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NOTICES

When Government drawings, specifications, or other data are used
for any purpose other than in connection with a definitely related Government
procurement operation, the United States Government thereby incurs no
responsibility nor any obligation whatsoever; and the fact that the Government
may have formulated, furnished, or in any way supplied the caid drawings,
specifications, or other data, is not to be regarded by imp. cation or otherwise
as in any manner licensing the holder or any other person or corporaticn, or
cenveying any rights or permission to manufacture, use or sell any patented

inveution that in any way be related thereto.

Qualified requesters may obtain copies of this report from the Defense
Documentation Center (DDC), (formerly ASTIA;, Cameron Station, Bldg. 5,
5010 Duke Street, Alexandria, Virginia, 22314.

This report has been released to the Cffice of Technical Services,
U. S. Department of Commerce, Washington 25, D.C. for sale to the general

public.

Copies of this report should not be returned to the Research and
Technology Division, Wright-Patterson Air Force Base, Chio, unless return
is required by security considerations, contractual obligatiors, or notice

on a specific decument.
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FOREWCRD

This is the final report of the Engineering Projects Laboratory's
two-year contract AF 33(657)-8384 with the Aero Propulsion Laboratory,
Research and Technology Division, U. S. Air Force, Wright-Patterson
Air Force Base, Ohio. Together with the first annual report (DSR 9159-]),

a professional paper, and some theses, written and not yet written, it con-
teins the salient results of the study.

Principal direction has been by F. T. Brown, Assistant Professor
of Mechanical Engineering, although until his departure from M.I.T. in
July 1965, J. L. Shearer, Associate Professor of Meckanical Engineering

provided general direction. The following are largely responsible for
their respective chapters:

.Chapter 1 F. T. Brown

Chapter 2 K. N. Reid, Instructor

Chapter 3 R. J. Gurski, Instructor

Chapter 4 ¥. T. Brown

Chapter 5 S. D. Graber, Research Assistant
Chapter 6 A. H. Greenleaf, Research Assistant

Chapter 7 W. B. Bails, Research Assistant
(written by F. T. Brown)

ii

ARG
g e oo ottt 1
e b

R




.*“?ML:W""“ .o

PRI LALLM pur s md D S W

A A ey ugoranece.
- A et

ABSTRACT

Techniques for sensing the relative threat of flow instabilities
in jet engines have been a long sought-after goai. This is the final
report of a study aimed at determining the feasibility of certain ty.pes
of fluia jet amplifiers used as fast pressure and temperature sensors..
The background of the project, the environment in which the fluid
sensors must operate, and initial results have been presented in the

first annual report.

The more theoretical aspects of the present report include a
study of the statics and dynamics of the interaction of a fluid jet and
a receiver port, the dynamics of the controlled deflections of jets in
fluid amplifiers, and the dynamic aralysis of fluid systems., The movre
applied aspects include the design of a fluid-relay stall-cell sensor, a
fluid diode possibly useful for sensing blade wakes or stall cells, and a

unique reference-frequency pneumatic oscillator.
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1. INTRODUCTION

Techniques for sensing the relative threat of flow instabilities
in jet engines have been a long sought-after goal. The present study
has been directed toward the possible use of fluid jet amplifiers with
no meving parts to sense stall cells and blade-wake widths, and to ex-
tend the basic knowledge of these complex 6~port amplifiers which also
have many other military and non-military uses. In addition, a pneumatic
oscillator was developed, using some moving but non-sliding parts, which

has a frequency largely insensitive to pressure and temperature changes.

The background of the present project, the environment in which
fluid sensors must operate, and initial results vnder the contract are

presented in the first annual report.

The Engineering Projects Laboratory depends on Master's and
Doctor's degree candidates for the bulk of its effort. It is irnpossible to
accurately predict, let alope control, the durations of several adequate
thesis investigations, particularly at the doctorate level. Consequently,
only two Master's theses have been completed under the contract (a third
was abortive), while two most pertinent doctoral theses and one Master's
thesis are unfinished, a fact reflected in this report. Estimated completion
dates for all three are in August of this year. All theses are or will be
available at cost fromthe Engineering Projects Laboratory, Document
Room 3-154, M.I.T., Cambridge 39, Massachusetts.

The first few chapters emphasize the more theoretical aspects of
the work, and the last few the more practical. Chapter 2 describes an
extensive study by K. N. Reid into the statics and dynamics of the inter-
action of a fluid jet and a receiver port. A partially-theoretical partially-
experimental approach toward static diffuser optimization with a non-uniform
inlet-velocity profile is presented, although the experimental work itself is

as yet mostly undone, The dynamics of fluid lines with a jet incident at one

Manuscript released by the authors June 1964 for publicatior as an RTD

Technical Dccumentary Report.
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end was investigated in detail both analytically and experimentally, with
good agreement. It is shown that most osacillations can be quantitatively
predicted from static measurements of the active upstream pressure-flow
characteristics at the jet-end of the line, plus theoretical considerations
for the passive part of the line and associated volumes, restrictions, etc.
Viscous wall shear is shown to substantially dampen most oscillations.

(L. E. Johnston, a doctoral fellowship student unsupported by this contract,
is studying the problem of two parallel lines coupled by a jet incident at one

end.)

The dynamics of the controlled deflection of jets in fluid amplifiers
and relays is the subject cf Chapter 3, prepared by R. J. Gurski. Contin-
uing from the presentation in the first annuval report, a mathematical model
for the dynamics of the jet under control is presented. The dynamic control
impedances as well as the dynamic response of a system is the goal of this
as-yet~-incomplete effort. Considerable use of digital and analog computers
is involved.

The dynamic analysis of systems is discussed briefly in Chapter 4
including references to Engineering Projects Laboratory publications on
fluid lines and a general approach toward predicting the stability of fluid
systems. This latter development, sponsored by the present contract,
is presented in detail at the Harry Diamond Laboratories' Second Fluid
Amplification Symposium. Also in Chapter 4 the effect of bends on the

dynamic response of lines is discussed.

In Chapter 5, S. D. Craber presents his work on bistable fluid-
jet relays motivated by the desirability of sensing stall cells in axial-flow
compressors. Background work was presented by R. J. Gurski in ‘e
first annual report. Graber concentrates on the static stability of the jet.
Sensitivity of the device depends on a small stability margin for the deflected
states of the jet; rapid dynamic response depends on a large instability for
the center position of the jet, These conditions -un counter tc one another
but an optimum configuration exists. Dynamic experimental results reveal

a frequency limitation.

Chapte~ ¢ by A. H. Greenleaf, presents the developmecnt of a fluid

cscillator which is intended to be efficient and have a frequency insensitive

-2 -




to large operating temperature and pressure changes, Mass-~spring
oscillators of several types were considered, and a circularly-oscillating
wire-supported disk adopted. Fressure insensitivity results from a tan-
gential driving force, perpendicular to the radial spring force. Consequent
dynamic stability provlems are analyzed and then configurationally avoided.
Temperature sensitivity, resulting from changes in Young's modulus for

the wire springs, is compensated by an axial sub-buckling force induced by

a temperature-sensitive sealed :llows. Although the final breadboard
model worked with respect to its significant features, further minor develop-

ment is indicated for a truly usetul oscillator.

In the first annual report a fluid-diode -blade -wake sensor was
proposed, and linear analyses and initial experimental results discussed.
In Chapter 7 of the present report the conclusion of this work is presented.
A nonlinear dynamic analysis is given. Of the three types of dicdes studied
by.W. B. Bails only the vortex diode has marginally adequate experimental
static characteristics, but unfortunately this diode hzs dynamic characteristics
which fall short of the high-frequency goal. Th: Tesla diode, patented some
40 years ago, was given brief static testing anc. found to be superior to all
the others. All the devices, however, are shown to be ineffective at low

Reynolds numbers, greatly limiting small-scale applications such as the

desired sensor.




2. JET-RECIEVER STULIES

2.1. Background

Various aspects of the over-all problem of jet-receiver-diffuser
steady-state and dynamic performance has been discussed by the writer
in previous reports on this and another contract, Ref. 1 and 2, as well
as in the writer's M.I.T. ScD. Thesis Proposal (Ref. 3). The discussions
of static rerformance dealt primarily with problem definition and the
adequacy and limitations of the available literature in providing a basis
for static performance prediction. It was shown that the over-all problem
of static performance prediction can be separated conceptually into several
related fundamental hydrodynamic problems. For convenience, these
problems were classified as follows: flow through ''short tube' orifices and
nozzles, flow of "controlled'' submerged jets, diffusion of nonuniform
turbulent streams in constant-area passages, and conversion of kinetic

to potential energy in ''slow expansion' and ''sudden expansior'' diffusers.

In the previous annual report on the present contract,( Rei. 1),
the problem of jet-receiver dynamic interactions was discussed. The
potential '"causes and effects' of receiver pressure oscillations were briefly
d*scussed. A simple experiment was outlined which was designed to study
the dynamic behavior of the interaction region. The experiment was designed
=0 that the reflection coefficient of the source terminal (i.e., the interaction
region) could be measured. No significant experimentsal results were avail-
able at the time of writing.

The goal of the over-all program of study of jet-receiver per-
formance is to provide a critical portion of the information necessary for
rational design of jet modulator systems. Included in this report (Secs. 2.2
and 2. 3) are analytical and experimental results obtained to date on certain
of the jet-receiver static and dynamic problems thought to be particularly

critical in terms of accomplishment os the desired goal.




2.2. Receiver-Diffuser Steady-State Performance

2.2.1, _General Characteristics of Diffusion Processes

The underlying problem of receiver-diffuser design is the
establishment of an optimum internal geometry based on a desired
criterion of merit. For exampls, one interesting and important
"optimal' problem involves maximizing the ratio of the power recovered
in the receiver-diffuser to the power available at the nozzle supply con-
ditions. Regardless of the type of optimal problem, the function of the
receiver~diffuser is basically the same: thrat of efficiently transforming

the kinetic energy of a high velocity submerged jet into controllable

potential energy.

It is apparent on consideration of the fundamental character of
a free submerged jet that the receiver-diffuser inlet velocity profile will
be nonuniform in character. Perhaps the most important single problem
affecting steady-state performance prediction is a complete characterization
of the receiver inlet velocity profile. Certainly a complete description of
this velocity profile must take into account the critical geometrical and
operational parameters. One interesting questicn is: how far back (toward

the nozzle) into the otherwisze free submerged jet is the disturbance intro-

duced by the receiver actually propagated? Answers to these questions are

goais of future experimental studies.

Having described the characteristics of the flow in the 'free’
region between the nozzle exit and the receiver inlet, the next problem
to be encountered is a description of the flow within the receiver-~diffuser.
Diffusion of a stream in internal flow, in the sense of increasing static
pressure, is accomplished by means of velocity profile "'smoothing' and/or
gimple area change. It is well known that diffusion takes place in a diverging
passage, the most common type of diffuser, due to the area change itself.
It is often forgotten that changes in the velocity profile also atfect the dif-
fusion process, i.e., the ability of a passage to transform energy from
kinetic to potential. Equally important, but less well known, is the fact
that diffusion may take place in a constant-area passage due to the effect

of velocity profile smoothing.




in order to understand the process of constant-area diffusion,

it is necessary to introduce the concept of uniformity of a fluid stream.

Uniformity refers to the closeness to which the transverse profile of
the longitudinal velocity approaches a ''rectangular’ profile (see Fig. 1).
A coanvenient quantitative measure of the uniformity of a velocity profile

is the momentum coefficient defined as follows:

true momentum »f the stream

momentum based on the continuity average velocity

Thus

a = (1)

Considering now the constant-area passage shown in Fig. 2, the

law of conservation of momentum requires that

4TWL
2-P1= .7 (o -a;) - 5 (2)

where

1]

static pressure at station 1

static pressure at station 2
V] = V, = continuity average velocity
> = momentum coefficients

= wall shear stress

w
P = fluid mass density

Thus the difference in static pressure at two stations is a function of the
difference in the velocity profile shapes (given by ay and az) at the two
sections and the wall fricticn iorces which act between the two stations.
It is well known that the velocity profile of the flow in a constant-area

passage tends to stabilize along the passage, i.e., asymptotically approach

-6 -
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a '"fully-developed' profile. With laminar flow, the profile always
approaches the well-known parabolic profile at a distance sufficiently
far down the passage. Likewise, in turbulent fiow, the profile tends
asymptotically to the familiar n~th power law profile. It is interesting
that the value of a for a 1/7-th power profile is approximately 1. 02,

if the profile at a st>tion in the passage is highly nonuniform
{a i2 much greater than the corresponding fully developed value), then
Eq. (2) shows 1hat an increase in profile uniformity may cause an in-
crease in static pressure which outweighs the decrease due to wall
shear. Certainly if the passage is long enough, wall friction will
eventually dominate. It should be noted that constant-area diffusion
is accompanied by inherent energy loss, as in any diffusion process.
An ermpirical approach to the study of constant-area turbulent diffusion

is discussecd in Sec. 2.2.3.

In a passage whose are2 increases in the direction of flow,
the ''profile smoothing' fcrm of diffusion is superirnposed on the area
change form. Area-change diffusion, in the sense of increasing static
pressure, ceases when the area change effect is balanced by the wall
shear effect. Energy losses in area-change diffusers primarily result
from velccity profile smoothing, wall shear, and separation. Experience
indicates that a nonuniform velocity profile at the entrance to a ''slow
expansion'' area-~change diffuser leads to a significantly larger over-all
energy loss than would occur with a more uniform inlet profile (see
Sec. 2.2.4).

On the basis of this gqualitative understanding of diffusion
processes, past experience with jet pumps and ejectors, and con-
siderations of practical geometry from the standpoint of construction,

the {ollowing hypotheses are made (Ref. 2):

1. There exists a '"best' length of constant-area passage
together with a "best' geometry of the increasing-
area passage such that the efficiency of the diffusion

process is maximized for a given set of conditions.




2. There exis* « "best'length of constant-area
passage together with a ‘'best' geometry of the
increasing-area passage such that the desired
"shape' of the static pressure-flow characteristic

is obtained at the maximum possible efficiency.

These hypotheses must, of course, be verified by suitable

analysis and experiment.

A combined analytical and experimental program is underway
which is aimed at defining the term ''best'” in a quantitative way. Pre-

liminary results of this study are given in Secs. 2.2.3 and 2. 2. 4.

2.2.2, Constant-Area Turbulent Diffusion in Jet Modulators

In a sense, the problem of constant-area rurbulent diffusion
belongs to a class of problems known as ''entry length' problems. A
brief discussion of the character of these problems is given in Ref. 2.
The velocity profile development of 4 turbulent stream in the constant-
area diffuser of a jet modulator diff:rs in the following respe ..s from

that encountered in the usual entry length problems:

1. The velocity profile at the inlet section of the passage
is very nonuniform and, in fact, may be nonsymmetrical
as well,

2. The flow is already ''fullv developed' turbulent shear
flow or at least has a relatively high turbulence intensity

when it enters the passage,

3. Development of the veiocity profile in the direction of
flow is primarily due to the transfer of romentum
between fluid layers under the action of turbulent
shear stresses. The wall shear stress is small in
comparison with the turbuient ¢ :resses, at least for

several diaineters along the passage,

4. The development of the profile is accompanied by an
initial rise in static preassure; ultimately the point is
reached where wall shear becomee important and the

static pressure begins to dacrease.

- 10 -
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5. Transition from an unusually nonuniform profile to
one having the same degree of uniformity as the corres-
ponding fully developed turbulent pipe flow, takes place
in only a few diameters rather than the customary 20 - 53

diameters required in the usual entry length problem.

Figure 3 serves tc {llustrate schematically what might be
expected to occur in constant-area diffusion. In Cases a and b, it
is aasurned that the flow in the passage is turbulent and that the velocity
profile is identical to the profile in the corresponding section of an un-
obstructed free submerged jet. These two cases represent one end of
the spectrumof interest, i.e., the situation which should exist when no
throttling takes place downstream of the diffuser (receiver input impedance
is essentially zeroj. When considerable throttling takes place (receiver
input impedance becomes very large), the flow in the passage may he
laminar rather than turbulent. Certainly as the receiver input impedance
approaches infinity, the flow in the passage must proceed from turbuient
to laminar. Cases c and d of Fig. 3 illustrate cases of high, but not
infinite, receiver input impedance (i.e., finite through flow). In all
cases, the corresponding fully developed profile is approached. Very
little beyond qualitative reasoning exists to substantiate the schematic
representations of Fig. 3. However, the results of a single experiment
reported in a 1950 PhD. thesis by H. L. Grimm-.tt (Ref., 4), provides
some measure of verification for Case a. Grimmett measured the velocity
profile in a circular constant-area duct displaced 15 diameters from an
axially-aligned nozzle. It should be noted that there was no throttling of
the flow leaving the downstream end of the duct, and consequently, the
static pressure at the exit plane was atmospheric. These data are re-
produced in Fig. 4. Since the well streamlined, non-throttled duct places
virtually no obstruction in the field of the submerged jet, the duct inlet

velocity profile is indistinguishable from the corresponding portion of the

free jet profile. it is evident that the transition from the higlly noruniform

inlet profile to a seemingly fully developed profile takes plac= in 4-5 diameters.
It is interesting that the point at which the wall static pressure first pezks
occurs somewhat befcre the apparent point at which the profile is fully

-11 -
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developed. Furthermore, the static pressure data show the relative
un.mportance of the total integrated wall shear stress in the first 4 or

5 diameters of the duct. The mportant conclusion is the fact that the
velocity profile smoothing, under the action of turbulent shear stresses,
takes place much more rapidly than the profile "shaping' as a2 result of
wall boundary layer growth, These data, although admittedly much too
limited in scope, provide the basis for the previous hypotheses concerning
the length of duct necessary to achieve a profile of high uniformity.

2.2.3. Empirical Approach to the Study of Constant-Area
Turbulent Diffusion

It is entirely possible that jet modulator static performance
can be predicted adequately by simplified means without ever really
being concerned with the details of 1 e diffusion processes. However,
even if this ideal could be achieved, it is unlikely that there would exist
a truly rational basis for optimization studies. Consequently, one seems
justified in considering, insofar as is feasible, the details of the flow

processes.

In establishing an analytical basis for optimizing the over-all
diffusion process, it is necessary to have a knowledge of the velocity
distribution in the diffuser passages. On seeking a sclution to the constant
area turbulent diffusion process, one is faced with the inadequacy of our

understanding of even the most simple turbulent flow processes.

Truly no "exact'" analytical solution to the basic equations of
motion has ever been found for a turbulent flow problem. Nevertheless,
the well-known serai-empirical hypotheses established by Prandtl,
Reichardt, and Taylor have been applied with a reasonable degree of
success in a number of important engineering problems and present
some hope for the present problem. Of course, a solution to the
turbuient diffusion problem would not be compiete by itself. The truly
useful solution must be applicable regardless of flow regime (i.e.,
turbulent, transition, or laminarj. It seems unlikely that a single
solution can be found that will be universally applicable. What is more

probable is that two or more solutions :an be ""matched' judicicusly!

- 14 -




The turbulent diffusion problem can now be stated as follows:
Given the initial distribution of velocity and static pressure at a certain
passage section (i.e., at the inlet section of the passage), what is velocity
profile at another section downstream! Certainly a hint for a solution is
offered by experimental evidence (Refs. 4 and 5) that the turbulent mixing
process is far more rapid than the boundary layer growth. The success of
Relcharc.’s inductive theory of turbulence when applied to submerged jets
and other problems whick have a principal flow direction, suggests that
his theory may be applicable to the present problem. This theory has
been appiied with apparent success to problems of free jets, jets dis-
charging parallel to 2 wall, and jets discharging at the center of a duct,
by a group of investigators+ at the Engineering Experiment Station of the
University of Illinois (Refs. 6 and 7). The technique developed to handle
the case of a jet issuing at the center of the duct, as in a jet pump, is
empirical mn nature in that two constants must be determined experimentally.
Such is typical for turbulent flow problems. An empirical expression is
presented in Ref. 7 for the prediction of the transverse total momentum dis -
tribution at the various sections of the duct. Recently, R. Moissis and
P. Griffith of M.I.T. successfully utilized the technique developed by the
previous investigators for the ''ducted jet', to predict the total momentum
distribution in the wake of an air bubble in developing two-phase slug flow.

(Ref. 8). The same general approach will be followed in the analysis below.

Consider now the steady, incompressible axially-symmetric
tarbulent flow in a constant-area circular passage. (The results of an
analysis for a two-dimensional passage will follow the present development.)
Boundary layer development at the walls is neglected. The theoretical
reasoning of Reichardt's approach is discussed in Refs. 9 and 10. The theory
is based on the momentum equation for the time-mean averages of the velocity

in the principal direction of flow. Thus

* The PhD. thesis by H. L. Grimmett mentioned in Sec. 2.2.2. is part of
this lJarger study.
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d x r 9 r d x

where

= fluid mass density

= instantaneous velocity in the x-direction

= time-mean-average velocity in the x-direction
instantaneous velocity in the r-direction

= time-mean-average velocity in the r-direction

= distance along axis of cylindrical passage

n X <1 < gy g O
Tl

= radial position in cylindrical passage measured
from axis of passage

P = static pressure; P = mean static pressure

The second basic equation in Reichardt's theory is of an empirical nature

and has the form

, 2
v = -A ?-‘—‘-1-—2 (4)
or

The term uv represents the turbulent shearing strees. The parameter A
is called the "momentum transfer length." It has the dimensions of length
and is assumed to be a function of x only. Equation (4) thus relates the
turbulent shear stress to an easily measured mean flow quantity by means
of a ""hypothetical' transfer length. In words, Eq. (4) states that the flux
of x~-component of momentum which is transferred in a transverse direction

is proportional to the transverse gradient of momentum.

Combining £qs. (3) and {4) and rearranging ylelds

g
—

_8._2. + .._?._. (puz) -._1.. .?... T 8 (p-?) =0 (5)
ox ox r or or

Assuming the pressure gradient in the transverse direction (i.e., 3p/9r) is
of small order compared to the longitudinal gradient 3p/9x, 3p/dr can be added
to both sides of Eq. (5).without destroying its valiaity. Thus

- 16 -




] —_ . B — 1
2 (Ptpul) - A aLr_E_(§+Pu2)J=o (6)
9x r or aor

Defining m = p + pu” gives

-Q-IP-~-—1—A8 r am—l:o (7)
9x r or 8r_l

In order to simplify the boundary conditions, it is convenient to make

the following definitions: rt s 2r/D, where D = passage diameter

and
M= (m - moc)/m0
where
- y
m = (p +p u”) at x—=o00; taken as the fully developed

turbulent flow total momentum
m_ = (p+ pu)atx = 0; x = 0is the total momentum at the
entrance of the passage and is assumed to be known.
Using these definitions, Eq. (7) can be written in dimensioniess form as

follows:

oM 4 A 9 + oM
ax + 2 +

=0 (8)

This §s a linear, second-order partial differential equaticn in the variable M.

Four independent boundary conditions can be specified:

1. (8M/3r+)r+=o 0, from symmetry.

0, since wall friction is neglected.

1]

+
2. {dM/sr )t

3. (M)x—.oo = Mfd’

useful reference. It can be calculated from an accepted

i.e., fully developed value of M is a

power law profile.
- +
4. (M)x':O =(mo-ma)/mo =1- mm/mo = f{r );

this value of M is assumed to he known.
-17 -
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Solution of Eq. (8) by separation of variables and subsequent

substitution of the first two boundary conditions above ylelds the product

solution.
oo X
A
M= E; AJ (a r+) exp[‘- (‘-—4 a’ dx (9)
o n“o ‘“n 0_) > n
L D
where
Jo = Bessgel function of zero-th order
= Bessel function of first order
n n-th root of Jl
An = a constant

The function A = A (x) which appears in the exponential (i.e., the
momentum transfer length) must be determined empirically. Given a set
of experimental values of M, the function A (x) can be defined in such a
manner that experimental and theoretical values of M are identical. Re-
calling the definition of M, it is obvious that measurements of velocity
distribution and static pressure at various stations along the passage will
yield the desired experimental values of M. Equipment has been designed
and is now being constructed for the purpose of making measurements of
this type. A pitot probe will be used for these measurements. Additional
measurements will be made, using X-array ‘.ot-wire probes, of the actual
turbulent shear stress distribution at various passage stations. These
latter measurements will provide the additional information necessary for
_El_i_x_‘E:;_t integration of the original equation of motion (i.e., Eq. (3)j. The
validity of the simplifying assumptions made in estabiishing Eq. (3) and,

indeed, the whole of the Reichardt theory, can then be determined.

It would be highly desirable to establish an explicit relation foxr
A = A (x). The assumption has already been made that A is independent of r.
This turns out to be a good assumption when the Reichardt hypothesis is used
for free jet analyses. In contrast to free jets, A cannct grow indefinitely
(as x increases) in a constant diameter passage. In the absence of wall
friction, it seems reasonable that the presence of a wall should have no

other effect cn A than to place an upper limit on its growth. A purely

- 18 -
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arbitrary function, suggested in Ref. 7, that reduces to the free
relation for small x, but which imposes on A an upper limit which is a

fuaction of the passage diameter is

(10)

where ¢ and b are arbitrary constants., By having such 4n arbitrary
function, it would seem that cre has a lot of latitude in correlating ex-
perimental data. It is to be expected that the form of Eq. (10) will be
reasonable for a passage with little downstream throttling. In this case,
the vilue of A at the entrance of the passage should be very nearly identical
with that of the corresponding free jet. Whether Eq. (10) is of a reasonable
form when there is considerable downstream throttling ~emains to be
established.

Assuming the utility of £q. (10), it is possible to carry the
analysis further. Combining Eqgs. {9) and {10) yields

X {- ZCZa 2
M = Z AnJo(anr+) expd - i bX  _¢n (1+ bx ) (11)
n=1 bZ D D

The remairing twoc boundary conditions can now be utilized. These are

M— 0 as X— 0

and

The first condition is satisfied by the exponential term of Eq. (11) which

tends toward zero as x increases without lir~it. The second condition yielas

(=t s 20 AT (arh (12)
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By virtue of the orthogonality of the Bessel series

1

-~

2 .
1 2 Y
rJo (an) ] 0

provided the s~ries is uniformly convergent. (Ref. 11) Now any arbitrary

A =

. fe") 3 _(a_r") et ar? (13)

inttial profile of the total momentum function, Mo’ can be imposed on An.
Except for the case of little downstream throttling, a rational means for
evaluating Mo under all downstream load conditions does not exist presently,
The earlier mentioned experimental program is airned at providing this

i~formation.

There is as yet no known way to predict the values of the empirical
constants, band c, irn Eq. (11). Resource must be made to judicicus ex~
periment. However, point by point application of Eq. (11) is not a satis-
factory means of evaluatin~ b and ¢ from .xperimental data, It is possible,
however, to greatly simplify the evaluation process by defining a one-
dimensional function which is integrable in rt. The integral of M itself
i8 not a suitable function since, by conservation of momentum, it is always
zero. However, the integral of M2 is not conserved, and may be used to
define a one-dimensional function, I as fcllows:

. 1
1+ (" MPxamt ast (14)

~

The function I appropriately may be termed the ""mixing index."

For any set of values of b and ¢, an equaticn resulting from a
combination of Eqs. {11}, (i3), and (14) yields an analyticai expression for
the variation of I as a function i 2 only. In addition, the value of I cirres-
ponding to 2ny position x may be found by performing graphically the inte-
gration cf Eq. {14). In the latter case, the values of M are obtained frcm
experimental data. By trial-and-error the values of b and ¢ can be chosen
such that the "analytical" and '""measured’ values of ] show good agreement.

The success of this procedure awaits the results of the experimental program]




Consider now the casc of constant-area turbulent diffusion in a
two-dimensional passage. The momentum equation for the time-mean-
averages ~f the velocity in the principal direction of flow becomes for this

case

9x 3y ax

where x i8 the coordinate in the principal flow direction and y is the

coordinate in the tr. asverse direction measured from the axis of flow,

Again, using Reichardt's hvpothesis for the turbulent shear

stress leads to the following partial differential equation

oM _ 4A a°M

9x hZ 8y+ 2

where h is the minimum transverse dimension of the passage and y+ = y/h.
The boundary conditions are of the same form as for the circular passage.
Again making use of the separation of variables technique for solving partial

differentiaf equations, the following product solution for M is obtained
oo x
2.2
<7 A i
M= ¢, exp -g Afn 7T dx | sin nrry+

n=1 0 hz

From this point on, the same considerations hold as in the circular

passage case.

2.2.4. Area-Change Diffuser Characteristics

The theoretical prediction of flow conditions in area-change
diffusers has long been an unsolved problem in flvid mechanics. Re-
searchers for over 50 years have relied almost totally on experimental
techniques in the de=ign of diffusers., Two basic problems have been

stud’ed extensively in connection with the design of straight-walled diffusers,.

1. Prediction of optimum geometry for most efficient

transformation of kinetic to potential energy, and
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flow regimes encountered with various degrees of

separation,

Many basic problems remain unanswered, however, Nevertheless, con-
siderable experimental dat~ are available on the "efficiency' of circular,
square, and rectangular diffusers having various area ratios, diverg=nce
angles, inlet boundary layer conditions, and Reynolds numbers., A brief

bibliographical review of the literature is given by the writer in Ref. 2.

At the outset of the recelver-diffuser study, it was believed that
considerable data existed which cculd be used directly in predicting per-
formance of jet-modulator area-change diffusers. The results of a fairly
comprehensive literature survey showed that considerable information is
lacking. It is diffucult to make direct comparisons of the available results
of isolated studies since the experimental test conditions are not always
well detined or even controlied. In addition, there iz no common agree-~
ment in the literature on the most convenient definition of efficiency. Con-
sequently, experimental results giving 'efficiency' as 2 function of diffuser
geometry and various operating conditions, is often extremely co- fusing.
Even more important is the fact that, almost without exception, available

iffuser performance data are restricted to relatively high diameter
Reynolds numbers (say 104 and up). It is likely that in most future
applications of jet modulators, Reynolds numbers between 1 and 104

will be encountered.

It is, of course, fortuitous that so much experimental data exist
for the high Reynolds number range. The important trends and techniques
established by the previous studies will be invaluable in the efficient pianning
of future experiments. Indeed, .he hypotheses concerning optimum diffrser
geometry discussed in Sec. 2.2.2. were based almost totally on available
diffuser performance data. Since the available data are so important to
the over-all goal of the static performance study, come of thebest avail-
ble pertinent diffuser data are reviewed below. Only the results of studies
with conical diffusers will be discussed below. The interested reader is
referred to Refs. 12, 13, and 14 for extensive discussions of diffusers of

all shapes and forms.
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Q1 the various efficiencies used in the literature, the most
common and probably the most useful in the majority of situations is
the ''static pressure efficiency", or as sometimes terined, the "energy-
conversion efficiency'. This efficiency is defined as the ratio of the
rate at which energy is transformed to the rate at which energy is supplied
for transformation. Consider a passage which expands from an initial
area A; to a final area A,. Let P be the static pressare, p the fiuid
mass density, u the component of velocity parailel to the axis of the
passage, and w the absolute velocity at any point. Thus the actual energy-

conversion or static pressure efficiency is

Ny = (15)

If the flow is purely axial at sections 1 and 2, w = uand P is a constant

over the section (i.e., no streamline curvature), Then

(P, -P.)u, A
2 1 1
n_= - ! (16)

2
S‘—l—pquA-S-L pu3dA
A 2 A2 2

where

. 1 gu aA (17)
AL YA

Equation {16} can be sim:plified by defining a kinetic energy factor B

as foliows:

g= 2 (18)




The kinetic energy factor is analogous to (but not equal to} the momenturn
factor a, defined in Section 2.2.3, in that it accounts for the nonuniformity
of the velocity profile. Utilizing this definition and recognizing that

continuity requires u;A, = u,A,, the following expression is obtained:

P, -P
_ pa 1 (19)

nap - \T
— e8| B - 8, o
; \—7

Many investigators have used a one-~-dimensional approximation to Eq. (19)

as follows:

P, -P
N = 2 1} (20)
P A \¢
- 2 i
— Py 1 - [ —
2 A

Equation {19) reduces to Eq. (20) if it is assumed that the velocity profiles

at the entrance and exit sections are uniform (i.e., [31 = {52 = 1,0).

The efficiency depends on many factors, the most important of
which is the rate of expansion of the flow. This is not surprising since it
ia this factor which determines the magnitude of the opposing pressure
gradient. Some results of experiments on the flow between straight
diverging walls (conical section only) by Gibson (Ref. 15) and Peters (Ref. 16)
are summarized in Fig. 5. Efficiency, g is plott.d against 20, the
included angle between the diverging walis. The efficiency is low at very
amall angles, rises to a peak in the vicinity of 5 - 8 degrees, rapidly falls
as 20 increases until a low point is reached in the vicinity of 60 degrees, and
then slowly approaches the theoretical value given by Borda at 20 = 180°.
The Borda limiting condition (i.=2., a sudden expansion diffuser) is derived

from simple continuity and momentum considerations; the following ex-

pression results:

BT
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(M

expansion 1+

Il\n\ = (21)

p) sudden A

A

Perhaps the most important feature of the results of Fig. 5 is that the
efficiency reaches a peak value, which is quite high, in the vicinity of

5 - 8 degrees.

To understand the reason for the peak in the efficiency curve,
consider a family of diffusers having identical area ratios (AZ/A1 = const.).
If the included angle is small (say < 5°), the wall friction losses are large
since the passage must be very long. However, the ''separation'' losses are
extremely small. Conversely, if the included angle is large (say > 150),
the passage length, and therefore the wall shear losses, are greatly mini-
mized. The separation losses, though, are greatly increased as the in-
cluded angle is increased. The peak efficiency condition then represents an

cptimum trade -off between wall shear and separation losses.

A factor which is often obscured in the preaentation of diffuser
performance data is the effect of inlet and exit velocity profile nonuniformity.
Although efficiency calculations based on Eg. (19) take into account profile
nonuniformity directly, meoest investigators have not bothered to make the
additional (and tedious) measurernents necessary to establish ﬁl and BZ.

The approach used by most investigators (if they bothered at all) has been
to study the effect of various inlet velocity profiles produced by using dif-
ferent lengths of constant diameter inlet pipe. For a very short inlet pipe,
the value of ﬁl is approximately equal to 1. As the inlet pipe length is
increased 1o say 30 diameters, the vaiue of Py is very nearly that of a fully

developed turbulent flow profile ((31 = 1,05, dependert on Reynolds numr’.. },

The percentage difference between the efficiencies calculated from
Eqgs. {19) and (20) may be as small as a few per cent or as large as 10 - 15
per cent, Even if the diffuser entramnce profil: is approximately uniform
(i.e., 131 = 1.0), the exit profile normally is quite nonuniform ([32 >1.0).

Figure 6 is illustrative of typicai flow conditions associated with a cenical

diffuser having "near optimum' geometry.
- 26 -~
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Due to the fact that the diffuser outlet velocity profile is
typically quite nonuniform, ihe addition of a constant diameter mixing
section downstream of the exit section may have an important efiect on
the diffuser efficiency. A diffuser with constant diameter inlet and outlet
sections is shown in Fig., 7a. If the velocity profile at the diffuser exit
is more nonuniform than a fully developed profile (and in most cases it is),
the profile becomes progressively smoother in the discharge section which
follows. As a result, the static pressure continues to rise in the discharge
section until a position is reached at which the static pressure is a maximum.
From that peint on, the pressure decreases due to wall shear. Peters
{(Ref. 16) has found that the velocity profile at the point of maximum static
pressure is very nearly the same as the fully-develo;.ed profile. Results
obtained by Peters showing the point of maximum static pressure recovery
as a function oz diffuser included angle and entrance section length are given
in Fig. 7b. The importance of the discharge length on diffuser efficiency
is obvious. In fact, modified definitions of efficiency are suggested which
utilize the static pressure at the point of maximum recovery rather than
2t tne exic plane of the area change section. A one-~dimensional relation

which corresponds to Eq. (20) is

PZ'-P1
n!= (22)
P , A \¢
- 2 1
--—pu1 1 - | —n
2 AZ,

Similarly PZ’ can be substituted into £q. (19) for the true efficiency in
place of PZ‘ Thereiore, the difference between b and qp' is a measurc

of the effect of the addition of adequate length of discharge section.

The difference between the true or actual efficiency between
two sections #nd the corresponding one-dimensional approximation is a
measure o’ the nearness to unity of the values of B at the two sections.
Figure 8 shows an interesting comparison between the actual efficiency
between scctions(l) and (2), the approximate =fficiency between (1} and (2},
and the approximate efficiency between (1) and (2'j. The actual efficlency

between sections (1) and (2') is not shown but could be inferred quite easily.

- 28-




{ -——————’! Discharge section

Entrance section l/X P :=:5414¢‘4(4/

%Wﬁ—_} 2

777 T T T T2 77777

Fig. 7a.

|
o i
I | P
| |
l PZ"—T
| (P, = %))
—_——_——_—__
Py

Definition of Diffuser Variables

6 %
!
-4
DZ
4 -
2 <+
Entrance section
0 +- —4- 4 +- i
Q 10 20 30 40 { 50
D
Fig. 7b. Influence of Diffuser Geometry on Point
of Maximum Static Pressure Recovery.
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Fig. 8. Effect of Entrance and Exit Section Length
on Diffuser Pressure Efficiency (Ref. 16)
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in the inlet and exit velocity profiles. What is most important about these
results is the significaace of even a seemingly uniform profils (i.e., fully
developed) on the value of the efficiency. If the submerged jet of a jet
modulator were to be diffused directly by an area change diffuser, the
corresponding efficiency would be quite low (even for so-called optimum
geometries) because of the high nonuniformity of the inlet velocity profile.
It was this belief that led to the hypotheses of 3ec. 2.2.2. A careful study
of the available literature and past experience with jet-pipz valves leads

the writer to believe that:

i. the most efficient receiver-diffuser for a specified
"degree of diffusion" (i.e., total area change) is one
having in succession a constant-area mixing sectio:,

a '"'short"” . - 8 degree diverging section, and finally

a sudden expansion section.

2. the most linear pressure-flow characteristics of a
three way, axially symmetric, axiz{ly aligned jet-
receiver-diffuser will result with a short, constant -
diarmmeter mixing section followed by a sudden exransion

section.

The discussion above gives only a sample of the factors which
must be considered in the efficient design of area-~change diffusers. Much
remains to be donein properly evaluating and extending the existing diffuser
performance data. A more detailed discussion of diffuser performance

will be presented in the writer's ScD. thesis (summer 1964).

2.2.5, Orifice Characteristics

In many applications of jet modulators (i.e., a '"four-way' jet-pipe
valve or jet amplifier), fluid may fiow out of the recelver-diffiser into a
reservoir or plenum under certain conditions of downstream loading. In
such situations, the receiver-diffuser flow is "reversed', so tc speak, and
the fiow characteristics would be expected to be radically d'fferent. Indeed

they are. If the receiver-diffuser consists of a constart-diameter mixing
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section followed by an area-change section, then the reversed flow
gituation is that of flow through a ''short-tube' orifice with a converging
or ''sudden contraction' entry section. Curiously enough, the flow
characteristics of orifices of this type ure not very well establishec,
especially in the low Reynolds number range. A cursory discussion of

the available literature on short-tube orifices is gisen by the writer in
Ref. 3.

The writer reported the results of a recent M, 1. T. study of
sharp-edged short-tute hydraulic orifices in Ref. 17. This study vsas
carried out by D. J. Tapparo, an S.M. thesis siudent, under the super-
vision of the writer. The results of ithe study have ledto an empirical
means of predicting the discharge co:fficient for sh- rp-edged short-tube

orifices within the following limitations:

2< X <6, 100< Re, < 1000

D d

and 4000 € Re, = 25,000 (where L = orifice length, D = orifice diameter,

d
and Red = diameter Reynolds number). It is expected that these resuits,
even though somewhat limited, vw1il be extremely useful to the writer in
e 'tablishing 2 means for pre-icting over-all static performance of

receiver-diffusers,.

Also expccted to be c¢. considerable value axa the results of a
study of the fricticn factor in the laminar entry region of a srnooth tube
by Shapirn et al several years ago. These results are valid for a short-
tube with a bell-mcuth and for Rex <5 x 105 (where Rex is the Reynolds
numb-r basea on length along the tube). With rather easily defended
assumptions, the orifice discharge coefficient car be shown to be a function

cf the integrated cpparent friction factor raultiplied by tne L /D ratio.
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.2.6. Experimenta) Study of an Axially-Aligned, Axi-Symmetric,
Three-Way Jet Modulator

it is anticipated that results of studies discussed in previous

sections will eventually yield technigues useful in predicting over-all
static performance of jet modulators based on empirically derived
characteristics of sub-parts. Consequently, an experimental study
has been initiated to provide a means for evaluating these techniques.
A large-scale model of an axi-symmetric; axially-aligned th-ece-way
jet modulator has been designed and fabricated. Freliminary .ests
have been conductzd at relatively high Reynolds nurnbers and with a
few geometrical variatior.s. These results are presented in an S. B.
thesis by H. Leibowitz (Ref. 18). The apparatus was designed so that
a syutematic study can be made of the over -all diffusion process for a
wide number of internal and external receiver-diffuser geometries.
Provisions have been made in the apparatus for varying the nozzle-to-
receiver spacing, the length of constant-area mixing section, and the
incluued angle and area ratio of the area change diffuser section (by
using a series of molded plastic diffusers). A schematic of the ex-
perimental apparatus is shown in Fig. 9. The apparatus is sufficiently
flexible so that radically different geoinetries could be incorporated

if desired.

Il1lus‘rative of the preliminary experimental resuits are the
pressure-flow data shcwn in Fig. 10. These datz iow the effect of
variation of inciuded angle of the area change diffuser. The significant
{ncrease of maximum power recovery (Qa x Pa) by use of a low angle

diffuser is ¢ --ident.

A comprehensive experimental study is planned which will
cover a wide Feynolds number range and incorporate a large number of
geomeirical variations. Air (or water) and hydraulic oil will be used as

-working flulde. R-sults will be presented when they become available.

2.3, Jet-Receiver Dynamic Interaction Studies

2.3.1i. Preliminary Measurcments of Source Dynamic
{.haracterlstics

In the previous annual report on this contract (Ref. 1), an

experiment involving a simple axi-symmetric nozzle-receiver was outlined.
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20 S/Dr L/Dr Conditions:
° 52 2 2 D_= 0.25 in.
JAY 14 2 2 _ .
0 180° 2.5 > Dn = 0,187 in.
Re = 16.7x 103
n
Nomenclature:
Dr = Receiver diameter
Dn = Nozzle diaineter
S = Nozzle-receiver spacing
L = Diffuser mixing section length
20 = Diffuser included angle
Pc = Chamber pressure
Re = Reynolds number based on nozzle diameter
1.0 4
0.8 4
a
Q
s 0.6 4+
0.4 4+
P -P
a c
0.2 + P, - P
0 : # Y J; —
0 v.2 0.4 C.6 0.8 1.0

Fig. 10. Pressure-Flow Characteristics of a Threa-Way Jet
Modulator
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The experiment was designed to measure the dynamic characteristics of
the jet-receiver interaction region (termed the 'source’) as viewed from

a point downstream in the receiver. Provisions were made for intreducing
a pressure pulse at a point downstream in the receiver, measuring the
pregsure associated with the incident and reflected waves, and damping
out all extraneous waves. The experiment thus constituted 2 pulse or

sten response of the interaction region. Having obtained a dynamic
characterization of the source, stability of systems incorporating this

source could be investigated.

Since the last writing, measurements have been made which
indicate that the reflection of a pulse or step from the source terminal
can be characterized simply by a 'reflection coefficient" for frequencies
up to at least several hundred cycles per second, This implies that for
low frequencies, the steady-state pressure-flow characteristics are
adequate to predict the interaction region phencmena. Measurement
techniques and typical steady-state characteristics are discussed in

Sec. 2.3.3.

2.3.2, "Creationa'" of an Active Source

Before a study of the dynamic or static characteristics of the
interaction region could be made, it was necessary to establish means
for ""creating' an active source, i.e., a source which '""feeds' an im-
pending oscillation. Certainly, past experience with jet modulators cf
various types is sufficient vo give one confidence that a sustained pressure
oscillatior: in the receiver can be produced! It will be recalled that the
axi~-symmetric nozzle-receiver-transmission line-load apparatus was
constructed to eliminate all unnecessary solid boundaries in the inter-
action region and all potential receiver cross-coupling effects. With
the apparatus so constructed, the influence of varicus types of aearby

bounding surfaces car be studied in a systematic manner.

Consequently, the apparatus was arranged to have a source
driving a transmission line blocked at its downstream end, since a sus-
tained pressure oscillation is most likely to occur in auch a system. Then,

various solid boundaries were placed in the interaction region in an effort
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to create a '"large' amplitude pressure cscillation inthe line. The

configurations, shown in Fig. 11, were found to produce the desired

oscillation. Case {a) typifies the phenomena observed.

By proper placement of the wall in the jet, the jet is caused
to attach and follow the wall until the point is reached where an adverse
pressure gradient causes it to separate. Placement of the receiver
mouth near the separation point results in a sustained pressure oscilla-
tion in the transmission line and a coxresponding oscillation of the jer.
The nature and cause of the oscil’ation can be explained qualitatively as
follows: As the jet is ''turned on'', the pressure begins to rise in the
receiver as a result of simple charging of the associated capacitance;
the pressure in the separation region also rises above its "equilibrium"
value because of the iigh resistance to flow introduced by the wall-to-
receiver mouth restriction; the pressure in the separation region finally
becomes large enough (but not necessarily above atmospheric) that the
jet is caused to separate further up the wall and thus partially miss the
recelver; the receiver and separation region pressures then tend to de-
crease until the original separation point is restored, at which point the
process i3 repeated again and again. Of course, wave motion in the
receiver-line plays an important role in this phenomena. As the jet is
turnedon, a compression wave travels down the line and is reflected
from the blocked end as a2 compression wave. When this wave returns
to the receiver mouth, it causes the separation region pressure to in-
crease rapidly aud the jet to suddenly flip away from the wall. The
motion of the jet causes a sudden decreasc in the pressure at the receiver
entry and, as a consequence, causes a rarefaction wave to travel down
the line. This wave is reflected from the blocked end in like sense, and
on its return to the recelver mouth, reduces the separation region pres-
sure enough so that the jet can re-attach at the original point of attachment.

The receiver pressure oscillation is very nearly triangular in shape.

It is important to note that is is not necessazry to have a wave-
like element ({.e., a ¢transmission iine) connected to the sourze in order

to observe a sustained oscillation. If a tank (simple capacitance) is sub-

stituted for the transmission line, the tank precsure will oscillate as well.
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Fig. 11. Demonstrated ""Active' Scurces.
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In this case, the oscillation is characterized by an exponential rise
fcllowed by an exponential decay, 1 .e., a direct result of the inherent
RC characteristics of the receiver-tank combination. The charging and
discharging time constants usually are different, the discharging time

constant generalily being the smaller of the two.

The explanation of the osciilation phenomena given above
applies qualitatively to Cases (b), (c), and (d) of Fig. 11 as well. The
most important fcatures of the potentially unstable configuration seem
to be: (1) a boundary be present onto which the jet can attach, and, (2)
the boundary be placed slightly into the jet and near the receiver mouth
80 as to create a semi-enclosed separation region.

2.3.3. Conceptual Representation of a Single.-Receiver Jet-
Modulator System

It is convenient to represent the system being studied by a chain
of four terminal elements as shc /n in the block diagram of Fig. 12, where
the W's are mass flow rates and the P's are static pressures. The "source"
includes the nozzle, jet, and receiver-diffuser. The ''line", if one exists,
includes any reasonably long constaat diameter passage+ which connects the
source to the load, and along which wave motion effects are important. The
"load" includes all active and passive elements attached to the line or directly
to the source, i.e., tanks, orifices (laminar or square law), jet-modulater

control ports, etc.

A characterization of the source involves establishing the functional

relationship Wa = f (Pa, geometry).

2.3.4, Measurement of Steady-State Characteristics of an Active
Source

Reasonably early in the study, physical intuition and reasoning
led to the conclusion that the steady-state source characteristic for a
potentially unstavle geometrical configuration was probably S-shaped.
Such is true for most dynamic systems which exhibit a tendency toward
self-excited oscillations. A sketch of the ""anticipated'' active source

characteristic is shown in Fig. 13 along with a typical passive characteristic.

* The line may also be made up of several lengths of piping, each having
a different diameter.
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Fig. 12. Block Diagram of Single~Receiver Jet-Modulator System.
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passive'!' source

b. Conceptual "active' source
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Fig. 13. Typical Passive and Active Socurce Characteristics.
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It is well known that inatability is most often associated with a

blocked load condition. Furthermore, if sufficient fiuid is allowed to

fiow from the load, the system may be stabilized. Considering a system

consisting of a source pius a resistive load, a blocked load (i.e., an

infinite load) characteristic superimposed on the source characteristic
consists of the zero-flow axis, as shown in Fig. 13. The point of inter~
section is, of course, the simultaneous ''soluticn'" or the equilibrium
condition {if one exists). To better understand the relationship which

must exist between load and source resistances in order to produce an
instability, it is helpful to refer to Fig. 14. Three typical cases are shown
for example only. This in no way presents a complete picture of system
stability, as will become evident in the following section. In each of the
cases shown in Fig. 14, only the region of intersection of the two charac-
teristics i8 shown. Stability "in-the~-small' may be de‘ermined by con-
sidering the consequences of a small positive pressure disturbance relative
to the apparent equilibrium condition. Below each W versus P plot is a
schematic of a small control volume supposed to be situated between the
source and locad. The source flow enters the control volume and the load
fiow leaves the control volume; equilibrium requires that these two flows
be equal. The length of arrow is indicative of the relative magnitude of

the correuponding flows entering and leaving as a result of the pressure

digturbance.

Both cases (2a) and (b) represexnt stable systems since = positive
pressure disturbance leads to a ioad flow demand which is greater than the
source can provide, thereby causing the pressure to decrease once again.
In contrast, Case (c) represents a situation where the positive pressure
disturbance leads to a load flow demand which is smaller than t>-e source
supplies. As a result, the pressure increases even further unti] cventually
some mechanism places & limit on its magnitude. This is a static type of
instability. It will be seen in Sec. 2.3.5 that three types of instabilities
can be identified, one of which is a2 static instabllity.

The conventional tcchnique for measuring the portion of tha
characteristic curve in the first quadrant for a passive source involves

varying the load resistance from zcro (vertical line) te infinity (horizontal
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line), in such a way that the resistance is always Rcls_i_t_i_\ﬁ. To measure
the portion of the curve in the fourth quadrant, it is necessary to vary the
load curve slope from a large negative value to a small negative value.
The negative slope load is produced by supplying flow from an external
source. In all cases, the load curve passes through the origin of the
coordinates. Figure 15 illustrates schematically the experimental
technigque. Notice that there are two throttle valves, one of which is

generally always closed {although this is not necessary).

Obviously the technique ermployed to measure the characteristic
of a passive source would leac to a static instability in the cace of an
active source {i,e., see Fig. l4c). If, however, a family of load charac-
teristic curves can be generated which all have a relatively low resistiance
(i.e., large change in flow for a2 small change in pressure) in the vicinity
of their point of intersection with the source curve, stable operation can
be achieved (l.e., see Fig. 14 b). A possible set of load curves is shown
superimposed on a source curve in Fig. 16. It is not necessary that all
the curves have the same slope, only that the slopes be very near zero in
the region of potential static instability. In contrast to the passive source
measurement technique, it is not possible for all the loz.d curves to pass

through the origin.

An experimental technique which can be used to obtain the active

source characteristic curve is shown schematically in Fig. 17.

The critical flowmeter is a simple orifice in which the flow is
always choked. Choked flow i3 insured if the supply preesure to the orifice
is maintained always at least twice the downstreamn pressure. Cocnstant flow
ie achieved by maintaining the . . pressure ~onstan{ at a reasonably
large value compared to the maximurn expecte . value of the downstream
pressure. The flow rate to be determined, Wa, is equal to the total flew
as indicated by the downstream rotameter minus the constant flow {-omthe
external source. In the first quadrant, Wa is positive and the rotameter
flow is greater than the flow fron: the constant flow source. In the fourth
quadrant W, is negative and the rotameter flow is less than the flow from
the constant flow source. It is evident that if the flow from the constant

flow source is adjusted properly, the flow rate Wa can bc made to undergo
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Fig. 16. Concept of Point-By-Point Measurement of an Active Source
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large changes while the metering pressure P_ undergoes only small

changes. The progressive variation from one load characteristic curve
tc another is accomplished sinigly by varying the amount of downstream
throttling., Notice, for example, that the load curve which intersects the
source curve at W a = 0 is obtained by setting the downstream throttle

such that Pa = P In this case, the rotameter flow exactly

m Pambient'
equals the flow from the constant flow source.

The measurement technique outlined above has beer used
successfully to measure steady-state source characteristics for orne
particular active source. There are, of course, other techriques which
could be used. For example, one prornising technique involves the use
of a very long line connected to the source and/or a terminal load
attached to the end of the line having an impedance equal to the line surge
impedance. Any pressure waves would then be damped due to friction
and/or absorbed by the ''perfectly matched" terminal. Although a reason-
ably successful attempt was made to construct a '"perfectly matched' load
terminal, this technique was abandoned in favor of the other technique
because of superior performance and simplicity of the latter. A typical
measured characterictic is plotted in dimensionless form in Fig. 18.

The source geometry was chosen such that, when coupled with a lcad,

a high degree of instability existed., It was the purpose of this preliminary
experiment to demonstrate technique only. A systematic gtudy of the effect
of geometrical variations on the character of the source is expected to be

carried out in the future by another investigator.

2.3.5. Analytical Prediction of 'Stability-in-the Small"

Consider, as before, the single-receiver jet-modulator system

consisting of an active source coupled to an active or passive load terminal
by means of a simple transmission line. In the discussion to follow, the
concept of '"load'" will be broadened to include all elements coupled to the
source. For the particular case being considered here, the "load" in-
cludes the transmission line and the load terminal. Such a system is
interesting as well as practical in that it serves as & potential building block

for more ccmplicated systems.
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The presence of the '""wave-like'' element (transmission line) in
the sy~tem suggests that consideration be given to system dynamic stability
as well as the static stability discussed in the previous section. Professor
F. T. Brown has suggested that the absolute stability '"in-the-small" of such
a system be classified according to the character of the load. The following
types of stability (or instability) are then identifiable: Static, wave, and

surge. These three types of stability arise on considering the effect of the
length of the transmission line coupling the source and load. Static stability
is obviously associated with a sys’em containing an extremc:ly short line.
Reierring again to the discussion of static stability in the previous section
and, in particular, to the sketches in Fig. i4, it is possible to establish a
simple criterion for static stability "in-the-small" (i.e,, for small dis-
turbances). The system is stable in the vicinity of the equilibrium point

(i.e., point of intersection of the scurce and load curves) if the source

impedance, Zs’ and load impedance, Zl’ are related by the inequality

! + 1 >0 (23)

Notice that a positive value of source impedance implies a negative slope
orn the W versus P plot, whereas a positive value of the load impedance
implias a positive slope on the W versus P piot. This is merely a result
of sign convention for the flow, i.e., positive flow is defined as flow from

the source to the load.

If the source~toc-load capacitance is also very small, the static
instability will result in a very high frequency oscillation. In such a case,
the concep: of static stability based on the measured steady-state charac-
teristic curve for the source may lose its meaning because of the inadequacy

of this characteristic at high frequencies. For this case, the source dynamic

characteristics must be considered and it is appropriate to speak of the
corresponding dynamic stability (as distinct from wave and surge types of
dynamic stabilities associated with transmission lines).

If the line 2ttached to the svurce is very long, pressure waves

take a considerable time to travel down the line and then return again.
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Over the period of the round-trip of a wave, the effective load impedance
seen by the source is the '"'surge’ or 'characteristic' impedance of the

}ine rather than the impedance of the load terminal. The idea.lized+ charac-
teristic impedance of a line of cross-sectional area A, in terms of a ratio
of pressure to mass flow rate at a point in the line, is given simply by

Z_ = c/A, where c is the speed of sound in the medium. The stability
criterion given by Eq. {23) applies to this surge situation if Zz is replaced
simply by Zc‘ Thus the system i8 surge-wise stable if the following in-
equality is satisfied

Aoi s (24)

The oscillation frequency associated with a static or surge-type instability
is charactoristically quit high. The very high frequency noise associated
with most jet-modulator systems is undoubtedly a manifestation of the

surge~-type instability.

Since the surge impedance only repre:ents the true load im-
pedance seen by the source for relatively short periods of time, it is
necessary to consider wave motion effects if stability over longer periods
of time 3 of interest (and it most often is of prime interest}. Wave motion
effects obviously have their greatest importance for intermediate length
lines. Here, consideration of the reflection of waves from both ends of the

transmission line lzads to the concept of "wave -tability.”

The ratio of the pressure amplitude of a wave reflected from the
termination of a line to the pressure amplitude ot the incident wave pro-
ducing the reflection is known as the "'reflection coefficient''. An expression
was derived from first principles in the previous report (Ref. 1) which relates

the refiection coefficient to the terminal and line characteristic impedance as

follows:
Z - 2Z
P- -, _t_.c (25)
P+ zt + ‘Zc

* neglecting wall shear
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where Zt is the terminal impedance. A close examination of Eq. (25)
reveals that the reflection coefficient, r, may be positive or negative,
must be equal to or less than unity if the terminal is passive, and is

unbounded if the termination is active.

Consider .:ow a ''lossless' transmission line having two terminals,
a source and a load. For the sake cf generality, let the associated ter-
minal impedances be denoted as Z, and Z,, without specification as to
which refers to the source and which to the load. Ifa wave reflects first
off of one terminal and then the ocher, that is, undergoes one complete
cycle returning to its initial position and direction of motion, its n>w
amplitude is T, times :ts initial amplitude. The product r)r, may be
positive or negative and equal to, less than, or greater than unity. If
l rlrz' > 1, then the wave has picked up energy (from an active source
and/or load) and the system is unstable. Such a result was clearly evident
in the limited data (oscilloscope pictures) presented in the previous report.
One of two types of instabilities may exist. If rr, >+ 1, the instability
is "exponential" in-the-small ( Type I) whereas if r;r,< - 1, the instability
is oscillatory (Type II). This follows directly from consideration of more

than one complete cycle of travel of a given wave.

The criterion for wave-type absolute stability is therefore

1’11’2 < 1 (26)

A condition of marginal stability exists when

T

{

Combining Eqs. (25) and (26) gives the criterion for absolute stability

in terms of the surge and two terminal impedances. Thus

¢

{zl “Zc\ (zz-zc

= < 1. {27)

S bl
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Consider again the two types of instability. For Type I, Eq. (27) shows
that for absolute stability

Z1 + Z2 < 0, if Zz(or Zl) < ZC < Z1 (or ZZ)

and Z

Z+ZZ>0,ifZ.C>Z1 2

1

and for marginal stability, Z,+2,= 0.

For Type II, Eq. (27) shows that for absolute stability

2 . .
ZlZZ + ZC < 0, |if ZC > Z1 and Z2
2.2, + Z 2 >0, if Z <Z, or Z, but not both.
172 c C —_— 2

and for marginal stability,

+ 72 %= 0.
C

Z, Z2
A surmmary of the stability tynes and criteria for all possible
permutations of real terminal impedances (resistances) is given in
Table 1. This summary was originally prepared by F. T. Brown and
is reprcduced from Ref. (13). The reader interested in a detailed
treatment of stability considerations in "two-line' systems should refer
tc Ref. 19. In that reference, coupling between receivers and/or loads

is also counsidered.

2.3.6. Graphical Techniques for Frediction of System Relative

Stability
The stability criteria developed in the previous section are
particularly naeful when information concerning the absolute stability
of a system ig desired; that is. is the system stable or unstable "in-the-
small’" Nothing can be inferred from these criteria concerning the
relative stability of the system. In addition, these or similar criteria
are difficult to apply in cases involving non-real terminal impedances.

Very coften, a knowledge of the frequency and amplitude of a pressure
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oscillation is required. For example, such information is vital in the
design of oscillators. As another example, consider a system which ex-
hibits an instability, The over-all performance of the system may not be
impaired significantly providing the oscillation frequency is high enough
and the amplitude is low enough; again a knowledge of the detailed character

of the oscillation is required bef:re its effect can be fully evaluated.

The suitability of graphical techniques such as the method of
characteristics (Ref. 20) and slope-line integration (Refs. 21 and 22) for

dealing with transient phenomena in systems incorporating simple non-
linearities, wave-like elements, and other simple active and passive
elements, is well krown. It follows, therefore, that these graphical
techniques should be extremely useful in studying the relative stability

of simple jet-modulator systems comprising a single source, transmission
line, and load., As will become evident in the discussion which follows,
these graphical techniques afford an amazingly accurate and rapid approach
to the study of jet-modulator system stability. As 2 demonstration of the
utility of these techniques, three interesting examples are discusscd below.
In each case, the analysis is semi-empirical in that experimentally derived
(or otherwise known) scurce and load pressure-flow characteristics are
utilized. The solutions presented are, therefore, limited to the range of
frequencies for which the steady-state source and load characteristics

are valid. In all cases, the basic equations describing system behavior
are presented in finite difference form, since the graphical techniques

involv: a type of numerical step-by-step solution.

Example 1 ~ Active source coupled to a uniform rigid transmission

line blocked at its downstream end. A schematic of the system under con-
sideration is shown in Fig. 19. The soi-ition sought is as follows: given

a small disturbance in the load end pressure, Pb, what is the resulting
variation of 'Pb with t‘me, i.e., does the disturbance die out or does the
presence of the active source lead to a wave instability. Furthermore, the

detailed nature of any limit cycle is to be determined.

Before proceeding with the example a slight digression to consider

pertinent details of the transmission line portion of the system only is deemed
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i P Transmission line of length
————————— L and area A.

Active Source Coupled to a Transmission Line Blocked
at its Downstream End.
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necessary. The line may be considered as a distributed parameter
system but only small amplitude waves are admitted. It is further
asgumed that the gross fluid velccity is very small compared to the
speed of sound in the medium and that wave dispersion effects are
unimportant. The assumptions permit use of the well-known linearized
form of the wave esquations. Of the various forms of the solution, the
most convenient is that given in terms of the conditions at the ends of

the line as follows:

pb_‘ [ cosh T : zc sinh r | Pa ]
R e . | (28)
wa -l ginp p, coshT W J
z, , L
where
I' = propagation operator
Zc = characteristic impedance of the linz; defined as the
complex ratio of the instantaneous pressure to the
instantaneous flow rate at a given point in the line.
Both r and Zc are, in general. frequency dependent properties. In
terms of the physical characteristics of the line,
I(s)=L iY(s) . Z(sj
and
ZC(S) = _Z..Lﬁl
Y{s)
where
L = distance separating two stations,
Y = line shunt admittance per unit length,
Z = line series impedance per unit length, and
s = LaPlace operator.
Brown {Ref. 23) has shc 1 that, for the case of uniform attenuation (i.e.,
nc dispersion), the propagation operator can be approximated as follows:
' = -a+ Is (29)
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where

v
i

characteristic time of the line,

"
[*]
i

the attenuation factor; a is termed the attenuation

constant.

For the special case of an ideal, lossless pneumatic line it follows that

I'= Ts

€o
Ze = — :ch
A

where

acoustic speed of sound; and

c
o
A = cross-sectional area of the line.

Experiment and analysis shows, however, that line friction is important

even in seemingly short lines. As will beccine evident in Sec, 2.3.9,

reasonable correlation between theory and experiment requires con-

sideration of the eifects cf line fricticn (and corresponding attenuation).

Two convenient techiniques are available for dctermination of
the characteristic parameters T and Zc; the constan: R-L-C model
and a more rigorous and exact model based on the direct solution of
the continuity, momentum, and energy eguations which describe the
process. Although considerably more complex, the '"exact’ model is
gererally superior since it includes varying velocity profile and heat
transfer effects. Nevertheiless, in certain cases the two models yield
very nearly the same results and the simpler R-L.C model i3 adequate.
Brief summaries of the techaniques available for computation of the

cnaracteristic parameters are given below.

Constant R-I1.-C model (Refs. 23, and 206)

The series impedance and shunt admittance are given by

Z=ID+ R

and
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where

= inertance per unit length of line,

= capacitance per unit length of line,
resistance to flow in line per unit length
= d/dt

O 7 0O
"

Thus

r = L\/LC D% + RCD

|z [1\/ R
Z z|— _— 1+ =
c\/YWC D

But if R is sufficiently small (as it usually is) or if R/Iw << 1, where

w is the lowest frequency component of interest, then

LR C

F's-a+TDs—\= +L\{CID
2 1
Z.s = 1+ 2
C 21D

For sinusoidal excitation the following limiting forms are useful:

r=L i\/—-§+jL\/15 w r:m/_?:_c_‘ﬁ_
2 V1 2

Thus, for uniform attenuation, the attenuation constant is
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LR| C R
Q= = | — for << 1
2 I wl
and
Q= - RC(O for R >>1
2 wl

If it is assumed that the flow is fully developed and laminar and
that the line friction is the same as for steady flow, tke attenuation
constant can be expressed in terms of line and fluid propertiezs+ as
follows:

8v

for << 1

a= - ZLWIVw for 8v >> 1

The assumption that the resistance is the same as for steady, fully
developed laminar flow, can only be defended for cases where the fre-
quency is low and the line length-to-diameter ratio is large. At the
higher frequencies the unsteadiness of the flow results in an effectively
higher value of the resistance. Rohmann and Grogran (Ref. 26) suggest
that R be increased by 20 per cent over the calculated value. Equally -
important is the fact that in many practical situations (and perhaps the
majority) the line length-to-diameter ratio is not large enough to discount
the effect of increased resistance to developing flow, i.e., the apparent
friction factor (and therefore the resistance) is significantly greater in the
"entry length' of a tube than in the fully developed region many d!ameters

kinematic viscosity
line radius
frequency

e P
(13 | )
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downstream. Resistance estimates based on the friction factor correla-
tions summarized by Shapiro, et al (Ref. 27) should provide corrections
which are adequate for most engineering purposes. These correlations
allow computation of the integrated apparent friction factor in the laminar
entry of a tube as a function of diameter Reynolds number and the tube
L/D ratio. The resistance R is computed easily from friction factor

information.

"Exact'Model. - Derivations for the propagation operator and

characteristic impedance are given by Brown (Ref. 24). The model
assumes: cylindrical tube, one-dimensional flow, isothermal walls,
small amplitude laminar disturbances, and continuous medium. Results
pertinent to the present study have been extended in range and replotted

in Figs, 20 and 21. Attenuation factors as a function of line and fluid
properties may be obtained from Fig. 20. Since dispersive effects are
neglected in the present e>ample, only the magnitude of the characteristic
impedance need be considered. Figure 2] may be used to obtain a correc-

tion to the nominal value of the characteristic impedance (i.e.,Z = co,’A).

co
Having established means of computing I" and Zc it is necessary
now to rewrite the line equations in a form suitable for step-by-step
giap'.ical or numerical solution. The method of solution requires that
the equations be written in time difference form. By noting that
r - r -I

cosh r= == t e . sinhT = £ =%

2 2

and

eIPF(t) = F(t + T)

a combination of Eqs. (28) and (29) yields the following two equations:

- Y
P, (t + 27) ol B 2V, [;u W (E+ T)  Wy(t+2T)
Ps pﬂ PS L ws ws
W (t)
et __b (30)
W
s
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7
Pb(t + 2T) X eza Pb(t) _ 0 Pa(t + T) _ chs \‘kb(t + 2T)
P P P P w
8 8 s S s
h |
W, (t)
- e’ b (31)
W
s
where
t = time variable
T = L/co = characteristic time of the line,
¢, = acoustic speed of sound in the fluid medium,
Zc = characteristic impedance of the line,
W8 = nozzle mass flow rate, and
P8 = nozzle supply pressure.
It is seen that events occur in increments of the characteristic time of
the line T, that is, the time required for a wave to travel from one end
of the 1 1e to the other. Onme period is equal to 2T.
Returning now to cornsideration of the entire system of Fig. 19,
the describing equations in addition to the ine equations are
Source:
Wa Pa
= f , geometry (32)
W P
s 8
Load:
Wb
—_— = 0, Zl = (33)
w
s

The required solution is then a simultaneous solution of Egs. (30) through
(33).




Consider first the special case of a lossless line for which
a

e = 1. If the solution is assumed to ''start' at an arbitrary non-

equilibrium condition at t = 0, a combination of Eqs. (30), (31) and
(33) yields:

P, P(T) 2.(0) Z.W_  W.(T)
5 b - a - b - ¢ s a (34)
P P P p w
S 1 8 8 s 8

for the periodt = 0 to t = T, whereas

P P. (2T} P (T) ZW W (T)
(5 by . Db . 2 . ¢ s _a (35)
P P P P w
\ 8/ 8 8 8 8
i &

for the period t = T tot = 2T,

Analogous results for the more general case (i.e., e £ 1)

are:
P P_(T) P, (0) Z W w_(T) P (T)
s - _2 S A P T RS R (36)
P P P P w P
8 [, 8 8 s s s
and
P P (2T) P (T) zZ W W_(T) P (T)
(6 b - b - a - C 8 . a (ea - 1) a (37)
\ P P P P w P
\ 8 [, 8 g 8 8 8

Although Egs. {34) and (35) for the lossless case admit simple
graphical interpretation, Eqgs. (36} ana (37) do not. Since the usual case
is such that - a << 1, Eqs. (36) and {(37) may be approximated by the

following more tractable equations:
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5 —2| = - ~ 5 ¢ (38)
P P P P w
s/ 8 8 8 8
P, P (2T) P,(0) 7z W Ww_(T)
6 0 - b _ b N c 8 eO. a (39)
P P P P w
s [, s s 8 8

A simple graphical interpretation of the various system equations
is presented in Fig. 22. The limiting case tor which e® = 1 is shown by the
dotted line solution. The line equaticns may be rewritten to cover the time
periodt = 2T tot = 4T. The graphical solution is cont’..u~d in the same
fashion as for the previous perjod of time. A complete s« ution for the
case of a ''lossless' line is carried out using an actual measured source
characteristic in Fig. 23a. These results are presented in terms cf a
phase-~plane plot of Pb/Ps versus Wa/Ws. The corresponding plot of
Pb/Ps versus t/T is shown in Fig. 23b. It is evident that an exponential
wave instability exists but that the nonlinearity associated with the source
characteristic places an upper bound on the oscillation amplitude. Thus a
"limit cycle' or ''standing wave' exists whose frequency is the quarterwave
frequency of the line and whose amplitude is equal to 3. 84 times the nozzle
supply pressure for the case of 2 supply preasure equal toc 10 inches of HZO’
A complete solution showing the effect of line friction in a 3 foot line (0. 518
inch in diameter) is shown in Fig., 24 for comparison. It is clearly evident
that line friction is significaut even in a comparatively short line, The
resulting limit cycle amplitude is reduced to Pb/ Ps = 1,94, whereas the
oscillation frequency remains the quarter wave frequency as expected. The
accuracy+ of the graphical method of solution as presented here, depends

mainly on the validity of the assumption that - a << 1.

¥ The term accuracy here refer- to the method of solution of the describing
equations and not to the quanti'itive comparison of the resuits with actual
experiment.
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For the sake of generality, the solutions of Figs. 23 and 24 were

carried out on a nondimensional basis. However, although the dimensionless

source curve (for the particular geometry tested) is reiatively independent
of nozzle supply pressure over the range investigated (5 < P < 20 inch HZO),
the corresponding dimensionless characteristic impedance of the line is not.

The dimensioniess characteristic impedance is defined as

Thus the only way in whichnz:: can be independent of P_ 1s if WS/F'8 = constant,
that is, the nozzle is a laminar flow resistance. In most practical cases,

the nozzle i8 more nearly a square-law resistance. For the nozzle used in

the experiments, the following relation can be established from the nozzle
calibration data:

zZ =
(o

14.6
) 0.515

( P
g
where Ps is given in inches of HZO'

Solutions showing the dependence of the predicted limit cycle
amplitude on the value of the dimensionless characteristic impedance

are presented in Sec. 2.2.9.

The graphical technique demonstrated here is, of course, not
limited to an infinite load terminal impedance. Solutions may be carried
out for any real ‘inite load terminal impedance, whether it be passive or
active. It is interesting that a relatively small bieed orifice placed at the
end of the line can completely eliminate the limit cycle instability.

Example 2 - Active source coupled tc a load chamber (lumped

compliance) with and without flow out of the chambexr; no transmission line.

A schematic drawing of the system considered is shown in Fig, 25,
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Fig. 25.
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I

The basic nondimensional equations which describe the system behavior

include
Source:
Wa pa
= f » geometry (40)
W P
s s
Chambex:
P P
d __3’.) a (b
w w pV P P P
a _ b _ C 8 8 - s (41)
w w BW dt ar
s s s

J
o
-
=
o
'
| =
o
-

& (42)
P l— w W J
5 8 s
ave
Load resistanre (assumed to be linear):
w P P
b - s b (43)
W R W P
B t s 8

where 1 is the dimensionless time variable. These three equations
contain four unknowns, soc one additional equation is required. Con-
sideration of energy momentumn, and continuity for the sudden expansion
from section a to b leads to the conclusion that Pa/Ps = f(Pb/Ps, wa/ws,
.‘aa,/Ab) where Aa = cross-sectional area of inlet and Ab = cross-sectional
area of chamber. This functional relationship follows directly fromthe
earlier discussion of ''sudden expansion diffusers." If, for the purposes
of this example only, it is assumed that Ab >> Aa’ then it follows that
Pa/Ps ~ Pb/Ps' Therefore, Eq. (40) for the source characteristic can

be written
- 71 -




7
“a - pb

W P
s 8

, geometry (44)

and the original measured characteristic (Wa versus Pa) would still apply.
Equations (42), (43), and (44) may be interpreted graphically (for the first

increment in dimensionless time), as shown in Fig., 26,

Figure 27 shows complete graphical solutions for three selected
values of the lcad resistance. A limit cycle is seen to exist for the cases
where the load resistance is high; for low enough values of load resistance
the system is totally stable. The limit cycle frequency is easily determined
from the plots.

Since the method of solution requires the use of an approximate
finite difference equation tc represent the original first order differential
equation, the solution is expected to be approximate. Accuracy is generally
assured if the slope of the ''slope line" (1:67/2) is maintained sufficiently
large. In cother words, since the parameter 8T contains both t (the time
variable) and Vc (the chamber volume) it sufiices to always maintain At
small compared to the integrating time constant (i.e., pVP,/BW ). If
tiie solution is carried out using dimensicnless parameters the actual
oscillation frequency or period for a given volume Vc is simple determined

by appropriately interpreting the oscillation period obtuained in terms of .

Consideration of the limiting case for which R, = o and V—=0
yields interesting results. As the volume apprcoaches zero, 6¢/2—=0
(i.e., the ''slope line' approaches a vertical line). It is then obviocus
that the limiting condition results in an infinite frequency limit cycle
bounded by the ''knees' of the source characteristic. (See the dotted lin«
in Fig. 26). This result is, of course, impossible and therefore of academic
interest. Certainly the source dynamics must become significant long before
the theoretical limiting case is approached.

Actually the mathematical formulation presented above is over-~
simplified for some practical cases. It is not necessarily valid to assume

that the dynamic behavior of the system is governed entirely by the charging
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and discharging of the lumped capacitance. Even though no line precedes
the pure capacitance, there may be a significant inertial effect at the
entrance due to the acoustic impedance of the entrance aperture. In fact,
it can be shown(Ref. 28) that the ""effective' length of a sharp-edged
orifice is 1.7a where a is the radius of the orifice. The effect of the
presence of a line preceding the lumped capacitance is treated in

Example 3.

Example 3 - Active source coupled to a transmission line
terminated by a load chamber and load resistance. Figure 28 shows

a schematic of the systern considered.

The describing time-difference equations are given below:

Source:
W /’P
—_—= f\ 2 , geometry (45)
w P
s \ s

Line: (A lumped parameter model could be used tc accurately model the
line for frequencies which are small compared to the fundamental
natural frequency of the line {See Sec. 2. 3.8)

Wb (t + 2T) 2a Wb(t) 1 a Pa(t + T)
- e = — | Z2e
W w Z P
s s c s
P_(t) P {t+ 2T)
_ eZa a _ b (46)
P P
s s
4 Y s
Wb(t + 2T) 2a Wb(t) a .Va\t + T)
+ e = 2e —_— -
w w w
s s s

P (t+ 2T) P, (t)
1 l‘ b eZa b - (47)
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Fig. 28, Active Scurce Coupled to 2 Transmission Line Terminated
by a Licad Chamber and Resistance.
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p W W
6/ b\ < bf—B . S (48)
\P / W w
8 5
b _jave
where
th pVC
T — > K -
1
K,P g
s
I.oad Resistance:
w P P
c . s b (49)
w R W P
s £ s 8

The graphical technique involves a simultaneous solution of the describing
equnations as in the previous examples. There is, however, a fundamentzal
difference between this example and the previous ones. Oniy one '"dynamic"
element was present in the systems of Examples 1 and 2. In the present
example, there are two coupled "dynamic' elements -~ the line a2nd the
chamber. Consequently, two graphical solutions must be carried on
simultanecusly, with the resulting ''common point of intersection' being

the "answer'. A graphical interpretation of the technique is given in

Fig. 29. It is evident that the minimum value allowed for 67/2 is TWS/KIPS.

A typical complete graphical solution for the lossless line case
is shown in Fig. 30. For the particular conditions chosen, it is seen that
2 limit cycle instability exists.

The limit cycle or '"surge' frequency can be determined directly
from the plot by counting the number of time increments required to complete

one encirclement on the phase plane plot, or rmore easily, by observing the
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period on the time plot. The ~>rameters which determine the lirnit cycle
frequency and arnplitude for . given source characteristic are obviously
the line l'.ngth and characteristic impedance, the chamter vclume, and
the terminal impedance. The nature of the sclution in normalized form

reduces the 'free' parameters to the following pair »ni ratios

R I w Y
— and BI_ = ¥
Z oV 2 vV
C [N [ <

Simple analytical means for computing the ""surge’ ox lmit cycle
frequency for the special case of R, = @ are prcsented in Sec. 2.3.8.
Unfortunately, accuracy of solution-using this particulax technique is

not assured in all cases. Since the system contains a single delay
element, (i.e., the transmission line) computations yield results only

at the points in actual time represented by t = 2T, 4T, 6T,...etc.

As in Example 2, good accuracy requires that the siope 1:57/2 be large.
However, in contrast to the previcus exa nple, thers is now an {mportant
restraint placed on the minimum size of 51/2 due to the preserce of the
line. It easily is shown that unless V, ,"‘{C iy very small compared to
unity, that the slope l: 67 /2 mavy te tco 3mall {or I:ZC may be too large)
to insure adequate accuracy of solution. Obviously simple scaiing meni-
pulations on the abscissa and crdinate do not help. What is actually rc-
quired is the introduciion of an artifice that will effectively reduce the
minimum relative value of 1 /2. Such an artifice is achieved simply

by dividing the uniform transmiasion line into n-sections, each having

a length L' = L/n and a characteristic tirne T' = T,/n. The chamber
""slope lines'' are increased in number and sicpe by the factor .. Fcr
example, zuppose the line is divided into 4 equal secrionsas shown in
Fig. 31. Equatious identical to Eqs, (46) and (47) excepi for ubvious
changes in subscripts, can Le written for each section. The chamber slcoe
lines have a slope 1:57/8. It is possible now tc compute the values of all
the state variables of interest at points in actual time represented by

¢t = 2T' 4T', 6T'...etc. This, of course, requires that the state
variatles at the line points 1, 2, and 3 aiso be computed every 2T'. A

graphical interpretation of the solution technigue is shown in Fig. 32
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Fig. 31.

Transmission Line Divided into 4 ~Secticns.
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Graphical Interpr .ation of Example 3 for a Line Divided into Four Sections

for the case of n = 4, It i3 interesting that the technique yields the values
of the state variables at points 1, 2, and 3 rather "Autorrnatically'; in the
numerical solution to be discussed in Sec. 2. 3.7 these values must each

be computed individuaiiy as time progresses.

2.3.7. Computer-Aided Numerical Prediction of System Relative
Stability

The elegance and general utility of the graphical techniques pre-

sented in the previcus section are obvious. These techniques provide in-
sight into problem formulation and solution which is exceedingly difficult

to realize with other numericai methods, Nevertheless, for detailed design
studies involving extensive computations, only machine computation

affords the necessary speed and over-all flexibility. Techniques for solving
the previous three example problems numerically with the aid of a digital
computer, are demonstrated below. Results of actual computations are given
in Sec. 2.3.9. Fortran program's for each cf the Examples are available
from the writer and are to be presented in the writer's ScD. thesis

(Summer 1964).

Example 1 - Active source coupled to a transmission line blocked
at its downstream end. Equations (30) through (33) fuliy describe the
behavior of this simplified system. The source characteristic written
in functicnal form in Eq. (32), is experimental in nature and therefore
may be presented in graphical cor tabular form. Tabular representation

is preferred {(and assumed) bcre.

The results of the previous graphical solutions indicate that events
occur in incrernents of the characteristic tirne of the line, T. Accordingly,
the simultaneocus solution of the governing equations+ is most easily realized
by "computing'' changes every 2T units of time. If it is assumed that the
state of the system is known at time t = 0, then subtraction and addition

of Egs. (30) and (31) yield the following two relations (Wb/Ws = 0).

~
o
2"’ * The "exact' form of the line equations may be used here with no in-
I crease in difficulty.
- 83 -
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= e-q —————— - O a 2_ (50)
P P ¢ w
s s S

P, (t+ 2T) P (t+ T) - W_ (t+ T)
b S a +ea Z a (51)

P P w
s 8 s

It is seen that the pressure at the downstream end of the line at time t
and t + 2T is related to the pressure and flow at the upstream (source)
end at time t + T. The source characteristic is, of course, good for

all time. Thus from Eq. (32) we have

Wa (t + T) , rPa(t + T)—‘

(32a)
ws ps B
Starting with a2 given set of initial conditions (i.e., at t = 0}, the solution
involves: 1) simuitaneous solution c¢f Eqs. (32a) and (50) to obtair Pa(T)/Ps
and Wa(T),/Ws, and then 2Z) solution of Ea. {51) to obtain Pb(ZT)/PS. The
solution for each succeeding increment in time 2T follows in exactly the same
way. Due to the nature of the source characteristic, it is obvious that the
simultaneous solution of Eqs. {32a) and (50) involves iteration and inter-
pelation (unless, of course, an algebraic relation is established for the

source characteristic). A useful and completely general approach is as

follows:

I. From Eq. (50) define a new function, WP, such that

W (t+ T) Plt+ T) P, (t)
WP = Z_ a . 2 + 2P
W P P
8 S S

e Y




Thus, an exact simultaneous solution of Eqs. (32a) and
(50) would give WP = 0.

2. Starting with the first entry in a tabie of values
representing the source characteristic, compute
WP for successive points, noting that Pb(t)/Ps is
known and Wa(t + 'I‘)/Ws and Pa(t + T}/PS are the
values from the table. The two points in the table
which bracket the exact solution is found by noting

the change in sign of WP,

3. Employ any standard random or systematic iteration
technique to find the unknown point within an acceptable
tolerance. One usetul and efficient iteration technique+
nvolves successively halving the interval, computing
Wa/WS, interpolating to find P&/'Ps computing WF, and
testing WP against an acceptable tolerance B. The
process is repeated {usually 6 or 7 times for a reasonable
tolerance) until lWP! < B. For the step involving inter -
polation, the well-known parabolic interpelation technique
(Ref. 29) should be adequate for most purposes. The
final results of the above iteration can then be utilized
in Eq. {51) to obtain Pb(ZT). Then the encire process
can be repeated in steps of 2T until the complete solution

is obtained.

Example 2 ~ Active source coupled to a load chamber. The

approach is fundamentally the same as in Example 1; however, the
governing equations are different and a slight modification is necessary

in the source characteristic searching procedure. Egquation (42) des-
cribing the charging process for the chamber can be rewritten, and sub-

divided into twoc parts as follows:

+ i :
The table is conveniently arranged so that the column of Wa/W changes
in equal increments. s
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PO PP E I e el il - pr- T




Yo N W f—" -
Lk 1) Pyl oo | Wktl) W, (k) —Tl -
- o - Lo
P P 2 L W W !
S K] 5 S
> ) \ 2
P, (k+2) Pyl [—wa<k+1, ) W (k+2) | -
P p 2 w W ‘ ‘
S 8 S 8 i
The source and lozd characteristics become
g—-—— .
W_(k+1) P_(k+1) f P, {k+1) —}
2 = fl a .:l T (54)
W ‘- P_ | P, |
J d
and
w. (k) P P, (k)
L - : k (55a)
W R W P
s ¢ § s
W, {k+2) P P ik+2)
L - s b (55b)
W R W P
S f 8 8

Starting with a set of initial conditions (k = 0), the solution involves:

1) simultanecus solution of Eqs. (52), (54}, and (55a) to obtain Pb(l)/Ps
and wa(l)/ws, and 2) solution of Egs. {53), and (55b) to obtain Pb(Z)/PS.
The solution for each succeeding value of k follows in exactly the same
way, An examination of the graphical solution of this particular problem
indicates that a range exists for which the "slope line' crosses the source

curve in three places; thus three solutions are possible but only one is the

desired solution. The same logic which leads to a selection of the correct
value when employing the graphical technique, must obviously be incorporated

into the numerical solution. The general approach is as follows:
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1. From Eq. (52) define a function, WP, such that

& wa(k+ 1) . (67 ) P8 Pb(k) i Pb(k+1)
2 w 2 R, W P P
L 8 L S K] s

2. Starting with the first entry in the t.ble of values
representing the source characteristic, compute WP
for successive points until the first "knee' of the curve
is exceeded. Care should be taken to stop before the
second 'knee' is reached. A change in sign of WP
indicates the bracket about the desired solution. If
a change in sign is not found, start with the last entry
in the table and proceed backwards through the table

computing WP for each point.

3. Employ the earlier mentioned iteration and inter-~
polation routine to find the desired point within

acceptable tolerance.

4. For the next cornplete coraputation reverse the

procedure in step (2) above.

In Step (3) of the above procedure, logic decisions rmust be employed
which indicate at which end of tke table the computations are being made.
Furthermore, certain of the basic formula must be appropriately changed

to account for the direction of travel and placement in the table.

Example 3 - Active source coupled to a transmission line tex-~
minated by a load chamber and load resistance. Here the most interesting
and useful solution is the one which allows the division of the line into
n-sections. The solution proceeds in much the same rnanner as for the
previous Examples except that it is more lengthy and does not involve
any possible triple value results as in Example 2. Again it is necessary
to start with a set of initial conditions for all state variables and then
proceed with a simultaneous solution of the governing equations. The pro-

cedure involves the following successive steps:
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z W [‘wa(t +T) W (1) P.(t) P_(t+T)
i

Ps [ Ws ws Ps ps

Z. Starting with the first entry in the table,compute
WP for each successive entry and find the pcints
in the table which bra:ket the desired point, i.e.,
W_(nT') and P_(nT'). Note that T' = T /n.

3. Knowing the initial values of the n-1 intermediate

state variables, compute in succession Pl[(n + 1-)-! T,

PZE(nT')], P3[(n-1)’1"],...Pn_l[(3T')]. -

4, Compute Pb(ZT’) and Wb(ZT’).

5. Return to step (2) to find W_[ (n + zrrf] and
Pa[(n + 2) T'] and tren continue on in the same manner

to find successive values of Pb and Wb.

2.3.8. Analytical Prediction of Surge Frequency for a Transmission
Iline Terminated by a Chamber.

Cf the threc examples presented in the previous sections, Example 3
represents the general case. Examples ! and 2 are merely limiting cases
of Example 3, It is possible, without carrying out any graphical or numerical

solutions, to predict the surge frequency of the systeia in Example > for two

important special cases: 1) R! = oo and 2) Rf = 0. The surge frequency is
the lowest natural frequency of the system and is the frequency at which the
limit cycle is most likely to exist. Consider the first case of infinite load
terminal impedance. Two approaches are available, depending on the nature
of the model for the line. Either the lumped or distributed parameter model

may be used.

Distributed Parameter Solution. Assume that the line is lossless

and that the effective bulk modulus of the fiuid in the line is equal to that

in the chamber. The governing equations ior the lossless line are:
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Pb = E:osh TD:]Pa - Zc [sinh TDTJWa (56)

and

—
W, = 2 lsinn TD‘l P + [cosh TD] w (57)
z l_ a a

c
Considering the terminating chamber as a pure capacitance gives

Ve
Wy = — pr (58)

p

Combining Eqs. (56), (57), and (58) and eliminating Wa. and Wb gives

1
b ZC zinh TD
= (59)
Pa. jVCw 1
+
B jZC tan w T
where
w = frequency
j= -1
The surge frequency can be determined by setting the characteristic
equation of the above transfer function equal to zero. Thus
_PT_ . wT tan T (60)
vV Z
cc
Since
T = g\"_f_ and Z WJ_&?;
B © VA
we find that
vi
—— = ntan n (61)
\Y
c
-8¢G -
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where
Vi
n

voluime of line = A{

il

dimensionless surge {requency = T

By noting that the fundamental natural frequency of the linc with zero

terminating volume is

o . speed of sound _ 1
2, = =
41 4T
and setting w = ZWQCf , we obtain
Q
cft 2, (62)
Q T

H

Lquations (61) and (62} relate the dimensionless surge frequency to the
line-to-chamber volume ratio. The resulting relation for the fundamental
is olctted in Fig. 33, For the case when R! = 0, it is necessary to consider

the multi-valued character of Eq. (61}

Lumped Parameter Solution. When the surge frequency is small

compared to the fundamental natural frequency of the line alone, a simple
lumped parameter model of the line-tank system is adequate. For exampile,
consider the line as a ''pure' inertance {no capacitance),

daw

p .p = ! P (63)

A dt

‘ombining Eqs. (58) and (62), and solving the rcsulting characteristic

equation {or the surge frequenc; gives

A
% = 5] (64)
i p i Vc
from which follows
ch 1 - Ve
= y —
Q

1 2 Vc
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This expression is compared to the distributed parameter solution

in Fig. 33.

¢.3.9. Compariscn of Analytical and Empizical Predictions
With Experimental Measurements

In order to demonstrate the validity of the graphical and numerical

solution techniques presented in Secs. 2.3.6 and £.3.7, results ofa re-
: presentative set of digital computer solutions and experimental measurements
. are presented below.

Exarnple 1 - Active source coupled to a transmission line blocked

at i.s downstream end. Two types ot experimental measurements were
made: 1) pressure oscillaticn amplitude at the downstream end (point of
maximum pressure for the standing wave}, and 2} oscillation frequency and

P = waveform characteristics. Figure 34 shows a set of oscilloscope traces

which indicate the character of the waveferm. If there were no wave dis.
persion and line friction effects, the waveform wouid be a square wave
gsince all odd numbered harmonics must be present; this follows directly
from the multivalued character of the line eguations. Higher harmonics

a1 : seen to be present in the pictures of Fig., 34, but they are highly

attenuated because of friction and dispersion. Oscillation frequency
estimated from the apparent fundamental in the pictures compares very

well with the expected q\ irter-wave ire~uency.

3o, Pl PR O S B BRI T e

Oscillation amplitude measurements were particularly difficult
for this system because of the sporatic presence of higher harmonics and
a very low frequency modulation. It is not irninediately clear, in fact, what
amplitude should be measured. A single frequency spectrumn 3nalysis was

carried out which indicated the presence of 3rd and 5th harmonics with

. . ..
/ N P
M r?z, Yoy ae Dt

approximately the expected amplitudes. This suggested that the most
meaningful measurement would be the amplitude of the fundamental. A
squar¢ wave having an amplitude w/4 times thie furdamental should compare
with the predicted '""aquare-wave'' solution within the validity cof the original
model. However, instrumentation was not available which could be u:sed for
making this mecasurement accurately. If no dispersive eifects were present,

a measurement of the true rms amplitude of the wavciorm would yleld the

amplitvede of the desired square wave. Since a true rms voltmeter was

available, measurements were carried out in this manner. A few spot

-9l
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: 5 =5
= 20 = 20
= 2 s 2
= 20 = 20
=5 = 5
= 20 = 10
2 ¢ =5
= 20 = 10
\uin = 10
\] | : 20
-5
; = 20
V = verrical sczle in inches HZO/division (approx.)
H = norizontal scale in milliseconds/division
L = Line length ir feet
PS = nopzzle supply pressure = 10 inches HZO for pictures (a)

through (e).

DD = line diameter = 0,518 inch

Fig. 34. Pressure Oscillations at the Blocked End (Downstream) of a
Constant Diameter [ransmission Line Coupled to an Active
Source. (Conf. 3).
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times the fundamental amplitude and the true rms amplitude was easily
within 5 per cent. Figure 25 shows the results of the rms amplitude
measurements. The results of digital computer predictions which in-
cluded the friction correction from Fig. 20, are shown for comparison in
Fig. 35b. Although the comparison appears generally poor, several
important reaults are apparent. The model is adequate to predict the
qualitative behavior for the longer length lines; however, the friction
correction seems too severe to provide good quantitative comparison,
The solution 1s highly sensitive to the friction factor; for example, e’

for the one fcot, line is 0.977 which resuits in a factor of twe reduction

of the amplitude as compared with the results of the lossless solution.

Frequency limitation in the static source characteristic is,
perhaps, a contributing factor to the poor correlation at the higher
frequencies (i.e., shorter lines). Several cf the basic assumptions
underlying the line equations are cpen to some question for the shorter
lines. The inclusion of dispersive effects might improve the correlation.
Nevertheless, the correlation is not actually very bad considering the
particular difficulties of experimental measurement and the extreme
sensitivity to the vaiue of the attenuation factor. Several improvements
in the model which would lead to better correlation with experiment, are

presently under study.

Example 2 - Active source coupled to a simple chamber. All
measurements wei: made with line lengths greater than 6 inches preceding
the chamber. Pertinent expe-imental results are presented in connection
with Example 3. The apparent transiticn between the systems of Examples 2

and 3 will be explored in more detail in the writer's ScD. thesis.

Example 3 - Active source coupled to a trensmission line terminated
by a chamrber and load resistance. It was establish:d earlier that the pertinent
free parameters are Vt /VC and Rf/ZC. Only the infinite resistance case
(R[ = o) is considered here. Figures 36 and 37 show typical waveforms
for various values of v, /Vc' Unlike the results for Example 1 the waveforms
are very nearly sinusoidal. The chamber coupled to tae line introduces a

type of '"filtering' effect, such that the higher narmonics do not generally
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. experimenial

Pressure oscillation amplitude, Pb/PS

2 L and
3/4¢
3!
,
1 4 '/ / g
4/‘
0 + : 4 4 i
0 4 8 12 16 20
Nozzle supply pressure, Ps
[+/]
o
o
e}
'g b. predicted
2
o
£
£ \ . = 1t
font
2 e = 1.5
® = 2.0
5 / — = 3.0
8 / = 4.0!
v
$
3
w
n
v
3
a 4 3 ' } +
0 4 8 12 16 20

Nozzle supply pressure, PS

Fig. 35. Comparison of Predicted and Experimental Measurements
of Pressure Oscillation Amplitude for an Active Source
Coupled to a Transmission lLine.
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Ea C.50

§ 0.40

0.20

All Pictures:
Vertical scale = 10.2 inches HZO/division

Horizontal scale = 10 milliseconds/division
10 inches HpO

Nczzle supply pressure

Line lergth = 12 inches

l.ine diameter = 0.518 inch

v, /Vc = Line-to-chamber volume ration

Fig. 36. Pressure Oscillations in a Blocked Chamber Coupled to an
Active Source {Conf. 3}.
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All Pictures:
Vertical scale = 10.2 inches HZO,’division
Horizontal scale = 10 milliseconds/division
Nozzle supply pressure = 10 inches HZO
Line length = 6 inches
Line diameter = 0.518 inch

A\ V = Line~to-chamber volume ratio

1/

Fig. 37. Pressure Osgcillations in a Blecked Chamber Coupied to an
Active Scurce {Conf, 3).
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appear. As V, /Vc becomes very small the situation of Example 1 is
approached and higher harmonics begin to appear. For longer lines the
e /Ve waveforms become less sinusoldal and higher harmonics begin to be more
apparent. A comparison of measured and theoretical limit cycle frequencies
ia given in Fig. 38, The comparison is remarkably good even for such short
).075

lines, therc¢by showing the validity of the mathematical formulation for the

range of conditions considered.

Oscillation amplitude measurements were carried out using the
true rms voltmeter. In this case the rms value and the amplitude of the
1.050 fundamental are assumed tc be the same. Typical measured results are
shown in Fig. 39. As expected, the amplitude decreases with increases
in both chamber size and supply pressure. The decrease in amplitude
with supply pressure is a result of an increase in the stiffness of the jet

with supply pressure increase.

A typical comparison of predicted and measured results is shown

in Fig., 40. The correlation is remarkably good considering the difficulties
033 of measurement and the sensitivity of the sclu*tion to the friction correction.

Since the frequencies were low compared to the natural frequency of the line

alone, the attenuation factor was computed from the lumped parameter

approximation (see Sec. 2,3.6}). A minor improvement {in the favorable
025 directionj could be achieved by using the more exact values, but this

requires lengthy computation. Typical values of the attenuation factor

are: e = 0.9988fcr L = 1 ft, and e~ = 0.9953 for L = 4 ft. Sensitivity

to changes in the fourth digit are apparent!

conclusions ~ It is belie..d that the experinental measurements

conducted to date adequately demonstrate the importance, general usefulness,
and limitations of the prediction models. Certain refinements are needed in
the models, but, for the majority of practical cases, the predictions are in

remarkably good agreement with the experiments.
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Pressure oscillation amplitude ratio, Pb/PS

Legend:
Line length = 6 inches
Line diameter = 0.518
VE/V = Line-to-chamber
0 ¢ volume ratio
2.4 L
2.0 4 "o » S
1 6 B ) * \ ¥ » ° v
1.2 T VE/VC= 0,250
= 0.2C0
= 0.150
0.8 t = 0.100
= 0.075
0.4 T = 0.025
0.0 + } + t +
0 4 8 12 16 20

Nozzle supply pressure, inches HZO

Fig. 39. Experimental Measurements of Pressure Cscillation Araplitude
in a Chamber Coupled to an Active Source by Means of a
Six-inch Line.
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Conditions’

Ri s 00
Vf/vc = 0.2
\
2.4 + \
\ e — e —— predicted

2,0 <+
)]
9
N
o)
(a0
3
z 1.6 =+
.':‘1
o¥
£
o
o]
M
s 1.2t
o
/2]
o
©
i3
>
3 G.8 =+
34 = 4
o “O/Q/‘_-— 20 —*%‘M ~_l3‘
g hd > o"“—'o--——-o ’__ 1
g -
5 /4
.m 0 4 - /
[+
A
5
o)

0-9 , : : ' ;

0 4 pe) 12 16 20

Nozzle supply pressure, Ps

Fig. 40. Cc.mparison of Predictions and Expe: imental Measurements
of P.cssure Oscillation Amplitude for an Active Source
Coupled to @ Transmission Line Terminated by 2 Chamber.
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3. DYNAMIC ANALYSIS OF CONTROLLED JET DEFLECTION

3.1, LaPlace Transform Sclution of the jet Equations

In an earlier report , Ref. 1, the equations deecribing the motion
of the jet were written directly in terms of the values of variables at dis-
crete points. The<e equations in actuality assumed certain types of
approximations for the space derivatives of the transverse jet velecity
and position. There was no standard sclution against which co- 1 »e
compared the digitally computed solution and consequently no way of
knowing which derivative approximations would give the best results.

The purpose of this section is to compare the solution cf the jet equat.ons

using various space derivative approximations against two exact sclutions.

3.1.1., Rederivation ol Jet Equations

Consider a segment of the jet with stagnant fluid around it as

in Fig. 41.

- The momentum equation gives:

3
Phdf -(P + - dn) hdf = -2— (phd fdnV)
9n ot
av ; .=
+ (V+ —— df) V,phdn - VV,phdn ("5
al J J
)
_ P pav L V. IV {66)
on at V'
The apprcoriate nondimensionalized variables are:
V = ..!_._.._
V.
b
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P+ 2 P
Y, n ~ on

v — C. V
Y
L R
V. V.
j LJ _-J j
\ P
h =
p:
V.:
)
VYV =
P =

ve Y a
d
depth
density
axial jet velocity
transverse jet velocity
pressure

Fig. 41. Control Volume Around a Segment of Jet.

- 102 -




(67)

The quantity 1/t

can be defined as the Strouhal number for the
modulator. Eguation (66) becomes

3

d

5V 8V 1
o 2

(W)
o |

(68)

The jet positicn equation is(Ref. 1):

2|
It
@ o
~||~<l
+
<|

(69)

We can combine Eqs. {68) and (69) and oktain {(dropping the () notation):
o’y . , o'y | 8%y
at? ata1 s

(70}

This is a second-order partial differential equation of the parabolic type.

The forcing term of Eq. (70) can be evaluated as follows:
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P -P [P -p.)
1 a 1 aji - c
JLep L aP 1 AP 1 e = =\ "z F {71)
2 9dn 2 &n 2 b 2 b 2 b
where
P = bubble pressure
Pa = atmospheric pressure
Thus Eq. (70) becomes
2 2. 2
9 Y, 22X ., 2Y¥ . (72)
atz oto ¢ 8£2

3.1.2. Step Change in Pressure Across Jet

Consider a step change in F which acts over a finite length ¢

of jet as shown in Fig. 42.

The expression for ¥ is:

F = FOUs(t) (Ve - U (e - 1) (73)

where Us is the unit step function. The LaPlace Transform with respect
to { of Eq. (72) with Eq. {73) inserted, is:

a%y dy 2 (1 “fod 0
— +29 == +q3°Y=F U ()|~ - & = F U (1)—=— (74)
2 dt [o 200 O 8
where -igq
Qs (l-e °) (75)

F.quation (74) is now an ordinary differential equation which can be solved
in a straightforward manner by finding the homogeneous and particular

solutions, then superposing the resuits, and evaluating the arbitrary constants.
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Fig. 42. Step Change in Pressure Over a Finite Distance.




Particular Solution

Y = (76)

Homogeneous Solution

The roots are 2qual, hence:

- -qt | -qt
Yh = Ale : Azte (77)
Total Solution
F U (t)Q
Y=A,e %A ety 085 (78)
1 2 3
q
Initial Conditions
Y=0atrt=0
~d—Y— = 0att=0
dt
Thus
1
N FoUs(t)Q. A - FOLS(t)Q
i 3 2 >
q q

_r. U ) (- ™I - "y )0 (79)
F q” q¢ q
(o]
The inverse l.aPlace Transform »f Eq. (79) is:
d
-1 \ 2 ! 2 2 —‘
/
X = u () ( -e ° W)Eg( D f— - -t (A (80)
F_ \ 2 2 2 /]




or

Y B 2 TR \_l
=U() AU -t ___.-____)

N s s |

¥ 2 2 2
6) o /]

(£ -1 )°
-luge -1y - S UG -1 -t)
")
TR 2\
(o]

(
( . ) (81)
2
\ 2
In addition we can obtain V by using Eq. '69).
\Y s I - -
_.P:_ = U_(€) [1_} + UL -1 {_t - 1]- T - fo)[l - zo_[
(o)

+ Us(f-io-t)[i-lo-t] (82)

Both Y and V are shown in Fig. 43.

3.1.3. Expr iential Change in Fressure Across Jet

It is apparent from au earlier report (Ref. 1, page 13} that the
control region pressure looks like the step response of a simple first-order
system with a two unit time constant. The stcp response of such a system is
a simple exponential function of time which can be easily generatzd for the
purpose of separately testing the jet equations. The simple first-order
response will be a good test input since it is reasonable to expect that the
bubble pressure will always be describable by a first or higher-order
differential equation. The jet equations are solvable with this type of input.
The step response as derived in Sec. 3.1.2 is the special case where the

time constant of the ftorcing function is zerc,
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Fig. 43. Response of Jet Equations to Step and Exponential Inputs.
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The forcing function is

t

F=F U(t)(1-e 7)(U(4)-Ug £ -2))

The LaPlace Transformed jet equation is

2 -
¥ g ¥ igby=Fu - )2
dtz dt q
Particular Soiution
. FOUs(t) Q FoUs(t) Q
P 3 1 2
q g(= -0
T
The homogeneous soluticn is the same as Eq. (77)
Total Solution
F U {t)Q F U (t)Q
Y=Ae«qt+Ate-qt+ ° S5 - ° s
1 2
3 1 2
q g(= - q)

With the initial conditions as before, the arbitrary constants are:

A‘].:-FOQ .L.- —1 \)f
> = -9t )
\d al = - q
3
A,= -FQ [—- ! " 1
2 12 12
\a a(=-aq 9T (= - q)
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The solution can be obtained by inserting the exprecsciong for A, an

in Eq. (86) and then taking the inverse LaPlace transform.
expression for Y/F0 is long and is best presented in parts for the various

possibilities of £ and t. The velocity V is also included.

o
t > £
— 2 t (t-£)
Y —— B —
=Us(t)LL~TZeT +1{t- De J
Fo 2

t <1
¢ fe qr-t®
= Us(t) L - + 7(r -t) (con't.)
F 2 2
o)
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£ >¢ +t
o
LA AR (87)
F F
o o
Both Y and V are shown in Fig. 43 - 1.

3.2. Solution of the Jet Cquations Using Various Finite Difference
Approximations to the Space Lerivatives

The space derivatives, d V/31 and 3 Y/31, in Egs. (68) and (69)

can be approximated at a fixed point in space by a finite difference expression

¢i the form
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_— T e ada ¥ T T > Sl - T =

n

__le_zz aifi;lgksn (88)
df iz}

k

The coefficients of the differentiatioi: formula, Eq. (88) can be
obtained from almost any numerical analysis text, (Ref. 30 and 31) though
cften not (ircctly. A digital computer program has been written which

calculates these coefficients for any n and all k'a.

In the following ccses, the space increment, Af, is unity. The
jet is divided into 3 segments; the first four of which experience the driving
force, F, and the last four, no driving force. Both V and Y are computed, and,
in the three representative cases, cormnpared with the theoretical response

by means of a graph.

Case I - Fig. 44 - Step Input

Derivative formulae:

dYk
—_—= Y -Y (89)
at k k-1
de
—_—_ =V, -V (90)
at k k-1
Comments:
1. Gives correct steady-state for V.
2. Does not give the correct steady-state for Y.
3. Computed response leads the theoretical response
for segments 5 - 8.
Case II - Step Input
Derivative formulae:
dYk
— 9.5¥, ., -0.5Y, (91)

-112 «




— I S, A ST S TR T e eI S -

R e

Position Segment No. Velocity

O
\
.

o

~ ]

-+

o 1 2 3 a4 Time 0 l' 4' * Time
24
/
2+ 7/ 2
1/ 1
2
0 0 p— bttt
0 1 2 3 4 5 R l 2 3 1 5
6 f[ 3 3
/-— /
4 b ol 2 E
27T 3 1 7T

— e —

[$4]
\
[
M
A

A
3 4 5 6 7 8 9

Fig. 44. Computed Jet Equation Response - Case I - Step Input.
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T g WA

daVv

k _ >
= 0.5 Vk+ y - O- Svk-l (92}
a1
Terminating Conditions:
Same as Eqgs. (89) and (90)
Comments:
1. Very little damping, Damping is introduced only
by the terminating conditions.
Case III - Step Input
Deri- ative formulae:
dYk
—= L.5Y, -2Y, ,+ 0.5Y, , (93)
de
de
— - 1.5V, =2V, ; + 0.5V, , (94)
Starting conditions:
Y =Y, (95)
V_1 = ’\l'1 (96)
Comments:

1. Steady state is not correct for either Y or V.
2. Computed response leads the theoretical response
for segments 5 - 8,
Case IV - Step Input

Derivative formulae:




dY2

—= = 1.5Y, - 2Y, + 0.5Y_
dt
k
dy
k. 2> a, Y, (97)
dt =0 *

Same for V

Comments:

Same as for Case ..

Case V - Fig. 45) - Step Input

Derivative formulae:

for

Yk » Egq. (93)
for

Vi Eq. (90)
Comments:

1. Gives correct steady state for Y arid V.

2. Computed response leads for segments 5 -~ 8.

Case VI - Fig. 46 - Exponential Input

Derivative formulae:

Same as for Case V.

Comments:

Same as for Case V.

Conclusions:

Only the derivative formulae used in Case V give the correct
steady state. The derivative formula for V is a two-point linear type.
It is reasonable to expect that the formula for Y should be a three-
point parabolic type. However, it is also seen that the computer response

is too slow, especially for Y. Lead action still occurs for segmeants 5 - 8.
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Computed Jet Equation Response - Case V - Step Input.
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This is to be expected because a pure transport delay is impossible

to approximate with a finite set of continuous differential equations.

The general conclusion is that none of these arpsroximations
work very well, A good approximation should at least produce a
correct steady state and a transient which is a reasonable facsimile of

the theoretical one.

-+ 3. Characteristic Curves of Partial Diffcrential Fquations

3.3.1. Significance of Characteristic Ci. ren

e -

Certain types of partial differential equations possess what are
called characteristic curves. (Refs. 29 and 32). As an example,

consider the wave equation,

2 azp_ 8%p

8!2 atz

\' =0

where P = f({) and Pt - Oatt= 0. The :olution is known to be of the

PU)) = > E(z - Vt) + £l1 + Vt)_j[
2

which can be represented as in Fig. 47. The value of P at point C

form

depends only on the values of P at A and I,, Furthermore, every
point within the shaded area is deterinined by a pair of points cn the
L axis in the interval AB. The two lines, AC and BC, are call.d
""characteristic curves'. Disturbances at A and B prcoagat~ along
these curves and combine to form the value of P at point C. The

shaded area is called the ""region of determinaticn' of point C.

Another region of determination, (Ref. 32), DEC, can be
defined in Fig. 48 when Eq. (98) is converted into a difference equation.
The value of P at point C is now determined by the values of F on the

laat two horizontal lines.

(98’

(99)




Fig. 47. Characteristic Curves for Wave Equation.




4

C
IP\
\
! \

4 \
'QQO\
/ \
/7 \
7 \
e a—— 34——1

D E

Fig. 48. Finite Difference Solution of Wave Equation.
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If the solution to the difference equations is to converge to the
true sclution then the region of determination for the differ ice equations
must inciude or coincide with that of the differential equations. Thus DE
must be greater than AB, If DE were smaller than AB th n the values of
P at points A and B would not influence the value of P at peoint C; in which
case the solution does not converge to the true solution when the mesh

spacing shrinks to zero.

3.3.2. Characteristic Cu ves for the Jet Equation

The characteristic curves s £q.(72) can be obtained fromn
the quadratic: (Ref. 29).

a.dl2 - batdi + cdt2 =0 (100)

where a, b, and ¢ correspond to the first, second, and third coefficients

of £q. (72) respectively. Witha=c =1, and b= 2, Eq. (100) becomes:

(df -dt) =0 (101)
Hence,
at _ (102)
ds

The single characteristic curve for the jet equation is shown in Fig. 49.
The value of Y at B is determined by the value of Y an equal number of
space and time units previous. With F = 0, the solution to Eq. (72) is:

Y(2,t) = Y(L -A, t ~4) {103)

where A is a constant. If F is not zero it would appear that Eq. (103) is

in need of an additional term on its right side. This term should represent
the cumulative effect of F on the jet over the intervals {{ - A)—={ and

(t - a)—=t.

All of the above indicates that the jet equation should be scolved
by a technique which accumulates the effects of F and uses the values of Y
only at previous t's and {'s,
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Fig. 49. Characteristic Curve for Jet Equation,
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3.4.

Generalized Transmission Processes

3.4.1, Definition of a Transmitter

The two equations,

_.....ap = - ——-—-aq and
ox ot

oq _ oP

_——- )
ox at

(104)

(105}

can be combined to obtain the well-known wave equation in terms of P or q:

or

3P _ 8°P
ax’ ats
82q = aéq
sz Ctz

One can write Eqs. (104) and (105) in a convenient matrix form after

defining the operator

Thus

or

D= ———-a .
ot
]
d |p|_ | O :-D
dx q -D , O
]
d
S - Ns
dx

(106)
(107)
(108)
P (109)
q
(110)

The variables, P and q, are called state variables, and § , a state vector.

Processes which can be described by Eq. (109) are w~velike or diffusive in

na*ture.

Thus Eq. {110) describes the generalized transmission process.

{(Ref. 33).
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Equation (104) is the result of applying the momentum equation.

If body forces are present, then an additional term is necessary.

oP aq
ox at

+ F,_ . (111)

Equation (105) is the result of applying the continuity equation. Likewise,

if sources or leaks are present then:

% . _ 8% ., o . (112)
9x ot
Thus Eq. (11C) becomes
d
4S - NS +F . (113)
dx

where F is a vector containing Fy and Q. Thus Eq. (112) describes the

generalized transmiss on process with external forcing.

3.4.2. Solution of the Generalized Transmitter Differential
Equations

The assumed form of solution to Eq. {113) is:

Sy =N S, * GFg - (114)
where M and (G are square matrices. Differentiating Eq. (114)

48 dM aG

x
2 — yoo—_ , (115)
dx dx S0 dx FO

and substituting into Eq. (113) gives:

dM s + a6
dx o dx

Fo = NMSO + NGFO + Fo (116)

- 124 -




Collecting terms;

AM_ _NM|s, ¢ \_dﬁ_._ -NG |F_=F . (117)
dx dx

\

I¥f F is assumed constant over the interval of space, x, (though not time)
then

\
4M  _NMm S, + 46 -NG I g, =0. (118)
ax dx
Since, in general, So and Fo are not equal to zer. then it must be that

dM_ _NM =o, (119)

and

Q.
>
'

Z

(]

"

H

(120)
dx
The solution to Eq. (119) is the well-known exponential given by
M=cN>nm . (121)
The solution to Eq. (120) contains two parts:
Homogeneous Solution
(3 = ON x
G == G , (122)
Particular Scolution
G -. N-! (123)
P

- 125 -




Total Solution

G =eN *G _N ! (124)
(o]

The matrices M o and G o can be determined from initial conditions.
At x = 0, it is obvious that
S—=9S . (125)

X Q

Therefore, from Eq. (114) it follows that

Se=MS,*GF,» (126)

which demands that

M=IT andG = o. (127)

Hence, it follows that

-1
Moz‘ﬂ:and GO"N . (128)
Eguation (114) becomes
_ N«x N x -1
S =e S, * e ~II|N F. (129)
which is a familiar result {see page 11, Ref. 1).
3.4.3. Application to the Jet Equations
Equations (69) and (68) can be rewritten as
2 . _pya+ v, (130°
dx
and
4V - _pv: F, (131)
dx
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The matric squation is

Thus
[}
. —
N = i 1 ..l..
O +-D
1
— ]
N |  -xD -xD
e x _ie_ "~ 1_xe " ,
t
¢ L_ @) . e-xD
1 ' !
N—l_-D.-L--‘DE--
Lo ' 1
1 - —
D
and
s D
X - '(1 _e-xD) -xe-XD
_— {1 -7
N x -1 ¢ 2 D
@ *-mN= P R .
o ' _l_(z -e"D)
] D ]
The solution for Y and V are:
-xD -xD
Yxj= e X2 (v +xv )+ (Lo ) e F,
o o
DZ D
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(133)

{134)

{135)

(136)

(137)
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Making use of the fact that e'XD is the time delay operator and replacing

x by Ax the above equations hecome,

Y = (Y + axV) + (- e-AXD) - axe™8P F (139)
X+AX, t+AX XV, t ol ’
, , 2 D
D
1 e-AxD
Vet ax,teax~ Ux,tt ( 5 F, (140)

By comparing with Eqg. (103) it is seen that indeed Eqs. (139) and (140) do
represent the desired form of the solution. The right-most portione of
Egs. {139) and (140) represent the integrated effects of F over the space

interval x—= x + Ax and time intervalt—et + Ax.

Equations (139) and (140) are of 2 mixed form involving both
difference and differential (or integral) equations. Both types of equations
are easily solved by means of a digital computer. The method of solution
of the portions of Egqs. (139) and (140) due to F is discussed in the next

section.

3.5. Monotone Processes
3.5.1. Definition

Monotone dynamic processes are best described by Paynter,

{Ref, 33, pp. 280 - 286), of which a small section is reproduced below.

"A large number of fluid, thermal, chemical and
other industrial and ocrganic processes are characterized
by a step response which is monotonic nondecreasing in
time as indicated. (See Fig. 50)

The corresponding freguency response, at least
for most continuocus processes, would have a non-
increaging amplitude and non-decreasing phase lag
with increasing frequency as follows: (See Fig. 51)

All linear systems giving to such response can be
called monotone processes.

Monotone response is manifested through:
(a) Time delay or dead time.
{(b) Disperaion or rise time.

In physical processes, time delay is usually
associated ‘with propagation or transport phenomena as
measured by the ratio of travel distance to propagation
or transport velocity. The dispersion in any procees can
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Fig. 5. Step Response of a Monotone.
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frequency

Fig. 51. Frequency Response of a Moaotone.

TD+1

Fig. 52. Step Response of a Simple Lag.

-129 -




ultimately be attributed to the law of increasing
entropy, whereby the distributed resistances in
any system cause an attenuation increasing with
frequency. Such scattering action ia reduced by
isolation and relaying methods, but is 2lways
present to some degree,

Oscillatory processes, characterized by the
presence of complementary energy storage elements,
will have monotonic response whenever the energy
dissipated per cycle becomes sufficiently large com-
pared ‘o the energy stored in each mode."

ey sy Yy

By way of an example, it is seen that the simple first-order
lag is a monotone and is dynamically characterized by 2 single number,

the time constant. (See Fig. 52).

It is possible to determine a transfer characteristic of the
fcrm: (Ref. 34).

G(D) = 1 -

1 .
k ' Yo
1+b1D+b2D2+... Ek:ka

=1 {141)

which will adequately represent a monotone process over a desired
range of frequencies. In order to determine the coefficients of the

polynomial it is necessary to have a representative step response

E, of the process from which can be calculated the time moments which

are defined as:

+ oo
a = g‘ dE (t), (usually normalized to unity)
~ 0
¢ + @
k
a, = V t AE(t). (142)
-

The moments and the polynomial coefficients are related by the determinant:
(Ref. 34).
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b1 bo 0 . ]
bZ b1 bo ce 0
- 1 *c & ) LY e o0 + 00 .
a = n! (143)
bn-l bn-Z bn-3 bo
bn bn-l bn-Z bl

If the step response is the result of a transfer characteristic
of the form given by Eq. (141}, then indeed one will obtain an exact
representation. However, if the step response exhibits discontinuities
then probably the process contains time delays and consequently cannot
be exactly represented by Eq. (141). The resulting representation in
this case, though not exact, should still prove adequate for most
applications. A word of caution is appropriate at this point. Tt may
seem that a better approximation is always possibkble by taking more
terms in the polynomial. However, some of the higher order coefficients
(b,),

generally useless.

may be negative, resulting in an unstable representation, which is

3.5.2. Application to the Jet Equations

Let us consider the contributions to Y and V caused by F
in Egs. (139) and (140):

-AxD -AxD -
G, = X o {1-e ) _ Lxe , (144)
F B2 D
and
~AxD
{ -
G, s ~ {1 -e ) (145)
F D

One can immediately write the solutions to these equations for a step

change in F':

- 131 -

|!
|




p— a—y

y 2
Ta L e® Ly e - ax| (¢ - a0 - axge - Ax)J , (146)
P2 2
L
and
v _
—=t-U_(t-ax) [(t - Ax)]. (147)
- o

These responses are shown in Fig. 53. It is now apparent that Gl and
GZ represent monotones with discontinuities. Therefore, it is not
possible to find exact representations in the form of Eq. (141) for

G1 and Gz.

The moments for G, can be easily calculated with the aid of

Eq. (142). In this case Ax is taken as unity. They are:

a_ =1, al=-1--,...,a = . (148)
2

From these and Eq. (143) it is now possible to obtain the bk:

b =1
o]
bl :-i—

2

1
b, = — {149)
“ e
b3= 0
b4: - _l—._..

720

Therefore, the best approximation to GZ is

G2‘= (150)
1 1 2
1+ —D+ — D
2 12
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Fig. 53. Monotone Approximations for Jet Equations.
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The step response of GZ’ s compared to that of G, in Fig. 53.

The steady-state value of the unit step response of G1 is 1/2.
It is usually more convenient to normalize this to unity for the purpose
of calculating the b,. The steady-state gain of the resulting transfer

characteristic can then be modified very eacily.

Proceeding as before, one finds that for GZ the a, are:

a_ = 1, a1=-‘-)'—,.,..,ak= --E—-—-— (151)
3 k + 2
and that
b =1
c
'b1 = .g..
3
. = —
2 36 (152)
b3: .._4._....
135
b = 11
% 6480
bS: - ._._..3_2__....
51,030
The best approximation to Gl is
1
2
2 $ -
CJl - -
2
1+ 2ps+ L p?y 2 pd A gt (153)
3 36 135 6480

where the "'1/2" is the correction for the steady-state gain. The step
respornse of Gl' for the 2nd, 3rd, and 4th order cases is compared to
tnat of Gl in Fig. 53.
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The approximations that ultimately will be used for G; and G,

depend on two factors:
1. The expected frequency content of F, and

2. Compater gtorage and time.

It was seen in Sec. 3.1.3, that the bubble region pressure looks
like the response of a simple first-order system with a time constant of
about 2 units. The bubble region pressure is the force, F, in Egs. (144)
and (145). The harmonic content of the bubble pressure signal is therefore
small at frequencies above the break frequency, 1/7 = 0.5 rad/unit. The
natural frequency .f G,', Eq. (150), for example, is w = 3.46 rad/unit
which is comfortably above 0.5. Since GZ’ is a good approximation to
G2 up to frequencies of 3.46 rad/unit then it follows that it also should be
sufficiently accurate when driven by the bubble pressure. Similar con-

siderations apply to Gl"

Using higher-order approximations for G; and G, without
justification is wasteful of computer storage and time. If a jet is

modeled by 8 segments, a Znd-order approximation for G,, and a

2!
3rd-crder approximation for Gl’ then it becomes necessary to operate
on 40 x 40 matrices. A minimum number of three such matrices

necessitates 4,800 words of computer storage.

3.6. A Possible Model for the Fluid Jet Modulator

From the results of the preceding sections it is now possible

to propose a simplified model for a single control port fluid jet modulator.
A non-functional block diagram is shown in Fig. 54.

The input to the system is the control pressure applied upstream
of the contrcl port restriction. The resulting control flow comblnes with
the flow being demanded of the bubble region by the jet. The excess flow,
resulting from this combination, then causes the bubble region pressure
to '"charge-up' to a new level because of the compliance (compressibility)
of the fluid in the bubble.

The bubble pressure then causes the jet to accelerate to a new
position. The change in position of the jet at the knife-edge affects the

demand characteristics. The characteristics are also influenced by the
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bubibie pressure. The resuiting change in the demand flow then affects

the bubble region pressure thus closing the loop in the diagram,.

Figure 55 shows a functional diagrary of the same system. The

checked enclosures indicate the correspondence with Fig., 54.

The difference between the control and bubble pressures is
mualtiplied by the control port conductance, G, tc produce the control
flow, WC. This flow is being supplied to the bubble region. The flow
being demanded of the bubble region is then subtracted coff. When the
system Is in steady state this difference is zero. An excess of one over
the other causes a rate of change of bubble pressure, and consequently,
a transient. This pressure rate is integrated to producc the bubble

pressure. The bubble pressure is fed back thus closing a loop.

The net pressure 2cross the jet, (P - Pa) is applied to a transfer
characteristic similar to Eq. {153) which determines the position of the je.

in the region of the knife edge.

The atmospheric flow is computed as a product of two distinct
funciions. It is-postulated that this flow passes through some effective
arza which is a function of Y. and the lateral setback of the knife edge and
is described by a static function, ¢2. The effective pressure driving this
flow is a function of (P - Pa), or its negative, and is described by -dl' The

simplest possible functions that seem appropriate are:

¢1 cx‘IJ'(Pa - P)
0 (v -Y_ -2

where Y i3 the lateral setback of the knife edge and b is jet width at the
knife edge. The atmospheric flow would be

. b,
Wact(Yo—Ye— —2-) (Pa-P)

which 1s recognized as the form of the simple orifice equation.
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The return {low is computed as a functicon of the jet position only.

-

The simplest possible reticulation of ¢3 would be

W_ = 0 Yy + 2 45 <y
T e (o)
2
W (Y + 2 +86-vY);, Y + 2 +62 vy
r e 2 o) 2 o

where 0 is a constant which allows the Wr = 0 point to fail within cr

without the non-zero range of Wa

The entrained flow, We’ is assumed constant although this is

probably not strictly true.

The combination of these three flows then combine to produce

the demand flow thus c¢losing the loop.

The above model assumes that the jet equations derived in
Sec. 3.5.2. are valid (at least dynamically) and that the demand
characteristics can be reticulated as indicated in this section. Both

assumptions must be verified by experiment.
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4. THE DYNAMICS OF SYSTEMS

4,1. The Transmission of Waves in ™ nes

Viscosity and heat transfer disperse the wave-fronts in fluic
lires. LaPlace operators for the propagation and characteristic im-
pedance functions have been derived by the author (Ref. 24) for liquid
and perfect-gas filled lines, and the frequency response and parts of
the step responses were calculated. Following the suggestions of the
author (Ref. 35}, S. E. Nelson found the complete families of the step
responses of liquid-filled lines. This work is presented in a thesis (Ref.
36); a professional paper is planned. All of the above work assumed

small disturbances in rigid cylindrical lines with laminar flow.

D. M. Auslander is presently finishing his S, M. thesis in
which he makes thecretical predictions for the frequency responses of
liquid flow in cylindrical rigid lines with a gross turbulent flow, The
The predicted attenaution is much greater than for laminar flow. Both

smooth-walled and rough-walled pipes are considered.
None of the above work was supported by the present contract.

A question of frequent importance is the effect of bends on the

transmission of waves in lines. A rather simple answer can be provided
when the wave-lengths of interest are much longer than the dimensions of

the bend, and the disturbance is small. Under these conditions the steady-
flow characteristics of the bend apply, producing a pressure drop propor-
tional to the square of the fiow. The proportionality factor, which depends on
the sharpness of the bend, is given for several geometries in even elementary
fluid-mechanics texts. The small disturbance assumption allows ar incre-
mental linear resistance to be found. This resistance is an increasing

function of the gross flow; it is zero for zero gross flow.

Thus the bend acts like a friction joint in a2 straight pipe. An

incident wave is partly reflected and partly transmitted; it R is the linearized
resistance for small disturbances about a gross flow in a line with charac-
teristic impedance Zo (roughly equal to the speed of sound divided by the

area of the line), the reflection and refractiou operators (coefficients in

simple cases) are respectively,
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reflection operator:

R (154)
22 + R
o
refraction operator:
2yZ_(Z_+ R)
\"’ ° (155)

27Z + R
o

4.2. The Stability of Fluid Systems

Fluid systems, especially those containing proportional fluid

amplifiers with no moving parts, often display little understcod bistable

or cyclic instabilities. The author has prepared a paper on this subject

{Ref. 37) which will be widely available before the present report; the
present contract is therein credited with the support for the work. Therefore,

the substance of tnis work omitted herein.

Two general criteria for small-disturbance stability are presented,
with simple illustrations involving amplifiers, lines, and voiumes. Applica-
tion of the criteria to real systems is based on separate measurements of
certain static and dynamic properties of the more complicated elements

and analysis of the separa.e properties of the other elemen:s.
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5.1, Intrcduction

The concept and test results on the first model of a stall-cell
sensor are described in Sec., 3.2 of the first annual report. Analytical
work of both a theoretical and experimental nature has continued. A
static stability analysis has been completed which should result in useful
design formulae. The experimental study was continued, utilizing a new
test model, and although results are mostly of qualitative value, some

quantitative data is presented,

5.2. Bistable Jet Amplification
Fluid jet amplifiers are classed as analog (proportional) ard

digital (bi-and tri-stable) depending on the stable operating positions
of the jet. A bistable jet is unstable in the center position and stable
only in its two extreme positions. The mechanism of bistable jet

amplification is explained as follows.

While a2 free jet is inherently statically stable, a jet which is
not permitted to blow freely into the environment may be rendered
statically unstable through proper design of the discharge region. Con-
sider a jet discharging to a region such as that shown in Fig. 56. In
passing through the discharge region, the jet entrains flow, W The flow
entrained is relatively unaffected by control port pressure differences and
jet curvature and hence remains constant on each side. The entrained
flow removed fromthe control port is equal to the flow into this region
from the environment, w_. Then, on the side in the direction of jet
curvature, the velocity of the flow passing through the area between the
projection and the edge of the jet increases. Due to increased irictional
losses, the pressure on that side (Pl) decreases. The pressure on the
opposite side (PZ) increases. A pressure force is then seen to act on the
jet in the direction of curvature. If the pressure force accompanying a
"small' deflection of the jet exceeds the force due to the accompanying
Y -component of momentum reaction, static instability results - the jet
curvature will then increase until the jet attaches to the projecting edge.
In the case of a two-sided amplifier, such as the one shown, this is re-

ferred to as bistable operation.
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Fig. 56. Discharge Region Giving Static Instability.

*114
- :

- bo \ Control port
l Xo = axial setback
Wj YO = Jateral setback
R = control line resistance
bo = nozzle width

Fig. 57. Discharge Region With Control Lines Added.

- 143 -

; - T T S I TR T —m—— = r——— e
T RT— T TR S T L e e




eT

Curvature of a bistable jet can be effected by adding control lines
to each side of the discharge region. This is shown in Fig. 57 along with
nomenclature that wili be of use, By increasing the control flow on the
side of attachment, aecreasing control flow on the unattached side, or
buth, the jet can be flipped {rom one side to the other. The ability of
the power jet to flip quickly in responsc to an alternating signal trans-
mitted to the control port led to the proposed application. A schematic
of the stall sensing arrangement is shown in Fig. 58 (see also Fig. 20

of Ref. 38). In Fig. 59c a possible packaging arrangement is shown.

5.3. Theoreticai Siudy

5.3.1. Static Stability Analysis

Brown has presented a critericon for static and surge stability of
the center position of the power jet, based on experimental measures of
the characteristics of the device as measured at the control port:. Van
Koevering has generalized this to include non-center jet positions and con-
figurational asymmetries. Brown and Simson bhave reported criteria for
the wave (organ pipe) stability using some of the same results, and in
Sec. 4.2. of this report, Brown discusses a generaiized approach to the

stability and respcnse of linear systems.

The stability analysis for the center position of the jet is herein
interpreted analytically in terms of the jet model given by Simson {Ref. 39)
plus one added assumption, reducing greatly the requirement fo- experi-
mental data. The analysis is for a symrnetrical amplifier, assumes no
feedback effects of the receiver ports, and neglects the dynamic head of
the control flow which enters through a very large passage. In addition,
the ''return flow, Wr”, is assumed zero for tl.e center position of a jet,

a condition which is approximately necessary {.r bistability, The flow
entrained into the jet, W is assumed to be unaffected by small deflections
of the jet. Thus the changes in the control flow w, are equal to minus the
changes in the flow w, which eaters the control region from the environment
by passing between the knife edge and the jet. Brown's criterion for
center-position stability then becomes (See Ref. 40)
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St:»1l Sensor Unit.

Fig. 59.

ow ow
1 s al .2 al ‘] (156)
(R)Y1~O 8P1 YI::O L_&(PZ - pl)lpl=const

= const. -—JP2= P1

in which the subscripts 1 and 2 ref=r to the two control regions, Y1 is
the deflection of the jet as shown in Fig. 60, and R is the resistance of

the upstream restriction. The resistance R can be assigned either steady

state or surge values.

The deflection of the jet, for small pressure gradients, is very

nearly

Yl = {157)

2
2p bij

an assumrtion based on the uniformity of the pressure gradient across

the jet and the conservation of the momentum of the jet. The nozzle width

is bo’ and tlie jet mean velocity V..

The most critical assumption is the modelling of the flow W

f——
w1 = Cd Yal t'v 2p(-Pl) (158)

where t is the depth of the model. This is, of course, the classical adaption
of Bernoulli's equation to flow through an orifice. The orifice here is as-
sumed bounded by the "'edge'’ of the jet. The atmospheric flow is assumed

to be into the control port, a condition necessary for bistability. For positive

control flow, this imposes the requirement W, < W,.

The substitution of Eqs. (157} and (158} into Eq. (156), noting that
dYa1= - le, gives the condition for stability

Wa.o 1 X w
> -1+ — (159)

2 (R)

pCaY, )
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The reinaining steps are to put w_ and Y, into more convenient forms.
Using Simson's model for a jet, and assuming that the knife edge is within

a distance of 5.2 nozzle widths from the nrozzle,

Y =Y ~-0,169X -0.5 b (160)
ao 0 o o
The flow wao is the dif’erence petween the entrained and control flows;

using Simson's model for the former and W for the latter,

(161®

ao o ] co

For the general case of finite resistance and W Eq. (159}

with the condition of Eq. (161) results in the following criteria for histable

operation:

/ =

1) tp-“)Evaz (P - P)x 2

R c L o0 20'j c o

Y,=0
\ 4 1
[ I' -

1 !oo35pxw’{pby V24 2(P -P)X °
- ‘ o jY o ao '} c o

\ 1

2 2, 3 2, 4| >
- (ptVy) Eocd Y, 7 -(0.035) xo] 20

for linear resistance

= ——Co_ (162)
(R)]Y .o P_-P

’

1 c
P )2 2 - 2
(P - Blzob Y V.5+ 4(P. -P) X
R c 0 20 j e o
Y1=0 -
r 1 (163)
{1\ ! 2 2
| — 0.035pX tV.Jpb Y. V.“+ 4(P_-P)X
< o j¥ o ao j c o
*/x,=0
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;  ier s 2, 3 2 _—|>
- ip cvj) robd Yao - {0.035) Xo —l =0
for square-law resistance, ' (163)
] _ Yeo
R -
Yl-O Z(Pc - P)

where PC is the control line supply pressure, P is the average contrcl
port pressure (= P, + PZ)/Z), and Y_  is given by Eq. (160). These
results enable a theoretical prediction, for example, of the optimum control

line resistance for a particular configuration.

For the special case of blocked control passages (R = ), Egs.
(169), (162), and (163) reduce to

3| (0.035)2 xo4
Y <u,169X +0.5b + {1o64)
(o} (o] o]

For the case of finite R, this relation represents a necessary (although not
sufficient) condition for bistability on which dimensional choices can be
based.

The upper limit imposed on Yo by Eq. (164) represents the
transition irom bistable to tristable operation. By reducing the control
line resistance sufficiently, the operation can then become continuous. The
lower bistability limit is approximately the point where the return flow
becomes finite {or a center-positioned jet. This limit represents a transition
from bistable to continuous operation, and may be estimated from Eq. (160),
by setting Y_ = 0. The dimensional limits for bistability given by Egs. (160)
and {164) are plotted in Fig.61.

5.3.2. Atmospheric Flow Coeificient

Continuing the analogy of orifice-type flow for the atrnospheric flow
componexnt, it is shown by dimensional anzlysis that the loss coefficient C
has the following functional relationship (neglecting the effect of variations

in control port shape)
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(Yoo )
ao
Cd- g |\ — Rea’ (165)
\ /
where Rea is the Reynold's number associated with the atmospheric flow.
Taking the characteristic velocity as the bulk r..ean velocity of
the atmospheric {low and the characteristic lengtu: as Yao’ the Reynold's
number can be expressed as
Fao
Re - (166)
a
wt
From Eqs. (158) and (161)
Yoo
20 (=~
Y c{hp( P)
Woo = 0.035 XOtVZP ('Ps - P) - W, (161)

so that the desired functional relation for Cqis determined experimentally

by measuring Ps’ v s and P.

Da.a of this type has been extracted from a load-flow diagram
presented by VanKoevering (Ref. 41, Fig. 5.8+) and is presented
graphically in Fig. 62. This plot is for fixed Yao/t; C4 is seen to vary
moderately with Reynolds number over this range. The latest test mode!l
(described in Sec. 5.4.1) was tested with Yao/t ranging from 0.39 to 0.58
and Reynold's number on the order of 4000. C, had values ranging from
0.2 to 0.3 and was a moderate function of Yao/t and weak function of
Reynold's number. Leakage resulting in a large control port pressure

asymmetry limited the quantitative value of the data.

5.3.3. General Application of Theory

The procedure for applying the proposed theory in designing for
optimum bistable operation is outlined below. This is for the most general

situation, where Cd is a function of Reynoid's number in the range of interest.

* The value of R on VanKoevering's Fig. 5.8 should he 6.75, The corrected
value is computed from p. 98 of his thesis.
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Atmospheric flow coefficient C
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Fig. 62. Atmospheric Flow Coefficient from VanKoevering
Data,
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1. Determine Yao/t. Approximating P = W.o= 0,
determine Rea from Eqgs. (166) and {161), the control

line resistance being known.

2. From experimental data of the type presented in
Fig. 62, determine Cy
3. Solve Eqs. (162) or (163) for the control line

resistance, still approximating P= 0.

4, From Eqs. (158), (160), and {151) solve for Yoo
and P.

N

. Using these values of Yoo and P determine the new Re
and corresponding C,. Solve Eq. (162) or (163) again, etc.
until the process converges. Better initial assumptions

should lead to faster convergence.

5.3.4. Application of Theory to Stall Sensing Amplifier

For the application at hand, with square-law control line resistance

and equal supply and control port pressures, Eq. (162) simplifies to

2 I 4]
L4 0035 Xt bY, o 2X 1) L Y 3 0.035)% X J: .
O 0
c. T oy +x7 ( J.z b.“xz)
o 4 O ao C 4 30 (o]

(168)

where d and C are the control line orifice ddameter and flow coefficient,

tespecth'ely, For contrcl flow Reynold!s number
R.= ~—~——— > 260

where v is the avevrage velocity through a sharp-edged orifice, C0 can

be assumed congtant at about 0.625 {Ref. 42, p. 183). This Reynold's is

L

easily exczeded in the present application.
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Brown's graphical source-load matching techrique was applied
to the load flow curve corresponding to Fig. 62. A value for optimum
control line orifice diameter of 0.031Y inch was predicted at én operating
point for which the atmospheric flow Reynolds number is determined to
be approximately 105, From Fig. 62 this corresponds to a fiow coefficient
of 0.66. The appropriate dimensions and do = 0.0319 inch in Eq. (168)
give C; = 0. 566 in fair agreement. The varviation in do for these two

values of C ; is about 30 per cent.

Using the dimensions of the new test model; XO = 0.253 inch,
bo= 0.058 inch, t = 0.175 inch, Eq. (168) was solved for do in terms of
Y. (= Yo/bo). Two positive veal roots were always obtained but a con-
sideration of the direction of inequality ruled out the larger (as they
indicated that orifices larger than the optimum favor bistability). The

results are plotted in Fig. 63 (AR = Aspect Ratlo = b/t).

5.4. Experimental Study

5.4.1. Test Apparatus

The test amplifier, shown in Fig. 64, is a modification of
several earlier models which presented difficulties due to (1) Control

port resonance, (Z2) Knife-edge reattachment, (3) Pressure asymmetry.

The first problem arises from wave phenomena in the control
regions. It is in part dv to low freguency standing waves and the effect
is best minimized by making the control ports as small as possible.

Small control ports also favor dynamic response.

In order tc miniraize hysteresis, sharp knife edges are employed,
This presents a problem due to the formation of a separation pocket
downstream of the knife edges (see Fig. 65). A deficiency of flow from
the environmen! into this region can cause the jet to reattach downstream
of the s=dge of the knife resulting in 2 large increase in hysteresis. Data
summerized by Simson (Ref., 39, p. 131) predicted reattachment at larger
lateral setbacks (hence small § - see Fig. 65) with the present test model
for all but impractical knife-edge lengths. An alternative solution involved

placing large holes in the face plates in the region of the separation pockets.
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Fig. 63, Solution of Eq. {168) for Xo' = 4.36, AR = 3.92.
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from small
tivity of setback tolerance on op .-zting characteristics led to a micrometer
adjustment permitting easy changes to £, 001 irch accuracy. The problem
of leakage was particularly perplexing because the desired free movement

of .he knife edges prevented adequate sealing,

T'he dynamic test arrangement (Figs. 66 an!67) is similar to
that of the first annual report. To eliminate control line dynamics, the
contrcl lines are 2lmost negligibly short, although they were initially long
erocugh to insert plezoelectric pressure tranzducers. During static testing
and while adjusting the signal line supply pressure for dynamic testing, a
monome:er is added to the signal control line. The test rmodel has dimensions

given in Sec. 5,3.4.

5.4.2. Static Test Resuits

A large amouat of experimental data has been taken using the
present and earlier test models. Unfortunately, dimensional misalignment

and leakage problems limited the quantitative value of most of the results.

The upper instability limit (for R = o) as given by Eq. (164)
is plotted in Fig. 61. Setbacks are nondimensionalized with respect to
nozzle width. The results of two test runs at a supply pressure of 3.4% psia+
and with X ' = 3.89 are shown in Fig. 61. The smallest possible setbac.
used in practice to decrease the hysteresis bond cf the control, increasing

the gains.

From Eq. (168), d_ is plotted versus Y _'and C, in Fig. 63, for
the dimensions of the present test model. The experimentally determined
optimum orifice diameters for Y ' = 2.07 are plotted. Agreement ‘s fair
within the range of validity of the theory (i.e., incompressible fic . - Ps<2 in. Hg}.
Data points further up in the compressible range (6 to 10 in. Hg) are off the ~raph,

A sudden jump between 4 and 5 in Hg was observed.

+ . X
3.45 psi is the average stall-free pressure ratio across a single compressor
stige as determined in the first annual report.
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One of the principal objectives of the experimental study was to
cdetermire if the hysteresis cculd be reduced sufficiently to permit bi-
stable operation with the a vallable pressure swing {(PMAX - PMIN 0.1 psi).
This was done successfully and reported in the First Annual Report
{see Fig, 21). With the new test model, operation with vervy gmall
hysteresis was difficult due to cortrol port noise of the same order of
magnitude as the hysteresis. The signal (slightly filtered) from a
piezoelectric in one control port is shown in Fig. 68, Control port
resonance caused random flipping of the jet, the large jump indicating
jet movement. The increase in noise is possibly due to the sharp knife
edge. Tilting the knives at an angle less than 90° would probably reduce

the ncise.

Defining Gain as Supply Pressure times Recovery Ratio divided
by Hysteresis; with a recovery of 70 per cent, hysteresis within 0.1 psi,
supply pressure of 3.4 psi, the gain would be slightly greater than 24.

5.4.3. Dynamic Test Results

A primary purpose of the experimental study was to determine
the frequency response characteristics of the amplifier. In Sec. 3.2.1
of the First Annual Report, it was established that the amplifier must
have a frequency response better than 400 cps at 5 per cent modulation,
correaponding to a rise time of U.125 millisecond. The test results
reported in the first report indicated a maximum frequency response
of 260 cps at 37 per cent modulation and only 60 cps at 8 per cent
modulation. This corresponds to a rise tirne of about 1.4 milliseconds.
For the nozzle supp:y pressure of 2.94 (pressure ratio = 1.2) the nozzle
flow velocity is 598 ft/sec. Then with the lateral setback - 9.06 inch,
the transport time defined as 2}{0/Vn is 0.0167 millesec. d. Thus the
respcnse time is greater than 80 tranaport times which i8 much larger
than the results of Sec. 2.1.5. in the first report would indicate. The
discrepancy was attributed to dynamics associated with the long control

line.

In the new test model the control line was virtually eliminated.
The control ports however, were larger than before to permit instrumenting

each control port with a plezoelectric pressure transducer.
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Fig. 68.

Random Flipping of Jet Due to Control Port
Noise.
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The stall cell signals are shown in Fig. 20b of the first report.

of the gtall signal, the minimum pressure being lower than in the actual
case. The experimental input signal is shown in Fig. 69, The rise time
associated with the signal increase should closely simulate the rise time

with the actual signal.

Dynamic test results are shoewn in Fig. 70. The lower trace is
from the piezoelectric in the signal control port and the upper trace
from a piezoelectric placed downstream of the knife-edge as in tne first

report. The modulation Is approximately 25 per cent.

The asymmetry in the input signal is evident in the lower trace,
the rise time in one direction being much greater than in the other. The
effect on the upper trace is to lengthen the output pulse width. At 455 cps,
the control port transducer indicates sharp response to the larger de-

creasing pressure signal.

5.5. Conclusions

Experimental data enabling an assessment of the theoretical
stability criteria is incomplete. To avoid the dimensional asymmetry
and leakage problems a large scale test model should be constructed.

With such a2 model these extraneous effects would have less consequence.

The dynamic test results demonstrate the strong dependence cf
response on pressure swing. A reduction in size of the control ports
could increase the respcnse significantly. With the larger pressure
swing it appears that the response is adequate. By staging amplifiers,
using proporticonal devices in all but the last stage, the stall cell signal

could be arrplified to the necessary pressure swing.
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Fig. 70.
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6. DESIGN OF A TEMPERATURE-INSENSITIVE PNEUMATIC
OSCILLATOR

6.1. Introducticn

A ceonstant-frequency pneumartic osgcillator is a necessary element
in pneumatic logic systems and could form part of the basis of temperature-
measuring and speed-meacguring devices. The frequency of a really useful
oscillator should be insensitive to the temperature and pressure of the fluid.
The objective of this report has been the development of a fixed-frequency
preumatic oscillator which requires n- temperature control and only the

pressure contrel of a common regulator,

A very simple osciilator consists of a pneumatic jet amplifier
with transmission lined connected to its control ports in such a way as
to cause a dymamic instability. See Fig. 71. Since the velocity of scund
varies as the square root of the absolute temperature, the lengths of the
transmnission lines would have to be automatically adjusted over a large
range, and the adjustment would have to be very precise. The lengths
wevld also nave to be adjusted for pressure changes, since the entrain-
ment of flow and the velocity of the jet significantly affect the frequency

of oscillation.

Another oscillator is one in which a linear mechanical spring-mass
system {(essentially a tuning fork) ccntrols the frequency. Since the damping
is smail, thke frequency is limited tc the vicinlty of the natural frequency
oi the spring-mass evstem; co:npencation for changes in pressure and
temp::vature are smaller and need not be so precise. Yor this reason,
only oscillators controlled by spring-mass systems have been considered,
although an oscillator with a2 pneumatic resonator might be satisfactory

for scme purposes.

To meet the requirement of pressure insensitivity, the goal has
been driving pressure forces which are as nearly as possible in phase
with the velocity of the maegs so that they subtract from the damping forces
but neither add to nor subtract from the spring forces. Then the phasing of
the pressure forces would be independent of both temperature and pressure
except to the extent that the modulus of elasticity of the spring and the

dimensions of the vibrating system vary with temperature. The amplitude
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cf motion would change with pressure, however, requiring some non-
critical control to increase the range of pressures over which the device

would operate usefully.

6.2. Clrcular-Motiaon Oscillator

A disk on a shaft of negligitle mass can be made to vibrate (without

rotation) in a circular path. This motion can be considered as the super-
position of two mutually perpendicular lateral vibrations with equal ampli-

rudes and a ninety degree phase difterence. See Fig. 72.

From steady-state circular motion, the conditions for equilibrium

are
2 .
mrw = kr + G (169)
in radial direction

Brw = F (170)

in the tangential direction where
m = mass of the disk
w = the angular frequency of vibraticn
r = the displacement from the center position
k = the lateral stiffness of the shaft

G and F

forcing functions

Notice that if G = 0, then ¢ ="m F might be a function of r, (7).

Thus, if a configuraticn can be found which will provide a driving force
which is perpendiculir to the displacement at all points of the cycle and

of constant magnitude for any given amplitude, then the frequency of
escillation will be the undamped natural frequency of the disk-shaft system.
¥(r) might be a function of pressure and temperature, but only the amplitude

of oscillation is affected by changes in pressure and temperature.

The relationship F(r) might have a2 sharp cutoff at a certain amplitude,
r, as shown in Fig. 73. The equilibrium ampiitude is deterr.ined by the

intersection of the damping force and the F{r) curves.
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6.3, Probleras Affecling the Cornfiguration

3 "~ A f Al n e 21
of the circular moti of the radial

and pressure forces which aff=ct ti

®

effective spring constant. This will be

discussed in detail iater.

The second nroblem is that of the stability cf the circular-maoticn
equilibrium. It may be de3sirable .to substitute for the ideal F(r) another
F(r,9), where 0 is the angle or 5 wdt, For example, in the shaded portion
of Fig. 74a, F(r, Q) rnight be zero. Now the intersection of the damping
force and the driving force curves has no meaning except in a qualitative
way, and equilibrium moeotion is not strictly harmonic, although perhaps

very nearly so.

Assuming harmonic motion, it can be seen that the circular equili-
brium motion might be unstable. A slight increase in the amplitude in the
X -direction would, hecause of the siope of the Fir, 8} curve, result ina
decrease in the Y directlon driving force and, consequently, the Y~direction
amplitude. By similar argument the X-~direction ampilitude would increase

some more, and the final steady-state motion would be elliptical.

For certain applications, an ellintical motion would be acceptable,
but more often, circular motion is desired. If the number of regions of
positive driving force (shaded areas in Fig. 74b) is increased, then F(r,Q)
approaches - a ideal, conatinuous F{r)., For this case, a more careful analysis
is required to determin. the stability of the circular motion. Such an analysis
was motivated by initial experimen.al observations of sharply elliptical rather

than the deaired circular motiun.

5.4. Siability Analysis for Continuous Fir).

In this analysis the motion of the end support is taken into account.
it is assun.ed that the movable end suppor: of Fig. 75 moves up and down
without sidewise or rotational -.otion and that its motion is directly propor-
tional to tke motion of the vibrating disk. (We assume that the wire is stiff
axially}). The result is that *he effective mass, spring, and damping constants
for vibration in the radizi direction are different, generally, from those for

vibration in the tangential direction. (For pureiv circular rnoticn of the disk,

‘he end support does not mcve at allj,
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The kinematic equations are:

-

™:_ Y1 .
ispiacocinucnl = r u

i

=~

o
S

r |\

Velncity = i'ﬁr + rGu (172)

0

5—" - - « s _
Acceleration = E1 - rQ'_Ju + l—_Zi'O +r O_‘l u (173)
roo 4]

where Gr is a unit radial vector, GO is a unit tangential vector, and r
and Q@ are polar coordinates in the system whose center is the neatral

position of the disk.

Next, using only the radial acceleration, velocity and displacernent
and assuming linear damping, the dynamic squation for the radial directien

is written.

m_ ‘F - rOdJ + Brf + Kr=20 {174)

where r-subscripty refer to the radial direction.

Let
2 - Kr Br
W = c=—— ; 20 w_= ; (175)
r ror
m m
r r
then
(r' - r‘Oz) + 20 w F + w C r=0 (176)
“Prr T )

The dynamic equation for the tangential direction is

.7 .
mg [:r9+ 280 | + By rG - F(r) = 0 (177)

where O-subscripts refer to the tangential direction.
D=fine

Z_K B
w_ =

o) —s Zt_-.owo ——-——0 ’ ana f (1‘) = i {178)

i

©
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where F(r) is the continuous driving force;
then

{re + 2¥6) + 20, w, 10 - f (r) = O. (179)

¢

ir analyzing the stability of circular motion, we can linearize
equations (176) and (177) and investigate the effect of a ymall departure

from eguilibrium. Equation (176) becornes

A‘r‘-ZrOAG-OZArJr zgrwrz;i‘-& w’_z ar = 9 (180)
Now
dr
Af{r) = Ay = f'4r, {181)
dr

so Eq. {179) becomes

B Ar + A0 + 2FA0 + 2¥WAY + Zf’;g 9 Ar + 20, w.rAQ ~ f'Ar =

wg! be “b
(182)
For the equilibrium condition under investigation,
r is copstant
T=1r=20
= 183
e w4 (183)
@=0
80 that Fgs. (189) and (182) become
AT+ 20wt Hw 2 -w %) AT - 2rw AG = 0 (184)
rT r e e
. . . - i .
a0 + ZwOAr+ ?.LowrwoAr+ zgowr rAQ - flar = 0 (185)
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When the Eqgs, (184) and (185) are combined and the A9 .erms eliminated

{one differentiation involved}, the resul: is

r -
2T+ 2w (L +g)A'r‘+lw2*1+4z §)~3wziz_\i‘
' r \°r ) v ! “r2@’ 7 c
L ]
+Zr_., S 2, wz) 2w {t |aAr =0 (186)
LOr r ¢’ T 0 -

The stability of several situations might be investigated. The

simplest one is that for which

w, = wo ’ g = Lg (187)

(end supports rigid, supporting wire stretchable) and

L Ly<e ! (188)
(2 very reasonable assumption in any case of interest here). We now get

3 2 Z

(D™ + 4g° % Do o 4(.00 D + 4¢ wo) Ar = 2 wgf’Ar (189)
where
p= 28 (190)
dr

Figure 7is a polar plot cf the left-hand side of Eq. (189) with D replaced
by jw. The Nyquist stability criterion for this inverse Nyquist plot re-
quires, for a stable circular motion, that 2 w.f' have a value of the real

(o]
axia within the curve; for 3tability,

2 2 .
-6§°we < ft<?2 gwg {(191)

This result is expressed graphically in Fig, 77. The lower limit for the
cutoff slope, -—6§° wgz, is the one of interest., Physically, an instabiiity
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slope = +1/2¢, —v 1’ R,

Stable regio R =4 gg “,93

e
for ngf’ i

w =0

Fig. 76. Inverse Nyaquist Plot for System Without Lead or Lag.
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at this slope is not very spectacular; the path of motion merely begins to
becoine elliptical. Note, from the polar plot, that the frequency for

oecillations of ar abcut the equilibrium radius is Zwe,

The range of permissible cutoff slopes can be increased by intro-

ducing a lag into the driving function. At the operating radjus, we use

= —b (192)

to replace the {' previously used. Physically, this means that changes in
the driving force are related to changes in the radius at an earlier time,
i.e., at an earlier angle, 0, in the motion. If the lag angle is almest
ninety degrees, then an increase on the amplitude in, say, the X-direction
will result in a decrease in the driving force in the same (X} direction,

but ninety degrees later.

To find the effect of this lag upon the stability, the left-hand side
of E£q. (189) and the polar plot of Fig. 74 are multiplied by (jTw + 1)}.
It To>> 1l at w = wgs the w = ““\g point will be rotated count. rclockwise
almost ninety degrees, and the magnitude at w = w, will be multiplied by

9
Tw o The new polar piot is shown in Fig. 78. We find that, for stability,

3 .3 . 2
- Tw"<gh <2l o, (193)
and
- 3
N - - 1w
g’ o] Tew
min _ 2 - __9° (194)
£1 2 47
where
Twg>> 1 and L5 <<I1, probably. (195)
Of course,
gl
2 max . (196)
fl
max
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The ontimum lag is actually slightly less *han ninety deyreces and rotates
the point of maximum amplitude atw = 1.1505, to the negative real axis.
If the g' cutoft slope is too steep, the resulting "instability” has an
oscillation frequency w =~ w 5. This means that the motion is not elliptical
hut epicyclic.

Although the use of the lag provides for a mnch st-eper alluwable
cutoff slope and consequently a greater pressure range for satisfacicery

operation, its use increases the complexity of the oscillator. For this

reason, the oscillators built :nd tested all lacked the lag,

A lead could also be used and would be even more successful than

a lag, although it would make a still more complex gystem. In this case

af

= h'{TD + 1; (197)
AT

would be used %o replace f!' in Eq. ( 289), The polar plot would be divided

by (jTw + 1). The result (See Fig. 79) wouid be a stable systera for all

cutoff slopes and all pressures.

A gphysical interpretation ¢ these resulis is now given with theaid
of Fig. 80, which shows a hypothetical disk motion in which r. is ¢t large.
The simplest system senses the error in r, and corrects Ty by correcting
Fa‘ If Ty is reduced, r. in turn becomes elongatec, r. recd.aced, aud the
motion becomes elliptical. The system with a ninety degree lag corrects
r_. If T is reduced, r, is consequently increased mors, and the: motion
becomes eccentric. In the system witl: a ieac, r itself, rathe s than ’ts

innccent compler enta, is corrected,

Neow suppose that w, F ©,, but that Ly = L . Assume 3 system
like that of Fig. 81. If the amplitude of radial vibratior of the disk is §,
then the amplitude of vertical vibraiion of tl.e top support is approximately

62/L. The cffective mass¢ of the support as sezen at the disk is
52
Love By, (198)

6 L
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«nd the natural radial frequency is

—
o =1 K (199)
¥ &
$ m+ — M
L
1 the disk is vibratirg in a circular péth, the top support will not move
it all, so the tangential natural frequency is
K
w =
0 (200)

Rcuth's stability ~ .terion applied to Eg. (175) yields, for the lower
:imit of stability,

w w
W T 2, 2 ro. rz, - 2
.' - ":o"" go (u’r + ‘O ) "T (‘:r + go) wr 1 + 4t.>r':g) + 3(‘)@] (201)
L
o e

Aesuming {,rég <<l, this becomes

(4]
r

fr = (-1 0% =30 vl -2 (202)

W
° }
. 2 :‘y‘,
Now, with hindsight not yet available to the reader, we assume that

/L = 0.02and M = 20 m. ~s a result, ©_ = wo/l.4.

An application of Routh's criterion, Eg. (202), shows that for
tability, the steepest allowable cutoff slope is -3, 94§° woz compared to
6;0 @ OZ for rigid end supports and stretchable spring wires, or, equi-
alently, zero support mass. This indicates that it is necessary to

iinimize the movable support mass.

Extra damping might be given the vertical motion of the support.
. 2
: = n . 1 =
! we assume that gr = 1€ ;0, Eq. (202) shows that f min - 26.5 {‘0 wq .

he additional damping seems to be desirabie,
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6.5. Temperature Compensation

The frequency of the ideal circular-motion vscillator is not

afiected b changes in the p

n

hysgical
it. Changes in temperature will, however, change in the size and the

stifiness of the mechanical parts,

Changes in stiffness dominate changes in size. According to
simple beam theory, the lateral stiffness, K of a shatt is proprtional
to I:'ZI/L3 where I 1s the second area moment of the cross-section, E
i= the modulus of elasticity in tersion, and L is the length. 1 is pro-
portional to L4 at all temperatures, so K is proportional to EI. Figure
82 (Ref. 43) shows the variation in E with temperature for some steels,
Along the linear porticn of the curves,

-4
AE 2.13x10 (203)

EAT oF

From any materials handbook, a typical value fcr the cozfficient of linear

expansion of steel is

-6
AL _ 6.7x 10 (204)

LAT OF

For purposes of analysis, the change in size will be neglected. Fine ad-

justment of an actual oscillator can overcome this neglect.
Now we have

AK _  AE 2 x 0™

D (205)
KAT EAT op

If AT - 1000°F, then AK/K 20 per cent. This number will be kept in

mind henceforth. Notice that linearity is here assumed.

Of several possible mechanisms investigated for temperature
compensation, the only one that seems really satisfactory for such a

large-scale compeneation is the varying of the axial compression or
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6. 0.

tension of the supporting wires by means of a sealed bellows. V'ith

this mechanism, one end support can be made non-rigid, as required
for linearity of the vibrating spring, and the actual compensating motion
can be kept very small, although the force changes by a substantial

amount,

Figure 83 shows schernatically the oscillator with the beliows
temperature compensator. The bellows are designed to be flexible in
the axial direction and stiff in the lateral directicn. The vibrating disk
is supported for by four wire springs. DBecause of the parallelogram
action of the four wires, the net moment felt by the movable end support

is small, and the only force to be resisted is the lateral force.

Sealed chambers A and B encircle the axis. The gas in chamber B
is at a higher pressure than in chamber A. The pressure difference applied
to the movable support is proportional to the absolute temperature of the
gas in chambers A and B. With the spring of the bellows or with a separate
spring, the wires can be glven an initial compression. As temperature in-
creases, the stress in the wires changes from compressive to zero to
tensile. Since the fatigue resistance of the metal becomes less at high
temperature, the adjustment should be such that the compressive stresses

become zero at the highest temperature.

The use of two chambers, A and B, eliminates the influence of
changes in the environmental pressure. In some applications, one chamber
might be omitted. If the oscillator is subjected to acceleration, the counter-
balancing mechanism shown in Fig. 81 is necessary in order that the os-
cillator be insensitive to acceleration in the axial directicn. The oscillater
will still be sensitive to accelerations and vibrations in the lateral direction
to a degree depending upon its mass and spring constants. Because of the
sensitivity to forces in the axial direction, the oscillator driving arnd porting
mechanism at the vibrating disk must be designed so that the axial pressure

{orces, as weill as the radial flow forces, are kept very small.

Lateral Stiffness of the Springs as a Function of the Compresaion

For the cantilever beam shown in Fig. 84 the maximum deflection is

given by (Ref. 44},
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Fig. 84, Cantilever Beam with Lateral and Axial End Loads.

Fig. 85. Mcdification of Fig. 84.
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H
- . R V_E__I_ P L (206)
pri| P EI

This can be modified for the case of Fig. 85:

3
5= L EL L, |EPL_ _L (207)
p! v P 4EI 2

Equation (207) can be put into the form {Ref. 45)

R S _.Ei_ (_Eé_fi.&_:_e_ (208)
K.y Q 4 EI \ 3
where
2
a:V-——-—-—P,L (209)
4 EI

For P'= 0, (Klat )P’z 0 is 12EI/L3 from simple beam theory or by reducing
of Eq. (208). Then

3
a
K
_fet 3 (210)
e(iat) P=0 tana - a
Den Hartog then expands this in an infinite series:
< 2 2 2 2
T U P R T ) P -
1 1
(Klat)p: . 10 P 525 | 4 Py
(211)
Pl Pl 2 p! 3
=1 - 0,987 - 0.012 -0.001 ——— -~...
] 1
P crit P crit/ P'crit
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where P!t =77'2EI/L2 either from the Euler buckling formula or the

reduction of Eq. (210) for Kfat = 0.

. ' /Dt .

If K!at/(Kfat) p= o is plotted as a function of P'/P orit the function
s nearly a etraight line. Assuming that it is linear, and assuming a linear
relation between change in temperature and chzage in the modulus of
elasticity,

—

! )
K=K(1-asT) l‘l . ! (212)

o crit (1 -aaT)

where PO crit is the total buckling load for all the wires,

K and P .. are for T = 0,
0 c crit

AT = temperature change

(213)
AE
a = ’
EAT
and
To + AT
P=z cAPA| —m—— .} + C A2 (1 =aAT) (214)
o) T 0
o

where Po is the pressure difference between chambers A and B in Fig. 81 anad
Co is the bellows spring constant, both for AT = 0, and Af is the initial
deflection of the bellows. A!' is the area of the ends of the chambers. Then,

I
APO Al COAI I/ APOA‘ COAE a
+ AT (215)

- -a +
po crit po crit 4\ Tcpo crit Po crit//
\

K=K |1+
o

—

For temperature insensitivity, the coefficient of AT must be zero;

- 185 -




OO ot g
St n L Ve e

/
COAI APOA'
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P crit TP
o o ocrit
Sc then
APO A COAI
K=K |1+ - (217)
° P P
L o crit o crit

where K is the lateral stiffness of the springs supporting the disk. In the
physical system APO and Al are both easily adjusted. Hence both K (and

the frequency) and the temperature compensation can be adjusted.

The two assumptions of linearity made here, narnely a = a constant
and Ky = Kyadpoo|? - p/Pcrigl

«ompensation without a much more extensive investigation of the relation

cannot be justified for really precise

a, between modulus of elasticity and temperature. Assume a actualiy is
constant. For a 1900°F temperature range, the maximum P in Eq. (212)

is 20 per cent of P The deviation of Eq. (212) from a straight line over

crit’
this range is about + 0. 006 per cent. Remember, however, that a beam in
bending is a linear spring only for small deflections. The size of the assumed

linear range is related to the precision required.

6.7. Configurations to Provide Driving Force and Output
The {irst circular-motion oscillator designed and built consisted of

a flat disk suspended by four wires as in Fig. 86. The circular path of the
disk was in a plane adjacent to a plate containing air ports which were covered
and uncovered by the motion. Pressure was supplied to the housing for the
systern. Output lines were connected to the ports in the base plate. The two
crescent-shaped ports, shown in Fig. 86b and ¢, provided two outputs 180
degrees out of phase wiih other. (A photograph is shown on Fig. 87a).

The driving force for the disk was provided by vanes set at a spiral
angle around its periphery. The flow through the vanes was greatest at the
largest opening uncovered by the disk, and the flow force caused by the
vanes was always tangential to the direction of the displacement of the disk,
See Fig. 86¢.

When tested, this oscillator showed some sensitivity to pressure
because of two undesirable forces affecting the spring constant. One of
- 186 -
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these was the column loading on the face of the disk., The other radial

pressure force was a result of flow into the partially closed ports.

The flow furce on the edge of a plate closing a hole was measured
roughly and found to be generally as shown in Fig. 87. Because of the
skew of the curve, this radial force could not be balanced adequately by

the corresponding force on the opposite edge of the disk.

Another design was built and tested. The vibrating disk had
eight holes evenly spaced in a circle. Each hole was perpendicuiar to
the radius at that point but slanted with respect to the axis of the disk.
Thus, flow through a hole was giver a velocity a: 2 momentum in the
tarigential direction, The base plate contained another ring of eight holes
at a 3lightly greater radiua. See Figs. 88 and 89b. A displacement of the disk
frorn the center position resulted in a greater opening t>r flow on one
side than the other, and therefore, a taungential flow force. As the
amplitude became greater, however, the disk and plate holes overlapped.
less so that the flow force was reduced. The amplitude was noi limited,
though. After the circular motion attained a certain amplitude, further
increases ir pressure caused the motion to continue to grow with an
elliptical shape. The stability analysis was then made to understand this

phenomenon.

It seems reasonable to expect that the flow forces arising from flow
through 2 hole be legs than the flow forces on an open edge, since the re-
duction of pressure by Bernoulli flow is felt at least partially ail around
the interior of the hole. The first of the two oscillators just described
has a pressure sensitivity of about 1 per cent per psi supply pressure. The
second had a sensitivity of about 0. 02 per cent per psi. The comparison is

crude because the ogcillators were only roughly of the same size.

Both oscillators had the vibrating disk upstream so that the output
could be taken directly from the base plate, A simple experiment, the
results of which are summarized in Fig. 89, emphasized that it would
have been better to place the disks downstream.

An oscillator with a pneumatic lag in the amplitude-sensing mechanism

was considered but not built, even though the stability analysis had indicated
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that a lag was quite desirable. A possible configuration is given in Fig.90.
The holes in the upper disk whic.. meter the supply air are aligned with the
corresponding holes in the supply plate when the disk is centered, but be-
come more and more misaligned (orbiting around the supply hole) as the
amplitude of oscillation increases. The chamber causes a lag between
changes in flow through the upper disk and the driving force provided by the
vanes on the lower disk. The flow is in the proper direction for keeping the
radial flow forces low, and consequently, the osciliator as shown has no useful

output; auxiilary ports are necessary.

The third osc:illator bullt was quite the same in principle as the
second, but the flow was reversed. The disk was made very thin so that
the sides of the holes would not interfere with the flow (see Fig. 9la) and
vanes were placed immediately behind the holes to provide the driviag
force, as shown in Fig. 91b, Instead of being in a slightly larger ring,
the holes in the supply plate were drilled in line with the holes in the disk
and then half-plugged, as shown.

It is interesting to examine in greater detail the operation of this
oscillator and to examine especially the action of the amplitude cutoff.
Consider air flow in the configuration of Fig. 91b. The momentum of the
fluid flowing through the holes is WV, where W is the mass flow rate and
V is the velocity. If the vane is set at a 45 degiee angle, then the lateral
force on the vane is approximately WV/ﬁ This assumes that the flow
is straight through the holes, which is not strictly true. In fact, with
this assumption we overlook a small source of radial force which will be
discussed later. It is assumed also that the velocity of the disk is small
compared to the velocity of the air. It is, in fact, 30 inches/second for

wg = 500 cps at an amplitude of 0.01 inch.

The product WV/‘G 2 is now derived for both incompressible and
compressible flow. For incompressible flow,

v=\ 2F (218)

p

where AP is the preasure drop across the holes and p is the fluid density.
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W= pVA (219)

and

F = = = (220)

For isentropic compressible flow,

V=M VyRT (221)

where M is the Mach number, and y is the ratio of specific heats.

WV = pv2A = pAMEYRT (222)
Jsing the eguation of state
p = 2 (223)
RT
we get
2 \m?
"wr s 2 o
WV _  PAMTY _ p_/ (224)

BRI T
where Po is the stagnation (supply) pressure, and P is the pressure where
V is taken. From isentropic flow tables(Ref. 46) P/POMZY can be calculated,

and it is plotted as a functicn of P/PO in Fig. 92. For sonic flow (P/Po< 0.528),
P/P sz remains constant at 0.739,

In each of these cases the driving force, F, is proportional to an
effective area, A. Figure 93 represents the disk given an X-direction dis-
placement from its neutral position with respect to the supply plate. On
each vane the momentum force, which is proportional to the common area
of the supply plate hole and the disk hole at that location, is indicated by an
adjacent vector in the figure. Ideally the net X-direction force on the disk
is zero. This is not strictly true because the flow is given a slight deflection
in going through the holes and impinges upon each vane with a slightly different
initial angle. Setting each vane at a slight angle with the radius might correct

this.
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The net Y-direction force is the desired tangential driving force.
This net force is proportional to the effective area, A, which is the sum
of all the open areas multiplied by the proper angle cosines, This effective
area was obtained graphically as a function of the displacement and is

presented as Fig. 94.

In the stability analysis it was found that for @ _ = w°/1.4 the steepest
permissible cutoff slope is about twice the damping~force slope. In Fig. 93
3 straight line has been placed so that, at its intersection with the area curve,
this relation between slopes is met, The area curve is proportional to the
driving force, so the straight line is proportional to the damping force.

This intersection gives tne maximum amplitude of osciliation with circular
motion as 0. 66 times the diameter of the holes in the <Zisk, To find the
pressure range for the oscillator, a minimum uvseful amplitude must be
chosen. The ratio of the maximum to the minimum driving force is deter-
mined by the multiplier needed to make the damping and area curves inter-
sect at the minimum amplitude. If the minimum amplitude is 0. 35 times
the diameter of the disk holes, then the ratio of maximum to minimum
driving force is found to be 2.25. If the driving force is proportional to
the pressure (it is for critical flow and for incompressible flow), then the

ratio of maximum to minimum pressure is also 2. 35,

Different types of damping curve are shown in Fig. 95. The square-~
iaw damping i8 somewhat more realistic than the linear damping. The addi-
tion of Coulomb damping introduces a sitable 200-amplitude equilibrium point,

which can keep the oscillator from starting itseli,

Equating the driving force to the damping force, we get

1
P'A =21, wgz rm (225)

2
where FP' is a pressure function and m is the mass of the oscillating disk.

Since A is a function of the radius, the preceding equation can be

rewritten r
1
P'd - d ] (226)
20, w 2rn ...“_\_
¢ 0 2
d

- 194 -




Square laws and Coulomb damping

_— Square law damping

Aﬂ
2 .
d - Linear damping
r/d
Fig. 95. Other Damping Curves.
l
I
4
3
2
1

Y
v

0.5 1.0

r/d

Fig. 96. (r/d)/(A/d%) and (A/d%)/{r/d) Versus r/d.

- 195 -




RGN

s .2
where (r/d)/A/d”), a function of r/d alone, has been plotted in Fig. 96. The
term on the left in Eq. (2256) is independent of the size of the oscillator for

geomeirically similar oscillators. To show this, we write

| 4
EI d
— -3
© _w’ Ko L’ d ]
Q = — a j — a @€ ~—~——
m m i d3 d

This incidentally, is itself of interest, although not surprising.

Then

d d o1
20, wy * e
bgwg m Ly ~— ‘o
42
The damping force is
2 . 2
21;0 wg om «o d f.o

The air damping force is proportional to the projected area of the moving
parts and to their velocity, or for geometrically similar oscillators, dz.
Therefore,

Z;Q al

The internal damping moment is given by the formula

(227)

where

tJ'dct‘.ec:ou)0 «l

Hence the internai damping force, proportional to Md/L, is proportional

te
2
I < a2
cL
and again
2;0 xl
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Equation {226) would be used in determining the size of the oscillator for

a. specified frequency and supply pressure level. Some information about

Lo would be required.

6.8. Design of the Springs

The next task is the design of the spring support system for the
disk. A minimal size is desired. For each wire, considered as a beam,

the bending formula is

3
§ = 2L (228)
12EI
and the spring constant is
Q. IZE: (229)
& L
For the disk-spring system, the spring constant is affected by n, the
number of wires:
i2
K= 1B i2EI1 (230)
L3

where K is the spring constant, n is the number of half-wires, L is the
wire length on each side of the disk. For a round wire, the moment of
inertia, I, {s-,Tc4/4, where c is the wire radius. The maximum moment

on a wire i{s the product of the spring constant, the deflection, and the
length:

M = KéL (231)
max

The maximum stress is given by the relation

(232)
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Equations (230}, {231), and (232) combined yleld the two equations,

.2
L o,
€= —— (233)
12 ES
and \
2 4
L o
L3 12 ES
Equation (234) rearranged gives
5 K 126 \*
L™ = - (235)
3EnTT o
b
In operation,
- K
wg =\ — (236)
m
so that

Equation (235) gives the minimum length for a specified disk configuration,

natural frequency, and allowable stress.

6.9. Construction of the Third Oscillator
The output of the third oscillator was a flow of air modulated by

the vibration of the disk. The output air and the driving force air were
supplied separately. The modulation of the output flow was done by four
ports in the disk arranged in a ring at a larger radius than the driving holes
and vares. There -were corresponding ports in the adiacent stationary port
plates, and the result was a set of four valves similar to conventional plates
valves. In making four valves it was intended that different combinations

of the outputs could give a single-phase output with fraquency Wy push-

pull output with a frequency w , a push-pull output with frequency 2 wys

O,
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and a single output with frequency 4wo. Details of the porting are shown
in Fig. 97. The vibrating disk is detailed in Fig 98; Figs. 99 and 99a
show the whole oscillator, Detail drawings of all the parts are in the

Appendix,

The output valves were designed to balance the pressure forces on
the faces of the disk. Baffles were put in to keep the jets at the valve
openings from hitting the opposite sides of the holes and creating radial
forces. Leakage flow channels, placed around each of the driving flow
ports in the port plate adjacent to the disk led into an exhaust passage
in the plate. By placing a slight restriction in the exhaust line downstream
from the vanes and keeping the leakage flow exhaust line unrestricted, the
axial pressure forces ir the center of the disk could be balanced for a given
pressure and approximately for neighboring pressures. This was not done
in the tests of the oscillator, however, because the pressure sensitivity

was already quite low.

The starting point in the design was the choice of a frequency, a

convenient yet small amplitude, and a maximum allowable wire stress:
= 500 cps =TTx 10° rad/sec

0.010"(the hole size is roughly the amplitude)
= 60,000 psi with E = 30 x 106 psi

"

“o
d
b

The layout of the disk came next, and as a result,
m = 0,258 x 107> 1b.sec’/in.
n= 8

The value of K used was 120 per cent of the desired K .o zllow for an
initial 20 per cent compression of the wires at amblent temperature.

Equations {233) and (235) vielded a wire size of

L. = 0,706 in.
c = 0.00831 in.
diameter = 0.0166 in,
~4 2
Area = 2.17x 10 in.
I=0.374 x 10" 8 in. %

- 199 -




e
g

< N

(
777

e

S

77N

]

Al

\\\\;\‘\\L<

7/

)




Temperature-Insensitive Pneumatic Oscillator
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Investigation showed that for a wire compression of 20 per cent of
the buckling lcad, the maximurn bending moment is 98 per cent of that of
the uncompressed wire. The lesson is that for all practical purposes, the
maximum stress in the wire can be calculated as the sum of the compressive

stress and the maximum no-compression bending stress:

where o, is the fluctuating bending stress and 0. is the constant compressive

etress.,

In the actual oscillator, the wire sizes were

L = 0.72 in.
¢ = 0.0080 in.
diameter = 0.0160 in.
Area = 2.01 x 10™% in. ?
1= 0.322x10"8in.

4
4

We recall that the critical loiding of a single wire is

-
pr = MWM_EI (238)
crit >
L
For all the wires together, the critical load is
—_ 1
Perit = 4P crit (239)

Consequently, it was found that

P . = 1.841b.
crit

0.2 ¢ = 0,367 1b.
crit

0.2 P!
_ crit . 1830 1b/in.°

area

3

, 2
2 = (1.8 +62) x 107 1b/in. "~
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o
3
o9

= b
pcrit 7.34 1b,

0.2P ., =1.471b.
crit
An estimation of the linearity of the spring can be obtained using the
relation
. P
K= X 1 = —— (212)

pc rit

The axial stiffness of the wires is very great in comparison with
the axial stiffness required in the end support. Hence, for a displacement,
6, of the disk, the axial displacement of one end suppcrt, the other being
fixed, is 2 62/L. The column loading caused by this iisplacement, is the
product of the axial stiffness of the support and displacement, 2 K, 2/L.
The relative change in the lateral stiffnees at the disk is therefore

2K, 8
- (240)

L Pcrit

and is a measure of the deviation from linearity.

In this test model, the movable end support wae suspended on four
wires each 0.47 inch long and of the same diameter ac the disk spring wires.

For this case, Eq. {230) yielded

12n EI _

L3

K, = 52 1b/in

The mass of the end support was about 20 times the mass of the
disk. It has been shown that for this situation the maximum radius for
circular motion of 0. 65 times the disk hole diameter, the minimum
amplitude for operation is about 0.35 times the hole diameter., Then for
the third oscillator, the deviation from linearity over the range of operation
was

2 2
2K _(5 -6 )

a in
mex e = 0.05% per cent

L pc rit

- 204 -




The materials used were chosen for availability and machinability
and would not ke suitable for high-temperature applicaiions. The disk,
port plates, and end supports were brass, the springs were steel music
wire, and the housing was structural steel. The etfective diameter of the
spring wire was made larger where it passed through the disk by forcing a
short plece of hypodermic tubing over a slightly flattened portion of the wire;
the tubing was then pressed into the disk. Getting the wire mountings tight
and the internal damping to a minimum required installing the wires several
times. Even then the wires had s..ghtly different dampiug in different

direction,

6.10. Testing of the Third Oscillator

Figure 100 is a representation of the test setup. A more elaborate
setup would have been desirable but would have taken much more time than
was available. For convenience, frequency change was measured as a
function not of compression but of tension in the spring wires. All the air
connections were made with 1/16 in. I.D. plastic tubing. Properly, the
flows as well as the pressures should have been measured and the pressure-
flow characteristics of the tubing obtained so that the actual pressures at

the oscillator could be determined. Time did not permit this,

Each output line was equipped with a valve in series and a bleed
valve., 1he valves in series allowed the output lines to be opened to the
pressure transducer alternatively or in combinations. The bleed valves
adjusted the pressure and flow levels of the output. The valves were small

and simple, made with 6-32 screws in a plastic block.

There were three provisions for adjusting the position of the disk
relative to that of the facing port plates. The spacing between them was
adjusted by a screw through the base spring support and bearing upon the
bottom port plate, controlling its vertical position. The clearance between
the port plates was fixed by spacers. The port plates could be rotated in
the housing to adjust angular position. The lateral position of the disk could
be adjusted by adjusting the position of the top support for the springs. This
adjustment was extremely difficult; it would have been better to make port
plates adjustable laterally so that their position in all directions could be
easily adjusted by screws while the oscillator was running,
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The largest pressure signal at the output was obtained with the
output line bleed valves completely closed. The leakage flow in the
oscillator was more than the flow reguired for maximum output pressure.
The only output measurements taken were pressure measurements with

the bleed valves closed.

The output measurements were very disappointing., Figure 101
a and b, show five resulits for two different input conditions, stated there.
These were taken with the oscillator in the same condition of adjustment
which was the best adjustment obtained. Lack of good adjustment allied
with inaccuracies in the oscillator parts were probably responsibie for
the unequalness of the different outputs. Notice that the driving force
supply pressure for both the output measurements is quite a lot larger
than the output supply pressure. With these two pressurcs equal, the
oscillator would not run. Considerable damping was added by leakage
flow in the clearance spaces. This damping needs to be taken into

account in the design of an oscillator cf this type.

The result of the frequency versus wire tension test is given in
Fig. 102. These data were taken with the output supply shut off. The
curving of the line could well be the result of error in measurement.
Using equation (212) and the value of Pcrit = 7.34 1lb. obtained for this
oscillator, we find that for a loading of 10 oz., K should increase by a

—
factor of 1.085 and that wg should increase by J1.085 = 1.042. For no

tension the frequency was 486 cps. This times 1,042 is 506 cps. The
measured frequency for 10 oz, tension was, from the curve, 507 cps, and

from the data point itself, 108.5 cps.

These frequency measurements were made by counting the number
of cycles in oscilloscope photographs of leakage fiow in the output lines.
The sweev time was 2 milliseconds for 19 cm sweep. Better apparatus,
such as a precise electronic oscillator, could beat against the pneumatic
oscillator, indicating the short-time stability of the pneumatic oscillator

frequency as well as the long-term changes.

With the output air supply turned off, the frequency as a function

of driving force supply pressure was measured. As mentioned earlier
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Driving Force

Supply Pressure, psig Frequency, cps
22 484.0
26 485,5
30 486.0
34 485.0 ¢
38 484.5 |
The frequency figures are precise to not more than + 0.1 per cent, ‘:

or 0.5 cps. The largest frequency difference is 2 cps for a pressure

difference of 8 psi, or 0.05 per cent per psi.

6.11. Conclusions

Because of the output of the third oscillator was sc small, one
might conclude that it would be useful only for driving an amplifier,
probably cf the fluid-jet type. A different approach would, ther. ore,
be to assume that anything vibrating would be useful if amplifiers were
properly applied to it, and then to design something to vibrate with a
constant frequency. An oscillator driven as the second and third os-~
cillators were driven would merely use the exhaust behind the vanes to

drive one, two, or more amplifiers.

A poseible design of a very precise oscillator, and also one with
relatively iarge clearances, is given in Fig. 123, The amplitude would
not be large enough to pull the inner ends of the slots out of the air jets
or the outer ends into the i2t. Pressure forces on all surfaces per-
pendicular to radii would be nearly the same all around the disk. The
driving-force versus radiug curve would not turn downwards in the range
of amplitudes of interest, so to make the oscillator operate at ajl properly,

2 jet amplifier contrel zould be necessary.

Pitot (ubes set beneath the slots at the proper radius and connected
together would sense the amplitede and cause the jet supplying the oscillator

to flip aw2y frem its receiver port wnen the escilistion amplitude became
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almost ideal amplitude control if the lag inherent in the amplifier and
lines was not too large. As shown, output pickups would mirror the
amplitude -sensing pickups. Axial forces would be balanced by virtue

of the twin-disk design.

Two subjects which might be investigated are the effect of external
random vibration on the frequency of a circular-motion oscillator and the
effects of slight variations of spring and damping conastants with angle

around the oscillator axis.

6,12, Other Oscillators

Quite different oscillator designs were briefly considered also.
A preumatic lag causes oscillation in the device shown in Fig. 104, but
the driving force has a large component in phase with the flapper dis-
placement. Since the lag parameters are pressure and temperature
dependent, thic oscillator has an additional temperature sengitivity and
would need a good temperature-insensitive pressure regulator. Witha
bellows -column temperature compensator, it might be used if the re-
quirement for precision was not too great. It has, over the circular-
motion oscillator, the advantage of one-dimens:onal motion. Oscillation
might be angular, rather than translational, so that a properly balanced

oscillator would be insensitive to linear acceleration in any direction.

When the flow of a fluid is reduced, pressure forces are needed
to change the momentum; these pressure forces are in phase with the
velocity of the valve causing the change in flow. For the oscillator shown
in Fig. 105, the motion of the oscillating member toward one side increases
the restriction at a on one side and decreases it on the other side. The
fiuld momentum in region ¢ increases on one side and decreases on the
other., The pressure changes necessary to produce the momenturmn changes
have opposite signs on the two sides of the oscillating member, and a net
lateral force results. It is in phase with the rate of restriction change at
2 and the velocity of the oscillating member. DBy adjusting the restriction
at b, the net steady-state pressure moments active on both sides of the
oscillating member, including regions ¢ and g, can be reduced to zero.
Because of this sensitive adjustment, this oscillator would be quite sensi-
tive to changes in the downstream impedance and would have to be used in

connection with some form of amplifier. Furthermore, no convenient cut-

off technique for high pressure is apparent.
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7. FLUID DIODE SENSOR

7.1. Introduction and Summary

The concept of fluid diodes used tc sense the width of the wakes
behind compressor blades, along with initial results of a study conducted
by W. B. Bails, were given in the first annual report., This section is a

continuation which assumes the reader is familiar with that report.

W. B. Bails presented his thesis, ''r'luid Diode Sensor', in
September 1963+, and performed a litdde analysis thereafter. QOf the
three ’'large-~scale' dicde types tested, only one, the '"vortex diode',
gave 2 resistance ratio approaching the desired value. The flow was
‘urbulent. Xor corresponding small-scale mocels the flow was bascially
lamine r; all the resistance ratios were reduced, with even that for the
vortex diode being unsatisfactory. Nevertheless, dynamic tests were run,
with the realization that better diodes would eventually be needed. The
vortex diode appeared to nave a low cut-~ff frequency, rendering it useless

for the high {requency response required for blade-wak: sensing.

Sutsequently, A. A, Khaliq buiit a model of the Tesla diode which
was brifcly tested statically by F, Brown. The static operation was superior
to that of the other diodes, although a turbulent flow is still essentially
necessary. Further work should be done on these diodes, including dynamic

testing; they seem to be a practicai basis for a diode senseor.

7.2. Dynamic Analys's

The linearized dvnamic analysis was presented in the first annual
report. The nonlinear square-law analysis was carried so far as the step
responses of the resistance-volume combination, tut not tc the steady-state
sclution te the complete syuare-wave input. This latter is outlined briefly

below; complete detaiis have beer given by Bails in his thesis,

Taree solution domains exist: unsaturated, partially saturated, and

saturated. In the unsaturated case the individual step responses never reach

+ Available at cost from the Document Room, 3-156, Engineering
Projects Laboratory, M.I.T., Cambridge, Mass. 02139,
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the limiting values. In the partially saturated case the limiting value is
reached for steps in one direction only; it is reached for steps in both

directions in the fully saturated case.

The unsaturated case is shown in Fig. 112, Matching the response
segments head-to-~tail gives, in the steady state, the deviatior between

averaye and the iniddle value of pressure of

)
- P, 3 2] 3 2 T
P-P = S| =— - == talf,+ y . X +y’f1
2
a+y 12 12 leﬁz 2p |
— i
\ A
E 2 3 27
T R S D A I N (241)
L 12 P 125!, 2(3_}
J

in which

£ = 1 m U4 B 483 (242)
] 5 ,
£ 2 , 2
1+.¥._->(a A
2 8 4
. 43
. 2 2 \ 2 \ ]
Yy o X & ol e X o X
2 - Pm B 4p* 4 4p? g/ _|
£, = - \ = 1243)
’ P / 2 /2
f (1+_Y - X a
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For partial saturation in the forward direction, when

a2 y228 2 <L (244)
Y g
the solution is
[ -
P, | 3 , 5 / 2

P-P_= SR S Y - Y + 2a (245)

¥ a + Y ! 6 3 2 / i

S LA

In the negative direction, when

a=1l; y >28; a > 1 (245)
Y <
the solution becomes
A Pe T 5 2 2 (2 2y
P.P =_._.___..l- A - X +a+vy+ = N B | (247)
m a+t+ vy ! bBZ B 3 ‘\2 Z B
| o B
Finally, for the fuily saturaled case, when
a22; y=223 (248)
the =solution is sirnply
f ommnd ——
o pf s 3 .
P-P_ = ——| — (B -1)+a-y (249
a + ] 3 !
Y _
|
The solutions over-all domains for a particular value ! AT /Tavi = 0.7

are piotted in Figs. 112 - 115, In Figs. lle - 118 linear and nonlinear analyses

AT/'rav}

are ccmpared with some expe:.mental data Jor a small value of
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Fig. 112. Noulinear Analysis of Response tc Step-Function
"Unsaturated" Case.
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ysis of Prersure Difterence in Diode Sensors Wi

Opponsite Polarity ,A-r/'rw

Nonlinear Anal

Fig. 115.

7.3, Static Testing - Small-Scale Models

Three models of the nozzle diode were made, employing two basic
de ns, The two-dimensional diode, shown in Fig. 119b, was modeled
directly from the large-scale water~-table rnodels using three cascaded
nozzles. The other two diodes, shown in Fig. 11%a, were three~dimensional,
ard contained six nczzles each. The vortex dlode testes is shown in

Fig. 120a and the diffuser diode in Fig. 120b.

The flow through these diodes was norninally laminar, as shown by
Table 2 which reports the maximum Reynolds numbers., Since the flow in
the large-~scale models was turbulent, quite different nerformance would be
expected, and in fact was observed. Experimental results are shown in
Figs. 121 - 125, As mentioned earlier, only the vcrtex diode has even
marginally satisfactory static characteristics. Approximate corres-

ponding values of the linear and nonlinear parameters are given in Table 3.

7.4. Dynamic Testing - Small Scale Models

A schematic of the test setup is shown in Fig. 126, The rlotted
disk pictured in the first annual report was replaced with the disks pictured
in Fig. 127, since the first disk was deflecting the jet significantly. Typical
resulting dynamic pressures, measured with a 0.02-inch-diameter Kistler

piezoelectric transducer, are shown in Fig. 128,

The final experimental results »re given in Figs, 116 - 118 and
129 - 137. Since the static performances were already known, the principal
interest here is any upper frequency limit to the characteristics, Such a
limit is decidedly apparent for the vortex diode, which unfortunately was
the only diode tested by Bails with even marginally satisfactory static
performance. This limit apparently is inherent to the transient vortex-
forming process. Detailed discussions of the experimental procedure and

results are given in Bail's thesis.

The failure of the varicus diodes tested has led to the later work

on the Tesla diode,

7.5. Static Testing - Tesla Diode

The Tesla diode tested is8 shown in Fig. 138 and 139, Tests were
performed with hydraulic oil to achieve low, transitional, and high Reynoid's

numbers. (The characreristic distance used tc compute the Reynold's number
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is the narrowest width of the main channel, which is equzl to the depth

of the model, namely one-quarter inch).

The results are given in Fig. 139. In the laminar flow range
(Re < 100) the diode is almost totally ineffective. Its effectiveness in-
creases with Reynold's number as expected; the limiting value of the ratio
of presaure drops at high flows was not actually found, but must be near
5.0. This is adequate for useful fluid diode sensors, although a somewhat
higher value would be preferable. More stag 's of cusps should ..elp.

A fundamental cause of the fall-off in - ~rmance of fluid diode
sensors at high frequency can be traced to this ..eynold's number effect.
As frequency ascends, the flow rate of fluid slushing back and forth is
reduced, and the e¢ffectiveness of the diode consequently is diminished.
A satisfactory design rule would be to expect significant attenuation in
the performance of diode sensors when the peak Reynold's number falls
below about 2000. This may occur at an insufficiently high frequency.
Increasing the size of the device decreases this problem, but introduces

wave-speed limitations. A compromise optimum size must exist,

Photograph of Tesla Diode.

138.

Fig.
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Fig. 139. Results of Static Measurements of Tesla Dicde.
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