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ABSTRACT 

In this semi-annual report progress on a fairly large number of projects 

is described.    In general,   these projects deal with electromagnetic phenomena in 

plasmas and plasma-like media,  such as the properties of antennas,  excitation of 

electromagnetic waves in plasmas,  coupling of acoustic and electromagnetic waves, 

propagation through time varying,   raru'om media,   electron densities in shock waves, 

basic kinetic theory of ionized media,   instabilities in plasmas,  properties of labora- 

tory type plasmas,   etc.    A smaller group of projects deals with characteristics of 

transmitters and receivers for communication through randomly time varying media 

and with the problem of pattern recognition. 
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INTRODUCTION 

The ARPA-Polytechnic program is an academically oriented effort directed to 

the satisfaction of both the teaching needs of the Polytechnic and some mission 

oriented needs of the ARPA.    Faculty from several academic departments of the 

Institute have joined together in setting up a unified interdisciplinary program in 

keeping with the stated philosophy.    As a preliminary goal,   an attempt has betn 

made to institute and coordinate research and teaching efforts relevant to phenomena 

associated with hypersonic objects moving through the upper atmosphere and their 

detection.    To this end several departments have developed and are continuing to 

explore research and teaching programs bearing on physical,  chemi-al,  aerodynamic, 

electromagnetic,  and communication problems relating to plasma,   shock,   wake,   etc., 

phenomena associated with missile reentry. 

More specifically,  the Elcctrophysics department has reoriented some of its 

ongoing efforts in electromagnetics,  microwaves,   and plasmas in accord with 

overall planning for the ARPA-Polytechnic program.    Effects of plasma sheaths on 

radiation from antennas on missile cones and scattering from reentry missile wakes, 

for example,  pose basic problems whose understanding has given rise to a number of 

projects directed toward evolving adequate theoretical techniques and laboratory 

plasma facilities for their treatment.    In a coordinated effort with the Aerospace 

and Applied Mechanics department,   special microwave instrumentation and techniques 

for hypersonic flow measurements arc being explored and appear to offer considerable 

promise.    Furthermore,   the latter department is directing its attention to the 

measurement and theory of a variety of plasma phenomena associated with hypersonic 

shocks and their reflection,  in addition to studies of near wake flows.    Members of the 

Physics department have concentrated on understanding the kinetic basis for plasma 

dynamics and through studies of Landau damping and diffusion phenomena have 

attempted to contribute toward the development of an acceptable set of plasma 

equations suitable for use in engineering problems  --no simple task in view of the 

complexity of the phenomena to be described.    In its contribution to the ARPA 

program the Electrical Engineering department has concerned itself with fading, 
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random channels,   optimum detection,   etc. ,   and in collaboration with the department 

of Electrophysics,  with pattern recognition and the radar signature problem. 

More detailed accounts of the above activities are presented in the body of this 

first semi-annual report.    It should be recognized that a good deal of effort is being 

devoted to shaping up a unified program of relevance to DEFENDER; the present report 

still represents on!y a preliminary indication of what may ultimately develop.    In 

appraising the current programmatic trend,   one is struck by a definite inter- 

departmental endeavor of faculty versed in conventional electromagnetic,  microwave, 

aerodynamic,   etc. ,   techniques to extend and modify this knowledgeability for applica- 

tion to the type of plasma phenomena encountered in many DEFENDER problems. 

Projects that appear to be of more direct significance in this connection are receiving 

emphasis,  while others are being dcemphasized or transferred to other Institute 

programs.    By   vay of illustration,   the communications projects reported below are 

in the near future to be supported by other than ARPA means.    This process of 

shifting support depending on relevance to the DEFENDER program,   since the ARPA 

program is budgetarily a little over  10% of the Institute research effort,  is intended 

as a realistic administrative procedure for optimization of the Polytechnic 

contribution. 

The development of course programs for interdisciplinary training of graduate 

engineers in areas of interest to DEFENDER and the participation of Polytechnic 

faculty in ARPA Commitcee activities should also be noted. 

N.   Marcuvitz 
Institute Professor 



PIBMRI-1295. 1-6 5 

i.     PLASMAS 

Introduction 

The plasma dynamic phase of the ARPA program has the dual theme of creating 

viable laboratory plasmas with well-defined surfaces and of developing effective 

analytical tools for the description of dynamic phenomena within and on the surfaces 

of such plasma.    A primary motivation hereby if the experimental and theoretical 

study of wave propagation along and scattering (rom plasma interfaces with particular 

relevance to the effect of plasma sheaths on radiation from antenna-s and of 

scattering from ionized wakes. 

The utility of a laboratory plasma demands an understanding of the innei 

structure of the plasma,   i.e.   knowledge of the electron density,   temperature,   ionic 

constituents,   homogeneity,   anisotropy,   etc.  properties as well as dynamic and 

stability characteristics.    In this respect two distinct plasma structures,   the toroi ial 

discharge and the screen cathode discharge,   are be.ng investigated and reported on 

below.    Particular attention is being paid to the development of several diagnostic 

techniques for the measurement of static plasma parameters.    In addition,   the 

presence of dynamic instabilities within and on the surface of laboratory plasmas 

makes their study essential; the dynamic structure and oscillations within the plasma 

sheath are receiving detailed consideration and are reported on. 

The analytical understanding of plasma phenomena is of course dependent upon 

an unobjectionable and workable st-t of plasma equations descriptive of the dynamical 

and electromagnetic properties of a real plasma.    Studies of the BBGKY hierarchy 

deri/ed from the Liouville equation,   the validity and approximate nature of the 

Boltzmann-Landau equation,  and the coarser approximations of the macroscopic 

transport plus Maxwell equations continue to occupy the attention of a number of the 

faculty.    In these terms Landau damping,   diffusion,   electro-plasma waves,   electron 

beam excitation in plasmas are being stuöied in both the linear and nonlinear regime. 

A general study of nonlinear techniques for the solution of a class  of nonlinear plasma 

problems is also reported upon. 

N.  Marcuvitz 
Institute Professor 

_!  «JUMLUPi 
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i.2   The Plasma Laboratory 

Many of the problems concerning electromagnetic and acoustic wave 

phenomena in plasmas di.t^ussed in this report require theoretical as well as 

exnerimental efforts if their solutions are designed to apply to phenomena in real 

plasmas.    It it. therefore necessary to develop and study a number of plasma con- 

figurations that can be produced in a laboratory.    Through such studies it becomes 

possible to evaluate the applicability of certain theoretical assumptions and thus to 

determine the validity of tlieorctical predictions. 

Starting about a year ago from a number of nuclei,   a plasma laboratory has 

been organized and developed which is now supporting a range of experimental 

projects.    In addition to carrying out specific experimental studies,  which are 

described in parts of this report,   the laboratory offers the opportunity for training 

students in experimental techniques such as arising from the use of vacuum systems, 

microwave measuring techniques,   spectroscopic     techniques,   etc. 

The laboratory is equipped with a variety of vacuum stations,  high-power 

pulse sources,   electronic,   optical,   and microwave measuring instruments as well as 

a dark room for photographic work.    In addition,   a glass-blowing shop,   a model 

shop and a chemical laboratory provide supporting services for the laboratory. 

Another microwave measurements laboratory is also available for preliminary work 

which does not require the facilities of the plasma laboratory. 

Two general views of some of the facilities are shown in Figs.   1 and 2. 

Studies on the toroidal discharge,   described in Sections   1 . 2 to  1.4,   are carried out 

on the set-up shown in Fig.   3.     Langmuir probe studies of the screen catnode discharge 

are conducted on the apparatus shown in Fig.   4 and are reported in Section 1.5.    A 

microwave measurement bench is shown in Fi^.   5 which was used in connection with 

r   periments on Tonks-Dattner resonances described in Section 2. 3. 



PIBMRI-1295.1-65 

FIG.! (I-I) GENERAL VIEW FIG.2 (1-2)   GENERAL VIEW 

FIG. 3(1-3) SET-UP FOR TOROIDAL DISCHARGE FIG.4(l-4) SCREENED CATHODE DISCHARGE STUDIES 

FKi5(l-5)T0NKS-0ATTNER RESONANCES SET-UP 
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The rebatron discussed in Section 2, 10 and shown as Fig.   1 in 

Section 2. 10. I  is also part of the plasma laboratory. 

H.   Farbei 
Electrophysics Department 

1.2   Resistive Instabilities in a Toroidal Plasma 

Introduction 

This report describes the observations of two instabilities found within a 

toroidal plasma which is illustrated in Fig.   I.    The instabilities appear to be the 

WINDOW FOR 
OBSERVING 
"TEARING" 
MODE 

<. 

13 TURN OUTER WINDING 

13 TURN INNER WINDING 

IRON CORE 

Fig,   1 (1-6.) - Toroidal plasma bottle 
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resistive "tearing" and "gravitational" (Rayleigh-Taylor) modes described 
1 2 

theoretically by Furth,   Killeen,  and Roscnbluth    and Coppi,  Greene and Johnson. 
3 

The  "tearing" mode has been observed experimentally by Bodin   ,   and o* course 

many experimenters have witnessed the  "gravitational" mode.    For various drive 

currents and neutral pressures of hydrogen gas either the "tearing" mode can be 

observed along the z-axis or the "gravitational" mode can be observed along the 

r-axis. 

Physically,   a null or zero in the confining magnetic fieid is required to 

excite the "tearing" mode.    For the "gravitational" mode to be excited,   a small 

mass and a large magnetic field which is capable of accelerating the mass is 

required. 

Our effort .ias been concentrated on the tearing mode since there is much 

current theoretical interest in this mode and the critical null in magnetic field can 

be detected experimentally with little difficulty. 

The "Tearing Mode" 

The theory prebented in references  I and 2 relate the instability to T   ,   a 

resistive diffusion time,   and r    ,   a magnetohydrodynoL.ic transit time.    The 
H   -3/5       -2/5     u characteristic growth time is T r where 

•l-a2 , a(4-<r»1/2 

TR^~      and       TK^"      ~S 

and the units are in e.m.u. 

B is magnetic flux density in gauss,   • p> is the average mass density in 

oram/cc,   ^T,> is the resistivity in e.m.u,   and a is a characteristic dimension at the 

plasma in centimeters. 

If v,c choose to look al  the voltage and current in Fig.   2 at a time of one 

microsecond,   we find V -600 volts and I     5200 amperes.    Since the cross section of 

the plasma is about 2cm x 4cm VM- can compute <rI>. 

fv 
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ffiö CORE VOLTAGE 

500V/DIV. 

— 
■s» ■> 

J & "*> •v. 
[L _ _ _ 

■1 
V ^ i 

PLASMA CURRENT 

2000 A /DIV 

TIME:   .5/i$ec/DIV. 

Fig.   2 (1-7) 

<n> 
VA 

I2"R 

Substituting,   we find that 

where R is the average radius of the 
plasma (5 cm. ) 

8 
< 11 > - 2. 94 x 10 e. m. u. 

When only the inner winding of the toroid is excited,   B can be 

approximated by 

^  I 
o        , „4 

B =  -   ■■ x  10      in gauss. 

Using the numbers above we have B = 1630 gauss. 

From spectrographic analysis  of line merging we have a number density 
25 - 1 3 

of about 10       particle/cc.     Therefore <p>      9. 1 x 10 for the electrons. 

Now we assume that a characteristic length of the plasma is half its width 

or as=s2 centi neters for the purpose of calculating T     and r    .    Then, 
2 1/2    R 

4rta -6 , a(4TT<p>)       ,    -8 
T =«2x10       seconds and TIT      —1 z*— äS I 0       seconds. 

R       <n> H B 
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-3/5      -2/5       . 
According to the theory,   the characteristic time is  r -r .    Ouv 

R H 
values of r      and •      vield an e-fcldine   time of .25 microseconds basi'd on the data 

R H ' B 

obtained at one microsecond after the toroidal plasma was initiated.    For   lower 

currents or  larger  resistivity,   the e-folding   time would be larger.     Putting it 

another way,   the growth rate of the instability would be slower. 

Photographs taken with an S. T. L.   image converter camera and shown in 

Fig.   3   indicate    a growth that takes approximately two microseconds for the 

separation to become comparable with the plasma cross section.    This does not 

appear to be a resistive diffusion process since with the outside winding excited 

there is no separation of plasma,   yet the current,   number density,   and resistivity 

are about the same.    Thf significant difference is in the structure of the magnetic 

field.     With the outer winding unexcited,   the magnetic field on top of the plasma is 

weak; however,   when this winding is excited the magnetic field is much stronger. 

It is this difference that determines if the  ''tearing'' mode will be permitted or not. 

Recent measurements of axial magnetic field,   B   ,   show a null that 

propagates from the outer radius to the inner radius during a time interval that is 

consistent with the separation of plasma recorded by the image converter camera. 

Future  Work 

During the next period a complete space and time resolved record of 

magnetic  field and number density will be correlated in order to yield *      and '      as 
R H 

functions  of time.     The exponential growth rate will then be numerically integrated 

so that the actual motion of the  "tearing" mode can be simulated.     Also,   we shall 

measure the critical current  in the outer winding  required for the onset of the 

instability. 

These two results  shall either confirm the  theory as it now stands or at 

least indicate what refinements must be made to obtain better agreement between 
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theory and experiment. 

K. Stuart 
Electrophysics Department 
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1.3  Spectroscopic Study of a Toroidal Discharge 

Measurements of the relative intensities of the spectral lines of the Balmen 

series in atomic hydrogen may be used to compute the temperature of a discharge. 

A series of oscillograms of the light intensities in different regions of the discharge 

may be used to compute the discharge temperature as a function of t'me and 

position. 

If we consider radiative de-excitations from atomic states n and m, 

(n greater than m), to a third state i ,  then we can obtain the discharge temperature 

from the following relationship. 

KT = 
E   -E 

n     m 
g    A  .   A    .  I    . 

XL   Jkl     mi .jrm 
I 

(1) 

Inl /     (t      ) J g     A    . X 0m    mi   m     m 

where K io Boltzmann's constant,  E    and E     are the energies of the states n and m. n m 
measured with respect to the ground state; g   , g     are the degeneracies of these n      m 
states; A  .,  A    . are the Einstein transition probabilities for the respective m       mi " 
transitions; X   .,  X    . are the wavelengths of the lines,  and I  .,  I    . are the relative m      mi m     mi 
intensities of the lines.    We shall be dealing with transitions from the third, fourth 

and fifth levels to the second level. 

The underlying assumption behind Eq.  (I), and the condition necessary for 
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it to have any meaning,  is that the plasma be in a state of local thermodynarnic 

equilibrium.    Considering the plasma as a system of bound and free electron states, 

this me£,ns that theic is an equipartition of energy among not only the free spates, 

but at least several of the bound states.    Stated alternatively, there is local 

thermodynarnic equilibrium when the Maxwellian energy distribution which 

characterizes the free electron states extends downward into the bound electron 

states.    In a sufficiently dense laboratory plasma,  the collisions between the free 

electrons tend to randomize their motion and quickly bring about a Maxwellian 

distribution.    The free electrons dominate the electronic excitation rates.    In order 

for the excited states to thermalize,  their de-excitation will have to be primarily by 

collisional effects also.    For these states,  local thermodynamic equilibrium will 

exist if the collisional decay rates are much greater than the radiative decay rates. 

There will then be a balance between collisionally induced de-excitations from still 

higher levels,  avid collisional excitations into such levels. 

If we take the expression for the collisional decay rate of a level n, and 

set it equal to ten times the average radiative decay rate,  the following constraint 

is obtained for N  ,  the free electron density of the hydrogen plasma   : 

18/      X1/2 

«        7xl010f KT\ -3 Ne^~Tm\i^j    cm {2) 

E     is the ion;?^tion potential of hydrogen.    The following table gives the minimum 
H 

electron densities allowable for LTE of levels three and four,  for two different 

energies. 

KT,     v n N 
{ev) "(cm"3) 

1.0 3 
14 

1.7x 10 

1.0 4 1.5xl013 

0.5 3 
14 

1.2x10 

0.5 4 1. Ix 1013 

Measurements of the electron density will be made on the basis of Stark 

broadening by obtaining the ratio of the intensities of the beta line with a very wide 
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monochromator slit and a very narrow one.      It is believed presently that the 
15       -3 

electron density in the plasma under consideration is of the order of 10     cm 

Thus LTE should extenü down to at least the fourth,  and possibly the third level. 

He. ce our temperature measurements should have meaning. 

The above assumes that the plasma is time-independent,  which it is not. 

If we calculate the time necessary for thermalizing conditions between excited states, 

strictly on the basis of collisions,  it is much less than a microsecond.    However, 

since we have an exciting electric field initially ionizing the gas,  and driving the 

plasma,  it would probably be best to confine our temperature calculations to times 

after the current pulse. 

At the present time technical difficulties have been eliminated and 

measurements arc being made.    The system is being run at a static pressure of 

about 500 microns.    Measurements of the plasma current give us a value of 2900 

amperes at the peak of the ionizing current pulse.    All of the intensity oscillograms 

indicate two or more radiation peaks several microseconds apart.    The first peak 

probably corresponds to the excitation and de-excitation of bound electrons, and the 

second corresponds to the recapture and downward cascading of the free electrons. 

While the current pulse lasts for  jnly 4 microseconds,   the light seen lasts 

for at least 20 microseconds,  meaning that the plasma lasts for at least that long. 

This is substantiated by the greater than 20 microsecond duration of the difference 

coil voltage,  which indicates the plasma current. 

Reproducibility of data has bei-n a tremendous problem.    The system cannot 

be run for more than an hour and a half at a lime due to the slight leak rate.   1 micron 

per hour,   and the fact that by then silicon impurities are probably coming off the 

walls of the bottle.    During each run a complete set of data cannot be obtained.    It 

is found that the static gas pressure is the most critical variable.    When the bottle 

is refilled,   the slightest difference in pressure will tremendously change the light 

intensity oscillograms.    Figures  1,2,3,   and 4 and Table I represent as consistent a 

set of data as is possible under the present conditions. 
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Oscillograms of the   a, 0, y   lines of hydrogen 

Pressure:    500 ^Hy 
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Fig.  1(1-9) 
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Osciilograms of the   a, S, V   lines of hydrogen 

Pressure;    500 microns Hy 

Position:      7/8" from inside of window 
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Fig.  2 (1-10) 
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Oscillograms of the   a, ß, Y   lines of hydrogen 

Pressure:    500uHy 

Position:     9/8"  from inside edge of window 

2usec/box 

1. 0 volts/box 

2usec/box 

0. 5 volts/box 
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0. 5 vclts/box 
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2^sec/box 

0.02 volts/box 

Note: 
The lower curve in all 
figure    is the primary 
currei.. pulse: 
145 amps/box 

Fig.   3 (1-11) 
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Oscillograms of the   a, B» Y   lines of hydrogen 

Pressure:    500uHy 
Position:      11/8" from inside edge of window 

lu sec/box 

0. 5 volts/box 

Zusec/box 

0. 2 voits/box 

lu sec/box 

0. 2 volts/box 

2asec/box 

0.05 volts/box 

ß 

2asec/box 

0. 02 volts/box 

Note: 
The lower curve in all 
figures is the primary 
current pulse: 
145 amps/box 

Fig.  4 (1-12) 
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From the oscillo^rams the temperature has been calculated as a function 

of time for four different positions across the radius of the bottle.    We view the 

discharge through a flat window of diameter 1-7/8 inches,  which is approximately 

the radius of the toroid.    Positions are measured from the inside of the window. 

Table I 

T a(103 0K) 
ap 

T eY(103oK) 

Time Position Position 
(u sec) (inches) (inches) 

3/8 7/8 9/8 11/8 3/8 7/8 9/8 11/8 

1 4.03 7.42 

2 3.87 6.33 3.66 5.88 3.29 2.46 2.70 

3 3.30 5.98 4.32 3.39 2.46 2.36 2.12 4.22 

4 2.98 11.95 7.22 3.10 2.29 1.80 1.98 1.87 

5 3.02 4.91 3.99 3.02 2.64 1.99 2.08 2.38 

6 3.01 3.45 4. 16 3.01 2.56 2.23 2.06 1.68 

7 3.05 3.88 4. 16 3.01 2.64 2.16 2.04 1.97 

8 2.99 5.00 3.46 2.75 2.64 2.02 2.00 2.38 

9 3.06 4.40 2.98 2.73 2.30 1.91 2.30 2.46 

10 3.01 3.33 2.81 2.88 2.56 2.08 2.15 

11 3.07 3. 19 2.77 2.62 2.60 2.05 2.19 

12 2.84 3.04 2.77 2.54 3.39 2.19 2.34 

13 2.84 2.73 2.72 2.73 4.92 2.53 2.58 

14 3.06 2.85 2.67 2.78 4.92 2.89 2.74 

15 3. 18 3. 11 2.63 2.85 2.46 ^.53 

16 2.84 3.19 2.85 2.78 2.53 2.66 

The temperatures given for 1 microsecond should be taken with a grain of 

sail because the system is obviously not in thermal equilibrium.    Also the last two 

or three temperatures T      for 3/8" should be read warily due to the great experi- 

mental error in reading J    from the oscillograms. 
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On the basis of our analysis,   tht beta-gamma temperature should be the 

more correct one.    We see that except for periods late in the decay,   it is much less 

than the alpha-beta temperature.    This may indicate that the system is not in a 

state of LTE until a later time than was expected.    More light will be shed on this 

when the electron density measurements are completed. 

The general shape of the oscillograms for 7/8,   9/8,  and 11/8 inches agree 
2 

very well with those obtained by Hinnov and Hirschberg    in work done on the 

stellerator at Princeton,  with a plasma confined by a static magnetic field.    Note 

that the initial peak in our photographs occurs later as we move out radially across 

the bottle.    From the photographs we can calculate a diffusion velocity of about 

1x10    cm/sec.    Also note that as we move out the second peaks occur earlier. 

This has not been interpreted yet.    Another phenomenon to be interpreted is the 

fact that at 3/^ inches (also at 5/8 inches,   not shown) the peaks of the light 

intensities occur before the peak of the primary current pulse. 

R. M.  Eichler 
Electrophysics Department 
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1.4   Magnetic  Probing of a Toroidal Discharge 

In order to describe a toroidal plasma and its associated instabilities,  it is 

necessary to have an accurate measurement of the magnetic field about the dis- 

charge.     The fields are directly related to the plasma current flow and give more 

information as to the resistive instability process  (which visually is the splitting 

of the glow region into two rings in the z direction) and to the oscillations about the 

equilibrium position,   resulting when an outer winding is present,   which is important 

for the problem of plasma confinement.    It is hoped these measurements will sub- 

stantiate to a large degree the optical measurements that have been and are being 
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SMALL GLASS TUBE TO 
PERMIT THE ENTRANCE 
OF THE 50 TURN 
MAGNETIC   PROBE 

TOROIDAL 
DISCHARGE 
STRUCTURE 

LUCITE 
CONTAINING 
DISC 

CIRCUMFERENTIAL 
PROBES, 10 LOOPS 
OF WIRE 

PROBES  TO CHECK THE 
SYMMETRY AND STABILITY 
OF THE DISCHARGE 

Fig.   1 (1-13)  - Sketch of the tube and probe positions.     The small pie section 
cut-out is a portion of a complete disc.    (There is one disc on 
each side of the discharge structure,)    The probes on this pie- 
section arc repeated around the disc every 90° giving a total 
of four of these symmetry probe sets to a disc.    One set is 
positioned over the small tube to check the effect it has on the 
di scha rgc 
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performed and the theoretical descriptio. s which have been presented. 

The dynamic response of this plasma created within an electrodeless 

toroidal discharge tube is being investigated using a 1/16" by 1/16" 50 turn 

magnetic probe.    The probe and its associated circuitry are designed to give the 

largest noise-free response with the least amount of perturbation to the plasma self 

fields.    The probe is inserted into a small glass tube built into the z-directed center 

of the discharge structure.    The probe can be oriented in the three coordinate 

directions and gives information on the current distribution.    It will alsc be used to 

scan the outer surface of the structure. 

A difference current transformer measures the total plasma current and 

there are circumferential probes on the sides of the discharge tube measuring the 

average z-directed flux as a function of the radial distance and also the electric field. 

Other magnetic probes are positioned about lue discharge tube and give information 

as to the symmetry and stability of the discharge.    These measurements are being 

carried out at different pressures,  voltages,  and with and without an outer primary 

winding.    The tube and probe positions are sketched in Fig.   1.    The macroscopic 

motion of the plasma current can be studied by using a parallel outer winding. 

(To simulate the case of only an inner winding present,  a large resistance will be 

added in series with the outer winding.)   Considering the plasma and the windings as 

being infinitely long and infinitesimally thin concentric right circular cylinders 

oriented along the z-axis,  we may write the equation for the sum of the voltage 

drops in the loop formed by the two parallel windings (see Fig.   2). 

"^«"R.K 

Fig.  2 (1-14) 
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/here the capital R's represent resistances,   the small case r's the radii,  cp   . the 

total flux enclosed and the subscripts  1 meaning inner winding arr' 2 outer. 

Considering a 1 meter length of the model we can obtain an expressior. for the 

plasma radius at any instant of time: 

x - I     . 
prim 

1 

(IR   -I.R.Ht . 

. nr   I 
0 2  prim 

1 +1    - Total primary current 

Vh 
(2) 

where:   a ~ —  and   I -, —, 
r prim        1     2 

The basis for using such an idealized model to obtain the macroscopic 

motion of the current can be found in reference 2,  where Friedman,  by other field 

measurements performed on a similar tube,  has found close overall agreement of 

the experimental fields to those generated by a current sheet model. 

These measurements when completed will be used to create a more 

accurate model for the current ...JW.    Although not all of the measurements are 

complete,  Fig.   3 shows the probe response at different positions within the tube at 

6KV and 500 microns of H^..    It is oriented to obtain the B    component of the 
2 z r 

magnetic field.    There is no outer winding for this measurement.    It is seen that 

the values we find are much lower than would be expected from a current sheet whose 

field is given by 

I Uo    [       -1    z+d -1    z-dl 
B    = -—-   tan             - tan          

z      4^d L r r   ■* 
(3) 

where d is the plasma radius and r is the point of the field measurement.    If the 

values of the constants were substituted,   it would be seen that the probe should be 

measuring fields in the 100 gauss range.    These low readings may perhaps indicate 

that the plasma current is split into two almost equal current rings at this pressure. 

The glow region indeed shows such a splitting.    Further measurements are being 

made to substantiate this assumption. 

It has been noticed thai at voltages of the order of 3-4 KV and pressures 

of about 300 microns and higher (500u   is the highest pressure we've gone) there 
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B.     B    at 4 crti 
z 

7.2 gauss/box 
B    at 1 cm z 
1. 8 gauss/box 

B    at . 5 cm z 
1. 8 gauss/box 

B.     B    at .156 cm z 
1. 8 gauss/box 

Primary current 

145 amps/box 

1. 8 gauss/box 

Fig.   3 (1-15)    -   Probe response   {B ) at 6KV and 50,^ microns of Hydrogen. 

Time scale - 2iisec/cm,    The distances given are measurements 

of depth into the tube with   .156cm being the outer radius. 
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exist    two values for the plasma current for a given primary current and conse- 

quently two values for the plasma conductivity.    This can represent either two 

separate and distinct modes of discharge or two possible stable current configurations. 

It has been noticed that at the lower pressures there exists only one glow ring,  while 

at 300 microns and above, two rings exist.    It is proposed that at these pressures and 

voltages the plasma current can have either a one or two ring configuration,  each 

being equally probable.    This is being examined by field measurements.    Figure 4 

shows the plasma current as a function of the primary current for different 

pressures of  hydrogen.    It is seen that the total current is higher at 250 microns than 

at 500 rvicrons and the two modes may be seen on the lo.,er portion of the 500 micron 

curve.    Both curves seem to follow each other quite well. 

The many peaks and zeros seen by the probes as in Fig.   3 are as yet 

unexplained,  but it is hoped that when all the data is correlated,  a good idea of the 

instabilities and their cause will be obtained.    This would give us much information 

on the thermal pressures within the gas discharge and shed   new    light on the problem 

of magnetic confinement. 

J.   Miletta 
Electrophysics Department 
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1.5   Experimental Study of the Screen Cathode Discharge 

(Abstract of an M.S.   Thesis) 

Description of the Screen Cathode Discharge 

A.    The Discharge Structure 

This report describes recent work in the continuing study of screen cathode 
1 

discharges.       These discharges are important because they may be usedto obtain a 

.       ^ggs -   "IMBBP 
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plasma-electromagnetic wave interaction structure with free plasma boundaries. 

One screen cathode discharge structure currently under investigation is shown in 

Fig.   I.    The discharge structure is enclosed in a large bell jar (1)   .    The anode (c) 

REGION I 

REGION IT 

REGION HI 

Fig.   1 (1-1V) - Screen cathode discharge structure 

is a solid stainless steel disk with an 8 —': diameter.     The cathode consists of a 
4 

solid stainless steel ring (3) which contains a circular stainless steel screen (4) 

with a diameter of 8 ~" within its circular aperature.     The screen is composed of 
4 

The numbers in parenthesis refer to the numbered components in Fig.   1 
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10 mil wire  spaced  15 wires to the inch.    For most of the observations the plate to 

cathode distance was set at 1.45 cm.    A smaller pyrex bell jar (5) with an open neck 

is seated on the junction between the ring and dcrecn of the cathode.    A Langmuir 

probe (6) which can be moved up and down if incoiporated in the large bell jar.    This 

5 mil diameter tungsten probe is bent and has an exposed length of 1 mm. 

B.    General Observations 

Most of the experimental observations reported below were made by 
3 

H. Strachman and one should consult his Master's thesis    for more detailed informa- 

tion.    Two gases were used in the course of the investigation: one was aviation 

breathing air with a dew point of -37   F; the other was tank grade helium.    Although 

a steady discharge could be obtained for currents up to 150 ma,  most of the 

measurements were taken between 20 and 60 ma to avoid excessive cathode heating. 

The pressure ranges for a stable discharge were Tuite narrow being only 400 to 500 

microns Hg in air and from 2, 500 to 3,600 microns Hg in helium.    In all the experi- 

ments the cathode was grounded and the anode was approximately at 600 volts. 

in the screen cathode discharge,  as in discharges between solid electrodes, 

the normal and abnormal glow domains were present.    Of most interest is the 

abnormal glow region which occurs when the discharge current is greater than about 

20 ma.    Here the screen is entirely covered by the plasma.    Further increases in 

current appear only to increase the plasma light intensity and the depth of plasma 

penetration below the screen.    In this abnormal glow region three separate regions are 

clearly visible (Fig.   I).    Region I is the glow discharge which appears between the 

electrodes.    Striations of lighter and darker regions are visible within this domain. 

In air,   the dominant color of this region is dark blue,  while in helium it is greenish 

blue.    Directly below the screen a second region appears with a very diffuse radial 

boundary which extends to the outer t-dge of the steel ring on the cathode.    It is  of 

pink color in He.    In air,   region II does not appear;   it is merely replaced by a con- 

tinuation of region III.     The thickness of region II was observed to vary from 0. 54 cm 

to 1. 34 cm as the discharge current was increased from 20 to 60 ma.    Below this 

thin band of diffuse light is a much longer,   parabolic shaped glow,  which we call 

W^= j^jjf^ ■ -^BtK-Z^z-^ 
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reg on III.    It has a sharp plasma-gas radial boundary extending to the diameter of 

the screen.    The radius of this region and its light intensity diminishes as one moves 

away from the screen.    This region has a reddish-pink color for helium,  and an 

orange color with air. 

Experimental Measurements 

A.    Current-Voltage Characteristics 

In the first quantitative data taken,  the cur rent-voltage characteristics of the 

discharge were measured.    Although the air discharge was rather erratic in starting, 

onco the discharge was initiated the results were quite reproducible.    The current- 

voltage curves taken in helium all have the characteristic, shape associated with volt- 
4 

ampere characteristics for glo1    discharges with solid,   plane electrodes   .    The exact 

empirical equations relating the discharge voltage to the current density and pressure, 

however,  are different from those found for discharges with solid electrodes. 

D.     Total Light Output and Spectrographic Analysis 

A photomultiplier tube (RCA 6217) was used to determine the light output as a 

function of distance below the cathode.    A typical result of such a measurement appears 

in Fig.   2.     The peak of the light intensity occurs in region II. 

The spectrum of the three regions in the helium discharge was taken and 

compared to the lines in a helium Geissler tube.    It was found that all lines in   the 

anode to cathode region were present in the Gei&sler tube.   Regions II and III however 

contained spectral lines which did not appear in the helium reference source.    They 

also lacked certain line.i which were present in the Geissler tube.    The li. ^s which do 

not appear in the helium spectrum,   except for two spectral lines in region III, 

corresponded to various elements such as chromium which are present in the stainless 

steel scrc^en cathoje.    This implies emission of these elements from the cathode. 

The fact that a number of the characteristic lines do not appear in the region below the 

screen,   and that those which do appear are of varying intensities in the various regions 

is an indication that different excitation conditions are present in each region.    The two 

lines of the third region which have not as ye' been accounted for appear to be  the 

T " 
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hydrogen a and j5 lines.    Their appearance has not yet oeen satisfactorily explained. 

C.    Langmuir Probe Measurements 

A tungsten wire probe,  with a 5 mil diameter and an exposed length of 1mm, 

bent at right angles to the glass rod supporting the probe was used to obiain Langmuir 

probe characteristics of the plasma below the screen.    The probe and glass rod was 

mounted on a shaft with a vacuum seal and could be moved up and down.    Earlier 

floating probe measurements,   taken with a flush mounted probe,  yielded a peak in the 

floating potential at a distance of approximately 0.8 cm.  from the screen.    It is now 

thought that this maximum does not actually exist but was caused by the small current 

drawn by the probe.    Later,   Langmuir probe data indicated a fairly constant floating 

potential and space potential of approximately 110 volts up to a distance of 6 cm from 

the screen.    There was,   of course,   a sheath region immediately adjacent to the 

screen where the potential returned to ground.    A preliminary investigation using 

a Langmuir probe revealed a peak in the electron number density at about 0. 7 cm 
10 .3 

below the screen.    Here ttif electron density was about 10      electron/cm    and the 
o 

electron temperature was close to 10,500  K.    Typical Langmuir probe character- 

istics are shewn in Fig.   3. 

Future Work 

The investigations described above have greatly added to our knowledge 

of the screen cathode discharge.    They have provided information about stable 

operating points,   light output and spectra,   and given an indication of electron 

number density and temperature.    There is also work proceeding on other screen 

cathode configurations.    One example is the discharge described in the article 

Slot antenna in a plasma appearing in this progress report.    However,   more 

research is required to understand fhe physical processes occurring below the 

screen.    Many interesting questions remain to be answered.    Why is the discharge 

only stable in a relatively narrow pressure range?    Why are there two distinct 

regions below the screen in helium and only one region in air?    What is the significance 
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of the hydrogen a and g linos in region III?    Further  Langmuir probe experiments 

will provide data on electron density,   electron temperature,   and space potential over 

a wide range of pressures and currents.    It is anticipated that this information 

together v.'ith additional spectrographic study will lead to an increased comprehension 

of the screen cathode discharge. 

H. M.  Cronson 
H. L.   Strachrnan 

Electrophysics Department 
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1.6   An Air Filled Discharge Chamber 

(Abstract of an M.S.   Thesis) 

Purpose of the Work 

Scintillation counters using gases as scintillants generally employ 

noble gases.     For good performance,   the purity of the gas must be very high. 

Nitrogen and Oxygen are ronsidcred contaminants; even small 

quantities of impurities  (especially Oxygen) reduce the amount of light emitted, so that 

great care must be taken to keep scintillation free from contaminants. 

On the other hand,   air al atmospheric pressure has been extensively 

used in spark chambers  (also called spark counters or discharge chambers). 
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Such chambers or counters mainly consist of two parallel conducting 

plates,  to which a high voltage pulse is apolied whenever a charged particle trans- 

verses the gap.    A discharge then occurs along the path of the particle; giving a visual 

indication o. the particle track, that may also be recorded on film.    The passage of the 

particle is detected by Geiger counters connected in a coincidence circuit,  and the 

coincidence pulse triggers the high voltage pulse. 

In the discharge chamber developed by Cavalleri,   et al.,  and called 

light chamber,  the filling gas is a Penning mixture of Argon and Neon at about 

atmospheric pressure.    The ionizing particle goes between and parallel to two plane 

electrodes; the scintillation is detected by a photomultiplier and triggers a high 

voltage pulse (the pulse is actually a high-frequency decaying sinusoid).    The 

electrodes arc semitransparent (a conductive,   semitransparent coating over a glass 

plate),  and not in contact with toe pas. 

No spark actually occurs inside the chamber,  but only the multi- 

plication of the electrons in the tracks (called gas-amplification).    The luminosity of 

the track,  originating from the decay of excited states caused by impact with the 

electrons,   increases as the amplitude of the H. V.  pulse increases,  up to a value where 

it can he photographed on sensitive film.    The size of the tracks,   measured in a 

direction perpendicular to the applied field (as recorded on the film) is related both to 

the diffusion coefficient of the electrons in the gas and to the diffusion time. 

It is this experiment that we tried to duplicate in our work, except 

for the use of air as the filling gas. When air is used, a new feature is added; the 

attachment of electrons plays an important role in the operation of the chamber. 

Such a chamber may be a useful device for studying properties of 

gases,   especially if a number of refinements are included.    In this work,   only the 

study,  construction and optTation of a simple chamber are reported.    As it is, 

the apparatus demonstrates the possibility of using air as scintillating gas and of 

photographing the gas-amplified tracks of a-particles in air.    it also gives an estimate 

of the diffusion coefficient of energetic electrons in air,   and of the value of E/p 

necessary for the detachment of electrons from negative molecular Oxygen ions. 

m 
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All the experiments have been performed at atmospheric pressure; 

changing the pressure could be one of the steps to be taken to investigate further into 

the possibilities of the chamber as a tool for research.    Unfortunately,  lack of time 

has prevented us from performing such refinements; a number of suggestions are 

offered to interested researchers in the final chapter of this work. 

Abstract of Report 

A discharge chamber is described being filled with ordinary air at 

atmospheric pressure, and in which the tracks of a-particles can be photographed. 

For the operation of the chamber, a photomultiplier detects the primary scintillation 

due to the passage of an a-particle and triggers a high-voltage pulse in the chamber. 

The pulse causes a Townsend multiplication of electrons along the path of the particle, 

resulting in a great amplification of the luminosity of the track,  so that it can be 

photographed.    A number of such photographs are shown. 

The size of the tracks is related to the diffusion of the electrons; 
2      -I 

the diffusion coefficient of the electrons can therefore be estimated, (D - 0. 25 m sec    ), 

as well as the mean electronic energy (- 8. 8 eV). 

A study of the phenomena occurring in the chamber following the 

passage of an a-particie,  and following the application of the H. V.  pulse,  is also 

presented.    The study shows that, at the time of application of the H. V.  pulse,  the 

electrons liberated by the passage of the a-particle have become attached to Oxygen 

molecules,  and they must become free again before the multiplication process can 

take place.    There is a n-iinimum intensity for the applied electric field that produces 
4-1 -1 

detachment,   corresponding to E/p near 9x10    V m       mm Hg     ,  in agreement with 

the value found by other experimenters. 

The chamber has semi-transparent electrodes» through which visible 

light is 70% transmitted.    The photomultiplier is a 1c     noise tube,  EMI   9514-S,  and 

the photographic recording is made on Polaroid film,   type 410,  of sensitivity 

10,000 ASA. 

The apparatus a   \ circuitry used are described in the text, 

supplemented by a number of photographs. 
G. Gambirasio 

Electrophysics Department 
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1.,7   Interaction of High Energy Electron Beams with a Plasma 

(Abstract of a report in preparation) 

An important, fast developing technique of obtaining experimental information 

on laboratory plasma systems is by their interaction with high energy electron beams 

of significant density.   A systematic investigation of this problem, using plasma 

kinetic theory, is under way in which effects due to temperature,  finite boundaries, 

and inhomogenexties are considered. 

A paper has recently been submitted for publication in the Journal of 

Mathematical Physics.    The title and abstract follow: 

Application of the Vlasov Equation to the High Frequency 

Stability of Finite Relativistic Beam-Plasma Systems 

The response of a finite relativistic beam-plasma 

system tc small disturbances is analyzed using the coupled 

Vlasov-Maxwell equations.    It is shown that when 

ItD-kV   I >>u)   , where m   is the betatron frequency and V 
o 9 B O 

the drift velocity of the beam,  straight line orbits are 

sufficie-,^ accurate to describe the beam particle 

trajectories.    Dispersion relations are derived for a 

.finite beam and for both infinite and finite plasma configura- 

tions.    The effect of a finite but large beam radius is shown 

to increase the growth rate of the electrostatic instability. 

In the above paper the initial equilibrium situation was assumed to be that 

of an infinitely long electron beam of uniform density penetrating a uniform density 

plasma, both 'cylindrical with the plasma radius larger than the beam radius, and 

the plasma variously confined by a conducting and an insulating wall.    The thermal 

properties were described by uniform Maxwellian distributions. 

Current and future research plans constitute a systematic extension of 

these calculations: 



PIBMRI-1295. 1-65 36 

The dispersion relations derived above are being analyzed.   A 

systematic analysis is proceeding in which simple analytical approximations to the 

solutions of the dispersion relations are being sought in asymptotic regions of 

parameter space.    With these approximations as guides extensive machine calculations 

are foreseen in order to complete the analysis.    The ultimate goal is a complete 

graphical representation of the effect of temperature, finite radii, etc.  on the 

well-known instabilities as well as on any new instabilities that are uncovered. 

The method of the above paper has been extended to the important experi- 

mental case of the plasma being finite in length and having a density which decreases 

with distance along the direction of the beam.    The self-consistent field equations 

have been derived for finite beam radii and zero temperatures.    The limit of infinite 

radii has been fully investigated and has been found to be in complete agreement with 

a cold plasma theory based upon fluid equations.    Future work on this aspect of the 

beam-plasma problem consists in   (I)   solving the equations fur finite radii and 

analyzing the solutions for stability criteria,  (2)   generalizing to finite radii plasmas 

with confining walls, and (3)   including the effects of non-zero temperature.    This 

last aspect is extremely complicated and must probably await the completion of the 

following analysis. 

In the submitted paper and the extension reported above an initial state has 

been assumed in which the beam and plasma are already in equilibrium.    However, 

the specification of this initial state has merely followed the dictates of convenience 

and simplicity.   A more satisfactory procedure is to specify the beam and plasma 

properties before they interact (which is just a function of the electron gun device and 

the plasma producing machine) and then to follow the time development of the system 

from the first entry of the beam into the plasma.    The investigation of this problem 

has just begun using plasma kinetic theory in which the Boltzmann equation, with a 

collision term included,  is applied.    The aim of this investigation is to allow the 

specification of an equilibrium state (if one really exists) with more confidence. 

In particular,  the extremely interesting case in which the beam itself helps to produce 
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a substantial part of the plasma from the residual gas can be given a systematic 

development. 

G.  Dor man 
Physics Department 
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1. 8   Plasma Sheath Studies 

In a gas discharge,  the thin region which separates the plasma from any 

departure from charge neutrality is called the sheath.    The space charge density, 

electric field and potential distributions are all non-zero in the sheath making this 

region rich in nonlinear phenomena and difficult to analyze.   A knowledge of the 

physical processes in the sheath is essential for the full understanding of many 

problems in plasma physics such as electromagnetic energy coupling, confinement 

and diffusion.   Although much work has been done to determine the effect of the 

plasma medium on these processes,  the model of the plasma medium itself is not 

fully understood in regard to the methods by which the cold walls of a vessel actually 

contain the plasma. 

There is some question as to the existence of a d. c. as opposed to time 

harmonic,   steady state sheath surrounding any cold wall.    The doubt arises because 

of a physical contradiction in the boundary condition necessary for a d. c.  sheath 

- 

i 
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derived by Böhm  .    This Böhm condition requires that the ions reach the beginning 

of the sheath with a velocity higher than the effective sound speed of the electron-ion 

plasma.    Persson    in a study of inertia controlled ambipolar diffusion,  shows that 

there is no plasma diffusion mechanism which can accelerate the ions to this super- 

sonic velocity,  and thus the contradiction arises. 

In a computer calculation, AUis and Rose   have tried to match the plasma 

region smoothly with the sheath region.    Their calculation did not include the ion 

inertia term, which is by no means negligible at velocities near the sound speed,  so 

they avoided the question completely. 

The purpose of this present work is to find the ion velocity transition from 

sub to supersonic as the ions leave the plasma region and enter the sheath.    The 

method to be used is a perturbation scheme about the state of high velocity ambipolar 

flow.    It will show the effect of non-zero space charge on the ion velocity.    This 
4 

particular perturbation scheme developed by Freidberg    differs from conventional 

analysis in that one searches for the first order correction to a solvable nonlinear 

differential equation when a small nonlinear term is added. 

The analysis begins with the steady state,  hydromagnetic equations for an 

electron-ion system in a neutral gas background: 

The continuity equations: 

7. (n   v  ) = n v. (I) 
c -T? e   i 

V • (n. v.) = n.v. (2) 
1~T. 11 

The momentum balance equation: 

m n  v   • 7v   + kT  ?n    - -  t  n E-n v m  (v    +v.) (3) 
e  e—e      -e e     e e—    e—e    e    m     i 

m.n.v, • Vv. +kT.vn. = +1 ej n E-n.v.m. (v    +y.) (4) 
i  i—i      —i ii i—    i—i    i    m     i 

where the assumptions of perfect gas law and isothermal conditions have been 

assumed. 

^■T*.  .V""-"r'~ ' 1^*^. 
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Finally,   Poisson's equation: 

?• E      ^- (n.-n   ) <5) 
—      e i.    c 

o 

The quantities v      and v. are constants that approximate the momentum and ionization 
mi 

collision frequencies for charged particle-neutral collisions. 

Adding the two momentum equations: 

m  n   v   • Vv    fm.nv.«7v   f kT     n   + kT ^n   = I el (n.-n  )E 
e   e-v       —e        \   |-n       —i e     e i     i i     e — 

-m.n.v.(       +v.)-m  n  v  (v    +v.) (6) 
i   \—i    m     i c  C~T?    m     i 

Equation (6) suggests that if the electric field that exists between the electron» =>nd 

ions is strong enough,   the electrons drag the iuns along with them as they d.^iuse. 

Imposing this physical condition mathematically implies n   -n.-n    which forces 

v   =v. = V  from the continuity relations.    Equations (1) and (6) now form a self- 
—e —i  —o 
consistent set. 

' • n   V       n  v. (7) 
o—o      o  i 

n   V   ■ VV    +a   7n       -n  V   (v     f\   ) (8) 
o—o      —1> o        o—o    m 

,)" 
where a ~ *! ~—::: :    is the sound speed for the cU'clron-ion fluid mixture. 

'    '—»   +m.) 
c 

In one dimension.   Eos,   (7) and (8) can be combined so dial n    is eliminated. 
o 

leaving 
dV        V   (v    +v.)+a  v. 

o o    m     ii ,nx 

d\ a£-Vc 

o 

Equation (9) can be integrated to yield x as a iunclion of V   .    The plot of V   versus x 
o o 

is shown below,  where it has been assumed that the flow  starts from the middle of 

the plasma (x-0) with zeru velocity (V     Oj. 

/k{T^T, 
■re a ~*j ~—~-" 

V   (IT\   +m 
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MACH !,a 

SUPERSONIC  BRANCH 

SUBSONIC BRANCH 

*- x 

Fig. l(i-20) 

This curve,  obtained also by Persson  ,  has the physical implication that 

for particles starling from zero velocity,  the maximum diffusive velocity possible is 

Mach 1.    Two fac-s are evident from Fig.   I.    The first is that since multivalued 

solutions are physically impossible,  one is always restricted to stay on the blanch 

dictated by initial conditions.    Second,  there is no method for analytically extending 

this cui've to higher velocities under this neutral fluid model. 

In order to find the first order correction to the ion velocity due to a slight 

deviation from charge neutrality,  an expression for the first order charge density 

is needed     The electron momentum Eq.   (3) can be used to find the zeroth order 

electric field,  and the divergence of this electric field yields the first order space 

charge.    The results are 

(n.-n   ) 
i     e 

E ~ 
n2    V2 a   - V 

o 

(a2 + V2)[V2{v    H..)+a2v.)] 
 r       o    m     i i  

2      2 3 (a   -VV o 

(10) 

(ID 

The singularity in 6 seen in Eq.   (11) indicates that the assumption of a 

neutra. ambipolar diffusive flow at velocities near Mach I is erroneous.    Either the 
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assumptions <>f isuthcrmal conditions and constant collision frequencies must be 

abandoned or a perturbation scheme must be derived about a state of high velocity 

non-r.eutral diffusive flow.    Some preliminary attempts at imposing energy 

dependent collision frequencies and adiabatic equations of state fail to remove the 

sing-'iarity. 

It will be necessary,   therefore,   to match a solution in the neutral regime 

(low velocity) to one in the non-neutral regime (high velocity).    This is precisely 

the approach taken by Allis and Rose   ; however,  they neglected the ion inertia term 

that must be considered if the nigh velocity Böhm condition is to be met.    Persson's 

explanation of a phenomenon in his brush cathode is also unsubstantiated.    He 

attributed a discontinuity in light output to the discontinuity in ion velocity at Mach 1. 

Howe.er,  the model he used to derive this ion velocity discontinuity was that of a 

neutral fluid undergoing ambipolar diffusion and since a fluid cannot remain neutral 

n-ar Mach  I,   the existenc.   of the discontinuity is  in doubt.     To understand the nature 

of this trans-sonic  is the goal of this work. 

H.   Friedman 
Electrophysics Department 
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i.9    Pl.t.sina   Boundary Oscillations 

(Abstract of PIBAL Report No. 880) 

A theoretical investigation is being conducted on the excitation of plasma 
p 

oscillations in tin- plasma sheath close to the walls of a plasma.    It is well-known that 
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in the plasma sheath a strong d.c.  electric field is found and the electron density 

at the wall becomes very small compared to the asymptotic value which corresponds 

to the core of the plasma.    As a consequence if an oscillating electric field is applied 

perpendicular to the wah .,£ the plasma with a frequency smaller than the value of the 

plasma frequency in the core of the plasma,  an oscillation should be excited in a 

region of the plasma close to the wall.    In order to investigate the properties of 

these possible oscillations,  a preliminary analysis has been conducted assuming a 

plane geometry where the plasma is located in the region x >0.    On the basis of a 

linear macroscopic approach,   the time dependent values of electric field E,  electron 

density n,  and electron velocity u satisfy the equations 

2 / ,   dn \ 2 . 

9t m v   In     dx / n        n    Sx 
\ c        /    e        e 

~ + 7-(n  u) - 0 / (i) 
ni      c x      e 

SE _e_ 

o 

where e,m are the charge and mass of an electron; e    is the dielectric constant 
o 

of a vacuum,    a is th _' speed of sound in the electron gas,  and Y is the ratio of 

specific heats.    In Eqs.   (!) the effects of collisions have been neglected and the 

temperature has been assumed constant throughout the plasma,    n    is the equilibrium 

electron density which is related to the d.c,   electrostatic potential $ in the plasma 

through the equation 

kT o. n    - n   o (2) 
e        o 

where   k  is the Boltzmann constant and   n     is the value of the equilibrium electron 

density at large distance from the wall.    Thus the potential is assumed to be zero in 

the core of the plasma.    If a negligible electron cur;ent flows toward the wall,  the 

wall potential is negativ«» and large compared to kT/e.    The local value of f is obtained 

by solving the equations which govern the electron and ion motion in the d.c.   si.uation. 
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Assume now a solution of Eqs.  (1) of the form exp(iuyt).    The amplitude of 

the electric field satisfies the equation 

0 (3) 
d2E 

dx 
y \n     dx / dx        2  \       2r 

where m   is the local value of plasma frequency.    The solution of Eq.   (3) may be 

written in the form 
1 

2Y 

-{rY y" \ of 
(4) 

y(x) is a solution cf the equation 

2 
AZ Z 

A   2 2 dx       a 

U) 
_o 

1  --^f(x) 
X 

y = 0 (5) 

where m    is the value of the plasma frequency at large distance from the wall and 

where 

^'4 [(-7) enu^r'^i,,^,"2.^ 

e# 
kT 

(6) 

(7) 

One observes that f = 1 at cp = 0.    As the potential decreases, f (x) decreases to a 

minirmim value, after which it increases again for large negative values of <p. 

Fig.   1 shows the values of ¥ versus cp for the particular value Y = 3.    The minimum 

value is reached at about cc - -3,  where f ~l/3 .    Thus a resonance is possible mm r 

with plasma oscillations confined to a small region close to the wall as long as 

1 > -^ > |y 
mm 

1 
(8) 

The reason for the minimum possible value of resonant frequency is the fact that as 

the electron density n    decreases,   the d.c.  electric field increases.    As a consequence 
= 

"r 

S. 

,-^P^ 
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^   0.5 

-15 

Fig.  1 (1-21) - Function  ty  versus potential in the plasma 

a minimum frequency cutoff arises due to the electric field in a way similar to the 

sound wave properties in an atmosphere which is in equilibrium with a gravitational 

field.    Condition 8 shows that only a relatively narrow range of resonant frequencies 

close to uu   are possible, 
o 

Detailed numerical solutions of Eq.  (5) have been conducted.    The results 

are plotted in Fig.  2, where the coordinate ? represents the coordinate x normalized 

with respect to the Debye length in the core of the plasma.    The predicted 

oscillation is shown,  and two resonances are observed at ~~ = . 75 and at rr" = . 95. as. u>. 

Only the former is shown in Fig.  2. 
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The calculations will be extended to include the effect of electron 

co'l'.sions.    Furthermore,  a theoretical analysis will be conducted to assess the 

range of validity of these solutions. 

S. Schwartz 
M.H.  Bloom 

Dept.  of Aerospace Engineering 
and Applied Mechanics 

M. Abele 
E lee trophy sics Department 

I 
I 
5 

1. 10   Perturbation Procedure for Nonlinear Plasma Equations 
I 

The study of plasma physics has possibly brought to light more than ever 
i 

the need of a method for solving nonlinear differential equations.    One of the most 
1 

useful techniques which has evolved is due to Krylov and Bogoliubov  ,  and later 
2 

refined by Bogoliubov and Mitropolsky  .    Their perturbation procedures were con- 

cerned with solving an ordinary linear differential equation with an additional small 

nonlinear term.    Recently,  this technique was extended to cover certain linear, 

partial differential equations with a small nonlinear term by Montgomery and 
3 

Tidman  .    The underlying feature responsible for the success of the above techniques 

is the removal of secular terms which appear in the expansion procedure. 

We have attempted to utilize this feature to solve a class of problems de- 

scribed by an ordinary nonlinear differental equation with an additional small nonlinear 

term.    Motivation for solving this type of an equation has arisen in connection with 

the following physical problems: 

1. The effect of temperature on the propagation of nonlinear waves 

in an electron plasma. 

2. The effect of temperature on the nonlinear stabilization of the 

electron-ion two stream instability. 

3. The nonlinear effe'.ts of dispersion and temperature near the 

upper hybrid resonance. 

4. The stability of a class of nonlinear plasma wave». 
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A more detailed description of these problems will be given later. 

However,  we state that the answer to each of the above problems is contained in the 

solution of a generalized equation of the form 

dt 

deg 
where f and g are known functionals of cp and ~,  and e is a small parameter. 

The essential difference that arises when applying a perturbation procedure 

to Eq.   (1) as compared to the eq lation treated in references  1, 2 which is of the form 

dt 

can be stated as follows.    The expansion procedures used to solve Eq.  (2) result in a 

set of linear,  inhomogeneous    differential equations with constant coefficients while the 

expansion procedure which we c.ilize to solve Eq.  (1) results in a similar set of 

equations,  except with variable coefficients. 

Brief Description of the Expansion Procedure 

The four applications given above are concerned with the periodic solutions 

of Eq,   (1).    Thus,   the first .step in the procedure is to define a normalized time 

variable ? = x*t such that,  if periodic solutions do exist,  then %>{%) - qp(5+2n). 

as follows: 

2 
Next, cp(?) and u    are expressed as asymptotic series in the parameter c, 

^go+^I +e
2cp2—-. (3) 

./ = /{l +^6 ^a2e2 ) (4) 

In tnc applications considered,   it has been found that even in the simplest 

problem,  the algebra becomes prohibitive after the first correction term.    As a 

result,   only this term has been considered,  although in principle,   the higher order 

terms could be calculated by continuing the procedure. 

— -'--'-'■J-—^IIIIIIIJW^I     ^=^^a^^^^^^. 
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The expansicms in Eq.  (3) and (4) are then substituted into Eq.   (1).    Upon 

equating each coeflicirnt of €    equal to zero,  there results an infinite set of equations, 

which are to be solved subject to the initial conditions given by 

cp(0) = A   +CA, +  (5) 
o 1 

t<0> = VEBi + —■ (6) 

In order for the perturbation procedure to be useful we must assume that 

the solution to the zeroth order equation,  given below,  must be known. 

. d CD / dco  \ 

o  d?2        \ o    o d? ; 

2 
(Clearly it is not feasible to expand about an unknown solution. )   The constant tjj 

o 
is determined by the periodicity condition cp{0) = ^(2Tr).    Physically,  this corresponds 

to finding either the frequency of oscillation,  or the dispersion relation if one is 

dealing with waves. 

With this background,  the perturbation problem can now be stated.   Given 

a differential equation of the form of Eq.   (1) which has a known zeroth order solution 

(i.e.   € = 0),  $ (§),  satisfying qo  (0) = A    and -77- - B   ,  and which is periodic with 

period 2TT,  then find the first order correction to this solution,  Cp, (|), which obeys 
d^Pj 1 

cp (0) = A    and -~r* (0) = B   .  and which exhibits no secular behavior. 

As was previously stated,  the equation for cp {§) is a linear,  inhomogeneous 

differential equation with variable coefficients.    In general,  an equation of this type 

cannot be solved.    However,  in this expansion procedure,  the variable coefficients 

depend on cp {§) in such a manner that an exact solution for CD, (?) can be obtained, o 1 
Without performing the steps,  the result is 



PIBMRI-1295. 165 49 

V?) 
a,      dtp       d?p 

2   b  d?        d§ 
e dg 

"6    (dcp  /d§') 
o 

.    S     -a(?').,/?'      /(,^ dcp dcp 

"2.   ^^7^2.1   C dT^o^o df7^ tu    b  (dcp   /d§   )    b 
o o 

where k   =~i .  k   -B.B   +-~f(A  ..y  B  ).  and a{?) = ~- f 
IB 2        I    o      ^ o     o   o 2.1 

dcp 

5 5f{cp ,w -JIT) 
o    odg        ,„ / 

"   • ■■ de . 
ID o 

u    o    Ö(dc?  /d§   ) 
o o 

(8) 

Secular behavior is clearly exhibited by the first term on the right side of Eq.  (8). 

Since cp (?) is assumed to be periodic, the term k, —rz- exhibits no secular behavior, 
o i   as 

We have shown that a necessary condition for this perturbation procedure to work 

(which has been satisfied by ail physical problems encountered so far) is tha^ the term 

dcp    |     -a(?'U  o   p   e dg 

d? i (dt» /d§)2 

c 

(9) 

be non-secular in behavor.    Hence the only remaining term in Eq.  (8) which can 

exhibit secular behavior is the last one, which depends upon the form of the perturbing 
d5>o 

function g(a)  , l»  "TT").    a, is then chosen to eliminate this secular behavior.    As a 
o    o d| 1 

result we obtain the following two conditions: 

1 
2r     .a(F) 

a. 2 
)  1 
o 

2n 

UJ TT  ö   (dcp /d?) 
o O       " 

/, d^) 
 <■ 

d§ 

dcp 
r 

o' "o d? 

dx 

\ 
a(g)     o 

j,   r    a(§')     o o      # 

dcp 

d§ «(v%7r)d? = 0 

(10) 

(ID 

The value of a, is the first order correction to UJ  .  and as is seen from 
I .       dtp. /       ,i*o\ 

Eq.  (10),  depends upon the perturbing function glqp  , ~jp~|' 

cp  , -—- ) 
o   d?   / 

dcp 
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which must be satisfied in order that cp.C?) have periodic solutions.    Physically a 
dfPrA 1 

I      dfpo\ 
certain condition on g|«p  .-rr-jnmst be expected,  or else any arbitrary perturbation 

term added to the original differential equation would lead to periodic solutions.   As 
/    d,M 

an example, periodic solutions would not be expected if glcp ."^"jcorresponded to a 

frictional loss. 

Summarizing,  a nonlinear equation with an additional small nonlinear term, 

whose zero order solution is periodic, will have a first order solution that is periodic 

if Eqs.  (9) and (11) are satisfied and if ou .  the first order frequency correction is 

chosen according to Eq.  (10).    The first order solution, cp.f?),  is given by Eq.  (8). 

Applications of the Perturbation Procedure 

1.    The effect of temperature on the propagation of nonlinear waves in an 

electron plasma. 

It has long been known that traveling wave solutions to the cold plasma 
• 2      2 

equations exist obeying a nonlinear dispersion relation given by uu   -uu .   Although the 

physical significance of these solutions is highly questionable, we have attempted to 

find the first order temperature correction to these equations,  primarily to achieve 

facility with perturbation technique.    The equation to be solved can be put in the form 

uu   d?     2 u)   d5    u 
P P 

_    N e2 .22       , 
2       o K a Z 

where ou   =—-—, e=—r—,  a   = thermal speed, u = normalized electron velocity in the 
p    mC c. 

o uu 
wave reference frame.    Upon applying the perturbation technique to this problem, we 

have found the first order correction to the dispersion relation, which is given by 

uu 1^2 

2 2 2 5/2 *    ' 
ID (U        (1-A   ) 

where A    is a normalized amplitude and | Aj < 1-c       .    This result agrees with 
4 

Wilhelmsson   who performed the calculation by a different procedure. 
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2.    The effect of temperature on the two stream instability. 

It has been shown    that there is a narrow range of wave numbers,   k,   for 

which the electron-ion two stream instability in a cold plasma stabilizes in the non- 

linear limit.    As a result it is desired to determine what effect finite electron and 

ion temperatures have on this narrow range of stabilization.    The nonlinear equations 

describing the plasma are given by 

e 2      2 
_£. i2 ay    d    1 /in 
Tae~~IT U4) 

JU       dr     u 
pe pe     '       e 

2     ,2  u      /a        a \ 
U)       d       e    /   e      _j\ 

/    dC2   2     \Üe"Ui/ 

2 

Pi 

2 
2 u.    /a       a.\        e.    ,     z   A

z   , 
d      i , I , e     __! \       _i.   2   ü    _d l_ 

Jff2  2     lu    " u"/    '   2 ai     2     1#2    ?. 
d? \  e        i/ t   .   d?    u. 

pi     -       i 

(15) 

nv       
where the subscript e(i) stands for electrons (ions),  and a - 1 -~sr,   n is the average 

particle density ^nd nv'the average particle flux.    The results of this application 

are not as yet conclusive.    However,   our calculations indicate that the integrals can 

be explicitly calculated for this case. 

3.    Nonlinear effects near hybrid resonance. 

If one calculates the power radiated by a single charge moving at a constant 

ve'ocity in a magnetized plasma,   one finds that this power is infinite.    To resolve this 

problem we take into account both temperature and large amplitude effects near the 

upper hybrid resonance.    From the linear theory we know that the former effect 

introduces coupling between the electromagnetic and the acoustic mode.    From other 

nonlinear problems,  wc expect the nonlinearities to limit the amplituae of the wave 

below a certain value above which a collisionless shock forms and all orderly wave 

energy is rapidly thermalizcd.    The equations describing the behavior near hybrid 

resonance are given by 

2     2 
a;  +&   d? p    c 

^   v2      n      I, 
e 2 
_L_L    _L_ 
2      5        2     2 

v        x  +J; p    c 

-fr(u  e  ) +— e 
d^    y  y       a;     y 

(16) 
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, 2 de (ju   u 

d§        e2    2  v U   ' 

du        tu      , 
—X,-£.(!.!) S0 (18) 
d?        uu    v 

eB 
where v and u    the normalized velocity components X to the Tiannetic f'.eld,  m   -' , y uj. J. c    ** 
e    is the normalized electric field,   e    - —-r— ,   €_ =    "   , .    This formidable set of 
y \ c c     , c.  i. 

(M k  c 
nonlinear,  coupled   differential equations has been solved to first order in £    and e   . 

Much work has yet to be done to understand the significance of the solutions.    However, 

a great bulk of the calculation has been completed and we present here the nonlinear 

dispersion relation correct to first order in £    and e_. 

- 2  2 

-t-Z-1* 2 5/Z-gZ-fT2(I-A) W 
it, -ht, (1-A ) (uu +ii ) 

p    c P    c 

4.    Stability of nonlinear plasma waves. 

In the preceding three applications    we have perturbed about a known 

period solution to obtain first order corrections.    A question that arises is whether 

or not the zero order solutions are stable solutions about which it is legitimate to 

perturb.    We have performed a stability analysis of the zeroth order solutions of 

Eqs.   vl2) and (16).    By utilizing certain transformations and the results of the 

perturbation theory we have shown that these solutions are stable.    This result is in 

agreement with Jackson    who considered only Eq.   (12) and with Dolph    who considered 

both Eqs.  (12) and (16). 

J.   Freidb^^(> 
Electrophysics Department 
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1.11    Kinetic Theoretical Invosti^ations of a Fully Ionized Gas 

It is the purpose of the project 

(a) To show that most kinetic theories of fully ionized gases so far 

published are based on an unfeasible assumption,   and 

(b) To propose an alternative theory. 

The following  PIBAL report on this subject has been prepared and distributed: 

PIBAL Report No.   86 3  -  "A Kin^lic  Theoretical Investigation 

of a Fully Ionized Gas" 

Part I       -  Paradoxes in the B-B-G-K-Y Hierarchy 

(published January  1965) 

Pa**t II     •■ Some Aspects of Multiple Collisions 

(published January  1965) 

Part  111    - A Kinetic  Theory of Electron Gas 

(published May  1965) 

In Part I,   we first assume that a constituent particle in an electron gas { or a fully 

ionized gas) interacts with more than one particle at the same time and that the 

mutual interactions among these particles are simultaneously significant.    Directing 

3 MW 
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our dttention to the usage of the hypothesis of equal a priori probabilities,   we 

investigate the plausibility of customary methods considering the B-B-G-K-Y 

hierarchy for the basis of deriving kinetic equations for electron gases.    Conditions 

imposed upon the hierarchy do not seem consistent with the assumption set forth 

above.    Main questions are raised regarding (i)   the assumption of characteristic 

time scales and (ii)   the assumption that a set of multiple interactions are,   in effect, 

equivalent to a superposition of binary interactions.    The situation is similar regarding 

other theories advanced hitherto without being based on the hierarchy. 

In Part II,   the Brownian motion of a test body oat  to multiple interactions 

with field particles is investigated within or almost within the framework of Markoff's 

processes.    First,   Markoff's processes are studied as presenting such multiple 

interactions.    Based on the study and by means of Markoff's method of r?->dom flights, 

we investigate the Brownian motion of an elastic test body submerged in a rarefied 

gas constituted of elastic molecules,   under the condition that mutual interactions 

among field particles are negligible.    It is shown that there is no difference in effect 

between temporal repetitions of random binary collisions and multiple collisions 

(random binary collisions superposed at one moment of time),   so far as the friction 

and diffusion of the test body in momentum space are concerned.    The situation is 

similar when a test body with electric charge is submerged in an electron gas,  if the 

mutual interactions among electrons are ignored.    It is not feasible,   however,   to 

ignore those mutual interactions of field electrons and to represent electronic, multiple 

interactions by temporal repetitions of random binary interactions,   each of which takes 

place independently:     fluctuations of limitlessiy large amplitudes in the spatial distribu- 

tion of electrons,   which may possibly take place in this approximation,   do not seem 

realistic,  because a limitless concentration of potential energy accompanying a 

concentration of electrons in a local spot cannot be permitted.    Amplitudes of such 

fluctuations and/or microscopic disturbances must have a certain maximum limit. 

(The situation does not change even when the interaction force law is of the Debye- 

Hückel type. )   A kinetic theoretical scheme of treating fully ionized gas in the light of 

the fact is proposed. 
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In F.'rt III,   wc develop a kinetic theory of electron gas according to the 

scheme suggested in Part II.    At the first step of approxirration,   one field electron 

interacts with the test electron in the sense of Boltzmann's binary collision when 

those two particles are their mutual nearest neighbors; otherwise the field electron, 

with the others,  exerts a force of the Vlasov type on the test electron.    At this stage 

of approximation,  one field electron represent« all the field electrons; there is no 

nutual correlaticT among the field electrons.    In the second approximation,   where 

two electrons represent the field electrons,   the pair of field electrons,   when they 

are mutual nearest neighbors,  become a source of fluctuating force-f. eld due to 

their mutual interaction.    In the third approximation,  three electrons represent 

the field electrons.    As the step of approximation proceeds,   the pairs of electrons 

produce more complex force-fields by their mutual interactions.    The kinetic 

equation of the single-particle distribution function contains interaction terms of the 

Vlasov type,   of the Boltzmann type and of the Fokker-Planck type.    There is no 

difficulty of divergence in the effect. 

Plans for the next half year interval 

Investigation of turbulence in plasma: various correlation functions and 

their dynamical behaviors will be investigated. 

T.   Koga 
Dept.   of Aerospace Engineering 

and Applied Mechanics 

1.12    Kinetic  Theory of Plasmas 

A.    Low Frequency Tonks-Langmuir Ion Waves 

The work on this project as described in Section 1-3-1-a of the last 

report has been carried to completion.    A paper on this work will appear in the 

Canadian Journal of Physics (1965). 

B.    Diffusion of a Plasma Column Across a Magnetic Field 

(Abstract of PIBMR1-1 289-65) 

Prigogine-BaJescu's method of diagrams,  as extended to the case of plasmas 

■jmmmm 
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in magnetic fields in the recent work of Haggerty and de Sobrino (Can.  J.   Phys.   42, 

p.   1969,      1964), has been applied to the problem of the diffusion in plasmas in a 

magnetic field.    A report of the work has been prepared for circulation prior to 

publication. 

C. Landau Damping 

(Abstract of Report P1BMRI-1 280-65) 

The classic treatments by Landau and by Van Kampen of the initial value 

problem of the linearized V^asov equation are recapitulated,  with special reference 

to the Landau Damping.    It is emphasized that the time dependence of the potential, 

or the density,   namely the existence or absence of this Landau damping,  is jointly 

determined by two factors:   (1)   the form of the "unperturbed" velocity distribution 

F   (u) (i.e.   the spatially homogeneous and timt;-independent part from which the 

distribution F(u) is assumed to deviate by small amounts f(x,u,t)),  and (2)   the 

nature of the initial velocity distribution f(x, u, 0).    This latter dependence is more 

explicitly brought out in the Van Kampen treatment in which the velocity distribution 

is expressed in terms of the normal modes of the plasma,  which in general can be 

described as involving a collective motion arising from the Coulomb interactions 

between the particles and the streaming motions of the particles.    It is the super- 

position of the streaming motion of the particles on the collective motion (the plasma 

oscillations) that causes the spatial unilormization of the potential,  or the density. 

This spatial uniformization in the course of time is represented by the Landau damping. 

The Landau damping constant Y for the case of a Maxwellian F   (u) has been o 
calculated in a "physical" model in which v is obtained as the transition probability 

with which an electron having a velocity u    x/k exchanges energy with the collective 

motion (the plasma oscillation).    The transition probability is calculated by the 

quantum mechanical perturbation theory followed by a passage to the classical limit. 

The expression obtained for v  is the same as that given by Laadau. 

D. Noalinear Vlasov Equation (Section 1-3-2 of last report) 

An attempt is being made to extend the method of stationary solutions  of 
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the linearized Vlasov equation (Van Kampen) to a more general system,   namely 

a two component plasma,  and to study the nonlinear Vlasov equation on the basis of 

some assumptions but without reference to the perturbation method usually employed. 

E.    Homogeneous Plasmas in Magnetic Fields and Inhomogneous Plasmas 

The kinetic equation of a homogeneous plasma in uniform magnetic fields 

and thai of an inhomogeneous plasma having small amplitudes and gradients in the 

inhomogeneities have been derived on the basis oi' Bogoliubov's theory.    In the former 

case,   the result is equivalent to that of Rostoker (i960) who employs the cluster 

expansion method instead of Bogoliubov's theory.    In the latter case,  the result 

obtained here shows a mathematical similarity to,  but differs in implications '     m, 

that of Guernsey (1962). 

This work will appear in the book ^ow in the course of publication. 

T. Y.  Wu 
M.J. Haggerty 
D.H.   Yee 

Physics Department 

I 
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2.    ELECTROMAGNETICS 

Introduction 

While a detailed analysis of the processes occurring in the ionized,  multiconstitu- 

er.t gas consituted by a plasma is exceedingly complicated,  certain macroscopic prop- 

erties of such a medium may be characterized approximately by an equivalent Isotropie 

or anisotropic dielectric constant and,  if temperature effects are included, by an 

equivalent dynamic pressure.    Although the    range of validity of this simplified de- 

scription is limited,(linearized,  small signal regime) it is essential to understand 

properly the influence of s- jh a medium on the propagation of electromagnetic and (or) 

dynamical waves,  on the radiation characteristics of antennas embedded in the medium, 

and on wave coupling occurring at boundaries and interfaces.    Tbf-^ problems have a 

direct bearing on communication with space vehicles whirv     ..    surrounded by an 

ionized plasma sh     h in the upj^.r atm^ ,f here,  or which a^" passing through the (di- 

electrically anisotropic) ionosphere.    Since the vehicle is in motion,  the treatment of 

moving as well as stationary antennas is relevant. 

The preceding considerations have furnished '      motivatio i for the theoretical 

study of a class of propagation,  radiation, diffraction,  and interface problems in media 

which simulate a plasma with or without an externally impressed magnetic field.    In the 

"cold plasma" approximation,   such media include isotropic and anisotropic dielectrics 

with appropriate dispersive characteristicr,  while mechanical deformation is also 

included in the description of a warm plasma.    A systematic study has been in progress 

with the aim of providing an understanding of the mechanisms of excitation and coupling 

of various wave types,  either in source regions,   at boundaries or by continuous inhomo- 

geneities.    The approach has been to select mathematically tractable prototype prob- 

lems which incorporate a sought-after effect in an idealized form,   and then to search 

for procedures which extend the results to more general situations.    Major emphasis 

has been placed not only on formal mathematical solutions but on the extraction of 

explicit    (though approximate) information as well as on a meaningful physical inter- 

pretation. 

Specific problems investigated so far have included the following: 

1.    The radiation from arbitrarily prescribed electromagnetic sources in infinite 

and layered anisotropic cold plasmas.    Results have been obtained for the effect of the 

_ 
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anisctropy of the medium on the radiation pattern in an unbounded region, as well as the 

perturbation introduced by a plane boundary,   interface waves (surface waves,   leaky 

waves, lateral waves) excited by these sources have b^zn studied.   An invariant phrasing 

involving the sophisticated use of ray optics in an ai.isotropic environment is now being 

carried out to render the results useful for more geieral geometrical configurations. 

2. The radiation from arbitrarily prescribed electromagnetic or acoustic sources 

in infinite and layered isotropic warm plasmas     In this instance,  one includes in the 

analysis both the electromagnetic and the dynamical fields which may be coupled in 

source regions and at boundaries.    Several problems in this category are presently 

under study,  with the aim of providing quantitative information of coupling phenomena 

of various types.    One such problem,  the diffraction by a semi-infinite plane, has been 

analyzed for the purpose of yielding the waves excited by structural discontinuities, 

e. g.   an edge,  on configurations embedded in a compressible plasma.    This study, 

summarized below, has led to the discovery of novel wave types,   for example,  electro- 

magnetic-acoustic lateral waves,  which are not encountered in a cold plasma environ- 

ment. 

The radiation from sources moving across a plasma interface has also received 

attention.    Emphasis is placed again on interface waves excited by this process,  either 

in a cold or warm plasma;   some of these waves have not been considered previously 

in the technical literature.    A brief summary of the status of this investigation is given 

below. 

The coupling between electromagnetic and acoustic waves in a warm cylindrical 

plasma column has likewise received attention,  especially in regard to tha resonances 

which are excited by an impinging electromagnetic field. 

3. The effect of continuous inhomogeneities on the processes comprised under 

1.   and Z. . While the preceding discussion has assumed that the plasma is either wholly 

or piecewiye homogeneous,  it in known that there exists on boundaries a plasma sheath 

wherein the medium properties vary continuously.    This variation may influence sub- 

stantially the wave phenomena predicted on the basis of a sharply bounded interface and 

therefore meritp careful consideration.    Selected prototype problems in this category 

are now being analyzed. 

4. Radiation from moving charges in plasmas or passing across plasma boundaries, 

i. e.   effects known as Cerenkov and Transition radiation. 
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5.    Interaction between electron beams and plasmas.    An important adjunct to the 

theoretical investigations is an experimental program which may serve as a cb^ck on 

the validity of the assumptions made in the calculations.    Several experiments,  de- 

scribed bejow, are under way and are intended to provide a balanced program. 

L. B.   Felsen 
Electrophysics Department 

2. 1   Diffraction by a Half Plane in a Compret. sible Homogeneous Plasma 

The coupling of electromagnetic and acoustic waves in a compressible plasma 
1 

is of interest in such diver» ü applications as radiation from plasma-clad antennas , 
2 3 wave propagation in the ionosphere ,   and resonances in ionized columns  .    Coupling 

may be produced by continuous stratification,   abrupt boundaries,  or in electromagnetic 

source regions.    A number of recent investigations have dealt with the effects of vari- 
4 

ous source configurations in an unbounded medium ,  with selected phenomena due to 
5 6 plane  ,  cylindrical or spherical interfaces separating different homogeneous regions  , 

3 
and also with certain inhomogeneities.      The present study is concerned with the influ- 

ence on the electromagnetic and acoustic wave fields of sharp structural discontinu - 

ities which may arise in plasma-clad slot antenna configurations. 

The simplest prototype incorporating the above-mentioned structural features 

and amenable to rigorous analysis is a perfectly conducting half plane.    This structure, 

shown in Fig.   1,  is assumed to be immersed    in a homogeneous,  compressible,  iso- 

tropic plasma,   and is excited by a time-harmonic plane wave (a factor expC-iijjt)   is 

suppressed).    In the (linearized) plasma model adopted here,  the electrons are con- 

sidered mobile and are characterized by a finite temperature,  the (stationary) ions 

produce a neutralizing background,   and collisions between electrons and other species 

are neglected (the latter restriction could readily be eliminated).    It is well-known 

that the fields in such a medium may be separated into an electromagnetic (optical) 

and a dynamical (acoustic)  part,   with the former containing all of the magnetic field 

and the latter all of the charge accumulation.    The incident field is either of the optical 

or acoustic type,   with the direction of incidence normal,   and the resultant magnetic 

field parallel,  to the edge;   the problem is then two-dimensional   (ä/öx  s 0).    All of 

the electromagnetic and dynamical field quantities may be derived from two scalars. 

the   x-component of magnetic field,  H,  and the pressure,  p,   which satisfy the wave 

equations. 
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v 
INCIDENT WAVE 

HALF PLANE 

^^y 

Fig.  1 (2-1) - Physical configuration 

ay 
o.   k =*   . 

o    c 
(la) 

.2 2        a   p " dy        az ' 
o.   k   =|    . a    a (lb) 

where   c   and   a   are,  respectively,  the electromagnetic speed in vacuum and the 
2   1/2 

acoustic speed in the (charge-free) medium,   and   n   = [1 -(uj   / uu)   1 is the plasma 

refractive index.    These equations must be solved subject to a (power) radiation con- 

dition at infinity,   an edge condition at   y= z = 0   (requiring finite stored energy),   .jid 

the following boundary condition on the half-plane: 

E   =0,    v   =0,    at    z ^0,   y > 0 
y z (2a) 

where   E    and ^   ,  the y-component of the electric field and tne z-component of the 

dynamical velocity,   are given in terms of   H   and   p   by: 
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m 
o  p 

3y 
(2b) 

luun   mn 
o       p 

q  -   (1-n )/(n   en"),   vith   n ,6,   and   m   denoting the electron density,  charge and 

mass,  respectively      While tome question may be raised concerning the validity of 

the "perfect reflection" condition   v   = 0,  it has been employed in most pre^ ious studies 

and, becaus i of the lack of a more suitable condition,  will also be utilized here. 

In view of Eqs.  (2a, b),  the optical and acoustic fields are coupled at the 

boundary,  and it is convenient to resort *o the following Fourier integral representa- 

tion: 

oo en 
H  - TS-   J«inyI0(l.-)dT,   .     P  =  ^    J   eir'VVa(^a)dr,    . ,3a, 

•00 ■00 

y        2TT 

CO 

•00 

00 

1 
i
l^Vo(r].z)dr]    .   vz  =  ^ e2Tly   l^. z) dr) 

•00 

(3b) 

Then from Eqs.  (la/o) and (3a,b),  it follows that the Fourier transforms of the field 

quantitits satisfy the following equations; 

(£•■')■•■ 
0 

Idz2        a]     a 
(4a) 

V     ■-   itiqV   - 
o 'M    a 

1 
dl 

2     dz 
i i e   n o  p 

z a M   o 

where for real   n,   K    and K      are defined as 
O 3 

dV 

jm n   n 
o  p 

2       dz 

(4b) 

\-Jk   n 
"   0   T 

L „ .-    2        2 
o »op 
a a   t 

■n    < k   n      , 111        op 
a   r 

(5a) 

%^ ^W'^-S^ iri     > k   n 
11        op 

(5b) 
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while for complex   T], 

Im H    > 0 (6c) 

on the top sheets of the Riemann surfaces corresponding to   H   and H   .   respectively. 
O 3 

For the case where the half plane is excited by an optical plane wave,  the 

incident magnetic field and its Fourier transform are given by 

1   K^y + Hoi z) iH0z 
H. =  y^ e ,     I      =   e 6(TI-TK)    , (6a) 

where 
i       2TT ^ '       oi       " wx '     4' 

n. -   k   n   sin 9    . ,     H    •  =   k   n   cos 9    . , (6b) i op oi oi opoi 

9   .   being the angle which the direction of incidence makes with the z-axis.    The 

following forms of   I    and V     satisfy the radiation condition at   z;=i:GO : 

-i H    z -i H    z 
I    =  I   . + A     e       0 ,      V-Ae       a,z<0. (7a) o       oi oo a oa 

in    z i K    z 
I=I.  +  Be0 .       V=Bea,z>0. (7b) 
o       oi oo a oa 

The function   A    (n)   may be regarded as a scattering coefficient from the optical 

mode to the optical '     de,  with similar interpretations for the other coefficients in 

Eqs.   (7).    Corresponding expressions for   V    and I     are obtained by direct substitu- 

tion of Eqs,   (7) into Eqs.   (4). 

By imposing the boundary conditions (2a) and the continuity of the field in 

z = 0,   y < 0   on the integral representation (3).   a set of coupled,   dual integral equations 

is derived,  which is to be solved for the scattering coefficients in Eqs.   (7).    In solving 

the integral equations,  one makes use of certain function-theoretic arguments to derive 

two Wiener-Hopf equations which can be fa-norized to yield results for the unknown 

field transforms   I (r,, •',),  etc.    The resulting integral representations constitute the 

exact solution to the scattering problem,   and are tabulated below: 

oo 

H0=H.+^-     fA     (rtfe^y "N^dT!    .      z < 0     , (8a) i      2TT    J       oo 
-03 

f- 
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CD 

1      i*   .      ,   «    i{r]Y - v   z) , 
irr   J      oa 

z <0     , 

-co 

QO 

H o H. + ~    , 
i(riy + Hrt z) 

z >0     , 

-cx> 

CD 

P0   = lW Boa<l' 
idly + H^ z) 

dT) z >0     ; 

-co 

(8b) 

(8c) 

(8d) 

the superscript   o   means that the field representations are for the case where the 

half plane is excited by an optical plane wave,  and 

2 

A
OOW = I[G

;^ ■ 
iTiquue  -n      _ 
 2-£-Fn(T1) t (9a) 

Boo<l'   = -ifo^   + 
inqyue rr    _     ' 
 ^-P-F'tn)      . 

M O       '   J 
(9b) 

Aoa<^ 

2 
if i 'H q 'JU m n „n 

(9c) 

Boa<l'   = "if 
i Ti q u m 

K^'*—— 
2 T n   P 

(9d) 

The function   G^(TI)   and   F^(TI)   are given by 

^v^^v     VMI7^ 
0 (^i+^J^n.)   (T1-T1i)(^r1,sw)K(n) 

(10a) 

F^n) -2 ID m n 
VVV^i^^ Vka^  - j 
(T1i+T1

Sw)K+(V      ^"V^^sw^"1^ 

(10b) 

with 

G^,.) = 2^i    T"  '    Fo(T1i)   ■      T^ U) c  n 
o   p 

(iOc) 

1 
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+ 
K    and K      in Eqs.   (10a, b) are functions which are analytic in the upper and 

1   ^er halves of the complex rj-plane,   respectively,    and are related to each other by 

the equation, 

Ki-,   =  K+(r1)K"(rl)   =  --^     ^^      , (11) 

7 
and are individually given by 

TJ     n - n p sw 

k    Tl 
a 'p 

^nK+(n) = ^nK"(Ti) =-~      "     -J^r tan'M^ ^ ? 1   ■ (12) rr I-+1 

o  i 

In Eq.  (11),  N(TI)   has the form 

N(TI)   =  H   *    +^(1-^)     , (13) o   a p 

5 
and has zeros at (cf.   Seshadri ) 

ri  = ±TI        « ±k   l-il^n   ,  k  /k    » 1     , (14) sw a' p        a    o 

when   H    and H      are defined as in Eqs.  (5).    N(r|)   also has zeros at 
o a 

ri  =  in    =  i(k   n   - 6) ,  0 < 5« 1     , (15) 
z 0   P 

but on the second sheets of the Riemann surfaces defining   ^    and K    ,   respectively. 

n - ri corresponds to a surface wave pole in Eqs.  (10),  whereas   ri = ri      corre- 
sw z 

sponds to an improper pole which does not give rise to a residue term in the solution. 

It is pointed out that N(ri) has special physical significance in that it is the denomi- 

nator of the scattering coefficients   A      and A       for the case where the entire  x-y 0 oo oa         ' 
plane is spanned by an infinite,  plane,  perfect conductor. 

The field representations in Eqs.  (8) must be accompanied by a specification 

of the integration path with respect to the singularities.     A choice of paths which is 

This result implies that   K(TI)   has no zeros or poles on the top sheet of the Riemann 
surface defined by Eqs.  (5). 

-   na^RMMV 
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consistent with the above discussion is illustrated in Fig.   2.    The proper indentations 

are achieved by introducing small loss into the system and then letting the loss 

Mp    l. sw 

kanp 
/Sv.       

Imr) 

Rer 
^i    ^p    ^p ^ sw 

a)   Integration path for   H;   Im * >0 

on entire top sheet 

b)   Integration path for   p;   Im K >0 

on entire top sheet 

Fig.  2 (2-2) 

tend to zero (this is equivalent to imposing the radiation condition in the loss-free case). 

For the case where the half plane is excited by an acoustic plane wave the 

formal solution to the scattering problem may be deduced from Eqs.  (8)-(10) by intro- 

ducing the following changes:   H-p, p-'H,  o-a,  a-o, mn -<:  ,   c  ->mn 

To gain an insight into the pu/sical mechanism cf the various wave processes 

which are operative,   an asymptotic evaluation of the Fourier integrals has been per- 

formed.    The results of this analysis,   including some numerical data,  will be described 

in detail in a later report.    For the present,  it suffices to point out that the existence 

of asymptotic field expressions whi^h may be interpreted as wave types following real 

ray trajectories is predictable from the refractive index diagrams descriptive of the 

electromagnetic and dynamical fields.    For example,   an incident optical wave exciteu 

reflected optical as well as acoustic waves.    This is depicted in Fig.   3(b) where  rays 

1,   2,   and 3   denote the directions of propagation of the incidert optical,   reflected 

optical,   and reflected acoustic fields,   respectively.    These directions rnay be 
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determined   either analytically or from the refractive index plot in Fig.   3(a).     The 

ray of family   1   which grazes the edge establishes the geometrical shadow boundary 

a)   Refractive index curves b)    Ray trajectories 

Fig,   3 (2-3) 

and also gives rise to a variety of diffraction effects:    the radially emerging 

rays   d   which represent either an optical or acoustic cylindrical diffx'action field, 

and the optical lateral rays    4   which travel on both sides of the half-plane and 

shed energy into the acoustic field {rays    5   and   6;   see also Fig.   3(a) for the 

relevant trajectories).    Analogous effects arise when an acoustic field is incident. 

F. M.   Labianca 
Electrical Engineering Department 

L, B,   Felsen 
Electrophysics Department 

This work was also supported in part by the Air Force Cambridge Research 

Laboratories under Contract No.   AF-19(628)-2 357, 
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2. 2   Slot Antenna in a Plasma 

Here we are concerned with an experimental investigation of slot antennas on 

plasma clad metal cylinders.    The effect of a plasma environment on an ant^ana has 

aroused much interest lately.    Various theoretical studies have been done on antennas 

covered by plasma layers.    '      Among approximations often applied in these analyses 

are:   1) the effect of the non-neutral plasma sheath is negligible;   2) the plasma is 

incompressible;    3) the assumption of a rigid boundary condition between vacuum- 

plasr ^a interface and metal-plasma interface.    There is really no guarantee that the 

theoretical results obtained with these and other assumptions will be valid for practical 

situations. 

There have been some laboratory studies of antenna characteristics in the 
3  4 presence of a plasma sheath. In both experiments a dielectric sheet was interposed 

between the antenna and plasma.     On a re-entry vehicle,  however,   we expect intimate 

contact between ).he ground plane of the slot and the plasma.    Previously it has been 

difficult to achieve this close contact in the laboratory.     Recently,  through the use of 

screened cathode discharges    a plasma clad metal cylinder,   designed by Mr.   K. T. 

Lian,  has been constructed (see Fig.   1). 
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STAIN. STEEL 
CYLINDER 

SCREENED 
CATHODE 

ANODE 

Fig.   1 (2-4)    -    Discharge configuration for realization of 
plasma clad metal cylinder 
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We are currently engaged in an investigation of this discharge under d. c.   con- 

ditions and plan to determine the electron density and tempeiv^ture as a function of 

position with Langmuir probes.    Preliminary studies have also been made concerning 

the design and construction of the microwave circuitry associated with the slot antenna. 

We hope to begin making impedance and radiation pattern measurements of this plasma 

clad slot antenna within the next few months. 

M.  Cronson 
Electrophysics Department 
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2. 3   Coupling of Acoustic and Electromagnetic Waves 

(Abstract of Master of Science Thesis) 

In recent years,   direct experimental evidence of coupling between electro- 

magnetic and plasma waves was obtained in the phenomenon of Tonks-Dattner reso- 
12 nances.    ' It was found that a cylindrical plasma contained in a dielectric tube 

resonates when it is immersed in a uniform oscillating elecl-'ic field;   one of these 

resonances is electromagnetic in nature,   while the others are plasma wave resonances. 
2 

A simple theory  ,  postulating negligible coupling between electromagnetic and plasma 

waves in an inhomogeneous plasma was found to predict satisfactorily the location of 



PIBMRI-U95. 1-65 71 

rtisonant frequencies.    The present investigation was undertakrn in order to clarify 

the nature of coupling between the applied field and plasma waves which,   if it is neg- 

ligible in the body of the plasma,  must occur at its boundary.    Since the "strength of 

coupling" has an effect on the sharpness of a resonance,   a calculation and a. measure- 

ment of the   Q   of the Tonks-Dattner resonances was undertaken. 

The calculation is based on the description of the electron gas by a set of 

hydrodynamic equations together with Maxwell's equations: 

VXE--JUJUH , juumnV-   -Vp - n   e E 

7xH   =ju)€    E-n eV        ,        7-V   =   (-j ai/m n   a2) p 

vn   v o— 
(1) 

where   "a"   is the acoustic velocity in the plasma     Although the experiment was per- 

formed in waveguide,  the theoretical calculations .■»ssumed no axial variation of fields. 

This assumption eliminates one loss mechanism,   namely radiation along the plasma 

column {and other directions having a component aloug the column).    This loss mecha- 

nism is probably less important in the waveguide geometry used in this investigation 

than in similar experiments using strip-line geometry.    The loss mechanisms remain- 

ing within our model are two:   internal losses due to collisions,   and external losses 

due to radiation.    The calculation of the   Q   was performed by first calculating the in- 

put impedance of a radial wave emerging from the boundary of the plasma and the 

impedance looking radially into the plasma column.    The resistive component of the 

former is associated with radiation losses,  while the resistive component of the latter 

results from internal losses.    The sum of the two impedances is set equal to zero and 

the resulting equation is then solved for frequency.    The ratio of real to imaginary 

parts of complex frequency is interpreted as   2Q. 

In calculating the impedance looking into the plasma,  we were initially forced 

to assume that the plasma was homogeneous.    Under this assumption this impedance 

has two components - one derived from the electromagnetic wave,  the other from the 

plasma wave.    The relationship between these two components is based on the assumed 

boundary condition at the wall of the tube,  namely the vanishing of the normal compo- 

nent of the velocity   V. 

Since all resonance equations are transcendental,   the radius of the plasma 

» 
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cylinder was assumed to be small compared to the electromagnetic wavelength and 

large compared to the plasma wavelength.     The   Q   of the   nth   resonance then turns 

out to be given by 

(2) 

where   UJ     is the plasma frequency of the column,   c   is the velocity of light,   v is the 

effective collision frequency and   R     is    the column radius.     The first of the two 

terms in Eq.  (Z) represents radiation losses while the second one accounts for colli- 

sion damping.    Landau damping has not been taken into account.    Under our laboratory 

conditions,   it turns out that radiation damping is negligible. 

The homogeneous plasma model is suspect because it is known to predict 

incorrectly the resonant frequencies of a plasma column.     The calculation is therefore 

being extended to the case of an inhomogeneous plasma.     We now assume that there is 

a homogeneous layer at the outer boundary of the plasma and neglect coupling except 

at the boundary.    Preliminary results obtained for such a model are not very different 

from those for a homogeneous column.    The   Q   in the collision dominated case appears 

to be of the order of    i / v predicted by Eq.  (Z). 

The experimental part of this investigation made use of a pulsed hydrogen 

discharge   in the pressure range  Z^-ÜJöjHg,   in a 1" diameter glass tube.    The tube 

was placed in   L-band waveguide and resonances were observed in the 1000-2000 Mc 

range.     The block diagram o. the experimental setup is shown in Fig.   I and photo- 

graphs of the experimental arrangement are shown in Fig.   2.     The resonances were 

observed in the transmitted signal in the afterglow of the discharge.     For a fixed gas 

pressure and discharge current,   the display of transmitted signal vs.   time was obtained 

at a  lumber of frequencies      Typical displays are shown in Fig.   3.     The   Q   was 

obtained by observing the frequency change necessary to shift the resonance, as seen on 

such a display (suitably expanded),   by its width.     Care was exercised in distinguishing 

the Tonks-Dattner resonances from surface w,.ve resonances within the waveguide. 

Experimental results thus obtained agree qualitatively with the calculation. 

The measured Q's are mosdy between 30 and 40, More precise quantitative com- 

parisons cannot yet be made because it was found impossible to measure the effective 
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SIDt VIEW OF 
APPARATUS 

END ViEW OF 

APPARATUS 

TOP ViEW OF 

DiSCHARGE TUBE 

AND WAVEGUIDE 

Fig.   ?. (2-6)   -   Experimental equipment in operation 
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collision frequency in the presen* setup,   owing to excessive dissipation in the glass 

tube.    Some runs will be repeated using a teflon tube and then   Q   and   v will be meas- 

ured   under the same conditions.    The above mentioned experiments as well as the 
3 

theory ate described in detail in an Master of Science thesis   ,   and a report will be 

issued as soon as the above-described current work is completed. 

Due to the large difference in the orders of magnitude of radiation and colli- 

sion damping,  the measurement of   Q   does not cor   tit.ute a good test of the validity of 

the boundary conditions.    The present investigation will be extended to the excitation 

coefficients of theso resonances,  with the hope that these might be more sensitive to 

the manner in which electromagnetic waves are coupled to plasma waves at a boundary. 

J.   Shmoys 
J.  Gobler 

Electrophysics Department 
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2.4   Group Velocity and Power Flow Relations for Surface Waves in Plane- 

StraUfied Anisotropie Media 

Two aspects of power flow associated with electromagnetic waves in plane- 

stratified,   lossless,   linear,   dispersive,   anisotropic media were studied in application 

to surface wave pr jpagation.    One aspect is the relation between group velocity and 

the velocity of energy transport of surface waves in such media.    It is shown that the 

group velocity of surface waves is equal to the ratio of the real part of the complex 

Poynting vector,   integrcted over the coordinate of stratification,   to the corresponding 
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1.2 

integral of the stored energy density.    The second aspect is the relation between the 

dyadic surface imped-'nce representing either a slab of plane-stratified medium above 

a perfectly conducting plane or a semi-infinite region (the latter for the case of eva- 

nescent fields) and the power flow in the respective structures. 

Let us consider first the relation between the group velocity and the velocity 

of energy transport of surface waves.    It is well known that in homogeneous aniso- 

tropic media,  the velocity of energy transport of plane waves is equal to the plane 

wave group velocity,   which is the gradient in wave number space of the frequency. 

An analogous relation holds for the cast of surface waves in     plane-stratified aniso- 

tropic media in that the group velocity,  which is now the gradient of the frequency in 

the transverse wave number plane,   is equal to the integral  (over the coordinate of 

stratification)  of the real part of the complex Poynting vector,   divided by the corre- 

sponding integral of the energy density. 

We assume all space to be filled with a plane-stratified,   anisotropic medium 

whose interaction with moncenromatic fields can be described in terms of a Hermitian 
2   3  4 

dielectric tensor   e   and a Hermitian permeability tensor   u   '    '   .    The medium is 

taken to be independent of   x and y   so that the only space coordinate on which   E and ia 

will depend is   z.    The tensors   e and u  are continuous functions of   z   except for a 

possibly denumerable number of finite jumps.    They are analytic functions of   JU  whose 

z   dependence is such that the medium supports surface waves that propagate trans- 

versely to   z.    Such surface waves are those solutions of the source-free Maxwell equa- 

tions 

7 x   H    '-   ji)€ •  L 

(1) 

9 x   E   =   j JU u ■ H 

Which have the form 

E(r; kt, a.) 

H(r: kt,x) 

e (z; k , x) 

h{7.; kt, i)) 

■iht' < 
(2) 

.here e and h are such that  Lim 

| z | -. oo, 

0. The e    time dependence has been 
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suppressed in Eqs.{i; dnd (2).    We also require that the integral of the stored energy 
a. 

density   w   and of the real part of the Poynting vector,   s = Re te x h ),  from   z = - oo   to 

z = + oo   be finite.    Furthermore,   since the field components transverse to   z,   e    and 

h  ,  must be continuous across any jump in   e or |j,  they must be continuous functions 

of   z. 

For any particular medium that can support surface waves,   solutions of the 

form given in Eq.   (2) that satisfy the above requirements will exist only for those values 

of   k    and x   satisfying the surface wave dispersion relation 

D  (k  , a) = 0 s —t (3) 

of the medium.    Taking the neighboring sets of values   (k , uu) and (k  + dk  , ID + doj)   so 

as to satisfy Eq.   (3),  the surface wave fields at   (k +dk  , ai+ doi)   can be expressed, 

to first order,   in terms of the fields and their derivatives,   with respect to   k  ,k    and r *   y 
x! ,   at   (k  , it;)   as 

E(r; kt+ dkt, x^ cl x)   =   E(r; k^a) + 6E(r; k t, x) 

H(r; kt+ dkt, x + di)   =   H (r; kt,  t) + ftH (r; k t, x ) 

(4) 

where the variation   6   symbolizes the differential operator 

with 

*t 

dk    • V,    + dx ~- -1       k ax 

-o   ak ^o   dk 
x y 

(5) 

The differential equations satisfied by   6E   and   6H   can be found by operating with   5 

on Maxwell's equations.    Since    e   and a   are independent of   V  ,   this operation gives 

?i x r. 
7 x   5 H   =    j 

?x        - 

7 x   * E   = -j 
3 IU 

E + j 1 e   •  6E 

a.1 

(6) 

H - j ^u   ■  5H 
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In order to find the relation between group velocity ar>d the velocity of energy 

tramsportj   we consider the quantity   7- (^E x H  -t E   x 5H} .    By expanding the diver- 

genet of the cross products,   substituting from Eqs.   (1) and (4) and using the lact that 

c and )a   are Hermitian,   it is possible to show    that 

7- (6E x H  + Ex 6H)    =   -jda^E'- ^1 • E + H  .  ~— ■ H)     . (7) 

.^    9 x' e ^    doiy 
If    E and H   are taken to be   Rms   quantities,   E  •     r        • E    and   H   •     -       • H  are 

recognized to be twice the time average electric and magnetic energy densities,   re- 
2  4  5 

spectively.    '   '      Their sum is twice the time average energy density   w. 

If we first operate with   6  on the fields as give-' in Eq.  (1),   which results in 

the expressions 

6^   =   (5e - jdk   ■ { e) e 

(8) 

6H   =   (6h - jdkt- f h) e 
-jk^f 

and then substitute these expressions for   5E^ and bii   into the left-hand side of Eq,   (7), 

the equality becomes, upon rearranging, 

1     3 * * 
wd x - dk   •  s    -   JT T~ z    •   (et * 6h. + 'i6* x *0 (9) —t   —        •' 2   d ?- ~o       —t       —t      —t     —t 

taking due account of uie relation   7 • s = 0,   which holds for a lossless medium. 

By assumption,   (k  , x) and (k  + dk   , x+ dx)   satisfy Eq,   (3) so that to first 

order 

d i   =   dkt. 7k  x(kt) 

where    r{k )   is the solution of Eq.   (3).     Using this expression for   dx in   Eq.   (9) gives 

dkt. (w?^ , -1)   =  JI ^ 10 ' (£t x ^t+ ^t ^t)    • (10) 

The term on the right-hand side of Eq.   (10) does not vanish identically so that,   in gen- 

eral,  7    x f- £/w   and hence the group velocity   7     x  cannot be int   rpreted as a local 
-t -t 



PIBMRI.1Z95. 1-65 80 

energy transport velocity.    In order to eliminate the right-hand slue of Eq.   (10),   this 

equation is integrated from   z = ■■ oo   to   z - + oo.    Since   e   and h.,   and also   6e   and 
—t —t —t 

6h,.,   are continuous functions of   z,   the integral of the right-hand side reduces to the 

end point contributions at   z ^ ± oo   which are zero since   e   = h   - 0   there.    Thus 
—t     —t 

defining oo 

S   =    |   sd z (11) 

~oo 

and oo 

W   = 

-oo 

upon integration Eq.   (10) becomes 

wdz     , (12) 

dk   •   (W7    a)- S)   =   0     . (13) 
1 -t 

Because   s     is zero for the surface wave, S   has no   z   component,   and as   dk.   is 
z — —t 

arbitrary,  Eq.   (13) implies that 

7.   Uü  =   S/W     . (14) 
-t 

Although   s   can vary in magnitude and direction with   z.  the total real Poynting 

vector   S   is independent of   z   and represents the total surface wave power flow across 

a strip,   normal to   s_,   infinite in   z   and cf unit width.     The term   W   represents the 

total stored energy of the surface wave fields in an infinite cylinder,  parallel to    z, 

whose   x-y   cross section has unit area.    Equation (14) thus states that the group 

velocity is equal to the velocity of energy transport   S/W   of the surface wave as a 

whole.    This statement for the surface waves is analogous to the relation   V   a; =  s^/w 

for plane waves in homogeneous,   anisotropic media and should prove useful in develop- 

ing a ray model for the surface wave fields radiated by a point source. 

If instead of filling the entire space,   a plane-stratified medium of the type 

described above fills the half space above a perfectly conducting plane at   z = 0,   it is 

possible to show that the surface waves in this configuration are such that Eq.   (14) is 

satisfied,provided that in the definitions of  S and W   the lower limit is replaced by 

zero. 

Another aspect of power flow in a plane-stratified medium is the relation 

between energy transport in a slab of such a medium above a perfectly conducting plane 

and the reactive dyadic surface impedance representing the slab. 

1 
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When formulating electromagnetic problfcms involving fields of the form 

given in Eq.   (Z) in a lossless,  plane-stratified,   anisotropic medium above a perfectly 

conducting plane at   z-" 0,  it is sometimes convenient to represent the effect of the 

structure below a plane   z = d > 0   on the fields above this plane by a dyadic surface 

impedance   Z   defined at   z-d   by requiring that the relation 

^z .   =   Z  •   (z    x hj 
d        ~        — o     — tz = d 

holds for all possible fields of the form given in Eq.   (2).    If one now wishes to 

solve for fields of the form given in Eq.   (2),   in the region   z>dl    relation Eq.   (15) 

may be used as a boundary condition at   z = d   and will insure that the transverse 

fields connect continuously to valid fields in the region   0<2<d.    That is,    if 

e   and   h   in the region   z>d   are suchthat Eq.  (15) is satisfied,    and if   h , 

is taken as   (h ) .  ,  the corresponding   e   in the region   0 < z ^d   will be such that 
^ z = d 

(-t)      H-   =   ^      d
+ 

z = d z = d 

Let us define 

and 

W 

—d 

=    I  w d z 
J 
o 

d 
=    I   s d z 

J   ~ 
o 

(16) 

(17) 

which is a transverse vector.    The term   W ,   represents the stored energy in the slab 

per unit area in the   x-y   plane and   S ,   is the power flow through a strip,   of unit 

width and height   d,    that is normal to   S.    Employing Eqs.   (16) and (17),   it has been 

shown that the connections between the dyadic surface impedance and the power flow 

and stored energy in the slab take the forms 

and 

. 1 

. 1 

. i 

...    az 
(zox ht) •-— ■ (^xy 

(z    x h ) 
3Z 

•   (z  x h ) 
'-o      "t'     3k x^o    -t' 

y 

*      öZ 
(z    x h) • -^    ■   (z x h.) 
—o      —t        a (ju —o    —t 

z-d 

z = d 

z = d 

= 5dx 

= 2dy 

=    W 

(18) 

(19) 
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Since Eqs.(18) and (19) hold for arbitrary   k    and   uu,   they are valid,   in particular,   for 

values of   k   and   uu that correspond to a surface wave and thus furnish an aUerridtive 

way oi calculating those portions of the surface wave power and energy that a. e in the 

slab. 

The relation between power flow and the derivatives of   Z   with respect to 

k    and k     given in Eq.   (18) does not appear to have been previously recognized.    While 
x y 

the connection between stored energy and   ä Z / 5 uu ,  to the best of our knowledge,  has 

not been shown to hold explicitly for surface impedances,   the connection between stored 

power and the impedance matrix of a lossless junction is well known. 

Relations (18) and (19) can also be shown to hold for the surface impedance 

representing a semi-infinite,  plane-stratified,   lossless medium below the plane   z-6 

for values of   k   and Uü   so that the fields are evanescent at   z = - oo.    In this case 
d d 

S    =        sdz    and   W    =       wdz. 
-d       J  - d       J 

-GO -00 
H. L.   Dertoni 
A.   Hessel 

Electrophysics Department 
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Z. 5   Diffraction by a Transparent Elliptical Cylinder 

Several recent papers on the classical theory of diffraction have presented 

verifications of the geometrical interpretation of diffraction phenomena for smooth 

obstacles of continuous curvature.    The work of Keller and Levy' is an example for 

the cases of the parabolic and the elliptical cylinders.    In their discussion the surfaces 

of the cylinders are considered to be either perfectly rigid or perfectly free with re- 

spect to acoustic waves. 

Diffraction by a transparent obstacle also may be treated as a formal 

boundary-value problem to show the validity of the geometrical theory of diffraction. 

In the case of a surface of constant curvature results based on the classical theory of 
1 14 

diffraction have been obtained for the circular cylinder    and the sphere.    *      For sur- 

faces of variable curvature the classical method of separation of variables can be 

applied only for a few coordinate systems.    Moreover,  in each of these instances 

fundamental difficulties arise in conjunction with the boundary conditions because of 

the absence of any orthogonality relations between the solutions outside and inside the 

surface. 

In the present contribution we resolve the difficulty with the boundary con- 

ditions for the case of a transparent elliptical cylinder through the use of perturbation 

theory.    The solution to the formal boundary-value problem for an impulsive source 

can thus be given in terms of asymptotic expansions. 

A line source is located at  £=£,    exterior to the cylinder and parallel to its 

axis.    The unbounded medium exterior to the cylinder is characterized by the wave 

velocity   v.    and the interior of the cylinder by the velocity   v^.    It is assumed that a 

Laplace transformation with respect to time exists for all quantities;   in terms of 

notation:   :p(s)   = Jf-jcDCt) 't .    The mathematical formulation of the problem requires 

that the time transforms of the exterior and interior solutions   cp. (£,£.; s)    satisfy 

the wave equation: 

(72-ki
?)ii(r,r1: s)    -   -öU-rj) ,  k.^s/v.. 1 = 1,2      . (I) 

The subscripts 1  and I refer to the exterior and interior regions,   respectively.     The 

time transform variable is   s.    If   . ,    is decomposed into the incident and scattered 

waves,    Cp. =  c? ^  + ^ , ,   then   -p       is given by 

uiiUHHIIH 



PIBMRI-1295. '   65 84 

^l^I'Ir s)   ■   ^rKJk^). R = 2TT " o  '1 l-Ij (2) 

- s where   K (k,R)   is a Bessel function of the third kind.    The scattered wave   cp,    must 
o    1 1 

satisfy the radiation condition 

cp. (r, r,; s)  = O 
1/2     -kjr 

e } for   r-oo     , (3) 2k1 r 

and   cp,(r,r,; s)   must remain finite as   r-'O,      In add4tion,  the boundary condidons 

' r = r ^ ' ' r = r —   —o —   —o 

(4) 

bj^nd.r^s) a - 
r = v —   —o 

b2^cp3(r.r1;s)| (5) 
r = r 

-o 

on the surface of the cylinder muat be satisfied,    a,, a^jb,,   and b2 are constants 

appropriate to the boundary conditions and the media involved. 

The separation of the wave equation Eq.  (1) in elliptic cylinder coordinates 

%,r] 

x    =    c cosh 3   COS Tj      , 

y    -   c sinh  '-   s^n  *]     > 

(6) 

(7) 

(c   being one-half the interfocal distance) leads to the angular and radial differential 

equations) 

dr 

,4 ; 

— +   (). + ?.h   cos 2r) «(n.v.h.) = o , (8) 

-~ -   (X + 2h^cosh2~) R{%, v.h.) =   0     , (9) 

(\  being the separation constant,   v  the order,   and   hj = y k.c).    The solutions to these 

ordinary differential equations are Mathieu functions^. 

From the fact that the region surrounding the cylinder is multiply connected 

cp. (§,TI, §., r] j; s)   =   cp.l?,!! +2nTT,?1, rij; s), n = 1, 2, (10) 
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the source term may be written as 

oo 

6(l-I^   =   c"   (coshZ? - COSZTI)'
1
 6(s-^j)  ^      6(^1 - ■n1+ 2 m TT) 

m = -oo (11) 

and the solution as 
oo 

cpjl^.ri, ^.r^; s) =   ^     cp.  (?,TI + 2mn, ^j.Tij; s)     . (12) 
^ o m = -oo 

This operation is equivalent to the introduction of a helical Riemann surface with an 

infinite number of sheets;   on the zeroth sheet   cp. = cp.   ,   0 < § < oo,  0 < r)< 2 M , 
o 

The periodicity condition in Eq.   (10) requires that the Mathieu functions be 

of integral order.    Eigenfunction expansions in terms of the fundamental solutions 

9     , 6'    , R     ,   and R^     to Eqs.  (8) and (9) can be used to represent the solutions in 

both regions.    The expression for the incident and scattered waves in the exterior 

region are 
oo 

aj^.n^.V s)    ^      i   Ane(1)(T1.n,h1)e
U)(^nfh1)R(i)(crn.h1)RU)(..n.h1). 

n=-co 

oo 

(13) 

^(S.ri,^.^;   s)   =     I   Bne(1)(n,n.h1)^
2)(Tllsnsh1)R(1\?1,n>h1)R

{2\?,n,h1)} 

n=-oo ^4) 

and the wave in the interior region is   "<?1,   T;< r^ , 

oo 

Vjl.^ly^s)  =     2JCn9(1V,.n>h2)9(2)(^n.h2)R{1)(?rn.h2)RU)(?,n.h2). 

n---QO 
(15) 

The coefficients are determined by the expansion of Eq.   (Z) in elliptic cylinder 

coordinates;    the coefficients   B      and   C      are as yet unknown.    If the inequalities 

are reversed,   the arguments of the corresponding functions are to be interchanged. 

Application of Green's theorem to the unbounded region enclosing the cylinder 

leads to a fundamental difficulty due to the boundary conditions Eqs.   (4) d.nd (5). 

Unlike the cases of the circular cylinder and the sphere where the angular functions 
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are independent of wave number,   different wave numbers appear in the angular 

functions of the respective eigenfunction expansions for the exterior and interior 

regions.    Therefore,   each coefficient of the expansion for one region must contain 

an infinite series of coefficients associated with the other region. 

Furthermore,   the eigenfunction expansions in Eqs,   '13),   (14),   and (15) can- 

not be applied conveniently for the examination of the nature of the discontinuity at the 

wave front because they converge ?:oo slowly for large values of the transform variable 

s.    The relationship between the transform variable and the time after the arrrivai of 
g 

the wave front is shown by the Tauberian theorem  , 

-sR   /v 
km    sf(s)e g       =      lirn      f(t - R   /v) (16) 

s-^oo t->R/v 
g 

where   t    = R  /v   is the time of onset for the pulse and   R      is the geometrical ray 
g g ^ g 6 r 

path length. 

In order to obtain rapidly converging series expansions in accordance with Eq, 

(16),   it is necessary to make v   e of the asymptotic behavior of the angular and radial 

Mathieu functions as a function ol their order   .    Proceeding as in the case of the per- 
5 

fectly rigid acoustic elliptical cylinder^     a ^ ougall-Watson transforrration 

oo 

rj-r cot VT? i(v)dv  =      )      fn (17) 

C.   + C n=-CD 

is applied to the eigenfunction expansions for the solutions   ;p.   and cp _ .    C   +C      is a 

contour in the complex order plane enclosing the real axis (see Fig.   1). 

For large values of the time transform parameter in keeping with Eq.   (16), 

the angular solutions for the exterior and interior regions are nearly orthogonal,   even 
v 1      4 lor moderate wave veiocitv ratios,   i. e. , — = -r-  .    Thus the transformation matrix v?      3 

between the two angular functions is nearly diagonal;    the evaluation of the integral 

c 

^(n, v.hj) ^U)K v,hz)d^  6vV g(v.h1,h2) (18) 
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Imv 

l»-PLANE 

•- Re w 

Fig.   1 (2-8) 

can be carried out as a perturbation calculation for a two parameter differential equa- 

tion.       In this instance the parameters are the order, v   and the quantity, h. 

With the aid of the expansions in Eq.   (18),   the coefficients   B(v) and C{v)   of 

the eigenfunction expansions in Eqs.   (14) and (15) can be determined through the 

boundary conditions Eqs.   (4) and (5).    The resulting expression for the solution Jl ' 

.(1)/. ,(2), i^.^.V s)-   J   }   ^O^^.v.h^^^^.v.h^^'^-j.v.h^R^^.v.h^ 
C. 

g(v,h1,h2)a2b2 

^Wo'^V-^Vi^o^'V 
- d (19) 

can be treated in a manner analogous to transparent circular cylinders.       The quantity 

d   in Eq.   (19) is defined by the relation 
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■A  ^(^ri.^.^; s) 
i    o 11 11 

(20) 

whe re 
 i 1     c  i 
cpj^.Tj. ? ^r^; s)   =  j   J A{v) f J^.TI, ^J.T^; 8)d v    . (21) 

Only the contour   C.    is retained since the integrand is an even function of the order 

v;   the summations in Eqs. (13),  (14) and (15) have been replaced by contour integrals 

as in Eq.   (Zl). 

If the path of integration   C^    is deformed as shown in Fig.   1,  there is no 

contribution to Eq.  (19) from the large hemicircle   C   since the integrand of Eq.   (19) 

vanishes as    jv|->ao.    The region surrounding the cylinder is divided into illuminated 

and shadow zones by the two lines from the source which are tangent to the cylinder 

(Fig.   2).    In the shadow zone the integrand of Eq.  (19) has simple poles along the 

imaginary axis of the order plane (Fig.   1).    The resulting residue series arising from 

the evaluation of Eq.   (19) along path   C   corresponds tc the diffracted rays shown in 

Fig.   2.    In addition,   Eq.   (19) yields an infinite series of terms which account for the 

internal reflections in the cylinder. 

SOURCE POINT 

$ I   'I 

CYLINDER 

■*> x 

DIFFRACTED ,J 

RAYS FIELD POINT 

Fig.   Z (2-9) 
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In the illuminated zone the integrand of Eq,   (19) also possesses two saddle 

points.    Evaluation of the integral along the path of steepest descent    yields the inci- 

oent and reflected rays.    Present also in the illuminated zone are,   of course,   all of 

the terms found in the shadow zone;   the passage of the diffracted ray an infinite num- 

ber of times around the cylinder is expressed by Eq.   {12),    The inversion of   cp   into 

the time domain shows that only the diffracted wave has a wave front distinctly differ- 

ent from that of the incident wave;    it has no discontinuity at the wave front.     The 

expressions obtained from the asymptotic evaluation of the exact solutions may be 

rewritten according to the geometrical theory of diffraction to show the influence of 

variable curvature. 

L. D.   Porter 
Department, of Aerospace  Engineering and 

Applied Mechanics 
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2. 6   Cerenkov Radiation in Dielectric Media 

It is p'anned to carry out experimental and theoretical studies of the 

Cerenkov effect in a plasma medium; specifically it is intended to study this effect 

in a plasma filled cavity and if possible utilize the effect for the study of fluctuation 

phenomena in plasmas. 

The program is proceeding in steps.    First,   theoretical investigations of 

the Cerenkov effect in a dielectric wave were carried out and are reported below. 

For the purpose of familiarizing the students with the problem,   the classical problem 

of Cerenkov radiation in an infinite dielectric medium was treated.     The method was 

then extended to discuss the case of a finite train of bunched electrons passing through 

a dielectric filled cavity      The results will be compared with an experiment as a 

check on the experimental technique.    After agreement between theory and experiment 

has been established as expected,   disagreements between experiments and computa- 

tions for the case of a plasma filled cavity might be then more justifiably attributed 

to assumptions about the plasma medium.    Thus the Cerenkov effect may become a 

diagnostic tool for the study of real plasmas. 

Preliminary studies on Cerenkov radiation in idealized plasmas are 

described in 2. 7 and preparatory work for experimentation is described in 2. 9. 

2.6,1   Dielectric Filled Infinite Space,   One Electron 

Thic classical problem was solved using Maxwell's equations in 

cylindrical coordinates 

7 x £   .    .l^H (1) 
o t 

7 x H --  J + c   e 4rr- . (2) o      51 

Where    c   is the relative dielectric constant,   and   J   is the current of a single electron 

moving in the    z   direction 

j . az iM 6(2.vt) u (3) 
£ TT      r z 

v   is the velocity of the electron.     The Fourier transforms in   t and z   are taken,   then 

the   E and H   fields can be found.     When Cerenkov radiation is possible,   i. e. ,   v > cr, 

the inverse transforms in   z   yield 
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f\ •   UL1 -   [ii 

^r-)e"J^  Z   =   He"^Z (4) 
r y    r 

z ^4 o   \   c 
E.  ^^^l^H^Me"^2   =   ie'^2 <5) 

r 

where   c    =    the speed of light in the dielectric 
r        i Ju   e e '   o     o 

2 
c 

, r Y -  1 - -j 
v 

The power radiated is 
-•     -*       -• 

P   =   J   E x H • d A 

where the integration is performed over a cylinder infinitely long in the   z   direction 

with vanishingly small radius so that the contribution at the ends can be neglected 

Zrr  oo oo A        * • z i. J.    i\ 

e P  =   J    Jrdzd9  ——•   [J dojdi,' ECu,) H(u') 

o   -oo v -oo 

carrying out the integration over   9 and z   yields 

P   =   vr   JJdxdi;'   6(üü+X') E(UJ) ^JJ') 

-oo 

oo A «' A 

-   ?.vr Re   J  E(JU) H (a!)duu . (6) 

o 

For this problem Eq.   (b) gives 

2 
q 

Tn J 

2   2 oo 
q   V a  v 

P   = 6.     0 i    JL.djU . (7) 

o 

This shows the divergence of power at infinite frequencies which would disappear if a 

real dielectric were chosen whose relative dielectric constant would approach 1 for 
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sui.iciently high frequencies. 

Z. 6. Z    Dielectric Filled Infinite Space.   Finite Train of (N-f 1)   Electrons 

This problem is approached in the same manner as the previous one 
—♦ 

with the previous   J   replaced by 

j =  iX  Mil [6(z-vt) + 6(z- z'- vt)    6(z-nz'- vt)]uz     . 

where    z'   is the spacing between electrons.    The fields can be solved by replacing 

q   by 

*l 
N     jn£Ll 

n=o 

in the single electron solution.      The fields are found to be 

A 
H 

4cr      • ^ l\cr 
(8) 

Z JL 
A 
E u_Y_'- e"

J   v 

4 

N 

)    e 

n=o 

nz'yu 

H Z /XY 

'I 
(9) 

The power radiated using Eq.   (6) is 

2 oo q u   vv , 
P   = -£  i   i d , 

4 TT ,J 

a 

(N + I)   +     )     2(N+ 1 - n) cos 

n-1 

z'n x (10) 

The first term in the brackets represents the radiation from   (N + l)   independent 

electrons,   the second term represents the interaction term.    In order to get a large 

enhancement of radiation the cosine term must be close to one.     Therefore, 

— no;   =   m TT   where   m   is an integer.     For a specific    u enhancement of radiation is 

possible;   however,   since    l    is a continuous variable there cannot be any great increase 

in   P   except when   z' - 0,    This corresponds to all the electrons being coincident for 

this case 

P = (N + l)«  P(one electron) (ID 
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This is the result that is expected since the power radiated varies as the square of the 

charge. 

'c. 6, 3   Dielectric in Cylindrical Waveguide,   One Electron 

This problem can be solved by replacing the radiation condition at 

infinity by the condition that   E   = 0   at the waveguide wall.     The fields then become 

'Uü Y r 

r 
E 

2   I 
Uoq    Y    X 

o I c      / / JJ v r r   / T   f—-0 
ol    c 

(12) 

^ r     1      \Cr / J    ~.ro 
ol    c 

(13) 

where r     is the waveguide radius.     The power can be found by a pole residue inte- 

gration to give 

2 oo      x,   N 
uqvYC -, ^o\     c 

vl Y ro 

4r 
N 

;=1       J. Vo 
(14) 

where the   x  's   are the roots of 

li; vr. 

o \   c 
=   0 (15) 

uu   Y r 
For    _i 2. » i    the roots of Eq.   (15) are 

o 
(16) 

Using the asvmptotlc forms for   N (x) and J,(x)   Eq.   (14) becomes 

2       2      oo 
U0TTq    vcr 

Ps3 r—  I ^-4) 
4r 

1=1 

(17) 
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The power up to the   n       mode is 

2       2 
rr u   q   v c -* 

P        _„_°—2-L tU+l) 
n 

(18) 
8r 

The power in the infinite dielectric up to   m     is after using Eq.   (16) 

N 

2      2 
nu,   q   vc 0   2 

ru^) 
8r 4 

lv2 
(19) 

The two answers are approximately equal becaube the fields radiated go slower than 

the electron;  physically there should be almost no reaction of the field reflected from 

the guide walls on the electron.    This is borne out by the equations. 

2.6.4   Dielectric in Cylindrical Waveguide,  Finite Train of   (Nil)   Electrons 

Once again fhe field solutions can be obtained by replacing   q   by 
N 

"I 
n z  x 

V A pole integration gives the power 

n=o 

2 oo 
a   q    v c   v 

on r 
4r y 

t=i 

«0\^° 
v   vr 
I     o 

N 

N + l   +   )    2(N + i -n) cos L 
n-1 

z n u). 

(20) 

The asymptotic forms of N (x) and J^x)   and Eq.   (16) yield for the power up to the L 

mode 

PT 

th 

uq   yc   vrt 

4r 
o 

L      N 

L(L + |)(N+1) +  I     I   U- i)2(N+l.n) cos ^ -—1 U-\) 
/_    TIC 

Y 
1   n-1 

(21) 

The last term in the bracket can be made very large because the   uu's   are discrete. 

z'c   U- i) 
For instance if  - 2m (integer) for a particular   A ,   then the last term is 

v y r 

equal to   N(N+l)(f   - ~).    This power is   N(N + 1)   times the power one electron tmits 
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in a waveguide.     It is also   N(N+ l)/(^ - —)   times the total power radiated up to fre- 

•Tue'T.cy*   t'     by one electron in the infinite dielectric. 
I 

Z. 6. 5   Dielectric Filled Cavity,  One Electron 

Using a similar but more lengthy analysis than in the previous case 

the fields are found to be 

CD 

fi    =)- a;
q>]    ,[-H'"(H   r)H<2'u   rHH<2L   DH^.   rlx 

cp      LJ 8J (H   r ) 1   '  n o       \   o 1    ^i o    ii   ol 
, o    n   o   L J 

n=l 

F  (JJ) cos 3   z-jG  (ju)sin3   z 
n n      J    n n 

(23) 

A 
E 

-QU    C HKo   r   \ n 

o    n   o 
W

Z
{K   r)H'(K   r)-H'(H    r)H2(H   r)|x o'  n   '     o'  n   o on on   o' 

F (ULOCOSB    z - iG (x) siuS    z 
n n        '    n n   I 

(24) 

where   6    - ^    ,    2z     is the length of the cavity, 
n     2 z o * ' 

n 2 " 3n 

Fn(a,) 
sinf-i + 3   ) z 

W        n7    o 

(^ + 3   ) z 
W        n'    o 

0   for   n    odd , 

sxn .m 
- e )z« n/    o 

* v        n'    c 

for   n   even , 

GnU) 
sinf- - 3   ) z sin (- + 0   ) z, 

W       n'   o 'V       n^    < 

0   for   n   even. 

* v        n/    c 

for   n   odd, 

Since the structure is not uniform in the z direction any longer,   and 

the electron's radiation will be a function of time,   the previous expression for power 
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is no longer useful.    The total energy radiated by the electron in transversing the 

cavity is more meaningful and can be ohown to be 
z   /v 

o 

Energy   =        f      dt    f J ■ E   dv (25) 

-z   /v 
o 

where the second integration is performed over the volume of the cavity. 

A 
The expression for   E     in Eq,  (24) substituted in Eq.  (25) yields 

2   2        4 3 M  .             .     / 
q   v  u   c      -, H N(Kr)/          , uuz                    , UJ z 

«                  ^        ■ o   r    \ n; o    n (,   o     |       .   2       o   ,              2        o 
Energy =  —^  } J_^ TTTTTT   lae 8m T" + aoCOS    ~~ 

(26) 

The values of   n and l   in the sum are such as to keep   H     „   real.     Where   K     'S   are 
n £ nl 

the roots of   J (K   r ) = 0 
o    n   o 

a  - 
e 

1 for n even 

= 0 for n odd . 

0 for n even 

— 1 for n odd . 

For large   n   the main contribution to the sum will occur near    u    - (0   v)    - 0  .    At 
in 

that point the numerator also goes to zero.    If the asymptotic form for   N (x) and 

J  (x)    are substituted the expression for energy radiated becomes 

2   2 oo 
TT u    n    c    z       —, , 

Energy   =---0-^~£    )    U     L) # (27) 

o /,= 1 

2 7 

This expression which is  times the radiation of one electron in a 

waveguide is equal to the energy which one electron radiates in a distance    tz     of the 

waveguide.     Therefore the average power radiated in the two cases is equal. 

2.6.6    Dielectric Filled Waveguide.   Finite Train of (N+l) Electrons 

N      . nz'uy 
J •- 

To solve this problem q   can again be replaced by   q /   e 
I—t 

n-0 
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to get the   E and H   fields.    These fields can be substiiutad into Eq.   (25) to get the 

energy radiated.    If the same approximations    as stated in the last section are applied, 

the energy can be show^i to be 

q u c    ^ z 
00 

Energy   =    l-JLI^.    J   (       1) 

o ^=1 

N 

Nfl    +    ^   2fN+l -n) co 

n=l 

z nw 
B     L (28) 

Enhancement of radiation is possible by choosing 

8 n 

(D 

m (29) 

Hi 

/2mTT\ 
r =   v and (30) 

J '*>        fi2  ^     - n —T - p    r    - a c        no        n c r 

(31) 

where   a     is the   nth   root of   J  (x) - 0. 
n o 

If these conditions are satisfied the radiation at   uu is the same as 

that emitted in a waveguide. 

Conclusion Concerning CerenKQv Radiation in DieJectrics 

The power emitted by one electron is approximately the same in the 

three different geometries.    The only difference is that the radiation in -he waveguide 

and cavity occurs at discrete frequencies,  while in infinite apace thert is a continuous 

spectrum-    The   N+l   el -ctrons change the frequency spectrum of radiation in the 

infinite dielectric case but the total p^^er emitted is not very much different from 

(N+l) electrons emitting independently,    for the other two cases the radiation increases 

significantly it appropriate values of   r  ,   z' and  z     are chosen, 

R.   Sasiela 
R.   Huttei 

Electrophysics Department 
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• Z   Cerenkov Radiation in an Infinite Magneto-Plasma 

In the last few years several articles have appeared dealing with Cerenkov 

radiation in a plasma.    These authors have found the same conditions- although in 

different forms — for the ranges of   it)  as functions of plasma frequency   (UJ ),   cyclotron 

frequency   (a' )   and velocity   (v)   in which Cerenkov radiation may occur.    Below is 
c 5 shown } T v these conditions come naturally from the Allis (C. M. A, ) diagram    from a 

4.6, 
method baggested by Felsen  ,   McKenzie    and G.   Deschamps. 

In order for Cerenkov radiation tc occur a wave which has the same phase 

velocity as the particle must occur in the medium. Expresse:, mathematically this 

condition for a particle traveling in the   z   direction is 

^=v (!) 
z 

where k     is the wavenumber in the   z   direction.    In each cf the regions in Fig.   I 
z 

kc n = —   vs. 9   is plotted for the two modes.     The    z   direction is towards the top of the 

page and   Q   is measured with respect to the    z   axis.     The dotted circle     (n = 1 curve) 

represents a wave moving at the speed of light.    The curves outside the circle are 

slow waves;   those inside are fast.     For Cerenkov radiation 

_   kc  _. z       £         J. ,     , 
COS  2        S ;= COS  ~ 

Therefore,   Cerenkov radiation is possible only in regions 5,6,7 and 8 

because these are the only regions in which slow waves occur.     Each of these regions 

will be examine    in turn. 

Region 3 

In region 3 ail values of   k      are possible,   therefore Cerenkov radiation can 

k   c 
occur at any velocity.    For instance loi the value of ——  shown in Fig.   2,   the operat- 

ing point w-uld be at    1.     The group velocity is the perpendicular to the curve yhown. 

In this region the waves are forward In the radial direction. 

Region 6 

in region 6 there are points such as    1   in  Fig.   3 where v   is too small and no 
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Fig.  2 (2-11) 

Fig.   3 (2-12) 
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Cerenkov radiation occurs.    At points like 3 '     renkov radiation is possible and the 

radiation is emitted as a forward wave as is seen by the direction of the normal.    The 

dividing point is 2.    At this point   k     =0 = 6.    The equation of this dividing point can r        c 
be obtained from the dispersion formula 

tan 

where 

-P(n2-R)(n2-L) 

(? - RT)(n2-P) 
n        J-> 

(> P =   1 - UE V^ 

(3} 

(3a) 

R (3b) 

and 

L = 

S |(R + L) 

(3c) 

(3d) 

At point   2,6=0 

1 
n 

The roots of the dispersion curve are 

2 =   R  = (4) 

2      T    -    1 
n    =   L.   = —T (b, 

These two give the same curve 

1 + 
L        (1-3) 

(6) 

■ -■*■ 
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This curve divides the region where Cerenkov radiation occurs from the one where it 

does nor occur. , 
f 

It can be shown that. \T must be less than the expression on the right of 

Eq.   (6) for Cerenkov radiation to occur. 

Regions 7 and 8 

Ck.   i 

j 

V 

\ 

y 

s 
s 

'/ 

ckr 

Fig.  4 (2-13) 

In regions 7 and 8 the   n vs.   9   is shown in Fig.   4.    At a point such as 1,   one 

wave is possible and it is a backward wave.     At   4   there are two waves possible,   4a 

being a backward wave,the other,   4b,   being a forward wave.    At 5 the velocity is too 

high for Cerenkov radiation to occur.    Point 2 represents the boundary between the 

case of one root and two roots.     This point is characterized by   B = 0   and   n = — .     The 
p 

dividing curve is just an extension  A Eq,   (6) into regions 7 and 8.    For this region, 

however,1-7—I   must be greater than the expression on the right of Eq.   (6). 

The dividing curve between two roots and none is point 3.     This point is 

characterized by   a  double root of the dispersion equations with   n - -5 =■ .    This 
D COS   o 

condition can be shown to be 

43 

d-e2)2 
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When all the conditions are plotted Fig.   5 is obtained. 

1 + 

Reference9 

Fig.   5 (2-14) 

R.   Sasiela 
R.   Hutter 

Electrophysics Department 

Kenyon, Richard Jay, "Cerenkov Radiation from an Anisotropie Plasina",Technical 
Documentary Report, ASD-TDR-62'643, Ultramicrowave Section, Electrical 
Engineering Research Laboratory,   University of Illinois. 
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2. 6   Transition Radiation 

When a charged particle crosses a change in medium parameters,  electro- 

magnetic radiation is emüted.    This phenomenon is fundamentally unlike either 

Bremsstrahlung or the Cerenkov effect in that the charge need not either accelerate or 

move faster than the speed of light in the medium in order that radiation be emitted. 

A study of transition radiation is now under way.    So far,  three problems 

have been considered; 

Dielectric Half-Space: 

The problem is to find the fields produced by the current density 

J = Qv § (x) My) 6(s5-vt) z^      in an infinite space in which the dielectric constant   e(xi) 

is   e     for   ?. < 0,   and   zix) - e     for   z > 0,   and   a =u     throughout.    (See Fig.   1. )   The 

€- 
^0   /   fj.0 

V 

Fig.   1 (2-1S)   ~  Transition radiation in dielectric 
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analysis is carried out in the frequency uomain,   and formal expressions for the fields 
ri T'' 

are derived via a Hankel transform in the variable   o    \x  -• y    .     The result for the 

z-component of electric field is 

+00 

5 ( z, p, t)   =   - e1 ^   E  {z, p, it) d m 
z tr   J z 

-oo 

(1) 

Ez(?', P, Uü) 

+oo 

-oo 

q J(qp) e   (z. q.uü) dq (2) 

e  (z, c, (u ) 
z 

i JJ Q      ,,     Z . 

2 TT  e .  V 1—   Z 
+ V 

2 w~ 2 

V 
" % e-l" T "q 

2 n i us € 

i uuQ(l -v   u c_) 

2 ■/        2 

V 

. rz~  
l-VU;   Urt€    - 

O     T 

2^ 
q     z 

A   , for z >0 

(3) 

- w i — z 
V 

wh. re   A 

„    2        -i^fiiue   -q   z 
4   Qq o 

2TTi D £, 
A   ,  for z< 0 

rz z e+ x 
'     Mo   +    M       C     v 

r2 2      t 2 2     x 

v 

|        7 e+     r 
iV-t   U0€4-q        +     —■   V' € o   -        ' 

■ w^i ■ w:*^ßga*J0WW 



PIBMRI-1295. 1-65 106 

The integral Eq.   (I) is then evaluated asymptotically in the far field.     This parallels 
1   Z previous research by certain Russian authors.    *       The previous workers,   however, 

found only saddle point contributions to Eq.   (Z).     Besides the saddle point we include 

contributions from the branch point and pole singularities of Eq.   (3). 

Vacuum-Plasma Interface: 

The situation is shown in Fig.   Z,     The half-space    z>0   is filled with a col- 

-o 
/■io 

Q      v 

PLASMA 

& •*•! 

I y/ 

Fig.  2 (2-16)   - transition radiation in plasma 

lisionless warm electron plasma which is assumed to have fluid-like behavior.    Small- 

signal linearized equations are used.     The a: alysis of this problem is similar to that 

discussed in t#   Again formal expressions for the field quantities are derived in terrmi 

of integrals which are evaluated asymptotically.    As in problem +, previous solutions 

of this problem    have not taken branch prnnt and pole contributions into account. 

It is found that temperature effects are particularly important when the fre- 

quency is near the plasma frequency or when the velocity of the incident charge is near 

the acoustic velocity of the plasma.     Results indicate that the transition radiation effect 

could be used in plasma diagnostics. 

Transient Solution: 

We consider the case where the point charge is replaced by a line charge 

(i. e.    J   =   5(x) 6(z- vt) Q v ^,   ).     Instead of concentrating on the harmonic components 

of the fields,   the Fourier inversion of Eq.   (1) is attempted.     In the case where    e    and 

C      are frequency independent,   it appears that an exact solution is obtainable.     These 

aspects are presently under study. 

E    Ott 
J.   Shmoys 

Electrophysics Department 
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2. 9   Radiatior by g Uni formly Rotat ing Line Charge in a Plasm a 

(Abstract of PIBAL Report No.   873) 

The current interest in radio communication with space vehicles and other 

phenomena associated with vehicles reentering the earth's atmosphere has stimulated 

the study of wave propagation in a plasma.    Such a study is of importance in providing 

a knowledge of both the possible wave types which the plasma admits and their means 

of excitation. 

Summary: 

A theoretical investigation is conducted for the radiaticn produced by a linear 

distribution of electric charge executing circular motion both inside and outside a 

cylindrical plasma column.     The analysis includes the effects "if compressibility and 

anisotropy of the plasma upon the radiaticn characteristics of the charge distribution. 

In the incompressible Isotropie case,   a dipole resonance phenomenon is 

exhibited for the first harmonic of the angular frequency of rotation of the charge when 

the charge moves at non-relativistic velocities      If the charge moves at extremely 

small velocities,   the resonance becomes a singularity.     The influence of compress- 

ibility upon these radiation characteristics is discussed and is shown to be negligible. 

In the case of the presence of a magnetic field,   i. e.   for an anisotropic plasma,   the 

dipole resonance is shifted,     Moreover,   a multiple resonance is possible for a suffi- 

ciently higher order harmonic.     Furthermore,   in a frequency range just above thio 

multiple resonance Cerenkov radiation contributes to the exsistent Bremsstrahlung 

for a single harmonic in the neighborhood of the  singularity of the index of refraction. 

Thereafter,   the radiation contributions of the remaining harmonics is negligible. 

S.   Gianzero 
Department of Aerospace Engineering and 

Applied Mechanics 

KtHaiiyp^b 
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2. 10   Experimental Work in Conntction with Cerenkov and Transition Radiation 

I. 10. 1    The Rebatron 

The purpose of the project is to set up a facility for using a rela- 

tivistic,   very strongly bunched electron beam to study Cerenkov and transition radia- 

tion in gaseous plasmas.    Studies w-f interactions between such beams and dielectrics, 

periodic circuits and metallic foils are also possible. 

The parts for a rebatron   were obtained from Professor Coleman at 

the university of Illinois.    During the past year a table and vacuum station were con- 

structed,   the rebatron and associated modulators were assembled,   and the necessary 

trials were carried out to make the device operative.     At the present time a beam of 

approximately 1 Mev and several, milliamperes pulse current is available;   the pulses 

may be from 1 to 2 microseconds duration and at a repetition rate up to about 200 per 

second. 

Figure 1 is a photograph of the rebatron.     The accelerating cavity is 

Fig.   1 (2-17) 
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a circular cylinder 4 cm long by 8. 13 crn diameter.     The beam enters and leavea the 

cavity through srmill holes on the axis.     The    rf   power enters through two oppositelv 

placed apertures on the cylindrical surface which provi ie optimum coupling from the 

waveguHes.     The two waveguides and the two magnetrons are visible in the photograph. 

The electron pulse enters the cavity after the   rf   pulse has had time to fill the cavity 

and the electrons see an. accelerating field of approximately constant amplitude.     This 

field accelerates and bunches approximately 30% of the electrons,   those which enter 

during a favorable phase interval,   and these bunches are expelled through the exit hole 

at the magnetron frequency.    Any harmonic can be generated so long as its wavelength 

is greater than the length of the bunch.     Above about the tenth harmonic it is necessary 

to excite a prebunching cavity in order to produce shorter bunches.     This is done with 

a signal of appropriate phase and amplitude tapped off the line from one of the mag- 

netrons. 

Z. 10. 2   Beam Measurements 

The beam consists of high energy electrons in bunches abo-j^ Imm 

diameter and from 1 to 5 mm long.     The velocity spectrum,   the shape and stability of 

the bunches,   and the average current and voltage of the beam depend on the operating 

parameters such as magnetron current and frequency and the excitation of the pre- 

bunching cavity.    It would be desirable to determine these relationships experimentally. 

The velocity spectrum and the average velocity or voltage will be 

measured wi*h a magnetic analyzer which can be seen in the photograph.     This is being 

tested at the present time and will be in use during the next half year. 

The shape of the bunches is very difficult to measure but it is closely 

related to the harmonic content of the beam currer^      At this time we ars preparing to 

measure the amplitude of the fifth harmonic by shooting the beam through   RG  91    wave- 

guide and measuring the radiated power      Later we will measure higher harmonics by 

the same and possibly some other methods. 

I. 10. 3   Planned Experiment with Plasma 

The group has been interested in radiation from electrons moving in 

anisotropic plasmas and some members have been calculating the radiation into modes 

in waveguides and resonant cavities filled with plasma,     An experiment is being planned 
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to measure the radiated power from the rebatron beam in a plasma-filled cavity.     The 

first step will be to measure the radiation into a dielectric-filled cavity.     This is so 

much easier to do tha, it is worthwhile doing it as a calibration experiment and as a 

test of the correspondence between theoretical and experimental results. 

Cold tpsts are being carried out on a configuration similar to that 

which will contain the plasma.     The development of the plasma-filled cavity proceed 

as described below. 

2. 10. 4   Screen Discharge 

To measure radiation from the beam into a plasma-filled cavity it is 

necessary to dcelop a discharge which accurately realizes this situation.    Previous 

work done in our laboratory ltd us to try to use a ocreeu cathode discharge to achieve 

this.    Figures 2 and 3 are a photograph and a sketch of a conliguraticn that iü being 

tested at this time     This resembles the Penning dischaige except that in the case of 

the Penning the central cylinder is positive and can be filled with a fairly uniform 

plasma provided a st: ong magnetic field is present.    In 'lie case of the screen cathode 

an apparently uniform plasma can be achic%ed even without a magnetic field.     Also the 

screen cathode is more easily adaptable to the function of being a resonant cavity. 

Some development work remains to be done on thio discharge. 

CATHODE 

CATHODE 

Fig.  2 (2-18) - Photograph of cavity screen discharge 
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ANODE 
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CATHODE 

F"ig.   3 (2-19)  -   Schematic of cavity screen discharge 

R.   Pepper 
R.   Mutver 

Electrophysics  Department 

2. 11   Propagation of Waves in Plasma V/aveguides 

Purpose of the Project 

We investigate the nonquasistatic solutions for the propagation of waves in 

waveguides completely or partially filled by plasma.     We shall extend our research to 

high-power electron beam-plasma interactions.     The ultimate objective of this research 

is to examine the feasibility ol utilizing electron beam-plasma systems for new types 

of microwave amplifiers,   microwave generators,   and for the heating of plasmas at the 

expense of the d  c.   energy of an eiectro-! beam. 

Accomplishments 

We have formulated the soirtion for the following beam-plasma system:   the 

plasma contains electrons neutralize i in the unperturbed state by ions of finite mass. 

The unperturbed density of the electrons and the ions is not uniform.     The beam elec- 

trons driff along the axis of uniformity of the waveguide.     Their unperturbed charge 

densit;es and velocities are not uniform.     Furthermore,   a uniform,   finite,   axi il, 

magnetostatic field along the axis of uniformity of the waveguide was assumed to exist. 
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The formuiation of the solution for the above mentioned system is a generalization of 

the solution for the case with uniform beam and plasma densities and uniform beam 

velocity, 

For the case of a partially filled waveguide we must consider the boundary 

conditions between beam and plasma and also between plasma and free space inside the 

waveguide.     The usual procedure ie the introduction r-f equivalent surface charges and 

surface currents.     This method is valid only under the assumption that the variation of 

the total electric field at the perturbed boundary is very small.    It came out that this 

ic not the case for neutral plasmas.     We have started the investigation of the formula- 

tion of more satisfactory approximate boundary conditions between neutral plasmas 

and free space inside a waveguide. 

Another part of our research was the formulation of an approximate method 

for the investigation of dispersion relations for plasma wavegviides,   by coupling of 

empty-waveguide modes and quasistatic modes.    This method has given very satisfac- 

tory results for the symmetric mode of propagation insidi- a completely filled plasma 

waveguide.    Currently we apply the same technique for the investigation of the follow- 

ing two cases: 

a) Propagation of the mode with one azimuthal variation inside a com- 

pletely filled circular cylindrical plasma waveguide. 

b) Wave propagation inside a partially filled circular cylindrical plasma 

waveguide 

Plans 

During the next half-year interval we plan to complete the following dis- 

persion diagrams: 

a) Quasistatic solution for the partially filled plasma waveguide. 

b) Direct solution for the partially filled plasma waveguide. 

c) Coupling of modes for the partially filled plasma waveguide. 

d) Coupling of modes for the case of one azimuthal variation inside a com- 

pletely filled circular cylindrical waveguide 

e) Coupling of modes for the electron bearr-plasma interaction 

P. E.   Serafim 
Electrical Engineering Department 

G.   Pisane 
Electrophysif-s Department 
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3.    FLUID DYNAMICS 

Introduction 

The observable characteristics associated with the very high speed flight 

of vehicles within the atmosphere is intimately related to the flow field charac- 

teristics of the vehicles.     The electrons and excited states of the chemical species 

in these flows are somewhat in the nature of stains or traces which are contained 

in the masses of gas which act as a carrier in more detail.    There are some cou- 

plings between the chemical behavior of the flow and its dynamics.    However, 

much information about the energy distribution and the basic gas dynamic con- 

figuration can be obtained without the considerai on of the chemical influences. 

With this in mind,  fluid dynamical studies of the near-wake structure of conical 

shapes has been carried on in the heated (1500   K stagnation temperature) hyper- 

sonic blowdown wind tunn     ^.     The initial results of these experiments were 

obtained under Air Force sponsorship and are described below.    Extensions of 

'this work leading toward the investigation of effects of angle of attack on the near 

wake structure have been initiated under ARPA-ONR sponsorship and are now under 

way. 

The scattering characteristics of these flow fields are significantly depen- 

dent upon the nature of the fluctuations in the flows.    A powerful tool in the inves- 

tigation of these fluctuations is the hot wire anemometer.    A description of the 

anemometer equipment being activated for fluctuation diagnostics is likewise 

described here.     The electron   distributions generated by the chemical or photo- 

^nization behavior of the hypersonic flows of interest is also under study in several 

of its tanny  facets.    In particular,   diagnostic techniques t-i.-.paving microwave 

resonant cavities have been developed and are under furthc- development.     The 

major tools in these developments are based on fluiu dynamic behavior as gen- 

erated in shock tubes and a shock tunnel.    In their initial form,   the  cavities arc 

constructed to resonate as an effective dielectric represented by plasma flows through 

the cavity or stagnate;-: against a cavity.     In this way the presence of a limited 
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electron density band can be perceived.     However,   several expe lirncnts must 

be  run if one wishes to survey a wide electron density range which corresponds 

to a large plasma frequency band.     To overcome this disadvantage and to permit 

a continuous time-resolved measurement of electron densities by means of reso- 

nant cavity techniques,   an interesting diagnostic device based upon the plr. sma 

tuning of a klystron oscillator has been devised. 

The explanation of certain phenomena which have been perceived by radar, 

has hinged upon the hypothesis that there is a significant electron riensity level 

upstream of the shock layer surrounding a vehicle.     This phenomenon is termed 

precursor ionization.    Detailed measurements of this type of precursor ionization 

have been made with the use of resonance cavity methods which are described in 

greater detail herein.     The use of these cavity techniques in the investigation of 

chemical kinetics phenomena,   are now under consideration.     Their application 

in this context appears to be promising under conditions where electron reactions 

are coupled to vibrational relaxations.     Promising cavity configurations of several 

kinds are under study as described here. 

Chemical kinetic studies involving the  scattering of ion beams is employed 

to determine inter-molecular potential energy functions of gaseous species.     These 

experiments to be described are significant in tne determination of the rmody namic 

and transport properties of gases pertinent to the observable problem.    Finally,   in 

the context of exploring methods for providing high energy streams of fluid for gas 

dynamic and chemical testing purposes,   the magnetohydrodynamic behavior of 

certain channel flows has been explored.     New types of solution for this magneto- 

hydrodynamic flow configuration have been evolved. 

The work to be described here has been carried out completely under the 

ARPA-ONR program except for the initial work on the fluid dynamics of the near 

wake which was  started under an Air Force program  subsequently terminated. 

M.   Bloom 
Dept.   of Aerospace Engineering 
and Applied Mechanics 
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3, 1    Resonant Cavity Techniques for Measurement of Electron Density 

and Collision Frequency of Hypcrsoric Flows 

3. i. 1    General Data 

Resonant microwave cavity techniques are being used for plasma 

diagnostics of hypersonic flowa of low density gases  in three facilities including 

a 5' diameter shock tunnel,   a 6" shock tube and a  2."  shock tube all at the  Long 

Island Graduate Center.     Objectives  include special cavity diagnostics for non- 

uniform flows encountered at shock discontinuities of models,   investigation of 

shock wavefront characteristics and calibration of the shock front facilities.     The 

primary effort to date has bee i in the latter two areas. 

Specific accomplishments during this period include: 

(a) Preliminary testing of microwave diagnostics of 4 

millisecond hypersonic shocks produced in 5!  shock 

tunnel.    A brief report indicates sufficient sensitivity 

for experimentation.    Further refinement of instru- 

mentation techniques as well as sheck reproducibility 

is being pursued prior to interpretation of cavity data 

so far obtained. 

(b) A T. M.   smooth bore cavity has been constructed for 

microwave diagnostics in a 6" shock tube.    An assembly 

drawing is shown in Fig.   1. 

(c) Design data for smooth bore cavities has been experi- 

mentally determined.    A detailed report of this work 

is  given late r . 

(d;    Quantitative electron density measurements have been 

made using a diagnostic cavity partially iiiied with a 

field induced plasma.     This work is  reported in detail. 
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3» 

Fig.   1(3-1)  -  Assembly drawing for TM diagnostic cavity (6"   shock tube) 

Plans for Next Period 

Further microwave diagnostics on shock flows will be carried out utilizing 

expanded and improved shock facilities.     Smooth bore cavities for the    5'  sho:k 

tunnel will be designed.     New electronic means for continuously reading  electron 

density will be investigated.     The application of diagnostics to non-uniform plasma 

flows will be further investigated. 

J,   Griemsmann 
D. Jacenko 
E. Ma Hoy 

E^lectrophys ic =■   Department 

S.   Lederman 
Dept.   of Aerospace  Engineering 
and Applied Mechanics 
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3.1.2    Prolimina ry Data on Cavity Meaaurfm e nt of Ele c t ron DL- nsj ty 

in the  5' Shock Tiinnel 

Using the cavities shown schematically in Figs.   Z and 3 electron 

density measurements have been made in hypersonic  shocks produced in the 
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FIR.   2 (3-2)  - Schematic of open resonant cavity 
(center ring construction) 
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Fig.   3 (3-3) Schematic of open resonant cavity 
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PIBMRI- 1295. 1 -(,.5 11" 

5'  shock tunnel at the   Long Island Graduate- Centi-r of the  Polytechnic Institute 

of Brooklyn.     Preliminary testing has  indicated adequate sensitivity of the cavities 

and test equipment but also further tests must be made to insure quantitative 

interpretation of the test data. 

Testing to date has been done by arranging for the cavities to have greater 

electrical transmission when the shock flow is in the cavity.     This is done by 

presetting the frequency at a  value  higher than the measured   resonant frequency 

under vacuum conditions.     Shown in Fig.   4 are oscilloscope traces designed 

primarily to show the  sensitivity of the  cavities.     The  upper curve is for the cavity 

of Fig.   3 which was  preset at a frequency  1   megacycle     higher than the  567 mega- 

cycle resonant frequency.    The lower trace is for the cavity of Fig.   i. with the fre- 

quency set at the upper half power point,     ^his   second  frequency setting would be 

sensitive to a lower electron density and accordingly  reacts earlier and  returns 

later to the quiescent state.     The time  scale is   1  millisecond per major division. 

Other instrumentation planned includes  locking an oscillator to the  resonant 

Fig.   4 (3-4)   - Sensitivity check or. diagnos'  c  cavities 
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frequencv of the cavity so as to get a continuous measure of electron density in 

teirm of frequency tor the period of the shock.    Rapidly sweeping the preset 

frequency is also a technique being explored. 

Among tlie aerociynanuc effects to be studied are the perturbations in 

electron density that arc produced by the instrument itse.'f particularly relating 

to the obstructions contained in ehe flow channel.     One test includes a tandem 

connection of the cavities of Figs.   2 and 3. 

J.   Griemsmann 
E.   Malloy 

Electrophysics Department 

S.   Lederman 
Dept.   of Aerospace Engineering 
and Applied Mechanics 

3. 1. 3   Design Data for Smooth Bore T. M.   Diagnostic Cavities 

Summary 

Measured design data has b'. en obtained which will make possible- 

improved  "smooth bore" T, M.  diagnostic cavities,   particularly for electron 
Q 

densities lower than 10    electrons per cubic   ;entim.eter.     Besides the unobstructed 

cylindrical channel provided for the air flow,   the design data provides the means 

for reduction in size and weight and improved overall aerodynamic shaping.     The 

design data will pern.it good engineering estimates of range of electron densities 

that can be measured for a given design. 

Introductio n 

Shown schematically in Fig.   S is a form of cavity winch has been 

used in shock tube diagnostics whore the dimension d  is that of the internal diam- 

eter  of  the   shock   tube.       Part of the cavity is  noted to be a teflon dielectric 

cylinder which provides for the physical  continuity of the cylindrical channel and 

also serves as  part c-J   the dielectric   of the  cavity.     For diagnostics in a   1" shock 

tube,   microwave  resonant cavities operating at about 3 gigacycles have been previ- 

ously used to measure electron densities of about  lu       electron per cubic centimeter. 
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Fig.   5 (3-5)  - Cross-section of TM smooth bore cavity 

More recently a microwave cavity (sec Fig,   1) has been built for diagnostics in a 

6" shock tube.     This was a scaled model of that for the  1"  shock tube.     This cavity 

is operated at about , 5 gigacyclcs and is designed to measure electron densities 
7 

of about 10     electrons per cubic  centimeter.     The overall diameter is  20".     One 

method of obtaining a smaller construction which has been used is to build the 

resonant cavity internal to the bore as  illustrated in Fig,   2.     Another method ol 

design is shown in Fig,   6.     This design preserves the smooth bore feature of the 

design of Fig.   1.    The structure external to the bore,   however,   is a coaxial line 

structure and permits smaller overall diameter as well as better aerodynamic 

shaping. 
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Fig.  6 (3-6) - Cross section of TM - coax cylindrical cavity 

One difference between the smooth bore cavities of Figs.   1 and 6 and 

that of Fig.  2 is that for the smooth bore cavitic the plasma to be measured 

flows through only part of the cavity and it is correspondingly less sensitive to 

dielectric changes in the bore.    One objective of this experiment is to measure 

the decrease of this sensitivity in particular as a function of the ratio L/d. 

Another objective is to provide the information necessary for the design 

of different reactance structures external to the bore.    This can be done by making 

the assumption that for a given L/d the field distribution i-i the cylindrical dielectric 

aperture looking into the bore is substantially independent of reasonable ch'tnges 

in the structure erternal to the bore.    Under these circumstances the field internal      | 

to the bore is independent of the external struc.ure and designs can be formulated 

in terms of relatively simple equivalent circuits. 

Analysis and Circuit Representation 

For convenience of reasonable size and availability of precision test 

equipment»measurements were performed at about 5000   megacycles per second on 

a cavity of the type shown in FIR,   1.     The internal dimensions were D = 1.8", 

d = .6" and L * . 10",   .15,!,   .Zu",   .25",   . 30" and . 35".    The variations in L we .•" 

obtained by inserting rings of internal diameter D in the outer barrel of the cavity. 

For separating out the design information, pieces of foamed dielectric were 

machined so as to independently fill the bore of the cavity on that part external 
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to it.    Dielectric constants« of about 1.03 and 1.075 were used.    The measurements 

made were the resonant frequency for all values of L using an air cavity and 

various combinations of dielectric filling. 

The basis for the measurements and their interpretation are best explained 

through the use of Figs.   7 and 8.    In Fig.  7(a),  the internal cross-section of the 

cavity of Fig.   1 is reproduced.    The T. M.  mode used is characterized by circular 

magnetic field lines in planes perpendicular to the axi^.    In the region external to 

the bore,  region 11 in Fig.  7, the electric field is substantially uniform in the 

z-direction.    In the region II net,.- the cylindrical aperture into the bore some devia- 

tion from uniformity takes plar-e.    For the purposes of this investigation the devia- 

tion from uniformity is assumed negligible.    Typical electric field lines in the bore, 

region I,  üre illustrated in Fig.   7(a),    For the operating frequencies chosen for 

diagnostic cavities the tube of diameter d is well below cut-off for all modes and 

the field decays rapidly away from the aperture.    Under these circumstances the 

field distribution in the bore is fixed once a gi/en frequency is specified and a uni- 

form field in the aperture is assumed.    The wave admittance or E-type dominant 

mode radial line admittance is then specified and can be represented at one fre- 

quency and one value of L/d by the right hand part of the circuit shown in Fig.  7(b). 

The admittance Y is   arbitrarily chosen to be represerued in terms of the capacitance 

C   ,   representing the energy stored in the electric field in the bore (I) and L_ 

representing the energy stored in the magnetic field in the bore.    GD represents 

the energy dissipated in the bore or on the metallic walls of the bore.    For diag- 

nostic purposes it is assumed that introducing materials into the bore which have 

dielectric constants only a few percent different from 1.0 will not change the field 

configuration in the oore.    As a consequence only the capacitance Cn will change as 

the result of introducing a tenuous dielectric into the bore.    For the following 

measurements the circuit to the left of the line in Fig.   7(b) represent the short 

circuited radial line structure.    In design this structure could be any structure 

which realizes the same reactance,   Y   ,  looking outward from the aperture.    In 

Fig.   7(c) is shown the equivalent resonant frequency circuit used for diagnostic 

-^»-»^ 
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CYUNÜRICAL 
APERTURE 

a)   Line diagram of internal cavity cross-section 

YE«« f—»YCL/d.f) 

b)   Equivalent circuit at aperture 

c)   Equivalent circuit for measurements i 

Fig.  7 (3-7) - Cavity cross-section and equivalent circuits 
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and calibrating measurcmcn,,?.    The sonsitivity of the cavity is seen to be depen- 

dent on the ratio of C     to C_,.    The ratio of C     to C     is obtained below by 

measuniig the resonant frequency with air and with one other known dielectric. 

It should be emphasized that the equivalent circuit representations of 

Fig.  7 are valid only for the frequencies very close to that at which the mcasure- 

ments of the «uscoptance looking into the bore arc made.    Th.  use of the measured 

dat-i woulO then be limited to design of cavities at the same frequency or scaled 

versions thereof.    When the diameter d however is far below cut-off for the cavity 

mode as it has ucen for previous designs primarily electric eneärgy will be stored 

in the bore and this field configuration will not differ much from the field configu- 

ration to be found at ?.cro frequency (D = oo).    In view of this,   a good approximate 

representation for this admittance at frequencies equal to or below those repre- 

sented by the measurements is an open-circuited radial transmission line as shown 

in Fig.   8.    This circuit was chosen to present the data obtained from the measure- 

ments using the quantity a.    Thir  quantity is that which will give the same resonant 

frequency as that of measured cavity of Fig.   7(a) when region II is the same for 

both cavities.    The rigorous alternative to this approximate approach is to obtain 

data for different values of D and different values of frequencies over the range of 

interest. 

•/-H 

OPEN CIRCUIT RADIAL 
LINE   TERMINATION 

Fig.   K O-K)  - Equivalent TM radial line representation 
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Experimental Data 

Shown in Fig.  9 are the resonant frequencies for the cavity of Fig,   7(a) 

plotted as a function of L for the cavity air filled and for the cavity filled with each 

of two dielectrics.    These measurements provide reference points for measuring 

the geometric calibrating factor C   /C-, and a1 so some to measure the dielectric 

constants of the two foam materials.    With thj exception of the points for L = .10, 

all the values of dielectric t onst^.nt calculated from the smooth curves are quite 

precise.    For the dielectric #1 a specification of the dielectric constant as 

1.035 ± .0025 covers «11 con^'^ons.    The same specification for dielectric #2 is 

1.077 i .003. 

For perspective^ two special resonant frequencies are indicated.    When 

L/d is mentally conceived to be large the resonance should be expected to approach 

that of T, M, cylindrical cavity,   since electrical energy stored in the bore becomes 

less and less significant.    The resonant frequency of the air cavity should approach 

the 5000 megacycle value indicated.    When L/d becomes very small the impedance 

seen looking into the bore is very lart^e empared to radial line characteristic 

impedance such that the ultimate condition is virtually A normalized open circuit 

at the aperture.    For very small L/d the resonant frequency for the air cavity 

should approach the 6000 megacycle value indicated in Fig.   9. 

The data sought for the design of improved cavities is presented in Fig, 10 

in terms of open circuit radial equivalent of the T. M, modal fields in the bore 

as already considered in the analysis.    The aperture length, L,   is the height of 

the equivalent radial line.    The quantity a is the position for the open circuit of 

the radial line equivalent.     The range of L/d is given by,   .25 c L/d < . 58.    The 

equivalent circuit is quite precise for d/X- . 27 and is adjudged to be a good 

approximation for any value below this where \ is the T. E. M.  wavelength in the 

medium of the homogeneously filled cavity. 

Shown in Fig.   11  is the change in resonant frequency of the cavity from 

the condition of air filling the bore to that of thr indicated dielectric filling the 
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Fig.   9 (3-9)   • Resonant frequencies for filled cavities 
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Fig.   10 (3-10) -   Inner radius for equivalent open-circuited radial line 
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bore.    For additional checks the curves are also shown with dielectrics #1 and 

#2 filling that part of the cavity external to the bore.    The shift in these instances 

is expected to be less by virtue of the larger value of Cg in the equivalent circuit 

of Fig.  7(c).    Sine? the sensi ivity  of the cavity is seen to depend upon the ratio 

of C    to C   , the —^   ratio can be defined as the "calibration constant" ol the cavity. 

It can readily be obtained from the equivalent circuit in Fig.  7(c) and is: 

where       m.- resonant frequency of the cavity when cavity is completely 

filled with dielectric. 

üü«- resonant frequency of the cavity when only the outer portion 

of the cavity is filled with dielectric. 

K - dielectric constant of the dielectric insert. c 

In Table I are shown the calibration constants for cavities of various lengths L. 

They are computed from the measured data using the above formula.   A' shown, 

these data were obtained for the cases when the external portion of the cavity was 

filled with various dielectrics and inserts built   from various dielectrics were 

introduced into the bore of the cavity. 

figure 12 shows the average calibration sensitivity  of the cavity vs. 

length obtained from the data    in Table I.    In this case,    average calibration constants 

were computed for each "L" of the cavity. 

i 
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Fig. 12 (3-12) - Sensitivity falibfaticm constants oi cavities 
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j         Length "L" 
i        of the cavity 
1           (Inches) 

D#l Insert 
Cavity filled up with 

D#2 Insert                       j 
Cavity filled up with               | 

air DU u% all m\ D#2        | 

1               •35 .361 . 345 .314 .368 ..358 .321 

|              .30 .309 ,2^ .270 .365 .336 .314        1 

.i5 .314 .282 .306 .331 .297 .299        | 

j               .20 .111 .280 .266 .300 .289 .269 

1 
.256 .275 .216 .274 .261 .298 

!      ,io .87 .183 .122 . 194 . 170 .110 

Table # 1   Calibration constants of the cavity 

J.  Griemsmann 
D.  Jacenko 

Electrophysxcs Department 

3   1.4   Measurement of Electron Density and Collision Frequency of 

a Field Induced Plasma 

As a check on the resonant cavity techniques,  the electron density 

of a plasma produced >.,' a d. c.  periodically pulsed voltage inside a one inch 

circular glass tube was measured using the 6" diameter cavity designed ortgip&Ky 

for electron density measurement in the 5' shock tunnel. 

A schematic diagram of measuring cavity arrangement is shown in Fig,   M. 

For calibration purposes two identical 1" hollow circular glass tubes «''ere made so 

that they would extend through the total length of the cavity.     Cite was iitted with 

electrodes so as to provide the plasma.    The other was open-ended.    Foam dielectric 

rod sections having a dielectric constant of 1.075 we.i'ü rmrhim4 s-o s^ to fill tHe 

second one inch tube.    The rtpV-   emen: ol the ail* dielectric constant by the known 

foam dieler'nc constant provides the cavity c a'A, rations- 
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Fig.  13 (j-i3) - Partially filled cavity - hydrogen plasma 

One determination of electron density requires thtee electrical measure- 

mentd.    Each consists of the measurement of resonant frequency and Q of the 

cavity under the following conditions: 

(a) T jasrna iilling a 1" glass tube 

(b) Air filling a 1" <■     ss tube 

(c) Polyfoam filling a 1" glass tube. 

For the measurement the assumption is made that neither the dielectric constant 

of the polyfoam nor that of the plasma deviates sufficiently from 1. 00 so as to 

cause a significant change in the field pattern from that obtained for the empty 

glass tube.    Under these circumstances the cavity may be represented in the 

neighborhood of the resonant frequency by the equivalent circuit shown in Fig.   14. 

Here L_ represent the total relative magnetic energy stored in the cavity and G^ 

represents the relative losses in the cavity when the air filled glass tube is in the 

cavity.    The total relative electric energy stored in the cavity is considered to be 

represented by the capacitance 

C    = C     + C     = C       i  K- k 
I kt A K* E 

(U 
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Fig.  14 (3-14) - Equivalent circuit for measuroments 

where C^ represents the relative electric energy stored inside the glass tube 

and C     the electric energy storage elsewhere in the cavity. This equivalent 

circuit may be completely evaluated.    If losses inside the glass tube arc due to 

electric field they may be taken into account by using a complex dielectric constant 
«fa 

k    = k   - jk" .    In this instance the capacitance inside the glars tube may be rep- 
C € € 

resented as some geometric factor K times the real part of the relative dielectric 

constant   k' as indicated in Eq.  (1),    The    >sses are then represented by 

G-, = K« oik ' 
X € 

(2) 

The complex relative dielectric constant of the plasma may be written 

in the for«"! 
It    !S k'  - jk   = 1  - 

ff n ^       r- ,,22 
1 +q   p 

2  2 
I fq   p 

where 
(!) 

- _E _v_ 
•up 

(3) 

(4) 

The quantity uuequais the angular frequency of the field, vis the collision 

frequency. 

The plasma angular frequency is given by 

2 2        Bi      -   -,D   x2 
p     me r o 

(5) 

where n is the electron density,   c the electronic charge,   in the mass of the electron 

and 6    the absolute dielectric constant of free space, 
o 

For determination of the electron density only the values of resonant 

frequencies under each of the above conditions are required.    Assuming the induct- 

ance of the equivalent circuit to be invariant yields 



PIBMRI-1295. 1-65 135 

Uü     (C_ + Kk'   ) 
rp     C ep 

a.'2.(C    +K)= uu2   (C^+K- k) 
ra re CO 

(6) 

ID      are respectively the measured angular resonant frequencies where UJ    ,  uu 
rp 

of the cavity with plasma, air and polyfoam dielectrics.    The latter dielectric may 

be considered to be lossless with k        cino the relative dielectric constant.    The 
K €o b 

calibration constant,    — , for the cavity may be obtained from the second two 

equations of (6) ar^ is bound to be 2 
'uu    , ra. _   1 

\K 
rc 

(7) 
JU 

eo 
_ra 
2 

Ü re uu 

The real part of Jie relative dielectric constant of the plasma obtained 

from the first two equations of (6) is then 

1 (8) 

Identifying tms value of k' with that of Eq. (3) permits solving for the electron 

density b/ using Eq.  (5).   Analytically a simple subsidiary relation is found to be 

i2 

/   N2 l 

,     ,   =   1 - k' = M 
i + 

/v\?/a;\ 
[k

en-
l] to 

(9) 
U) ra 

i-   1 
uu 

rev 

For determination of collision frequency the "Q" of the cavity is measured 

with plasma present and with air dielectric.    Let these values be respectively 

Q   and Q .    In terms of the equivalent circuit we have 
P a 

Q    =   - 
p      a' 

l 

rpV^V 
(10) 

and 

immm 
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ra    C K) 
a     ^raLTGC GC 

Identifying Gv of Eq.  (10) with that of Eq.  (2) permits solving for the imaginary 

part of plasma dielectric constant,  namely, 

ID \ /iu    Q \ 
(12) 

This expression explicitly contains only measured quantities except for the cali- 

bration constant,  C^/K, which in turn is given in terms of measured quantities 

by Eq.   (7).    From Eq.  (3) the collision frequency is determined through the relation 

k*..JsL. 0 3) 
1 + q p 

The above equations are exact for the assumed equivalent circuit.    Under conditions 

of high Q (say > 500) and for measurements at frequencies sufficiently above 

plasma and collision frequency considerable simplification of the above expressions 

can be obtained through approximations. 

Experimental Results 

In the physical arrangements shown in Fig.   13 measurements of electron 

density were made on hydrogen plasmas operating at about 40 microns pressure 

and currents of . 6,   I and 5 milliamperes.    The measured values are sh.wn in 

the following data; 

Plasma Measurements 

Current (ma. ) frp(MC. ) QE 

.6 521.80+.07 
♦ 

i.O 521.80+. 10 
5.0 521.80+. 73 640 

Measurement accuracy was not sufficient to measure reliably the small 

reduction in Q noted. 

' 
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Zero Current Mcasureitifnts (Air Equivalent) 

f      =521.80        Qa - 949 
ra 

Measurements With Polyfoam Dielectric (k     =   1.075) 

f      - 521.80-.450 
re 

Computed Data 

1. Calibration Constant  -K/C     = .0235 

2. Electron Density 

Plasma Current (ma.i El ectron Per cc k' 
—€ P 

.6 l.Ox 108 I.0117 9.25 

1.0 1.43x 108 1.0167 7.73 

5.0 l.04xl09 1. 122 2.87 

3. Collision Frequency (5 ma. plasma) 
Q 

v= 5.4x10   collisions/sec.   (k^ = . 022,   v/ffi    =.518) 
€ p 

k; 
4. The plasma  Q = — =   51 

k" 
e 

Discussion of Results and Conclusions 

The measured values of average electron density in the plasma values 

are found to agree in order of magnitude with those calculated for the plasma from 

the measured currents and pressures. 

Experimentally the limitation on the smallest electron density that could 
g 

be measured in the plasma tube was found to be about 10    electrons/cc   and 

this was primarily a consequence of the frequency resolution of the equipment 

used.    It siioi.ld also be noted that the energy stored in the plasma was approxi- 

matcly 1/40 of the total energy stored in the cavity.    When the cavity is applied to 
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flow diagnostics the plasma will fill the cavity.    Electron densities as low as 

2. 5x 10    should then bt; readily measured for those instances in which the influence 

of collision frequency tan be neglected. 

Experimentally the limitation on the highest electron density that could 

be measured in the plasma tube was found to be the loss of Q of the cavity.    For 

the plasma tube having a 5 ma.  current the collision frequency is quite high, just 

about 1/2 of the plasma frequency - the Q of the plasma itself is noted to be only 

50.    Such a plasma would not have been measureable had u filled the cavity.    For 

flow diagnostics the collision frequency would have to be at least 40 times less or 

less than v~ 1. 35 x 10   collisions/sec.  in order that an electron density as high 

as 10   electrons/cc       could be measured.    Collision frequencies as high as 10  /sec 

are not anticipated for the intended shock tunnel application.    In any case the 
g 

maximum electron density of 10   electrons/ cc      was the upper limit designed 

for the cavity. 

The 5 ma.  current experiments introduces several points that could 

bear further investigation.    Measurements were made at a frequency of electric 

field only 2.87 times the plasma frequency.    How close to the plasma frequency 

is Eq.   (3) of the text and its associated plasma model valid?  For no collisions 

(v = 0,   q = 0) the equation (3) would violate the Kronig-Kramer condition since 

it postulates loss for any variation of dielectric constant with frequency.    An 

experimental check could be made on the equation by measuring the collision 

frequency and electron density of the same plasma at two different frequencies 

using two different cavities.    One of these cavities would be operated at a frequency 

close to the plasma frequency being a partially filled cavity as in the above experi- 

ments.    The other cavity would be operated at a frequency sufficiently above the 

plasma frequency to insure satisfaction of the   previous restrictions. 

Other experimental conditions that require further checking are the 

non-unifom electron density distribution in the plasma and conditions for radiation 

through the ends of the cavity.    In the above tests no significant difference in the 

f 
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measurements resulted from covering the open ends with copper foil. 

J,  Griemsmann 
E.  Malloy 

Electrophysics Department 

3.2   Microwave Resonant Cavity Measurement of Shock Produced 

Electron Precursors 

Experimentalists working with shock tubes hav^ noticed a variety of 

electrical signals appearing on different types of probes in the region well ahead 

of the advancing shock front.    These signals seem to assume various forms, 

shapes,  polarities and apparent velocities of propagation,  depending on the external 

circuity and position of the probes relative to the shock tube.    Some signals appear 

to propagate effectively with the speed of light and are pr< s xmably produced by 

photoionization effects.    Other signals,  however,  propagate with velocities ol 

the order of the shock speed.    The latter type of signal has been attributed to a 

large scale diffusion of electrons upstream through the shock front. 

In theoretical treatments of the problem,  a variety of flow conditions 

have been considered.    These yield electron precursor effects which are attri- 

buted mainly to diffusion in some cases and to photoionization in others.    Sup- 

porting experimental observations are cited in both instances.    However,   the 

experimental evidence in these cases suffers from a common shortcoming,   namely, 

the difficulty in interpretation of the signals obtained from probes,  whether they 

are immersed in the flowing medium or placed external to the shock tube.     To 

avoid the difficulties and uncertainties of interpretation of the different probe 

signals,   means other than probes were selected for use in the present investi- 

gation.    In particular,   microwave resonant     cavities are principal diagnostic 

devices us^d here.    For the probk-m at hand,   the advantages of microwave tech- 

nique? outweigh the shortcomings.     Their unique suitability here is related to the 

fact that at no time is there any interaction between the flowing medium and the 

probing microwave signal,  which is negligibly small; the interpretation of the 

?=-       ———     -■«--        ■^■HP 
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recorded signals is straightforward and theoretically as well as experimentally 

well-founded; and finally the signals recorded are free from spurious effects, 

unlike the signals obtained from probes. 

This investigation is being carried out in a 0. 89-inch diameter shock 

tube.    The schematic diagram of this shock tube is shown in Fig.   i.    Figure 2 

presents a photographic view of the experimental setup.    As can be seen from 

these figures,  two S-band cavities are inserted in tandem at the end of the shock 

tube.    In front of these cavities a microwave antenna is inserted about six inches 

downstream.    This antenna is designed to excite a TE. . mode at a frequency of 

about 9 kmc.    The signal excited in the shock tube serves to determine the shock 

front velocity and the relative shock front position. 

The cavities (Fig.   3) operated in the S-band frequencies provide the 

means of measuring the precursor electron density.    The microwave cavity is 

designed to operate in the    TM n)n mode.    The operaiing mode to the microwave 

cavity is dictated by the electric and aerodynamic properties of such a cavity.    A 

resonant cavity operated in the    TM mode can be budt into the shock tube with 

the center portion of the cavity constituting a part of the shock tube (see Fig.   I); 

the gas flow is left undisturbed by the presence of the cavity and at the same time 

the center portion of the cavity,  exposed to the flow,  has the maximum concen- 

tration of the electric field and is thus the most sensitive to perturbation (the 

perturbation level,  of course, being the degree of ionization of the flowing medium). 

The frequency of operation of the cavity is dictated by the size of the shock tube. 

With an operating frequency of about 2. 7 kmc and a cavity Q of about 

3000s  an electron density level of 5x10    to 10      el/em    can be measured   *   '   . 

It is thus possible with such an arrangement to obtain an electron density profile 

of the precursor as a function of the distance from the moving shock front, A second 

S-band cavity,   tuned to the same resonant frequency as the first and mounted about 

ten inches behind the first,  provides the means of obtaining the velocity oi the 

electron precursor.    Efforts are being made to experimentally assess the relative 
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K-BAND ANTENNA 

S-BAND CAVITIES 

Fig.   I (3-i6) • Photograph o^experimental setup 
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importance of diffusion : nd radiation in the precursor structure as a function 

of shock velocity.    A typical recording obtained by 'he cavity method is shown 

shock   position 

—» t = 20/is«c /div. 

Fig.  4 (3-18) Upper trace - shock velocity measurement 

Lower trace - S-Band cavity response (precursor 
measurement) 

Note:    The   S-Eanri cavity responds before the 
arrival of the shock front. 
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in Fig.  4,  as well as a preliminary electron density profile of the precursor as 

a function of distance from the shock front in Fig.   5. 

S.   Lederman 
D.S.  Wilson 

Dept.  of Aerospace Engineering 
and Applied Mechanics 
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3. 3   Electron Density and Relaxation Time Measurement Behind a 

Reflected Shock 

In a shock tube samples of gas may be rapidly heated to temperatures 
4 

of the order of 10 0K.    There may,  however,  be some delay in raising the 

internal energy of the molecules to produce dissociation and ionization.    Initial 

ionization is usually attributed to collisions between molecules but as the electron 

density increases,  collisions between electrons and neutral particles may also 

become important or even dominant in the ionization process.    The resulting time 

lag between heating oi the neutral gas by the shock and attainment of the equi- 

librium electron density may best be stud'ed in a shock tube.    This lag or 

s 
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relaxation time depends on the effic iency of molecular cüllision processes,   on 

the physical properties of the particular gas under investigation,  on the density 

of the gas and on its purity.    Determination of these relaxation tirm-s is of impor- 

tance for understanding combustion and other rapid chemical reactions. 

Several methods have been used to measure this delay time,    in this 

investigation an attempt is being made to apply a microwave resonant cevity tech- 

nique to measure this relaxation time behind a reflected shock in a shock tube. 

One particular cavity arrangement well-suited for this measurement is an "end 

wall" cavity operated in the TE        mode.    Fig.   1  shows the schematic of this 

Wave Guide 

\                    TE0U      CAVITY 

"^ Dielectric      Window                                         1 

W////////A 
Shock     Tube 

v////////y/\ 

Wave    Guide 

Fig.   1 (3-20) - Schematic of end wall cavity 
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type of a resonant cavity.    Fig.   2 shows a schematic representation of the experi- 

mental apparatus including the cavity.    In Fig.   3,   a photographic view of the 

equipment is shown.    As can be seen from Fig.   1,   a dielectric window  forms the 

end of the shock tube and separates the cavity from the shock tube.    This is a very 

important detail.    When thn incident shock is reflected from the dielectric window, 

the ionized gas behind the reflected shock forms a conducting wall which completes 

the cylindrical cavity.    The depth of penetration of the cavity field into the plasma 

depends on the electron density at the wall.    Since the resonant frequency of the 

cavity depends on its size and therefore on the penetration depth,   the measure- 

ment of the resonant frequency may be used to determine the electron density. 

The change in resonant frequency as a function of electron density is given by 

\t a1 a- 
o p o 

where a'   is the resonant frequency of the cavity with a metallic wall adjacent to 

the dielectric ciiaphragm,   a,    is the plasma frequency,   v is the collision frequency, 
P 1 

and K is a configuration constant easily obtained through calibration  . 

In making measurements,   two mirrowave signals are applied simulta- 

neously to the cavity.     The two signals are displaced below the resonant frequency 

D   by amounts Ati,  and A^  .   of the order 10-20 mc.     The difference between the two 

frequencies may also be of the order jf lOmc at an operating frequency of 9 kmc. 

The cavity then will resonate for each signal when the corresponding electron 

density   forms in front of the dielectric window.     By repeating a number of closely 

controlled tests,   and shifting the frequency applied to the cavity,   it is possible to 

obtain an electron density profile behind the reflected shock as a function of time. 

A typical signal obtained from this cavity is shown in Fig.   4.     Four  resonant 

conditions are clearly visible.     The first two correspond to the buildup    of ioniza- 

tion and the latter two to the decay. 

This work,   as mentioned above,   is being conducted in a one   inch i.d. 

shot k tube.     The driven gas is dry air at an initial pressure of 1  mm   Hg.      The 

-   i   -~ 
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END WALL CAVITY 

END WALL CAVITY 

Fig.   3 (3-22) - Top and side views of end wall cavity on shock tube 
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Resonant frequency of cavity closed by a metallic piston 

f     =   8782 mc 
o 

f     =    87 56 mc 

Sweep 10usec/box- 

Fig.  4 (3-23) - Typical data trace showing end wall cavity response 

driver gas is hydrogen at   120   psia.    The incident shock Mach number was main- 

tained at 9. 2 ±0.2   S. D.    Some preliminary results obtained are shown in Fig.   5. 

As expected,   the ionization relaxation time was found to be very short,   on the order 
13 3 of 2u sec.    The equilibrium electron density was found to be about   4x10    el/cm   . 

As can be seen in Fig.   5,  the decay is much slower than the buildup.    The measured 

rise time is found to be in good agreement with the data reported by Manheimer 

and Low  .    It was also found that the end wall cavity technique may yield information 

on the boundary region between the nnd wall and the plasma.    The measurements 

shown in Fig.   5  were conducted with a boron nitrate window on the cavity.    Tests, 

using a mylar window on the cavity,  were also conducted and they indicated a some- 

what lower equilibrium electron density behind the reflected shock.     The measured 

relaxe Hme remained the same,   however.    The reason for this effect is not 

MM !P* 
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qvate clear at this time and an investigation into the cause ol" thp discrepancy 

should be undertaken. 

S.   Ledermari 
E.   Dawson 

Dept.   of Aerospac»; Engineering 
and Applied Mechanics 
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3.4   Measurement of Time-Resolved Electron Density 

The measurement of time-resolved electron densities in a plasma speci- 

men or plasma flow,  with the use of microwave resonant cavities,   requires a 

certain number of reproducible tests if the electron density varies over a wide 

range.    Present measurements yield discrete values or »t most continuous values 

in a narrow range of electron densities.     Techniques of this kind are described, 

for example,   in .    'f-rence 1.     This note describes a method for obtaining a con- 

tinuous time-resolved electron density measurement over a wide range of values. 

As repotlv. ' " •> ^ntly in the literature,  fast electronic tuning over a wide 

frequency band can be accomplished by the addition of an external,   plasma filled 

cavity to an otherwHe conventional reflex klystron (Fig.   1).    It is pointed out 

here that thiw principle can be utilized in an inverse fashion for the measurement 

of time-resolved electron densities. 

The Oasi-.   scheme is indicated in Fig.   2.    It consists of a conventional 

reflex  klyst   n    or externally tuned microwave triode,   an external cavity tunable 
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CAVITY 

KLYSTRON 

OUTPUT 

PLASMA 

Fig.  1 (3-25) - Schematic of the plasma tuned klystron oscillator 

by an ionized flow through it,  a second microwave signal source,  a crystal mixer, 

a FM detection system,   and a recorder.    The system operation is the following: 

the   klystron or microwave triode,   in conjunction with the external cavity without 

a plasma,   is generating a signal of a frequency i^.    When an ionized flow is intro- 

duced into the cavity,  the s'gnal changes to a new frequency f.    In the case of a 

time varying electron density,  the frequency of the  klystron oscillator varies 

accordingly.     The result is an equivalent frequency modulated carrier.     This 
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sigi../ is then mixed with a signal from the second gcntraLor and the n-sulting 

if «.ignal is applied to the detection system.    The output of the detector is then 

recorded on an oscilloscope.    It is thus possible to obtain a tu   o-resolved electron 

density distribution.    The absolute value of the number density \s obtained by a 

standard calibration method.    This system can be applied not only to conditions 

generated in shock tunnels or tubeSi   but also for any specimen to which cavity 

diagnostics car be employed. 

S.   Lederman 
Dept.   of Aerospace Engineering 
and Applied Mechanics. 
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3. 5   An Experimental Invcstigation of the Near Wake of a Slender Cone at 

M     = 8 and 12 
oo 

Under Air Force    sponsorship,   various experimental data have been 
o o 

obtained in the near wake region of a 10    angle    (5    half-angle) sharp cone at 

free stream Mach numbers of 8.0 and 1 !, 8.    The tests were conducted in a blow- 

down type tunnel using fine wires to support the model.    The Mach 8.0 tests were 

conducted at free stream Reynolds numbers of 0. 3x 10    and 1,7x10    per foot; 

laminar and turbulent boundary layers were obtained on the cone surface at these 

respective Reynolds numbers.    Data obtained include radial profiles of temperature, 

pressure,  and Mach number at axial locations between one and throe base dia- 

meters downstream of the model.    Heat transfer and pressure distributions on the 

model base were also obtained. 

^his work was carried out under USAF Contract No.  AF 33(616)- 7661 
Project No,   7064 and Task No.   7064-Ul and USAF Contract No.   AF 49(638)-1391 
Project-Ta.:k 9781-01   PE 1405014. 
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Tht:  Mach 11,8 tests WOT conducted at a free stream Reynolds number 

of 0. 6 x 10    per foot and the surface boundary layer for all these ti-sts waü 

laminar.    Data obtained include centerline distributions ol Mach number,   pres- 

sure,  and temperature for a distance between one and four base diameters down- 

stream of the model.    Centerline temperatures were also obtained in the re- 

circulation icgion for model wall to stagnation temperature ratios of 0.06 and 

0,47.    In addition,   total temperature profiles were obtained downstream of the 

rear stagnation point. 

R.J,   Cre sei 
Dept.   ui Aerospace Engines ring 
and Applied Mechanics 

Under ARPA/ONR sponsorship the program of near wake studies has been 
continued with the objective of examinino the near wake of a 20° angle (10° half-angle 
cone) at an angle of attack. 

Up to the present time the boundary layer measurements over the body 

have been made.    Moreover,  the near wake measurements at zero angle of attack 

at Mach 8 have been carried out.    These are d -scribed in detail in PIBAL Report 

No.   893 entitled "An Investigation of Hypersonic: Flow Around a Slender Cone'' 

by E, M, Schmidt and R.J.   Cresci. 

3. 6   Utilization of Hot-Wut  Anemometer 

The hot-wire anemometer unit being used at the Polytechnic Institute of 

B   ooklyn Aerospaci   Laboratories (PIBAL) is a Model CCB Lvo-channel system manu- 

factured by Flow Corporation (see  Fig.   1).     Unit is self-contained and features 

separate constant current supply and controls for each of two hot-wire probes, 

and separate d. t .   bridge circuits for each of two probes.     The  system's Sum- 

Difference control unit permits  reading signal A,   .signal   B,   A t B,   or A-H.     Prest-nt 

capability includes gas stream turbulence measurements for subsonic   and super- 

sonic flows with hiph or low stream temperatures; specifically,   measurements of 

the intensity and scale of longitudinal and transverse- turbulent components may 

be accomplished. 
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Fig.  1 (3-27) -    Flow corporation constant current 
hot-wire anemometer and associated 
equipment 

At  the present time a free-jet calibration tunnel has been put in operation 
o 

wherein flow conditions are subsonic and stream temperatures up to 2000 R are 

obtainable (see Fig.   2).    Experimental investigation of the structure of the tur- 

bulent flow of three-dimensional free jets will commence immediately following 

the present calibration program.    A typical orifice for generating these jets and 

the associated pitot probe and hot-wire probe for these studies is shown in Fig.   3. 

The CCB Hot-Wire system will also be used in the experimental investi- 

gation of flow properties in the near wake of a slender hypersonic vehicle.    Of 

particular interest is the asECBsment of the nature of the free shear layer between 

the rim of the cone and the rear stagnation point.    Free-mixing flows such as this 

are characterized by their instability hence it is of great interest to determine if 
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a)    Free-jet calibration tunnel and hot-wire probe 

h)    Hot-wire probe and .ixisymmetric orifice plat« 

Fig.   2 ( i-28) 
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Fig.   3 (3-29) Orifice plate for generating three- 
dimensional jets with calibration 
pitot probe (top) and hot-wire probe 
(bottom) 

the laminar boundary layer on the body (at M - 12 and roughly 150,000 ft.  altitude) 

will suffer transition to turbulent flow after expansion at the base of the body.    If 

such is the case,  then a study of the turbulent structure of this flow and the ability 

to obtain an approximate eddy viscosity expression is highly important. 

Attached herewith is a data sheet indicating the operating range and 

characteristics of the hot-wire system being used at PIBAL. 

DATA SHEET FOR MODEL CCB 

HOT WIRE ANEMOMETER 

Model CCB 

.25u V  noise level;   T  denotes the normal time constant of the wire. 

2 cps - 100 kc 
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Hot Wire Filaments 

App.  Re sis m Max Wire (T0F) i 

Temp 

8.0 600 .0004 sec 

1.5 600 .0016     " 

.7 600 .003 

M&t dia 

Wl Tungsten .00015" 

W3 Tungsten .00035" 

W5 Tungsten   .0005" 

PlMfA!0«ihOdiUrV0005"    2.3 2000 .003       " 
l80%PlatinumJ 

Two types of electrical circuiting have been used with hotwire instru- 

ments, namely, "constant current" operation and "constant temperature" opera- 

tion. 

In the constant current system,  the wire heating current is kept constant 

and the voltage across the hot-wire is examined.    In this system, the response 

of the hot-wire to a velocity fluctuation is modified by its own internal heat capac- 

ity,    therefore it is necessary to include a compensating circuit in the amplifier 

which automatically corrects for this internal heat capacity. 

In the constant temperature type of instrument, a feedback circuit main- 

tains constant resistance,  and therefore constant temperature,  through the hot- 

wire.    The energy input of the hot-wire must then go entirely into the air stream, 

and the internal heat capacity of the hot-wire is no longer of importance because 

its temperature is constant.    Consequently this energy input is a measure of the 

instantaneous air velocity. 

While the constant-Temperature system presents apparent theoretical 

advantages it is subject to serious limitations.    The upper frequency limit of the 

feedback amplifier must be more than twice the useful frequency range of the 

instrument,  so that to match the performance of the best constant current systems 

requires excessively high frequency operation with associated problems of 

stability.    Nnsc levels arc generally higher and drift in the high gain d. c. 

ff* 
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amplifier mua,. be carefully controlled.    High capacity power supplies must be 

regulated to better than .001%, which implies great expense and bulk. 

P.M. Sforza 
Dept. of Aerospace Engineering 
and Applied Mechanics 

3. 7   Ion Beam Collision Studies 

Purpose of the Project 

Collisions of ions and neutral atoms and molecules using ion beams in the 

energy rrnge 200-2,000 e.V. are being investigated by means of scattering 

experiments. 

When a hypersonic object enters earth's atmosphere, a shock wave is 

formed in front   of it, and the air in front of it is heated to high temperatures. 

In the high temperature range encountered,  3000 to 8000 K the thermal conduc- 

tivity and viscosity coefficients (as well as other transport properties) are not 

directly measurable by laboratory techniques.    The results of small angle scat- 

tering measurements can be used to obtain information about the intermolecular 

potential over a range of 0. 2 to 20 e. v. 

In turn the intermolecular potential energy function obtained from scatter- 

ing experiments can be used in the appropriate theoretical equations of statistical 

mechanics and statistical thermodynamics to obtain the equation of state of the 

high temperature gases,  and the transport properties such as viscosity, thermal 
2, 3 

conductivity and diffusion coefficients. 

Accomplishments since January^   1965. 

A universal cross electron beam ionizer was constructed and installed 

for the purpose of measuring the flux of high velocity neutral molecules which 

result from charge-exchange collisions and other inelastic processes. 

The electron beam ionizer was patterned after a mass spectrometer ion 
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4 
sourco proposed by Doctoroff, et al.     for a high sensitivity residual gas analyzer. 

In this arrangement the electron and ion beams movt coaxial with the axis of the 

atomic or molecular beam.    Electrons accelerated from a hot tungsten filament 

pass through a wire mesh grid,  -xnd are brought to a focus in the vicinity of a voltage 

defining Slit     Beyond chis slit they diverge. Ions formed in this region of the 

source by collisions of electrons with molecules ar-j accelerated into the sector 

field of the mass spectrometer,  and detected by a secondary electron multiplier. 

In addition,  a sector wheel chopper was installed for modulating the beam 

and a lock-in amplifier added to distinguish the modulated beam from the unmodu- 

lated background. 

To date it has not been possible to detect ions resulting from the inter- 

action of the electron beam with the high speed neutrals produced by charge 

exchange in the aon source,  because of the large ion current produced by electron 

ionization of the residual gas in the vacuum chamber.    It is hoped that carefu. 

application of retarding potentials and magnetic analysis will eventually allow 

detection of the small signals. 

In addition,  considerable time was spent in various modifications of the 

arc discharge ion source to eliminate electrical breakdowns in the ion source 

which limit the maximum attainable beam energy. 

Plans for the Following Period 

Ion scattering cross sections. 

It is planned to measure the total scattering cross section for scattering 

of energetic helium ions from helium and other neutral gases.    In addition,  the 

charge exchange cross section will be measured.    The variation of the cross sec- 

tion with beam energy will be used to determine the intermolecular potential energy. 

Previous attempts to measure these cross sections produced cross sec- 

tions much larger than expected.    This WPS traced to a charging effect in which 

the beam caused insulating layers to form on metal surfaces,  and the static electric- 

fields caused ions to be deflected out of the beam,    A modification of the vacuum 

pumping system is planned which will include a bakcable molecular sieve trap to 

-i ■> me*» 
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eliminate back-streaming of diffusion pump oil. 

The arc discharge ion source produces an ion beam in which the ions 

can have excited electronic states.   Future work will be concerned with designing 

an ion source in which the ions are produced by collisior of gas molecules with 

electrons having well defined energies.   Scattering experiments using such a 

source would eliminate possible errors in cross sections caused by excited ions. 

N, C.  Peterson 
E. Fonder 

Chemistry Department 
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3.8   Similar Solution of the Steady Incompressible MHD Flow in a 
Slender Channel (Abstract of a paper in preparation) 

The classical Jeffrey-Hamel problem in ordinary hydrodynamics has been 

extended to include the case of the flow of an electrically-conducting fluid in the 

presence of a magnetic field.    The solution of the problem is not only of theoretical 

interest,  but may also be applied to magnetohydrodynamic flows in diffusers and 

nozzles.    Exact solutions have been obtained independently b   Axford and 
2 

Vatazhin    for small values of the magnetic Reynolds number. 

In this paper,  we seek similar solutions to the equation'; of magneto- 

hydrodynamics using the boundary layer approximation for the eq.i^tionsi of motion. 

The resulting equations then describe the flow at moderate or high Reynolds 
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numbers in a slender channel,   i.e. ,  the characteristic length of the channel, 

Jf,,  is much greater than the half-height,   r. 

In Section 2 of this paper,  we obtain the governing equations with the 

boundary layer approximation.    The boundary conditions to be satisfied at the 

walls are also given.    In Section 3, we show that these equations can be reduced 

to two ordinary differential equations,  one of which may be integrated and then 

combined with the other one to form an equation of the third order.    Solutions 

are sought for flows between two divergent plane walls.    The results are compared 

with the exact solution in reference 1 for a magnetic Reynolds number  ^ 

(Axford's notation) of 0.01.    It is found that for the magnetic interaction parau.ete: 

N less than 2/3    the magnetic field and wall angle effects interact to give a good 

approximn cion to the exact solution in the velocity profile and the maximum wall 

angle to avoid flow separation for wall angles at which the boundary layer approxi- 

mation breaks down.    This result is fortuitous.    The discrepancy in the magnetic 

field distribution, however,  increases steadily as the wall angle increases. This 

limits the applicability of the similar solutions to wall angles equal to or less than 

ten degrees. 

W.  Mak 
M. H.   Bloom 

Dept.   of Aerospace Engineering 
and Applied Mechanics 
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4.    COMMUNICATIONS AND PATTERN RECOGNITION 

Introduction 

In this section a number of studies are reported that a  e either basic or 

related to the problem of detection and recognition of objects moving at hyper- 

sonic speeds.    The problem of detection can be considered a problem in commu- 

nications where a transmitter transmits a signal which is reflected from a time 

varying channel.    The Electrical Engineering Department is involved in a program 

of studying time varying channels and optimum transmitters.    Basic studies in 

pattern recognition are carried out in the Eiectrophysics Department. 

In Section 4. 2 a fading channel simulator is described.    This channel simu- 

lator can be used to study the ionosphere, troposphere, or a rapidly moving target. 

In Section 4. 3 the response of an F, M. discriminator to a fading signal in 

additive Gaussian noise is investigated both theoretically and experimentally.    To 

perform the experimental work an electronic channel simulator was constructed. 

Studies of the response of a phased locked loop receiver are described in 

Section 4. I.    This receiver is used whenever threshold techniques are necessary. 

The report shows how it is possible to extend the phase locked loop threshold 

further by following the loop by a non-linear filter rather than by a linear filter. 

The response of a phase locked loop demodulator to a fading signal has been cal- 

culated and experimental work will begin shortly.    The results of this threshold 

extension procedure wi 1 be applied to the fading problem. 

An estimation procedure to determine the characteristics of a signal transmitted 

through a fading channel is discusr.ed in Section 4.4. 

In Section 4. 5 optimum analog detectors and approaches used in making them 

realizable are described.    Some experimental work has been started to determine 

the degradation of performance resulting; from the application of realizability 

conditions. 



PIBMRI-1295. 1-65 Ibl 

In *h    last section,  4. b,  a skt-tch ot an approach to the theory of pattern 

recognition is given. 

As mentioned in th^ general introduction to this report th^ work contained in 

Section 4 will be continued under different sponsorship for the reasons Ftated 

there. 

D.  Schilling 
Electrical Engineering Dept. 

4. I   Extending the Phase Locked Loop Threshold 

When estimating an F. M.   signal embedded in noise most investigators 

use a phase locked loop receiver or a frequency demodulator with feedback.    The 

devices are used as they extend threshold considerably over the more conventional 

F.M. demodulator. 

When threshold is reached in each of these devices sharp spikes arc seen 

at the output of the device.    In the F.M.  demodulator,  this spike is caused by the 

input noise causing a phase rotation of 2TT radians in a short interval of time.    The 

F.M. demodulator with feedback has spikes caused by this F.M.  detector and also 

by the loop falling out of synchronization. 

The phase locked loop has only one type of spike.    This spike is due to the 

phase locked loop falling out of synchronization.    When this happens,  the phase moves 

2IT   radians   to the next stable point.    The time required for this   ZTT    shift in phase is 

the inverse of the loop ^ain.    The larger the loop gain the smaller the time requir- 

ed to make the transition.    Since the device is a frequency demodulator,  a large 

spike is observed having a width the Inverse of the loop gain and an area of 2TT . 

This spike can be mathematically represented by a delta   function and the number 

of spikes per second    has been calculated. 

A minimum number of   spikes   is   obtained by uüing a very wideband 

system.    Even when this minimum number is obtained one can further reduce the 

effect of these fapikec on the output signal to noise ratio.    This is done by following 
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the phase locked loop by a nonlinear filter.    When the spike occurs,  it is sensed 

and the nonlinear filter holds the output at the level obtained just prior to this 

spike.    In this manner,  spikes car. be eliminated,  but distortion of the signal is 

introduced. 

Calculations are now underway to determine exactly how much extension 

is possible,    A 6db further extension of threshold is estimated.    Experimental 

work is also underway. 

D. L. Schilling 
Electrical Engineering Dept. 

4. ?.   Fading Channels and Communication Through Fading 

An electronic probability machine ha3 been constructed packaged,  and 

tested.    A report has been written outlining its operation and its limitations.    A 

raper describing its construction and operation has been submitted to the IEEE 

Transactions on Instrumentation and Measurement. 

Work is now proceeding that will result in a catalog of the various types 

of probability densities that may b? generated within our water tank fading channel 

simulator.    This catalog will also contain information as to available center fre- 

luencies a: d bandwidths as well as limitations as to the available fading spectrum 

or anv given probability density function.    To aid in the experirr^ntal work con- 

nected with the generation of desirable fading spectra a 0-5, 000 hertz low fre- 

quency spectrum analyzei* has been obtained and a narrow band high frequency 

spectrum analyzer %a being obtained. 

A program of limiter circuit and fast acting AGC circuit design and 

construction is weil underway.    When completed this program will yield a supply 

of "known parameter" blocks for use in constructing and testing various proposed 

"anti lading" communication schemes.    They should also allow experimental veri- 

fication or i   odification of various theoretical "ideal" limiter results. 
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Mr.   Edward Nelson,   a PIB instructor and PhD candidate has a single 

channel,  electronic   fading channel simulator in operation.    He is investigating 

the transmission of F, M.   signals through this ssystcm.    While this circuit is not 

as versatile as the water tank simulator it has several advantages of its own. 

These advantages include the relative ease with which the fading rate and the fading 

spectrum may be controlled and  the fact that by employing a loop of tape recorded 

noise as the "fading" generator one may not just ap )ly statistically similar f <ding 

to different signals but may actually apply identical fading to those different types 

of signals.    This ability to apply identical fading to different types of signals may 

be important in exploring the fine structure of various antifadir.ji circuitry. 

K, K.   Clarke 
Electrical Engineering Dept. 

4. 3   Analysis of an F. M.  Discriminator With Fading Signal Plus 

Additive Gaussian Noise 

The problem to be handled is shown by the diagram below. 

>r'.t)cos[%t + <f{t)+D(t)] 
INPUT 

*? 
R(t)cos[a^ß(t)-t-yt)]|  |DE.L I   / 

ri(t) = /o(t)co$[w0t + X(t)] 

IDEAL 
LIMiTER 

Fig.   1 (4-1) 

r«w[^o*£(t)+^tj] 

DERIVATIVE 
DEVICE 

r*** LOW 
PASS 
FILTER 

OUTPUT 

<So) 
It is desired to compute the ratio of signal to noise ratio at output rrs »   to taat 

(S.) ^ <No' 
at the input rrp. and estimate the disrriminator threshold both theoretically and 

experimentally.    To do this one must compute the power spectrum at the output 

of *;hc derivative device.     Thus,   the  Initial und' rtaking wil} be a computation of the 

correlation function at o,  specifically  RH(
T
) 
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COS 

The fading signal is achieved by the following means» 

Fig. 2 (4-2) 

*0 = (Ä+A)cos[^t + ß 

r s cos k,+p^i; 
-ysin[<V+ß] 

x(t) and y(t) are two independent lov, pass Gaussian processes with the same 

autocorrelation function R (T) s R (T).    r (t) is Ricean, or Rayleigh if A = 0.    The 
x y 

fading device has a bandwidth greater than 200KC.    The center frequency (f ) is 

taken as 455KC.   A description of the device appeared in the Microwave Research 

Institute Progress Report No.  16,  1 April 1964 through 30 September 1964.    The 

only modification is that the low pass processes are now obtained from a Zener 

diode by filtering ana amplifying.    The measured power spectrum of the Zener 

diode is flat from 1/2 cps, the limit of the Uuantech low frequency wave analyzer 

(Model 304).    The amplifiers are a.", coupled with low frequer  / breaks of . I cps. 

In particular G {() ^ — z—r—   where f   = 10 cps.    The envelope statistics 

were measured by means of two probability density machines, one consisting of 

a phototube and the other completely electronic.    The results were quite good. 

Furthermore,  the power spectrum of the envelope (A « 0, Rayleigh) was also 

measured and found to be consistent with the theory.    Supervision was provided 

by Professor Kc K. Clarke who was also responsible for the development of both 

probability density machines. 

neturnin", to the problem,  one notes that with no additive noise Rep has 

already been determined,  from which GV (f) was computed by numerical methods. 

Lawson and Uhlenbeck handles this for the case where G  (f) is bandlimited white 

noise, whereas Rice in "Sine Wave plus Random Noise" does it for G  (f) a 
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Gaussian spectrum.     The spectrum of CD will be measured and compared with the 

theoretical results of Rice and Lawson and Uhlenbeck.    Exact agreement is not 

to be expected since the experir^.ental spectrum has a double pole.    Also,  an 

attempt will be made to measure the statistics of fp(t).    With A= 0 (Raylcigh) one 

expects a uniform probability density. 

With additive noise Rtjl  will be found theoretically first for the case of no 

modulation.    When modulation is included D(t) will be considered as a-l-usin(i:mt + v) 

where a and y are independent and uniform in (0, 2n).    In practice one never knows 

the phase of the signal exactly.    The inrlusion of a and y  also makes the process 

stationary. 

This work is being carried on under the guidance of Professors K. K. 

Clarke and D.  Schilling. 

E.   Nelson 
Electrical Engineering Dept. 

4.4   Optimum Demodulation Using Baycs Criterion In Random Channels 

Recent studies have been concerned with the detection of phase and fre- 

quency modulated signals corrupted by additive Gaussian white noise in deter- 

ministic channels under the optimizing condition that the Baycs  risk be minimized. 

This work has been extended to include the effects of a randomly fading channel. 

Fading behavior can be broadly catagorized according to whether the channel fluc- 

tuations are rapid tr slow as compared to data observation intervals,  and also 

according to whether there are amplitude and phase variations or simply amplitude 

changes. 

The simplest case to be considered is that of the transmission of a discrete 

phase angle through a fading channel   vhose transmission amplitude is a Gaussian 

random variable and whose phase fluctuations are neglected.    Received signals 

(including additive whit«' Gaussian noise) are of the form 
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v(t)sAS   cos (uj t + 8) : n(t),    0<t<T 
- -O o-~ ~"- 

where A has a mean of unity and a variance of o 2 • The optimum Bayes demodu- 

lator for this type of received signal has been found and its block diagram repre- 

sentation is shown below. 

v(t) 

hft) '1 

hg{t)  "' 

-ßör 

SQUARE T 
EXPONENTIAL 

AMPLIFIER H> 
^> 

SAME AS ABOVE 

MATCHED      tsT 

FILTER 0 
BANK (MATCHED TO  S0 cos(w0t + ü;) 

%> 

S 
u 
M 

A 
N 
D 

a B 

Fig.  1(4-3) 

In the limit as the variance,  0   ?,  of amplitude fluctuations approaches zero (that 
A^ 

is,  as the channel becomes deterministic) the implementation approaches that 

which has been previously derived for non-ranHim channels. 

A further degree of complexity is introduced by including phase fluc- 

tuations as well as amplitude fluctuations.    Received signals may then be repre- 

sented in the form 

v(t) = xcos(u) t + S) + y  sin(uü t + G) + n(t),    0 < t < T 
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wht re x and y arc Gaussian random variables. Only when x or y has a non-zero 

mean value can phase information be extracted from the rjecived signal; furthi-r- 

more,  it can be shown that a fairly simple realization can be effected in this case. 

A third class of problems iö ;oncerned with the estimation of a random 

process a (t) which appears in the following phase modulated signal: 

v(t) = x cos [üü t + a(t)] + y sin[(ju t + a(t)] + n(t),    0-   t<T ~ - o ■'-■o ~ —    — 

Special cases of this include Gaussian,  Rayleigh,  and Ricean amplitude variation, 

and for each of these,  estimator implementations have been found which are approxi- 

mate to first order. 

In forthcoming months this work will be extended to include the effects of 

rapidly fading channels.    In addition, former vork will be generalized to include 

the spaced-antenna diversity problem,  wherein the data is composed of many inde- 

pendent received signals. 

The present work is being carried out under the supervision of Professor 

D. Schilling. 

P.   Crepeau 
Electrical Engineering Dept. 

4. 5   Realizable Approximations to Optimum Analog Demodulators 

(Abstract of a report in preparation) 

We consider here the problem of continuously estimating an analog signal 

which has been used to modulate a carrier and then is contaminated by additive 

noise and fadir ;.    An early solution is provided by the work of Wiener    who ha^ 

established a procedure lor findinp a linear filter that yields a lower mean-squared 
2 

error than any other linear filter.    A second approach is that ol Youla   .    Using a 

maximum a posteriori performance criterion he finds a set of integral equations 

describing the desired  results.     Van Trees    allows the form of these equations 

suggest real-time receiver structures containing feedback loops and non-linearities 
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as well as unrealizable components (realizable with sufficient delay). 

The first part of this work is concerned with the realization of the atove 

receiver without delay.    Since most of these receivers include some form of a 

phase-locked loop which constantly loses lock,  it is intended to investigate the 

effects of this transient condition.    We then seek the "optimum" receiver for con- 

tinuous estimation without delay and where data acquisition starts at some fixed 

time (after lock is restored).    This problem (with a mean-squared error criterion) 

reduces to the original Wiener problem but for a growing-memory filter.    This 

problem is solved here.    Comparisons with the performance of optimum stationary 

filter indicate little difference,hence the latter filter being simpler to implement 

is preferred. 

A criticism of the above solution to date is the ambivalence towards a 

performance criterion.    Specifically both maximum a posteriori (MAP) and mini- 

mum variance criteria are used somewhat interchangeably.    In this work we 

establish a performance measure for the MAP criterion and try to develop the 

connection between the two criteria.    Work on this topic shall continue. 

Most of the above, and subsequent work, is restricted to the linear region 
4 of the receiver's operation.    Following Viterbi   we use Fokker-Planck techniques 

to investigate the non-linear performance of these receivers.    Fm'ther experi- 

mental and theoretical work in this regard is in progress.    Briefly we find the 

presence of "clicks" (jumps in phase) adds to the system error and tends to question 

the suitability of the performance criterion.    It is possible that a better receiver 

design would result from a compromise between reducing the frequency of clicks 

and the design in the linear region.    As indicated above,  work in this area is 

progressing. 

The latter section of this effort deals with the effects of fac'     » on system 

performance and design.    We first consider A.M.  (or baseband) signals (with fading) 

and find the optimum linear filter.    (This is an extension of Wiener's work to include 

fading).    We find that as the carrier-to-noise ratio is increased the error instead 
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of reducing to zero (as in the non-fading case) approaches a constant dur to the 

fading.    To investigate whether this (fading) error can be reduced by a non-linear 

filter we extend the Cramer-Rao (lower) Bound to include fading and find that the 

fading error does disappear.    Schwartz' has extended the work of Youla and found 

the MAP receiver in the presence of fading.    We next evaluate the performance of 

this reccivor for slow fading and find that again the fatung error disappears.   Finally 

we evaluate the performance of P. M.   receivers in a fading environment. 

As indicated above the following areas are still being investigated: 

1)    non-linear performance and subsequent modification of design (by Raymond 

Stroh,  a full-time Mastevs student); 2) performance measures for MAP and com- 

parison with minimum variance (by Walter Devensky,  a part-time Masters student). 

R. R.   Doorstyn 
Electrical Engineering Department 
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4. 6 Pattern Reeofinition Theory 

The following is a sketch of an approach to the theory of pattern recog- 

nition which aims to answer certain fundamental questions posed in a previous 
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report*.    The basic problem of pattern recognition is to classify an unknown 

object)  signal, or set of signals to one of several categories.    The signals might 

be radar returns, emission spectra,  etc. ; the set of categories might be 

< target and noise,  noise alone j-,  <| natural object, harmless man-made object, 

threatening objecti etc.    If the signal statistics are known for each category, then 

the problem is easy.   A more usual case is not even to know the form of the 

distributions involved,  ag. it may not be known that they are Gaussian.    The 

material presented is abstract and not applied, but is is believed that further work 

in applying the basic ideas would be valuable. 

General 

In the following a pattern will be defined as an r-component real vector 

which can belong to one of k classes.    It will be assumed that d sample pattern9 

of known class are provided from each of the k classes, these differing from each 

other even within the same class because of random perturbations.    The samole 

patterns will be denoted by   ?..     where j is the class,  * the component (1, 2 ,.. r) 

and vthe individual sample index (1,2... d).    The task is to classify or recognize 

the k(d + l),st pattern (x.) according to some criteria to be developed below,    A 

pattern recognizer will be defined as a function PC!»*» j) s>uch that for every (?,x) 

combination T- 0 for some j and T- 1 for all other values of j.    As an example, 

consider 

r<!.*.i>= {?   jll^... j .i, j +i, ...k 
- o o 

r, r. d   ..   u ,1, 

where j    minimizes    ) Jo ' 
i=lL    vsl 

dtp       i 

Here will be said that x is recognized as belonging to class j    after the recognizer 

is calibrated by the samples   P.    The choice of patterns (by "nature" or some 

external process) is assumed to be made according to a probability density P 

defined as follows:   P (?, |X, JM*: dx  is the probability of having the calibration 

patterns in the volume element   d? ,  the unknown pattern in the volume elei-ient 
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dx,  and the unknown pattern chosen from class j.    The probability of misclas- 

sifying the unknown pattern is given by 

Q= )     M   rCC.x.j) P(??x,j)dc dx (2) 
.    .OO 00 

If the function P is known there is no difficulty in finding an optimum pattern 

recognizer: 

n^,x.j)sO    if j maximizes  P(? ,x, j) with fixed ?, x 

(3) 
n§,x, j)= 1   otherwise 

Similarly, for a fixed pattern recognizer Fthese is no difficulty finding a prob- 

ability density P which causes a large error probability Q:   simply chose any func- 

tion P(?,x, j) which does not depend on the last argument (i. e., all chosen distrib- 

uted identically).    Then 

J J P{§.x.J)d|dx = i (4) 
00 00       _ = 

and since it will always be true that 
k 
)    n?.x,j) = k-l (5) 

it follows that 

Q-I-i (6) 

An even larger error can be obtained if it is assumed that the statistics are such 

as to "deliberately mislead" the pattern recognizer during calibration.   A patho- 

logical P which results in a probability of error of I can be defined as follows: 

divide the vector space into k disjoint regions J  , J ... J    such that 

P(^^2...?k.  x.J)=0 

unless   ?* J0  (P = 1,2, ...r) and  x *  J   . 
- p      p J 

(7) 
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The best recognizer with this distribution would,  according to Eq.  (3),  result in 

n?.x, j) s I   for £ e  J. 

and therefore in Q = 1.    Of course, the latter situation could not arise if calibra- 

tion samples and the unknown to be recognized are generated statistically inde- 

pendently,  but assuming this independence would exclude time-dependent processes 

and other useful cases. 

The problem which arisos in practice is that a pattern recognizer must 

be designed without knowing the density function P.    It cannot be expected to arrive 

at a F which will cope with all P's,  since as was shown above, if Fis fixed there 

exists a P which allows F to do no better than random guessing (or even a P which 

results in error all the time).    However,  such P's which cause such poor per- 

formance regardless of the way the recognizer is designed can either be said to have 

low probability or excluded altogether.    These two possibilities will now be explored. 

Average Optimization 

The probability density functions P are assumed known except for certain 

parameters a ., a , ... a.i each of which might be an n-component real vector 

or an integer (in which ci.se the integrals below would be sums).      These parameters 

are described by a density function A(a .,a. ... a   ).    If some parameters (such 

as variances) are the same for all classes,  this will be indicated by a degeneracy 

in the function A.    The error probability Q is now a random variable depending on 

the values of the random variables a: 
k 

Q(a1,a2...ak) = 7   J  f r(§,x,j) P(?,x,j.a)de dx . (8) 
.ooao5 = =      = 

The criterion for optimizing the pattern recognizer will now be defined as the mini- 

mization of the expected value of Q: 

Q=   \ j'"   I   Q(^i'2;2-" 5k) A(SL1»i2,*,-k)d-ld-2"*d-k    *    *9* 
00 00 00 
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By combining the above two equations,  it can be seen  that the desired pattern rec- 

ognizer is defined by: 

ni.x.j) - o   if j maximizes   i   P{?,x,j,a) A(a) da 

00       ;"     =       =      = HO) 

r(?,x,j) = 1   otherwise 

These equations can be made more explicit and easily visualized if some additional 

assumptions are made: 
k 

P(?.*(jf0L) = n P(§-;a Jp(x;a.)p4 (il) 

A(a1,a2...ak) = A^a^ A2(a2)...Ak(ak) . (il) 

Physically these assumptions are that the parameters  a, are statistically inde- 

pendent for the different classes,  that once the a are chosen the calibration samples 

9   for the different classes are statistically independent,  and the samples and ?t 

are statistically independent.    The pattern recognizer now becomes 

f P(f;a) p(x;a) A.(a) da 

n? ilii J) = 0 if j maximizes  p 
•'  f  P(F.;a) A.(a) da 

ob       sJ J   " (13) 

n? >2i»J) =  ^ otherwise 

Still further simplification results if it is assumed that the diffe   ^nt samples of the 

same class are statistically independent, 

(v) 

v=l 
Wj^-'tl   v^V'^ (l4) 

that the A functions are constant to very large arguments,   and th<tt the r components 

oi each pattern vector are independent Gaussiin random variable with means   and 
2 

variances (M.,o, ) = a .#    The pattern recognizer now becomes 

*- 



PIBMRI   1295. 1-65 180 

n?«2i»J)s0  ü j maximizes p.j[X 
JT i=l 

d-1 

D. 
n 

1 + i ri-MH] 
d+lV   D.. (It) 

r(?,x. j)s 1   otherwise 

d 
where M.. • i )   ^' and    D2.  « i y 

v=l v=l w 
J1 

T2 

-M. 
J1 

l.ie quantities M.. and D.. w^l bt recognized as the sample means and variances, 

and if d is large the quantity mininv^ed above is equivalent to 

Pill ir-e 2VDji>/ (»■) 
J isi     j: 

so that the usual method of pattern rerognizer calibration by parameter estimation 

is seen to be approximately optimum in the present sense. 

Minimax Optimization 

The idea her- is to consider the situation a? a two person aero sum game 

between the designer who chooses T to minimize Q and nature who chooses P to 

maximi^o Q.    As was c-vplained above,  nature would always win this game by making 

P independent of j, by multinode   densities for small   d,   or by othwr pathological di^ 

tributions,    unless the class of P's which are allowed is restricted.    From here on 

it will be assumed that P belongs to some set ^of probability densities, but that 

Tis any allowable pattern recognizer function.    Let Q[r, P] be the probability of 

error when recognizer T is used with p -obability density P,  and let the expression 

A[ri= Max  Q[r, P] 
P€^ 

(7) 

denote the maximum value of. Q with T fixed and .vith  P ranging over the set ß. 

The minimax optimui s pattern recognizer will be defined as that value of V which 

minimizes the above expression.    If the class pis toe -estricted it mean!» ti»at 
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the pattern recognizer can behave very poorly if the assumed class, docs not 

include the actual distribution.    For example,  if^consists of independent Gaussian 

distributions, the actual distributions couid be highly dependent,  have unsymmetri- 

cal density functions,etc.    On the other hand,  there can bo difficulties in naively 

making^too Reneral,  as the following indicates:   it is reasoned that there are 

unreasonable P's for which no recognizer can t j expected to work well,   so why 

not exclude all those P's from/'for which no recognizer can achieve an error 

probability less than some arbitrary maximum tolerable error  Q    ?    In other 

words, why not define <r as the set of P's such that at least one F exists which 

makes 
Q[r, P]  < Q . 08) "~     m 

The answer is that this leads to the uninteresting conclusion that all pattern 

recognizers are equally good,   since it can be shown that 

A(n = Q m 

for ^defined as above.    This is easily proved by assuming the contrary: 

assume   A(7) = q < Q     for some f,  say F .    There must then be a pair  F , P 
m a 3i      o 

such that Q[r  , P] is maximized at value Q = q for some P in P, say P, .    Now 

denote a distribution defined by Eq,   (7) by P ,   and note that 

P=(1-6)PL + 6P (19) 
b c 

is a valid density function for  0 < 6 <  1 .    Substituting this P in Eq,   (2): 

Q= (l-6)q + 6 

which is larger than q and not larger than Q     if 
m 

Q    -q 
0 < 6 <   -~— . (20) 

—     1 -q 

This violates the assumption that P,   maximizes  Q[r , P j ,  and in fact shows that r h a 
distribution described by Eqs.(l9) and (20) should belong to p.    Note finally that 

q could not have beer greater than Q    ,   since by Eqs.(17) and (18),    A(F) < Q 
^ p m —     m 
for PP. p.    Therefore,   \ip\s defined as the set of all densities such the t some 
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recognizer gives an error probability of Q     or less, then the function defined 

in Eq.   (17) becomes independent of the recognizer T. 

The above discussion shows that the minimax approach can be usefully 

employed only if suitable set of possible distributions/'is defined in a sufficiently 

restrictive way.    Let G be the set of permissible pattern recognizers as defined 

by Eq.  (1).    Then it is always true that 

Max Min Q[r, P]  < Min Max, Q(J, P] (21) 
Pe/'reG " TeG Pt/P 

The equality holds if and only if the T, P space contains one or more saddle points. 

The pair F . P   will be defined as a saddle point if oo 

Max Q[r , P]     occurs at      P = P 
PcP       0 

and 
Min Q[r, P J     occurs at     T = T 
TcG C C 

The common value of both sides in Eq.  (23.) v/ill then be Ger , P ].    There may 

be several saddle points,  in which case the Q function must have the same value 

at each.    The optimum pattern recognizer can then be defined as any   of the F 

if saddle points exist.    In game theory,  if no saddle points existed a randomized 

strategy would be adopted,  i. e., the choice of F would be made among several 

with certain probabilities.    Discussions of the applicability and reasonableness of 
3 

such strategies tend to get very involved,    but it seems best here to always use 

the optimum F determined b^ Eq.  (17).    There is a considerable literature for 

problems of this type where the regions G and /'are polyhedral,  i. e.,  the constraints 

on Fand P are linear   inequalities.    However,  the techniques for solving these 
2 

"constrained matrix games" such at linear programming    seem to be suitable 

for numerical computer solutions rather than analytic paper solutions, 

A.  £.  Laemmel 
Electrophysxcs Departmerit 
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5.    EDUCATION.   PARTICIPATION IN COMMITTEES. 

REPORTS AND PUBLICATIONS 

5.1   Education 

One of the major aims of the program which is supported by ARPA is to 

educate students in the subject areas relevant to Project DEFENDER. 

In addition to "general background courses" thcru are special courses, 

introductory in nature,  in the field of plasmas.    Some of these are: 

1. Plasma dynamics I and II,  presently taught by Professor N.  Mircuvitz 

2. Thermodynamics of real gases,  Piofessor V. Agosta 

3. lonizati^n phenomena in gases,  Spring 1966,   Dr. R.  Pepper 

4. Introduction to magneto-hydrodynamics,  Spring 1966,  Professor D. Wilson. 

I.t addition to these regular courses,  ther J have been a number of special courses: 

1. Kinetic theory of gases.  Professor T. Wu 

2. Wave propagation in plasmas.   Visiting Professor H.  Motz 

3. Collision processes and chenrcal reaction,  Professor N.  Peterson. 

There will be other special topics courses,  sucr as 

4. Stability of plasma waves.  Professor J.  Freidberg. 

xne plasma laboratcr/ facilities,  briefly described in the body of this 

report,  are under the supervision of Professor H.   Färber.    Through general 

laboratory courses,   students are being instructed in experimental techniques and 

measurements in the field of vacuum,   gas discharge and microwave technologv. 

Furthermore,  there were a great many formal seminars and informal 

discussion groups;   a partial listing is given here: 

October,  1964 
Radiation in Anisotropie Media   (two sessions) S. Rosenbaum 

Jahn-Teller Effect J.  Pearlman 

November,   1964 

Molecular Beam Scattering N. C.  Peter ;on 

Tonks-Dattner Resonances J.  Shmoys and 
J.  Gobler 

Electron Tunneling Through Thin Films T.  Nakayama 

Molecular Beam Scattering N. G.   Peterson 

Langmuir Probes D.  Wilson and 
S.  Schwartz 
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Photoinduced Chemisorption on Insulators 

Eigen (Network) Approach to Wave Propagation in 
Plasmas 

Turbulent Fluctuations as Related to Microwave 
Scattering from Plasma 

Molecular Beam Scattering 

P.   Mark 

N.   Marcuvitz 

M.  Bloom 

N. C.   Peterson 

December 1964 

Ion Sound Waves Experiments for Low Pressure Dia-   M.  Haggerty 
charges - Predictions of Plasma Kinetic Theory 

Shock Tunnel Studies 

Tools of Experimental Plasma Research 

Electron Beam - Plasma Interaction 

Radiation in the Presence of a Gyrotropic Plasma 
Half Space 

Landau Damping 

Peculiar Effect in Infrared Spectra 

Synchronous Coupling of Harmonic Waves in 
Parametric Interactions 

S.   Lederman 

K.   Lian 

P. Serafim 

H.  Bertoni 

J. Freidberg 

P. D'Antonio 

E.  Cassedy 

January 1965 

Electroacoustic Resonances in Plasmas 

Collisionless Damping 

H. J. Schmitt 
Sperry Rand Research Center 

Sudbury,  Massachusetts 

D.  Yee 

Electrically Driven Shock Tubes and Tunnels for W.  Warren 
Planetary Entry Studies General Electric Company 

Valley Forge,   Pa. 

Strain Fields as Determined by Moiri. Techniques 

On Bogoliubov's Kinetic Theory as a Theory of 
Fully Ionized Gas 

Microwave and Plasma Research at the University 
of Sheffield 

G. Oster 

T.  Koga 

A. L.  Cullen 

Plasma Electron Temperature in an In- 
homogeneous Electric Field 

February 1965 

Landau Damping 

Propagation and Scattering Characteristics of a 
Sinusoidally Stratified Die1;*„'trie Slab 

Scattering by a Sinusoidally Stratified Dielectric 
Half Space 

University of Sheffield 
Sheffield,   England 

H.  Cronson 

T. Y.  Wu 

H. C.   Wang 

H. C.  Wp,r« 

M-i .V tape* '^g 
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Diffraction by a Half Plane in an Amsotropic 
Medium 

S.   Rosenbaum 

Coupling of Magnetohydrodynamic Waves H. Poeverlein 
Air Force Cambridge Research 
Laboratories,  Bedford,  Mass. 

March 1965 

Review of Ionospheric Measurement Techniques S. Gross 
Airborne Instruments Lab. 

Melville,  N. Y. 

Generation and Propagation of Waves in a B. S.  Tanenbaum 
Partly Ionized Gas Case Institute of Technology 

Cleveland»  Ohio 

On Transition Functions Occurring in the Theory L.  Levey 
of Diffraction in Inhomogeneous Media 

April 1965 

Scattering of Kilovolt Atomic Beams 

Analysis of Propagation Along Warm Plasma 

N. C.  Peterson 

P. Diament 
Columns Columbia University,  N. Y. C. 

Microwave Propagation in Laboratory Plasma; 5. P.  Schlesinger 
Finite Temperature Effects Columbia University,  N. Y. C. 

Physical Origin to Internal Rotation About R.G.  Parr 
Single Bonds 

Interpretation of Moire Patterns C. Chung 

May 1965 
Plasma Activities at Oxford University H.  Motz 

Beam Plasma Amplifier Research 

Electron Density and Internal Rotation 
Barriers 

June 1965 

P.   Chorney 
Microwave Associates 
Burlington,  Mass. 

R. E.  Wyatt 

Landau Damping 

Diffraction by an Opaque Convex Cylinder 

Incoherent Scattering of Radio Waves from the 
Upper Atmosphere 

Diffraction by a Half Plane in a Compressible 
Homogeneous Plasma 

Landau Damping 

October 1965 

Induced Spectra and Quasi-Electronic Transitions 

H.  Motz 

L. D.   Porter 

H.  Motz 

F.   Labianca 

T. Y.  Wu 

S.   Ukeles 
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Participation at outside meetings relevant to the program included the 

following talks; 

a) First International Congress on Instrumentation in Aerospace Simulation 

Facilities held in Paris,   France in September,   1964: 

Microwave Techniques Applicable to Shock M.   Visich and 
Tube Measurements S.   Lederman 

b) 19th Anti-Missiie Research Advisory Council Meeting,   sponsored by ARPA 

and held in Washington,   D. C.   in April,   1965: 

The Polytechnic-ARPA ONR Program N.   Marcuvitz 

Hypersonic Flows M.  Bloom 

Electromagnetic Phenomena in Anisotropie, L. B.   Feisen 
Dispersive Media 

Time Varying Communication A. E.   Laemmel 

Channels and Pattern Recognition D. L.  Schilling 

c) Electrochemical Society Meeting,  San Francisco,   California,   May 1965: 

Electrical Properties of Oxide Films on Silic m F. C.   Collins 

d) Seminar at the State University of New York,   Dept.  of Mechanics,  Stony 

Brook,  L. I.,  N. Y.  in May,  1965: 

Some Confusions in the Kinetic Theory of Plasma T.  Koga 

e) Professional Technical Group on Antennas and Propagation Meeting held 

in Washington,   D. C.   in August-September,   1965: 

Group Velocity and Power Flow Relations for Sur- H.  Bertoni 
face Waves in Stratified Ani?otropic Media 

f) IEEE Globe Communications Conference,  Boulder,  Colorado in June,  1965. 

An Information Theory Approach to Radar Detection and Parameter Esti- 

mation C. L.   Temes 

5. 2   Participation in Committees 

Professor N.   Marcuvitz is a member of the Ballistic Missile Defense 

Advisory Committee for the period of three years from July 196^ to June 19b8.    He 

is also a member of the Atomic and Molecular Physics Panel of the Institute for 

Defense Analyses, 

Professor R.   Hutter has taken part informally in meeiings and project 
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reviews of the ARPA-ECM Electronic Components Subcommittee,  headed by 

Col. Benjamin I.  Hill of ARPA 

Professor M.  Bloom has attended the meetings of the Wake Panel as well as 

the meetings of the Atomic and Molecular Physics Panel of the Institute for Defense 

Analyses. 

5. 3   Reports and Publications 

5, 3.1   Reports 

S.  Lederman,  M. Abele and M.  Visich,  Jr.,  "Microwave Techniques 
Applicable to Shock Tube Measurements",  PIBAL Report 
No. 857 dated September 1964. 

T. Koga,  "A Kinetic Theoretical Investigation of a Fully Ionized Gas   - 
Part I: Paradoxes in the B-B-G-K-Y   Hierarchy. 
Part II:   Some Aspects of Multiple Collisions. 
Part III:   A Theory of Electron Gas",  PIBAL Report No. 863 
Parts I and II dated January 1965,  Part III dated May 1965. 

S. C. Gianzero,  Jr.,  "Radiation by a Lniformly Rotating Line Charge 
in a Plasma".  PIBAL Report No.  87 3 dated June 1965. 

L. D. Porter,  "Diffraction by a Transparent Elliptical Cylinder", 
PIBAL Report No. 874 (in preparation). 

S. H. Schwartz,  "Oscillations in the Plasma Sheath",  PIBAL Re- 
port No. 880 dated July 1965. 

E, Schmidt,  "An Investigation of Hypersonic Flow Around a Slender 
Cone",  PIBAL Report No. 893 (in preparation). 

C. L.  Temes and D. Schilling,  "An Analysis of Radar in Terms of 
Information Theory and Physical Entropy",  I-IBMRI-1270-65 
dated June 1965. 

D. D.H. Yee and T. Y.  Wu,   "Landau Damping".   PIBMRI-1280-65 
dated June 19,  1965. 

M. J.  Haggeity,   "On the Kinetic Theory of Diffusion of a Plasma 
Column Across a Magnetic Field",  PIBMRI-1289-65 dated 
August 10,  1965. 

H.  Bertoni and A.   Hessel,   "Group Velocity and Power Flow Rela- 
tion for Surfacs Waves in Plane Stratified Anisotropie Media", 
PIBMRI-1293-65   (in preparation). 

H. Bertoni and A.  Hessel,   "Surface Waves on a Uniaxial Plasma 
Slab;   Their Group Velocity and Power Flow"    PIBMRI-1294-65 
(in preparation). 
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5.3.2   Published papers 

T. Koga, "Conductivity of a Warm Plasma to an Oscillating Electric 
Force in the Presence of a Strong Magnetic Field", II Nuovo 
Cimento,  Series X,   Vol.   34,  pp.  987-1009,   November 1964. 

T.  Koga,  "Reconsideration of the Collision Model Proposed by 
Bhatnagai,  Gross and Krook",   II Nuovo Cimento,   Series X, 
Vol.  36, pp.  174-188.  March 1965. 

C. L.  Temes,   "An Information Theory Approach to Radar Detection 
and Parameter Estimation",   IEEE Annual Communications 
Conference,  Convention Record,  June 1965. 

A. E.  Laemmel,  "Pattern Recognition of Time Varying Systems", 
IEEE Annual Communications Conference,   Convention 
Record,   June 1965. 

F. C.  Collins,   "Electrochemical Behavior of Grown Oxide on 
Silicon",  Journal of Electrochemical Society,   Vol.  XII, 
p,  786,  August 1965. 

T. Y.  Wu,   "Kinetic Equation of Gases and Plasmas",  Addison- 
Wesley Publishers (in preparation). 
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