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PREFACE

This Memorandum was prepared for the Vela Analysis project under
the Advanced Research Projects Agency's contract with RAND. The pro-
Ject is a broad study of systems to detect above-ground nuclear bursts.
This Memorandum discusses the possible use of phased arrays in detect
ing the acoustic signal from atmospheric nuclear bursts. and as such

should contribute to ARPA's R & D program in this field,




SUMMARY

An acoustic phased array serves to improve both the signal-to-
turbulent-nois2 ratio and the signal-to-acoustic-noise ratio, The
improvement in acoustic signal-to-noise ratic is, for isotropic
noise, the array gain--which is calculable and is discussed herein,
The improvement in the turbulent signal-to-noise ratio cannot be
calculated, in view of the unknown correlation of noise in single
sensors, However, it is thought likely that this improvement will
be at least as much as the acoustic improvement--especially at the
higher frequencies of greatest interest for small yields.

This Memorandum considers, for simple unsaaded square olane
arrays, the dependence of array gain upon frequency, azimuth, size
of array, number of sensors in the array, and uncertainty in the
local velocity of sound., It is shown that an array of 16 sensors
at the lattice points of a 1/2 x 1/2 mile sguare offers a frequency-
dependent gain which rises to nearly 10 db at 0.5 cps for any azi-
muth and for any sound speed in the range of 1000 to 1200 ft/sec.
Such an array appears to be suitable for the detection of acoustic

signals from atmospheric nuclear blasts,
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1. INTRODUCTION

The principal noise which interferes with the reception of very
low frequency (below 1 cps) acoustic signals from nuclear bursts in
the atmosphere 15 that which is caused by local atmospheric turbulence
passing over the microphone. Such turbulence, which gives rise to a
{luctuating pressure, leads to a wide-band noise output which cannot
be distinguished, in a single microphone, from noise which might have
arrived acoustically. Even at selected low-wind sites this noise
from turbulence is many db sbove true acoustic noise, and is many
score db above theoretical therms®! noise.

However, becaute this turbulunt noise does not propagate acousti-
cally, the turbulent noises observed in two micrcphones which are
separated :y what would be only a fraction of an acouscic wavelength
are urually little correlated. Indeed the correlation is ti.at associ-
zred with the scale of the atmospheric turiulence, and much of the
scale 15 less than 1000 ft, whereas t'.e acoustic wavelengths of

interest ave longer than 1000 f., Consequently, the VLF signal-to-

turbulent -neise vatle can be lmproved by sntatizl integratcion (i.e,,

3

by suymming signals [rom nume ous re.sivers),

the =umming a2y be done (n passive Looustic networks so as to
ywoid the sest of installing a large number of microphonzs and their
assoctated electronies.  In practice a pipe array is used to sum
about 100 sigpals Introduced through small holes distributed along
a bine about 1000 ft long. If the turbulence were wholly uncor-
related awoung the 100 sample points, the signal-to-turbuleat-ncise
ratio would be improved 20 db; most of this 20 db is actually obtained

over most of the tiequeiucy range of .nterest.



Even with this much imprcvement, the detection sensitivity of
such an acoustic sensov is still limited by nonthermal noise many
score db above thermal noise. Consequently, this Memorandum considers
further signal-to-noise ratio improvements achievable by vbhased array
methods. For the purpcse of the following discussion, an individual
sensor is understood to consist of a single mic rophone with its
associated pipe array; most of 20 db of turbulent noise suppressicn
has already been achieved in the single sensor, and arrays of such
sen:.rs are contemplated. The individual sensors are assumed to be

omnidirectional below 1 cps.



I1. ARRAY GAIN

Lf some number of senscrs are disposed over a region which may
be several acoustic wavelengths across, signals from these can be
summed in order to achieve still more improvement in the signal-to-
turbulent-noise ratio. If signals from N such seasors are summed,
most of 10 log N db further improvement should he achieved, the exact
ar.unt depending upon the distribution of turbulent scnale. However,
it is necessary tc introduce appropriate time delays in the individual
sensor signals before summing, corresponding to the acoustic transit
time (and direction) across the array, and the design of a phased
array becomes of concern.

Such an array not only serves to reduce turbulent noise, but also
exhibits gain. "Gain," of course, indicates a measure of the degree
to which the phased array also serves to discriminate against noise
which arrives acoustically from distant sources. In practice the
signal-to-turbulent-noise ratio is usually pocrer 1n a single sensor,
even with a noise-cancelling pipe array, than the signal-to-acoustic-
noise ratio--but probably not by a great many db. Consequently, a
further improvement of the signal-to-turbulent-noise ratio obtained
by a phased array might be vitiated by acoustic noise were it not
that the array gain also serves to reduce acoustic noise. The number
or db by which a phased array serves to impiove tue signal-to-noise
ratio is not the same for the two noises, since one improvement
depends upon the distribution of turbulent scale and the other depends
upon the phasing properties of the array. However, the two improvements

may turn out to be comparable, in which case the ratio of tuirbulent
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noise to acoustic noise may be rbout the same in a phased array as
it is in a single seunsor.

In practice, the desired acoustic signals and the unwanted
acoustic noise travel essentially horizontally across the terrain;
relatively little acoustic input arrives by steep angles from above.
Thus it woull be "unfair" to count as an improvement any array dis-
crimination against noises arriving vertically. For this reason
the "gain" discussed herein is normalized on zn radians rather than
on 4n steradians--a departure from the "gain commoniv discussed
in radar and sonar practice. Formally, the term "gain'" as used here
is defined as follows:

Let there be, at large distance at azimuth ¢, a sinusoidal source,
frequency f, such that this source produces, in a single sensor, an
output of unit amplitude. Let 5(9, @ ¢, <, f) be the output
amplitude from the whole phased array of N sensors, caused by this
same source, when the array is phased to azimuth 8 on the assumption

that the local sound speed is <, although the correct value is c.

Then
s°09, 8, ¢, ¢_, )
gain = n
1 2
7 [0 6 e e, Do
(o]

= a function of N, the array geometry,
8, f, ¢, and <



III. ARRAY CONFIGURATION

An array might, of course, be assembled in any configuration,
and perhaps certain particular arrangements would be advantageous.
Indeed, if all azimuths are equally interesting, then circular arrays
would seem to be indicated. However, real estate isn't ordinarily
available in circular patches. Consequently, arrays disposed in a
square region hkave been chosen for examination.

For the purpose of illustraticn arrays disposed in a 1/2 x 1/2
statute mile square are considered. This seems to be a reasonable
size for detecting nuclear bursts. However, it should be noted that
the curves shcwn below can be shifted to any other size of square
merely by shifting the frequency scale so as to preserve the geometry
in wavelength measure.

Of the many possible arrangements of sensors within this square,
consideration is limited to the set of 4, 9, 16, 25, ..., senscrs
disposed on the lattice points. This set may not be opt:mu.
especially if it should be desirable to discriminate specifically in
favor of or against certain fixed azimuths, but it serves adequately
to illustrate the amount of array gain achievable with various
numbers of sensors. Inasmuch as gain is of interest, rather than

side lobe control, shading schemes are not considered.

i




IV. GAIN VERSUS FREQUENCY FOR SEVERAL ARRAYS

The limiting case of this set of arrays would be a continuously
sensitive square, consisting of an infinite number of infinitesimally
small sensors, each one properly phased and then all summed, This
case furnishes the iimit which various arrays of finite numbers of
sensors approach, and it serves as a useful reference against which
to intercompare the other arrays.

The solid curve of Fig. 1 shows the array gain (in db) versus
frequency for such a continuously sensitive 1/2 x 1/2 mile square
phased to 0° azimuth (throughout the Memorandum azimuths are measured
from the normal to one edge of the square). Of course, the directivity
pattern of the square, and thus the array gain, varies with the
azimuth to which it is phased; the dotted curve in Fig. 1 shows the
gain versus frequency for the same square array phased to 45°. It
is seen that the two curves differ negligikly (the variation of gain
with azimuth is greater for the finite ar-ays considered below). In
Fig. 1 it is assumed that the velocity of sound is uniform over the
array and is known exactly (c = chgs 1100 ft/cec), so no error in
phasing occurs. The solid curve of Fig. 1 represents a more or less
ideal case; it is repeated, for reference, in Figs., 2, 3, and 4.

In practice the local velocity of sound, ¢, is not likely to be
known exactly, so as to permit exact phasing. Indeed, it would be
expensive and difficult to measure it and to adjust the phasing net-
work as c changes. It would be preferatle to be able to assume a

nominal leocal velocity, €y phase the signals on this basis, and then

accept the degradation of gain which may result if the true velocity
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of sound is different from nominal. Consequently, it is not only

the ideal gain, when there is no error in sound spred, which is of
interest here, but also the sensitivity of gain to error in sound

speed.

Furthermore, the dependence of gain upon frequency may be quite
different at different azimuths, and so too may the dependence of
gain on error in sound speed. There would be little merit in
achieving a high gain at some particular azimuth if the same array
yielded much poorer gain at another azimuth or at a slightly differ-
ent sound speed. Consequently, the envelope of maximum and minimum
gain achieved, versus frequency, over the range of all possibie
azimuths and, simultaneously, over a range of sound speeds is of
greatest interest. It is this envelope which is shown in Figs. 2,
3, and 4 for arrays of 4, 9, and 16 sensors. On each of these the
solid curve of Fig. 1 is repeated, and Figs. 3 and 4 also repeat,
dotted, the envelopes shown in the figures which proceed them; thus
Fig. 4 permits an intercomparison of all the curves from the previous
figures.

To construct these curves, the arrays were assumed to be phased
on the basis of a local sound speed c, = 1100 ft/sec. The'gain was
computed, at each frequency, for every combination o ¢ = 1000(20)
1200 ft/sec, azimuth = 0(1)45 degrees; at each frequency the maximum

and minimum gains are plotted. The mathematical expressions involved

are given in the Appendix.
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V. DISCUSSION OF ARRAY GAINS

For ¢ = Co’ and at any one azimuth, the gains of the discrets
arrays begin at 0 db at low frequency, curve upward to a slope of
approximately 3 db/octave, more or less following the curve for the
continuously sensitive array, and then roll over to approach their
respective high-frequency asymptetic vaiues {(gain = N). It is
Interestiag that, in the low- and middle-frequency regions, the fewer
the number of sensors, the higher the gain.

These curves approach their asymptotes quite slowly, even at a
single azimuth, and with no error in sound Speed, the gain fluctuates
quite erratically about the asymptote. The expressions for gain
contain Bassel functions of order zero; thus these terms tend to die
out asymptotically as (frequency)-l/z.

For these discrete arrays it .is seen that the variation of gain
with azimuth and with sound speed is slight up to a frequency at

which the envelope abruptly blooms oren to a rather extreme variation.

senso: © about 0.4 wavelengths (about Q.33 A for 4 sensors), and at
higher frequencies this lower boundary varies erratically downward.
(Because of the error in Phasing caused by error in sound speed, the
lower boundary goes to negative gain at higher frequencies.) If the
frequency at which the lower boundary is a maximum, is adopted as

the maximum usable frequency, then:

Minimum Gain

Maximum Usable Frequency at Maximum
Number of Sensors (cps) Usable Frequency (db)
4 .14 5.16
9 .32 7.87

16 .50 9.54
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These may be looked upon as "assured' values of gain--the array will
yield at least this much at this frequeucy at any azimuth aad despite
an error in sound speed as great as that considered (+ 100 ft/sec).
These "assured" values fall short of the "asymptotic" values (6.02,
9.54, and 12.04 db) by an amount which becomes progressively larger
as the number oi sensors is increased. Thus, for example, quadrupiing
the number of sensors from 4 to 16 yields only 4.38 db instead of

the 6.02 db which might have been hoped for. Clearly the gsin tends
to improve slowly with increase in the number of sensors; unless
steps are taken to measure the sound speed, and thus to reduce the
major cause of loss of gain, the maximum practical number of sensors
to include in such an array probably does not exceed 16.

However, the negative aspect of the foregoing remark should not
obscure the salient fact that such arrays offer appreciable gain--up
to almost 10 db--and this much gain implies a very significant
improvement in the range at which a given yield can be detected.
Furtherz.ore, the gain rises with frequency--the direction which

favors the detection of small yields.
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VI, DIRECTIVITY PATTERNS

The purpose of employing arrays such as these is to achieve
signal-to-noise ratio improvement (for both turbulent and acoustic
noise) so as to improve the Jetection of weak signals. It is not
the purpose to use such phased arrays to determine the azimuth of
the signal; indeed these arrays would be relatively poor for this
purpose, and azimuth usually can be determined vetter by correlation
methods. However, the directivity patterns of these arrays are of
some interest, not only to see why they are not very good for azimuth
determination, but also in order to judge hLow many phasing azimuths
are needed to cover 2w radians.

Figures 5-8 show sample direcctivity patterns of the continuously
sensitive array and of the 4-, 9-, and 16-sensor arrays. In these
figures no error in sound speed is introduced; such an error would
lead to even more irregular patterns, especially at the higher
frequencies. For each array, nine patterns are shown, for phasing
o 00, 22.50, and 45° azimuths, and for frequencies 0.3, 1.0, 1.5 cps.
Ordinarily a frequency of 1.0 cps is regarded as the upper end of
the band of interest; 1.5 cps is included in these figures as a
matter of interest to show how the patterns behave at higher fre-
quency. It will be seen that side lobe heights vary with hoth
frequencr and steering azimuth.

As antenna patterns go, these are poor; the side lobes are
numerous and h{gh--many about as high as the main beam. The main
beam is relatively blunt and not capable of very precise azimuth

determination, even apart from the possible ambiguities of side lobe
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reception. Perhaps it should be emphasized that, poor though these
he, they do exhibit gain.

Tnasmuch as an avray which is phased to some particular azimuth
can ''cover'" adequately orly a modest range of angles to each side, it
is necessary to arrange, one way or another, to phase the array to a
variety of azimuths in order to cever the full 2m radians. This might
be done by looking, in time sequence, in one direction aifter another,
or it might be done by looking simultaneously in numerous directions.
The merits and drawbacks of these methcods are not part of this dis-
cussion; in any case it is important to know in how many different
directions it is necessary to look.

Figure G shows the dependence of the main beari cressover points
upon number of beams used at a freguency of 1 cps (the customary
upper frequency limit). These curves are based upon the beamwidth
for the array phased to azimuth = 00; the actual crossover points
would differ slightly from beam to beam because of the slight change
in beamwidth with aziwmuth, Furthermore, Fig. 9 assumes no error iu
sound speed; an error would alter these values, perhaps appreciably
at certain azimuths. However, this figure provides a sufficient
basis upon which to estimate the number of beams needed. The number
needed depends upon the crossover value which is accepted and upon
the upper frequency to bu covered; tabulating the numbar of beams

needed versus the crossover point at 1 cps:
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Number of Reams to Cover 2m

Crossover, db 4 sensors '2_§ensors 16 sensors
-6, 23 18 17
=3. 25 20 18
=4, 27 22 20
-3, 30 24 22
-2.5 33 27 24
2. 36 29 27

Clearly, the 16-sensor array is slightly advantageous in this respect
because its beamwidth is appreciably wider than the beamwidths of the
sparser arrays. This advantage, together with the somewhat better
gain, probably justifies the added expense of providing 16 sensors
rather than 9. One can infer, from the figure, about how many beums
would be needed for arrays of still wore sensors, or for arrays of

different size.
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VII., CONCLUSLONS

The use of phasad arrays of omnidirectional accustic sensors
(which themselves contain devices to reduce turbulent noise) would
provide significant improvement of both the signal-to-turbulent-
noise ratio and the signal-to-acoustic-noise ratio as compared with
the output of a single such sensor.

The amount of improvement is greatest at the upper end of the
frequency band--thus tending to improve the detection cf weaker
signals from smaller yields relative to large-yield signals. A
16-element array offers, at its best frequency, about 10 db or more
of gain at any azimuth even without correcting for sound speed errors
of about + 100 ft/scc.

To cover the full 2m radians at 1 cps, a 1/2 x 1/2 mile 16-element
array necessitates looking ~t about 22 azimuths (for -3 db crossover).

The directivity patterns are rather pocr for azimuth determina-
tion. Thus the utility of such an array would stem from the prc-

nounced improvement in sensitivity for first detectioa of weak signals,

not in improved azimuth determination.




Appendix

DIRECTIVITY PATTERNS AND ARRAY GAINS

In this append’x the expressions for the directivity patterns
[} s . 4 *
and array gains discussed in the text are listed without derivation.
The notation defined in the text is used.

Let one edge of the square array be of length L.

Let

2nfl/c

w
il

w
i

2nfl/c
o

Then the directivity patterns (amplitude) for these arrays are:
for N = 4

p

O

S =2 { cos r% (cos @ + sin ¢) - 7 (cos 8 + sin 8) ]

B
+ cos [% (cos ¢ sin ) - 39 (cos @ - sin @) i }

The expressions given astume that the effective acoustic loca-
tion of each sensor does not shift with frequency. Inasmuch as
each sensor has a noise-cancelling pipe array attached to it, this
requires that the pipes be symmetricallv disposed about each acoustic
sensor. This, in turn, dictates that the pipes extend somewhat beyond
the boundary of the 1/2 x 1/2 mile region. However, the relative
insensitivity of the array gain to errors in c suggests thet this
requirement of symmetry is more a formality than a practical necessity.
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for N =9

8
S=1+2{cos{%(cosc.;+sm@)-E-g(ccse-ksine)-].

- B
+ cos l.% (cos ¢ - sin ) --2-9 (cos 8 - sin g) —|

B

+cos[§cosw--—°- cose-!
2 2 r

!—%sir.¢-§2 sinG}}

+
O
Q
0
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for N = =
~

r B 3
in [B s - 2 in 12 sin © - <2 sj
sin rz cos ¢ - o= cos 61 sin (2 sin @ - 5= sin e]
S =4 > <
8 8
[ﬁ cos ¢ - = cos 91 {é sin ¢ - == sin 6]
| 12 ) ! 2 2

As to array gain, the numerator of the gain expression poses no
problem; it is only necessary to set ¢ = 6 in the foregoirg pattern
expressions, and then procede to evaluate the numerator. The Jitficulty

resides in the evaluation of the denominator. Let the denominator be

2n

=L 2
D=2 S
(o]

de

Then, for these arrays:
for N = 4
D=4+ 4 JO(B) { cos [ao cos 8] + cos [so sin 8]}

+ 2 JOQ/E 8) { cos [/5 Bo cos é% - 8)] + cos [/E-Bo sin d& - 8)]}

for N=9

D=9 +6 JO(B) { cos (Bo cos 91 + cos [Bo sin 91 }

_ B e
+ 12 J ) ( % ) { cos [59 cos 6] + cos ng S 91 }
+23 (/?'5) { cos [/E B, cos d% - 6)] + cos F/E B, sin é% - 8) j }
" 8‘%, (22 5) { . (éz B cos d% - 9)? + cos Féz Bo sin 6% - 8) ] }

(continued)

§
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+ 4 Jo (‘ZL.EB) { cos {‘ZQABO cos (0'1 - e)] + cos !;‘25 Bo sin (al - 9)}

+ cos [)ZA_S_ Bo COou (al + e)] + cos [‘25' 30 sin (Q"l + 9)_] }

where sin ¢, = de oS = 2
1 /5 cosa =75
for N = 16

” A i
D=l6+8J0 (B){cos[ﬁocos 8! + cos

] l_go sin e]}
+ 16 Jo (—gﬂﬁ) { cos 'b% Bo cos e] + cos [% Bo sin 6]}

£ -y L -
cos |_3 BO cos 9: + cos E Bo sin 9] }

1
{ cos [/2_ Bo cos (% - b).} + cos l-/f so sin (% - 8);‘ }

- - i
+8Jo (323) {cos ggﬁocos (%-B)J«t—cos[-?‘%-z-sosin (%-8)-!}

- /2
+ 18 I ( ZB) {cos _3‘2&0 cos (%- 6)}+cos ‘[‘3260 sin (%- e)}}

.

+ 5 Jo (h-/-?- B) { cos :@- BQ cos (az - e)] + cos [’@ Bo sin (Q’Z - 8).1

+ cos /10 30 cos (az + 9)} + cos ["ZI;Q ‘Bo sin (az + 9):’ }

e

+ 12 Jo( 3‘5 B) { cos P-’35 BO cos (QI‘,i - 8)—.% + cos [ﬁggso sin (0,1 - e)}
Y

Yy =
cos | : {-“:é i
+ cos '3—- BG cos (al + 9)] + cos 13 EC sin (al + 8) ’ }

13 1 —[1._3 . 1 r/is : 1
] o f < =) oS Yoo 3] Sin -
+ 4 I ( 3 8) { cos |3 50 0s (03 G)j + co £ 5 B, sin (03 Q)J
r/13 . 3 13 ’
roa = g
+-os§“——-3 B cos (c,'3+9)J+cos [ 3 Eo sin (a3+9)J ¥
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3 "

where sin az S 775 cos Qz 7?5
sin = 2 cCOosS O. = 3

0'3 m S 03 ‘71'5'

for N = o

No expression for D has been obtained. The points needed to
plot Fig. 1 were obtained by numerical integration on a digital
computer. This is a relatively slow and expensive routine, and it
was not thought to be worthwhile to explore the full domain of ¢ and

8, as was done for the finite values of N.

Note that these expressiors for D hav¢ a common form

D =N+ a sum» of terms of the form
n JO(kB) { cos [kBo cos (o - 8)]

+ cos (kBO sin (@ - 8)] }
It »i11 be seen that n, k, and @ are related to the geometry of the
array itself as follows:
® Connect every sensor point in the array to every other
point. In doiug so, lines which are themselves component
parts of longer lines are nevertheless to be regarded as
distinct,
® Then n = the total number of such lines whose length is

kL and which lie at szimuth ¢ in the array.

W

"
K
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For example, in the array of 4 sensors, theve are four lines

1 and whose azimuths are either

(the edges) of length such that k
0 or m/2 (and these combine bhecause cos(m/2 - @) = sin @), and there
are two lines (the diagonals) whose length is such that k = /2 and
whose azimuths are + m/4 (which also combine). In the 9-element
array these same 6 lines are seen, plus two more lines of length
corrvesponding to k =1 passing through the center, plus lines with
k = /2/2, k = 1/2, and k = /5/2.

This structure for the exvression for D holds for all finite N.

The proof of this rule is not difficult.
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