion

below). Figure 3.3 shows the corresponding width B de-
termined by differ'ntiation of the above area curves. As
one sees - and this is quite important frcm the point of view
of the latnr discussion - the empirical curve for the width
B is approximated by th3 straight line obtained by differ-
entiption of the parabolic area curv(,E. In the up)er Ohio
this approximation to the width B Js not accurate at the

higher stages, especially in the reach Porneroy-Huntington:
the width increases at a much greater rate. TIe natural
consequence was that the river stagee; obtained by calcul-
ation at Poneroy were much too high, as is shown by Fig. 3.4,
which shows observed stages there conrpared wi[th those cal-

culated usinc' the parabolic approximation forrmula for areas.
These observations indicate the need for a more accurate

approximation formula for cross section areas in at least

some parts of the Upper Ohio. Since the linear variation in
width as a funccion of stage furnished widths that appeared
to be too small at higher sta-,es, it was trou,;ht better to
nmake use of a hyperbolic rather than a paribolic approxi!mation

forýula for cross section area:. The formula finally fixed
u:oon for A was the followin,:

(3.3) A(xýH) = x) +b()(H-h() + A ,

snd hence B = dA/dH is olven by

(3.4) B(x,H) = b(x) - a(x)

(H-h (x) I

Upon comr, arl :on with (3.1) we note that there are nuw four
parameters in (3.3), i.e. a(x), b(x), h(x), and Ao(x) instead

•~~~~~~~~~~~ .. , . , , , , , , ,,• , , , , , , ........
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of the three parameters in (3.1). The use of these more

accurate formulas (see T'i-s. 3.2 rnd '.3) led to much

better results, as is shown in Yis. 3.4, where the observed

stages at Pomeroy are comipared with those calculated using

the two different formulas for cioss (ection area.

For the problem of the junction of the Ohio and the

Mississippi Rivers i-; was found sufficient to use a parabolic

interpolation formula for the Area---that is, formula (3.1)

was used. Also, sto;2age volumes for intervals of about 20

miles in length were given as part of the basic data, -o

that accurate average cross sections were known for intervals

of this length.

In Kentucky Reservoir also, the average cro3s section

areas were simply cbtained froin storage volumes over 10 mile

intervals. These were obtained bTr planirieter from topo-

graphic surveys, However, quadratic approximation formulas

for cross zeztion areas wore not accurate enou7h in the upper

parts of the reservolr; in these portions the followin,

cubic approximation formula was used, with good results:

(3.5) A(x,FH) = a(x)[.r-h(x)] 3 + c(x)[H-h(x)] + A (x), with

a(x), h(x), c(x) and A0 (x) as paranmeters.

It should perhaps be emphasized that all of these an.rox-

imation formulas for the cvoss section A refer, in the fiirst

instance, to a point :it the cnter of a given reach (in the

Ohio there were only7 five such reachrs, of varyin< l.n!-ths

and in the other cases the reaches 'jecre aporoximatcly ten

to twenty miles in 1 t) Afterwards linear it(tcrpolations

between .'AJpo~nt of s -ccessive roaches wcre used to obtain

the ccrrespondinj formulas at all netnoints in the manner

exc.nplifled by formula (3.2) for the parameter a(x): that

i-, the linear interpolati-n was carried out with rrsnect to

each coeflcisnt leparatply,xand not to the formula as a Trhole.

'In the upper Oio, ho'ever, wthere the hyperb117 Ditcrolatlon
fnrmula was used, It was necessary to modify this procoens scie-
what because tho reaches w:,re v-~ry long and the p rarietcrs en-
tor in a nonlinear way. in some cases additional intermediate
crosz, sections were inserted before linear interpolation was
cai'ried 1,-t.
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Finally, it mL~yht be added that our experience In-

di~cates that the ap-proxim,ýtion formulas si-.uuld be check-ed

carefully at the lowest -stacjcs, where they seem to be Sen-

"IIt ive : otihcrwi.ýep it can happen that a formula which, yields

roaSonable wipro;Urlnations for the medium and high sta,2As may

yield absurd values (even negative areas) at ver17 low stages,

b) Det,ýrýrnation of the resistance coef.ficient (ix,i1):

1%e proceed to di~scuss neth.)dls of detern.ýning tlhe rosis-

tance c,)efficient G w1:ic.h, ol course, is also needed at

all of the net points along,I the rive-- as a function of the

r taj'c H., une way to deteri^,i~e thli function wouid be to cal-

cula'kc it fron hydraulic data,, for exaz~iple rfrox-n the formula

(3.6) G = - gn2P4

In this forrniula n i.; Nlan~rjii t s rougShne-ss coefficient and R

is thc- hydr&'uliC radius. A mcro dircct ap-proach,, however,
was preferredi an±d equation (3.6) was used only as a check in

order to see Qwhether rcason,"ble. roujirnesi coeff.icients re-

sultEJ from the enpiricolly cletertimnned values of G.

The second diffe.-ential equation of (.2.1) itself' could

be used as a l.eans to dejfiu,-e G if all oth~er quantitiE;., in the

equatic~n wiei~e known. Fortinately, thie termc vt., vv,, and S

are in -enorýýl nq-li,-itle in value, cnmparecd with theý ot- nr

two at any one insrtant of time .,o thrt G can bc z- nly

computed from thf: fomiiuila

(3. 7) G il

This for-mula riLtiY471 :-ay2r that f~w~In lt rivers ..re Vt.ry

neai y cLtad\v f lo-..s i~ -- whi -h ti,' v.lr~ctv 1;C ju t 0 it-:ý,l : in

such ni waty tlhat tlhe :orce of icavity doc.';n the slo!,,in t.,%i of

the.tr'ami very c)o!;ely balnzie-ld b~y f~ricticn and taVrlulent

rea;istanuc.o Prori past r 'cord3 of flcocd. Lhe r1oz~e Hi i0

i1o'n and the vielocitv v Car, be cur:puted fron the dl.7chav,-e

re~cord.,; nn,- the mican crows- ait -teai at tie o-~~ " tvie

'Their corTb'Lned value iz almoj-t always lcess than 1 of0 t-he
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reach in the manner described above. Formula (3.7) then

furnishes an averagc value for G3 as a function of the stage
Yi for each of the rc~achez. Thls was the method used to
fix the coefficient G for' the upper Ohio froia records of
past floods. As %ith the cross section area A, it is con-

venient to represent the resistance coefficient G by an
approximation formula. For the Ohio River the followin-:

formula was used:

(3.8) G(x,H) = a(x)[H-h (X)] + t - + ÷ W,

where a(x), P(x), ho(x) and Go (x) are first determined at

the midpoints xi cf the reaches so that (3,8) approximateL
the average values obtained from (3.7)o For other values
of x, linear interpolation formulas of the type of (3.2)
are applied to the coefficients a(x), P(x), h (x), and Go(X)

0 0W

as in the ccse of the area coefficients. In figure (3..5)
we plot, as an exarple, the average resistance coefficien'

G for the reach from Comeroy to Hulatin;j:ton. (The resist-
ance curve is afterwards adjusted on the basiL of trial
calculations as explained in section 4).

For the case of -he junction problen and also for

Kentucky Reservoir tne determnination of G i.as simplified

becau8se the basic data furnished bj the engineers included
the knowledre of what i'- called t1e conveyo..ce factor K, which

is related. to our coefficient G by the formula

(9)1 a2

in whi±ch L is the length of th- reach for which the con-

vsy&nce factor K is known. For the case of the junction
and hentucky Recervoir problem, K was known for reaches
aporoxirnately ten miles in length. The curves obtained from
(3.9) were then aporoximated by a parabolic formula. At in-

termediate new poixts linear interpolation was again used to

fix the values of G.
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AVERAGE RESISTANCE COEFFICIENT G(H) FOR

REACH FROM POMEROY TO HUNTINGTON

o-determined from 1945 flood

b-suggested by engineers c-odjusted

H stage
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540
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520

510100 (140 ( fIt.
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The best checK on the correctness of our coefficients

is of course obtained by checking the calculated stages and

discharges against the observed quantities in actual floods.

However, in the case of the resistance coefficient G a

check for ieneral consistency is possible usin5 formula (3.6).

In this formula the hydraulic radius R is a purely geomet-

rical quantity which is easily computed from the known cross

section areas as functions of the stage (as described above)*

it differs, in fact, in all of our cases very little from the

mean depth A/B. Hence the formula (3.6) makes it possible to

calculate .anning.s coefficient, the roughaess factor n.
This quantity should vary between .01 and .15, but for rivers

of the sort we are interested in its value should be sornewhere

near .03. In all of our three cases reasonable values for

n were obtained, as follows:

Ohio River .02 < n < .05 (niostly .025 < n < .035)

Junction .015 < n < .035

Kentucky Reservoir .01 < n < .04

Also, the roughness coefficient increased in general with

stage, as it should.

The fact that Manning's coefficient does not vary a great

deal is a fact that might be used to study flovs in rivers for

which the data needed to determiLe our coefficient G are

insufficient: a first estimate of it could at least be ob-

tained, which might then be improved gradually once more

information on floods became available.

c) Preparation of initial and boundary data:

It has been stated a number of times that it is necessary

to know the state of a river at some initial instant, taken

by us to be at t = o0 and this i-Iplies that the stage 11

and volocity v are known along the river initially. With

the stage H there is no difficulty: it is directly given.

The determinaticn of the initial velocity v in gexiral req-

uires some calculation using the basnic data.
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In the case of the Ohio River and also in the case of

the Junction problem it was assumed that the initial state was

near enough to a steady flow that the second equation of (2.1)

could be used to determine a ,alue for v at each net point,

now that values for G have been determined by the raethods

described above. (Some experiments were made with tie Univac

by using the observed initial velocities, and it was found

that results would be influenced only slightly since the in-

itial errors were smoothed out within an hour,) This means

that v is fixed initially by the calculation from the formula

2 gHx q(3.10) v2 +-a- + T V MO

with q the local run-off and tributary inflow for the par-

ticular net point. Actually, the term qv/A is not important.

In Kentucky Reservoir discharge measurements are avail-

able at the ends of the reservoir only, i.e. at Kentucky Dam

and Pickwick Dam. In this case the velocity at the two end

points was of course fixed by the formula v = Q/A.

A linear interpolation of the discharge between the two ends

then furnished the initial values of the discharge at inter-

mediate net points, arnd a division b'r the local cros3 section

area then furnished the initial velocities at the interried-

iate net points.

In the upper Ohio, the boundary conditions assumed by

us were that the stu-e was knoxin as a function of time at

l'heeling and Cincinnati. At Cincinnati, the down-stream

end, it is of course somewhat artificial to prescribe the

stage---it should rather be c.iputed as one of the important

unknowns as was done in the junction problem which we describe

next. In the problem of the Junction of the Ohio and Missisv-

ipp Rivers tho boundary data were applied in two different

ways, with good ,.ccess in both. cases. In the first calcul-

ation the stages at the upper ends of the Ohio and. he

1Iississippi were prescribed, but in the second calculation
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these were replaced by the discharges, which seems to be the

more natural procedure from the practical point of 7iew. In

both cases, however, neither stage nor discharge was prescribed

at Hickman at the lower end of the Mississippi. Instead,

the condition which is natural from the practical point of

view at the lower end point of a portion of a river which con-

tinues open below that point was used there which furnishes*

a relation between stare and discharge. In our calculations,

an average rating curve was used that was the result of obser-

vations of past floods. In Kentucky Reservoir, which is closed

at both ends by dams, the natural conditions wc-ze used, i.e.

that the discharges were assumed known as functions of the

time: these are the physical quantities which are subject

to direct control.

d) Determination of the maximum permissible time step At:

As was explained in Report II, the maxirnum tine step L!t

which can be used to advance the solution from time t to

time t + At is fixed by the inequality

(3.11) L
-- v+c

in which Ix is the half mesh width (in our stogrcered scheme

of net points), v is the velocity, and c is the propagat-

ion speed of wavelets given by the formula

(3 12) c

with ym the mean depth of the river.

It turned out that c varies between the same limits

In all three of our cases, i.e. between 20 ft./sec., and 30

ft./sec, corresponding to average depths between 10 ft. and

40 ft., while the maximum value of v is of the order of 5

or 6 ft./sec. (It is thus to be noted that we are operating

always with flows with velocities far under the critical vel-

ocity). Since Lx in (3.11) is five miles in our cases, it

*It would perhaps be better to take rating curves with the

slope Hx figuring as a parameter.

• • 'F II'•' .• , .-.. . .. ....... •,-,-,•- -!- ini.........
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is readily found that 1t should be taken not greater than

about 10 minutes. We have taken it to be 9 rminutes to be

on the safe sice. This is of course a very dohort tine step

in comparison with the tiriers, of the order of weels, for which

the flows have been computed. Nevertheless, it is not pos-

sible (at least not without a radical revision in the whole
method of computation) to relax this condition---which, it

will be remembered, is imposed by basic mathematical facts con-

cerninr our differential equations. In fact, if Lý.t is tak:en

even slightly larger than the limit Imposed by (3.11), the re-

sult is likely to be, not simply inaccurate results, but rath-

er values of the unknowns which oscillate wildly. This ex-

perience--- well known in similar problems in other fields,

particularly in c'as dynamics---was verified for our problems

by an empirical test usinj; an exact solution of the differen-

tial equations as a basis for comparison. A steady progress-
ing wave in a uniform channel (in fact, the wave described

in Report II) was tahen and initial values were chosen to con-

form to it; these were then advanced in the time by numerical

calculation asin-7 our methods. Twhen L-t was chosen properly,

the results checked the known solution very well; however,

whon Lt was taken larger than the permitted value for conver-

gence, wild oscillations occurred at once in the vicinity of

thozre places where condition (3.11) was violated. The same

experience was noted also in a simnple model of the Kentucky

Reservoir.

e) Further ren'arks about the preparation of data:

In this section ve have described how the basic data for
a river, river system, or a large reservoir can be used to

furnish the coefficients and other data needed to formulate the

flol; problems in terms of differential equations. It should

be remarked that the basic data for the most part are worked

out for steady conditions, and that such data may not be sur-

ficient in all respects for the purposes in view. The acid

test is to check the results for actual floods against those

I-
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obtained by calculation. If the two do not check, this im.

plies that there are errors in cross z(ction areas, or re.-

istance coefficient, or inflows, etc. These quantitiec

should then be changed in such a way as to give bcttc.r re-

sults. It turned out in the three problems treated by us

that only minor revisions were necessary in two cf the cases,

but that extensive revisions, in a third (the upper Ohio River)

were needed. Actually, the method of numerical calculation

has in it the inherent possibility of improving the ba-,ic

data for a river by constant checking against the results

for new floods, and making changes in coefficients where

changes are indicated. In the next sections, where our fin-

.Ui results for the three problems are presented, some details

on this matter will be given.
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94. Comparison of Predicted and Observed Stages in the Upper

Ohio River in the 1945 and 1948 Floods

In Fig. 3.1 of the preceding section a diagrammatic

sketch of the Ohio River between Wheeling and Cincinnati is
shown together with the reaches and gaging stations. By the

methods discussed in the preceding section resistance

coefficients and cross section areas representing averages
over each reach are available. These in turn furnish by linear

interpolation values at the net points of our finite difference

scheme. An interval between net points of 10 miles in the

staggered scheme described in 92 was taken, on the basis of

the experience with a simplified model of the Ohio River which

was presented in Report II. Calculations for the actual Ohio

River for a limited period of time were made with a 5-mile

interval, in order to get some idea of the possible errors to
be expected from use of 10-mile intervals. The results at

Pomeroy for a 36-hour period are shown in Fig. 4.1. There is
a difference of 6 inches between the two, as we see - which is

not entirely negligible. However, it was nevertheless decided

to proceed on the basis of 10-mile intervals in order not to
*

use too much calculating machine time. A time interval of 9

minutes was used which is well under the maximum permissible

for convergence of the finite difference scheme.

Flood calculations for the 1945 flood were begun at a

time when the river was low. Calculations were first made for

a 36-hour period during which the flood was rising; as stated

earlier these calculations were made using the measured inflows

of tributaries and the estimated runoff in the main valley.

Upon comparison with the actual records it was found that the

It should be repeated here that we began the investigation
which forms the subject of this report with the problem of the
Ohio River, and had therefore to proceed without the aid of
previous experience from any source. Realizing that it would
doubtlessly be necessary to experiment with and to revise the
methods of calculation, it was decided that to use too fine a
net at the beginning would result in waste of expensive
calculating machine time.
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Calculated Stages for Pomeroy

a- using 5 mile intervals

b- using 10 mile intervals
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calculated flood stages were in general systematically higher
than the observed stages and that the discrepancies increased

steadily with increase in the time.

For example, Fig. 4.2a shows the calculated versus the
observed stages for the first 36 hours at Pomeroy. It was

reasonable to suppose that the deviation was probably due to
an inaccuracy in the resistance coefficient. Consequently a
series of flow calculations was made on the UNIVAC in which

this coefficient was varied; from these results an adjusted

resistance coefficient was estimated for each of the reaches.
In Fig. 4.2b the results of two such computations are shown.

In both cases, the resistance coefficient G was lowered

substantially (a maximum of 20 % -30 % ) over a portion of the

river, followed by a recalculation of the flow for a 24-hour

period. The curves show the difference in stages obtained
when the resistance coefficient is changed. In case (i), the

coefficient G was decreased considerably at and near Pomeroy,
and the result was a change of stage of about 0.3 foot. In

case (ii), the change in G was greater, and it extended over
a larger portion of the river; the result was a much greater

change in stage - a maximum of 1 1/2 feet - as was to be

expected. In both cases one observes that the maximum lowering
of the stage occurs somewhat upstream from the region where G

is lowered, and is followed downstream with a somewhat smaller
increase in stage. Lowering the resistance in one section

seems to increase the I1ow above that section and to pile up
the water downstream. Once the effects of charnges in 0 have

been estimated, it becomes possible to make the changes in

such a manner as to brin9 calculated stages into agreement
with observed stages. Actually this was done rather roughly,

simnly by shifting bodily the original curves for the

coefficient G as a function of stage by a displacement of an
appropriate, amount in each reach (i.e., only the constant

Go(x) in (3.8) was changed). In other words no attempt was
made to make corrections that would require modificatio in the

s of these curves in their dependence on the stage.
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Stages at Pomeroy

a - observed
b-calculated with original resistance coefficient

c-calculated with adjusted resistance coefficient
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In Fig. 4,3 we plot the average resistance for the reach

from Pomeroy to Huntington. We show the curve determined by

the engineers from the basic data, the curve we found using

formula (3.7), and the shifted curve determined by the trial

calculations. In Fig. 4*2a we have already g..vern the stages

calculated with the original and the shifted ristance

coefficients at Pomeroy for the first 36 hours. The new

coefficients thus corrected on the basis of 36 hour predictions

(and thus for flood stages far under the maximum) were then

used to continue calculation of the flow for various 6 day

periods as well as one 16 day period, with results to be

discussed in a moment.

It should be said at this point that making such a

correction of the resistance coefficient on tho basis of

comparison of results from a calculation of an actual flood

with the observed quantities corresponds eyactly to what is

done in making model studies. Indeed, in making model studies

no first estimate for the resistance is possible a priori as

is the case with the method being described here; instead It

is always necessary to make a number of verification runs after

the model is built in order to compare the flood stages given

by the model with actual floods. In doing so the first riu is

normally made without making any effort to have the resistance

correct. In fact, the roughness of the con.,rete of the model

furnishes the only resistance at the start. Of course, it is

then observed that the flood stages are too low compared with

an actual flood because the water runs off too fast. Brass

knobs are then screwed into the bed of the model and wire

screen is placed at other parts of the model to rouphen it

until it is found that the flood stages given by the model

agree with the observations. This is in effect what was done

in making numerical calculations except that the empirical

data furnished at least a first estimate for the frtctior

resi.stance in the river channel (for the junction and Kentucky
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Reservoir problems, the data on resistance and area were given

for shorter reaches, and little adjustment of the resi;sttLnce

coefficients was necessary - see §§5 and 6).

Tn Fig. 4-4 t .e results of the first calculation of the
1945 flood are indicted. Showm in the figure are rlie river
stages at Pomeroy. As was mentioned above, the resistance

coefficients used were those obtained upon correction after
making 36 hour trial runs. The cross section areas3 used were
those obtained by the parabolic interpolation formula discussed

in the preceding section; and as was already stated there,

they proved to be not sufficiently accurate at the highest
stages. One sees that the predicted flood stages approximate

the observed stages with errors at the higher stages of some-
what less than a foot for the first 6 day period. At the

crest of the flood, however, (on about March 9th, that is)
after 11 days the error at the crest of the flood is more than
4 feet. As the flood recedes and stages become less the error
once more becomes relatively small. That the calculated flood

stages come out too high at the higher stages was judged to
be due, as was explained above, to the fact that the actual

cross section areas were apparently not well approzimated at
high stages by the quadratic formulas used by us. We there-
fore replaced the quadratic formulas by hyperbolic formulae
and obtained much better results as can be seen in Fig. 4.4.

Upon using the hyperbolic interpolation formulas for
cross section areas (again see the preceding section for
details), the results for the 1945 flood were very muoh
im~proved at all, of the stations. In general, the errors in

stage at the crost of the flood are small, of the order of a
foot or less, and the maximum errors are of the order of 2 feet

or less, as one sees from Figs. 4.5a, b, c, d which shiow the
river stages at St. Marys, Fo-eroy, Huntington, and Vaysville.

In addition, the minor variations in the observed stemes are

reproduced rather well by the calculated stages, though the
latter In general tend to be smoother curves. This smoothing
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effect, is, in some in tances at least due to the distribution

of the local inflow, which was done more smoothly in the

calculation than is tru) in actuality (see the discussion in

the introduction with reference to the hydrograph at Maysville,

particularly near March 6).

By and large, it is right to say that the calculations

reproduced the observed stages of the 1945 flood with quite

reasonable accuracy after a good deal of adjustment of the

cross section areas and resistance coefficients had been made.

The necessity for such revisions of the coefficients obtained

from the original data is a strong indication that the original

data were not accurate enough - especially near Huntington.

That this is true is then borne out by the results for the

1948 flood in the Ohio. If the coefficients used for the 1945

flood were correct it should be possible to calculate stages

correctly for any other flood. However, upon doing so for the

1948 flood the results are not as accurate as they should be.

Figure 4.6a, b, c, d shows calculated versus observed stages

for the 1948 flood. All of these show the calculations for a

6 day period starting April 15. i.s one sees, the errors are

high, particularly at Huntington, where the crest is wrong by

about 1 1/2 feet. At other stations the results are better.

Figure 4.7 shows the stages at St. Marys for a longer period

starting April 12 : here the results are quite good. Much

more work would be required to obtain more accurate coefficients

for the Ohio, but there is no doubt that they could be obtained.

In addition, various revisions in computational methods should

be made, on the basis of experiences with the computations for

Kentucky Reservoir. Further discussion of these points is

postponed to §7, after the results for the junction problem

and Kentucky Reservoir have been presented, and comparisons

The reason for the shorter period at the other stations is
t1hat the river was not open throughcut the period in question
- instead, a dam at Gallipolis, about 120 miles below :3t. Marys,
was in operation, and this has considerable effects. Since
St. Marys was rather far upstream it was thought reasonable to
ignore the effect of the dam on the stages there.
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and contrasts can be made. Also, in 17 suggestions of various

kinds are given for improving the methods of computation, based

on our experience.

So far, our discussion of results has centered around

the comparison of observed with calculated stages, while
velocities and discharges have received little or no attention.

In general, the stage is probably the quantity of most interest,
but, as we know, it cannot be computed by our methods without

also computing the velocity at the same times and places. In

addition, the discharge is in many cases the natural quantity

to prescribe as a boundary condition. Our method requires us

to replace the actual river cross sections by averages - in
the case of the Ohio River, by averages over quite long

distances -, and the velocities we compute are therefore also

certain averages with respect to distance. In all three cases

treated by us the stages obtained from our model of the actual

rivers, or the reservoir, could be taken as the stages in the
actual river with good accuracy; but if one were to calculate

discharges by multiplying the cross section areas used by us
by the velocity computed by us, the result would often differ

very greatly from the observed discharge at a given point.

In other words, it is necessary,- in calculating discharges,
to make a supplementary calculation in order to pass back frcm

our model to the actual river. We proceed to give a simple

way to obtain correct discharges.

We know that the velocity at a particular place at a
given time is in general given quite accurately by the formula

(cf. 93):

lv 2 = gHx

However, that will be true only if G, the resistance

coefficient, has the correct local value. We have used the
formula in order to compute an average value for G over the

various reac.hes. How widely the average value departs from
the locul value at the gaging stations can be seen from



Fig. 4.8, which shous the average values of G for all of the

reaches together with local values at Wheeling and Maysville.

The local values were obtained frcm the local values of the

slope H (these in turn were known from the basic data, which

included stage weasurements at two points at the ends of the

reaches which were only a mile or sn apart), and the local

value of the velocity (from Q/A, with A the actual crcss

section area). The wide divergence of the average from the

local values of G is doubtlessly the result of the fact that

the gaging stations are placed at exceptionally constricted

portions of the river.

Nevertheless, correct values for the actual local

discharge can be obtained from our results, in the following

way. Let us introduce first a few special notations for this

purpose. By A and vc we mean the cross section area used by

us in the comnutation and the velocity obtainci from our

calculations; by Aa and va we mean the actual, local, values

of the same quantities. This means that the discharge Qc

obtained directly from our results would be given by Qc = AcVcP

while the actual discharge Qa is found from Qa = Aava" We

introduce also the symbols G c and Ga to distinguish between

calculated (i.e. from our averages over reaches) and actual

local values of the resistance coefficient. Since in all of

our cases the stage H and slope H are correctly given on the

whole by our calculations, it follows from formula (4.1)

written don.m above that the following relation holds:

(14.2) G = G Va2

cca a a

Since Q = Ac v Q and Q = Aa v a the following relation for Qa

therefore holds:

A I
(4-3) Qa = a CQ

We repeat the significance of the terms in this equation:

Aa and Ga are the actual local values of area and resistance

S .. ."::, -2 •:• ,'l lm7rT•u - • .....
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coefficients,to be found from the basic data; while A and G

are the values used in the machine computation for these

quantities, and Q = Ac v with v the value for v obtained by

our computations.

Figure 4.9a, b shows the results of such a computation

at Wheeling and Maysville. As one sees, the calculated

discharges mirror the observed discharges very well, once the

discharges are obtained by using equation (4.3). That the

results would be quite wrong if Q were to be taken for the

discharge instead of Q is also showrn by Fig. 4.9b, whichCa a
contains a Fraph of the factor AaAc fG c/Ga s one sees,

this factor applied to Q can change the discharge by as much

as 100 96 .

Finally, we give the result of a calculation which

displays the flexibility of the nuumerical method. Once the
basic data for the river have been coded it becomes possible

to experiment in many ways with respect to hypothetical flows

which would result from varying conditions in the river. As

a case in point we found it very simple to carry through a

computation in which the flow from one of the major tributaries

of the Ohio River, the Kana.iha River, was cut off for 36 hours

- as might be the case if there were a dam in the Kanawha

River. The upstream and downstream effects of such an

operation were easily evaluated. In Fig. 4.10a, b the river

stages with and without the flow from the Kanawha River are

shown at the nearest gaging stations (Pomeroy upstream and
G Huntington downstream) from the mouth of the Kanawha River.

PomeroLT is 14 miles above the tributary while Huntington is

46 miles below it. One observes that there is an upstream

effect of about I foot with a somewhat larger effect down-

stream. It might be noted that the conventional flood routing

procedure would in principle.furnish an effect downstream

only, and no effect upstream; this is a point which has been

discussed at some length in the two earlier reports.
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§.Results for thle 1947 Flood at the Junction of

the Ohio and ?4isý,i~ssippi fliv~rs

In the case of the Junction problem thle, data furniý,hed

were better for our purpooses than 'the data for thle Up,'er Oh1to

River. As iwas rnotad above the data for the preien~t case. were

furnished in such a way that averege cross section arcas over

about twcrit,%-m~ile stretches were known or casily calcuilated

and the re,ý,iotan-ce coefficient was aiven direotlyr over rtc.,ces

comewhat shortcr than those in the U~pper Ohio. In frlct, o.,nly

slighL adjustnents of the area an'sý resistance- coefficients had

to be rcade; what the~se were will be described soty

The probleni to be solved involves strctcheL eacI labout

L40 ,-qlcs in length alonvý allI three br~alch.-s from (.alro. ,'

ýý.l irndicatOS the sliu.,-tion ccheiietically. As boundalry coi.-

ditiuns at 1L1etropoiis i-*n the Ohio Tivcr al-d at Thbe, in thle

U-fper 11kcpo iver the river sta;res ivere toak.en fx'o,11 the

actual records of the 1947 flood. (eperfo.--:ýed anothoir cal-

culation-see sec_-r)d half oP' this, secti'n--iri whichi the d2-,
-.harp'e data at Thcbea and i~et~ropocliis were used instecad. of the

sta,-'e data.) At Hic3-mi-n ini the ~Ii',ssiE~sippi river below CFA I -o

tim, -iver stacres of cours~e were available, but it was thoi4-i~t

more Ir,,asoriable to mak~e use of an averaje retintý, cur~ve at

-Tic`,,man as a boundary condition. ihat this means i8 that the

efffect of the roemainder of the iissis~iripp RivL-r below i'linhirnQ

is rep)laced br ti-e ,,vcra,,e relation beti!een d!i.clar.-e and

s-ta'-e- at Hijck,-qan as obtainied fi-ori flc'md lrncord,,. T(7,Ljuro 5,2
di:,Ploys the avc.ra,ýe rcatinýT curve_ý at "icknan ,'md a few of

the ob:7--rve~d point-ý. )In addlition to thr.,;e boundaryr corncIt-

ions it 1:., n:eý ary to 1-ipnse an,_ropriatec ofldi~tlon5F at

Catro, the Junctlicn. In (t1'fec!, tiim 0ffercýntial equ;,Gionz

ere , ol--d for r.,L~ch of, th ty. '1cr& noie- J lr~t n t2 -

S&A >a;rc i' ra,, I!Zo'Jmd.n tlv Ler c . oi- thQ(.

U,,-n:tr Ohio 1-iver; hoilevaur it I.- n'-c 3sar,': to pir-'tc-te

the hn separate soiutionfs ix, the.t LinP.;&t, (>ro by rmak-
in,, u,-c'- tHc appropriate co..tizviity oonditmions. it~cu-jorble
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conditions at the junction are that the stare at Cairo should

be the same in all three branches and that the inflow from

the upper branches should equal the flow into the Lower

IMississippi. These conditions tor•ether with the river stares

and discharges at all of Uhe net points at the tirme t = 0

(which corresponds to January 15,9,!t) determine the flow

uniquely in all three branches. The results of predictions

over a 16 day period are shown in Fig. 5.3. These graphs

furnish the states as functions of time at Cairo and at

Hiickiman. As one sees even the minor irregularities in the

observed Ltages are followed closely by the predictions up

to the crest of the flood. The erroir was in fact never great.

er than 0,6 of a foot. The amount of computing time required

on the UNIVAC fcr the 16 day prediction was less than three

hours.

It is worthwhile to repeat that the stage at Hickanan

in the Lower Mississippi River was obtained as a consequence

of assuning that the part of the 1'Iississippi Uiver below

Hickman could be replaced by an average rating curve, that is.

by an averare discharge-stage relation, at Hickmnan. The

accurate results obtained for the, prwoblem in this way ind.icate

that a 1-rge river system could be treated in this manner.

In other words even if machines, vith a smaller storage capacity

than the UNIVAC were to be used it might still be possible

to deal with lentlthy stretches of a Jyven rivtur or river sys-

tem by breakintg, it up into piece,. of sufficiently small

lengths. The total amount of machine time needed in comp-

utation Is proportional to the leingth of the stretch and is

not materielly incý.eased by the above described subdivision.

It was thou, -ht advisable to carry out tho solution of the

junction problem fov the same flood of 1947, but to make use

of the known discharges into the upper endj of the Ohio arid

•'is: issippi as a means of fixinr boundary conditions, rather

than to use the observed staoes at theP3 points: in prectice,

5 it would be the dipchargo which would be kricwn or est".Icated

rather than the stage. At Hickman,in the lower Hississippi
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the same average rating curve, shonm in Fig. 5.2, was used

as for the earlier calculatio.l. It was found that slight ad-

justments in area and resistance coefficients were needed near

the upper ends of the two branches above Cairo in order to re-

produce the observed stages at these points (i.e. at Thebes

and Metropolis) when the discharges are prescribed rather than

the stages. The results with the new coefficients are very

accurate, as one sees from Fig. 5.4 which presents graphs

shwoing stages at Metropolis, Thebes, Cairo, and Hlickman. Even

the minor variations in stage are reproduced faithfully. (It

is seen that with the coefficients used in the latest calcul-

ation, the stages at Thebes and 'Ietropolis are reproduced

faithfully. Therefore we would expect equally good results

if the stage upstream were used as the boundary data.)

It has been stated that proper continuity conditions must

be imposed at Cairo, the junction of the rivers, in order to

formulate the flow problem completely. We chose, rather nat-

urally, the conditions that the stage should be the same in

all three branches, and that inflows and outflows should bal-

ance at the junction. This, hov!over, results in a violation

of the law of conservation of raonentuxm, which is not very

large, but does exist. It might be more reasonable to impose

the laws of conservation of nass and momentum, ard put up with*

a slight discontinuity in stage. For example, one could im-

pose the two conservation laws, and require in addition that

the stasres should be the same in the two upper branches, with

a slight discontinuity in stage in the lower Vississippi as a

result. For example, in the model of the junction problem

which was treated in Report II, a discontinuity of 0.2 feet in

stage would result by making the c'lculation in the manner sug-

gested here.

-1,, There would also be a slight violation of the law of con-
servation of energy, in that a loss in energy would occur.
Such a loss of energy at the junction mig.;ht be regarded as
reasonable.
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96. Calculations for the 1950 and 1948 Floods in Kentucky
Reservoir

Figure 6.1 is a diagrammatic sketch of Kentucky Reservoir
which shows its division into reaches and names the stations
where the calculated and observed stages are compared.

It has already been explained in sec. 3 how the basic
data were converted into the form needed for our method of
computation. We repeat here that the data were accurate for
cross section areas, since storage volumes for 10-mile
stretches were made available; and the resistance coefficient
was essentially given directly by the basic data. That the
basic data were good is evidenced by thte accuracy with which

the two floods were reproduced without the nece3sity for any
but quite minor changes in the coefficients once they had been
fixed from the basic data.

In sec. 3 it was already stated that the method of

approximating derivatives by difference quotients that was
successfully applied in the upper Ohio and in the junction

problems could not be used for the flow problems in Kentucky
Reservoir. The primary reason for this was that the
coefficients A and B varied much too widely over 10-mile

intervals, i.e. at intervals equal to the mesh width. An-
other contributory factor was the very rapid increase in the
discharges into the reservoir from Pickwick Dam. However,
the difficulty was overcome by revising the scheme of finite

differences in the manner explained in sec. 3, while still
retaining the mesh width of 10 miles. We proceed to discuss
our results for the floods of 1950 and 19b8.

In both floods the data prescribed at the two boundaries,
i.e. at Pickwick Dam upstream and at Kentucky Dam downstream,

consisted in the observed discharge Q as a function of time.
Figure 6.2 gives the discharges for the 1950 flood. As one
sees, the discharge into the reservoir at Pickwick Dam

increases very rapidly at the beginning, going from 55,000 c.f.s.
on Jan. 4 to 220,000 c.f.s. between Jan 6 and 7, after which
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the discharge remains nearly stationary for about a week,

after which there is a fairly sharp decrease to about 110,000

c.f.s., followed again by a slow rise to about 160,000 c.f.s.

The releasps of water from the reservoir at Kentucky Dan,

follow much the same pattern, but the changes are riore abrupt

and the maxima and fainima are farther apart. The results of

the numerical solution of the flow problem in the reservoilr

are given in Fig. 6.3, which shows th0 stages at various

points along the reservoir as a function of time. It should

be remarked that the stage, at the two dams at the ends of

the reservoir, as well as those at irntermediate points, were

obtained by calculation from the difference equations. As

one sees, the observed flood is reproduced for 21 days veTry

accurately at most of the stations. In fact, with the

exception of Savannah and Clifton, where differences of 1 to

1.5 feet occurred, the errors are of the order of inches.

Upon comparing the releases at the dams, as given by Fig. 6.2,

with the resulting stages given by Fig. 6.3, we observe that

the large releases into the reservoir resulted, as they

should, in rapid increases in stage at the upper end of the

reservoir. At Perryville, at about the midpoint of the

reservoir, the stage increased only slightly, while it

decreased at Kentucky Dam, the lower end of the reservoir.

This resulted because of the high releases of water at

Kentucky Dam. The relatively smcoth curve giving the stage

at i.lentucky Dam should be compared 1with the rather wildly

fluctuating curve for the discharge at the same point. In

fact, the discllrgos (aad hence also the velocities) throuh

most of the reservoir in general vary much nore rapidly than

the stages. Anotihor cooent i1- 130o of 'nterost in this

connection. One nees that very henvy mloas_. at Kentucky

Da-% ream not to iffect the accuracy of the st 4 re culculation,4

at this point; the reason is that such releasus cLause a

recodinr. wave Nhiih lowers the stage and tentli to nmooth out

as it Id-oPastates. On the other hand, rapid inflo'ws at

Pickwick dn affect the accuiracy of the approximate siluttonr,
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since rising stages are accompanied by steepening of wave

profiles, and the finite difference approximations based on

fixed mesh widths become less accurate. This may very well

be the cause of the inaccuracies at Savannah and Clifton

toward the end of the flow period: the effect of the long-

continued high rate of discharge at Pickwick Dam has perhaps

led to inaccuracies which might be corrected by using a finer

mesh width or by going over a more refined basic scheme of

calculation.

In Figs. 6.4 and 6.5 the results of calculations for

the 191.8 flood are shown. The calculated results were

obtained using the same coefficients as were used to calculate

the flow in the 1950 flood. The results are given for 7 1/4

days only, stopping at 6:00 A.M. on Feb. 13 since the flood

stages increased from then on at such a rate that cur

approximate method of computation of finite differences was

very inaccurate - in fact, it seemed even to diverge. A finer

mesh width Lx (and of course, a shorter time interval At),

or else a r-adical revision of the basic method would b3

necessary in order to obtain accurate results in this case.

However, for the first 7 1/4• days the check with the observed

flood is, on the whole, quite good. At Kentucky Dam it is

very good, and even at Pickwick Dam, where the observed and

computed stages differed most, the error is not excessive.

At all, stations, the shape of the curve of the observed stages

is accurately reproduced. The same general remarks made

above for the 1950 flood hold also for the 194a flood, which

ws also characterized by heavy releases at the dams closing

the two ends of the reservoir.

The discharge increased at Pickwickl Dam from Q = 185,000
c.f.s, to 3145,000 c.C.s. within 23 hours on Feb. 12. Upon
comparing Figs. b.3 and 6.5 one observes that by Feb. 12 the
stages in the 191ý8 flood had already reached the maxima
recorded in the 1950 flood - hence f'rtlier calculations for
the 1948 flood could not lead to a verification of the
-oefficients based on the results for the 1950 flood, which
was another reason for stopping at this point.
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The results of the calculations for Kentucky Reservoir

show, to our minds, that the methods used by us can be very

successfully used to solve practical problems connected with

the operation of large reservoirs. For example, it is now

possible to make quickly and cheaply a series of calculations

of flows through Kentucky Reservoir when various hypotheses

are made concerning initial states in the reservoir and the

discharge schedules at the two ends of the dam. By varying

parameters in a systematic way such calculations would serve

to furnish curves useful for operational purposes.

V..
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§7. Discussion of Factors Affecting Accuracy. Sug-

gestions for Improvement of the Numerical Methods.

In carrying out the computations described above, insuf-

ficient timhe and money were available to improve the accuracy

of the results in a number of cases in which there is little

doubt of the po:s.,ibility of improving them - often by rather

obvious devices. Our aim was to use our resources of time

and money in as effi-ient a manner as possible in order to

carry out the basic task of investigating the general pos-

sibility and practicability of numerical methods for attacking

flow problems in large rivers and reservoirs. As a conseq-

uence, finished results are not available in all cases, above

all in the Ohio River. It would require a major effort to

revise the methods used for the Ohio River - in fact, once

having coded it in the way first thought reasonable, not too

radical changes were possible for us thereafter since we wish-

ed to have an opportunity to study the other two problems also.

It seems therefore reasonable to devote this section of our

report, even at the expense of occasional repetition, to a

discussion a) of what our experience has taught us about the

sources of error, and b) to offer a few possibilities for im-

proving the numerical methods.

a) Factors affecting accuracy:

1. Meshwid~th Z•x In general, a mesh width 2Ax = 10 miles

seems reasonable in the three cases treated by us, except

in Kentucky Reservoir, where the variations in the coeffic-

ients were too rapid. For the 1950 flood in the Kentuckv

Reservoir it was possible to use a mesh width of 10 miles,

but only upon introducing a more complicated method of

approximating derivatives than was neccssary in the other

two cases. For the 19)48 flood in Kentucky Reservoir, ten

miles proved to be too large a value for 2Lx once the din-

charges started increasing with :reaL rapidity at i'ickwick

This was the problem with which we sturtod. In retrospect,
we feel now that it would have been bettcr to have undertaken
it last*

7 IIII II II I
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Dam,, Probably Ax should be decreased by a factor of two

or three, or, perhaps better, a different approximation

scheme (perhaps the implicit scheme to be des-cribed below)

should be employed. It should be said, however, that the

computation •itie required if the mesh width were to be re-

duced by a factor of two or three would still be tolerable

in Kentucky Reservoir even if' the Univac were used, and if

a faster machine such as the IBM 704 were to be used, the

calculating time would be negligible even for these small

mesh widthso

2. Ungaged local inflow. In the Ohio River the ungaged

local inflow is a very important factor in the data, but is

much less important in the other two problems treated by us.

In the Ohio River this contribution can be quite high - in

the reach St. 1'ary? s - Pomeroy, for example, it is 40 % of

the total flow, and in many cases it is as much a,- one and

a half times the gaged inflow from tributaries. In the

whole stretch from Wheeling to Cincinnati, there is one time

when the discharge of the main stream at ,hecling is

160,000 cfs while 470,000 ofs flows over the banks. The

accuracy with which the ungaged flow has been given is, of

course, not precisely known, W.Je suspect it to be noc very
accurate. For example, a recent check"L' of the inflow from

the drainage areas shows that two different methods of using

the unit hydrograph method for converting rainfall into diL-

charge (the difference consisted in takiv- 6-hour ra~her

than 12-hour time intervals) resulted in discharges which

differed by five to ten thousand cfs for a period of half a

day.

The authors of this report feel that the iriaccuracies

in calculating the 191*8 flood in the Ohio may well item in

large part from inaccuracies in the local inflows. The final

results obtained for the 1945 flood were rood, but they wre

*This may also have been a factor J.n aflectinp the accurac7 in
the Ohio River, where the maxi.aum rate of increase of sta ,e t.was
Ht ." 0.9 ft /hr., which is even lar,•cr ti.an the maxiium o, ().75
ft./hr, in Iientucky iReservoir.

"**Made while this report was being written.

B-n
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brought about by somewhat radical changes in cross section

area and resistance coefficients. If it is true that such

changes were made to compensate for errors in inflow rather

than for inaccuracies in coefficients, it would not be sur-

pristng that subsequent calculations for another flood based

on such coefficients would prove to be inaccurate. At the

same time, it should also be pointed out that there are

still other s urces of error in the Ohio River problem, which

were not investigated - above all the effect of a mesh

width of 10 miles in the upper sections where the area co-

efficients varied considerably, and where rates of increase

in stage were larger than those vhich occurred in Kentucky

Reservoir.

b) Suggestions for improving the accuracy:

1. Different interpolation schemes for cross section areas.

In sec. 3 our method of dealing with cross section

areas was explained in detail. For the purpose of the di3-

cussion here the main point is that average cross sections

were obtained for each of the reaches (in the Ohio these

were 60 - 90 miles long), these values were taken to hold

at the centers of the reaches, and values at intermediate

net points were obtained by linoor interpolation from the

center of one reach to the center of the next adjacent reach.

The resulting cross section area at a given placc then de-

viates often quite widely from t>"•, local value, especially

at the gaging stations themselves which are usually placed

at narrow parts of a river. However, our results show that

the stages obtained by calculations based on such average

cross section areas are accurate locally, but that the dis-

charges obtained by multiplying the velocities obtained by

us into the cross scction areas used in our calculations can

be quite wrong locally. This point han already been discuss-

ed in section 4 in conneotion with the Chio river problem,

and a satisfactory mesns to obtain correct dischar':es

was given. Nevertholosr, it would probably be better to

revise our schemei of Mnter-roohtion for rross section areas
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and resistance coefficients in such a way as to bring the
model of the river which the averaginp process yields into
somewhat closer agreement with the actual river. One way to

do so would be to take the actual cross section areas at the

ends of the reaches, then employ the total storage volLures
for the reaches in such a way as to obtain an average cross
section at the center of the reach, so that linear interpol-
ation between it and the actual areas at the ends of the

reach would yield the correct total storage volume in the
reach. One could expecL that correcý values for the discharge
at the gaging stations would then be obtained simply by mul-

tiplying the calculated velocity with the cross section area,
which now would be the correct local value. We carried out
this program partially for the Ohio River, but obtained bad

results because we did not recalculate resistance coeffic-
ients, but used the same values as before. It is hoi'ever,

clear that the local value of G should be used at the gag-
ing stations, since the avcra~re value used in the earlier

calculation can depart widely from the local valae, as we
know from sec. 4. Time did not permit a revision of G in
an appropriate fashion, but we would expect an iimprovement

in the results if it were done. In addition, this new way

of dealing with area end resistance coefficiants would not be

essentially harder to apply nor lead to ro-e complications
in coding than the formev scheme.
2. Smoothing: of cross section data.

In Kentucky Reservoir (of. sec:. 3 and the preceding
sec. 6) we have seen that a new scleme for approximvating der-

ivatives was made necessary because of tho rapid variation
in the area coefficient alon, the reservoir. The data for
cro3s section areas were supplied as averages for reaches ton
miles in length (obtained from topographic maps), and tiese
values differed by factors as large as two in adjacont

reaches. Nevertheless, tre data In this form were used by
us, but a revision in the numerical methods was found to be

neces3ary. It might havo been better to have smoothed the
averaze cross sections firzt, and then employed the smoothed

S . .. .~ ~. . . - .nm~n m uan mmn annmmni~uun • n n a nnu ~ mu • nun
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values as coefficients in the differential equations. A-

gain, time did not permit a trial of such a method.
3o Cross section areas from tmographlc1,•js for t pa r

Ohio River.

In view of the good results obtsined in the junction

problem and in Kentucky Reservoir, in which avera-.,e crolss

sectien areas were obtained from topographic maps, it

would probably be advisable to do the same thing for the

Upper Ohio River. There, it will be recalled, the averaee

cross sections were obtained from storage volumes iL. long

retches and these in turn resulted from balancing out in-

flows and outflows in actual floodr. Thus the cross-section

areas used Ly us contained errors due to faulty infi-w data-

and, as we have seen, the ungaged inflow, which can only

be estimated with not too good accuracy, can be a quite

considerable fraction of the total inflow. U•Te would re-

com-iend in general the use of average cross sections obtain-

ed from maps since the extra labor involved would not be a

large fracticn of the total, and one wocld thus be sure of

the accuracy of one of the most essential basic quantities.

L.. Imolicit schemes for numerical solution of the differen-

tial equaj ons.

It has btn stated repeatedly that our method of num-

erical solution of the differential equations, which prT-
ceeds by advancin,: the values of the stage and discharge

from known values at time t to new and as yet unknown

values at the time t + ^t, requires that the time step

Lt must be kept very small (of the order of 9 minutes in
our three cases) in comparison with the total time for vhich

flow calculations would normally be made (of the order of

weeks). The time required for making, computations on a com-

putin- machine is inversely •roport.onal to the time inter-

val L\t. In our case, it did not matter too much, sihce

the amount of time needed for calculation on the Univac was

quite reasonable. Nevertheless, if n.1uch longer stretches
of a river or river system were to be treated numerically,
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this factor of machine tiL-ao ri.ht bec.me crucial. For this

"eason (and for others to be mentioned later), it would be

worthwhile to study a radically different method o. numcrical

solution in which the values of stage and velocityr can be ad-

vanced in time steps of the order of hours instead of minutes,

though at the expense of a more complicated compu;atiunal

scheme.

We proceed to discuss briefly one possible way to set up

a numerical schemp of solution which might permit values for

At of two or three hours. In the accompanyin- figure 7.1

t

Ue oP

L OR

upz tr"ýam end dowm t. r .end

a double row of net poi.,"; •n the x,t-plane is shown, and

the object of the calculation is to advance the values of v

and H using all of the values in both rows simultaneously.

To this end the differential equations (2.1) with At replac-

ing BHt are written down for each rectangle, e.g. LRUP:
- +(2 + V) (v 2+ v2

vU + V vL + vR, vR RU L
(7.) 1~ + - - 2x

+ (H + H - (H2U + '1

2 2L,
G~v + GýV 2+ GLV2 + GRV Qv

U~ L,R

U~ P P 1Q
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and -uU+ Ap ALV Av AU + A -(AL + A R)
(7.2) 

" + .... L • n

= (qu+qR

The unknowns in these equations are vu, vP, Hu, and Hp, i.e.

two more than there are equations. However, if one boundary

condition is given at each of the upstream and duwnstiram

ends (discharge, say, or a rating curve), the number of

equations and the number of unknowns would be the sa,Me. In

Fig. 7.1, for example, there would be eight values to be

fixed at the four upper net points; there would be six

equations of the type (7.1) and (7.2) and these together with

two values at the boundaries (or two relations there), would

yield a system of equations the same in number as the number

of unknowns.* However, in marked contrast to-the situation
in the schemes used by us so far, the present system of

equations would be a system of nonlinear simultaneous equat-

ions which could be solvable practically only by methods of
successive approximation. Probably the best method to use

for solving the equations would be an iterative method, with

initial trial values for the unknowns selected by linear cx-

trapolation fron the ri~sults at previous rows of net points.
Since we know that v and H do not chan e mucL for tines

as great as 2 or 3 hours, it seems quite possible that such

a method would yield good approximations to the exack solut-

ion when time steps of these mablnitudeo are used.

It is the implicit character of this scheme thAt differen-

tiates it from the previous schumes. The fact that all of the
values at all net points for a tAme t are used simlu-aneously
in determining the values for t + At is the reason why the

slope of the characteristý.cs no longer dictates the maximum
size permissible for ,,\t.
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The implicit scheme would have still another advantage

over former schemes which might increase the accuracy of the

approximation. The advantage is that the implicit scheme pro-

vides automatically a means to ensure that the continuity con-

dition holds in the large, i.e. that inflows and outflows

would balance not only at each net point, but over-all, if

such a computation were to be made. The methods used by us

hitherto do not always check well for a whole river - in fact,

in the Ohio fairly large discrepancies are found upon making

a check for the whole river (This is understandable since

the computed discharqes have to be adjusted as described at the

end of section L). The same remark would also apply to the

law of conservation of momentum, thoug:h with less force since

we find this law to be well satisfied in the large when our

methods are used.

Such implicit schemes have been proposed before for sim-

ilar problems, but as far as we know, they have never been

used on a large scale. It is also of interest to observe that

H. A. Thomas (The Hydraulics of Flood Movements i.- Rivr'rs,

Carnegie Institute of Technology. 1937) proposed a variel.- of

schemes for numerical solution of river wave problems, some of

which would probably diverge, but also amon., them is a scheme

essentially the seme as the imolicit scheme proposed here.

5. Simplified eifferential equations.

It might be possible to simplify the calculations some-
what by simplifying the differential equations, either through

the omission of terms felt to be unimportant, or by develop-

ments and expansions of various kinds s•hich yield simpler

equations.
For examo'.e, the term vvx in the dynamical equation could

probably be oiaitted without causing much error, and also the

term qv/A (the contribution of the inflow to the momentum).

However, as long as ine operates numerically with a systim of

hyperbolic equations (or even parabolic equations) the savings

from simplifications in the differential equations are not
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very great since the great bulk of the work consists in the

processing of the basic data, and coding it. Still, it is

by no means impossible that further studies could lead to

formulations in which less elaborate calculating equipment

than the Univac would suffice, at least for some types of

problems. For example, a flood in a long river for which the

inflows occur mainly in the head-waters so that the flood pro-

pagales essentially only in the downstream direction, with

little or no backwater effects, very likely could be treated

by simpler methods than those used by us in thi3 report.
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§8. Model Studies Compared with Numerical Studies Using

Digital Computers

In the preceding sections some remarks have already been

made concerning the relation between the methods explained

here for the computation of flood waves in rivers through use

of the basic differential equations as compared with the method

of using physical models of a river or river system. These

remarks will be amplified somewhat in this section.

A brief description of the procedures used in making

model studies should first be given. Such models - at least

those models of the Mississippi system which are now at the

Waterways Experiment Station at Jackson, Mississippi - are

built on a rather large scale, covering acres of ground in

fact. They are built with a very much exaggerated vertical

scale compared with the horizontal scale. Models are made of

concrete with the channel being built up accurately from

topographical surveys; this is a costly and time consuming

feature. The inflows must be fed into the channel by rather

complicated machines (pumps) which can reproduce any given

discharges as functions of time. However, because of zost

these are not placed at all of the main tributaries. Instead,

the inflows over a considerable stretch of the river are

lumped together to form a composite hydrograph; this hydrograph

is reproduced by a machine, and the resulting discharge is fed

into the river at a number of points in various proportions.

The actual inflows are thus not put in accurately at the

points whore they entei, the river, but rather, a certain

average inflow is put in. (It is, however, probably a

reasonable average.)

The river stages at the main gaging stations are then

recorded electronically and the records can be seen in a

special house containing recorders for each of the gaging

stations. Air conditioning is necessary (just as with the
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UNIVAC computer) because of the large amount of electronic

equipment that is involved. All of this equipment is quite
P costly, and its operation requires a considerable staff.

It has already been mentioned that one of the, main

physical features governing the flow in a river, namely the

roughness of the river bed which gives the flow its turbulent

character, cannot be scaled properly for a model. Instead

it is necessary to introduce obstacles in the bed of the model

in order to reproduce the floods actually observed. At

Jackson, these obstacles take the form of sr-all brass knobs
screwed into the bed of the model, or of wire screen, the

latter placed as a rule in shallower parts of the stream.

The fact is that the resistance force is, together with

gravity, the biggest force conditioning the flow in the stream

and the fact that this element of the problem cannot be scaled

is a good reason for calling such models analogue computing

machines rather than true scale models.

It has been stated above that the process of numerical

computation of floods is analogous in all respects to the

method of predicting floods using a model. The only difference

is that we have made use of average cross section areas and

resistance coefficients rather than actual local values as is

done in the models . It is the requirement of reproducing

highly accurate cross sections that constitutes one of the

costly features in building models. The experience reported

above for the case of the junction problem and for Kentucky

Reservoir shows that it is not necessary to use actual cross

sections but rather that it suffices to use average cross

sections over 10-20 mile stretches. Even in the Ohio River,

where averages for reaches of 60 to 96 miles in length were

On the basis of our experieuce using average cross sections
it is even indicated that models might also be built uiIng
average cross sections rather than actual cross sections, with
the expectation of getting results having sufficient accuracy,
and presumably at smaller cost. This in fact is an idea which
was advocated long ago by the well-known hydraull.qs engineer
H. A. Thomas.
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used, the fact that the results were not as good as in the

other two cases was quite likely less due to the use of

averages over such long stretches than it was to the fact that

the basic data did not furnish sufficiently accurate averages.

The next vital element involved both in the model and

in the iiethod of numerical computation concerns correct

determination of the resistance factor. In models this is

done in a completely empirical way in the manuner indicated

above. In making our numerical studies we could at least

begin with A first reasonable estimate for this quantity based

on analysis of actual observations. And, in the case of the

junction problem and Kentucky Reservoir, where the area and

resistance coefficients were well-determined by good basic

elata, little or no further experimentation with the resistance

coefficient was required to reproduce the flood. True, it was
found necessary in the less accurately defined Ohio River

problem to correct the resistance factor by making predictions

for a. relatively 6hort period and comparing with an actual

flood. This corrosponds exactly t-,o what must be done in a

model when brass knobs or wire screen are added or taken away

from various parts of the model in order to reproduce observed

floods.

There are various ways in which the method of numerical

computation is much more flexible than the method of using

models. In the first place it is quite easy to vary cross

section areas if it is thought desirable to improve the

accuracy. In a model that cannot be done readily; it perhaps

should be done in some instancos especially when the

topographical data which were used for constructing the model

are very old and there are possibilities that tho river

channel had changed in the meantirme. Another feature in wnich

numerical methods are more flexible concerns the method of

dealing with the local runoff and the flow from tributaries.

In operating with models it was indicated above taat the

inflows are fed into the model at a relatively small number



65

of points, after composite unit hydrographs have been

calculated, since the apparatus needed for this purpose is

rather complicated. In making numerical studies very little

additional effort is required to introduce the flows at any

point that might be desired. Of course the niethod of finite

differences requires that the flows be introduced in the

intervals between the net points. This, however, means in

the cases studied by us that flows are introduced at points

only 10 miles apart. That is, in each 10 mile interval the

flow either from a tributary entering that interval or from

the local runoff is introduced.

It is sometimes argued that the method of using a model

has an advantage over the method of numerical calculation

since with the model it is possible to observe what happens,

say, in case a dike breaks and a flow out of the river channel

takes place. However, it would seem to us that the results

of such observations ,Tould be illusory unless observations on

floods of this kind were available for the purpose of making

verification runs in the model; while on the other hand, if

such data iere available they could be used to carry out

Dredictions by numerical methods. In fact, as we have seen,

it would be possible to estimate reasonable values for the

resistance coefficient without any flow data, and proceed by

numerical calculation to study flows where no such data were

available.

In the end, presumably, it is the matter of cost which

is the dominant feature in any comparison of the two methods.

So far only the limited experience of this one group is

available for estimating costs of the numerical metliod.

However, In three years a relatively small Croup has been able

to carry out the wo'k outlines above starting with no previous

experience. The total amount spent for the purpose of

research and developmont of numerical methods including the

cost of using the UNIVAC was well under $200,000.00. With the

experience gained now it should be possible to code the data

for equivalent stretches of other rivers for much less than
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this. As for the amount of machine time needed for actual

computation, we have seen it to be quite small. For the

junction problem, for example, a 16 day prediction required

less than 3 hours. The rental fee for the UNIVAC from the
Army Map Service in Washington is only $75.00 an hour;

privately owned calculating equipment is usually rented at
somewhat higher rates than this but even so this cost is not

large. if a model is built, it and the equipment which goes

with it must be serviced and maintained, one would think at

rather high cost. Once the data for a river have been coded
for a machine, it is stored perrmanently in a few rolls of

magnetic tape and is ready at any moment to be used to solve

any flow problem; codes would also be prepared in advance so
that the special initial and boundary data, and the inflows,

all of which differ from case to case, could be rapidly

prepared for use in the machine.

Finally, it should be remarked once more that

calcul ting equipment is constantly being improved, so that
our experience based on the use of a UNIVAC is not at all

final. In fact, the use of the IBM 701k would probably reduce
the calculating time needed for the problems discussed in

this report in thie ratio of about 1 to 15. Thus evon the

calculating ti:me for the zost difficult case, the Ohlo, w-ould
be reduced from hours (for flows lastinr, weeks) to a matter

of minutes.

Thus the authors are of the orinton that numerical

methods offer great advantages in comparison w!.th model

studies for the tyDes of oroblems dealt with in this report

- I.e. wave proble.s in long rivers and rerervoirs. 'Iowever,

this should not be taken to imnly any adverse criticinm of

model studies in gceral, not oven of thore tarde in the past

for large rivers - after all, 'hr kind of computing eouipmfnt,

and knowleIge of numerical analysis, that was used for tCi

rroblems discussed In, this report has been available only for



67

a few years. Only in cases like the present ones, in which

a reliable mathematical formulation of the problems in a not

too complicated way is possible, can model studies be

dispensed with., On the other hand, model studies could

hardly be dispensed with for such a problem as, for example,

the determination of the flow characteristics through the

gates and tributaries of Kentucky Dam itself, since an

adequate purely mathematical formulation of such a problem

would be, if not downright impossible, then at least

enormously complicated.

-V
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@9. Conversion of Rainfall Data into Runoff Data for the

Ohio River

The progress of a flood wave may depend decisively on

the amount of water which is contributed by the ungaged runoff

of rainwater coming from the area drained by the river: that

is, the flow from the main valley and from small tributaries

which are not gaged. The simple arithiuetical calculation

which converts rainfall data into runoff data has been coded

and tested on the UNIVAC. It took less th~n 10 minutes of
machine time to compute the runoff data for the 5 reaches for

a 10 day period. All of our flood predictions were made ;Ath

runoff data that was hand-computed and supplied to us by the

Corps of Engirýers. We merely report here on the obvious fact

that it is feasible to prepare the runoff data on the UNIVAC

and indicate the method that was used.

The Ohio River Divisior of the Corps of Engineers

supplied us with the data on rainfall over each of the 5

drainage areas which are associated with the 5 reaches into

which the upper Ohio River is divided. That is, the rainfall

amounts for each 12 hour pericd, from 6:00 P.M. on Feb. 25,

1945 to midnight of Mar. 6, wexe riven together with the

percentages of these which rerresent the amount of water

(called excess rainfall) which flows tnto the river according
to certain fixed unit hydrograph proportions. Our calculations

were made for the period from Feb. 26, 1945 through Mar. 6,

1945. (There was no rain for 4 days prior to Feb. 26.)

Vie used equation (9.1) to convert the l' 'our rilnfall data
for a reach into runoff data fcr tno reach at 6 hour intervals

(Oince the basic interval into w:Ach we div'de the UT!tVAC

comnutation is 6 hours - tYat is, we represented q(x,t) as
being a linear function of the tivo, t, for a period of 6 hours).
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u2.r( t-36 ) +u4.r (t-24) +u6.r(t-2)u.(t),F for t 6:00 A.i.1s or

I 6:00 P.14,
(9.1) q(t)

SUl r( t-4ý2)+u3.r( t-30)+u5"r(t,-I8)

{ +u7 '.r(t.6)+u9 .r(t+6)

for t = noon or
midnight

where q(t) is the amount of overbank inflow for the reach

expressed in units of one thousand cubic feet per second,

while r(y) is the amount of excess rainfall in inches that fell

over the drainage area duriing the 12 hour period preceding y,

i.e. from (y-1 2 ) until y; and u1 ,u 2 ,...,u 9 (see Ta•le 9.1) are
the 6 hour instantaneous hydrograph coefficients for the
drainage area. Note that only the rainfall of the preceding

t 2 1/2 days is permitted to contribute to the runoff

K-•each Wheeling St. Marys Pomeroy Hi-tington jMaysvi Ile

u ,St. Marys Pomeroy Huntington Maysville Cincinnati

u 1  11,172 34f557 30,727 .2,328 13,169

U2  14,457 44,721 39,764g. 54,778 18,078

___16,429 50,820 45,187 62,247 20,543

S _l8,4o00 56,918 50,609 69,717 23,008

20,536 +63,525 56,48M3 77,809 25,679
U5

u6  17,743 54,885 48,801 67,227 22,186

. -2v650 39s13l 34j,794 47,930 15,818

u810,514 32,525 , C.19 39,838 13,147

U 7,229 22,361 .9,882 27,389 9,039



70

The inflow data that was used in our Ohio River flood
calculations was read off at 6 hour intervals from curves of
inflow prepared by the engineers with the use of 12 hour
hydrograph coefficients. We compare the values of' inflow
obtained by us through the use of 6 hour hydrograph

coefficients in equation (9.1) with tne data supplJAd by the
engineers; Fig. 9.1 is for the reach Wheeling to S 'arys
and Fig. 9.2 is for- the reach St. Marys to Pomeroy. is
seen that, as is to be expected, the 6 hour coefficients

produced slightly higher crests and lower troughs than was the

case for the 12 hour coefficients (since the peaks didn't occur
at the ends of the 12 hour periods).

In particular, we noted that the short dry period which
occurred on March 5, coincides with a brief drop in stage in

the measured hydrograph at tae stations between Wheeling and

Cincinnati on that day. Our calculated hydrographs do not
have as pronounced a dip and we attribute this fact in part
to our having used the 12 hourly smoothed runoff data which
do not have as pronounced a dry period on March 5 as actually

occurred.
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COMPARISON OF RUNOFF INFLOWS OBTAINED WITH

6 HOUR AND 12 HOUR COEFFICIENTS
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COMPARISON OF RUNOFF INFLOWS OBTAINED
WITH 6 HOUR AND 12 HOUR COEFFICIENTS
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