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ABSTRACT

In this semi-annual report progress on a fairly large number of projects
is described. In general, these projects deal with electromagnetic phenomena in
plasmas and plasma-like media, such as the properties of antennas, excitation of
electromagnetic waves in plasmas, coupling of acoustic and electromagnetic waves,
propagation through time varying, random media, electron densities in shock waves,
basic kinetic theory of ionized media, instabilities in plasmas, properties of labora-
tory type plasmas, etc. A smaller group of projects deals with characteristics of
transmitters and receivers for communication through randomly time varying media

and with the problem of pattern recognition.

iii




PIBMRI-1295,1-65

TABLE OF CONTENTS

ACKNOW LEDGEMENT
ABSTRACT
TABLE OF CONTENTS
INTRODUCTION
1. PLASMAS
Introduction
1.1 The Plasma Laboratory
1.2 Resistive Instabilities in a Toroidal Plasma
1.3 Spectroscopic Study of a Torcidal Discharge
1.4 Magnetic Probing of a Toroidal Discharge
1.5 Experimental Study of the Screen Cathode Discharge
1.6 An Air Filled Discharge Chamber
1.7 Interaction of High Energy Electron Beams with a Plasma
1.8 Plasma Sheath Studies
1.9 Plasma Boundary Oscillations
1.10 Perturbation Procedure for Nonlinear Plasma Equations
1,11 Kinetic Theoretical Investigations of a Fully Ionized Gas
1,12 Kinetic Theory of Plasmas

2., ELECTROMAGNETICS
Introduction
2.1 Diffraction by a Half Plane in a Compressible Homogeneous
Plasma
2.2 Slot Antenna in a Plasma
2.3 Coupling of Acoustic and Electromagnetic Waves
2.4 Group Velocity and Power Flow Relations for Surface Waves in
Plane-Stratified Anisotropic Media
2.5 Diffraction by a Transparent Elliptical Cylinder
2.6 Cerenkov Radiation in Dielectric Media
2,6.1 Dielectric Filled Infinite Space, One Electron
2.6.2 Dielectric Filled Infinite Space, Finite Train of
(N+l) Electrons
2,6.3 Dielectric in Cylindrical Naveguide, One Electron

2.6.4 Dieleztric in Cylindrical Waveguide, Finite Train of
(N+]) Electrons
iv

Page
ii

iii

N W W

11
19
25
32
35
37
41
46
53
55

58

60
68
70

76
83
90
90

92
93

94




PIBMRI-1295. 1-65

TABLE OF CONTENTS (continued)

2.6.5 Dielectric Filled Cavity, One Electron
2.6.6 Dielectric Filled Waveguide, Finite Train of
{N+l) Electrons

2.7 Cerenkov Radiation in a Infinite Megneto-Plasma
2.8 Transition Radiation
2.9 Radiation by a Uniformly Rotating Line Charge in a Plasma
2.10 Experimental Work in Connection with Cerenkov and Transition
Radiation
2,10.1 The Rebatron
2.10.2 Beam Measurements
2.10. 3 Planned Experiment with Plasma
2.10.4 Screen Discharge
¢,11 Propagation of Waves in Plasma Waveguides
3. FLUID DYNAMICS
Introduction
3.1 Resonant Cavity Techniques for Measurement of Electron
Density Collision Frequency of Hypersonic Flows
3.1.1 General Data
3.1.2 Preliminary Data on Cavity Measurement of Electron
Density in the 5' Shock Tunnel
3.1.3 Design Data for Smooth Bore T.M. Diagnostic Cavities
3.1.4 Measurement of Electron Density and Collision Frequency
of a Field Induced Plasma
3.2 Microwave Resonant Cavity Measurement of Shock Produced
Electron Precursors
3.3 Electron Density and Relaxation Time Measuremeat Behind a
Reflected Shock
3.4 Measuremcnt of Time-Resolved Electron Density
3.5 An Experimental Investigation of the Near Wake of a Slender
Cone at M = 8 and 12
3.6 Utilization of Hot-Wire Anemometer
3.7 Ion Beam Collision Studies
3.8 Similar Solution of the Steady Incompressible MHD Flow in a

L 23

Slender Channel v

Page
95

94
98
104
107

108
108
109
109
110
111

113
113

115
115

117
120

132

139

146
153

156
157

162

164




PIBMRI-1295.1-65

TABLE OF CONTENTS (continued)

Page
4. COMMUNICATIONS AND PATTERN RECOGNITION 166
Introduction 166
4.1 Extending the Phase Locked Loop Threshold Er
4.2 Fading Channels and Communica‘ on Through Fading 168

4.3 Analysis of an F. M. Discriminator with Fading Signal Plus

Additive Gaussian Noise 169
4.4 Optimum Demodulation Using Bayes Criterion in Random Channels 171
4.5 Realizable Approximations to Optimum Analog Demodulators 173

4,6 Pattern Recognition Theory 175

5. EDUCATION, PARTICIPATION IN COMMITTEES,

REPORTS AND PUBLICATIONS 184

5.1 Education 184

5.2 Participation in Committees 187

5.3 Reports and Publications 188
5.3.1 Reports 188

5.3.2 Published papers 189
DISTRIBUTION LIST vii

DD FORM 1473

vi




PIBMRi-1295.1-65 1

INTRODUC TION

The ARPA-Polytechnic program is an academically oriented effort directed to
the satisfaction of both the teaching needs of the Polytechnic and some mission
criented needs of the ARPA. Faculty from several academic departments of the
Institute have joined together in setting up a unified interdisciplinary program in
keeping with the stated philosophy. As a preliminary goal, an attempt has bee¢n
made to institute and coordinate research and teaching efforts relevant to phenomena
associated with ixypersonic objects moving through the upper atmosphere and their
detection. To this end several departments have developed and are continuing to
explore research and teaching programs bearing on physical, chemi-al, aerodynamic,
electromagnetic, and communication problems relating to plasma, shock, wake, etc.,

phenomena associated with missile reentry.

More specifically, the Electrophysics department has reoriented some of its
ongoing efforts in electromagnetics, microwaves, and plasmas in accord with
overall planning for the ARPA-Polytechnic program. Effects of plasma sheaths on
radiation from antennas on missile cones and scattering from reentry missile wakes,
for example, pose basic problems whose understanding has given rise to a number of
projects directed toward evolving adequate theoretical techniques and laboratory
plasma facilities for their treatment. In a coordinated effort with the Aerospace
and Applied Mechanics department, special microwave instrumentation aad techniques
for hypersonic flow measurements arc being explored and appear to offer considerable
promise. Furthermore, the latter department is directing its attention to the
measurement and theory of a variety of plasma phenomena associated with hypersonic
shocks and their reflection, in addition to studies of near wake flows. Members of the
Physics department have concentrated on understanding the kinetic basis for plasma
dynamics and through studies of Landau damping and diffusion phenomena have
attempted to contribute toward the developmei.t of an acceptable set of plasma
equations suitable for use in engincering problems -- no simple task in view of the
cornplexity of the phenomena to be described. In its contributioa to the ARPA

program the Electrical Engineering department has concerned itself with fading,
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random channels, optimum detection, etc., and in collaboration with the department

of Electrophysics, with pattern recognition and the radar signature problem.

More detailed accounts of the above activities are presented in the body of this
first semi-annual report. It should be recognized that a good deal of effort is being
devoted to shaping up a unified program of relevance to DEFENDER; the present report
still represents only a preliminary indication of what may ultimately develop. In
appr.ising the current programmatic {rend, one is struck by a definitc inter-
departmental endeavor of faculty versed in conventional electromagnetic, microwave,
aerodynamic, etc., techniques to extend and modify this knowledgeability for applica-
tion to the type of plasma phenomena encountered in many DEFENDERK problems.
Projects that appear tc be of more direct significance in this connection are receiving
emphasis, while others are being deemphasized or transferred to other Institute
programs. By vay of illustration, the communications projects reported below are
in the near future to be supported by other than ARPA means. This process of
shifting support depending on relevance to the DEFENDER program, since the ARPA
program is budgetarily a little over 10% of the Institute research effort, is intended
as a realistic administrative procedure for optimization of the Polytechnic

contribution.

The development of course programs for interdisciplinary training of graduate
engineers in areas of interest tc DEFENDER and the participation of Polytechnic

faculty in ARPA Committee activities should also be noted.

N. Marcuvitz
Institute Professor

S gl ————s | i g - =
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1. PLASMAS

Introduction

The plasma dynamic phase of the ARPA program has the dual theme of creating
viable laboratory plasmas with well-defined surfaces and of deveioping effective
analytical tools for the description of dynamic phenomena within and on the surfaces
of such plasma. A primary motivation hereby is the experimental and theoretical
study of wave propagation along and scattering from plasma interfaces with particular
relevance to the effect of plasma shcaths on radiation from antennas and of

scattering from ionized wakes.

The utility of a laboratory plasma demands an understanding of the inne:
structure of the plasma, i.e. knowledge of the clectron density, temperature, ionic
constituents, homogeneity, anisotropy, etc. properties as well as dynamic and
stability characteristics. In this respect two distinct plasma structures, the toroi ial
discharge and the screcn cathode discharge, are be‘ng investigated and reported on
below. Particular attention is being paid to the “evelopment of several diagnostic
techniques for the measurement of static plasma parameters. In addition, the
presence of dynamic instabilities within and on the surface of laboratory plasmas
makes their study essential; the dynamic structure and oscillations within the plasma

sheath are receiving detailed consideration and are reported on,

The analytical understanding of plasma phenomena is of course dependent upon
an unobjectionable and workable set of plasma equations descriptive of the dynainical
and electromagnetic propertics of a real plasrna. Studies of the BBGKY hicerarchy
derived from the Liouville cquation, the validity and approximate nature of the
Boltzmann-Landau eguation, and the coarsecr cpproximations of the macroscopic
transport plus Maxwe!l equations continue to occupy the attention of a number of the
faculty. In these terms Landau damping, Jdiffusion, electro-plasma waves, electron
beam excitation in plasmas are being stucaied in both the linear and nonlinear regime.
A general study of nonlinear techniques for the solution of a class of nonlinear plasma
problems is also reported upon.

N. Marcuvitz
Institute Professor
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1.1 The Plasma Laboratory

Many of the problems concerning electromag=etic and acoustic wave
phenomena in plasmas discussed in this report require theoretical as well as
exvnerimental efforts if their solutions are designed to apply to phenomena in real
plasmas. It i therefore necessary to develop and study a number of plasma con-
figurations that can be producced in a laboratory. Through such studies it becomes
possible to evaluate the applicability of certain theoretical assumptions and thus to

determine the validity of tiieoretical predictions.

Starting about a year ago from a number of nuclei, a plasma laboratory has
been organized and developed which is now supporting a range of experimental
projects. In addition to carrying out specific experimental studies, which are
described in parts of this report, the laboratory offers the opportunity for training
students in experimental techniques such as arising from the use of vacuum systems,

microwave measuring techniques, spectroscopic techniques, etc.

The lahoratory is equipped with a variety of vacuum stations, highpower
pulse sources, electronic, optical, and microwave measuring instruments as well as
a dark room for photographic work. In addition, a glass-blowing shop, a model
shop and a chemical laboratory provide supporting services for the laboratory.
Another microwave measurements laboratory is also available for preliminary work

which does not require the facilities of the plasma laboratory.

Two general views of some of the {acilities are shown in Figs. 1 and 2.
Studies on the toroidal discharge, described in Sccticns 1.2 to i.4, are carried out
on the set-up shown in Fig. 3. Langmuir probe studics of the screen cawnode discharge
are conducted on the apparatus shown in Fig., 4 and are reported in Section 1.5, A
microwave measurement bench is shown in Fig., 5 which was used in connection with

¢ 'periments on Tonks-Dattner resonances described in Section 2, 3,
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FIG. 3(1-3)-SET-UP FOR TOROIDAL DISCHARGE F16.4(i-4)-SCREENSD CATHODE DISCHARGE STUDIES

FiaS (1-5)-TONKS-DATTNER RESONANCES SET-UP
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The rebatron discussed in Section 2.10 and shown as Fig. 1 in

Section 2.10.1 is also part ¢f the plasma laboratory.

H. Farber
Electrophysics Department

1.2 Resistive Instabilities in a Toroidal Plasma

Intreoduction

This report describes the observations of two instabilities found within a

toroidal plasma which is illustrated in Fig. 1. The instabilities appear to be the

.
6cm.
I3 TURN QUTER WINDING
N =
/
I3 TURN INNER WINDING
WINDOW FOR
OBSERVING
"TEARING"

e / IRON CORE

< r
6cm. \__‘/ ~\

4cm.

Fig. 1(1-6) - Toroidal plasma bottle
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resistive "tearing' and ''gravitational' (Rayleigh-Taylor) modes described
theoretically by Furch, Killeen, and Roscnbluth1 and Coppi, Greene and Johnson. 2
The "tearing' mode has been observed experimentally by Bodin3, and of course
many experimenters have witnessed the ''gravitational'’ mode. For various drive
currents and neutral pressures of hydrogen gas either the ''tearing' rnode can be

observed along the z-axis or the 'gravitational' mode can be observed along the

r-axis,

Physically, a null or zero in the confining magnetic fieid is required to
excite the "tearing' mode. For the "gravitational' mode to be excited, a small
mass and a large magnetic field which is capable of accelerating the mass is

required.

Our cffort .1as been concentrated on the tearing mode since there is much
current theoretical interest in this mode and the critical null in magnetic field can

be detected experimentally with little difficulty.

The "Tearing Mode"

The theory presented in references | and 2 relate the instability to R 2

resistive diffusion time, and r a magnetohydrodynar.ic transit time. The

- o Hays s
characteristic growth time is TR H where
2 1/2
_4Ta and T - aj4- <o >)
'R zr> H b

and the units are in e.ni.u.

B is magnetic flux density in gauss, <p> is the average mass density in
gram/cc., <n> is the resistivity in c.m.u, and a is a characteristic dimension at the

plasma in centimeters.

If we choose to look at the voltage and current in Fig, 2 at & time of one
microsccond, we find V- 000 volts and I 5200 amperes. Since the cross section of

the plasma is about Zcm x4cm we can compute <7>.




w
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CORE VOLTAGE
500 v/ Div.

PLASMA CURRENT
X 2000 A /Div.

TIME: .Susec / DIV,

Fig. 2 (1-7)

A
<n> = IZ\{"R where R is the average radius of the
piasma (5 cm.)
Substituting, we find that
<v>=2.94x10 €e.m. u.

When only the inner winding of the toroid is excited, B can be

approximated by

a1
o

2R *

B 104 in gauss.

Using the numbers above we have B=1630 gauss,

From spectrographic analysis of line merging we lLave a number density

25 , -13
of about 10~ particle/cc. Therefore <p> = 9.1x10 for the electrons.

Now we assume that a characteristic length of the plasma is half its width

or a~2 centineters for the purpose of calculating "R and TH. Then,
1/2
a -6 {4r<p>) -8
R = ttZ‘z 2x10  seconds and T -2 ;; ~ 10  seconds.
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According to the theory, the characteristic time is ?R-B/STH-Z/S. Ouv
values of TR and r _vield an e-felding time of . 25 microseconds basced on the data
obtained at one microsccond after the toroidal plasma was initiated. For lower
currents or larger resistivity, the e-folding time would be larger. rPutting it

another way, the growth rate of the instability would be slower.

Photographs taken with an §, T, L., image converter camera and shown in
Fig. 3 indicate a growth that takes approximately two microseconds for the
separation to become comparable with the plasma cross section. This does not
appear to be a resistive diffusion process since with the outside winding excited
there is no separation of plasma, yet the current, numbe+ density, and resistivity
are about the same. The significant difference ts in the structure of the magnetic
ficld. With the outer winding unexcited, the magnetic field on top of the plasma is
weak; however, when this winding is excited the magnetic field is much stronger.

It is this difference that determines if the "tearing' mode will be permitted or not.

Recent measurements of ax:al magnetic field, By, show a nulil that
propagates from the outer radius to the inner radius during a time interval that is

consistent with the separation of plasma recorded by the image converter camera.

Future Work

During the next period a complete space and time resolved record of
magnetic field and number density will be correlaied in order to yield R and Ty 28
functions of time. The exponential growth rate will then be numerically integrated
so that the actual motion of the "tearing’ mode can be simulated. Also, we shall
measure the critical current in the outer winding required for the onset of the

instability.

These two results shall cither confirm the theory as it now stands or at

least indicate what refinements must be made to obtain better agreement betwecen

el ]
i
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—— QUTSIDE RADIUS
— —e Z AXIS
INSIDE RADIUS

a. OUTSIDE WINDING EXCITED

0.0 1.5 3.0

TIME
05 2.0 35
{sec) 1.0 2.5 4.0

OUTSIDE RADIUS
-+ Z AXIS
INSIDE RADIUS

'muml\*

b. OUTSIDE WINDING NOT EXCITED

0.0 1.5 30

TIME
( ) 0.5 2.0 35
psec. 1.0 2.5 40

FIG. 3 (1-8)-FRAMING PHOTOGRAPHS
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theory and experiment.

K. Stuart
Electrophysics Department
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1.3 Spectroscopic Study of a Toroidal Discharge

Measurements of the relative intensities of the spectral lines of the Balmen
series in atomic hydrogen may be used to compute the temperature of a discharge.
A series of oscillograms of the light intensities in different regions of the discharge
may be used to compute the discharge temperature as a function of time and

position.

If we consider radiative de-excitations from atomic states n and m,
(n greater than m), to a third state i, then we can obtain the discharge temperature

from the following relationship,

KT = —— — (1)
tn[—2 ni mi, miq
L g A . A ,j«l ) 12
m mi ni ni

where K is Boltzmann's constant, En and Em are the energies of the states n and m,

measured with respect to the ground state; g, B are the degeneracies of these

states; Ani’ Ami arec the Einstein transition probabilities for the respective

transitions; A, A . are the wavelengths of the lines, andI ,, I _ are the relative
ni. mi ni’ ‘mi

intensities of the lines, We shall be dealing with transitions from the third, fourth

and fifth levels to the second level.

The underlying assumption behind Eq. (1), and the condition necessary for
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it to have any meaning, is that the plasma be in a state of local thermodynamic
equilibrium. Considering the plasma as a system of bound and free electron states,
this mezns that therv is an equipartition of energy among not only the free s.ates,
but at least several of the bound states. Stated alternatively, there is local
thermodynamic equilibrium when the Maxwellian energy distribution which
characterizes the free electron states extends downward into the bound electron
states. In a sufficiently dense laboratory plasma, the collisions between the free
electrons tend to randomize their motion and quickly bring about a Maxwellian
distribution.. The free electrons dominate the electronic excitation rates. In order
for the excited states to thermalize, their de-excitation will have to be primarily by
collisional effects also. For these states, local thermodynamic ejuilibrium will
exist if the collisional decay rates are much greater than the radiative decay rates.
There will then be a balance between collisionally induced de-excitations from still

higher levels, aud collisional excitations into such levels.

If we take the expression for the collisional decay rate of a levein, and
set it equal to ten times the average radiative decay rate, the following constraint

is obtained for Ne' the frec electron density of the hydrogen plasmalz
18 i/2
7x10 KT -3
n”/z E cm (2)

Ne >
H

EH is the icnization potential of hydrogen. The following table gives the minimum

electron densities allowable for LTE of levels three and four, for two different

energies.
KT(ev) n Ne 3
{cm™?)
1.0 3 l.7>~:1014
1.0 4 1.5x1013
0.5 3 1.2)4{1014
0.5 4 }.lx1013

Measurements of the electron density will be made on the basis of Stark

broadening by obtaining the ratio of the intensities of the beta line with a very wide
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i
monochromator slit and a very narrow one. It is believed presently that the
- 1 -3
electron density in the plasma under consideration is of the order of 10 5cm .
Thus LTFE should extend down to at least the fourth, and possibly the third level.

He e our temperature measurements should have meaning.

The above assumes that the plasma is time-independent, which it is not.
If we calculate the time necessary for thermalizing conditions between excited states,
strictly on the basis of collisions, it is much less than a microsecond. However,
since we have an exciting electric field initially ionizing the gas, and driving the
plasma, it would probably be best to confine our temperature calculations to times

after the current pulse.

At the present time technical difficulties have been eliminated and
measurements are being made. The system is being run at a static pressure of
about 500 microns. Measurements of the plasrma current give us a value of 2900
amperes at the peak of the ionizing current pulse. All of the intensity oscillograms
indicate two or more radiation peaks several microseconds apart. The first peak
probably corresponds to the excitation and de-excitation of bound electrons, and the

second corresponds to the recapture and downward cascading of the free electrons.

While the current pulse lasts for unly 4 microseconds, the light seen lasts
for at least 20 microseconds, meaning that the plasma lasts for at least that long.
This is substantiated by the greater than 20 microsecond duration of the difference

coil voltage, which indicates the plasma current.

Reproducibility of data has been a tremendous problem. The system carnot
be run for more than an hour and a half at a time due to the slight leak rate, 1 micron
per hour, and the fact that by then silicon impurities are probably coming off the
walls of the bottle. During cach run a complete set oi data cannot be obtained. It
is found that the static gas pressure is the most critical variable. When the bottle
is refilled, the slightest diffcrence in pressure will tremendously change the light
intensity oscillograms. Figures 1,2,3, and 4 and Table I represent as consistent a

set of data as is possible under the present conditions.

Mu‘,[ 4
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Oscillograms of the &, B, v lines of hydrogen
Pressure: 500 Hy

Position: 3/8" from inside of window

2);sec/box

2usec/box
0.5 volts/box

0.5 volts/box

Lisec/box

Lisec/box
0.1 volts/box

0.05 volts/box

2usec/box
0.05 volts/box 2ysec/box

0.02 volts/box

2usec/box
0.1 volts/box

Note:
The lower curve in all
figures is the primary
0.01 volts,'box current pulse:

145 amps/box

lus ec/box

2usec/box
0.0l volts/box

Fig. 1(1-9)
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Oscillograms of the @, %, v lines of hydrogen
Pressure: 500 microns Hy

Position: 7/8" from insid2 of window

2usec/em

1.0 volts/cm 2usec/cm

0.5 volts/cm

Zusec/cm
0.5 volts/cm

2usec/cm
0.2 volts/cm

Note:

The lower curve in

all figures is the primary
0.1 volts/cm current pulse:

145 ampe/cm

2iisec/cm

2usec/cm
0.02 volts/cm

Fig. 2 (1-10)
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Oscillograms of the 2, 8, v lines of hydrogen

Pressure: 500y Hy

Position: 9/8" from inside edge of window

2usec/box
1.0 volts/box

2usec/box
9.5 volts/box

Note:
2usec/box The lower curve in all
0.05 volts/box  1igure is the primary

currei.. pulse:
145 amps/box

2usec/box
0.02 volts/box

Fig. 3 (1-1)

2usec/box
0.5 velts/box

2ysec/box

! 0.2 volts/box
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Oscillograms of the 2, 8, vy lines of hydrogen
Pressure: 500, Hy

Position: 11/8" from inside edge of window

lLisec/box
0.5 volts/box

Lisec/box
0.2 volts/box

2usec/box
0.05 volts/box

2usec/box
0.2 volts/box

Note:
The lower curve in all
2.sec/box figures is the primary

current pulse:

0.02 volts/box 145 amps/box

Fig. 4 (1-12)
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From the oscillozrams the temperature has been calculated as a function
of time for four different positions across the radius of the bottle, We view the
Jdischarge through a flat window of diameter 1-7/8 inches, which is approximately

the radius of the torcid. Positions are measured from the inside of the window.

Table I
Taa(m} °K) T Byuo’ °K)

Time Position Position

(11 sec) {inches) {inches)
3/8 7/8 9/8 11/8 3/8 7/8 9/8 11/8

1 4.03 7.42

2 3.87 6.33 3.66 5.88 3.29 2.46 2.70
3 3.30 5.98 4.32 3.39 2.46 2.36 2.12 4.22
4 2.98 11,95 7.22 3.10 2.29 1.80 1.98 1.87
5 3.02 4.91 3.99 3.02 2.64 .99 2.08 2,38
6 3.01 3.45 4.16 3.01 2.56 2,23 2,06 1,68
7 3.05 3.88 4,16 3.01 2.64 2.16 2.04 1.97
8 2.99 5.00 3.46 2.75 2.64 2.02 2.00 2.38
9 3.06 4.40 2.98 2.73 2.30 1.91 2.30 2.46

10 3.01 3.33 2.81 2. 88 2.56 2.08 2.15

11 3.07 3.19 2. 77 2.62 2.60 2.05 2.19

12 2.84 3.04 2.7 2.54 3.39 2.19 2.34

13 2.84 2.73 2.72 2,73 4.92 2.53 2.58

14 3.06 2.85 2.67 2,78 4.92 2.89 2.74

15 3.18 3.11 2,63 2.85 2.46 2,53

16 2.84 3.19 2. 85 2.78 2.53 2.66

The temperatures given for 1 microsecond should be taken with a grain of
salt because the system is obviously not in thermal equilibrium. Also the last two
or three temperatures TBY for 3/8" should be read warily due to the great experi-

mental errer in reading J_Y from the oscillograms.

il



PIBMRI-1295. 1-65 19

On the basis of our analysis, the beta-gamma temperature should be the
more correct one. We see that except for periods late in the decay, it is much less
than the alpha-beta temperature. This may indicate that the system is not in a
state of LTE until a later time than was expected. More light will be shed on this

whern the electron density measurements are completed.

The general shape of th= oscillograms for 7/8, 9/8, and 11/8 inches agree
very well with those obtained by Hinnov and Hirschberg2 in work done on the
stellerator at Princeton, with a plasma confined by a static magnctic field. Note
that the initial peak in our photographs occurs later as we move out radially across
the bottle. From the photographs we can calculate a diffusion velocity of about
l::cl()6 cm/sec. Also note that as we move out the second peaks occur earlier.
This has not been interpreted yet. Another phenomenon to be interpreted is the
fact that at 3/% inches (also at 5/8 inches, not shown) the peaks of the light
intensities occur before the peak of the primary current pulse.

R.M. Eichler
Electrophysics Department
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1.4 Magnetic Probing of a Toroidal Discharge

In order to describe a toroidal plasma and its associated instabilities, it is
necessary to have an accurate mcasurement of the magnetic field about the dis-
charge. The ficlds are directly related to the plasma current flow and give more
information as to the resistive instability process (which visually is the spiitting
of the glow region into two rings in the 2z direction) and to the oscillations about the
equilibrium position, resulting when an outer winding is prescnt, which is important
for the problem of plasma cenfinement. It is hoped these measurements will sub-

stantiate to a large degree the optical measurements that have been and are being
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TOROIDAL
DISCHARGE
STRUCTURE

SMALL GLASS TuBE TO
PERMIT THE ENTRANCE
OF THE 50 TURN
MAGNETIC PROBE

LUCITE
CONTAINING
DISC

CIRCUMFERENTIAL
PROBES, 10 LOOPS
OF WIRE

PROBES TO CHECK THE
SYMMETRY AND STABILITY
OF THE DISCHARGE

Fig. 1 {1-13) - Sketch of the tube and probe positions. The swmall pie section
\ cut-out is a portion of a complete disc. (There is one disc on
each side of the discharge structure.) The probes on this pie-
scction are repeatcd around the disc every 909 giving a total
of four of these symmetry probe sets to a disc. One set is
positioned over the small tube to check the effect it has on the
discharge.
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performed and the theoretical descriptio. s which have been presented.

The dynamic response of this plasma created within an electrodeless
toroidal discharge tube is being investigated using a 1/16' by 1/16" 50 turn
magnetic probe. The probe and its associated eircuitry are designed to give the
largest noise-free responsc with the least amount of perturbation to the plasma self
fields. The probe is irserted into a sinall glass tube buiit into the z-directed center
of the discharge structure. The probe can be oriented in the three coordinate
directions and gives information on the current distribution. It will alsc be used to

scan the outer surface of the structure,

A differcence current transformer measures the total plasma current and
there are circumferential probes on the sides of the discharge tube measuring the
average z-directed flux as a function of the radial distance andaiso ‘ne electric field.
Other magnetic probes are positioned about ihe discharge tube and give information
as to the symmetry and stability of the discharge. Thesc mcasurements are being
carried out at different pressures, voltages, and with and without an outer primary
winding. The tube and probe positions are sketched in Fig. 1. The macroscopic
motion of the plasma current can be studied by using a parallel outer winding.

{To simulate the case of only an inner winding present, a large resistance will be
added in series with the outer winding.) Considering the plasma and the windings as
being infinitely long and infinitesimally thin concentric right circular cylinders
oriented along the z-axis, we may write the equation for the sum of the voltage

drops in the loop formed by the two parallel windings {see Fig. 2).

{ I
II ‘::R' P(t) Ra;p‘{

Fig. 2 (1-14)

d
LR LR, = - @
-4 2 2 2 21
I Mo <.Hl(r —rl)-HZ(rz-‘ )Jr (1)
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/here the capital R's represent resistances, the small case r's the radii, cp(t) the
total flux enclosed and the subscripts 1 meaning inner winding an? 2 outer.
Considering a | meter length of the model we can obtain an expression for the

plasma radius at any instant of time:

f(x R,-I R )dt I -1
X = : + (142t |2 (2)
2 prlm prim
"1
where: a=-— and I . =1 +I = Total primary current.
T, prim 1 2

The basis for using such an idealized model to obtain the macroscopic
motion of the current can be found in reference 2, where Friedman, by other field
measurements performed on a similar tube, has found close overall agreement of

the experimental fields to those generated by a current sheet model.

These measurements when completed will be used to c reate a more
accurate model for the current ..ow. Although not all of the measurements are
compleie, Fig. 3 shows the probe response at different positions within the tube at
6KV and 500 microns of HZ' It is oriented to cbtain the Bz component of the
magnetic field. There is no outer winding for this measurement. It is seen that

the values we find are much lower than would be expected from a current sheet whose

field is given by

B :L‘—-—OI [tan.l 23 ta.n-l __z-d]
z 4rd

where d is the plasma radius and r is the point of the field measurement. If the
values of the constants were substituted, it would be seen that the probe should be
measuring fields in the 100 gauss range. These low readirgs may perhaps indicate
that the plasma current is spiit into two almost equal current rings at this pressure.
The glow region indeed shows such a splitting. Further measurements are being

made to substantiate this assumption.

It has been noticed that at voltages of the order of 3-4 KV and pressures

of about 300 microns and higher (500u is the highest pressure we've gone) there
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A.

B. B, at lem
1. 8 gauss/box

B atd4cm
z

7.2 gauss/box

Bzat3.5cm B. Bzat.Scm

3.6 gauss/box 1. 8 gauss/box

Bz at 3 cm
B. Bz at .156 cm

1. 8 gauss/box

3.6 gauss/box

B at 2.5 cm
1. 8 gauss/box

A, = Primary current

Bz at 2 cm
145 amps/box

1. 8 gauss/box

B atl.5c¢cm
z

1.8 gauss/box

Fig. 3 (1-15) - Probe response (Bz) at 6KV and 502 microns of Hydrogen.
Time scale - 2usec/cm. The distances given are measurements

of depth into the tube with .156cm being the outer radius.
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exist two values for the plasma current for a given primary current and conse-
quently two values for the plasma conductivity., This can represent either two
separate and distinct modes of discharge or two possible stable current configurations.
It has been noticed that at the lower pressures there exists only one glow ring, while
at 300 microns and above, two rings exist. It is proposed that at these pressures and
voltages the plasma current can have either a one or two ring configuration, each
being equally probable. This is being examined by field measurements. Figure 4
shows the plasma currcnt as a function of the primary current for different

pressures of hydrogen. It is seen that the total current is higher at 25¢ microns than
at 500 ~iicrons and the two modes may be seen on the lu..er portion of the 500 micron

curve. Both curves seem to follow each other quite well.

The many peaks and zeros seen by the probes as in Fig. 3 are as yet
unexplained, but it is hoped that when all the data is correlated, a good idea of the
instabilities and their cause will be obtained. This would give us much information
on the thermal pressures within the gas discharge and shed new light on the problem
of magnetic confinement,

J. Miletta
Electrophysics Department

References

1. J. Freidberg, '""Magnetohydrodynamic Stability of a Toroidal Plasma Structure”,
FPIBMRI-1025-62,

o

H. Friedman, '"Probing of tie Dynamical Response of a Plasma"
PIBMRI-1168-£3,

1.5 Experimental Study of the Screen Cathode Discharge

(Abstract of an M.S. Thesis)

Description of the Screen Cathode Discharge

A. The Discharge Structure

This repoert describes recent work in the continuing study of screen cathode

1 . . .
discharges. These discharges are important because they may be usedto obtain a
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plasma-electromagnetic wave interaction structure with free plasma boundaries.

One screen cathode discharge structure currently under investigation is shown in

ste
%

Fig. 1. The discharge structure is enclosed in a large bell jar {1) . The anode (2)

REGION I—
REGION II<

REGION III -

)\ .
+

Fig. 1(1-17) - Screen cathode discharge structure

is a solid stainless steel disk with an 8 :" diameter, The cathode consists of a
solid stainless steel ring (3) which contains a circular stainless steel screen (4)

: . L, oo : : .
with a diameter of 8 1 within its circular aperature, The screen is composed of

The numbers in parenthesis refer to the numbered components in Fig. 1.
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10 mil wire spaced 15 wires to the inch, For most of the observations the plate to
cathode distance was set at 1.45 cm. A smallcr pyrex bell jar (5) with ar open neck
is seated on the junccion between the ring and screcn of the cathode. A Langmuir
probe (6) which can be moved up anc down is inco:rporated in the large bell jar. This

5 mil diameter tungsten probe is bent and has an exposed length of 1 mm.
B. General Observations

Most of the experimental observations reported below were made by
H. Strachman and one should consult his Master's thesis3 for more detailed informa-
tion. Two gases were used in the course of the investigation: one was aviation
breathing air with a dew point of -370F; the other was tank grade helium. Although
a steady discharge could be obtained for currents up to 150 ma, most of the
measurements were taken between 20 and 60 ma to avoid excessive cachode heatino,
The pressure ranges for a stable discharge were 7uite narrow being only 400 to 500
microns Hg in air and from 2,500 to 3,600 microns Hg in helium. In all the experi-

ments the cathods was grounded and the anode was approximately at 600 volts.

in the screen cathode discharge, as in discharges between solid electrodes,
the normal and abnormal glow domains were present. Of most interest is the
abnormal glow region which occurs when the discharge current is greater than about
20 ma., Here the screen is entirely covered by the plasma. Further increases in
current appear only to increase the plasma light intensity and the depth of plasma.
penetration below the screen. In this abnormal glow region three separate regions are
clearly visible (Fig. 1). Region I is the glow discharge which appears between the
electrodes. Striations of lighter and darker regions are visible within this domain.
In air, the dominant color of this region is dark blue, while in helium it is greenish
blue. Directly below the screen a -ccond region appears with a very diffuse radial
boundary which extends to the outer edge of the steel ring on the cathode. It is of
pink color in He. In air, region Il does not appear; it is merely replaced by a con-
tinuation of regicon Ill. The thickness of region Il was observed to vary from 0.54 cm
to 1.34 ¢m as the discharge current was increased from 290 to 60 ma. Below this

thin band of diffuse light is a much longer, parabolic shaped glow, which we call

———— T R s

[

e
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reg on III. It has a sharp plasma-gas radial boundary extending to the diameter of
the screen. The radius of this region and its light intensity diminishes as one moves
away from the screen. This region has a reddish-pink color for helium, and an

orange color with air.

Experimental Measurements

A. Current-Voltage Characteristics

In the first quantitative data taken, the currenf{-voltage characteristics of the
discharge were measured. Although the air discharge was rather erratic in starting,
once the discharge was initiated the results were quite reproducible. The current-
voltage curves taken in helium all have the characteristic shape associated with volt-
ampere characteristics for glor discharges with solid, plane electrodes4. The exact
empirical equations relating the discharge voltage to the current density and pressure,

however, are different from those found for discharges with scolid electrodes.
B. Total Light Output and Spectrographic Analysis

A photomultiplier tube (RCA 6217) was used to determine the light output as a
function of distance below the cathode. A typical result of such a measurement appears

in Fig. 2. The peak of the light intensity occurs in region II.

The spectrum of the three regicns in the helium discharge was taken and
compared to the lines in a helium Geissler tube. It was found that all lines in the
anode to cathode regicn were present in the Geissler tube. Regions II and III however
contained spectral lines which did not appear in the helium reference source. They
also lacked certain lines which were present in the Geissler tube. The li. 2s whichk do
not 2ppear in the helium spectrum, except for two spectral lines in region IiI,
corresponded to various elements such as chromium which are present in the stainless
steel screcen cathode. This implies emission of these elements from the cathode.

The fact that a nuraber of the characterictic lines do not appear in the region beiow the
screen, and that those which do appear are of varying intensities in the various regions
1s an indication that different cxcitation conditions are present in each region. The two

lines of the third region which have not as ye’ been accounted for appear to be the
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hydrogen o and § lines. Their appearance has not yet peen satisfactorily explained.
C. Langmuir Probe Measurements

A tungsten wire probe, with a 5 mil diameter and an exposed length of Ilmm,
bent at right angles to the glass rod supporting the probe was used to obiain Langmuir
probe charactcristics of the plasma below the screen. The probe and glass rod was
mounted on a shaft with a vacuum seal and could be moved up and down. Earlier
floating probe mecasurements, taken with a flush mounted probe, yielded a peak in the
floating potential at a distance of approximately 0.8 cm. from the screen. It is now
thought that this maximum does not actually exist but was caused by the small current
drawn by the probe. Later, Langmuir probe data indicated a fairly constant floating
potential and space potential of approximately 110 volts up to a distance of 6 cm from
the screen. There was, of course, a sheath region immediately adjacent to the
screen where the potential returned to ground. A preliminary investigation using
a Langmuir probe revealed a pcak in the electron number density at about 0.7 cm
below the scireen. Here the electron dersity was about 1010 electron/cm3 and the
electron temperature was close to 10, SOOOK. Typical Langmuir probe character-

istics are shown in Fig. 3.

Future Work

The investigations described above have greatly added to our knowledge
of the screen cathode discharge. They have provided information avout stable
operating points, light cutput and spectra, and given an indication of electron
number density and temperature. There is also work procceding on other screcn
cathode configur~tions. One example is the discharge described in the article

Slot antenna in a plasma appearing in this progress report. However, more

research is required to understand the physical processes occurring below the
screen. Many interesting questions remain to be answered. Why is the discharge
only stable in a relatively narrow pressure range? Why are there two distinct

regions below the screen in helium and only one region in air? What is the significance
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~f the hydrogen g and & lines in region II? Further Langmuir probe experiments
will provide data on electron density, electron temperature, and space potential over
a wide range of pressures and currents. Itis anticipated that this information
together with additional spectrographic study will lead to an increased comprehension

of the screen cathode discharge.

H. M. Cronson
H.L. Strachrnan
Electrophysics Department
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1.6 An Air Filled Discharge Chamber

(Abstract of an M.S. Thesis)

Purpose of the Work

Scintillation counters using gases as scintillants generally employ

noble gases. For good performance, the purity of the gas must be very high,

Nitrogen and Oxygen are considered contaminants; even small
quantities of impurities (especially Drygen) reduce the amount of light emitted, so that

great care must be taken to keep scintillation free from contaminants.

On the other hand, air at atmospheric pressure has been extensively

used in spark chambers {also cailed spark counters or discharge chambers),
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Such chambers or counters mainly consist of two parallel conducting
plates, to which a high voltage pulese is apolied whenever a charged particle trans-
verses the gap. A discharge then occurs along the path of the particle giving a visual
indication c. the particle track that may also be recorded on film. The passage of the
particle is detected by Geiger counters connected in a coincidence circuit, and the

coincidence pulse triggers the high voltage pulse.

In the discharge chamber developed by Cavalleri, et al., and called
light chamber, the filling gas is a Penning mixture of Argon and Neon at about
atmospheric pressure. The ionizing particle goes between and parallel to two plane
electrodes; the scintillation is detected by a photomultiplier and triggers a high
voltage pulse (the pulse is actually a high-frequency decaying sinusoid). The
electrodes are semitransparent (a conductive, semitransparent coating over a glass

plate}, and not in contact with the gas.

No spark actually occurs inside the chamber, but only the multi-
plication of the electrons in the tracks (called gas-amplification). The luminosity of
the track, originating from the decay of excited states caused by impact with the
electrons, in-reases as the amplitude of the H. V. pulse incr~ases, up to a value where
it can be photograrhed on sensitive film. The size of the tracks, measured in a
direction perpendicular to the applied field (as recorded on the film) is related both to

the diffusion coefficient of the electrons in the gas and to the diffusion time.

It is this experiment that we tried to duplicate in our work, except
for the use of air as the filling gas. When air is used, a new feature is added; the

attachment of ciectrons plays an important role in the operation of the chamber,

Such a chamber may be a useful device for studying properiies of
gases, especially if a number of refinements are included. In this work, only the
study, construction and operation of a simple chamber are reported. As itis,
the apparatus demonstrates the possibility of using air as scintillating gas and of
photographing the gas-ampiified tracks of a-particles in air. it also gives an estimate
of the diffusion coefficient of energetic electrons in air, and of the value of E/p

necessary for the detachment of electrons from regative molecular Oxygen ions,
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All the experiments have been performed at atmospheric pressure;
changing the pressure could be one of the steps to be taken to investigate further into
the possibilities of the chamber as a tool for research, Unfortunately, lack of time
has prevented us from performing such refinements; a number of suggestions are

offered to interested researchers in the final chapter of this work.

Abstract of Report

A discharge chamber is described being filled with ordinary air at
atmospheric pressure, and in which the tracks of g-particles can be photographed.
For the operation of the chamber, a photomultiplier detects the primary scintillation
due to the passage of an a-particle and triggers a high-voltage pulse in the chamber.
The pulse causes 2 Townsend multiplication of elertrons along the path of the particle,
resulting in a great amplification of the luminosity of the track, so that it can be

photographed. A number of such photographs are shown.

The size of the tracks is related to the diffusion of the electrons;
the diffusion coefficient of the electrons can therefore be estimated, 0 0. 25 mzsec-l),

as well as the mean electronic energy (= 8.8 eV).

A study of the phenomena occurring in the chamber following the
passage of an g-particle, and following the application of the H. V. pulse, is also
presented. The study shows that, at the time of ¢pplication of the H. V., pulse, the
electrons liberated by the passage of the a-particie have become attached to Oxygen

molecules, and they must become free again before the multiplication process can

-

take place. There is a ininimum intensity for the applied electric {ield ithat produces
-1

4
detachment, corresponding to E/p near 9x10 V m mm Hg , in agreement with

the value found by cther experimenters,

The chamber has semi-transparent clectrodes through which visible
light is 70% transmitted. The photomultiplier is a ¢ noise tube, EMI 9514-S, and
the photographic recording is made on Polaroid film, type 410, of sensitivity
10,000 ASA,

The apparatus a' 1 circuitry used are described in the text,

supplemented by a number of photographs.
G. Gambirasio
Electrophysics Department
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1, 7 _Interaction of High Energy Electron Beams with a Plasma

(Abstract of a report in preparation)

An important, fast developing technique of obtaining experimental information
on laboratory plasma systems is by their interaction with high energy electron beams
of significant density. A systematic investigation of this problem, using plasma
kinetic theory, is under way in which effects due to temperature, finite boundaries,

and inhomogene.ities are considered.

A paper has recently been submitted for publication in the Journal of

Mathematical Physics. The title and abstract follow:

Application of the Vlasov Equation to the High Frequency

Stability of Finite Relativistic Beam-Plasma Systems

The response of a finite relativistic beam-plasma
system tc small disturbances is analyzed using the coupled
Vlasov-Maxwell equations. It is shown that when
lw-kvol >> w: » Where we is the betatron frequency and Vo
the drift velocity of the beam, straight line orbits are
sufficier .., accurate to describe the beam particle
trajectories. Dispersion relations are derived for a
finite beam and for both infinite and finite plasma configura-
tions. The effect of a finite but large beam radius is shown

to increase the growth rate of the electrostatic instability.

In the above paper the initial equilibrium situation was assumed to be that
of an infinitely long electron beam of uniform density penetrating a uniform density
plasma, both ~ylindrical with the plasma radius larger than the beam radius, and
the plasma variously confined by a conducting and an insulating wall, The thermal

properties were described by uniform Maxwellian distributions,

Current and future research plans constitute a systematic extension of

these calculations:

il
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The dispersion relations derived above are being analyzed. A
systematic analysis is proceeding in which simple analytical approximations to the
solutions of the dispersion reclations are being sought in asymptotic regions of
parameter space. With these approximations as guides extensive machine calculations
are foreseen in order to complete the analysis, The ultimate goal is a complete
graphical representation of the effect of temperature, finite radii, etc. on the

well-known instabilities as well as on any new instabilities that are uncovered.

The method of the above paper has been extended to the important experi-
mental case of the plasma being finite in length and having a density which decreases
with distance along the direction of the beam. The self-consistent field equations
have been derived for finite beam radii and zero temperatures. The limit of infinite
radii has been fully investigated and has been found to be in complete agreement with
a cold plasma theory based upon fluid equations. Future work on this aspact of the
beam-plasma problem consists in (1) solving the equations for finite radii and
analyzing the solutions for stability criteria, (2) generalizing to finite radii plasmas
with confining walls, and (3) including the ¢i{fects of non-zero temperature. This
last aspect is extremely complicated and must probably await the completion of the

following analysié 3

In the submitted paper and the extension reported above an initial state has
been assumed in which the beam and plasma are already in equilibrium. However,
the specification of this initial state has merely followed the dictates of convenience
and simplicity. A more satisfactory procedure is to specify the heam and plasma
properties before they interact (which is just a function of the electron gun device and
the plasma producing machine) and then to follow the time development of the system
from the first entry of the beam into the plasma. The investigation of this problem
has just begun using plasma kinetic theory in which the Boltzmann equation, with a
collision term included, is applied. The aim of this investigation is to allow the
specification of an equilibrium state (if one really exists) with more confidence.

In particular, the extremely interesting casc in which the beam itself helps to produce




PIBMRI-1295,1-65 37

a substantial part of the plasma from the residual gas can be given a systematic

development.
G. Dorman
Physics Department
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1.8 Plasma Sheath Studies

In a gas discharge, the thin region which separates the plasma from any
departure from charge neutrality is called the sheath, The space charge density,
clectric field and potential distribi.tions are all non-zero in the sheath making this
region rich in nonlinear phenomena and difficult to analyze. A knowledge of the
phyeical processes in the sheath is essential for the full understanding of many
problems in plasma physics such as electromagnetic energy coupling, confinement
and diffusion. Although much work has been done to determine the effect of the
plasma medium on these processes, the model of the plasma medium itself is not
fully understood in regard to the methods by which the cold walls of a vessel actually

contain the plasma.

There is some question as to the existence of a d.c. as opposed to time
harmonic, steady state sheath surrounding any cold wall. The doubt arises because

of a physical contradiction in the boundary condition necessary for a d.c. sheath
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derived by Bohml. This Bohm condition requires that the ions reach the beginning
of the sheath with a velocity higher than the effective sound speed of the electron-ion
plasma. F’el‘sson2 in a study of inertia controlled ambipolar diffusion, shows that
there is no plasma diffusion mechanism which can accelerate the ions to this super-

sonic velocity, and thus the contradiction arises.

, . 3 .
In a computer calculation, Allis and Rose™ have tried to match the plasma
region smoothly with the sheath region. Their calculation did not include the ion
inertia term, which is by no means negligible at velocities near the sound speed, so

they avoided the question completely.

The purpose of this present work is to find the ion velocity transition from
sub to supersonic as the ions leave the plasma region and enter the sheath. The
method to be used is a perturbation scheme about the state of high velocity ambipolar
flow. It will show the effect of non-zero space charge on the ion velocity. This
particular perturbation scheme developed by Freidberg4 differs from cocaventional
analysis in that one searches for the first order correction to a solvible nonlinear

differentiai equation when a small nonlinear term is added.

The analysis begins with the steady state, hydromagnetic equations for an

electron-ion system in a neutral gas background:

The continuity equations:

Ve (ncze) S nov (1)
Ve{n.v.) = n.v, (2)
1-i i1

The momentum balance equation:

mnv 9y +&kT 9n = .,Ieln E-n vm (v +y) (3)
et T T ¥e e e e= e¢—e e m i

m,n.v, - Vy +kT Vn = +|qfn,E-n,v,m_ (v +v.) (4)
i 5 i i i— i im i

where the assumptions of perfect gas law and isothermal conditions have been

assumed.
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Finally, Poisson's cquation:

7-E: L&‘L (n,,—n ) (5)

€ ¢

o
The quantities v and y, are constants that approximate the momentum and ionization
m i

collision frequencics for charged particle-neutral collisions.

Adding the two momenturn equations:

mn v v tmnv 2y +kT vn Jrl-:'l'_*‘?n_:lel(n‘-n JE
¢ e—v ¢ i =i ¢ e 1i i e—

-monv. (- ty)-mn v (v ty) (6)
} I S § 1 ¢ T m 1

m

Equation (6) suggests that if the clectric ficld that exists between the electrons »ad
ions is strong cnough, the e¢lectrons drag the ions along with them as they d..iuse,
Imposing this physical condition mathematically implices n_snon which forces
le:‘!-i:'z) from the continuity relations. Equations (1} and {6) now form a self-
consistent set,

Jen VoEn oy, (7)
[ iiar 6] O 1
ro 2_
nV vV +3 %n =-n V {y #v.) (8)
(23 § - (3] o0 M 1

R(T tT))
e i ! . .
—————— js the sound spceed for the clectron-ion fluid mixture.
(m +m.}
c i

where a =

In one dimension, Eqs. {7) and {8} can be combined so that n is eliminated,
'S}

leaving -
av Vi 4o’y
o o m_i 1 (9)
dx al.ve

O

Equation (9) can be integrated to yicld x as a function of V . The plot of V0 VErsus x
O
is shown below, where it has been assumed that the flow starts from the middle of

the plasma (x=0) with zero velocity (VU‘O).
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Fig. 1(1-20)

This curve, obtained also by Perssonz, has the physical implication that
for particles starting from zero velocity, the maximum diffusive velocity possible is
Mach 1. Two fac.s are evideni from Fig. 1. The first is that since multivalued
solutions are physically impossible, one is always restricted to stay on the bxanch
dictated by initial conditions. Second, there is no method for analyticaily extending

this curve to higher velocities under this neutrzl fluid model.

In order to find the first order correction to the ion velocity due to a slight
deviation from charge neutrality, an expression for the first order charge density
is needed. The electron momentum Eq. (3) can be used to {ind the zeroth order
electric field, and the divergence of this electric field yields the first order space

charge. 7lhe results are

v
ERSeyey (o
af.v
o
(a2+Vi)£Vi(vm‘-’\xi)+azvi)]
(n_l-ne) 8 - 2 2.3 (11)

(a -V )
o

The singularity in & scei in Eq. (11) indicates that the assumption of a

neutra. ambipolar diffusive flow at velocities near Mach 1 is erroneous. Either the
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assumptions of isottermal conditions and constant collision frequencics must be
abandeoned or a perturbation scheme must be derived about a state of high velocity.
non-recutral diffusive flow. Some preliminary attempts at imposing energy
dependeni collision frequencies and adiabatic equations of state fail to remove the

singiarity.

It will be necessary, therefore, to match a solution in the neutrai regime
(low velocity) to one in the non-ncutral regime (high velecity)., This is precisely
the approach taken by Allis and Roses; however, they neglected the ion inertia term
that must be considered if the nigh velocity Bohm condition is to be met. Persson's
explanation of a phenomenon in his brush cathode is also unsubstantiated. He
attributed a discontinuity in light vutput to the discontinuity in 1on velocity at Mach 1,
Howe.er, the model he used to derive this 1on velocity discontinuity was that of a
ncutral fluid undergoing ambipolar diffusion and since a fluid cannot remain neutral
near Mach |, the existenc: of the discontinnity is in donbt. To understand the nature
of this trans-sonic is the goal of this werk.

H. Friedman
Electrophysics Department
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1.9 Pluasima Boundary Oscillations

(Abstract of PIBAL Report No, 880)

A theoretical investigation 1s being conducted on the excitation of plasma

oscillations in the plasma sheath close (o the walls of a plasma. It is well-known that

Hellk

i
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in the plasma sheath a strong d.c. electric field is found and the eiectron density

at the wall becomes very small compared to the asymptotic value which corresponds
to the core of the plasma. As a consequence if an oscillating electric field is applied
perpendicular to the wali »{ the plasma with a frequency smaller than the value of the
pleasma frequency in the core of the plasma, an occillation should be excited in a
region of the plasma close to the wall. In order to investigate the properties of
these possible oscillations, a preliminary analysis has been conducted assuming a
plane geometry where the rlasma is located in the region x >0. On the basis of a
lincar macroscopic approach, the time dependent values of electric field E, electron

density n, and electron velocity u satisiy the equations

Au ¢ az' ldne n azan
- —-—--—E+—\——FT})—-—7T
ot m vy \n dxj/n n x
e e e
%ﬂ+'§-(n\1)-0 (i)
At X
38E e
ax ¢
o

where e, m are the charge and mass of an electron; eo 15 the dielectric constant

of a vacuum. a is th: spced of sound in the electron gas, and v is the ratio of
specific heats. In Egs. (1} the effects of collisiens have been neglected and the
temperature has been assumed constant throughout the plasma. n, is the equilibrium
eiectron density which is related to the d.c. electrostatic potential ¢ in the plasma

through the equ:tion
n “ne (2)

where k is the Boltzmann constant and n_ is the value of the equilibrium electron
density at large distance from the wall. Thus the potential is assumed to be zero in
the core of the plasma. If a uegligible electron cur:cent flows toward the wall, the
wall potential is negative and large compared to kT/e. The local value of § is obtained

by solving the ecquations which govern the clectron and ion motion in the d.c. siluation.

T e N A ——c -5 e e

g o e ~§ ——r——
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Assume now a solution of Eqs. (1) of the form exp(iwt). The amplitude of

the electric field satisfies the equation

2

éfE_l _Lf.r_ls Q_Ei+uL2. l_ﬁ =0 (3)
2 y\n dx/dx 2 2
dx e a \ w

where wp is the local value of plasma frequency, The solution of Eq. (3) may be

written in the forr

1
n 2 :
E=\— y(x) (4)
n
\'o
y(x) is a solution of the equation
d2 wz “’i
ARl LA Ea )
dx a w

where w is the value of the plasma frequency at large distance from the wall and

-l/2+l 1/2 2

_1 1\ o 2]- &
Y(x) = > HY e +(1-29) ” (1-2¢) 2 (6)
where
_ed
PENT (7

One observes that ¥ =1 at ¢9=0. As the potential decreases, ¥(x) decreases to a
minimum value, after which it increases again for large negative values of .

Fig. 1 shows the valucs of Y versus o for the particular value y=3. The minimum
value is reached at about 1 ~ -3, where v o ~1/3. Thus a resonance is possible
with plasma oscillations confined to a small region close to the wall as long as

l>%L> ¥

1
I (8)
W, min {3

The reason for the minimum possible value of resonant frequency is the fact that as

the electron demsity_ne decreases, the d.c. electric field increases. As a consequence
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Fig. 1(1-2]) - Function ¢ versus potential in the plasma

a miaimum f{requency cutoff arises due to the electric field in a way similar to the
sound wave properties in an atmosphere which is in equilibrium with a gravitational
field. Condition 8 shows that only a relatively narrow range of resonant {frequencies

close to ware possible.

Detailed numerical solutions of Eq. (5) have been conducted. The results
are plotted in Fig. 2, where the coordinate £ represents the coordinate x normalized
with respect to the Debye length in the core of the plasma. The predicted
oscillation is shown, and two resonances are observed at ﬁ"g = .75 and at -(%t- = .95,

Only the former is shown in Fig. 2.
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The calculations will be extended to include the effect of electron
collisions. Furthermore, a theoretical analysis will be conducted to assess the
range of validity of these solutions.

S. Schwartz
M.H. Bloom
Dept. of Aerospace Engineering
and Applied Mechanics

M. Abele
Electrophysics Department

1.10 Perturbation Procedure for Nonlinear Plasma Equations

The study of plasma physics has possibly brought to light more than ever
the need of a method for solving nonlinear differential equations. One of the most
useful techniques which has evolved is due to Krylov and Bogoliubovl, and later
refined by Bogoliubov and Mitropolskyz. Their perturbation procedures were con-
cerned with solving an ordinary linear diiferential equation with an additional small
nonlinear term. Recently, this technique was extended to cover certain linear,
partial differential equations with a small nonlinear tcrm by Montgomery and
Tidman3. The underlying feature responsible for the success of the above techniques

is the removal of secular terms which appear in the expansion procedure.

We have attempted to utilize this feature to solve a class of problems de-
scribed by an ordinary nonlinear differental equation with an additional small nonlinear
term., Motivation for solving this type of an equation has arisen in connection with

the following physical problems:

1. The effect of temperaiure on the propagation of nonlinear waves

in an electron plasma.

2. The effect of temperature on the nonlinear stabilization of the

electron-ion two stream instability.

3. he nonlinear eff¢~ts of dispersion and temperature near the

upper hybrid resonance.

4. The stability of a class of nonlinear plasma waves.

- s - ———— c — TR yewm—om cree —'_3 e Urr——
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A more detailed description of these problems will be given later.
However, we state that the answer to each of the above problems is contained in the

solution of a generalized equation of the form

2
cls Wy (e52
oz g es (v, 37) ()

where f and g are known functionals of § and %%, and € is a small parameter.

The cssential Jdifference that arises when applying a perturbation procedure

to Eq. (1) as compared to the eghation treated in references 1, 2 which is of the form

2
d” 2 d
2w s egle, 5D (2)
dtz o dt

can be stated as follows. The e¢xpansion procedures used to solve Eq., {2) result in a
set of linear, inhomogeneous differential equations with constant coefficients while the
expansion procedure which we u:ilize to solve Eq. (1) results in a similar set of

equations, except with variable coefficients,

Bricef Description of the Expansion Procedure

The four applications given abtove are concerned with the periodic solutions
of Fiq. (1). Thus, the first step in the procedure is to define a normalized time

variable £ = 4t such that, if periodic solutions do exist, then ®(§) = p(§+2n).

2
Next, ©(2) and = are expressed as asymptotic series in the parameter ¢,

as follows:

AR (3)
2 ~
g = (Mo eta,e-mnene ) 4)

In the applications considered, it has been found that even in the simplest
problem, the algebra becomes prohibitive after the first correction term. As a
result, only this term has been considered, although in principle, the higher order

terms could be calculated by continuing the procedure.
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The expansions in Eq., (3) and (4) are then substituted into Eq. (1). Upon
equating each coefficient of e equal ‘o zero, there results an infinite set of equations,

which are to be solved subject to the initial conditions given by

©(0) = A_+eA +---- (5)
99 ) -
ae0) =B +eB + .o (6)

In order for the perturbation procedure to be useful we must assume that

the solution to the zeroth order equation, given below, must be known.

2 dzmo dmo
: + ~ =
Yy 2 fé’o"""o d? ) 0 (7)

dg

(Clearly it is not feasible to expand about an unknown solution.) The constant mi
is determined by the periodicity condition (0) = ®(2m). Physically, this corresponds
to finding either the frequency of oscillation, or the dispersion relztion if one is

dealing with waves.

Witk this background, the perturkation problem can now be stated. Given
a differential equation of the form of Eq. (1) which has a known zeroth order solution

\y
(i.e. €=10), ¢o(§), satisfying 30(0) = Ao and —2. Bo' and which is periodic with

dg
period 2m, then cf‘;ind the first order correction to this solution, cpl(f,), which obeys
ccl(O) =z Al and .Eél- {0) = Bi' and which exhibits no secular behavior.

As was previously stated, the equation for cpl(g) is a linear, inhomogeneous
differential equation with variable coefficients. In general, an equation of this type
cannot be solved. However, in this expansion procedure, the variable coefficients
depend on cpo(g) in such a manner that an exact solution for col(g) can be obtained.

Without performing the steps, the result is
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2
Cll dc‘;o dc‘;o cllBo -a(§ )d’
P8 = -8 g g (Kt ket 2
. - f
? o (dcpo/dé )
-a(g') L de do
1 g "
+—-2- f——-——-——-‘- ca(,, )dgﬁ g(co R E?,)dg (8)
W (dm /dg") >
dw
A A §af(:o o ""r)
where k ==%, k,=B B_+—3 {(A_,u B ), and a(§) = = [ ae’
1 B ' 2 170 2 o' "o o' 2 28
0 w, w_ o 3(dy _/dg’)

Secular behavior is clearly exhibited by the first term on the right side of Eq. (8}.
de

Since cpo(g) is assumed to be periodic, the term kld_go exhibits no secular behavior.

We have shown that a necessary condition for this perturbation procedure to work

(which has been satisfied by all physical problems encountered so far) is that the term

dmof e-a(§ )dg' ©
e 2 )
(dmc/dg)

be non-secular in behavior. Hence the only remaining term in Eq. (8) which can

exhibit secular bdehavior is the last one, which depends upon the form of the perturbing
®o
function g(cp w -C'l-g—') a; is then chosen to eliminate this secvlar behavior. As a

result we obtain the following two conditions:

1 2r e-a(E) 4 ) dcpo dcp ,
ay F ng re gg—rg(«‘co,z, gg—'r)dz (10)
u,oﬂ o) (de /dg) o

atg) @ e

2n
" ae g(qv,u,)-E'

d§ = 0 (11)

. - . 2 )
The value of ¢, is the first order correctiontoy , and as is seen from

1
Eq. (10), depends upon the perturbing function g( . _o .

d4>
Equation (11) should be viewed as a conditicn on the function g(@ ' 3e )
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which must be satisfied indorder that cpl(g) have periodic solutiona. Physically a
(o

certain condition on g(wa.*az-) must be expected, or else any arkitrary perturbation

term added to the criginal differential equation would lead to geriodic solutions. As
%o

o’ ‘&‘)corresponded to a

an example, pericdic solutions would not be expected if g(qo

frictional loss.

Summarizing, a nonlinear equation with an additional small nonlinear term,
whose zero order solution is periodic, will have a first order solution that is periodic

if Eqs. (9) and (11) are satisfied and if ., the first order frequency correction is

1)
chosen according to Eq. (10). The first order solution, cpl(g), is given by Eq. (8).

Applications of the Perturbation Procedure

1. The effect of temperature on the propagation of nonlinear waves in an

electron plasma.

It has long been known that tr.veling wave solutions to the cold plasma
equations exist ocbeying a nonlinear dispersion relati;m given by wz =w;. Although the
physical significance of these solutions is highly questionable, we have attempted to
find the first order temperature correction to these equétionb, primarily to achieve

facility with perturbation technique. The equation to be solved can be put in the form

2 2 2 . 2 .2

g d u i . €w d L (12)
ngz , U 2 vZ ng uZ

w 4
P P

NoeZ kza2 2
where wp= —c ' €= > a =thermal speed, u=normalized electron velocity in the
o w

wave reference frame. Upon applying the perturbation technique to this problem, we

have found the first order correction to the dispersion relation, which is given by

wz kza2 1
<15 2.5/2 (13)
w w  (1-A7)

1/4

where AZ is a normalized amplitude and IAI <l-¢ . This result agrees with

Wilhelmsson4 who performed the calculation by a different procedure.
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2. The effect of temperature on the two stream instability,

It has been showns that there is a narrow range of wave numbers, k, for
which the electron-ion two stream instability in a cold plasma stabilizes in the non-
linear limit. As a result it is desired to determine what effect finite electron and
ion temperatures have on this narrow range of stabiiization. The nonlinear equations

describing the plasma are given by

2 2 e
wioa® ¥ e A) e 24% d% 0 g
2 2 ¢ u. 2% 2 2 2
w df - 2 e i L d% u

pe pe - e

2

2 2
P hie U LS A T U S L s
2 z2 N8 )Ty T 2 (15)
v_. df e i v . d€ u

pt pi i

. . . . nv —.
where the subscript e{i) stands for electrons (ions), and a =1 -5 nis the average
particle density and nv the average particle flux. The results of this application
are not as yet conclusive. However, our calculations indicate that the integrals can

be explicitly calculated for this case,
3. Nonlinecar effects near hybrid resonance,

If one calculates the power radiated by a single charge moving at a constant
ve'ocity in a magnetized plasma, one finds that this power is infinite. To resolve this
prnblem we take into account both temperature and large amplitude effects near the
upper hybrid resonance. From the linear theory we know that the former effect
introduces coupling between the electromagnetic and the acoustic mode. Frcm other
nonlinear problems, we expect the nonlinearities to limit the amplitude of the wave
below a certain value above which 2 collisionless shock forms and all orderly wave
energy is rapidly thermalized. The equations describing the behavior near hybrig

resonance are given by

2 2 2 A 2 ' .’
A - — —- iy
=g () 50) = e e e | B Jo=g (16)
2 2 5 2 2 g N
U}2+w2 d§‘ 2 o g D i’ y ¥y W yJ
c p ¢
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2
L B
@ "%z (17)
w
du w
Y £ 1 -1 =0 \
3y G- (18)
eB
where v and uy the normalized velocity comgonents 1 to the manonetic field, wc =-;—-q~,
1.2 ,
€ is the normalized electric field, ¢ = 22 , €. . This formidable set of
1 2 2 kZCZ
"

nonlinear, coupled differential equations has been solved to first order in e:l and ez.
Much work has yet to be done to understand the significance of the solutions. However,
a great bulk of the calculation has been completed and we present here the nonlinear

dispersion relation correct to firet order in €, and ¢

1 2
2 € ‘”i‘”i 2
m - -
> -1t 35/2 €2 3 22 -A) (19)
w_+w (1-A) (w_+u )
p e p e

4. Stability of nonlinear piasma waves.

In the preceding three applications we have perturbed about a known
perind solution to obtain first order correc‘ions. A question that arises is whether
or not the zero order solutions are stable solutions about which it is legitimate to
perturb. We have performed a stability analysis of the zeroth order solutions of
Eqgs. i{12) and (16). By utilizing certain transformations and the results of the
perturbation theory we have shown that these solutions are stable. This result is in
agreement with Jac:kson6 who considered only Eq. (12} and with Dolph7 who considered
both Eqs. {12) and (16).

J. Freidb.>g
Electrophysics Department
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1.11 Kinetic Theoretical Investigations of a Fully lonized Gas

It is the purpose of the project
(a) To show that most kinctic theories of fully ionized gases so far
published are based on an unfeasible assumption, and

(b) To propose an alternative theory.
The following PIBAL report on this subject has been prepared and distributed:

PIBAL Report No. 863 - "A Kinetic Theoretical Investigation
of a Fully Ionized Gas"'
Part I - Paradeoxes in the B-B-G-K-Y Hierarchy
(published January 19365)
Pa-t II - Some Aspects of Multiple Collisions
{published January 1965)
Part III - A Linetic Theory of Electron Gas

{published May 1965)

In Part I, we first assume that a constituent particle in an clectron gas ( or a fully
tontzed gas) interacts with more than one particle at the same time and that the

mutual interactions among these particles are simultaneously significant. Directing

T E— s T XY T s
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our attention to the usage of the hvpothesis of equal a priori prebabilities, we
‘nvestigate the plausibility of customary methods considering the B-B-G-K-Y
hierarchy for the basis of deriving kinetic equations for electron gases., Conditions
imposed upon the hieraréh;: do not seem consistent with the assumption set forth
above. Main questions are raised regarding (i) the assumption of characteristic

time scales and (ii) the assumption that a set of multiple interactions are, in effect,
equivalent to a superposition of binary interactions. The ~ituation is similar regarding

other theories advanced hitherto without being based on the hierarchy.

In Part 1I, the Brownian motion of a test body c¢ut to multiple interactions
with field particles is investigated within or almost within the framework of Markofif's
processes. First, Markoff's processes are studied as presenting such multiple
interactions. Based on the study and by means of Markoff's method of re~dom: ilights,
we investigate the Brownian motion of an elastic test body submerged in a rarefied
gas constituted of elastic molecules, under the condition that mutual interactions
among field particles are negligible. It is shown that there is no differance in effect
between temporal repetitions nf random binary collisions and multiple collisions
{random binary collisions superposed at cne moment of time), so far as the friction
and diffusion of the test body in mocmentum space are concerned. The situation is
similar when a test body with electric charge is submerged in an electron gas, if the
mutual interactions among electruns are ignored. It is not feasible, however, to
ignore those mutual irteractions of field electrons and to represent electronic multiple
interactions by temporal repetitions of random binary interactions, each of which takes
place independently: fluctuations of limitlessly large amplitudes in the spatial distribu-
tion of electrons, which may possibly take place in this approximation, do not seem
realistic, because a limitless conccentration of potential energy accompanying a
concentration of electrons in a local spot cannot be permitted. Amplited-s of such
fluctuations and/or microscopic disturbances must have a certain maximum limit.
(The situation does not change even when the interaction force law is of the Debye-
Hiickel type.) A kinetic theoretical scheme of treating fully ionized gas in the light of

the fact is proposed.

B e e - 5
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In Y >rt III, we develop a kinetic theory of clectron gas according to the
sckeme suggested in Part II. At the first step of approximation, one field electron
inte racts with the test electron in the sense of Boltzmann's binary collision when
those two particles are their mutual nearcst neighbors; otherwise the field electron,
with the others, exerts a force of the Vlasov type on the teat electron. At this stage
of approximation, one field electron represent= all the field electrons: there is no
nutual correlaticn among the field electrons. In the second approximation, where
two electrons represent the field electrons, the pair of field electrons, when they
are mutual nearest neighbors, become a source of tluctuating force-{. eld due to
their mutual interaction. In the third approximation, three electrons represent
the field electrons. As the step of approximation proceeds, the pairs of electrons
produce more complex force-fields by their mutual interactions. The kinetic
equation of the single-particle distribution function contains interaction terms of the
Vlasov type, of the Boltzmann type and of the Fokker-Planck type. There is no

difficulty of divergence in the effect.

Plans for the next half year interval

Investigation of turbulence in plasma: various correlation functions and
their dynamical behaviors will be investigated.

T. Koga
Dept. of Aerospace Engireering
and Applied Mechanics

l1.12 XKinetic Theory of Plasmas

A. Low Frequency Tonks-Langmuir Ion Waves

The work on this project as described in Section 1-3-1-a of the last
report has been carried to completion. A paper on this work wili appear in the

Canadian Journal of Physics {196%).

B. Diffusion of a Plasma Column Across a Magnetic Field

{Abstract of PIBMR1-1289-65)

Prigogine-Balescu's method of diagrams, as extended to the case of plasmas
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in magrnetic fields in the recent work of Haggerty and de Sobrino {(Can. J. Phys. 42,
p. 1969, 1964), has been applied to the problem of the diffusion in plasinas in a
magnetic field. A report of the work has been prepared for circulation prior to

publication.

C. Landau Damping
(Abstract of Report PIBMRI-1280-65)

The classic treatments by Landau and by Van Kampen of the initial value
problem of the linearized V.asov equation are recapitulated, with special reference
to the Landau Damping. It is emphasized that the time dependence of the potential,
or the density, namely the existence or absence of this Landau damping, is jointly
determined by two factors: (1) the form of the ''unperturbed' wvelocity distribution
Fo(u) (i.e. the spatially homogenesus and time -independent part froni which the
distribution F(u) is assumed to deviate by small amounts f(x, u, t)), and (2} the
nature of the initial velocity distributicn f(x, u, 0). This latter dependence is rore
evplicitly brought out in the Van Kampen treatment in which the velocity distribution
is expressed in rzerms of the normal modes of the plasma, which in general can be
described as involving a ccllective motion arising from the Couiomb interactions
between the particles and the streaming motions of the particles. It is the super-
position of the streaming motion of the particles on the collective motion {ti.e plasma
oscillatiohs) that causes the spatial unifcrmization of the potential, or the density,

This spatial unifiormization in the course of time is represented by tne Landau damping.

The Landau damping constant Y for the case of a Maxwellian Fo(u) has been
calculated in a '"physical' model in which v i5 obtained as the transition probability
with which an electron having a velocity u 1 /k exchanges energy with the collective
motion (the plasma oscillation). The transition probability is calculated by the
quantum mechanical perturbation theory followed by a passage to the classical limit.

The expression obtained for v is the same as that given by LLaadau,

D. No.linear Vlasov Equation (Scection 1-3-2 of lasi report)

An attempt is being made to extend the method of stationary solutions of

- ew— a————r e - s
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the lincarized Vlasov aquation (Van Kampen) to a more general system, namely
a two component plasma, and to study the nonlinear Vlasov equation on the basis of

some assumptions but without reference to the perturbation method usually employed.

E. Homcgeneous Plasmas in Magnetic Fields and Inhomogeneous Plasmas

The kinetic equation of a homogeneous plasma in uniform magnetic fields
and that cof an inhomogeneous plasma having small amplitudes and gradients in the
inhomogeneities have been derived on the basis of Bogoliubov's theory. In the forme-
case, the result is equivalent to that of Rostoker (1960) who employs the cluster
expansion method instead of Bogoliubov's theory. In the latter case, the result
obtained here shows a mathematical similarity to, but differs in implications © m,

that of Guernsey (1962).
This work will appear in the book mow in the course of publication.

T.Y. Wu

M.J. Haggerty

D.H. Yee
Physics Department
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2. ELECTROMAGNETICS

Introduction

While a detailed analysis of the processes occurring in the ionized, multiconstitu-
ent gas consituted by a plasma is exceedingly complicated, certain macroscopic prop-
ertics of such a medium may be characterized approximately by an equivalent isotropic
or anisotropic dielectric constant and, if temperature effects are included, by an
e2quivalent dynamic pressure. Although the range of validity of this simplified de-
scription is limited,(linearized, small signal regime) it is essential to understand
properly the influence of s: :h a medium on the propagation of eleciromagnetic and {or)
dynamical waves, on the radiacion characteristics of ante..nas embedded in the medium,
and on wave coupling occurring at boundaries and interfaces. The-» problems have a
direct bearing on communication with space vehicles whic*. : . surrounded by an
ionized plasma sh h in the upj« ¢ atm- . here, or which as¢« pissing through the (di-
electrically anisotropic) ionosphere. Since the vehicle is in motion, the treatment of

moving as well as stationary antennas is relevant.

The preceding considerations have furnished * motivatioa for the theoretical
study of a class of propagation, radiation, diffraction, and interface problems in media
which simulate a plasma with or without an externally impressed magnetic field. In the
'""cold plasma'' approximation, such media include isotropic and anisotropic dielectrics
with appropriate dispersive characteristic~, while mechanical deformation is also
included in the description of a warm plasma. A systematic study has been in progiess
with the airm of providing an understanding of the mechanisms of e.ritation and coupling
of various wave types, either in source regions, at boundaries or by continuous inhomo-
geneities. The approach has been to select mathematically tractable prototype prob-
lems which incorporate a sought-after effect in an idealized form, and then to search
for procedures which extend the results to more general situations. Major emphasis
has been placed not only on formal mathematical solutions but on the extraction of
explicit (though approximate) information as well as on a meaningful physical inter-

pretation.

Specific problems investigated so far have included the following:
1. The radiation from arbitrarily prescribed electromagnetic sources in infinite

and layered anisotropic cold plasmas. Results have been obtained for the effect of the




__—_—______
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anisctropy of the medium on the radiation pattern in :n unbounded region, as well as the
perturbation introduced by a piane boundary. ’nterface waves (surface waves, leaky
waves, lateral waves) excited by these sources have b. :n studied. An invarizntphrasing
ipvolving the sophisticated use of ray optics in an arisotropic environment is now being

carried out to render the results useful for more geaeral geometrical configurations.

2. The radiaticn from arbitrarily prescribed electromagnetic or acoustic sources
in infinite and layered isotropic warm plasmas. In this instance, one includes in the
analysis both the electromagnetic and the dynamical fields which may be coupled in
source regions and at boundaries. Several problems in this category are presently
under study, with the aim of providing quantitative information of coupling phenomena
of various types. One such problem, the diffraction by a semi-infinite plane, has been
analyzed for the purpose of yielding the waves excited by structural discontinuities,

e. g. an edge, on configurations enibedded in a compressible plasma. This study,
summarized below, has led to the discovery of novel wave (ypes, for example, electro-
magnetic-acoustic lateral waves, which are not encountered in a cold plasma environ-

ment.

The radiation from sources moving across a plasma interface has also received
attention. Emphasis is placed again on interface waves excited by this process, either
in a cold or warm plasma; some of these waves have not been considered previously
in the technical literature. A brief summary of the status of this investigation is given

below.

The coupling between electrecmagnetic and acoustic waves in a warm cylindrical
plasma column has likewis: received attention, especially in regard to thz resonances

which are axcited by an impinging electromagnetic field.

3. The effect of continuous inhomogeneities on the processes comprised under
1. and 2.. While the preceding discussion has assumed that the plasmaz is either wholly
or piecewise homogeneous, it is known that there exists on boundaries a plasma sheath
wherein the medium properties vary continuously. This variation may influence sub-
stantially the wave phenomena predicted on the basis of a sharply bounded interface and
therefore merits careful consideration. Selected prototype problems in this category

are now being analyzed.

4. Radiation from moving charges in plasmas or passing across plasma boundaries,

i. e. effects known as Cerenkov and Trar-ition radiation.
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5. Interaction between electron beams and plasmas. An important adjunct to the
theoretical investigations is an experimental program which may serve as a ch2ck on
the validity of the assumptions made in the calculations. Several experiments, de-

scrib.d beiow, are under way and are intended to provide a balanced program.

L. B. Felsen
Electrophysics Department

2.1 Diffraction by a Half Plane in a Compre: sible Homogeneous Plasma

The coupling of electromagnetic and acoustic waves in a compressible plasma
is of interest in such divers : applications as radiation from plasma-clad antennasl,
wave propagation in the ionosphere”, and resonances in ionized columnsS. Coupling
may be produced by continuous stratification, abrupt boundaries, or ir electromagnetic
source regions. A number of recent investigations have dealt with the effects of vari-
ous source configurations in an unbounded medium4, with selected phenomena due to
planes, cylindrical or spherical interfaces separating differen! homogenecus regions6,
and also with certain inhomogeneities. . The present study is concerned witn the influ-
ence ua the electromagnetic and acoustic wave fields of sharp structural discontinu-

ities which may arise in plasma-clad slot antenna configurations.

The simplest prototype incurporating the above-mentioned structural features
and arnenable to rigorous analysis is a perfectly conducting half plane. This structure,
shown in Fig. !, is assumed to be immersed in a homogeneous, compressible, iso-
tropic piasma. and is excited by a time-harmonic plane wave (a factor exp(-iyt) is
suppressed). In the (linearized) plasma model adopted here, the electrons are con-
sidered mobile and are characterized by a finite temperature, the (stationary) ions
pgroduce a neutralizing background, and collisions between electrons and other species
are neglected (the latter restriction could readily be eliminated). It is well-known4
that the fields in such a medium rnay be separated into an electromagnetic (optical)
and a dynamical (acoustic) part, with the former containing all of the magnetic field
and the latter all of the charge accumulation. The incident field is either of the optical
or acoustic type, with the direction of incidence normal, and the resultant magnetic
field parallel, to the edge; the problem is then two-dimensional (3/3x = 0). All of
the electromagnetic and dynamical field quantities may be derived from two scalars,
the x-component of magnetic field, H, and the pressure, p, which satisfy the wave

equations,

i g e -
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/HALF PLANE

y
INCIDENT WAVE
Fig. 1(2-1) - Physical configuration

2 2
2o+ a0, k=L, (1a)
Ay ¢z =

2 2
D4 -éz+k§n§ p =0 k=2, (1b)
oy 3z

where ¢ and a are, respectively, the electromagnetic speed in vacuum and the

27.1/2 is the plasma

acoustic speed in the {charge-iree) medium, and np = {1~ (wp/ w)
refractive index. These equations must be solved subject to a (power) radiation con-
dition at infinity, an edge condition at y=2z=0 (requiring finite stored energy), ..nd

the following boundary condition on the half-plane:
E =0, vz=0, at z=0, y>0 , (2a)

where E and + . he y-component of the electric field and the z-component of the

dynamical velocity, are given in terms of H and p by:
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i 2 i H aH 1 Ay
E =g+ & . B, & (2b)
y 3y weo.'-v; dz z dy iun_mn dz

2 % . .
q = (1.:np‘)i(noenp‘,‘, with n e, and m denoting the electron density, charge and
mass, recpectively While come question may be raized concerning the validity of

12 B

the "perfect reflection' condition v, = 0, it has been emp’oyed in most previous studies

and, becaue : of the lack of a more suitable condition, will also be utilized Lere.

In view of Eqs. (2a, b), the optical and acoustic fields are coupled at the

boundary, and it is convenient to resort *o the following Fourier integral representa-

tion:
(e 0]
1 i 1 T .

H=ge [™Itnadn , p=g [ &7V inadn . (3a)
- Q00 -00
o &) Qo

- b roiay .1 iny

Ey > J e Vo(n, z)dn , v, * 3 r e Ialn, zydn . (3b)

-Q0 =0

Then from Eqgs. {la,v) and (3a,b), it follows that the Fourier transforms of the field

quantitics satisfy the following equaticns:

Z2 2
—‘—’7+;«.2\I = 0 , -9--+~42>V =0 (4a)
of o 2 a a
dz / dz
1 d[o 1 dVa
Vg & BTGV s 2 dz ° L & R dz '
1L n cmn_n
o'p
(4b)

where for real n, % and " are defined as

i 2 2 2 ) .
"y = + konp- n . Iny < kpnp , (5a)
a a a
AN |
u‘g 3 +14'1 -kgnp , |n| > kgnp R (5b)

i e — -
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while for complex 11,

Im,y >0 (5¢)
‘9

on the top sheets of the Riemann surfaces corresponding to %o and ", o respectively.

For the case where the half plane is excited by an optical plane wave, the

incident magnetic field and its Fourier transform are given by

1 i(niy+noiz) _ iKoz
Hi - 21_7 € » IOi - € 6(”" ni) ’ (63)
where
n; = konp sin 901 T konp cos eoi , (6b)

eoi being the angle which the direction of incidence makes with the z-axis. The
following forms of Io and Va satisfy the radiation condition at z=+00
-in, 2 -in_z

I =1 .+ A e , V = A e , z<0 , (7a)
o oi oo a oa

I1 =1 _+B e © .V =B e 2 ,z>0 . (7b)

The function Aoo(n) may be regarded as a scattering coefficient from the optical
mode to the optical - = de, with similar interpretations for the other coefficients in
Eqgs. (7). Correcsponding expressions for V0 and Ia are obtained by direct substitu-

tion of Eqs. (7) into Egs. (4).

By imposing the boundary conditions (2a) and the continuity of the field in
z=0, y <0 on the integral representation (3). a set of coupled, dual integral equations
is derived, which is to be solved for the scattering coefficients in Eqs. (7). In solving
the integral equations, one makes use of certain function-theoretic arguments to derive
two Wiener-Hopf equations which can be factorized to yield results for the unknown
field transforms Io(q, 7), etc. The resulting integral representations constitute the

exa~ct solution to the scattering problem, and are tabulated below:

Q0
H” = H, + "2'13? J Pool™ Y g <o, (8a)
-
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(0 0]

° L b T A (mell -y <0

P P oa N+ Z ’
-co

o 1 @© i(‘n_y"l';(oz)

H = Hi+‘2—r“: j BOO(T})e ’ z>0 ,

-0

o 1 Iy iy + "a 2)

p° =5 [ By (ne dn . 20 ;
-Q0

(8b)

(8c)

(8d)

the superscript o means that the field representations are for the case where the

half plane is excited by an optical plane wave, and

. 2
1 - anweo“] _ .
x = -——0o P
Aooln) = g[G5t )|
. 2 ]
- inque_mn )
B, () =-§[uo(n) + - Fo(n)_ ’
1 P inqu.;mnonE _ ]
Aoa(n) - -Z' LFO(T]) = Ka GO(T])‘ [}
r ingymn_n ]
I § AT 0 p ~-
B_,(n) --§LF°(m + " G, (nl].

The function G;(n) and F;(n) are given by

G_(n) = -2uwe, 2 - :
(n,tn JK(n) (n- nn-n K (n)
Feor T Fn)  Jk
F;(n) =~ -2Zwmn 3 P — 5
(n+n JK (n) (n- n)n-ng VK (n)
with
+ 1 “oi oty . ;1
G,ln) = 713 7 Foln) = -0

w n
eO

e i s i

(9a)

(9b)

{9¢c)

(94)

(10a)

(10b)

{10c)
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+ -
K and K in Eqs. (10a,b) are functions which are analytic in the upper and
) ~ver halves of the complex n-plane, respectively, and are related to each other by

the equation,

+ - N
Ky = KN K(n) = - 5 J (11)
M, M =7
p SW
and are individually given by7
k1
+ - SANET o1 [ ral%!
inK'(n) = tnK(n) == | 5 tanT (225 (12)
k'n TN gz(l-n
o P
In Eq. (11), N{n) has the form
- Y 2 2
N(n) = w n *n (l-np) . (13)
and has zeros at {cf. Seshadris)
no=oEn 0~ tka/ Z-np, ka/ko >1 , (14)
%
when "y and n, are defined as in Eqs. (5). N(n) also has zeros at
n =:tnz=i(konp-6). 0<pxl , (15)

but on the second sheets of the Riemann surfaces defining "o and L respectively.
n=m_. corresponds to a surface wave pole in Eqs. (10), whereas n = n, corre-
sponds to an improper pole which does not give rise to a residue term in the solution.
It is pointed out that N(n) has special physical significance in that it is the denomi-
nator of the scattering coefficients Aoo and Aoa for the case where the entire x-y

plane is spanned by an infinite, plane, perfect conducto:.

The field representations in Eqs. (8) must be accompanied by a specification

of the integration path with respect to the singularities. A choice of paths which is

oF.

“This result implies that K(mn) has no zeros or poles on the top sheet of the Riemann
surface defined by Egs. (5).
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consistent with the above discussion is illustrated in Fig. 2. The proper indentations

are achieved by introducing small loss into the system and then letting the loss

Imn Im7
-kgn -kanp
— it !.:._....' —r "?/ r—Re 7) e T 83— Re7,

[

: T ¥o"p a"p Ty T kofp Kp Mgy
4

a) Integration path for H; Im xo>0 b) Integration path for p; Im u.a>0
on entire top sheet on entire top sheet

Fig. 2 (2-2)

tend to zero (this is equivalent to imposing the radiation condition in the loss-free case).

For the case where the haif plane is excited by an acoustic plane wave the
formal solution to the scattering problem may be deduced from Eqs. (8)-{10) by intro-

ducing the following changes: H-p, p~H, o-a, a-o, mn_-¢_, € -mn_.

To gain an insight into the physical mechanism cf the various wave processes
which are operative, an asymptotic evaluation of the Fourier integrals has been per-
formed. The results of this analysis, including some numerical data, will be described
in detail in a later report. For the present, it suffices to point out that the existence

of asymptotic field expressions whi_h may be interpreted as wave types foliowing real

ray trajectories is predictable from the refractive index diagrams descriptive of the
electromagnetic and dynamical fields. For example, an incident optical wave excites
reflected optical as well as acoustic waves. This is depicted in Fig. 3(b) where rays
1, 2, and 3 denote the directions of propagation of the incidert optical, reflected

optical, and reflected acoustic fields, respectively, Thes=e directions rnay be
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determined either analytically or from the refractive index plot in Fig. 3(a). The

ray of family 1 which grazes the edge establishes the geometrical shadow boundary

/
f 4
/1
/
a) Refractive index curves h) Ray trajectories

Fig. 3(2-3)

and also gives rise to a variety of diffraction effects: the radially emerging
rays d which represent either an optical or acoustic cylindrical diffraction field,
and the optical lateral rays 4 which travel on both sides of the half-plane and
shed energy into the acoustic field (rays 5 and 6; see also Fig. 3(a) for the
relevant trajectories). Analogous effects arise when an acoustic field is incident,
F.M. Labianca
Electrical Engineering Department

L.B. Felsen
Electrophysics Department

This work was also supported in part by the Air Force Cambridge Research

l.aboratories under Contract No. AF-19(628)-2357.
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2.2 Slot Antenna in a Plasma

Here we are concerned with an experimental investigation of slot antennas on
plasma clad metal cylinders. The effect of a plasma environment on an antZ.una has
aroused much interest lately. Various theoretical studies have been done on antennas

covered by plasma layers. L

Among approximations often applied in these analyses
are: 1) the effect of the non-neutral plasma sheath is negligible; 2) the plasma is
inco>mpressible; 3) the assumption of a rigid boundary condition between vacuum-
plasria interface and metal-plasma interface. There is really no guarantee that the
theoretical results obtained with these and other assumptions will be valid for practical
situations.

There have been some laboratory studies of antenna characteristics in the
presence of a plasma sheath. 3.4 In both experiments a dielectric sheet was interposed
between the antenna and plasma. On a re-entry vehicle, however, we expect intimate
contact between rhe grcund plane of the slot and the plasma. Previously it has been
diffizult to achieve this close contact in the laboratory. Recently, through the use of
screened cathode dischargess a plasma clad metal cylinder, designed by Mr. K. T.

Lian, has been constructed (see Fig. 1).

-
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We are currently engaged in an investigation of this discharge under 4. c. corn-
ditione and plan to determine the electron density and tempersture as a function of
position with Langmuir probes. Preliminary studies have alsc been made concerning
the design and construction of the microwave circuitry associated with the slot antenna.
We houpe to begin making impedance and radiation pattern measurements of this plasma
clad slot antenna within the next few months.

M. Cronson
Electrophysics Departraent
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2.3 Coupling of Acoustic and Electromagnetic Waves

(Abstract of Master of Science Thesis)

In recent years, direct experimental evidence of coupling between electro-
magnetic and plasma waves was obtained in the phenomenon of Tonks-Dattner reso-
nances. 1,2 It was found that a cvlindrical plasma contained in a dielectric tube
resonates when it is immersed in a uniform oscillating electic field; one of these
resonances is electromagnetic in nature, while the others are plasma wave resonances.
A simgle theoryz, postulating negligible coupling between electromagnetic and plasma

waves in an inhomogenecus plasma was found to predict satisfactorily the location of

B s ——
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resonant frequencies. The present investigation was undertaken in order to clarify
the nature of coupling between the applied field and plasma waves which, if it is neg-
ligible in the body of the plasma, must occur at its boundary. Since the "strength of
coupling' has an effect on the sharpness of a resonance, a calculation and 2 measvure-

ment of the Q of the Tonks-Dattner resonances was undertaken.

The calculation is based on the description of the electron gas by a set of

hydrodynamic equations together with Maxwell's equations:

<

b
to
[

= -jwu _H ) jemn V. = -Vp-ner-vno_Y_

(1)

<
x
XL
t

n

. 2
- N - .‘:’ -' H K
Jw€Q§ noeX R v (Jw/mnpa Y p

where ''a'' is the acoustic velocity in the plasma. Although the experiment was per-
formed in waveguide, the theoretical calculations assumed no axial variation of fields.
This assumption eliminates one loss mechanism, namely radiation along the plasma
column (and other directions having a component along the column). This loss mecha-
nism is probably less important in the waveguide gcometry used in this investigation
than in similar experiments using strip-line geometry. The loss mechanisms remain-
ing within our model are two: internal losses due to coliisions, arn. external losses
due to radiation. The calculation of the Q was performed by first calculating the in-
put impedance of a radial wave emerging from the “oundary of the plasma and the
impedance looking radially into the plasma coclumn. The resistive component of the
former is associated with radiation losses, while the resistive component ol the latter
" results from internal losses. The sum of the two impedances is set equal to zero and
the resulting equation is then solved for frequency. The ratio of real to imaginary

parts of complex frequency is interpreted as 2Q.

In calcuiating the impedance looking into the plasma, we were initially forced
to assume that the plasma was homogeneous. Under this assumption this impedance
has two components - one derived from the electromagnetic wave, the other from the
plasma wave. The relationship between these two components is based on the assumed
boundary condition at the wall of the tube, namely the vanishing of the normal compo-

nent of the velocity V.

Since all resonance equations are transcendental, the radius of rthe plasma
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cylinder was assumed to be small compared to the electromagnetic wavelength and
large compared to the plasma wavelength. The Q of the nth resonance then turns

out to be given by

v
= + i 4+ — Z
n o ( )

o)

where wp is the plasma frequency of the column, ¢ is the velocity of light, v is the
effective collision frequency and R is the column radius. The first of the two
terms in Eq. (2) represents radiation losses while the second one accounts for colli-
sion damping. lL.andau damping has ncot been taken into account. Under our laboratory

concitions, it turns out that radiation damping is negligibie.

The homogeneous plasma model is suspect because it is known to predict
incorrectly the r.sonant frequencies of a plasma column. The calculation is therefore
being extended to the case of an inhomogeneous plasma. We now assume that there is
a homogeneous layer at the outer boundary of the plasma and neglect coupling except
at the boundary. Preliminary results obtained for such a model are not very different
from thkose for a homogeneous column. The Q in the ccllision dominated case appears

to be of the order of /v predicted by Eq. (2).

The experimental part of this investigation made use of a pulsed hydrogen
discharge in the pressure range 79-1504 Hg, in a 1" diameter glass tube. The tube
was placed in L-band waveguide arnd resonances were observed in the 1000-2000 Mc
range. The block diagram o. the ¢xperimental setup 1s shown in Fig. | and photo-
graphs of the expcerimental arrangement are shown in Fig. &, The resonances were
observed in the transmitted signal in the afterglow of the discharge. For a fixed gas
pressure and discharge current, the display of transmitted signal vs. time was obtained
at a wumber of frequencies Typical displays are shown in Fig. 3. The Q was
cbtained by cbserving the frequency change necessary to shift the resonance, as seen on
such a display (suitably expandec), by its width. Care was exercised in distinguishing

the Tonks-Dattner resonances from surface wave resonances within the waveguide.

Experimental results thus obtained agree qualitatively with the calculation.
The measnred Q's are moscy between 30 and 40, More precise quantitative com-

parisons cannot yet be made because it was found impossible to measure the effective
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SIDe VIEW QF
APPARATUS

END VIEW OF
APPARATUS

TOP VIEW OF
0iSCHARGE TUBE
AND WAVEGUIDE

Fig. 2 (2-6) - Experimenizl equipment in operation
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collision frequency in the presen*® setup, owing to excessive dissipation in the glass
tube. Some runs will be repeated using a teflon tube and then Q and v will be meas-
ured under the same con-ditions. The above mentioned experiments as well as the
theory are described in detail in an Master of Science thesiss, and a report will be

issued as soon as the above-described current work is completed.

Due to the large difference in the orders of magnitude of radiation and colli-
sion damping, the measurement of Q does not cor -titute a good test of the validity of
the boundary conditions. The present investigation will ke extended to the excitation
coefficients of thes:: resonances, with the hope that these might be more sensitive to
the manner in which electromagnetic waves are coupled to plasma waves at a boundary.

J. Shmoys

J. Gobler
Electrophysics Department
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2.4 Group Velocity and Power Flow Relations for Surface Waves in Plane-

Stracified Anisotropic Media

Two aspects of power flow associated with electroinagnetic waves in plane-
stratified, lossless, linear, dispersive, anisotropic media were studied in application
to surface wave prupagation. One aspect is the relation between group velocity and
the velocity of energy transport of surface waves in such media. It is shown that the
group velocity of surface waves is equal to the ratio of the real part of the complex

Poynting vector, integrzted over the coordinate of stratification, to the corresponding
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integral of the stored energy density. The second aspect is the relation between the
dyadic surface imped-~nce repr=senting either a slab of plane-stratified medium above
a periectly conducting plane or a semi-infinite region (the latter for the casc of eva-

nescent fields) and the power flow in the respective structures.

Let us consider first the relation betw=en the group velocity and the velocity
of energy transport of surface waves. It is well known that in homogeneous aniso-
tropic media, the velocity of energy transport of plane waves is equal to the plane
wave group velocity, which is the gradient in wave number space of the frequency. '
An aralogous relation holds for the casec of surface waves in plane-stratified aniso-
tropic media in that the group velocity, which is now the gradient of the frequency in
the transverse wave number plane, is equal to the integral {over the coordinate of
stratification) of the real part of the complex Foynting vector, divided Ly the corre-

sponding integral of the ~nergy density,

We assume all space to be filled with a plane-stratified, anisotropic medium
whose interaction with moncchromatic fields can be described in terms of a Hermitian

2,3 4. The medium is

dielectric tensor € and a Hermitian permeability tensor v
taken to be independent of x and y so that the only space coordinate on which ¢ and yu
will depend is z. The tensors ¢ andi are continuous functions of z except for a -
possibly denumerable number of finite junps. They are analytic functions of  whose
z dependence is such that the medium supports surface waves that propagate trans-

versely to z. Such surface waves are those solutions of the source-free Maxwell equa-

tions
v x ﬂ = juwe - £ \
(1)
vV x E = J¢u -}_-[_
which have the form
E(rik,, ) elz k,, 1)
-jk, - f
= A e (2)
Hiri k. x) hiz k., o)
where ¢ andh are such that Lim % = 0. The &Y time dependence has been
| <]~ o0 -
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suppressed in Eqs.ii; and (2}). We also require that the integral of the stored energy
density w and of the real part of the Poynting vector, s =Re (e x h*), from z=-o00 to
z=+ o be finite. Furthermore, sincc the field components transverse to z, €, and
bt’ must be continuous across any jump in € or u, they must be continuous functions
of z.

For any particular mediurn that can support surface waves, solutions of the
form given in Eq. (2) that satisfy the above requirements will exist only for those values

of _lgt and v satisfying the surface wave dispersion relation
D (k,, ¢) =0 (3)

of the medium. Taking the neighboring sets of values (Et' @) and (5t+ dgt, w + dw) so
as to satisfy Eq. (3), the surface wave fields at (_15t+ dk ¢ w+ dw) can be expressed,
to first order, in terms of thy fields and their derivatives, with respect to kx, kv and

v, at (_l_c_t, w) as

E(rik, +dk, v+ 40 = E(rik, )+ 6E(r; k)
{4)

Hir; k,+dk,w+dy) = Hir;k, ») + 8Hir; k. v)

where the variation § symbolizes the differential operator

- : , 9
2 = dk, vkt+ du 5= (5)
withn
a 3
V - X +z ——e
k, ~ o3k, JET

The differential equations satisfied by 5E and §H can be found by operating with }

on Maxwell's equations. Since & andu are independent of -l:t’ this operation gives

ALE
VxsH = jog Edjur ok
(6)
At
Vx 8E =-j == - H-juyu - 4H

e — —— e
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In order to find the relation between group velocity and the velocity of energy
b b4
transport, we consider the quantity V. (5§ xH +E x §8H) . By expanding the diver-
gence of the cross products, substituting from Eqs. (1) and (4) and using the fact that

¢ and 4 are Hermitian, it is possible to show that

, % n OWE x Qwl
V- (ExH +E x8H) = -jdw(E - ~.E+H . == -H) . (7)
=7=T=%02 = "3w = ="TFw -
x« OWE & Bw_L_l
If E and H are taken to be Rms quantities, E - a'; +E and H . Sy H are
recognized to be twice the time average electric and magnetic energy densities, re-
[ 4
spectively. 24,5 Their sum is twice the time average energy density w.

If we first operate with % cn the fields as give~ in Eq. (1), which results in
the expressions
-j}st. f
(5e - jdk, - fe)e

o
(o))
I

' - (8)
-k, f

8H = (6h-jdk - fhle

and then substitute these expressions fcr 5E and $H into the left-hand side of Eq. (7),

the equality becomes, upon rearranging,

.

iy

d %
37 % (e, x h + 5e xh) {9)

| r

wdx-dkt-g =)

taking due account of wne relation V.s = 0, which holds for a lossless medium.

By assumption, (l_ct, «) and (Et + d}st, v+ duw) satisfy Eq. (3) so that to first
order

dy = dl_(t- ‘EtW(Et)

where L‘(}St) is the solution of Eq. (3). Using this expression for dw in Eq. {9) gives

_ l—a_ . eh 0
dgt-(wvk w-s) = i3 37 2o (e x,&ht*P égtxht) . (10)

The term on the right-hand side of Eq. (10) does not vanish identically so that, in gen-

eral, 7, # s/w and hence the group velocity V, & cannot be int. rpreted as a local
—t

T TR T— e
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energy transport velocity. In order to eliminate the right-hand siue of Eq. (10), this
equation is integrated from z=- o to z=+ m. Since €, and —}lt' and also bgt and
é_lzt. are continvous functions of z, the integral of the right-hand side reduces to the
end point contributions at z=t00 which are ze¢ro since e - b—t = 0 there. Thus
defining oo}

S = ; sdz (11)

and Qo
W

t
L-—D
€
[o 1
S

(12)

upon integration Eq. (10) becomes

dk, - (W9, w-8) =0 . (13)

L

Because s, 18 zero for the surface wave, S has no z component, and as dkt is

arbitrary, Eq. (13) implies that
v = SIW . (14)

Although s can vary in magnitude and direction with z. the total real Poynting
vector S is independent of 2z and represents the total surface wave power flow across
a etrip, normal to s, infinite in 2z and cf unit width. The term W represents the
total stored energy of the surface wave fields in an infinite cylinder, parallel to z,
whose x-y cross section has unit area. Equation (14) thus states that the group
velocity is equal to the velocity of energy transport S/ W of the surface wave as a

whole. This statement for the surface waves is analogous to the relation YV, w = s/w

k
for plane waves in homogeneous, anisotropic media and should prove useful in develop-

ing a ray model for the surface wave fields radiated by a point source.

If instead of filling the entire space, a plane-stratified medium of the type
described above fills the half space above a perfectly conducting plane at 2z =0, it is
possible to show that the surface waves in this configuration are such that Eq. (14) is
satisfied, provided that in the definitions of S and W the lower limit is replaced by

Zzero.

Another aspect of power flow in a plane-stratified medium is the relation
between energy transport in a slab of such a medium above a perfectly conducting plane

and the reactive dyadic surface impedance representing the slab.
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Wher formulating electromagnetic problems involving fields of the form
given in Eq. (2) in a lossless, plane-stratified, anisotropic medium above a perfzctly
conducting plane at z =0, it is sometimes convenient to represent the effect of the
structure below a plane z=d >0 on the fields above this plane by a dyadic surface
irnpedance _Z, defined at z=d by requiring that the relation

:Z(-z-xh)

(-e-t)z=d ~ o —t'z=d (15)

holds for all possible fields of the form given in Eq. (2). If cne now wishes to
solve for fields of the form given in Eq. (2), in the region 2z>d, relation Eq. (15)
may be used as a boundary condition at z=d and will insure that the transverse
fields connect continuously to valid fields in the region 0<z<d. That is, if

e and h in the region z>d are such that Eq. (15) is satisfied, and if hd

is taken as (-llt) the corresponding e in the region 0 < z <d will be such that

z=d+
(e,) _ = (e) .
—tz=d tz=d+
Let us define d
W= [wdz (16)
0
and d
5y | sdz (17)
o

which is a transverse vector. The term Wd represents the stored energy in the slab
per unit area in the x-y plane and _S_d is the power flow through a strip, of unit

width and height d, thatis normalto S. Employing Egs. (16) and (17), it has been
shown that the connections between the dyadic surface impedance and the power flow

and stored energy in the slab take the forms

IP g8 BZ
iz |(zo x By) -5 - (2xhy) = S4x
i X z=d
_ 18
js|{z_ x h ) (z>h = §
z_ t! T3k o tJ“d dy
and
o . 23z
) i P = W 1
s (onb-t) ” (z xht) ey 4 (19)
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Since Eqs.(18) and (19) hold for arbitrary -15-1. and w, they are vaiid, in particular, for
values of _l_gt and w that correspond to a surface wave and thus furnish an alternative
way ot calculating those portions of the surface wave power and energy that a.e in the

slab.

The relation between power flow and the dcrivatives of Z with respect to
kx and ky given in Eq. (18) does not appear to have been previou;ly recognized. While
the connection between stored energy and 3 ? /3w, to the best of cur knowledge, has
not been shown to hold explicitiy for surface impedances, the connection between stored

(6)

power and the impedance matrix of a lossless junction is well known.

Relations {18) and (19) can also be shown to hold for the surface impedance
representing a semi-infinite, plane-stratified, lossless medium below the plane z=d

for values of Et and & so that the fields are evanescent at z=- 0. In this case

d d
r )
= ; 3 =z |
§d J_gdz and de dez.

-0 -0

H. L. Bertoni

A. Hessel
Electrophysics Department
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2.5 Diffraction by a Traneparent Elliptical Cylinder

Several recent papers on the classical theory of diffraction have presented
verifications of the geometrical interpretation of diffraction phenornena for smooth
obstacles of centinuous curvature. The work of Keller and Levyz is an example for
the cases of the parabolic and the elliptical cylinders. In their discussion the surfaces
of the cylinders are considered to be either perfectly rigid or perfectly free with re-

spect to acoustic waves.

Diffraction by a transparent obstacle alss may be treated as a formal
boundary-value problem to show the validity of the geometrical theory of diffraction.
In the case of a surface of constant curvature results based on the classical theory of
diffraction have been obtained for the circular <:y1inder1 and the sphere. 14 For sur-
faces of variable curvature the classical method of separation of variables can be
applied only for a few coordinate systems. Moreover, in each of these instances
fundamental difficulties arise in conjunction with the bouadary conditiuns because of
the absence of any orthogonality relations between the solutions outside and inside the

surface.

In the present contribution we resolve the difficulty with the boundary con-
ditions for the case of a transparent elliptical cylinder through the use of perturbation
theory. The solution to the formal boundary-value problem for an impulsive source

can thus be given in terms of asymptotic expansions.

A line source is located at r=r ., exterior to the cylinder and parallel to its

1
axis. The unbounded medium exterior to the cylinder is characterized by the wave

velocity vy and the interior of the cylinder by the velocity v It is assumed that a

X
Laplace transformation with respect to time exists for all quantities; in terms of
notation: p(s) = _Z’{‘n(t) f . The mathematical formulation of the problem requires

that the time transforms of the exterior and interior solutions Ei(_x_',_x_' i s) satisfy

1
the wave equation:

(Vz-kf')'ﬁi(_{,}_'l; s) = -olr-r ), ky=s/v,,i=1,2 . (1)

The subscripts 1 and 2 refer to the exterior and interior regions, respectively, The

time transform variable is s. If —:1 is decomposed intc the incident and scattered
= i -85 -1 . .
waves, 9= © 11 + e;ol , then vy s given by
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Ti - - = —l— { - - .
oplzzgie) = g KGR R = r-xy g, (2

where Ko(klR) is a Bessel function of the third kind. The scattered wave 'c‘pf must

satisfy the radiaticn condition
— n 1/2 -klr
@;(5*513 s) = QO T e for r-o , (2)

and -CBZ(r ,T,; 8) must remain finite as r-0. In addition, the boundary condidions
o =

ayp(rrys s)! a,p,(r, 1,5 s) ! . (4)
r=r r=r
~"=0 ~"=o
=R = 2= 3
blanJl(z.r_llS)lr:l = b?_ an @Z(I:I_lns.\!r=r s (4)
- >o )

on the surface of the cylinder must be satisfied. ay. aZ'bl’ and b2 are constants

appropriate to the boundary conditions and the media involved.

The separation of the wave equation Eq. {1) in elliptic cylinder coordinates
g

ccosh? cosmn , {(6)

X

H]
[ERI VAL

y c sink 7 sinmn , (7n

(c being one-half the interfocal distance) leads to the angular and radial differential

equations) dZ 2
— + {3 +2h. cos27)ir(n,v,h) = 0 , (8)
i i
d‘."g
d?' 2
— - {» 4+ 2h.; cosh2?)}R(Z, v,h.) = 0 (9)
. i i
d !
(A being the separation constant, v the order, and hy= %— kic ). The solutions to these

ordinary differential equations are Mathieu functions3.

From the fact that the region surrounding the cylinder is multiply connected

P z P B £ . =
;‘i(blni .'l’nl'sl “)i(--’n+2nnl.11)nl: s)) n 112)"'1 (10)
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the source term muay be written as

a
'Z - -l = = \ p
6(5-5_1) = ¢ (cosh2Z - cos2n) 5(5-’;1)Z 5(?‘;-nl+ dmrm)
ms=-00 (11)

and the solution as

o o]
BEn i nps = ) G (s amnzne) (12)

m=-Q

This operation is rquivalent to the introduction of a helical Riemann surface with an

infinite number of sheets; on the zeroth sheet 31 = Bi y 0<E<om, 0<n< 21,
o

The periodicity condition in Eq. (10) requires that the Mathieu functioas be
of integral order. Eigenfunction expansions in terrms of the fundamental solutions
9“), e(z), R(l), and R!‘z) to Eqs. (8) and (9} can be used to represent the solutions in
both regions. The expression for the incident and scattered waves in the exterior

region are

(s o]

5;(§,T1.§1.n1;5) = Z Ane(”(n.n.hl)B(Z)(n.n.hl)R(l)(él,n.lll)R(Z)(a,n.hl).
n=-ao (13)
@

5nipng 9 = ) B A 90 R R nn ),
n=-q (14)

and the wave in the interior region is §<§l, n< T

(0 V]
- . . 2 1}, 2), -
5z s) = ) e nny) s mm)R e ) R ).
n=-Qa (15)

The coefficients are determined by the expansion of Eq. (2) in elliptic cylinder
coordinates; the coefficients Bn and Cn are as yet unknown. If the inequalities

are reversed, the arguments of the corresponding functions are to be interchanged.

Application of Green's theorem tc the unbounded region enclosing the cylinder
leads to a fundamental difficulty due to the boundary conditions Eqs. (4} and {5).

Unlike the cases of the circular cylinder and the sphere where the angualar functions

— = e s = e e e
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are independent of wave numbter, different wave numbers appear in the angular
functions of the respective eigenfunction expansions for the exterior and interior
regions. Therefore, each coefficient of the expansion for one region must contain

an infinite series of coefficients ass~ciated with the other region.

Furthermore, the eigenfunction expansicns in Eqs. “13), (14), and (15) can-
not be applied conveniently for the examination of the nature of the discontinuity at the
wave front because they converge 30 slowly for large values of the transform variable
s. The relationship between the transform variable and the time after the arrrival of

. . 8
the wave front is shown bv the Tauberian theorem",

_ -sR /v
lIim sf(s)e & =  limn f(t«Rg/v) (16)
s <@ t+R /v
g
where t_ = Rg/v is the time of onset for the pulse and Rg is the geometrical ray

path length.

In order to obtain rapidly converging series expansions in accordance with Eq.
(16), it is necessary to make v -2 of the asymptotic behavior of the angular and radial
Mathieu functions as a function of their order . Proceeding as in the case of the per-

fectly rigid acoustic elliptical cylinder, = a " ougall-Watson transforr-ation

w0
r‘ ™
Tli- | cot vyt i{vidy = > fn (17)
Cl + CZ n= -
is applied to the eigenfunction expansions for the solutions Ei and ?2 . C,4C, isa

contour in the complex order plane enclosing the real axis (see Fig. 1).

For large values of the time transform parameter in keeping with Eq. (16),

the angular solutions for the exterior and interior regions are nearly orthogonal, even
"1 _ 4

Vo 37

between the two angular functions is nearly diagonal; the evaluation of the integral

tor moderate wave velocity ratios, i.e., Thus the transformation matrix

3 -

<
"
i

J 9(1)(”,! Yy hl) p’(z)(r:v Vo hz) 'jn = A‘\J"Jl g(\«’: hl: hz} ({8)
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Fig. 1 (2-8)

can be carried out as a perturbation calculation for a two parameter differential equa-

tion. ! In this instance the parameters are the order, v and the quantity, h.

With the aid of the expansions in Eq. (18), the coefficients B(v) and C(v) of
the eigenfunction expansions in Eqs. (14) ard (15) can be determined through the

boundary conditions Eqs. (4) and (5). The resulting expression for the solution -.:51 ,

e Lty g2) (1, @,.
"5)1(7:0 1s B 1. S) = T A(\') e (n-n /)hl)" ("ll V,hl)R (_I)Vlhl)R (3. \/.hl)'

d(z ,uh)-d5(Z ,wh))

. V g v 1050 0y
. gl,h,h,)ab, —— o - dv (19)
albzda(fo,v,hz)-azbldl(_.o) V,hl)

, . . 1 :
can be treated in a manner anralogous to transparent circular cylinders. The quantity

d in Eq. (19} is defined by the relation
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v (3,0 ¢ ; - a5 Vv h)TAE, 0, £ ) o ,
_B_g Li(a!n' .’i’nl’ S) - = di(:o! \Hhi)wi{,)'n! Dllnla b, ({:0)
_1"‘30
where
-1 - 1 3 .
o(EmI g8 = o J'A(v)w’l(i,n.-tl.nl: s)dv . (21)
Cl

Only the contour C1 is retained since the integrand is an even function of the order

v; the summations in Egs.(13), (14) and (15) have been replaced by contour integrals
as in Eq. (21).

If the path of integration C1 is deformed as shown in Fig. 1, there is no
contribution to Eq. (19) from the large hemicircle C since the integrand of Eq. (19)
vanishes as |v|-~o. The region surrounding the cylinder is divided into illuminated
and shadow zones by the two lines fro:1 the source which are tangent to the cylinder
(Fig. 2). In the shadow zone the integrand of Eq. (19) has simple poles along the
imaginary axis of the order plane (Fig. 1). The resulting residue series arising from
the evaluation of Eq. (19) along path C corresponds tc the diffracted rays shown in
Fig. 2. In addition, Eq. (19) yields an infinite series of terms which account for the

internal reflections in the cylinder.

SOURCE POINT

gl'nl)
\ N
v N

\ N\ CYLINDER

\\/‘\ £ :eo B
=
= \
DIFFRACTED // TSy €,m)

RAYS FIELD POINT

Fig. 2 (2-9)

e = = e ettt
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In the iliuminated zone the integrand of Eq. (19) also possesses two saddle
points. Evaluation of the integral along the path of steepest descent yields the inci-
aent and reflected rays. Present also in the illuminated zone are, of course, all of
the terms found in the shadow zone; the passage of the diffracted ray an infinite num-
ber of times around the cylinder is expressed by Eq. {12). The inversion of © into
the time domain shows that only the diffracted wave has a wave front distinctly differ-
ent from that of the incident wave; it has no discontinuity at the wave front. The
expressions obtained from the asymptotic evaluation of the exact solutions may be
rewritten according to the geometrical theory of diffraction to show the influence of

variable curvature.

L. D. Porter
Department of Aerospace Engineeriag and
Applied Mechanics
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2.6 Cerenkov Radiation in Dielectric Media

It is planned to carry out experimental and theoretical studies of the
Cerenkov effect in a plasma medium; specifically it is intended to study this effect
in a plasma filled cavity and if possible utilize the effect for the study of fluctuation

phenomena in plasmas.

The program is proceeding in steps. First, theoretical investigations of
the Cerenkov effect in a dielectric wave were carried out and are reported below.
For the purpose of familiarizing the students with the problem, the classical problem
of Cerenkov radiation in an iufinite dielectric medium was treated. The method was
then extended to discuss the case of a finite train of bunched electrons passing through
a dielectric filled cavity. The results will be compared with an experiment as a
check on the experimental technique. After agreement between theory and experiment
has been established as expected, disagreements between experiments and computa-
tions for the case of a plasma filled cavity might be then more justifiably attributed
to assumptions about the plasma medium. Thus the Cerenkov effect may become a

diagnostic tool for the study of real plasmas.

Preliminary studies on Ce¢renkov radiation in idealized plasmas are

described in 2.7 and preparatory work for experimentation is described in 2. 9.

2.6.1 Dielectric Filled Infinite Space, One Electron

Thic classical problem was solved using Maxwell's equations in

cylindrical coordinates

v x E = -aa“t‘*- (1)
VxH:J+€O€%—{' . {2)

Where ¢ is the relative dielectric constant, and J is the current of a single electron

moving in the 2z direction

J = av 5(1-) E(Z-Vt) GZ (3)

v is the velocity of the electron. The Fourier transforms in t and z are taken, then
the E and H fields can be fuund. When Cerenkov radiaticn is possible, i.e., v >cr,

the inverse transforms in =z yieid

e R —
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A . . =S @ A Tlg e
H (LU: r, Z) = - ';M q H(Z) __i_)-l_l-'_ e v = He v (4)
) 4 1 c
r r
2 W LW
A H.oY W _ =~} Z A 1oz
E :-q-——o-—H(z)U—LI-.eV =ﬁe v (5)
2 4 o C
r
where S —L the speed of light in the dielectric
Ho €8
2
“r
\' = 1 - _2’ .
v

The power radiated is

—

P = fExH-dA

where the integration is performed over a cylinder infinitely long in the z direction

with vanishingly small radius so that the contribution at the ends can be neglected

2 oo | e A A -j-é(u;hn')
P = I Irdzde 5 J‘I dudy’ E(g) H(y') e
(2m)
o - -00

carrying out the integration over @ and z yields

(0 0]

A A
P=vr fjdwd;u' s(w+ w’) E(w) H(w’)
-0
oo A Aw
= 2vrR_ f E(s) H (¢) duw . (6)
o
For this problem Eq. (6) gives
I
Y )
p = ——~8—T—7—£,—— J _l.!d-J) . (7)
o

This shows the divergence of power at infinite frequencies which would disappear if a

real dielectric were chosen whose relative dielectric constant would approach 1 for
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sui.iciently high frequencies.

2.6.2 Dielectric Filled Infinite Space, Finite Train of (N+1) Electrons

This problem is approached in the same mannar as the previous one

with the previous J replaced by

J = 32-! 6(:) [é(z-vt) + 8(z-2'-vt)..... 6(z-nz'-vt)]a

3

where z’ is the spacing between electrons. The fields can be solved by replacing

q by ,
.nz &

N J
a ) e "
n=o

in the single electron solution. The fields are found to be

N - zy N nz'y
R LR T g
r
0
2 s 20 N . nZ';u
g . g MY & e-J v >— eJ v HZ xYl\ (9)
'z - 174 L o Cr/ :
n=0
The power radiated using Eq. (6) is
2 o o) n
q L‘i()\"’v ? r z'nx
P = —p—  udy [(N%»l) + 3 2(N+1-n)cos - . (10)
| :) n=1

The first term in the brackets represents the radiation from (N+1) independent
electrons, the second term represents the interaction term. In order to get a large
enhancement of radiation the cosine term must be close to one. Therefore,

E—l ng = mn where m is an integer. For a specific  enhancement of radiation is
possible; however, since ( is a continuous variable there cannot be any great increase

in P except when z’ = 0. This corresponds to all the electrons being coincident for

this case

P ={(N+41): P(one electron) . (11)
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This is the result that 1s expected since the power radiated varies as the squars of the

charge.

¢. 6.3 Dielectric in Cylindrical Waveguide, One Electron

This problem can be solved by replacing the radiation condition at

infinity by the coudition that £ =0 at the waveguide wall. The fields then become

2.2 H'(w?’ro).l (3_13_) . @z
E . L.oq Y w g fuyr) o\ ¢, o] (:r o

z 4 ol c Lyr ¢ (12)
T 3 "To
o( c

La |
S

wvr
H'/ AR AR wz
A . e o\ cr 1 cr -j;—
H = 432Y (gr(a¥i) e (13)

where r, is the waveguide radius. The power can be found by a pole residue inte-

gration to give

v yr
Zv c @ 1:lNo<l\b _(l)
P = Mo VYCy \; r
-

- 4r0 L, YT (14)
v 1 C
r
where the u;L's are the rcots of
:L“Yl‘o
J |l——}=0 . (15)
o\ ¢
r
w, YT,
For —t—25>1 the roots of Eq. (15} are
Cr
1 Cr
:1»‘& = W({"Z) T (16)
o
Using the asymptotic forms for No(x) and Ji(x) Eq. (14) becomes
u "qzvcz @
S B S S PN : (17)
2 L 4
4r -
o =1
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The power up to the nth mode is

2
r*ru q ve

P -————2'—‘- {,(L*’—) 5 {18)

The power in the infinite dielectric up to w, is after using Eq. (16)

T qzv cz
_ o] T 1,2
Py= ———7 -3 : (19)
8r
o
The two answers are approximately equal because the fields radiated go slower than
the electron; physically there should be almost no reaction of the field reflected from

the guide walls on the electron. This is borne out by the equations.

2.6.4 Dielectric in Cylindrical Waveguide, Finite Train of {N+1) Electrons

Once again the field solutions can be obtained by replacing q by

j B2 '

q Z . A pole integration gives the power
w, YT
2 o N {42 N '
uqvcvs- o\ ¢, ) zan
P is ), _—————w,\!!‘o N+1 + Z‘ 2(N+1-n) cos — J .
1=1 Vi - n=1
“r (20)

The asymptotic forms of No(x) and Jl(x) and Eq. (156) yield for the power up to the Lth

mode

2 I. N 1
49 YC v CoN 1 z'n " Cr 1 !

R ZY (N + o o J - = - - —
P, -——Z-—L(L+ 3V (N+1) + L Z‘({ 7) 2(N+1-1) cos — o (2 4}|
'3 n: o J

(21)

The last term in the bracket can be made very large because the uw's are discrete.

7" cr({ . -‘li)

For instance if —-—Wr——ﬂ = 2m (integer) for a particular ¢, then the last term is

equal to N(N+1){(s - —) This power is N(N +1) times the power one electron e¢mits
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in a waveguide. It is also N(N+1)/(y -~ %) times the total power radiated up to fre-

Y w, by one electron in the infinite dielectric.

2.6.5 Dielectric Filled Cavity, One Electron

Using a similar but more lengthy analysis than ir the previous case

the fields are found to be

Uy d (1) (2) (2 (1) ]
Z, _T[ Hl (Knr) Ho (Kuro) * Hl )("hr) Ho (’ﬂxro X

l’l

[Fn(m) cos3 z-j Gn(w) sin3 z] (23)

2 2
2 “AH, Sy "n 2 ' ' 2
Ez = —ga —-(—Jo Kn—yro [Ho(y,n r) Ho(an ro) - Ho(nn r) Ho(un ro)]x

[Fn(w)cos an - jGn(w) snxean . {24)
_ _on 5 . m .
where Bn ?"zo » 2z is the length of the cavity,
2 _ 4 52
"n~ 27 "n !
c
r
W : [' ~
s + 8 ) z sin{— -~ ¢ z
Fn(w) = J,( n w\ n) 2 for n cven,
(V+34) % (5-8n) 2

0 for n cdd,

A )
s1In{— - A
\v "8l %,

Il
§
[
(¥}
"
o]
[e]
o]
(27

G (&) - )
n ‘_‘_’._B)o (%Tsn)zo

0 for n even.

Since the structure is not uniform in the z direction any longer, and

the electron's radiation will be a function of time, the previous expression for power
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is no longer useful. The total energy radiated by the electron in transversing the
cavity is more meaningful and can be shown to be
ZO/V

Energy = r dt IJ~ E dv (25)

-7 /V
(6]

where the second integration is performed over the volume of the cavity.

A
The expression for Ez in Eq. (24) substituted in Eq. (25) yields

v2 : c4 3 N { r) Wz z
E ’-q L"‘org’ "ny “o*ny o . 2 o, Wz,
nergy = = a siln —— + a cos ——
z, T i - 18 .V)Z 2 Ji(x chp e v o v
o n, 4 [Dk \ ]
(26)
The values of n and £ in the sutn are such as to keep Koy real. Where "o 's are
the roots of Jo(nn ro) =0
a = 1 for n even.
e
= 0 for n odd.
a =0 for n even.
o
= 1 for n odd.
For large n the main contribution to the sum will occur near r_ui = (emv)2 =0 . At

that point the numerator also goes to zero. If the asymptotic form for No(x) and

Jl(x) are substituted the expression for energy radiated becomes

TH, qzci %o - 1
Energy = ————y—= ) (£ -3) . (27
4r -
o =1
2z

(o] 9 L. q n
times the radiation of cne electron in a

This expression which is
waveguide is equal to the energy which one electron radiates in a distance Zzo of the

waveguide. Therefore the average power radiated in the two cases is equal.

2.6.6 Dielectric Filled Waveguide, Finite Train of (N+1} Electrons

N J ne ! W
To solve this problem 4 can again be replaced by qZ e v

n=0

——— e e ——
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to get the E and H fields. These {iclds can be substituted into Eq. (25) to get the
energy radiated. If the same approximations as stated in the last section are applied,
the energy can be showa to be

2

N

q'u, c 2, = ] 3 z'nuy
Energy = —_—— y ({-E) N+1 + Z 2(N+1-n) cos -—-v—-ﬁ— . (28)
1=1 n=1
Enhancement of radiation is possible by choosing
Al W - )
8, nn) Vo (29)
. 2z
o
W - W .
_?f_[n_ﬁ_— = VvV , and \30)
=)
W 2
£2’ - Bn To ™ % (31)
c
r

where a, is the nth root of Jo(x) = 0.

If these conditions are satisfied the radiation at ¢ is the same as

that emitted in a waveguide.

Conciusion Concerning Cerenxkov Radiation in Dielectrics

The power emitted by one electron is approximately the same in the
three dif{erent geometries. The only difference is that the radiation in .he waveguide
and cavity occurs at discrete frequencies, while in infinite space therc is a continuous
spectrum. The N+1 el:ctrons change the frequency spectrum of radiation in the
infinite dielectric case but the total pcwer emitted is net very much different from
(N+ 1) electrons emitting independently. For the other two cases the radiation increases

significantly if appropriate values of T z’ and z  are chosen,

R. Sasiela
R. Hutter
Electrophysics Department
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]

. 7_Cerenkov Radiation in an Infinite Magneto-Plasma

In the last few years several articlesl-3 have appeared dealing with Cerenkov
radiation in a plasma. These authors have found the same conditions~ although in
different forms — for the ranges of w as functions of plasma frequency (wp), cyclotron
frequency (us-c) and velocity (v} ir which Cerenkov radiation rnay occur. Below is
shown ! = v these conditions come naturally from the Allis (C. M, A,) diaLg'ram5 from a

method suggested by Felsen4, McKenzie6 ar.d G, Deschamps.

In order for Cerenkov radiation tc occur a wave which has the sarne phase
velocity as the particle raust occur in the medium. Expresse: mathemastically this

condition for a particle traveling in the 2z direction is

== v (1)

where k  is the wavenumber in the z direction. In each cf the regious in Fig. 1
z

k . . C
n=-< vs 8 is plotted for the two modes. The 2z direction is towards the top of the
L
page and A is measured with respect to the z axis. The dotted circle (n =1 curve)
represents a wave moving at the speed of light. The curves cutside the circle are

slow waves; those inside are fast. For Cerenkov radiation

5 e > )

ke 2 c 1
4 2cos®

n = —— D ——
i cos =&

Therefore, Cerenkov radiation is possible only in regions 3,%,7 and 8
because these are the only regions in which slow waves occur. FEach of these regions

will be examine in turn.

Re:ion 3

In region 3 all values of k? are possibie, therefore Cerenkov radiation can
k c

aczur at any velocity. For instance to) the value of shown in Fig 2, the operct-

ing point w~uld be at 1. The group velocity is the perpendicular to the curve shown.

In this region the waves are forward .n the radiai direction.

Region 6

in region 6 there are points such as 1 in Fig. 3 where v is too small and no
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Cerenkov radiation occurs. At points like 3 ' renkov radiation is possible and the
radiation i1s emitted as a forward wave as is seen by the direction of the nocrmal. The
dividing point is 2. At this point kr =0 = 8. The equation of this dividing point can

be obtained from the dispersion formula

2 2
tanz 5 = -F;-(n -R)(nz- L) (3)
(S - R Nn"-F)
where /fp- >
P=1 -\f . (33)
f 2
R=1-\RB] —rt (3b)
r) N
/f \ 2
-1 -(2) =1 ___
L=1 ¢ f ) , (3¢)
o
and S= 2 (R+L) (3d)
Atpoint 2, & = 0
S
8
The roots of the dispersion curve are
n=R =3 (4)
3-
2 _ 1
n" =L =— (5
=
These two give the same curve
r
A o
= = |1 =
2
f (1-357) \f
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This curve divides the region where Cerenkov radiation occurs from the one where it

does not occur. 2
£
It can be shown that \_fc_ must be less than the expression on the right of
\

£q. (6) for Cerenkov radiation to occur.

Regions 7 and 8

Fig. 4 (2-13)

In regions 7 and 8 the n vs. ¢ is shown in Fig. 4. At a point such as ], one
wave is possible and it is a backward wave. At 4 there are two waves possible, 4a
being a backward wave,the other, 4b, being a forward wave. At 5 the velocity is too

high for Cerenkov radiation to occur. Point 2 represents the boundary between the

case of one root and two roots. This point is characterizedby 2=0 and n =-;— . The
dividing curve is just an extension .f Eq. (6} into regions 7 and 8. For this .'egion,

¢ 2
however,(f—c must be greater than the expression on the right of Eq. (6).

';'he dividing curve between two roots and none is point 3. This point is
characterized by a double root of the dispersion equations with n = -S_c%s—e_ . This

condition can be shown to be
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When all the conditions are plotted Fig. 5 is obtained.
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Fig. 5 {2-14)
R. Sasiela

R. Hutter
Electrophysics Department
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2.8 Transition Radiation ;

When a charged particle crosses a change in medium parameters, electro-
magnetic radiation is emitted. This phenomenon is fundamentally unlike either
Bremsstrahlung or the Cerenkov effect in that the charge need not either accelerate or

move faster than the speed of light in the medium in order that radiation be emitted.

A study of transition radiation is now under way. So far, three prcblems

have been considered:

Dielectric Half-Space: i
The problem is to find the fields produced by the current density
J =Qv 5(x) 5(y) s{z-vt) 2z, in an infinite space in which the dielectric constant e(y)

is ¢ for 2<0, and ¢l&)=¢

: + for z > 0, and S throughout. (See Fig. 1.) The

A\

—’z

A\

Fig. 1(2-15) - Transition radiaticn in dielectric
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x +y . The result for the

analysis 1s carried out in the frequency domain, and formal expressions for the fields

are derived via a Hankel transform in the variable » =

z-component of electric field is
+oo

6Z(Z’ P t) -
- Q0

+00

1 iyt ‘ x
- J‘ e Ez(z,o,u)dw

(2)

1
EZ(Z.o.w) = = f q J(qp) ez(Z.q.w)dq

-0

’

ez(Zp q.w)

wh. re Ai

w
2n £+\ el;’ 2
r_uz _ a8
w uog -~ -4
A"
Q 2 iw[wzuoe+-qz z
- e A ,for z>0
2niwe +
(3)
] 2 W
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@ uoe_-:z-q

.J 2 2
2 -1%yu uoe_-q 2
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The integral Eq. (2) is then evaluated asymptotically in the far field. This paralleals

P
13 =

previous research by certain Russian authors. The previous workers, however,
found only saddle point contributions to Eq. (2). Besides the saddle point we include

contributions from the branch point and pole singularities of £q. (3).

Vacuum-Plasma Interface:

The situation is shown in Fig. 2. The half-space =z >0 is filled with a col-

—e 7

Fig. 2 (2-16) - transition radiation in plasma

lisionless warm electron plasma which is eassumed to have fluid-like behavior. Small-
signal linearized equations are used. The aralysis of this problem is similar to that
discussed in t, Again formal expressions for the field quantities are derived in terms
of integrals which are evaluated asymptotically. As in problem t, previous solutions

. 3 : o .
of this problem™ have not takeu branch point and pole contributions into account.

It is found that temperature effects are particularly important when the fre-
quency is near the plasmza frequency or wher the velocity of the incident charge is near
the acoustic velocity of the plasma. Results indicate that the transition radiation effect

could be used in plasma diagnostics.

Transient Solution:

We consider the case where the point charge 15 replaced by a line charge
(i.e. J = 5(x)s8{(z-vt) Cv _-/:,O). Instead of concentrating on the harmonic components
of the fields, the Fourier inversion of Eq. (1) is attempted. In the case where €, and
e are frequency independent, it appears that an exact solution is obtainable. These

aspects are presently under study.

E. Ott
J. Shmoyvs
Electrophysics Department
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2.9 Radiatior by 2 Uniformly Rotating Line Charge in a Plasma
(Abstract of PIBAL Report No. 873)

The current interest in radic cormmmunication with space vehicles and other
phenomena associated with vehicles reentering the earth's atmosphere has stimulated
the study of wave propagation in a plasma. Such a study is of importance in providing
a knowiedge of both the possible wave types which the plasma admiis and their means

of excitation.

Summary:

A theoretical investigation is conducted for the radiaticn produced by a linear
distribution of ciectric charge executing circular motion both inside and outside a
cylindrical plasma coluran. The an-lysis includes the effects »f corapressibility and

anisotropy 2f the plasma upon the radiaticn characteristics of the charge distribution.

In the incompressible isotropic case, a dipole resonance phenonienon is
exhibited for the first harmonic of the angular frequency of rotation of the charge when
the charge moves at non-relativistic velocities. If the charge moves at extremely
small velocities, the resonance becomes a singularity. The influence of compress-
ibility upon these radiation characteristics is discussed and is shown to be negligible.
In the case of the presence of a magnetic field, i. e. for an anisotropic plasma, the
dipole resonance is shifted. Moreover, a multiple resonance is possible for a suffi-
ciently higher order harmonic. Furthermore, in a frequency range just above this
multiple resonance Cerenkov radiation contributes to the exsistent Bremsstrahlung
for a single harmonic in the ncighborhood of the singularity of the index of refraction,
Thereafter, the radiatior coniributions of the remaining harmonics is negligible.

S. Gianzero

Department of Acrouspace Engineering and
Applied Mechanics
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2.10 Experimental Work in Conuection with_Cerenkov and Transition Radiation

2.10.1 The Rebatron

The purnose of the project is (o set up a facility for using a rela-
tivistic, very strongly bunched electron beam to study Cerenkov and transition radia-
tion in gaseous plasmas. Studies ¢f iuteractions between such beams and dielectrics,

periodic circuits and metallic foils are also possibie.

The parts for a rebatron were obtained from Professor Coleman at
the University of Illinois. During the past year a table and vacuum station were con-
structed, the rebatros and associated modulators were assembled, and the necessary
trials were carried out to make the device operative. At the present time a beam of
approximately 1 Mev and several milliamperes pulse current is available; the pulses
may be from 1 to 2 microseconds duration and at a repetition rate up to about 20C per

second.

Figure 1 is a photograph of the rebatron. The accelerating cavity is
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a circular cylinder 4 cin long by 8. 13 cr: diameter. The beam enters and leavesy the
cavity through small holes on the axis. The rf power enters through two opnositely
placed apertures on the cylindrical surface which provile optimum coupling from the
waveguiles. The two waveguides and the two magnetrons are visibie in the photograph.
The electron pulise enters the cavity after the ri pulse has had time to fill the cavity
and the electrons see an accelerating field of approximately constant amplitude. This
field accelerates and bunches approximately 30% of the electrons, those which enter
during a favorable phase interval, and these bunches are expelled through the ex:t hole
at the magnetron frequency. Any harmonic can be generated so long as its waveiength
is greater than the length of the bunch. Above about the tenth harmonic it is necessary
to excite a prebunching cavity in order to produce shorter bunches. This is done with
a signal of appropriate phase and amplitude tapped off the line frcm one of the mag-

netrons.

2.10. 2 Beam Measurements

The beam consists of high energy electrons in bunches about Imm
diameter and from 1 to 5 mm long. The velocity spectrum, the shape and ctability of
the bunches, and the average current and voltage of the beain depend on the operating
pavameters such as magnetron current and frequency and the excitation of the pre-

bunching cavity. It would be desirable to determine these relationships experimentally.

The velocity spectrum and the average velocity or voltage will be
measured with a magnetic analyzer which can be seen in the photograph. This is being

tested at the present time and will be in use during the next half year.

_ The shape of the bunches is very difficult to measure but it is closely
related to the harmonic content of the beam currert At this time we ars preparing to
measure the amplitude of the fifth harmonic by shooting the beam through RG 91 wave-
guide and measuring the radiated power. Later we will measure higher harmonics by

the same and possibly some other methods.

2.10. 3 Planned Experiment with Piasma

The group has been interested in radiation from eiectrons moving 1n
anisotropic plasmas and some members have been calculating the radiation into modes

in waveguides and resonant cavities filled with plasrna. An cxperiment is being planned
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to measure the radiated power from the rebatron beam in a plasma-filled cavity. The
first step will be to measure the radiation into a dielectric-filled cavity. This is so
much easier to do tha! it is worthwhile doing it as a calibration experiment and as a

test of the correspondence hetween theoretical and experimental resuits.

Cold trsts are being carried out on a configuraticn similar to that
which will contain the plasma. The development of the plasma-filled cavity proceecd

=% described below.

2.10.4 Screen Discharge

To measure radiation from the beam into a plasma-filled cavity it is
necegsary tc deelop a discharge which accurately realizes this situation. Previous
work done in our laboratory led us to try to use a screeu cathode discharge to achieve
this. Figures 2 and 3 are a photograph und a sketch of a configuraticn that is being
tested at this timme. This resembles the Fenning Jdischarge except that in the case of
the Penning the central cylinder is positive and can te filled with a fairly uniform
plasma provided a st: ong magnetic field is present. In ‘lie case of the screen cathode
an apparently uniform plasma can be achicived even without a magnetic field. Also the
gcreen cathode is rnore easily adaptable to the function cf being a resonant cavaty.

Some deveiopment work remains to be done on thi. discharge.

CATHODE

Tig. 2 (2-18) - Photograph o1 cavity screen discharge

w—— m—— ——— - e
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Fig. 2 (2-19) - Schematic of cavity screen discharge
R. Pepper
R. Hutier

Electrophysics Department

2.11 Fropagation of Waves in Plasina Waveguides

Purpose of the Project

We investigate the nonquasistatic solutions for the propagation of wvaves in
waveguides completely or partially filled by plasma. We shall extend our research tc
high-power electron beam-plasma irteractions. The ultimate cbjective of this research
is to exiumine the feasibility ol utilizing electron beam-plasma systems for new types
of microwave amplifiers, microwave generators, and for the heating of plasmas at the

expense of the d. ¢. enerygy of an electron beam.

Accomplishments

We have formulated the sojution for the foilowing beam-plasma systern: the
plasma contains electrons neutralize 1 in the unperturbed state by ions of firite mass.
The unperturbecd density of the clecirone and the ions is not uniform. The beam elec-
trons drift along the ax.s of unifoermity of the waveguide., Their unperturbed charge
densit’es and velocities are not uniform. Furthermore, a uniform, f{inite, axi i,

magnetastatic field along ihe axis of uniformity of the wavegaide was assun.:d to exist.




PIBMRI-1295,1-65 112

The formwation of the solvtica for the above mentioned system is a generalization of
the solution for the case with uniform beam and plasma densities and uniform beuam

velocity.

For the case of a partialiy filled waveguide we must consider the boundary
conditions between beam and plasma and also between plasma and free space inside the
waveguide. The usual procedure is the introducticn ©f fquivalent surface charges and
surface currents. This method is valid only under the assumption that the variation of
the total electric field at the perturbed boundary is very small. It came out that this
ic not the case for neutral plasmas. We have started the investigation of the formula-
tion of more satisfactory approximate boundary conditions between neutral plasmas

and free space inside a waveguide.

Another part of our research was the formulation of an approximate methad
for the investigation of dispersion reiations for plasma waveguides, by coupling of
empty-waveguide modes and quasistatic modes. This method has giver very sat.sfac-
tory re<sulis for the symmetric mode of propapation insias 2 completely filied plasma

waveguide. Currently we apply the same techuiqyue for the investigation of the follow-
ing two cases:

a) Propagation of the mode with cne azimuthal variation inside a com-
pletely filled circular cylindrical plasma waveguide.
b) Wave propagation inside a partially fiiled circular cylindrical plasma

waveguide.

Plang

During the next half-year interval we plan to complete the following dis-

persion diagrams:

a) sQuasistatic soluticn for the partially filled plasma waveguide.

bl Direct solution for the partially filled plasma waveguide.

c) Coupling ¢f modes for the partially filled plasma waveguide.

d) Couplirg of modes for the case of cne azimuthal variation inside a com-
pletely filled circular cylindricai waveguiae

e} Coupiing of modes for the electron beam-plasma interactiorn.

P E, Serafim
Electrical Engineering Department

G. Pisane
Electrophysics lepartment
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3. FLUID DYNAMICS

Intreoduction

The observable characteristics associated with the very high speed flight
of vehicles within the atmosphere is intimately r1elated to the flow field charac-
teristics of the vehicles. The electrons and excited states of the chemical species
in these flows are somewhat in the nature of stains or traces which are contained
in the masses of gas which act as a carrier in more detail. There are some cou-
plings between the chemical behavior of the flow and its dynamics. However,
much information about the energy distribution and the basic gas dynamic con-
figuration can be obtained without the considera: on of the chemical influences,

With this in mind, fluid dynamical studies of the near-wake structure of conical
shapes has been carried on in the heated (1500°K stagnation temperature) hyper-
sonic blowdown wind tunn "=. The initial results of these experiments were
obtained under Air Force sponsorship and are described below., Extensions of

this work leading toward the investigation of effects of angle of attack on the near
wake structure have been initiated under ARPA-ONR sponsorship and are now under
way.

The scattering characteristics of these flow ficlds are significantly depen-
dent upon the nature of the fluctuations in the flows. A powerful tool in the inves-
tigation of these fluctuations is the hot wire anemometer. A description of the
anemometer equipment being activated for fluctuation diagnostics is likewise
described here. The electron distributions generated by the chemical or photo-
.~nization behavior of the hyperson:~ flows of interest is also under study in several
of its 12any facets, In particular, diagnostic techniques e.ploving microwave
resonant cavities have been developed and are under further develepment. The
major tnols in these developments are based on {luid dynamic behavior as gen-
erated 1n shock tubes and a shock tunnel. In their initial form, the ravities are
constructed to resonate as an effective diclectric represented by plasma flows through

the cavity cr stagnater against a cavity., In this way the presence of a limited

TR ~
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electron density band can be perceived, However, several experimoents must

be run if one wishes to survey a wide electron density range which corresponds
to a large plasma frequency band, To overcome this disadvantage and to permit
a continuous time-recsolved measurement of electron densitiecs by means of reso-
nant cavity techniques, an interesting diagnostic device based upon the plasma
tuning of a klystron oscillator has been devised.

The explanation of certain phenomena which have been perceived oy radar,
has hinged upon the hypothesis that there is a significant electron aensity level
upstream of the shock layer surrounding a vehicle. This nhenomenon is termed
precursor ionization. Detailed measurements of this type of precursor ionization
have becn made vs/ith the use of resonance cavity methods which are described in
greater detail herein, The use of those cavity techniques in the investigation of
chemical kinetics phenomena, are now under consideration. Their application
in this context appears ¢o be promising under conditions where electron reactions
are coupled to vibratisnal relaxations. Promising cavity configurations oif several
kinds are under study as described here.

Chemical kinetic studies involving the scattering of ion beams is employed
tc determirne inter-riolecular potential energy functions of gaseous species, These
cxperiuments to be described are significant in the determination of thermodynamic
and transport properties of gases pertinent to the observable problem. Finally, in
the .context of exploring methods for providing high energy streams of fluid for gas
dynamic and chemical *esting purposcs, the magnetohydrodynamic behavior of
certain channe! flows has been explored., New types of solution for this magneto-
hydrodynamic flow configuration have becn evolved.

The work te be described here has been carried out completely under the
ARPA-ONR program except for the initial work on the fluid dynamicy of the near

wake which was started under an Alr Force program subscquently terminated.

M. Blocm
Dept. of Acrospace Enginecering
and Applied M. chanics
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3.1 Resonant Cavity Techniques for Measurement of Electron Density

and Coilision Frequency of Hypersornic Flows

_3_. 1.1 General Data

Resonant microwave cavity techniques are being used for plasma

diagnostics of bypersonic flow. of low density gpases in three facilities including

a 5' diameter shock tunnel, a 6" shock tube and a 2'' shock tube all at the Long

Island Graduate Center. Objectives include special cavity diagnostics for non-

uniform {lows encountered at shock discontinuities of models, investigation of

shock wavefront characteristics and calibration of the shock front facilities. The

primary effort to date has beea in the latter two arcas,

Specific accomplishments during this period include:

(a)

()

Preliminary testing of microwave diagnostics of 4
millisecond hypersonic shocks produced in 5' shock
tunncl. A brief report indicates sufficient sensitivity
for experimentation. Further refinement of instru-
mentation techniques as well as shcck reproducibility
is being pursued prior to interpretation of cavity data

so far obtained.

A T.M, smooth bore cavity has been constructed for
microwave diagnostics in a 6" shock tube. An assembly

drawing is shown in Fig. 1.

Design data for smooth hore cavities has been experi-
mentally determined. A detailed report of this work

1« given later,

Quantitative clectron density measurements have been
made using a diagnostic cavity partially fiiled with a

ficld induced plasma. This work is reported 1n detail.
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rig. 1{3-1) - Assembly drawing for TM diagnostic cavity (6" shock tube)

Plans for Next Period

Further microwave diagnostics on shock flows will be carried out utilizing

expanded and improved shock facilitics. Smooth bore cavities for the 5' shock

tunnel will be designed. New electronic means for continuously reading electron

density will be investigated. The application of diagnostics to nor-uniform plasma
flows will be further investigated,
J. Griemsmann
D. Jacenko
E. Mailoy
Electrophysic=s Department
S. Lederman

Dept, of Aerospace Engineering
and Applicd Mechanics
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3.1.2 Preliminary Data on Cavity Measurement of Electron Density

in the 5' Shock Tunnel

Using the cavities shown schematically in Figs., 2 and 3 electron

density measurements have been made in hypersonic shocks produced in the

RECEPTACLE
— (BNC) ~—

116" COPPER WIRE
BNC COUPLING LOOPS

~ 1/4 DIA.
RECEPTACLE .

i
i

o

Fig. 2 (3-2) - Schematic of open resonant cavity
(center ring construction)




PIBMRI-1295,1-65 118

RECEPTACLE
- (BNC) —
1216 COPPER WIRE SOLDER
BNC COUPLLING LOOPS 7
~ /4 DIA. /

RECEPTACLE
‘I_—-:z:::r:x:::;&%:_—.# —x—x ==
/

; J
L:i-if—r——i;;fg e’

Fig. 3 (3-3) - Schematic of open resonant cavity
(fir constraetion)
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5'" shoek tunnel at the Long Isiand Graduate Center of the Polytechnic Institute
of Brooklyn, Preliminary testing has indicated adequate sensitivity of the cavities
and tesgt equipment but also further tests must be made to insurce quantitative

interpretation of the teet data,

Testing te date has been done by arranging for the cavities to have greater
clectrical transmission when the shock flow 1s 1n the cavity., This is done by
presetting the frequency at a valuc higher than the measured resonant frequency
unde r vacuum conditions, Shown 1n Fig. 4 are oscilloscope traces designed
primarily to show the sensitivity of the cavitics. The upper curve is for the cavity
of Fig. 3 which was preset at a frequency | megacycle higher than the 567 mega-
cycle resonant frequency. The lower trace is for the cavity of Fig, 2 with the fre-
quency set at the upper half power point. This secord {requency setting would be
sensitive to a lower electron density and accordingly reacts earlier and returns
later to the quiescent state. The time scale is | millisecond per major division,

Other instrumentation planned includes locking an oscillator to the resonant

Fig., 4 (3-4) - Sensitivity check on diapgnost ¢ cavities
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frequency of the cavity so0 as to get a continuous measure of cleciron density in
tcrmey of frequency tor the period of the shock., Rapidly sweeping the preset

frequency i1s also a technique being explored,

Among the aerodynamic ctfects to be studied ar: the perturbations in
clectron density that arc produced by the instrument itsc'f particularly relating
te the obstructions contained in the flow channel. One test includes a tandem
conncction of the cavities of Figs, 2 and 3,

J. Griemsmann

Malloy
Elecirophysics Department

5. Lederman
Dept. of Aerospace Engineering
and Applied Mechaniwcs

3,1.3 Design Data for Smcoth Bare T. M, Diagnostie Cavities

Summary

Measured design data has b.en obtained which will make possible
improved ''smocth bore'" T, M, diagnostic cavities, particularly for elcctron
densities lower than 108 clectrons per cubic _entimeter. Besides the uaobstructed
cvlindrical channel provided for the air {low, the design data provides the means
for reduction in size and weight and improved overall acrodynaniic shaping., The
design data will permat good engineering estimates of range of electron densities

that can be measured for a given design,

Intraoduction

Shown schematically in Fig, 5 is a form of cavity which has been
used 1n shock tube diagnostics where the dimension d is that of the internal diam-
cter of the shock tube.  Part of the cavity is noted to be a teflon diclectiric
cylinder wwhich provides for the physical continuity of the cylindrical channel and
also scerves as part of the diclectric of the cavity, For diagnostics in a 17 shock
tabe, microwasve resonant cavitles operating at about 3 gigacycles have beer previ-

i . 10 .
ously usecd to measure electron densities of about 1§ clectron per cubic centimeter.
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Fig. 5 (3-5) - Cross-section of TM smocth bore cavity

More recently a microwave cavity (sce Fig. 1) has been built for diagnostics in a
6" shock tube., This was a scaled model of that for the 1" shock tube. This cavity
is nperated at about . 5 gigacycles and is designed to measure electron densities
of about 107 electrons per cubic centimeter, The overall diameter 1s 20", One
method of obtaining a smaller construction which has been used is to build the
resonant cavily internal to the bore as 1llustrated in Fig, 2. Another mrethod of
design is shown in Fig. 4. This desigin preserves the sniooth bore feature of the
design of Fig., 1. The structure external to the bore, however, is a coaxial line
structure and permits smaller overall diameter as well as better aerodynamic

shaping.
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Fig. 6 (3-6) - Cross section of TM - coax cylindrical cavity

One difference between the smooth bore cavities of Figs. | and 6 and
that of Fig. 2 is that for the smooth bore cavitiee the plasma to be measured
flows through only part of the cavity and it is correspondingly less sensitive to
dielectric changes in the bore. One objective of this experiment is to measure

the decrease of this sensitivity in particular as a function of th¢ ratio L/d.

Another objective is to provide the information recessary for the design
of different reactance structures external to the bore. This can be done by making
the assumption that for a given L/d the ficld distribution iu the cylindrical dielectric
aperture looking into the bore is substantially indepen<ient of reasonable changes
in the structurc erternal to the bore. Under these circumstances the field interral
to the bore is independent of the external struciure and designs can be formulated

in terms of relativelv simple equivalent circuits,

Analysis and Circuit Representation

For convenience of reasonable size and availability of precision test
cquipment, measurements were performed at about 5000 megacycles per second on
a cavity of the type shown in Fig, !. The internal dimensions were D = 1, 8",
d=,6"and L=,10", .15", ,20", .25", .30" and , 35", The variations in L wc.e
obtained by inserting rings of internal diameter D in the outer barrel of the cavity,
I'or separating out the design infermation, pieces of foamed dielectric were

ma ~hined so as to independently i1l the bore of the cavity on that part cxternal

e —re

~
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to it. Dielectric constants of about 1,03 and 1,075 were used, The measurements
made were the resonant frequency for all values of L using an air cavity and

various combinations of dielectric filling,

The basis for the measurements and their interpretation are best expizined
through the use of Figs, 7 and 8, In Fig. 7(a), the internal cross-section of the
cavity of Fig, 1 is reproduced, The T.M, mode used is characterized by circular
magnetic field lines i1n planes perpendicular to the axis, In the region external to
the bore, region I in Fig, 7, the eleciric field is substantiaily uniform in the
z-direction, In the region II res s the cylindrical aperture into the bore some dcvia-
tion from uniformity takes place. For the purposes of this investigation the devia-
tion from uniformity is assumed uegligible, Typical electric field lines in the bore,
region I, are illustrated in Fig. 7(a). For the operating frequencies chosen for
diagnostic cavities the tube of diameter d is well below cut-off for all modes and
the field decays rapidly away from the aperture. Under these circurmstances the
ficld distribution in the bore is fixed once a gisen frequency is specified and a uni-
form field in the aperture is assumed, The wave admittance or E-type dominant
mode radial line admittance is then specified and can be represented at one fre-
quency and one value of L/d by the right hand part of the circuit shown in Fig. 7(b).
The admittance Y is :rbitrarily chosen to be represecnted in terms of the capacitance
C,., representing the encrgy stored in the electric field in the bore (I) and L

B B

representing thc energy stored in the magnetic field in the bore. GB represents

the energy dissipated in the bore or on the metallic walls of the bore, For diag-
nostic purposes it is assumed that introducing materials into the bore which have
dielectric constants only a few percent different from 1.0 will not change the field

configuration in the bore. Ac a consequence only the capacitance C will change as

B

the result of introducing a tenuous dielectric into the bore. For the following
mecasurements the circuit to the left of the line in Fig., 7(b) represent the short
circuited radial line structure, Indesign this structure could be any structure

which realizes the same reactance, Y_, looking outward from the aperture. In

El
Fig., 7(c) is shown the equivalent resonant frequency circuit used for diagnostic
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Fig. 7 (3-7) - Cavity cross-section and equivalent circuits
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and calibrating mecasuremer.s. The sensitivity of the cavity is seen tu be depen-

dent on the ratio of CB to CE. The ratio of CB to CE

measuring the rescnant frequency with air and with one other known dielectric.

is obtained below by

It should be emphasized thit the equivalent circuit representations of
Fig. 7 are valid only for the frequencies very close to that at which the measure-
ments of the susceptance looking into the bore are made. TF. use of the measured
data would then be limited to design of cavitics at the same frequency or scaled
versions thereof. When the diameter d however is far below cut-off for the cavity
mode as it has licen for previous designs primarily electric cnergy will be stored
in the bore and this field configuration will not differ much from the field configu-
ration to be found ai zero frequency (D= o). In view of this, a good approximate
representation for tiis admittance at frequencies equal to or below those repre-
sented by the measurements is an open-circuited radial transmission line as shown
in Fig., 8. This circuit was chosen to present the data obtained from the measure-
ments using the guautity a. Thir quantity is that which will give the same resonant
frcquency as that of measured cavity of Fig. 7(a) when region II is the same for
both cavities. The rigorous alternative to this approximate approach is to obtain
data for different values of D and different values of frequencies over the range of

interest.

II OPEN CIRCUIT RADIAL
LINE TERMINATION

O
b—Q—q
1
|
N
4;
o

Fig. 8 (3-8) - Equivalent TM radial line representation
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Experimental Data

Shown in Fig. 9 are the resonant frequencies for the cavity of Fig, 7(a)
plotted as a function of L for the cavity air filled and for the cavity filled with each
of two dielectrics. These measurements provide reference points for measuring
the geometric calibrating factor CB/CE and also some to measure the diclectric
constants of the twe foam materials, With th: exception of the points for L = ,10,
all the values of dielectric constunt calculated from the smooth curves are quite
precise, For the dielectric #1 a specification of the dielectric constant as

1,035 £, 0025 covers «ll conl *ions, The same specification for diclectric #2 is

1,077 £ .,003,

For perspective two special resonant frequencies are indicated. When
L/d is mentally conceived to be large the resonance should be expected to approach
that of T, M, cylindrical cavity, since electrical energy stored in the bore becomes
less and less significant, The resonant freuency of the air cavity should approach
the 5000 megacycle value indicated, When L/d becomes very small the impedance
seen looking into the bore is very large compared to radial line characteristic
impedance such that the ultimate condition is virtually A normalized open circuit
at the aperture. For very small L/d the resonant frequency for the air cavity

should approach the 6000 megacycle value indicated in Fig. 9.

The data sought for the design of improved cavities i= presented in Fig. 10
in terms of open circuit radial cquivalent of the T, M, modal fields in the bore
as alrecady considered in the analysis. The aperture length, L, is the height of
the equivalent radial line. The quantity a is the position for the open circuit of
the radial linc equivalent, The range of L/d is given by, .25 < L/d <.58., The
equivalent circuit is quite precisc for d/x= .27 and is adjudged to be a good
approximation for any value be'ow this where \ is the T. E. M. wavelength in the

medium of the homogeneously filled cavity.

Shown in Fig. 1l is the change in resonant frequency of the cavity from

the condition of air (illing the bore to that of the indicated diclectric filling the
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Fig. 9 (3-9) - Resonant frequencies for filled cavities
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Fig. 10 (3-10) - Inner radius for equivalent open-circuited radial line
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bore. For additional checks the curves are alsc shown with dielectrics #1 and

#2 filling that part of the cavity external to the bore. The shift in these instances

is expected tc be less by virtue of the larger value of CE in the equivalent circuit

of Fig, 7(c). Sinrt? the sensiivity of the cavity is seen to depend upon the ratic

of CB to CE' the 2 ratio can be defined as the '"calibration constant’' of the cavity.

Cg

It can readily be obtained from the equivalent circuit in Fig,. 7{(c) and is:

where

‘2
1- 11
2
1)
CB_ 21/
= )
CE wI
K—-1
c 5
IJ)Z

w, - resonant frequency of the cavity when cavity is compietely

filled with dielectric.

1

wy" resonant frequency of the cavity when only the outer portion

of the cavity is filled with dielectric,

KC- dielec.ric constant of the dielectric insert.

In Table I are shown the calibration constants for cavities of various lengths L,

They are computed from the measured data using the above formula. A* shown,

these data were obtained for the cases when the external portion of the cavity was

filled with various dielectrics and inserts built from various dielectrics were

introduced into the bore of the cavity,

figure 12 shows the average calibration sensitivity of the cavity vs,

length obtained from the data in Table I. In this case, averzge calibration constanis

were computed for cach "L'" of the cavity.
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Fig., 12 (3-12) - Sensitivity calibration constants of cavities
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Length "L" D# ! Insert D#2 Insert
of the cavity Cavity filled up with Cavity fillad up with
{inches) air D#l Dié aii D#1 D#2
. 35 <361 | .345 . 314 .368 | .358 . 321
.30 .309 | .2¢4 . 270 .365 | .336 . 314
o 85 .314 | ,282 . 306 <331 }.297 . 299
» 20 275 | .280 . 266 .300 | .289 . 269
.15 ! . 256 | .275 .216 .274 | . 261 .298
.10 .87 .183 122 .194 1.170 110

Table #1 Calibration constants of the cavity

J. Griemsmann
D. Jacenke
Electrophysics Departinent

3.1.4 Measurement of Electron Density and Collision Frequency of

a Field Induced Plasma

As a check on the resonant cavity techniques, the cleciron density
of a plasma produced %, a d.c., periodically pulsed voltage inside a cne inch
circular glass tube was measured using the (' diameter cavity designcd originally

for electron density measuremernt in the 5' shock tunnel,

A schematic diagram of measuring cavity arrangement is shown in Fig, 13.
For calibration purposes two identical 1" hollow circular glass tubes vrere made so
that they would extend through the total length of the cavity, Cae was fitted with
eilectrodes so as to provide the plasma. The other wasopen-ended. Foam Jdiclectric
rod sections having a dielectric constant of 1,075 wrve mackired so as 15 {111 this

second one inch tube. The repl- . crment of the air diciectric consiant by the known

foam diele~‘ric constant provides the cavity cal Lrations.
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Fig. 13 (>-13) - Partially filled cavity - hydrogen plasma

SECTION A-A

One determination of electron density requires three electrical measure-
ments. Each consists of the measurement of resonant frequency and Q of the

cavity under the following conditions:
(a) 7.asma f{illing a 1" glass tube
(b) Air filling a 1" ¢ ss tube

(c) Polyfoam filling a 1" glass tube.

For the measurement the assumption is made that neither the dielectric constant
of the polyfoam nor that of the plasma deviates sufficiently from 1. 00 so as to
cause a significant change in the field pattern from that obtained for the empty
glass tube. Under these circumstances the cavity may be represented in the
neighborhood of the resonant frequency by the cquivalent circuit shown in Fig. 14,
He:re LC represent the total relative magnetic cnergy stored in the cavity and GC
repr=sents the relative losses in the cavity when the air filled glass tube is in the
cavity, The total relative clectric energy stored in the cavity is considered to be

represented by the capacitance

C.=C.+C_=C. | K-k’ (1)
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Fig., 14 (3-14) - Equivalent circuit for measurz2ments
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AAA
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where C*( represents the relative electric energy stored inside the glass tube

and C_, the electric ener.y storage clsewhere in the cavity. This equivalent

C

circuit may be completely evaluated. If losses inside the glass tube are due to

electric field they may be taken into account by using a complex dielectric constant

kr = ke - jk;’ ., In this instance the capacitance inside the glass tube may be rep-

resented as some geometric factor K times the real part of the relative dielectric

constant ké as indicated in Eq. (1). The +sses are then re, resented by

GX = K- w&e 5 (2)

The complex relative dielectric constant of the plasma may be written

in the form B 2 3
Rt b R G
- ' - l+q7p l+q p
*p v
} = ’ - T 4
where P= o] P (4)
The quantity w«guals the angular frequency of the field, vis the collision
{requency,
The plasma angular frequency is given by
2
2 ne .., 2
Bl s me_ = (18n) n (5)

where n is the electron density, ¢ the clectronic charge, in the mass of the clectron

and €, the absolute dieclectric constant of free space.

For determination of the clectron density only the values of resonant
frequencies under each of the above conditions are required, Assuming the induct-

ance of the equivalent circuit to be invariant yiclds

— v e
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2 . 2 2
=W + = W 0
u’rp (CC + Kkep) Yra (CC = ure(CC tA keo) (6)

where wrp' w‘ o W, are respectively the measured angular resonant frequencies
of the cavity with plasma, air and polyfoam dielectrics. The latter dielectric may
be considered to be logsless with kco " eing the relative dielectric constant. The
calibration constant, Ié— , for the cavity may be obtained from the second two

2
Yra
(__ y
w
re

equations of (6) an? is bcqmd to be

K
= = . (7)
“c -

Keo 2

The real part of \he relative dielectric constant of the plasma obtained

from the first two equations of (6) is then

u)ra 2 CC uJrav. e
rp rp/ J

Identifying tms value of ké with that of Eq. (3) permits solving for the electron

density by using Eq. (5). Analytically a simple subsidiary relation is found to be

2 wraz
(bplw) Y I-EI‘-—
omNe - 1ok ® e b w1 - (9)
1+[(2) 2 Ya
o \w L2) )
P Wee

For determination of collision frequency the "Q'" of the cavity is measured
with plasma present and with air dielectric. Let these values be respectively
Qp and Qa' In terms of the equivalent circuit we have

1
Q = = (10)
P \Lrp LT(GC + GX)

and
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1
Q = (11)
a u"raLTGC GC

Identifying G,, of Eq. (10} with that of Eq. (2) permits solving for the imaginary

X
part of plasma dielectric constant, namely,

1+CC/K w wraQa
k” = P - (12)

€ Q w w
a ra rp p

This expression explicitly contains only measured quantities except {or the cali-
bration constant, CC/K, which ir turn is given in terms of measured quantities
by Eq. (7). From Eq. (3) the collision frequency is dete rmined through the relation

3

K’ = 2P (13)

T 22

1+qp
The above equations are cxact for the assumed equivalent circuit. Under conditions
of high Q (say > 500) and for measurements at frequencies sufficiently above
plasma and collision frequency considerable »implification of the above expressions

can be obtained through approximations.

Experimental Results

In the physical arrangements shown in Fig, 13 measuremcnts of electron
density were made on hydrogen plasmas operating at about 40 microns pressure
and currents of . 6, | and 5 milliamperes, The measured values are shown in

the {ollowing data:

Plasma Measurements

Current (ma,) {rp(MC.) Qp
.6 521,80+, 07 v
1.0 521,80+.10 , '

5.0 521.80+,73 640

Measurement accuracy was not sufficient to measure reliably the small

reduction in Q noted,
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Zero Current Measurements (Air Equivalent)

{ = 521,80 Qa = 949
ra
Mcasurements With Polyfoam Diclectric (kp0= 1.075)
{ = 521,80-.450

re

Computed Data

1. Calibration Constant -K/CC = ,0235

2, Electron Density

Plasma Currecnt (ma) Electron Per cc k’ w/w
£ i)
.6 1.ox10% 10117 9.25
1.0 l.43x108 1,0167 7,73
5.0 1.04x109 1.122 2.87

3. Collision Frequency (5 ma. plasma)
v=5,4x 108collisions/scc. (k: =.022, \)/mp = ,518)
k

~

|-

4, The plasma Q = = 51

=
M =

Discussion of Results and Conclusions

The measured values of average electron density in the plasma values
are found to agree in order of magnitude with those calculated for the plasma from

the measured currents and pressures,

Experimentally the limitation on the smallest electron density that could
be measured in the plasma tube was found to be about lO8 clectrons/ce and
this was prumarily a conscquence of the frequency resolution of the equipment
used. It should also be noted that the energy siored in the plasma was approxi-

mately 1/40 of the total cnergy stored in the cavity, When the cavity is applied to
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flow diagnostics the plasma will fill the cavity. Electron densitics as low as
2.5x 106 should then be readily measured for those instances in which the influence

of coliision frequency can be neglected.

Experimentally the limitation on the highest electron density that could
be measured in the plasma tube was found to be the loss of Q of the cavity, For
the plasma tube having a 5 ma. current the collision frequency is quite high, just
about 1/2 of the plasma frequency - the Q of the plasma .tself is noted to be only
50. Such a plasma would not have been measureable had it filled the cavity. For
flow diagnostics the collision frequency would have to be at least 40 times less or
less than v= 1.35x 10'7 collisions/sec. in order that an electron density as high
as 109 electrons/ cc could be measured, Collision frequencies as high as 107/scc
are not anticipated for the intended shock tunnel application. In any case the
maximum electron density of 108 electrons/ ¢cc¢c  was the upper limit designed

for the cavity.

The 5 ma. current experiments introduces several points that could
bear further investigation, Measurements were made at a frequency of electric
field only 2. 87 times the plasma frequency. How closc to the plasma frcquency
is Eq. (3) of the text and its associated plasma model valid? For no collisions
(v = 0, q= 0) the equation (3) would violate the Kronig-Kramer condition since
it postulates loss for any variation of diclectric constant with frequency. An
experimental check could be made on the equation by mcasuring the collision
frequency and clectron density of the same plasma at two different frequencies
using two differcnt cavities. One of these cavities would be operated at a frequency
close to the plasma frequency being a partially filled cavity as in the above experi-
ments. The other cavity would be operated at a frequency sufficiently above the

plasma frequency to insurc satisfaction of the previous restrictions.

Other experimental conditions that require further checking are the
non-unifo. m electron density distribution in the plasma and conditions for radiation

through the ends of the cavity. In the above tests no significant difierence in the
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measurcements resulted fromm covering the open ends with copper foil,

J. Griemsmann
E. Malloy
Electrophysics Dcpartment

3.2 Microwave Resonant Cavity Measurement of Shock Produced

Electron Precursors

Expcrimentalists working with shock tubes have noticed a variety of
electrical signals appearing on different types of probes in the region well ahead
of the advancing sheck front, These signals seem to assume various forms,
shapes, polarities and apparcnt velocities of propagation, depending on the cxternal
circuity and position of the probes rclative to the shock tube. Some signals appear
to propagate cffectively with the specd of light and are presamably produced by
photoionization effects. Other signals, howecver, propagate with velocitics ot
the order of the shock speed. The latter type of signal has been attributed to a

large scale diffusion of electrons upstrecam through the shock front,

In theoretical treatments of the problem, a varicty of flow conditions
have been considered. These yield electron precurso: effects which are attri-
buted mainly to diffusion in somc cases and to photoionization in others. Sup-
porting experimental obscrvations are cited in both instances. However, the
experimental cvidence in these cases suffers from a common shortcoming, namely,
the difficulty in interpretation of the signals obtained from probes, whether they
are irnmerscd in the {lowing medium or placed external to the shock tube, To
avoid the difficulties and uncertainties of interpretation of the different probe
signals, mcans other than probes were selected for use in the present investi-
gation, In particular, microwave resonant cavities are principal diagnostic
devices usod here. For the problem at hand, the advantages of microwave tech-
niqucs outweigh the shortcomings, Their unique suitability here is related to the
fact that at no time is therc any interaction between the flowing medium and the

probing microwave signal, which is ncgligibly small; the interpretation of the
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recorded signals is straightforward and theoretically as welt as experimentally
well-founded; and finally the signals recorded are free from spurious effects,

unlike the signals obtained from probes,

This investigation is being carried out in a 0.89-inch diameter shock
tube, The schematic diagram of this shock tube is shown in Fig. 1. Figure 2
presents a photographic view of the experimental setup. As can be seen from
these figures, two S-band cavities are inserted in tandem at the cad of the shock
tute. In front of these cavities a microwave antenna is inserted about six inches
downstream. This antenna is designcd to excite a TE., mode at a frequency of

11

about 9 kmc. The signal excited in the shock tube serves to determine the shuck

1
front velocity and the relative shock front position.

The cavities (Fig. 3) operated in the S-band frequencies provide the
means of measuring the precursor clectron density. The microwave cavity is
designed to operate in the TM 010 mode. The operating mode to the microwave
cavity is dictated by the electric and aerodynamic properties of such a cavity, A
resonant cavity operated in the TM 010 mode can be built into the shock tube with
the center portion of the cavity constituting a part of the shock tube (see Fig. 1);
the gas flow is left undisturbed by the presence of the cavity and at the same time
the center portion of the cavity, exposed to the flow, has the maximum concen-
tration of the electric field and is thus the most sensitive to perturbation (the
perturbation level, of course, being the degrec of ionization of the flowing medium).
The frequency of operation of the cavity is dictated by the size of the shock tube,
With an operating frequency of about 2.7 kme and a cavity Q of about
3000, an electron density level of 5x 107 to 1010 cl/cm3 can be measured 2¢ 3, 4.
It is thus possible with such an arrangemoent to obtain an electron density profile
of the precursor as a function of the distance fromthe moving shock{ront, A second
S-band cavity, tuned to the same rcsonant frequency as the first and mounted about

ten inches behind the first, provides the means of obtaining the velocity ot the

clectron precursor. Efforts are being made to experimentally assess the relative
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X~-BAND ANTENNA
\ S=-BAND CAVITIES

SHOCK TUBE

Fig. 2 (3-16) - Photograph of experimental sctnp
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A, PICTURE OF S-BAND CAVITY

TM,,, MODE
CAVITY —— Lo SHOCK TUBE
|-T

| ™~ DIELECTRIC

r%’\ ANTENNA

B. SCHEMATIC OF S-BAND CAVITY

Fig. 3{3-17) - 5-Band cavity
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impertance of diffusion . nd radiation in the precursor structure as a function

of shock velocity, A typical recording obtzi.ed by *he cavity method is shown

shock position

—= t =20pusec. /div.

Fig. 4 (3-18) - Upper trace - shock velocity measurement

Lower trace - S-Band cavity response (precursor
measurement)

Note: The S-Land cavity responds before the
arrival of the shock front.
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20x10°
1.8 x 10°
1.6xI0
s 1.4xi0®
9 F’. = lmm Hg
2 M= 11T
£ 12x10° Ak
g no ( EQUIL. NO. DENSITY
wl
3| oxio® BEHIND EHOCK)
: - 2x 10 EL./C.C.
g = (6)
' 8!‘0."
=
6x10%-
ax\0%-
2xl0"—
6 10 14 18

DISTANCE IN FRONT OF SHOCK FRONT - cm.

Fig. 5 (3-19) - Preliminary precursor electron density profile in
argorn in a pressure driven shock tube
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in Fig. 4, as well as a preliminary electron density profile of the precursor as

a function of distance from the shock front in Fig, 5.

S. Lederman

D.S. Wilson
Dept. of Aerospace Engineering
and Applied Mechanics
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3.3 Electron Density and Relaxation Time Measurement Behind a

Reflected Shock

In a shock tube samples of gas may be rapidly heated to temperatures
of the order of 104°K. There may, however, be some delay in raising the
internal energy of the molecules to produce dissociation and ionization, Initial
ionization is usually attributed to collisions betwecen molecules but as the electron
density increases, collisions betwien electrons and neutral particles may also
become important or even dominant in the ionization process. The resulting time
lag between heating of the neutral gas by the shock and attainment of the equi-

librium electron density may best be stud ed in a shock tube. This lag or
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relaxation time depends on the effic iency of molecular collision processes, on
the physical properties of the particular gas under investigation, on the density
of the gas and on its purity. Determination of thesc relaxation times is of impor-

tance for understanding combusticn and other rapid chemical reactions.

Several methods have been used to measure this delay time, In this
investigaticn an attempt is being made to apply a microwave resonant cevity tech-
nique to measure this relaxation time behind a reflected shock in a shock tube.
One particular cavity arrangement well-suited for this measurement is an ''end

wall" cavity operated in the TEOll mode. Fig. | shows the schematic of this

Wave Guide

Y

Shock  Tube

3 7
TEO 11 CAVITY

~Dieiectric Window

Wave Guide

Fig. 1(3-20) - Schematic of end wall cavity
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type of a resonant cavity, Fig, 2 shows a schematic represcentation of the experi-
mental apparatus including the cavity. In Fig. 3, a photographic view of the
cquipment is shown. As can be scen from Iig. 1, a diclectric window forms the
end of the shock tube and scparates the cavity from the shock tube. This is a very
important detail. When the incident shock is reflected from the dielectric window,
the ionized gas behind the reflected shock forms a conducting wall which completes
the cylindrical cavity. The depth of penetration of the cavity field into the plasma
depends on the clectron density at the wall, Since the resonant frequency of the
cavity depends on its size and therefore on the penctration depth, the measure-
ment cf the resonant frequency may be used to determine the clectron density.

The change in resonant frequency as a function of clectron density is given by

x\L\

I \
L. k=2 -y,
& iy e
o P o

where w is the resonant frequency of the cavity with a metallic wall adjacent to
the dielectric diaphragm, wp is the plasma frequency, Vv is the collision frequency,

and K is a configuration constant easily obtained throngh calibration .

In making mecasurcments, two microwave signals are applied simulta-
neocusly to the cavity. The two signals are displaced below the resonant frequency
and Aw_, of the order 10-20mc. The difference between the two

1 2
frequencics may also be of the order Jf 10mec at an operating frequency of 9 kmc,

W by amounts 4w

The cavity then will resonate for each signal when the corresponding electron
density forms in front of the diclectric window, By repeating a number of closely
controlled tests, and shifting the frequency applied to the cavity, it is possible to
obtain an clectron density profile behind the reflected shock as a function of time,
A typical signal obtained from this cavity is shown in Fig. 4. Four recsonant
conditions arc clearly visible. The first two correspond to the buildup of 1oniza-

tion and the latter two to the decay.

This work, as mentioned above, is being conducted in a once inch i.d.

shock tube. The driven gas is dry air at an initial pressure of I mm Hg.  The

A e
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END WALL CAVITY

END WALL CAVITY

Fig. 3 (3-22) - Top and side views of end wall cavity on shock tube
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Resonant frequency of cavity closed by a metallic piston

f = 8782 mc
(o]

8756 mc

= 8765 mc

Sweep 10ysec /box ~

Fig. 4 (3-23) -~ Typical data trace showing end wall cavity response

driver gas is hydrogen at 120 psia. The incident shock Mach number was main-
tained at 9.2%0.2 S.D. Some preliminary results cbtained are shown in Fig. 5.
As expected, the ionization relaxation time was fourd to be very short, on the order

13el/c:ms.

of 2y sec. The equilibrium electron density was found to be about 4x10
As can be seen in Fig, 5, the decay is much slower than the buildup. The measured
rise time is found to be in good agreement with the data reported by Manheimer

and Lowz. It was also found that the end wall cavity technique may yield information
on the boundary region between the end wall and the plasma. The measurements
shown in Fig. 5 were conducted with a boron nitrate window on the cavity. Tests,
using a mylar window on the cavity, were also conducted and they indicated a some-
what lower equilibrium electron density behind the reflected shock. The mezasured

relax: time remained the same, however. The reason for this effect is not




ELECTRON DENSITY (elecs/cc)

(elec. /cc)

ELECTRON DENSITY

10

PIBMRI-1295.1-65

13

IOIZ

152

—

Lt

BORON NITRATE WALL

4
AN
|
|
10 20 30 40 50 60
TIME (u sec.)
| [
{Ne) EQUIL.
al_
4 /
/ BUILD UP OF ELECTRON DENSITY
Aot
/e /

Fig. 5 (3-24) - Electron density as a function of time behind a

2

3

TIME (L sec)

reflected shock in air Msi = 9,2




PPIBMRI-1265.1 5 153

quite clear at this time and an investigation into the cause of the discrepancy

should be und:riaken.

S. Lederman

E. Dawson
Dept. of Aerospace Engincering
and Applied Mecchanics
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3.4 Measuremernt of Time-Resolved Electron Density

The measurement of time-resolved clectron densities in a plasma speci-
men or plasma flow, with the use of microwave rcsonant cavities, requires a
certain number of reproducible tests if the electron density varies over a wide
range. Present measurcements yield discrete values or »t most continuous values
in a narrow range of elcctron densities. Techniques of this kind are described,
for'examplc, in :+‘mrence 1. This note describes a method for obtaining a con-

tinuous time-revoived «lectron density measurcement over a wide range of values.

As repotie <. ontly in the literature, fast electronic tuning over a wide
frequency band can be accomplished by the addition of an external, plasma filled
cavity to an otherwise conventional reflex klystron (Fig. 1). It is pointed out
here that this principle can be utilized in an inversce fashion for the measurement

of time-resolved electron densitices.

The basic scheme is indicated in Fip. 2. It consists of a conventional

reflex klysi- o or externally tuned microwave triode, an external cavity tunable
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Fig. 1(3-25) - Schematic of the plasma tuned klystron oscillator

by an ionized flow through it, a second microwave signal source, a crystal mixer,

a FM detection system, and a recorder.

The system operation is the following:

the klystron or microwave triode, in conjunction with the external cavity without

a plasma, is generating a signal of a frequency x’o. When an ionized flow is intro-

duced into the cavity, the s'gnal changes to a new frequency f.

In the case of a

time varying clectron density, the frequency of the klystron oscillator varics

accordingly., 7The result is an equivalent frequency modulated carrier.

This
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sigu. ' 1s then mixed with a signal {rom the second gencraior and the resulting

i-{ signal is applied to the detection system. The output of the detector is then
recorded on an oscilloscope. It is thus possible io obtain a ti1 e-resolved clectron
density distribution, The absolute value of the number density is obtained by a
standard calibration method, This system can be applied not only to conditions
generated in shock tunnels or tubes, but also for any specimen to which cavity

diagnostics car be employed.

S. Lederman
Dept., of Aeruvspace Engincering
and Applied Mechanics
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3.5 An Experimental Investigation of the Near Wake of 2 Slender Cone at

M_ =8and 12
o)

Under Air Forcc:k sponsorship, various experimental data have been
obtained in the near wake regionof a 10° angle (50 half-angic) sharp cone at
free stream Mach nunibers of 8,0 and 11.8. The tests were conducted in a blow-
down type tunnel using fine wircs to support the model. The Mach 8,0 tests were
conducted at free stream Reynolds numbers of 0, 3x 106 and 1, 7x 106 per foot;
laminar and turbulent boundary layers were obtained on the cone surface at these
respective Reynolds numbers, Data obtaisied include radial profiles of temperature,
pressure, aad Mach nuniber at axial locations between one and three base dia-
meters downstream of the model, Heat transfer and pressure distributions on the

model base were also obtained.

" This work was carricd out under USAF Contract No. AF 33(616) - 7661

Project No. 7064 and Task No. 7004-01 and USAF Contract No, AF 49(638)-1391
Project-Ta.:k 9781-01 PE 1405014,
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The Mach 11, ¥ tesis wer - conducted at a free stream Reynolds number
of 0.6x 10(" per foot and the surface boundary layer for all these tests wa
laminar. Data obtained include centerline distributions ot Mach number, pres-
sure, and temper.iure for a distance between one and four base diameters down-
stream of the model. Centerline temperatures were also obtained in the re-
circulation region for model wall to stagnation temperature ratios of 0, 04 and
0,47. In addition, total teinperature profiles were obtained downstream of the

rear stagnation point,

R.J. Cresci
Dept. ¢ Acrospace Engineering
and Applied Mcchanics

tInder ARPA/ONR sponsorship the program of near wake studies has been
continued with the objective of examining the near wake of a 20° angle (10° ha lf-angle
cone) at an angle of attack,

Up to the present time the boundary layer measurcements over the body
have been made. Morcover, the near wake measurements at zero angle of attack
at Mach 8 have becen carried outs These are de:scribed in detail in PIBAL Report
No. 893 cntitled "An Investigation of Hypersonic Flow Around a Slender Cone”
by E, M, Schmidt and R.J. Cresci.

3.6 Utilization of Hot-Wire Anecmometer

The hot-wire anemometer unit being used at the Polytechnic Institute of
B ooklyn Aerospace Laboratorics (PIBAL) is a Mode! CCB two-channel system manu-
facturced by Flow Corporation (see Fig, 1), Unit is sclf-contained and fcatures
separate constant current supply and controls for cach of two hot-wire probes,
and separate d. ¢, bridge circuits for cach of two probes,  The system's Sum-
Difference control unit permits reading signal A, signal B, A+ R, or A-B, Present
capability includes gas stream turbulence measurements for subsonic and super-
sonic flows with high or low stream temiperatures; specifically, measurements of
the intensity and scale of longitudinal and transverse turbulent components may

be accomplished.
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Fig. 1(3-27) - Flow corporation constant current
hot-wire anemometer and associated
equipment

At the present time a free-jet calibration tunnel has been put ir. operation
wherein flow conditions are subsonic and stream temperatures up to 2000°R are
obtainable (see Fig. 2). Experimental investigation of the structure of the tur-
bulent flow of three-dimensional free jets will commence immediately following
the present calibration program. A typical orifice for generating these jets and

the associated pitot probe and hot-wire probe for these studies is shown in Fig, 3.

The CCB Hot-Wire system will also be used in the experimental investi-
gation of flow properties in the near wake of a slender hypersonic vehicle, Of
particular interest is the ascessment of the nature of the free shear layer between
the rim of the cone and the rear stagnation point, Free-mixing flows such as this

are characterized by their instability hence it is of great interest to determine if

- m— g
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a) Free-jet calibration tunnel and hot-wire probe

b) Hot-wire probe and axisymmetric orifice plate

Fig, 2 (1-2#)
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Fig. 3 (3-29) - Orifice plate for generating three-
dimensional jets with calibration
pitot probe (top) and hot-wire probe
(bottom)

the laminar boundary layer on the body (at M ~ 12 and roughly 150, 000 ft. altitude)
will suffer transition to turbulent flow after expansion at the base of the body. If
such is the case, then a study of the turbulent structure of this flow and the ability

to obtain an approximate eddy viscosity expression is highly important.

Attached herewith is a data sheet indicating the operating range and

characteristics of the hot-wire system being used at PIBAL,

DATA SHEET FOR MODEL CCB
HOT WIRE ANEMOMETER

Model CCB
.25, V noise level; T denotes the normal time constant of the wire,
2 cps — 100 kc
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Hot Wire Filaments

Mat dia App. Resist(Q) Max Wire (T°F) T
Temp
W1 Tungsten ,00015" 8.0 600 . 0004 sec
W3 Tungsten ,00035" 1.5 600 .0016 "
W5 Tungsten .0005" .7 600 .003 "
20% Rhodium " "
P15 {80% Platinum ] - 0005 2.3 2060 .003

Two types of electrical circuiting have been used with hot wire instru-
ments, namely, ''constant current'' operation and ''constant temperature'' opera-

tion,

In the constant current system, the wire heating current is kept constant
and the voltage across the hot-wire is cxamined. In this system, the response
of the hot-wire to a velocity fluctuation is modified by its own internal heat capac-
ity, therefore it is neccssary to include a compensating circuit in the amplifier

which automatically corrects for this internal heat capacity.

In the constant temperature type of instrument, a feedback circuit main-
tains constant resistance, and therefore constant temperature, through the hot-
wire. The energy input of the hot-wire must then go entirely into the air stream,
and the internal heat .apacity of the hot-wire is no longer of importance because
its temperature is constant, Conscquently this cnergy input is a measure of the

instantaneous air velocity.

While the constant- Temperature system presents apparent theoretical
advantages it is subject to serious limitations, The upper frequency limit of the
feedback amplificr must be more than twice the useful frequency range of the
instrument, so that to match the performance of the best constant current systems
requires excessively high frequency aperation with associated problems of

stability, N)isc levels are generally higher and driit in the high gain d. c.
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amplifier mus. be carefully controlled. High capacity power supplies must be

regulated to better than , 001%, which implies great expense and bulk,

P.M, Sforza
Dept. of Aerospace Engineering
and Applied Mechanics

3.7 lon Beam Collision Studies

Purpose of the Project

Collisions o{ ions and neutral atoms and molecules using ion beams in the
energy ringe 200-2,C00 e.v. are being investigated by means of scattering
expcririents,

When a hypersonic object enters earth's atmosphere, a shock wave is
formed in front of it, and the air in froat of it is heated to high temperatures,
In the high temperature range encountered, 3000 to 8000°K the thermal conduc-
tivity and viscosity coefficients (as well as other transpcrt properties) are not
directly measurable by laboratory techniques. The results of small angle scat-
tering measurements can be used to obtain information about the intermolecular

potential over a range of 0.2 to 20 e. v,

In turn the intermolecular poteniial energy function obtained from scatter-
ing experiments can be used in the appropriate theoretical equations of statistical
mechanics and statistical thermodynamics to obtain the equation of state of the
high temperature gases, and the transport properties such as viscosity, thermal

conductivity and diffusion coefficients. 2

Accomplishments since January, 1965,

A universal cross electron beam ionizer was constructed and installed
for the purpose of measuring the flux of high velocity neutral molecules which

result from charge-enchange collisions and other inelastic processes.

The electron becam ionizer was patterned after 2 mass spectrometer ion
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source proposcd by Doctoroff, et al, 4 for a high sensitivity residual gas analyzer,

In this arrangement the electron and ion beams move coaxial with the axis of the
atomic or molecular becam, Electrons accelerated from a hot tungstern filament

pass through a wire mesh grid, 1nd are brought to a focus in the vicinity of a voltage
defining slit Beyord this slit they diverge. lons formed in this region of the

source by collisions of electrons with molecules ar:: accelerated into the sector

field of the mass spectrometer, and detccted by a secondary electron multiplier,

In addition, a sc¢ctor wheel chopper was installed for modulating the beam
and a lock-in amplifier added to distinguish the modulated beam from the unmodu-

lated background.

To date it has not been possible to detect ions resulting from the inter-
action of the electron beam with the high speed neutrals produced by charge
exchange in the ion source, because of the large ion current produced by electron
ionization of the residual gas in the vacuum chamber. It is hoped that carefu.
application of retarding potentials and magnetic analysis will cventually allow

detection of the small signals.,

In addition, considerable time was spent in various modifications of the
arc discharge ion sourcc to climinate electrical breakdowns in the ion source

which limit the maximum attainable beam energy.

Plans for the Following Period

Ion scattering cross sections,
It is planned to measure the total scattering cross section for scattering
of energetic helium ions from helium and other neutral gases. In addition, the
charge exchange cross section will be measured. The variation of the cross sec-

tion with beam energy will be used to determine the intermolecular potential encrgy.

Previous attempts to measurce these cross sections produced cross sec-
tions much larger than cxpected. This wes traced to a charging effect in which
the beam causced insulating layers to form on metal surfaces, and the static electric
fields causcd ions to be deflected out of the beam., A modification of the vacuum

pumping system is plarncd which will include a bakcable molecular sicve trap to
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eliminate back- streaming of diffusion pump oil,

The arc discharge ion source produces an ion beam in which the ions
can have excited electronic states, Future work will be concerned with designing
an ion source in which the ions are produced by collisior of gas molecules with
electrons having well defined energies. Scaitering experiments using such a
source would eliminate possible errors in cross sections caused by excited ions,

N.C. Peterson

E. Fonder
Chem.istry Department
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3.8 Similar Solution of the Steady Incompressible MHD Flow in a
Slender Channe! (Abstract of a paper in preparation)

The classical Jeffrey-Hamel problein in ordinary hydrodynamics has been
extended to include the case of the flow of an clectrically-conducting fluid in the
presence of a magnetic field. The solution of the problem is not only of theoretical
interest, but may also be applicd to magnetohydredynamic flows in diffusers and
nozzles. Exact solutions have been obtained independ=ntly b Axfordland

Vatazhin2 for small values of the magnetic Reynolds auamber.

In this paper, we scek similar solutions to the equation: of magneto-
hydrodynamics using the boundary layer approximation for the eqaations of motien.

The resulting cquations then describe the flow at moderate or high Reynolds
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numbers in a slender channel, i.e., the characteristic length of the channcl,

2, is much greater than the half-height, r.

In Section 2 of this paper, we obtain the governing equations with the
boundary layer approximation. The boundary conditions to be satisfied at the
walls are also given, In Section 3, we show that these equations can be reduced
to two ordinary differential equations, one of which may be integrated and then
combined with the other onc to form an equation of the third order. Solutions
are sought for flows betwecen two divergent plane walls, The results are compared
with the exact solution in reference 1 for a magnetic Reynolds number “-M
(Axford's notation) of 0,01, It is found that for the magnetic interaction parauicte:
N less than 2/3 the magnetic field and wall angle effects interact to give a good
approximaiion to the exact solution in the velocity profile and the maximum wall
angle to avoid flow separation for wall angles at which the boundary layer approxi-
mation breaks down. This result is fortuitous. The discrepancy in the magnetic
field distribution, however, increases steadily as the wall angle increases. This
limits the applicability of the similar solutions to wall angles equal to or less than
ten degrees.

W, Mak
M. H. Bloom

Dept. of Aerospace Engineering
and Applied Mechanics
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4., COMMUNICATIONS AND PATTERN RECOGNITION

Introduction

In this section a numpbper of studies are reported that « -e either basic or
related to the problem of detection and »acognition of objects moving at hyper-
sonic speeds, The problem of detection can be considered a problem in commu-
nications where a transmitter transmits a signal which is reflected from a time
varying channel. The Electrical Engineering Department is involved in a program
of studying time varying channels and optimum transmitters, Basic studies in

-attern recognition are carried out in the Electrophysics Department.

In Section 4.2 a fading channel simulator is described. This channel simu-

lator can be used to study the ionosphere, troposphere, or a rapidly moving target.

In Section 4, 3 the response of an F, M, discriminator to a fading signal in
additive Gaussian noise is investigated both theoretically and experimentally. To

perform the experimental work an electronic channel simulator was constructed.

Studies of the response of a phased locked loop receiver are deccribed in
Section 4,1, This receiver is used whenever threshold techniques are necessary.
The report shows how it is possible to extend the phase locked loop threshold
further by following the loop by a non-linear filter rather than by a linear filter.
The response of a phase locked loop demodulator to a fading signal has been cal-
cuiated and experimental work will begin shortly. The results of this threshold

extension procedure wi 1l be applied to the fading problem,

An estimation proccdure to determine the characteristics of a signal transmitted

through a fading channel is discusand in Section 4. 4.

In Section 4, & optirnum analog detectors and approaches used in making them
rcalizable are described. Some experimental work has been started to deterrnine
the degradation of performance resulting from the application of realizability

conditions,
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In th last section, 4.6, a sketch ol an approach to the theory of pattern

recognition is given.

As mentioned in thc general introduction to this report the work contained in
Section 4 will be continued under different sponsorship for the reasons stated
there.

D. Schilling
Electrical Enginecring Dept.

4.1 Extending the Phasc Locked Loop Threshold

When estimating an F. M. signal embedded in noisc most invostigators
use a phase locked loop receiver or a frequency demodulator with feedback. The
devices are used as they extend threshold considerably over thie more conventional

F.M., demodulator.

When threshold is reached in cach of these devices sharp spikes are seen
at the output of the device, In the F.M. demodulator, this spike is caused by the
input noise causing a phase rotation of 27 radians in a short interval of time. The
F.M. demodulator with feedback has spikes caused by this F. M. detector and also

by the loop falling out of synchronization,

The phase locked loop has only one type of spike. This spike is due to the
phase locked loop falling out of synchronization, When this happens, the phase moves
2n radians to the next stable point. The time required for this Zr shift in phase is
the inverse of the loop ~ain., The larger the loop gain the smaller the time requir-
ed to make the transition, Since the device is a frequency demodulator, a large
spike is observed having a width the ‘nverse of the loop gain and an area of 27,

This spike can be mathematically represented by a delta function and the number

of spikcs per second has been calculated.

A minimum number of spikes is obtaincd by using a very wideband
system., Even when this minimum number is obtained one can further reduse the

effect of these spike- on the output signal to noise ratio, This 1s donc by following
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thc phase locked loop by a nonlinear filter. When the spike occurs, it is sensed
and the nonlincar filter holds the output at the level obtained just prior to this
spike. In this manner, spikes car be eliminated, but distortion of the signal is

introduced.

Calculations are now underway to determine 2xactly how much extension
is possible, A 6db {urther extension of threshold is estimated. Expecrimental

work is alsc underway,

D. L. Schilling
Electrical Engineering Dept.

4.2 Fading Channels and Communication Through Fading

An electronic probability machine haz been constructed packaged, and
tested, A report has been written outlining its operation and its limiitations. A
raper d=scribing its construction and operation has been submitted to the IEEE

Transactions on Instrumentation and Measurement,

Work is now procecding that will resuit in a catalog of the various types
of probability densitics that may bz generated within our water tank fading channel
simulator. This catalog will also contain information as to available center fre-
quencies a:.d bandwidths as well as Jimitations as to the available fading spectrum
‘ot anv given probability dens:ty function. To aid in the experimc¢ntal werk con-
nected with the generation of desirable fading spectra a 0-5, 000 hertz low {re-
quency spectrum aralyzer has been obtained and a narrow band high frequency

spectrum analyzer is being obtained,

A program of limiter circuit and fast acting /.GC circuit design and
construction is weil underway. When completed this program will yield a supply
of "known paramicter' blocks for use in constructing and testing various proposed
"anti rading" communication schemes, They should also allow experimental veri-

fication or 1-adification of various theoretical "ideal' limiter results,
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Mr. Edward Nelson, a PIB instructor and FhD candidate has 4 single
channel, clectronic fading channel simulator in opcration. He is investigating
the transmission of F. M. signals through this system. While this circuit is not
as versatile as the water tank simulator it has several advantages af its own,
These advantages include the relative ease with which the fading rate and the fading
spectrum may be controlled and the fact that by employing a loop of tape recorded
ncise as the 'fading' generator one may not just ap >ly statistically siinilar frding
to different signals but may actually apply identical fading to these different types
of signals. This ability to apply identical fading to different types of signals may

be important in exploring the fine structure of various antifadiry circuitry.

K. K. Clarke
Electrical Engineering Dept.

4.3 Analysis of an F. M. Discriminator With Fading Signal Plus

Additive Gaussian Noise

The problem to be handled is shown by the diagram below.

[ , 1
INPUT ot wy(t} +0(1) + (1)
Lft)cos[u.bt+$(t)+2(t)] il %% f J

R(1) cos [wnt +D (1) + Y1) " .o +v [ OV ]outpur
+ [wet +2 ¥ ] IDE"L pERvaTivEl @ =R +¥ | LOV | ouTPuT
+ LIMITER DEVICE FILTER

2= p i cos[wet + A1)]

~

Fig. 1 (4-1)

(5,)
g q g g O _
It is desired éo compute the ratio of signai to noise ratio at output ) to that
. o

at the input ml‘) and estimate the discriminator threchold both theoretically and
i
experimentally, To do this one must compute the power spectrum at the output
of the derivative device. Thus, the (nitial undr rtaking will be a computation of the

correlation function at ey specifically Ry(7).
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The fading signal is achieved by the following means.

&L(?)
A

cos[wo' +2m] %=(L+A)cos[w°t+g] -y sin[wot +g]

A
50° 4 L = cos [wot +D + ‘%}
4=
FHASE
SHIFT

'!(f)

Fig. 2 (4-2)

x(t) and y(t) are two independent low pass Gaussian processes with the same
autocorrelation function Rx('r) s Ry('r). r (t) is Ricean, or Rayleigh if A=0. The
fading device has a bandwidth greater than 200KC. The center frequency (fo) is
taken as 455KC. A description of the device appeared in the Microwave Research
Institute Progress Report No. 20, 1 April 1964 through 30 September 1964, The
only modification is that the low pass processes are nnw obtained from a Zener
diode by filtering and amplifying. The measured power spectrum of the Zener
diode is flat frozn 1/2 cps, the limit of the (Luantech low frequency wave analyzer
(Model 304). The amplifiers are a.~. coupled with low frequen .y breaks of .1 cps.
In particular G (f) = T—-EL- where {e = 10 cps. The envelope statistics
{1+ )%
were measured by means of two probability density machines, one consisting of
a phototube and the other completely electronic. The results were quite good.
Furthermore, the power spectrum of the envelope (A =0, Rayleigh) was also

measured and found to be consiscent with the theory. Supervisior. was provided

by Professor K. K. Clarke who was alsc responsible for the development of both
probability density machines.

Returnino to the problem, onc notes that with no additive noise Ry has
already lLeen determined, from which G¥ (f) was computed by numerical methods.

Lawson and Uhlenbeck handles this for the case where Gx(f) is bandlimited white

noise, whereas Rice in "Sinc Wave plus Random Noise' does it for GX (f) a

e e —— e i s e
g T Y
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Gaussian spectrum. The spectrum of @ will be measured and compared with the
theoretical results of Rice and Lawson and Uhlenbeck., Exact agreement is not
to be expected since the experir.ental spectrum has a double pole. Also, an
attempt will be made to measure the statistics of ®(t), With A =0 (Rayleigh) one

expects a uniform probability density,

With additive noise Ry will be found theoretically first for the casc of no
modulation. When modulation is included D(t) will be considered as a+“sinyumt +v)
where a and y arc independent and uniform in (0, 2n1). In practice one ncver knows

the phase of the signal exactly, The inrlusion of a and y also makes the process

stationary.

This work is being carried on under the guidancs of Professors K. K.

Clarke and D. Schilling,

E. Nelson
Electrical Engineering Dept,

4.4 Optimum Demodulation Using Bayes Criterion In Random Channels

Recent studies have been concerned with the detection of phase and (re-
quency modulated signals corrupted by additive Gaussian white noise in deter-
ministic channels under the optimizing condition that the Bayes risk be minimized.
This work has been extended to include the cffects of a randomly fading channol.
Fading behavior can be broadiy catagorized according to whether the channel fluc-
tuations are rapid a slowas comvared to data observation intervals, and also
according to whether there are amplitude and phase variations or simply amplitude

changes,

The simplest case to be considered is that of the transmission of a discrete
phase angle through a fading channei vhosc transmission amplitude is a Gaussian
rardom variable and whose phase fluctuations are neglected. Received signals

(including additive white Gaucsian noise) are of the form




v(t)
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vit) = i\SO cos (wot+g) vn(t), 0<t< T

where A has a mean of unity and a variance of 0 ,. The optimum Bayes demodu-
lator for this type of received signal has been found and its block diagram repre-

sentation is shown below,

4 EXPONENTIAL
h|(?) A .m-'[_AMpUHER b .
U
SQUARE M
A
N L]
he(t) A o e | e e e A e e P g 85
2 2 —— o
. l;b D
|
: SAME AS ABOVE Y
' B :
P, D
0 e = m e = =
MATCHED 77 D
FILTER

BANK (MATCHED TO S, cos(w,t +6;)

Fig. 1 (4-3)

In the limit as the variance, 0 ,, of amplitude fluctuations approaches zero (that
is, as the channel becomes deterministic) the implementation approaches that

which has been previously derived for non-random channecls,

A further degree of complexity is introduced by including phase fluc-
tuations as well as amplitude fluctuations. Received signals may then be repre-
sented in the form

v(t) = fcos(wot t8) +y sin(wut+ 8) +n(t), 0<t<T

-
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where x and v are Gaussian random variables. Only when x or y has a non-zcro
mean value can phasc information be cxtracted from the roceived signal; further-

more, it can be shown that a fairly simple recalization can be effected in this case.

A third class of problems i> :oncerned with the estimation of a random

process a (t) which appcars in the following phase modulated signal:

x(t) = X cos [mot+a(t)] ty sin[wot+a(t)] +nft), 0-t<T .

Special cases of this include Gaussian, Rayleigh, and Ricean amplitude variation,
and for each of these, estimator implementations have been found which are approxi-

mate to first order,

In forthcoming months this work will be extended to include the cffects of
rapidly fading channels. In addition, former vork will be generalized to include
the spaced-antenna diversity problem, wherein the data is composed of many inde-

pendent received signals,

The present work is being carried out under the supervision of Professor

D. Schilling,

P. Crepeau
Electrical Engineering Dept.

‘4,5 Recalizable Approximations to Optimum Analog Dcinodulators

(Abstract of a report in preparation)

We consider here the problem of continuously estimating an analog signal
which has been used to modulate a carrier and then is contaminated by additive
noise and fadir», An carly solution is provided by the work of Wicncrl who has
established a procedure for finding a lincar filier that yiclds a lower mean-squared
error than any other lincar filter, A sccond approach is that of melaz. Using «
maximum a posteriori performance criterion he finds a sct of integral equations
describing the desired results, Van Trcos3 allows the forin of these equations

suggest real-time receiver structures containing feedback loops and non-lincarities
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as well as unrealizable compunents (realizable with sufficient delay).

The first part of this work 1s concerned with the realization of the alove
receiver without delay. Since rost of these receivers include some form of a
phase-locked loop which constantly loses lock, it is intended to investigate the
effects of this transient condition, We then seek the "optimum' receiver for con-
tinuous estimation without delay and where data acquisition starts at some fixed
time (after lock is restored). This problem (with a mean-squared error criterion)
reduces to the original Wiener problem but for a growing-memory filter. This
problem is solved here. Comparisons with the performance of optimum stationary
filter indicate little difference, hence the latter fiiter being simpler to implement

is preferred.

A criticism of the above solution to date is the ambivalence towards a
performance criterion. Specifically both maximum 2 posteriori (MAP) and mini-
mum variance criteria are used somewhat interchangeably. In this work we
establish a performance measure for the MAP criterion and try to develop the

connection between the two criteria. Work on this topic shall continue.

Most of the above, and subsequent work, is restricted to the linear region
of the receiver's operation. .Following Vitcrbi4wc use Fokker-Planck techniques
to investigate the non-linear performance of these receivers. i'u:ther experi-
mental ‘and theoretical work in this regard is in progress. Briefly we find the
presence of ''clicks' (jumps in phasc) adds to the system error and tends to yuestion
the suitability of the performance criterion. It is possible that a better recciver
design would result from a compromisc between reducing the frequency of clicks
and the design in the lincar region. As indicated above, work in this area is

progressing.

The latter section of this cffort deals with the effects of fad” j on system
performance and design, We first consider A. M, (or bascband) signals (with fading)
and find the optimum linecar filter. (This is an extension of Wiener's work to include

fading). We find that as the carrier-to-noise ratio is increased the error instead
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of reducing to zcro (as in the non-fading casc) approaches a constant duc to the
fading, To investigate whether this (fading) error can be reduced by a non-linear
filter we extend the Cramer-Rao (lower) Bound to include fading and find that the
fading error does disappear. Schwartz5 has extended the work of Youla and found
the MAP receiver in the presence of fading. We next evaluate the performance of
this receiver for slow fading and find that again the fau.ng error disappears. Finally

we evaluatc the performance of P. M. receivers in a fading environment,

As indicated above the following areas are still being investigated:
1) non-lincar performance and subsequent modification of design (by Raymond
Stroh, a full-timc Masters student); 2) performance measures for MAP and com-

parison with minimum variance (by Walter Devensky, a part-time Masters student).

R.R. Boorstyn
Electrical Enginecering Department
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4,( Fattern Recognition Theory

The following is a sketch of an approach to the theory of pattern recog-

nition which aims to answer certain fundamental questions posed in a previous
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report!. The basic problem of pattern recognition is to classify an unknown
obiect, signal, or set of signals to one of several categories. The signals might
be radar returns, emission spectra, etc,; the set of categories migit be

{target and noise, noise alone }. {natural object, harmless man-made object,
threatening object} etc, If the signal statistics are known for each category, then
the problem is easy. A more usual case is not even to know the form of the
distributiona involved, eg. it may not be known that they are Gaussian., The
material presented is abstract and not applied, but is is believed that further work

in applying the basic ideas would be valuable.
General

In the following a pattern will be defined as an r-component real vector

which can belong to one of k classes. It will be assumed that d sample patterns

of known class are provided {rom ecach of the k classes, these differing from each

other even within the same class becausc of random perturbations. The sample
(v)
ji

and Vv the individual sample index (1,2... d). The task is to classify or recognize

patterns will be denoted by £ where j is the class, i the component (1,2...r)

the k{d +1)'st pattern (xi) according to some criteria to be developed below, A

pattern recognizer will be defined as a function NE,x, j) such that for every (g, x)

combination T'= 0 for some j and "= | for all other valucs of j» As an exampfe,

consider
: 0 j=)
T ,x,j) = o . )
(; j) {1 AT P PUUSE IR PO I P
(1)
r d 32
where § minimizes S 1 2 F(v)-x
Jo d L iJ
izl vzl

Here will be said that x is recognized as belonging to class jo after the recognizer
is calibrated by the samples £. The choice of patterns (by '"nature' or some
external proccss) is assumed to be made according to a probability density P
defined as follows: P (f,x, i}df dx is the probability of having the calibration

patterns in the volume element 'd£, the unknown pattern in the volume elern.ent




PIBMRI-1295.1-65 177

dx, and the unknown pattern chosen from class j. The probability of misclas-

sifying the unknown pattern is given by

k
Q=) [ r@.x i} PE.xj) a2 dx (2)

If the function P is known there is no difficulty in finding an optimum pattern
recognizer:
T'(€,x,j) = 0 if j maximizes P(§, x, j) with fixed £, x

(3)

I'(€,x,j) =1 otherwise

v

Similarly, for a fixed pattern recognizer ["these is no difficulty finding a prob-
ability density P which causes a large error probability Q: simply chose any func-
tion P(g,x,j) which does not depend on the last argument (i. e., all chosen distrib-
uted ideEntically). Then
[IPE. xpasds =y (4)
0 @

) L6 x4) = k-1 (5)

it follows that
Q=1-+ (6)

An even larger error can be obtaired if it is assumed that the statistice are such
as to "'deliberatcly mislead" the pattern recognizer during calibration. A patho-
logical P which results in a probability of error of 1 can be defined as follows:

divide the vector space into k disjoint regions J!. Jz. . 'Jr such that

i) =0

[k

F o r £
p(;l. _2"' ;kl

(7)
unless € _€J_ (B=1,2,...7r)and x ¢ Jj.
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The best recognizer with this distribution would, according to Eq. (3), result in

r€,x,j)=1 forx e J’j

and therefore in Q =1, Of course, the latter situation could not arise if calibra-
tion samples and the unknown to be recognized are generated statistically inde-

pendently, but assuming this independence would exclude time-dependent processes

and other useful cases,

The problem which ariscs in practice is that a pattern recognizer mnust
be designed without knowing the density function P, It cannot be expected to arrive
at a T which will cope with all P's, since as was shown above, if I'is fixed there
exists a P which allows I' to do no hetter than random guessing (or even a P which
results in error all the time). However, such P's which cause such poor per-
formance regardless of the way the recognizer is designed can either be said to have

low probability or excluded altogether. These two possibilities will now be explored.

Average Optimization

The probzbility density functions P are assumed known except for certain

parameters @,, 0.,... &,, each of which might be an n-component real vector

or an integer (in which cakse the integrals below would be sums), These parameters
are described by a density function A(cll,gz oo gk). If some parameters (such
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