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PREFACE 

Inverse problems are basic problems in science, in 

which physical systems are to be identified on the basis 

of experimental observations.  It is shown In this Memorandum 

that a wide class of inverse problems may be readily solved 

with high speed computers and modern computational techniques. 

This is demonstrated by formulating and solving some inverse 

problems which arise in celestial mechanics, transport theory 

and wave propagation.  FORTRAN programs are listed in the 

Appendix.  Computational aspects of inverse problems are of 

interest to physicists, engineers and biologists who are 

engaged in system identification, in the planning of experi- 

ments and the analysis of data, and in the construction of 

mathematical models.  This study was supported by the Advanced 

Research Projects Agency. 

The author wishes to express her gratitude for the 

inspiration and guidance of Professor Sueo Ueno of the 

University of Kyoto, and of Dr. Richard Bellman and Dr. 

Robert Kalaba of the RAND Corporation. 
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SUMMARY 

Inverse problems are basic problems in science, in which 

physical systems are to be identified on the basis of experi- 

mental observations.  Inverse problems are especially impor- 

tant in the fields of astrophysics and astronomy, for their 

objects of investigation are frequently not observable in a 

direct f^^hion.  Solar and stellar structure, for example, is 

estimated from the study of spectra, while the structure of 

a planetary atmosphere may be deduced from measurements of 

reflected sunlight. 

Kfe show that a wide class of inverse problems may now 

be solved with high speed computers and modern computational 

techniques.  Many problems may be formulated in terms of sys- 

tems of ordinary differential equations of the form 

(1) x = f(x, a) . 

Here,  t  is the independent variable,  x is an n-dimensional 

vector whose components are the dependent variables, and a 

is an m dimensional vector whose components represent the 

structure of the system.  For instance, in an orbit determin- 

ation problem, Eqs. (1) are the dynamical equations of motion, 

and the masses of the bodies involved may be given by the 

vector a.  When the system parameters and a complete set of 

initial conditions, 

(2) x(0) - c , 

^ 
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are known, an integration of (1) produces the solution x(t) 

on the interval 0 < t < T .  This is done speedily and 

accurately with a digital computer. 

On the other hand, in an inverse problem, the solution 

x(t) or some function of x(t)  is known at various times, 

while the parameters are not directly observab'3.  We wi^h 

to determine the structure of the system as given by the 

parameter vector, a, and a complete set of initial conditions, 

c .  We regard this as being a nonlinear boundary value prob- 

lem in which the unknowns are some of the c's and a's . 

We require that the solution agree with the observations, 

(3)      xCt.) - b. , 

in some sense, e.g., in a least squares sense. 

Frequently, problems which do not naturally occur In 

the form of systems of ordinary differential equations may 

be expressed in that form in an approximate representation. 

In this thesis, we show how we may reduce a partial 

differential-integral equation to a system of ordinary dif- 

ferential equations with the use of a quadrature formula. 

Also., we may express a partial differential equation, like 

the wave equation, 

2       2 t ,\ S u  1 ö u 

^  c  dt* 

in the desired form by applying Laplace transform methods 

which remove th'i time derivative.  Other possibilities are 

clearly available. 

_      „■■■     ' ■"   •' '" ».wiiMP-iwKiimiip ■■iiwiiiipni mm   IIUHJJIMI 
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Nonlinear boundary value problems can be solved by a 

variety of methods, which include quasilinearization, dynamic 

programming, and invariant imbedding»  These techniques are 

especially suited to modern computers, for they reduce non- 

linear boundary value problems to nonlinear initial value 

problems, which are more easily treated on digital computers. 

These computational ideas are illustrated in this thesis 

by actually formulating and solving some inverse problems 

which arise in celestial mechanics, radiative transfer, neu- 

tron transport and wave propagation.  In one of the problems, 

we estimate the stratification of a layered medium from re- 

flection data.  In another, we determine a variable wave 

velocity by observing a portion of the transients produced 

by a known stimulus.  Numerical experiments are conducted 

to estimate the stability of the methods and the effect of 

the number and quality of observational measurements.  Com- 

plete FORTRAN programs are given in the Appendices. 

These computational aspects of inverse problems may 

prove to be of value to the physicist, engineer, or mathe- 

matical biologist who wishes to determine the structure of 

a system on the basis cf observations.  These ideas may be 

helpful in the planning of experiments and in the choice of 

apparatus.  They may be used to design systems which have 

certain desired properties.  In particular, these methods 

may be useful in the construction of stellar and planetary 

models. 

^^—^^m»^"      ■-— i    ^m^^'''i^^m>m!>IB^mmmlm 
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CHAPTER ONE 

INTRODUCTION 

1.  INTRODUCTION 

Inverse problems are fundjinental problems of science 

[1-12].  Man has always sought knowledge of a physical sys- 

tem beyond that which is directly observable.  Even today, 

we try to understand the dynamical processes of the deep 

interior of the sun by observing the radiation emerging from 

the sun's surface.  We deduce the potential field of an 

atom from nuclear scattering experiments.  The underlying 

theme is the relationship between the internal structure of 

a system and the observed outputs  The hidden features of 

the system are to be extracted from the experimental data. 

Mathematical treatment of physical problems has been 

devoted almost exclusively to the "direct problem." A 

complete picture of the system is assumed to be given, and 

equations are derived which describe ehe output as a func- 

tion of the system parameters.  The inverse problem is to 

determine the parameters and structure of a system as a 

function of the observed output. 

rmT^gggg...—. —w». .!-■ ■»«■«»—-«  i WWIILII r-*~m*- ~~*mim*' *"" " '•   " ■—'■ —- -—•W-M-—' -u-J^.J n™—— — ~—-, '-—"-"'*!«!% 
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One can solve a given inverse problem by solving a 

series of direct problems:  by assuming different sets of 

parameters, determining the corresponding outputs from the 

theoretical equations, and comparing theoratical versus 

experimental results.  By trial and error, one may find a 

solution which approximately agrees with the experimental 

data.  This is not a very efficient procedure.  Another 

vv-ay to solve an inverse problem is to solve analytically 

for the unknown parameters as functions of the measurements. 

This method generally requires much abstract mathematics 

and simple approximations of complex functions.  The result- 

ant inverse solution may be valid only in very special cir- 

cumstances. 

What we seek are efficient, systematic procedures 

for solving a wide class of inverse problems - procedures 

which are suitable for execution on high speed digital com- 

puters.  Computers are currently capable of Integrating 

large systems of ordinary differential equations, given a 

complete set of initial conditions, with high accuracy. 

We would like to formulate our problems in terms of systems 

of ordinary differential equations.  Partial differential 

equations, such as the wave equation. 

a2u(*Lt2 = i 52u(x,t) 
2       2     2 ^xz     c"1  atz 

—— . i i ii i i> —m—»w^i^pnfKmiiii ,i   i i 
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may be reduced to systems of ordinary differential equations 

in several ways which include the use of Laplace transform 

methods, Fourier decomposition, and finite difference schemes. 

Integro-differential equations, which frequently occur in 

transport theory, may be reduced to systems of ordinary dif- 

ferential equations by approximating the definite integrals 

by finite sums using Gaussian and other quadrature formulas. 

Other means of formulating problems in terms of ordinary dif- 

ferential equations are porsible. 

We desire to formulate our inverse problem in such a 

way that we deal with ordinary differential equations.  First, 

as we shall show, we may express the problem as a nonlinear 

boundary value problem, in which we seek a complete set of 

initial conditions.  The unknown system parameters will be 

calculated directly from the initial conditiois.  Next, we 

resolve the nonlinear boundary value problem, ordinarily a 

difficult task, by the use of some sophisticated techniques 

[13—24].  We may replace the nonlinear boundary value prob- 

lem by a rapidly converging sequence of linear boundary 

value problems via the technique of quasilinearization 

[1-3,16,17],  We may, alternatively, treat the problem as 

a multi-stage decision process with the use of dynamic pro- 

gramming [18]. Or, we may solve directly for the missing 

initial conditions by applying the concept of invariant 
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imbedding fl3,24].  From the solucion of the nonlinear 

boundary value problem, we immediately obtain knowledge of 

the internal structure of the system. 

In this thesis, we discuss some of these relatively 

new concepts, computational techniques, and applications. 

Our examples from celestial mechanics, transport theory 

and wave propagation are physically motivated.  No special- 

ized background is required on the part of the reader beyond 

a knowledge of elementary physics.  We intend to be self- 

contained in the mathematical derivations, except for those 

matters which are well-treated elsewhere, such as dynamic 

programming, linear programming, and the numerical inver- 

sion of Laplace transforms.  Again, no special mathematical 

knowledge is needed beyond the level of ordinary differential 

equations and linear algebraic equations.  We will, however, 

assume that we have at our disposal a high-speed digital 

computer with a memory of about 3 2,000 words, plus a library 

of computer routines for numerical integration, matrix inver- 

sion, and linear programming.  Our basic assumption iz   that 

our computer can integrate large systems of ordinary dif- 

ferential equations rapidly and accurately [25,26]. 

In the first chapter, we wish  to emphasize some impor- 

tant ideas.  We aie given geocentric observations of a heav- 

enly body, taken at various times [27—29].  The orbit of 

this b^dy lies in the potential field created by the sun 

and an unknown perturbing mass.  We show how the mass may 

be identified and *he  orbital elements found.  For simplicity, 
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we assume that the position of the perturbing mass is given; 

if desired, the position as a function of time could also 

be estimated.  Since we are virtually forced by our modern 

computers to take a fresh look at old problemsj we are not 

concerned with conic sections.  A new methodology, based on 

high speed digital computers, is developed.  The technique 

of quasilinearization, -described in this chapter, enables 

us to solve this inverse problem with a minimum of effort. 

In spite of the newness of this solution of a long-standing 

problem in celestial mecnanics, we employ this example for 

purely illustrative purposes. 

Transport theory is intimately concerned with the 

determination of radiation fields within scattering and 

absorbing media [30-38].  Our first problem in radiative 

transfer (Chapter Two) serves to exemplify the philosophy 

and application of invariant imbedding.  We derive the basic 

integro-differential equation for the diffuse reflection 

function, and we reduce it to a system of ordinary differen- 

tial equations by the method of Gaussian quadrature.  Then 

we formulate an inverse problem for the determination of 

layers in a medium from knowledge of the diffusely reflected 

light.  We outline the computational procedure, and we present 

our results.  In Chapter Three, our setting is again an inhomo- 

geneous scattering medium.  We investigate the effects of 

errors in our measurements, the number and quality of the 

observations, and the criterion function, on the estimates 

of the medium. Our criteria are either of least squares 

type, which leads to linear algebraic equations, or of 

B 
mmrn ■T^r''-»!w.'"i -mmjt 



minimax form, which is suitable for linear programming.  We 

also consider a variation of the inverse problem, the contruc 

tion of a model atmosphere according to certain specifications, 

In Chapter Four, we consider an auisotropically scattering 

medium.  The phase function is to be determined on the basis 

of measurements of diffusely reflected radiation in various 

directions. 

An inverse problem in neutron transport (Chapter Five) 

is solved in a novel way.  The dynamic programming approach 

leads to a determination of absorption coefficients in a 

rod, from measurements of internal fields.  The calculation 

is done by an exact method, and is compared with a calcula- 

tion based on an approximate theory.  The aoproximate theory 

is accurate and less costly in computing time. 

As we have already mentioned, the partial differen- 

tial wave equation may be reduced to a system of ordinary 

differential equations by Laplace transform methods or by 

Fourier decompositions.  In Chapter Six, we deal with ordin- 

ary differential equations for the Laplace transforms of 

ehe disturbances.  In these equations, time appears on^y 

as a parameter.  Our measurements of the disturbances at 

various times are converted to the corresponding transforms 

by means of Gaussian quadrature.  We solve a nonlinear 

boundary value problem in order to determine the system 

parameters.  The inverse Laplace transforms may be obtained 

by a numerical inversion techniqx,  [22]. 

""■'— M.i-Pii'UK-........iL.i..ii    ^i... i .,-^.-.»Birjjji mmuTiuuML-iuijn JiilUPil.WMIIIUflglpWII" "W U. i   n.>.j.WMmi.L ^ ^ 



In Chapter Seven, we use a decomposition of the form 

u(x,t) ■ u(x)e   , corresponding to a steady-state situa- 

tion of wave propagation.  *Ve probe an inhomogeneous slab 

with waves of different frequencies and we "measure' the 

reflection coefficients.  We wish to determine the index of 

refraction as a function of distance in the medium.  Invar- 

iant imbedding leads to ordinary differei^.ial equations for 

the reflection coefficients, with known initial conditions. 

The unknown index of refraction in the equations and the 

observations of terminal values of the reflection coeffie— 

cients make this a nonlinear boundary value problem.  Quasi— 

linearization is used to solve the problem, and computational 

results are presented. 

The final chapter is a general disc ssion of inverse 

problems. Appendices of all the FORTRAN programs written 

for the computational experiments are included. 

2.  DLTERMINATION OF POTENTIAL 

Consider the motion of a particle (or a wave) in a 

potential field V = V(x, y, z; k,, k«, ..., k ) where 

we recognize the dependence on physical parameters  k-. , 

^'2'   ' ' ' '   ^n"  Suppose that these parameters are unknown. 

- "SW If 5 
J^..«.WI imm*, ^ • <LimM«mnmam ■■'  '      ' in 
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and that we have observations of the motion of the particie 

at various times. iVe wish to determine the potential func- 

tion on the basis of th^se measurements. 

Consider the following situation.  A heavenly body 

H of mass in moves in the potential field created by the 

sun and a perturbing body P. whose masses are M and m , 

respectively, and m « m « M.  All of the bodies con- 

cerned lie in the ecliptic plane.  The potential energy 

varies inversely as the distance from the sun, r , and 

from the perturbing body,  r . 

k   k 
(1) V =- -^ / • 

s  -p 

Here, k  and k  are the parameters 

(2) k^ = v m M, k  = Y m nip , 

where  Y  is the constant of gravitation.  The quantity 

k  may be assumed to be known.  v/e choose our units so 

that  k r m, or > M- 1.  The parameter k  is unknown s p 

and k < k .  We wish to determine k  and thus V by 
p   s p ^ 

observing the motion of H. 

Let us take the plane of the ecliptic to be the 

(x, y)  plane.  The sun is situated at the origin, the 

earth at the point  (1, 0), and the perturbing body at 

the location  (", n) - (4, 1).  The earth only enters into 

the discussion as the point from which measurements are 

taken.  Its mass is neglected.  The potential function is 

'■     i>'.-j«i—■ ■       J: —,.,..,■  i,.,.^.,^«^»,^mwmmm •J-1'...W^T-».       Nllll   11     .        »Il«, IIL       -, 
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(3)  V(x.y; kp) =- *  , ^  9 1/2 ' 

Angular observations of H are made at various times 

t^, i = 1. 2, ..., 5.  Fig. 1 illustrates the physical situ- 

ation.  Each solid arrow points to H at a given time t.. G i 

The angle between the line of sight and the x axis is the 

observation.  For comparison, see the dashed arrows which 

point to H when the mass of P is exactly zero, i.e., 

when k = 0.  It is obvious that k  is small, 
P P 

The equations of motion are 

x + a(^-x) 

(4) 
(xW72    [(?-x)Wy)2]377 

-v    +      a(Ti-y) 

where the parameter a, 

k   m 
(5) " - ^ - „E , 

s 

is the mass of P relative to the mass of the sun.  At 

times  t.. we obtain the angular data  9(t.)  which are, 

in radians, 

G(0.0) = 0.0   . 
9(0.5) = 0.252188   , 

(6) 9(1.0) - 0.507584 , 
n(1.5) « 0.763641 , 
-(2.0) « 1.01929   . 

We wish  to  determine    a,   x(0) ,   x.(0),   y(0) ,   y(0)     so  that  the 

conditions 

'--— »«I.IHMPJII.WIJ^._.IUI ■Jiljpynw I I II.III      i _        , -»^ms.^^^mmmm-^mm -■     ..^  
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-y(t.) 
(7)       tan 9(t.) = 1 7~K v s i'   l~x( t. ' 

i 

are fulfilled.  This is a nonlinear multipoint boundary 

value problem.  The solution of this problem gives the rela- 

tive mass of the perturbing body and the orbit of H as a 

function of time.  The potential (3) is determined when a 

is known.  We may consider the problem then to be the deter- 

mination of the orbit [19,23,27-29j, 

For an arbitrary potential field, we are unable to 

express the solution analytically. We solve the problem 

computationally using the technique of quasilinearization [16,17] 

3^ QUASILINEARIZATION, SYSTEM IDENTIFICATION AND NONLINEAR 

BOUNDARY VALUE PROBLEMS 

Consider a physical system or process which is described 

by the system of N equations 

(1) x = f(x, a), 

where x is a vector of dimension N, a function of inde- 

pendent variable t, with the N initial conditions 

(2) x(0) = c. 

The vector x describes the state of the system at "time" 

t, and a is a parameter vector of the system.  With a 

given, Ens. (1) and (2) completely describe the system, for 

the state at any time t, x(t), may be calculated by a 

numerical integration of (1) with initial conditions (2). 

Now let us suppose that we have a system described 

by Eqs. (1), but a is unknown to us, and the initial con- 

ditions (2) are also unknown.  However; we are able to make 

s^r*sm'mm^^1"^f>mmg1gg!Pit"™m'mam v-- <—'    l»P"MIIPl|W^pi^.i'Mi,i«lti||gMtfWII-.li-"-  ui i.i..|n|i..ni i .n. .»iluu .u ." mumfmyr-m-.f^m,     n,    u....! .m . .. . i . i.m 



-12- 

measurements of certain components of the state of the sys- 

tem at various times t..  We wish to identify the system by 

determining a, and we wish to find a complete set of initial 

conditions x(0) = c  so that the system is fully described. 

^e think of the system parameter vector as if it were a 

dependent variable which satisfies the vector equation 

(3)       a = 0 

with the unknown initial conditions 

(4)       a(0) = a0. 

The multipoint boundary value problem which we have before 

us is to find ehe complete set of initial conditions 

x(G) = c, 
(5) 

a(0) = a0, 

such that the solution of the nonlinear system 

x = f(x,a) 
(6) 

a = 0,, 

agrees with the boundary conditions 

(7)       xCt^ = bi, 

where b.  is the observed state of the system at time t.. 
t •' i 

Let us suppose that we have exactly R = N + M measurements 

of the first component of x, where N is the dimension of 

x and M is the dimension of a. 
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The boindary conditions are readily modified for a 

Cwo point boundary value problem, or for more than R obser 

vaticns, or for other types of measurements, for example 

linear combinations of the components of x. 

Our approach to the problem is one of successive ap- 

proximations.  We solve a sequence of linear problems.  We 

assume only tvat large systems of ordinary differential 

equations, whether linear or nonlinear, may be accurately 

integrated numerically if initial conditions arc: prescribed, 

and that linear algebraic systems may be accurately resolved. 

Let us define a new column vector x of dimension R, 

having as its elements fhe components of the original vector 

x and the components of a, 

(8) 
x 

x, 

WR 

xl 

^N 

a-, 

a. 

a M 

This vector of dependent variables x(t)  satisfies the sys- 

tem of nonlinear equations 

(9) x « f(x) 
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according to (6). and it has the unknown initial renditions 

(10) x(0) = c. 

according to (5).     The boundary conditions are 

(11) x1(ti) = b. .  i = 1. 2 R. 

Mathematically, we need not distinguish between the comnonents 

of this new vector x as state variables or system parameters. 

An initial approximation starts the calculations.  ^e 

form an estimate of the initial vector c,   and we integrate sys^ 

tem (9) to produce the solution x(t) over the time interval 

of interest,  0 ^ t ^ T.  via numerical integration.  The 

quasilinearization procedure is applied itcratively until a 

convergence to a solution occurs, or the solution diverges. 

Let us suppose that w have completed stage k of our calcula— 

tions and we have tne current approximation x (t).  In stage 

k -f 1. we wish to calculate a new approximation x  (t). 

The vector function x  "(t)  is the solution of the 

linear system 

(12) ik+1 = f(xk) + J(xk) (xk+1-xkh 

where J(x)  is the Jacobian matrix with elements 

of, 
(13) J,. = —-i . 

ij   OX. 

k+1 
Since x    is a solution of a system of linear differential 

equations, we know from general theory that it ma> be repre- 

sented as the sum of a particular solution,  p(t). and a 

|'1" mrnvmi—mimimrmmm*™    yt\\\m^fimmywm\ \    «.^i-^«- 
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linear combination of R independent solutions of the homo 

geneous equations, h(t), i  ~1,   2 R, 

(14) xk+1(t) - p(t) + S c1 h^t). 
i=l 

The function p  satisfies the equation 

(15)      p = f(xk) + J(xk) (p - xk). 

and for convenience we choose the initial conditions 

(16) p(0) = 0. 

The functions h  are solutions of the homogeneous systems 

(17) h1 = J(xK) h , 

and we choose the initial conditions 

(18) h (0) » the unit vector with all of its components 

th zero, except for the i   which is one. 

The h (0)  form a linearly independfmt set.  If the interval 

(0,T) is sufficiently small, the functions h (t)  are also 

independent.  The solutions p(t), h (t)  are produced by 

numerical integration with the given initial conditions. 

There are R4-1 systems of differential equations, each with 

R equations, making a total of R(R+1)  equations which are 

integrated at each stage of our calculations. 

After the functions p and h""" have been found over 

the interval, we must combine them so as to satisfy the 

boundary conditions (11), 

r» 
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R 
(19) b. » PJLC^) + 2 cJ hJCt.), i = 1. 2 R. 

j=l 

This results in a system of R linear algebraic equations 

for the determination of the R unknown multipliers  c , 

of the standard form 

(20) A c = B, 

where the elements of the RxR matrix of coefficients A 

are 

(21)      A.. = h^t.), 

and the components of the R-dimensional column vector B 

are 

(22) B. = b.  p^t.). 

Having determined the multipliers, we now know a com- 

s t piece set of initial conditions for the  (k+l)   stage. 

(23) c = xk+1(0) = p(0) + Z cJ hj(0). 
.1=1 

Because of our choice of initial conditions for p  and h-' , 

the initial values for each component of the vector x are 

identical with the multipliers  c^, 

(24) ci - x
k+1(0) = c1 ,  i = 1. 2, ..., R. 

Furthermore, we have a new approximation to the system para- 

meter vector o, 

y mmaj^vnt,. —-•—^'-■^-^     ''«     jw~ '' •^'MP—"^ ■" ' ■..—«—■I-L MWIII« ■■ ■m. I ■ ■!■  .    "J^ X[ mm l"M^-aMI>iWWU»i«wW|p»W|pww^MMWBWWWI^^ 
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(25) « c N+i i = 1. 2, . . . , M. 

k+1 The new approximation x  (t)  for the interval (O.T) may 

be produced either by the Integration of the linear equations 

with the initial, conditions just found, or by the linear com- 

bination of p(t)  and h(t).  The  (k+1)   cycle is com- 

plete and we are ready for the  (k+2)  .  The process may be 

repeated until no further change is noted in the vector c. 

The quasilinearization procedure is analogous to 

Newton's method for finding roots of an equation, f(x) = 0. 

If x  is an approximate value of one of the roots of 

f(x),   then an improved value x  is obtained by applying 

the Taylor expansion formula to  f(x), and neglecting higher 

derivatives, 

(26) 
0, 

f(x } « f(x ) + (x  - X ) —-?—- 
^x- 

Thus, the next approximation of the root is 

(27) xi . xo _ fOc
0) 

./..(K " f (xu) 

In quasilinearization^ if the function xw(t)  is an 

approximate solution of the nonlinear differential equation, 

0, 

(28) x - f(x) . 

then an improved solution x (t) may be obtained in the 

following manner.  The function f(x)  is expanded around 

the current estimate x (t). neglecting higher derivatives, 

■j-   "^i:^-' "•—-■^-'^"tn/mts^^ 
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(29) f(x ) = i.(x ) + (x   x )  -V  • 

The improved approximation x (t)  is the solution of the 

linear equation, 

(30) K1 - f(K0) + (X
1   K0) ^-'     . 

Sx 

The method is easily extended to vector functions, as we have 

1     2     3 seen.  The sequence of functions x (t). x (t). x (t)  

may be shown to converge quadratically in the limit[17]. Prac- 

tically speaking, a good initial approximation leads to rapid 

convergence, with the. number of correct digits approximately 

doubling with each additional iteration.  On the other hand, 

a poor initial approximation may lead to divergence. 

The quasilinearization technique provides a systematic 

way of treating nonlinear boundary value problems.  The com 

putational solution of such a problem is broken up into stages, 

in which a large system of ordinary differential equations 

is integrated with known initial conditions, and a linear 

algebraic system is resolved.  The initial value integration 

problem is well-suited to the digital computer.  ^ith the aid 

of a formula such as the trapezoidal rule, 

(31) J^ f(t)dt - ^ (f0 + f.) + 2 (fl + f2) + ••• + 2 (fn 1 + V • 

the integral of a function over an interval is rapidly com- 

puted.  Moreover, higher order methods such as the Runge 

Kutta and the Adams-Moulton. usually of fourth order, make it 

M" ^™m\mammmmimmmmm\\        tmrnvw  -———k~~-  
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possible to solve the integration problem accurately and 
Q 

rapidly.  The accuracy may be as high as one part in 10 . 

The solution is available at each grid point  tQ. tQ + A, 

tr-j + 2' .. .... t . and may be stored in the computer's memory 

for use at some future time. The rapid access storage cap 

ability of a computer such as the IBM 7090 or 7044 is 3 2.000 

words.  The integration of several hundred first order equa- 

tions is a routine affair. 

On the other hand, the solution of a linear algebraic 

system is not a routine matter, computationally speaking. 

vVhile formulas exist for the numerical inversion of a matrix, 

the solution may be inaccurate.  The matrix may be ill- 

conditioned, and other techniques may have to be brought into 

play to remedy the situation [20].  The storage of the n 

approximation for the calculation of the  (n + 1)   approxi- 

mation may become a p oblem; a suggestion for overcoming 

this difficulty is given in [21]. 

4.  SOLUTION OF THE POTENTIAL PROBLEM 

We follow the method of quasilinearization to identify 

the unknown mass and to solve the problem of potential determina 

tion of Section 2.  The nonlinear system of equations is 

x = 
X x-? 

-j 

a  -.T- 

(1) 
y    v- "n y  r- _ ^L-,^     _ rj *     — 

r     s 

a = 0 

■'■ -"" MBBHP i ■    '•'m^snfem ■jii..». m^i«,.|.j»i. .'■»i "• ' " n'l^ 
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with 

(2) x2 + y2 .  s2 = (x-O2 + (y T!)2 

System (1) is equivalent to a svstem of five first order 

equations for x. x. y, y, and a.  The system of linear 

st equations for the (k+1)   stage is 

- k+1 x xk   k X
k-M 

r       sJ 

+ (K
k+1 - Xk) {- 1  + ^ - < + BAA:)

2 } 
r    r^   sJ      s 

k k 
+ (yk+1     yk) f3^   + IcAx^C^iL] —^^ 

s 

+  (ak+1       ak)   {-   ^} 

(3) k+1 -- i     yk       > yk-ti  1 

s 
k. k 

+  (x ^k+1       xk)   |3x^K    +     a^Cx^QCy^^) 

.   /   k+1 
+ (y y ) k> ^ V 3V - "3 r r s 

k2 k       Q  k,   k    .2. 
+ 3 i iz^iLl 

(ak+i _   k. ;   ^ n l 

•k+1      n a =  0, 

where 

k.2 kx2 (4)       r^   =  (x^)^+  (yV.     s^  «  (xk-)2+  (y^r,) k     x2 

t 

11 11  mmmmtmm*:,* «WSPf^WSKI^W^™»*«««1^« "" 
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We express the solution of (3) as the sum of a particular 

solution of (3) plus a linear combination of five independent 

solutions cf the homogeneous form of (3)., 

xk+1(t) - px(t) +.S1 c
j hJ(t) , 

(5)       yk+l^   = Py(c) ^'1 cJ ^   ' 

ak+1(t) = P (t) +,   cJ hJ(t) . 

Here.the symbol p (t)  is meant to represent the x com- 

ponent of the particular solution,' which is a vector of dimen 

sion five, and similarly for the symbols p (t). p (t).  The. 
y a 

symbols    h-l(t) ,   h-'(t),   h^(t)     respectively correspond to   tne 

x,   y.   and a    components of  the    j homogeneous  solution 

vector,   for    j   = 1,   2,   .....   5.     The system which  the par- 

ticular solution  satisfies  is 

f       xk k xk-?  \ 

r s 

+ („    - .k)   {_.  1    + 3x" _ ok + Icti^h 

X 

r r s s 

+ (p    .   /)   pxV ,   lajKAocAnl} 
y r s 

(6)•••        ^ , k, r   xk- i +  (Pa       a  )   v-    ^T   j   , 
s 

J r s 

+ (Px - xk) {^Y~ + li^^-Ü^LLj 
r s 

HBPB    ■'WWjjPJIW'JWM "Li 
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.k) I L k2 k. k 

(6) 

+ (Pv-y-) t-^ + IV  ^'(^ro 

+ (p     u") ;- yK ^ ^ k. f 

r    r 
k 

3 

Pa^0 ■ 

with the initial condition 

(7) p(0) = 0 . 

th 
The j   homogeneous solutiou satisfies the syst em 

^ " ^ f ^ + 3X5 - -a
3 r    r    s 

-, k, k .^2 , . Ja (x  O  1  ^ 

k k 
+ 

k, k 
hJ / 3x>^ + 3a^x^O(/ II) 
7 I .5 „5 

+ iv a 

k k  0 k, k 
(8)  hJ « hJ r3xX + 3a^lx:-)iz_-!])| 

,k, k ,2 k^    If 
. 3a (x n)  1 

s      s 

+ hJ t ^ '} 
a L    j  J 

»i - 0 . 

Its five initial conditions are presented in the appropriat< 

column of Table 1. 
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TABLE I. 

THE INITIAL CONDITIONS FOR THE 

HOMOGENEOUS SOLUTIONS 

j-1 2 3 4 5 

hj(0) I 0 0 0 0 

hj(0) 
X 

0 1 0 0 0 

hJ(0) 0 0 1 0 0 

hJ(0) 
y 

0 0 0 1 0 

hJ(0) 0 0 0 0 1 

The particular and homogeneous solutions are produced by 

numerical integration and are known at the discrete times 

t «= 0, A, 2A, 3A, .. . , T. 

Let us find the system of linear algebraic equations 

which is to be solved in the (k+l)s ' stage.  The boundary 

conditions may be expressed BS 

k+1 k+1 
(9)     y  (ti) + [1-x  (t.)] tan (K^) - 0 , 

where n(t,. )  is the observed angular position of the heavenly 

body H at time t..  Using relations (5), we obtain the 

five equations 

5   .   . 
? cj [h^Ct.) - hJ(t.) tan 9(^)1 

j"! 
(10)... 

- - tanR(ti) - PyCtp + PxCt^) tan eC^) , 

i..-^<«^yj«^a(^1ia^|jig-»ij.iii. iiipi.i    ..i.i ■ »«»^TO-.I mmmmm<mm^im WJIJP pi»-"«^— "'■ ipiiiu«—'"—.^^Hppiinjiii     i iw.jjpjni—M«I.IIP-I^« 
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(10)      i = 1, 2,   ... ,   5. 

12      5 for the five unknowns c , c , ... c . 

The sulution of (10) inmediately gives us our new set 

of orbital parameters and the mass of the unknown perturbing 

body P, 

xk+1(0) = c1 . 

xk+1(0) = c2 , 

(11)      yk+1(0) = c3 , 

y  (0) = c  , 

a   (0) « c 

Since we need xk+1(t), yk'fl(t)J  and ak+1(t), for stage 

k+2, we use relations (5) for the evaluation of these func- 

tions at t « 0, A, 2A, 3A, ..., T.  The cycle is ready to 

begin once more, and it is repeated until a solution of the 

nonlinear problem is found,, or for a fixed number of stages. 

iVe begin a numerical experiment with the initial guess 

that at time  t = 0, the body H is at location  (3,0) 

with velocity coordinates x = 0, y = 1, and we believe 

that the mass of P  is about 0.3.  We integrate equations 

(1) with the initial values 

(12)      x(0) « 3, x(0) - 0, y(0) = 0, y(0) = 1, a(0) = 0.3 , 

"i     ■ HI ■iinim—"in»  
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from t = 0 to  t = 2.5,  using a grid size of A -  0.01 

and an Adams—Moulton integration formula.  This generates 

the curve labelled "Initial Approximation" in Fig. 2.  This 

is a very poor approximation to the true orbit.  After two 

stages of the quasilinearization scheme, our approximation 

has improved so that the orbit is represented by the curve 

labelled "Approximation 2" in Fig. 2.  In five iterations, 

we converge to the true curve, h(x,y), and we have found 

the correct value of 0.2 for the mass of the perturbing 

body.  The rate of convergence is indicated in Table 2. 

TABLE 2. 

SUCCESSIVE APPROXIMATIONS OF THE COMPLETE SET 

OF INITIAL CONDITIONS AND THE MASS OF P 

Approx. x(0) x(0) y(0) y(0) a 

0 
1 
2 
3 
4 
5 

3.0 
3.18421 
2.37728 
2.11189 
2.01974 
2.00023 

0.0 
.221272 

-.061370 
.018545 

-.003194 
.000013 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

1.0 
1.06544 
0.690767 
0.555666 
0.509813 
0.500120 

0.3 
-.120164 
-.259144 
-.070333 
.141922 
.198208 

True 2.0 0.0 0.0 0.5 0.2 

Suppose that we also wish to know the position 

"^Bg-JstiQiMII »I' «■Uiw        ■ 
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TABLE 3. 

PREDICTED LOCATION OF Y.    AT TIME 2.5 

Approx. x(2.5) y(2.5) 

0 
1 
2 
3 
4 
5 

3.38098 
1.93764 
1.48932 
1^7202 
1.34124 
1.33503 

2.47759 
2.72562 
1.53066 
1.21823 
1.1251 
1.10598 

True 1.33494 1.10571 

of H at some "future" time  t ■ 2.5.  Our sequence of 

approximations of the predicted location is given in Table 3. 

The entire calculations require only 1--1/2 minutes on the 

IBM 7044 computer, using a FORTRAN IV source language.  The 

FORTRAN prograns which generate the data and which deter- 

mine the orbit and mass are listed in Appendix A. 

The time involved is mainly due tc the evaluation of 

the derivatives of the functions.  The Adams-Moulton fourth 

order method requires the derivative to be evaluated twice 

for each integration step forward [25]. 

In another trial, beginning with the approximation 

that the ( rblt is a point at the earth's center [19], we 

find another solution which satisfies all of the conditions. 

However, the mass turns out to be greater than one, an unal- 

lowed solution.  Repeating the experiment with more closely 

spaced observations, we converge to the true solution.  The 

determination of the optimal set of observations is itself 

an interesting question. 

■m V " ii»—«^■^ga—i^HWMi 
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CHAPTER TWO 

rnmss PROBLEMS IN mtXAiimjmmiEBj mniA 

l.  INTRODUCTION 

Sorne inverse problems in radiative transfer are con- 

cerned with the estimation of the optical properties of an 

atmosphere based on measurements of diffusely reflected 

radiation.  The location and the intensity of the source, 

of radiation are known. We consider a plane—parallel 

medium which is composed of two layers. Our aim is to 

determine the optical thickness and the albedo of each layer, 

from knowledge of the input radiation and the diffusely 

reflected light. 

First we discuss the concept of invariant imbeddingf 

and we apply this technique to the derivation of the equation 

for the diffuse reflection function of an inhomogeneous slab 

with Isotropie scattering. The inverse problem is stated 

in terms of the reflection function, and we formulate the 

problem as a nonlinear boundary value problem. We then 

fY 
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show how the formalism of quasilinearization can be used to 

solve this problem.  We conduct several numerical experiments 

for the determination of optical thicknesses and albedos of 

the layers.  Computationil results are. presented, and the 

FORTRAN computer programs which produced the results are 

given in Appendix B. 

2.  INVARIANT 1MB EDDING 

The traditional approach to wave and particle transport 

processes leads to linear functional equations with boundary 

conditions.  While linearity enables eigenfunction expansions 

to be made, one finds great difficrlty in solving the equation 

of transfer.  The integration of ordinary differential 

equations with given initial conditions is done extremely 

efficiently by digital computers.  This suggests that 

problems be formulated in just this way, with the physical 

situation as the guide.  Invariant: imbedding provides a 

flexible manner in which to relate properties of one process 

to those of neighboring processes.  This also leads to the 

generalized semigroup concept [1]. 

In a particle process, one is led by invariant imbedding 

to differential-integral equations for reflection and trans- 

mission functions.  By the use of qua' -ature formulas [2], 

one reduces the equations from integral—differential form 

to approximate systems of ordinary differential equations. 

The wave equation, on the other hand, may be reduced to a 

system of ordinary differential equations in at least two ways: 

■ $0^ ' 
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(1) assume the time factor of the form e   and the problem 

simplifies to the steady state situation, or (2) use Laplace 

transform methods.  Both alternatives are discussed in later 

sections. 

Invariant imbedding is a useful formalism, theoretically 

and computationally speaking.  Principles of invariance were 

first introduced by Ambarzumian in 1943 [3] and developed 

by Chandrasekhar [4].  The invariance concept was further 

extended and generalized by Bellman and Kalaba [5—10].  The 

form in which invariant imbedding is applied in these chapters 

is indicated by this example.  Suppose that a neutron multi- 

plication process takes place in a rod of length x [11]. The 

investigator wishes to know the reflected flux r for an 

input of one particle per second.  Rather than study the 

processes within the rod extending from 0 to x, which would 

be quite diff-.^uj-t. the experimenter would like to vary 

the length of the rod and see how the reflected flux changes. 

The rod length is made a variable of the problem, so that 

r -  r(x).  The original situation is imbedded in a class of 

similar cases, for all lengths of rod, and one obtains 

directly the reflected flux for a rod Jt.  any length including 

the length un^er investigation.  This flux is rather easily 

computed and ;.t is physically meaningful [15,16]. 

3.  THE DIFFUSE REFLECTION FUNCTION FOR AN INHOMOGENEOUS SLAB 

Consider an inhomogeneous. plane-parallel, non—emitting 

and isotropically scattering atmosphere of finite optical 

thickness T,.  The optical properties depend only on T, the 
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optical distance from the lewer boundary (C ^ T ^ T-, ) .  The 

physical situation is sketched in Fig. I.  Parallel rays of 

light of net f1 ix rr per unit area normal to their direction 

of propagation are incident on the upper surface, T = T,. 

The direction is characterized by the parameter UQ 

(0 < ^o ^ ^'   which is the cosine of the angle measured 

from the downward normal to the surface.  The bottom surface 

is a completely absorbing boundary, so that no light is 

reflected from it.  This assumption is not essential to our 

discussion. 

rWo.T,) 

^ 

y 

/77/////////////////A-   '///////////////y//. 
J 

Fig. 1.  Incident and reflected rays for an inhomo- 
geneous slab of optical thickness  T-, . 

iBMaaMP» ■»■ —*" '- -=r 
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The direction of the outgoing radiation is char- 

acterized by |j. the cosine of the polar angle measured 

from the outward normal to the top surface.  This para- 

meter is the direction cosine of the vector representing 

the ray of light.  The azimuth angle has no significance 

due to the symmetry of the situation. 

By "intensity" we shall mean the amount of energy 

which is transmitted through an element of area da normal 

to the direction of flow, in a truncated elementary cone 

d(ju in time dt.  See Fig. 2, as well  as Kourganoff [12]. 

We res erict ourselves to the steady-state situation at a 

fixed frequency. 

We define the diffuse reflection function as follows; 

(1)  rCM^Mg^) is the intensity of the diffusely re- 

flected light in the direction whose cosine is 

■^    with respect to the outward normal, due to 

incident uniform parallel rays of radiation of 

constant net flux n in the direction whose 

cosine is  UQ with respect to the inward nor- 

mal, the slab having optical thickness  T, . 

^~-   ^ ......x. , i m...,..»-. TSTT" 1 
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T^T, 

Fig. 2.  The incident and reflecced intensities. 

-r-——2- " mmmm 
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We d^ine a  related ianction P, 

(2)     P(M/a0.,TL)   =  — —  , 

which is the energy of the diffusely reflected light in 

the direction JJ passing through a unit of horizontal area 

per unit solid angle per unit time, due to incident 

radiation of unit energv per unit horizontal area per unit 

solid angle per unit time, in the direction üQ.  We may 

also interpret p as the probability that a particle will 

emerge from a unit of horizontal area at T - T-., the top 

of a slab of thickness T-., going in direction u^ per unit 

solid angle per unit time, due to an input of one particle 

per unit horizontal area per unit solid angle per unit 

time in the direction u«. 

Consider now a slab of thickness T-I + A formed by 

adding a thin slab of thickness A to the top of the slab of 

thickness Tp as illustrated in Fig. 3.  By imbedding the 

original problem in a class of problems of similar nature, 

we will derive an integro—differential equation for the 

diffuse reflection function. 

The. diffuse reflection function for a slab of 

thickness r-y  + A with an input of net flux TT is 

rdi^Q, T1 + a) » TTPCM.UQ.TJ^ + A)!J0/U.  Applying the 

method of invariant imbedding in its particle counting 

form to the probability of emergence or a particle from a 

slab, we obtain the equation 

"■■■""'^i■"^^'"    '-" "'   '   ■"■     " _iniMiii»wnpfnM_        ■mpgw«:w—*.—----»'—••«"■"^—.... u.^^-—-—,..,1. ,. ,,,„..  ,.. .   -' ''  ■" ■■■       i'i mwjsiiy 
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r(/xjMo, r.tA) 

Vr.tA 

Fig. 3.  An inhomogeneous slab of optical thickness T + A. 

"0 ■   ■    '^p^^^*^^—■"1—MW^WM WM^MWiqppHwr.-] !-T«—II        H^. 
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(3)  PCU.MQ,^ + A) = P(U.M0,T1) -AC- + -)P(M,Uo^rl^ 

0 ^0 ^ 

0     U 1    U  4n     0       i 

+ o(A). 

The first terra on the right hand side is the probability that 

a particle emerges without any interaction in the thin slab. 

The unit of distance is such that x is the probability of 

an interaction in a path of length x.  Hence the second term 

represents the losses due to interactions of the incoming 

and outgoing particles whose path lengtns in A are A/üQ 

and A/u respectively.  The third term is the probabili y 

of an interaction and re-emission isotropically into the 

direction given by u.  The function ^(T-J) is the probability 

of re-emission, and is called the albedo for single scat- 

tering.  The next term is the probability that the parti- 

cle is diffusely reflected from the slab between (0,1.) 

into the direction  u'  and interacts in A and is re- 

emitted into the direction of emergence u.  The next term 

is the probability that an incoiiing; particle interacts in A, 

enters the slab  (0,T,)  and is diffusely scattered into the 

;.«aiM"«qy ■' ■" -^B»"-    ■" -"^»»WWWWBPT^" "l^p^perg!-     —-- ~——   . .—■-..■,^i .,1 i .n, 11 mwjmi.  »».I a »«^ »»■ .1..  -i.g—-^   .... u....... m I-K..«—.«»■<WB;, 
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emergent direction u.  The sixth terra is the probability 

of diffuse reflection in (0,T-.)^ then interaction and 

re-emisQ.' i in A, and diffuse reflection from (O^T-.) with 

outgoing direction M.  All o^her probabilities are pro— 
2 

portional to A or higher powers of A and are accounted for 

in the term o(A). 

Let the diffusely reflected intensity be given by a new 

function R, by means of the relation 

RCt-M^T-.) 
(4)      r(uJU0.T1)=   4|i , 

where R is  related  to  P by  the formula 

Then R satisfies  the  equation 

(6)     R(u.v0,Tl + A)   =  RCu^rp   - A(~- + i)R(u)u0,r1) 

+ AX J 1 + ^Z  R(U',M     T^'   -f ^ J1  RCu.a",^)^' 

1 1 I 
+ i r RCU'^^TO^' r RC^MVT)^"^ +O(A). 

^0 U     ■L  (j!       o ^ J 

We expand the lefthand side of the equation in powers of A, 

SRfu,|Jn,T1) 
(7)     R(u,;i0,Ti + A) « RCu^Q^p +  qr-^ i- A + o(A) . 

"V^^i 
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By  letting A-0,   we arrive  at   the   integro—differential 

eqviation 

(8)  ^~  a0      u 

= MTJ 1        I      !■       P r  /       I 'du 

2   0 •" 

The initial condition is 

(9) R(u,U0,0) = 0, 

because no light is diffusely reflected when the mediuir. 

has zero thickness.  It is readily seen that the function 

R is Symmetrie [4.13,14,17]. i.e., 

(10)     R(P,U0,T1) =R(U0,U,T1). 

Equation (8) for R is the s&me  as Chandrasekhar's equation 

for his scattering function S, when the medium Is homogeneous 

and Isotropie. 

4.  GAUSSIAN QUADRATURE 

The above integrals may be evaluated by the use of 

Gaussian quadrature [4,13,14]. Since the limits of our 

integrals are zero to one,, we use the approximate relation 

=ssi 
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1 N 
(1)       f f(x)üx - Z     f(ak)w 

which is exact if f(x) is a polynomial, of degree 2N—1 or 

less.  The numbers a, are roots of the shifted Legendre 

function PM(-X/ - PxjCl—2x) on the interval (0,1);, and the 

numbers w, are the corresponding weights.  For a more de- 

tailed discussion and for tables of roots and weights, see 

[13]. 

Replacing integrals by Gaussian sums, we have the 

following equation which is approximately true, 

- >.(T1) (i + ^ Ji ROvv^ n^"1 + I J1 R^."k.-'i) ^J 

For N ~ 7, this is a fairly good approximation [14,15]. 

We consider only those incident and outgoing directions 

for which the cosines take on the values of the roots 

V 
For N = 7, the roots u- and the corresponding angles. 

arc cosine u, , are listed in Table 1, in order of in- 

creasing n. 

•fimmnma.'■ " " "'" II i" -■'■WJ-W—Wl^ap—<ll-lll     nimiwaiUBP '■ -i—mi i    I.      ■i<i)|jagi-» ..J_E1._]J>1MU. 
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TABLE i 

ROOTS OF SHIFTED LEGENDRE POLYNOMIALS OF 

DEGREE N = 7, AND CORRESPONDING ANGLES 

k 
Roots u. Arc cosine u, 

(in degrees) 

1. 
2 
3 
4 
5 
6 
7 

0.023446044 
0.12923441 
0.29707742 
0.50000000 
0.70292258 
0.37076559 
0.97455396 

88.541891 
82.574646 
72.717849 
60.000000 
45.338044 
29.452271 
12.953079 

We define the functions of one argument. 

(3) .j^l) = R^pM^T^, 

for 1 = 1,2,...,N, j = 1,2,...,N.  Then (2) becomes a 

system of ordirary differential equations 

ui    ^j   1J 

1     z k=l kJ  J- uk     ^ k»l lk i Mk 

with optical thickness T, as the independent variable.  The 

initial conditions are, of course. 

(5) RijCO) - :. 

*^r .. ,iw<wi'i-  ' 'w ■mjjamMggppn « "■^j-*1"- LAU--- ^**viM^g9*ism*mimmi»w 
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The sj'stera of N first order differential equations reduce 

to a system cf N(N+i)/2 equations by the use of the symmetry 

property of R.  This is a large saving of computational 

effort. 

5.  AN INVERSE PROBLEM 

Consider the inhomogeneous medium composed of two 

layers as illustrated in Fig. 4. 

0.5' 

0.5 

TT 

XP =0.6 

X, =0.4 

•^ 

" >-Ti 

J 

Fig. 4.  A lay3red medium 

The total thickness of the medium is 1.0, the thickness of 

each slab is 0.5, and the albedos are 0.4 in the lower 

layer, 0.6 in the upper layer.  In order to have a con- 

tinuous function for the albedo, we assume that X is 

given by the function 

(1) >-(T) =0.5+0.1 tanh 10(T-0.5). 

I 11 Ml 1. II'J UIHI_. ,t.lj.ii .Ul-^»l|l|MMM»imi 
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This function is plotted in Fig. 5, 

T=1.0 

T=0.5 

r-0 
0.2 

X(r) 

/' 

Layer 2 

Layer 1 

0.4 0.6 0.8 

Fig. 5.  The albedo function X(T) =0.5+0.1 tanh 10(T-0.5) 
for a slab of thickness 1.0. 

Parallel rays of net flux rr are incident on the upper 

surface of the medium in a direction characterized by the 
o 

parameter u-.  We obtain N measurements of the intensity 

of the diffusely reflected light, h..  = r^ .(T-I), for incident 

directions u., j ■ 1,2,...,N, and reflection directions u,j 

i ■ 1,2<,...,N.  We wish to determine the nature of the 

medium from the knowledge of the reflected radiation. 

Let the total optical thickness of the slab be T, and 

let the thickness of the lower layer be c.  Let the albedos 

be X-j and X2, for the lower and upper slabs respectively, 

where the albedo as a function of optical elevation is 

«aWW^SW?»^ ***&*•>' -°?*3r-~- !fUÄ-.« i"—-*-" -TV* 
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(2) X(T) = a + b tanh IO(T-C) 

and      ^i = a—b} 

(3) X2 = a+b, 

where a and b are unkno^nn parameters.  For the "true" 

situation, 

(4) T = 1.0, a = 0.5, b = 0.1, c = 0.5. 

The inverse problem which we wish to solve is to determine 

the quantities T, a, b, and c in such a way as to have 

best agreement, in the least square sense, between the 

estimated solution using the ordinary differential aquations 

for r.. and the observed reflection pattern.  Mathematically 

speaking, we wish to minimize the expression 

N   N 2 
(5) 2   2  fr  (T) - b  } 

1-1 j=l   1J      LJ 

over all choices of the unknown parameters. 

In Table 2, we present the measurements [b..} for 

N ^ 7o  In Fig. 6 we plot some of the measurements as a 

function of the cosine of the reflection angle, M ~ \i.} 

for input directions u0 ~ U. = .025, .5, and .975.  The 

discrete observations are shown as dots, and for clarity we 

draw smooth curves through these points.  For comparison, 

we show what the corresponding measurements would be if 

the medium were homogeneous with albedo \  = 0.5. 

*v~amw~—mmm*4 1.    m,,in ,,.„■—^—. I   lll.inm»»)  |Hl |l      ll       III.    W—HMBm|JPBB 
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Flg.   6.      Some  or   the measurements      <b,,]     for  a   lavered 
medium. i-J 

^P** 
/   j&^ '*m*Km:f*m^mgi&Hmm*tmm 
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6.  FORMULATION AS A NONLINEAR BOUNDARY VALUE PROBLEM 

We formulate this inverse problem as a nonlinear 
2 

boundary value problem.  To the system of N nonlinear 

differential equations 

dR..    ,    , 
(1)  —ii + (_L -f. -L)R. . = 

o^    ui  M-  ij 

,  Is    w,     i  N    w, 

1 l  k=l kJ wk    2 k=l lk ^k 

where 

(2)      XCT^ = a + b tann 10 (T1 - c), 

we add the differential equations 

« \-*'    \-*-      37^0, ^ = 0 

because a, b, and c and T are unknown constants.  The boundary 

conditions are 

(4)      R^CO) = 0, 

md 

(5) i = 0 '  i-0'  lf=0.  11=0. 
where 

N N 2 
(6)  S - 2 S  fR..(T) - 4u.b..} 

i=l j=l  1J      L 1J 

Mt     UM ii  i ■    '-mm^^m^mm^m       ^A^ßtmmfi     <     »    ; ■?J»,p^- ■ '^^Sjf^'jg^"—"^   '" ™— -J""iii^^« 
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7.  NUMERICAL EXPERIMENTS I.  DETERMINATION OF c, THE 
THICKNESS OF THE LÜWLR LAYE^ 

Let us try to aetermine the quantity c^ which is the 

thickness of the lower layer of the stratified medium.  We 

assume that all of the other parameters a^b^ and T are 

known.  The parameter c is considered to be a function of 

optical height T-I described by the equation dc/dr^ = 0. 

By following the method of quasilinearization as described 

previously, we obtain a system of linear differential 

s t equations for the (k+1)  approximation v.o R. . and c: 

(1) 
dRk+1 
-^i- = f(Rk  c^ + 2 (Rk+l _  k^ *f 
^i        ^ i.j  ^       ^ 7^. 

. , k+1   k. of 
f (C     - C ) —-;- , 

5c 

A   k+1 

where 

(2) f(!^.,ck) = - (^ + ~)Rii f X(ck)(l +| 2 Rk !i) 

(3) X(ck) = a + b tanh 10(T, - ck). 

After simplifying, we have 

-■-^■S^'-ig^g;  muKii jjunmu.jni ii .■■ i     »i . .      .ILI   li»     i iWPWPiBMW^^IHPBJ—»^^»■"   I J   '.. 
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(4) 
dRk+1 

L 

i N k w/ 
-^ ^- ^ + 177)4.3 +^cK>(1+7 ^U^ 

f     I        1 
+   <!- (7r- + rr-)( (i + i  s   R^  -±)> 

"t-j   M, 

L    1    J 
, .Rk+1 ~ Rk  )   + 

1 w  ^ 
7 X(c  ) 

N      ,     w, N k+1       „k   s    W^ (i+5 ii R
" ? X

.
S

.I
(R
^- ^)., 

i N   k w/      N    k+i 
(1 + 7   2    R/i IT)   x    2    (Rit - R;J 

k. wt 
it7   M, 

^+1-ck)(l+l J^R^gxi + lR^g)   x 
L 
(-10 b  sech2  l0iTl - ck)) 

J 
> 
i   J 

dc 
k+1 

dr- =    0. 

Since N = 7, there are basically 7 + 1 = 50 differential 

equations, wl-iich reduce to 7*8/2 + 1 = 29 differential 

equations by the use of the symmetry property 

(5)  R^Vx) -  R^l) 

While the computations are reduced, the full set of values 

k+1 
R..  representing a 7 x 7 matrix is always available. 

k+1 
Now let the 50—dimensicrial vector x  (T-,) have the 

components 

j», m 
, SF 
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(6)      x^+Vp  = R^CTT), ^ Ij   ^1> 

for -t = 1,2,...,49 as  i =  1,2,...,7  and j = 1,2,...,7,   and 

(7)       x^Crp  = C^CT^. 

k+1 Since x  (TI)  is a solution of a system of linear 

differential equations, we may represent it as the sum of 

a particular vector solution, P(T-J), and a vector solution 

of the homogeneous sytem, h(T,), 

(8) 
k+1 

(T-,) = PCTO + m h (T.). 

The system of differential equations for P(T^)   is 

obtained by substituting the appropriate component of p 

k+1    k+1 
where ever R   or c   occurs in (4). We choose the 

initial conditions p(0) = 0.  The system of equations for 

the homogeneous solution is similarly obtained, but of 

s t course all terms not involving the (k+1)  approximation 

are dropped.  The initial vector h(0) has all of its com- 

ponents zero except for the last, which is unity.  The 

k+1 
boundary conditions R^CO) = 0 are identically satisfied. 

The solutions PCT-^) and h(T,) are produced on the interval 

0 <£ T^ ^ 1.0 by numerical integration. 

The multiplier m is chosen to minimize the quadratic 

form. 

m/mmmmmmmmm naran pp ■JVI ■ 
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^9 2 
(9)   S = 2 [p,(l) + m Ml) - bj  , 

1=1 I V I- 

where the observations are b. = x^     (1).  It is required 

that 

(10) dm ' 

and so the value of m is 

(ID m = 

49 
S h^(l)[b^-p^(l)J 

—zr5 2—~ 
S  [h,(l)] 

The thickness of the lower layer in the new approxima- 

tion is 

(12) k'M c   = m. 

The initial approximation required for this successive 

approximation scheme is produced by numerically integrating 

the nonlinear system of equations for R using a rough 

estimate of c.  The results of three experiments with 

initial guesses c = 0.2, 0.8, and 0.0 respectively are 

given in Table 3.  The values of c obtained in the first, 

second, third and fourth approximations are tabulated. 

TABLE 3 

SUCCESSIVE APPROXIMATIONS OF c, THE LEVEL OF THE INTERFACE 

Approximation 
Ö   
1 
2 
3 
4 

Run  1 
im  
0.62 
0.5187 
0.500089 
0.499990 

Run 
ITS  
0.57 
0.5024 
0.499970 
0.499991 

Run 3 
"Ö7ö 

No 
convergence 

True Value 0.5 0.5 0.5 

1^ 'iü**1"1 
——\ 

. 
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Th e initial guess of c in Run I is 607Ö too low, and 

in Run 1,   60% too high. Yet the correct value of c is 

accurately found in 3 to 4 iterations.  The time required 

for each run is about 2 minutes on the IBM 7044 digital 

computer, using an Adams—Moulton fourth order integration 

scheme with a grid size of AT-I = 0.01.  Each iteration 

requires the integration of 2 x 29 = 58 differential 

equations with initial values, and the values of p.(TO 

and h^Cr-,) thus produced are stored in the rapid access 

memory of the computer at each of a hundred and one grid 

points, 1-^ = 0, .01, .02,..., 1.0.  The current approxiraa- 

tion of R.. is also scored at a hundred and one points. 

Run 3 is an unsuccessful experiment because the 

initial guess for c, i.e., a single layer approximation, 

is very poor.  The solution diverges. 

8.  NUMERICAL EXPERIMENTS II.  DETERMINATION OF T, THE 
OVERALL OPTICAL MCKNESS   

Now let us try to estimate the total optical thickness 

T of the stratified medium, assuming that we know all of 

the other parameters of the system.  Again we are provided 

with 49 measurements of {b}^ the intensity of the diffusely 

reflected radiation in various directions. 

The quantity T is the end point of the range of 

integration, i.e., 0 ^ T^ ^ T.  In order to have a known 

end point, we define a new independent variable a, 

(1)      ^T = ^ , 

■■--M.i. —-■»1 
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so that the integration interval is fixed, 0 <^ a <£ 1.  Then 

T satisfies the equation, dT/da = (K  Our system of non- 

linear equations is 

(2) dg      - = 

+ \[l + 

r\ 

(k + ^i 
N N 

dT 
da 

= 0, 

w, 

ikli^wi][1 + Kli^ ^r- Mi 

where X = a + b  tanh  10(aT - c). 

The solution is subject co the conditions 

(3) 

(4) 

RijCO) = 0, 

N N 
min 
T £ A1*1^"4^ 

Linear differential equations are obtained in the 

same manner as before, and we solve a sequence of linear 

boundary value problems. 

Three trials are made to determine the thickness T, 

with initial ^..esses T = 0.9, 1.5, and 0.5, while the correct 

value is 1.0.  Four iterations yield a value of T which is 

correct to one part in a hundred thousand, in each of the 

three experiments.  The total computing time is four minutes. 

The experiment is successful even when the initial guess is 

only one-half of the true value. 

Mfee&vi •^w 
if » 
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9.  NUMERICAL EXPERIMENTS III.  DETERMINATION OF THE TWO 
ALBFiböS AN!) THE THICKNESS OF THITLüWER LAYER  

Given 49 measurements of the diffusely reflected 

light, we wish to determine the two albedos 

(1) X , = a—b, X9 = a + b. 

and the thicknesses of the two layers.  We assume that we 

know the overall thickness T = 1.0, and so if the thickness 

of the lower layer is c, the thicknes? of t* i  upper layer 

is given by T - r.     The unknown pa^- .L ..S are a,  h,   and 

c.  Since there are three unknowns, we have three homo- 

geneous solutions and of course a particular solution co 

compute in each iteration of tr    experiment.  Each 

solution has 28 + 3 = 31 components, so that there are 

4 x 31 = 124 linear differential equations being integrated 

during each stage of the quasilinearization sc .erne.  The 

three multipliers form the solution of a third order linear 

algebraic system.  They are found by a matrix inversion 

using a Gaussian elimination method.  Table 4 summarizes 

the results of an experiment which is carried out in about 

2 minutes on the IBM 7044.  The FORTRAN IV computer pro- 

grams for all three series of experiments are given in 

Appendix B. 

'■" *■  ■ 
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TABLE 4 

SUCCESSIVE APPROXIMATIONS OF Xp X2, AND c 

Approximation X- m  a—b X2 = afb c 

0 
1 
2 
3 

0.51 
0.4200 
0,399929 
0.399938 

0.69 
0.6052 
0.599995 
0.599994 

0.4 
0,5038 
0.499602 
0.499878 

True Value 0.4 0.6 0.5 

10.  DISCUSSION 

The approach which is discussed above is readily 

extended to other inverse problems with different physical 

situations.  The numerical experiments in this chapter 

make use of many accurate observations of the reflected 

light while in the next chapter, the effect of errors in 

the measurements is examined.  We note that initial 

approximations must be good enough to insure convergence. 

A rational initial estimate may be made from knowledge of 

the diffuse reflection fields for various homogeneous 

slabs, as calculated for example by Bellman, Kalaba and 

Prestrud [14].  Other inverse problems might deal with the 

transmission function, the source function, the X and Y 

functions, and the emergence probabilities [18-22]. 
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CHAPTER THREE 

INVERSE PROBLEMS IM RADIATIVE TRANSFER; 

NOISY OBSERVATIONS 

1. INTRODUCTION 

The techniques of invariant imbedding and quasilinear- 

ization are applied to some inverse problems of radiative 

transfer through an inhomogeneous slab in which the albedo 

for single scattering has a parabolic dependence on optical 

height.  The results of many numerical experiments on the 

effect of the angle of incidence of radiation, errors in 

observations, and minimax versus least squares criterion are 

reported,  ^ther experiments are carried out to design an 

optical medium according to specified requirements.  The 

knowledge gained through this type of numerical experimen- 

tation should prove useful in the planning of laboratory or 

satellite experiments as wel] as for the reduction of data 

and the construction of model atmospheres. 

2. AN INVERSE PROBLEM 

Consider an inhomogeneous, plane paral el, non-araitting 

and isotropically scattering atmosphere of finite optical 

thickness T, .  Its optical properties depend only on the 

optical distance T from the bottom surface.  The bottom 

surface is a completely absorbing boundary, so that no light 

vmmmmmmw.       [immiM* "       ""    'L ■ 'g'.j,-j  ""i-iMg---»--"-!-"' ■— ■ —      «  ■ MMM^ .....jwi« 
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is reflected from it.  See Fig. 1 for a sketch of the phy 

sical situation.  Parallel rays of light of net flux rr 

per unit area normal to their direction of propagation are 

incident on the upper surface.  The direction is specified 

by \XQ  (0 < LU < 1) , the cosine of the angle measured from 

the normal to the surface 11,2]. 

O-L 

Ak 
X(T) 

/-T, 

Fig. 1.  The physical situation 

Let r(u, u0, T,)  denote the intensity of the dif- 

fusely reflected light in the direction u, and set 

R(ia, UQ, T1) « 4ur.  Then the function R satisfies the 

integro-differential equation 

3R 
9 T, -<^~)*+^-1){l^ J^u, u', Tl)^l 

(1) 
^0' u 

[i + \ I;R(U'.U0. xp ^i 

with initial condition 

mmmmmmm mmm. tm 
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(2) R(a. u 0 ,  T-,)  = 0 . 

The function >.(Ti)  is the albedo for single scattering. 

We wish to cor.iider the inverse problem of estimating 

the optical properties of the medium as represented by 

A(T)  as well as the optical thickness of the slab, based 

on measurements of the diffusely reflected light. 

3.  FORMULATION AS A NONLINEAR BOUNI tRY VALUE PROBLEM 

Let us consider the case in which the albedo may be 

assumed to have a parabolic form, 

(1) UT) + ar + br 2 

vl.are a and b are constants for a particular slab.  For 

pie, let us take a -» 2 and b ■ -2, and we choose the 

optical thickness c = 1.0.  The albedo as a function of 

optica height is shown in Fig. 2. 

1.0 

*   .5 

0 
0        5        1.0 

Fig. 2.  A parabolic ^Ibedo function, X(T) 

for a slab of thickness 1.0 

+ 2T 2T
2. 
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We replace the integro differential equation by the 

discrete approximate system obtained by the use of Gaussian 

quadrature, 

dR. .     ,    , f   1 N        wk 
(2) ^--(~ + y hi+ ^i) i1+jk=1 ^(v ^ 

r    i  N W, , 

In these equations,  R..(T,) represents R(u.. u.. T,). 

We produce "observations" of the diffusely reflected 

light by choosing N = 7, and integrating (2) from T, =0 
R. . 

to  T, = 1.0, and then setting b. . » 7-ü .  Then  {b. .] 
1 &  ij  4^ ' ij 

is the set of measurements for T, =1. 

Starting with the observations  [b..] = {r..(c)], we 

wish to determine the quantities a, b, and the optical 

thickness c which minimize the expression 

(3)      S ^.   (r.^c)- b^l2 , 

where ^■n^i) " ^liir^-(Ti)  is the solution of the nonlinear 

system (2).  This inverse problem may be viewed as a non- 

linear boundary-value problem. 

4.  SOLUTION VIA QUASILINEARIZATION 

Since the terminal value of the independent variable 

T-,  is unknown, we make the following transformation to a 

new independent variable a. 

y.i.iliiiy-iyi   — ■■   —^-.ir^.- ^v— n—-^—™"-—■- ■ mm» -w« ■'■"■"l-™" "■'■, n" .ii ^^^^^^■■WiP*q*WWl«^^gpB^iti■^l^"'^.ln^'^•' ■>g«^pB 
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(1) 0 = Tj/c  , 

which has initial value 0 and terminal value 1.0.  Then 

the parameters a. b, and the thickness c  satisfy the 

equations 

(2) da  n   db  n   dc  o 
da       da       da 

Eqs. (2) are added to the system 

dR^ 
-  c f V + ^ Rii + ^a> U + 4 s R JS] ui  uj  1J z k=l lk uk 

(3) 
[I + i    Z    R, . —] 

2 k-1 k- ^k 

where 

(4) Ho) i +  eca + bc2a2 

The application of the technique of quasilinearization 

[ 2 ] yields the linear system for the (n+l)s  approximation. 

dR n+1 
-j- = cn {- ( 

la 
{- ^ + ^T> Rij + ^z*'   bn' cn' c:)fi(R

n)f.(Rn)} 
J 

+ c n (i. +^)(R^t1 - R?J 
^   uj   1J     ^ 

+^ X(an, bn. cn. a) [f. 
N 

k-1 
rRn+l 

N   «J.1      w, . 
+ fi .., (Ru - Ru> ^ '} ^,=1 

■ J... ui!WfP WUPBWW MMPPW -»-™ 
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(5) 

n+1   ru  n , n v i   - a ; c \c   \i 

n+i  , rix  n , n v 2 

+ (a11^  an)   cn (cna) f. (Rn) f. (Rn) 1      J 

+ (b"Ti   bn) c" (cnö)^ f. (Rn) f  (Rn) 

+ (cn+1 - c") (-(1 + i-) R" + X(a
n, b", cn, .)f.(Rn)f.(Rn) 

i  Mj   J 1    J 

+ [ancnc + 2bn(cna)2].fi(R
n)fj(R

n)} , 

dan+1 

da       J 

db n+1 

dc n+1 

0 

= 0 

where 

X(an, bn, cn. a) = ^ + an(cno) + bn(cna)2  , 

f.(Rn) = 1 + i Z    R.n -1. 
2 j=l ^ ^ 

The solution of Eqs. (5) may be represented in the form 

k k ^1(.)^P1J(-)+k=iC^j(.) , 

n+1, v 
a  (a) 

bn+1(a) 

„n+1/ N c   (a) 

= qA~)  + k kl 

k=l   i 

q2(a) + :  ckw^(a) , 
Z     k=l   2 

k k. q.(-) + 7     cKw*(a) 
J      k=l    J 

^ 
^ a»r' ■ -' -mm-.   ■'■ «ül *>5j--r.^. ■■^, 
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where the vector P, constituted of elements p..(a)  and 

q.(?)ji 4-s  a particular solution of (5), and the vectors 

k k k - 
H  composed of elements h..(o)  and w (a), are three 

independent solutions of the homogeneous form of (5), for 

k = 1, 2, 3.  We choose the initial conditions P(0) 

k 
identically zero, and H (0) having all of its elements 

zero except for that component which corresponds to 

w , k = 1. 2, 3.  The choice of initial conditions allows 

k 
us to identify the multipliers c  (not to be confused as 

powers of c) as 

a = a(0) * c1 , 

(7) b = b(0) « c2 , 

c « c(0) = c3 , 

We seek the three missing initial values (7). 

Let us make the conversion from measurements of 

r..(c)  to measurements of R,.(1) by setting 

(8) h.  = ^b. . . 

Then we write the expression to be minimized as 

2 
(9) S - S JR^Cl) - ß..}  . 

This expression is a minimum when the following requirements 

are met: 

(10) || . 0 , ff - 0 , || - 0 . 
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By means of  (7),   these coi iitions  are equivalent   to 

(11) ^ = 0   .    ^% - 0   .    ^s        0   . 

We replace R". (1)  in (9) bv its representation (6). 

Then Eqs. (11) lead us to a third order system of linear 

algebraic equations of the form 

(12) AX = B , 

where the elements of the matrix A and the vector B are. 

respectively, 

<")      AiJ = :r hmn<1> hLw   ■ ^     m .n 

(14)       B. = 7     h1 (1) [ß  - p  (1)1 , 
i _ „ mnv ' lhmn  Fmnv /J 

m, n 

and the solution vector X has as its components the multipli 

12  3 ers  c . c . c .  In this way we obtain the current approx- 

imation to the parameters  a and b in the albedo function, 

and the thickness of the slab.  c.  To begin the calculations, 

we produce an initial approximation by integrating the sys 

tern of nonlinear differential equations (3) with R(0) = 0. 

and using Cotimated values of the parameters.  Several 

iterations of the. method are usually sufficient to attain 

convergence, if convergence takes place at all. 
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5.  NUMERICAL EXPERIMENTS I:  MANY ACCURATE OBSERVATIONS 

f3ii} " {Rii^} are Plott:ed Some of the observations 

in Fig. 3. 

Several types of numerical experiments are carried 

out.  In the first class of experiments, 49 perfectly 

accurate (to about 8 decimal figures) observations are 

used to determine the quantities  a, b, and c.  The 49 

observations correspond to measurements for 7 outgoing angles 

for each of 7 incident directions, as listed in Table 1, 

Chapter II.  In one of the trials, the initial approximation 

is generated with the guesses a = 2.2 (+10% in error), 

b = -1.8 (+10% in error), and c = 1.5 (450% in error). 

After four iterations, our estimates are decidedly better: 

a = 1.99895 (-.005% in error),  b « -1.99824 (+.014? in 

error), and c = 1.004 (+.04% in error).  We repeat the 

experiment, with one change: our initial estimate of the 

thickness is 0.5. only one-half of the correct value. 

This time the solution diverges and the procedure fails. 

Fig. 4a illustrates the rapid rate of convergence to 

the correct solution for the albedo function X(T) , for 

the successful trial.  The initial approximation is designa- 

ted in the figure by the numeral 0, the first approximation 

by 1.  The fourth approximation coincides with the true 

solution.  Fig. 4b shows how the initial approximation to 

the function R..(c)  for incident direction cosine 0,5 

deviates from the observed values as indicated by the curve 

iinuiMiuiiiuJuiuj---» - • i,a|i£_,ww  imiiiMiiiiii .^fj|'-!,,. IMj.,.,.lH»1».lJ"1 
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Fig. 4.  (a) Successive approximations o€ the 
albedo function, 

(b) Successive approximations of the 
function R..(c). 
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labelled "True".  The first approximation lies very close 

to the correct values, and the fourth approximation is 

graphically identical with the correct solution. 

6.  NUMERICAL EXPERIMENTS 7:Ij EFFECT OF ANGLE OF INCIDENCE 

In a second series of experiments, the incident angle 

is held fixed and accurate observations are made of the 

outgoing radiation in seven directions.  The incident 

direction is varied from one trial to the next in order 

to study the effect of the position of the source.  The 

initial approximation used in each trial is the same, the 

correct solution.  Due to a possible lack of Information 

in the observations for a given trial, the successive 

approximations may drift away from the correct solution and 

converge to another.  Several iterations are carr-'ed out 

in each run.  The results of the seven runs with each of 

seven angles are given in Table 1.  The incident angle is 

given in degrees, and the fourth approximations to the 

constants  a, b, and the thickness c are tabulated. 
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TABLE 1. 

NUMERICAL RESULTS WITH DATA FROM 

VARIOUS INPUT DIRECTIONS 

Trial Incident 
Angle a b c 

1 88.5° 2.00231 -2.00456 0.999262 
2 82.6° 2.00206 -2.00351 0.99V361 
3 72.7° 2.00032 -2.00048 0.999933 
4 60.0° 2.00072 1.99952 1.00007 
5 45.3° 1.998^9 -1.99841 1.00021 
6 29.5° 2.00029 -2.00040 0.999972 
7 :3.0o 1.99962 -1.99937 1.00009 

Correct values 2.0 -2.0 1.0 

Table 1 indicates that the results are. very good^ 

no matter what the incident angle is.  Examination cf the 

computer output shows that convergence has occurred, in 

each trial, to about four significant figures.  Angles 

13 through 72.7 give nearly perfect values of the con— 

o       o 
stants.  Angles 82.6 and 88 b" ,  close to grazing incidence, 

give values which are only slightly poorer, 0.17, to 0. 2T4 

off. 

NUMERICAL EXPERIMENTS III:  EFiECT CF NOISY OBSERVATIONS 

In this study, errors of different kindi, and amounts 

are introduced into the observations, and the results of 

the determination of parameters are compared with the 

WBig II il"iL.>MJ*qE 1^9 I   ^1» 
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result.s of Exoeriments I and II in which no errors were 

present.  Errors are given in percentages with p1us or 

minus signs.  The errors in a given trial are either of 

equal magnitude, or they occur in a Gaussian distribution. 

Let  t, .' t« t-j    be seven true measurements of R. 

When we speak of noisy observations of + 5% equal 

magnitude errors, we mean that the noisy observations are 

(1) 

n1 = (1 + .05)t1 

n2 = (1   .05)t9 , 

n7 = (1 + .05)t7 . 

Let g^. g^, ••• » gj be seven (signed) Gaussian deviates, 

with standard deviation unity.  Noisy observations with 

5% Gaussian distribution of errors are defined to be 

m1  = (1 + .05g1)t1 . 

m9 - (1 + .C5g9)t9 , 
(2)        2 2 2 

m 7 - (1 + .05g7)t7 

The results of numerical experiments with noisy 

observations, with one or seven angles of incidence, are 

presented in Table 2.  Clearly, the accuracy of the esti 

mation of the three constants is in proportion to the 

•'mmm.m^mmn*w*mmrrvi^f**mmi0Mm**li'U&itl*m »**--* «1»—«g.*«**»- 
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accuracy of the observations.  In contrast to the trials 

with  perfect measurements, experiments using noisy observa 

tions are more successful when there is an abundance of 

data, and when the data are limited  these experiments 

show the effect of the incident direction.  Errors with 

Gaussian errors give poorer results, which may be due to 

the particular set of 7 or 49 Gaussian deviates chosen 

arbitrarily from a book of random numbers [3]. 

8.  NUMERICAL EXPERIMENTS IV: EFFECT OF CRITERION 

This series of experiments is intended to investi- 

gate the effect of using a minimax criterion rather than 

a least squares condition for the determination of the 

unknown parameters, a, b and c. The condition requires 

that the constants be chosen to minimize the maximum of 

the absolute value of the difference between R.. (i)  and 

ß|i.. where R. . (1)  is the solution of (4.5).  This is 

formulated as a linear programming problem in which we 

have the linear inequalities [4j, 

W        ±ßL7{pii(l)+    Z    c^d) - ß    } < e       . 

hi < € • 

whe--e the subscripts take on the values appropriate to the 

trial under consideration.  A standard linear programming 

code [5j is used to determine the  nstants c , e.., and 

the maximum deviation c   .     Two numerical experiments are 
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carried out, one with + 2% equal magnitude errors in the 

observations, the other with TL  Gaussian errors.  The 

incident angle is 60°.  The results are given in Table 3, 

where we show the values of the two constants in the 

albedo functions, a and b, the thickness c, and the maxi- 

mum deviation €, for each approximation.  The results for 

ehe case where the errors are all of the same relative 

size are excellent.  The trial using Gaussian errors yields 

constants which are not quite as good, yet these results 

are surprisingly better than one might expect. 

TABLE 3. 

NUMERICAL RESULTS USING MINIMAX CRITERION 

Type of Approxi— , Maximum 
Errors   mation     rA        } L    Deviation 

+ 2%     0 2.00000 -2.00000 1.00000    
equal     1 1.99948 -1.99961 1.00001 .0200000 

magnitude   2 1.99948 -1.99959 1.00001 .0200000 
3 1.99948 -1.99960 1.00001 .0200000 

0 2.00000 -2.00000 1.00000    
2%      1 1.76462 -1,67267 1.03357 .0294158 

Gaussian    2 1.76265 -1.67487 1.03841 .0293736 
3 1.76279 -1.67484 1.03852 .0293722 

li_JiyMEFJCAL EXPERIMENTS V:  CONSTRUCTION OF MODEL ATMOrPHER^S 

Suppose that we desire to construct a model atmosphere 

with the optical property that whenever light is incident at 

angles near the normal, the distribution of diffusely reflected 

^^-'-^frtPWffWi  f'v—'-M^wife^^~-'-  '"  1^lgTTTrl'^T^jp.I^   —"'lUf^rTW  n "   «    n miiBifwiiii 
C * ~-^f§Mm^i^- 
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light is greatest close to 90 from the normal. We require 

that the optical thickness c be about 1.0, and the albedo 

profile is to be parabolic, 

(1) \(T) = ^ + ar + br2. 

where the constants a and b are to be suitably chosen. 

The albedo should not be greater than unity. 

The reflection pattern, for an incident angle of 

13 , is to have the form indicated by the seven x's in 

Fig. 5a.  The units are given relative to r.n incident net 

flux of TT.  As our initial estimate, we believe that the 

slab should have thickness one. and that the parameters 

be a = 2, and b = -2.  Then the albedo has the form 

given in Fig. 5b by the curve labelled "initial", the 

horizontal line at r - I indicating the upper surface 

c.  The reflection function has the form given in Fig. 5a 

by the dots., whose values are much too low in the region 

80 - 90 .  How should the optical design of this slab be 

modified for better agreement with the requirements? The 

answer is not at all obvious. 

We carry out a numerical experiment in which a 

better model is to be found, which makes the sum of the 

squares of the deviations from the desired values a minimum. 

The condition is to minimize the sum S, 

7 9 
(2) S  =    Z    (d.  - r..)2   , 

i=l      1 1K 

^ 
iKWMpm***-m=^---*— -f.^^^m-MWW,J,WMWWI,ii^w.J.fflMy^-^--,...W||l..M...i.i^l.»  i.    nffin.--^»*»! fwwin^wfwm— 
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where d.  is the desired value of Che reflection function 

for output angle arc cosine  u.,  and r,,  is the solution 
1 1.K 

of the differential equations for the r function, and 

k = 7, corresponding to input angle of 13 .  This problem 

is mathematically the s^me as the earlier inverse problems 

of this chapter.  The method of solution is also similar, 

and after five iterations and 3 minutes of computing time, 

we obtain the solution a = 1.383, b = -1.140, and c = 1.11' 

The albedo function is shown in Fig. 5b by the curve label- 

led "Least squares", the reflection function is indicated 

by the circled dots in Fig. 5a.  A smooth curve is drawn 

between the dots, showing the probable continuous distri- 

bution.  This curve is in better agreement with the require- 

ments at 83 and 88.5 . 

We perform another experiment in which the criterion 

Is to minimize the maximum deviation.  This condition is 

gi,Frn by Eqs. (8.1), where p.. = 4u.d, and  j = 7.  After 
ij    ii 

five iterations, the solution is a = 0.744, b = -0.415, 

and optical thickness c = 1.431.  The albedo has the form 

represented in Fig. 5b by the curve labelled "Minimax", 

and the reflection function is indicated by dcts within 

squares in Fig. 5a.  The reflection function for this slab 

is in very good agreement with the requirements. 

Other possible approaches to problems of design 

include dynamic programming and invariant imbedding [6, 7]. 

i mß'iMmmm^fj^m^m 
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CHAPTER FOUR 

INVERSE PROBLEMS IN RADIATIVE TRANSFER: 

ANISOTROPIC SCATTERING 

I. INTRODUCTION 

Inverse problems in radiative transfer for a medium 

with anisotropic scattering [1, 2] may be treated in a 

manner similar to that used in the isotropic case.  We 

consider a plane parallel slab of finite optical thickness 

T-, .  For simplicity let us suppose that both the albedo 

X and the anisotropic phase function are independent of 

optical height.  Let us take the phase function to be 

(1)       p(fi ) « 1 + a cos 9 , i- L P d Q = 1 , 

where 9 is the scattering angle, and a is a parameter 

of the medium and is to be determined on the basis of 

measurements of the diffusely reflected radiation.  An 

integration over solid angls gives the normalization con- 

dition in (1).  Let us consider the case in which a = 1. 

This approximately corresponds to the forward phase diagram 

of Saturn [3].  It may be noted that Horak considers inverse 

problems in planetary atmospheres in [3]. 

Parallel rays of light of net tiux rr per unit 

area normal to the direction of propagation are incident 

MIP "" 
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on the upper surface of the slab.  The directioa jf  the 

rays is characterized by  -^(O < uo ^ ^)* ^^ cosine of 

the polar angl measured from the dovmward normal, and by 

the azimuth angle  >, .  The phase function may be written 

as a function of polar and azimuth angles of incidence and 

scattering, p(u, :; UQ, 
v(0 •  ■^e lower surface of the 

medium is a perfect absorber. 

Let the diffusely reflected intensity in the direc- 

tion specified by (u, cp)  be r(T,, u, T; UQ, .Q), where 

is the azimuth angle  (0 < T  < 2^).  Measurements of 

r, the set  [bl, are made and we wish to determine the 

value of a for the slab. 

2.  THE S FUNCTION 

Let us define  function  S. which is related to the 

diffusely reflected intensity function r. by the formula 

S(T1?U,T; U0,T0) 
(1)      rC^. u, T; UOJ T0) = ^  

We wish to derive a differential-integral equation for 

the  S  function by the method of invariant imbedding 

[2, 4-6j. 

Let us define another function  P, 

(2) PCT^ LU T; un, Tn) =— —  1' u' ^ a0' ;0'   u. 

■■w ■   ir^i»   -      HHH   »—<—WmMWMUMWBP—■■IIW '■   ii **' V—J, ■■'     .—--m»..- 
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which is the reflected radiation per unit horizontal area 

produced by a unit input of radiation on a unit of area in 

the top surface.  Now we add a thin layer of thickness A 

to the top of the slab of thickness   ■, .  The P  function 

for this slab may be expressed in the form. 

2TT  1 , 
+ J   f P(T  u',-'; u0.r0) ^r z-  p(u,r; u'^^du'd^' 

(3) 0  0   i       u u u 4TI 

•.fo  ^ P(T1^,V; u^4)du'd^ + o(A) . 

The terms on the right hand side of the equation represent 

the following processes:  (1) no interaction in A , (2) 

absorption in A of the incoming and outgoing rays. (3) a 

single scattering in  ' . (4) multiple scattering in the 

slab of thickness  T..  followed by an interaction in A . 

(5) interaction in    followed by multiple scattering in 

the slab below. (6) multiple scattering in the slab of 

thickness  T-.  followed by an interaction In A , followed 
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by multiple scattering in the slab of thickness  ' . and 

2 (7)  O(:A)  represents other processes which involve A , 

or higher powers of A . 

Now t'ae relation between S  and P  is 

S(r1.u.T; U0-T0) 
(4)      P (. 1. u. . ; u0 . -^; = -^  

so that when we substitute this expression into (3). we 

find that  S satisfies the equation 

+ .">.p(u. : ; --u0,-.'0) 

+ ^ C ^o s(Tru,^,; "o'*oW^;  U'::')^' 

u0 

(5) 

2- 1 4   r 
(4")'1 "0  0 

+ -^—^ J   r SCr^u'."'; u0,-0)p(-u'.-.'; aV.r^du'd: 
/„\^  A   n     - U  U      U  U -r- 

2rT   1 
.,r   f S(T  u,-r; u' v')^ 0 + 0(A) . 

0  0   i     u u -T- 
u0 

We expand the left hand side of Eq. (5) in powers of 

■ww mrmrm  M y 
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(6) SCT-J+A,   U,   er;   UQ.   CTQ)   = SCTJ.   U,   CT;   UQ ,   CPQ) 

+ A  1 ^LJL  +  o(A) • 
^1 

We  let    A - 0    and we obtain  the desired integro- differential 

equation 

 ^ — + (M + ^)S  = \|p(a,cp;  -u0,cp0) 

-,       2TT    1 , , 
+ T~r   t        r    S(TVU   .co1;   u0,cp0)p(u,ep;   ^cp'^du' 

^    0      0        i u    u u 

•^        2TT     1 dyiQ 

1       2TT
 ^ d ' 

(4n)2    00        i uu ou M 

2n    1 du' . 
r    r  s(Tru,.; ^^i)~?d4   . 
0      0 ^0 

A simplification arises  if it is  assumed that  the 

phase function may be expanded in the Fourier  series 

M 
(8) p(u,   -r,   u0,   -P0)   «    S    c^Ccos  e), 

m«0 

where P (x)  is the Legendre polynomial of degree m. 

The angular dependence of expansion (8) may be decomposed 

Into poiar and azimuth factors by the use of the addition 

rule of Legendre functions.  Then Eq. (8) becomes 
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M        M 
(9) p(u...u0.,)=    (2'W. ci^^^u0)cosM--.0). 

The function P.(x)  is the associated Legendre function of 

degree i. order m.  Noting the form of this equation, we 

expand the S function in a similar manner, 

M  (   v 
(10) s('ri-u- '^O- 0)= m=0 S^m''(T1,n^0)cos m(i :) . 

Substitution of (10) in (7) leads to the equations for the 

Fourier components of S, 

(11) ^ + (1 + 1 )s(m) = H )  
M (.^i^ ii^n)l.fmU)Ym(  . 

1     M  a0 ^ i=m       1(i+m)., 1   1  C 

v;here 

(12) ^(u) ^P^u) +4/^^ pl S^CT^U^U^F^U')^ . 
1      1     ZU_ 0m;  0      i      1   u 

for m = 0. I,   2 M.  The functions  S^^.U-UQ) 

possess the symmetry property 

(13) S(m)(Tru..u0) = S^^^.MQ.U). 

The initial conditions are 

(14) S(m)(0.^u0) = 0 . 

0- 

—*  -«-■ • ~* 
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By the  use of Gaussian quadrature on the interval 

(0,1). the integrals (12) are replaced by sums.  Also. 

the function  S^ ''(T  U.UQ)  is replaced by a function 

of one independent variable.  S., (■r])* where the angles 

are discretized sucl that  u-« - u. , and  u -• u. , 

i.j = I,   2 N.  Then we have the approximate system 

(15) 
dS^C^) ii + (1 + I )S,('?) 

(2-W 
M 

k=^i 

/ , xk+m (km) .' 
(  i;        (^^y; vm ■.m 

■kTki kj 

(m = 0. 1. . . . . M;  i = 1. 2■ < N;  j = 1. 2 , N) . 

where 

(16) 
m 

:k^ p^, ) + tir k+m  N 
l(m)Dm 

W, 

2(2 6^) j^l 
Ki^hJ 

3      ^: 

i.  are the roots of the shifted The discrete cosines 

Legendre polynominal of degree N. PM(X)  and the quantities 

W.  are the corresponding weights.  The initial conditions 

are 

(17) S^m)(0) = 0 1J 

The solution of this initial value integration problem for 

a system of ordinary differential equations (15) is approx- 

imately equal, to the solution of the original integro 

differencial system. 

mm I ■■ ' MP» -'' .um1 ■«"■ 
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3^ AN INVERSE PROBLEM 

Consider _he case in which the slab is of thickness 

r, =0.2, the albedo is X = 1. and we choose N = 7 for 

the quadrature.  For the phase function 

(1) p = 1 + a cos 9 , 

the parameters are 

(2) M ^ 1. CQ = 1, c, == a ~ 1 . 

For a numerical experiment, we take Eqs. (2.15) and inte- 

grate from T-, = 0 with initial conditions (2.17) to 

T-I = 0.2, using :n integration grid size of AT, = 0.01. 

Using (2.10) and (2.1), we produce 

(3) bijk =r(0.2. u., ^k; u,. T0) 

for  ;0 = 0, and  ^ = 0°, 30°, 60°, ..., 180° aj 

k = 1. 2. ..., 7.  The set  ^... ] represents our measure- 

ments of the diffuse reflection fiexd. from which we hope 

to estimate the unknown parameter a.  The condition shall 

be to minimize the sum of squares of deviationsj 

(4) r  [r(0.2, u,, V u  i0) -b  I2 

where the function r is the solution of the Eqs. (2.15) - 

(2.17) using (2.1) and (2.10).  The measurements for r = 0° 

and for  r « 180  are shown in Fig. 1. when  UQ ■ 0.5, 

TQ = 0.  These data were produced numerically with the 

■MHWJiEfryPWJWBg 
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use of Eqs. (21), (2.10)   (2.14).  The program for the 

calculation of the r  function is given in Appendix D. 

4.  METHOD OF SOLUTION 

This problem may be solved by successive approximations 

using quasilinearization [ 7.8j.  Let us write the function  S.. 
1J 

as  S .. . and similarly \f.   - f . • ,  P!n(u„) - P r , mij -   ki   mki    kv I' mkl 
st The  linear  equations   for  the  (n+1)       approximation are 

Jc,n+1 
ab   . • 

dT1 
= ( U-t 

1-)   Sn 

U. Hi mij 

+ 1(9-^     )     '    /_nk+m  (k-m)'   ^nv !0nr k^n 

(1) 
+ (S11"?"1 -  Sn. .)(!)(-- + ~) v mij mij/v     ^^       u.^ 

M 
.n+1       0n + >.(2 ^ ^[(s—- s^,)fmU + (s;T; n+1 

mi- 
cn+l>.^        j 
SinU)$m1^] 

Om'v   1 i/\     / (1+m).     mil mij 

(2) 

(m = 0,   1;   i  = 1.   2,       7;   j   = 1,   2,   ....   7), 

da 
d 

n+1 
■—     =0     "or  a  = c 1   ' 

where 
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U;     ^       k=m 2t2 ^ Pmkj ^   L) (k4tn) • Ck mki 

and 

, -.xkCm  N  ^       W. 
K*J -mkl       ^mkl  T 2(2-6^) j=1 m^j rmkj ^ 

In these equations 

/ c x        n+1   n+1   n   n   n-fl   n  , KJ) a   = c-j   , a = c-^ , CQ  = CQ = 1 

The iritial conditions are 

(6) Sntf (0) = (0) 
mij v    K 

and  the boundary condition is 

(7) —"vr {.   r ,    [2    3^(0.2)003 mcrk - ^.b...]2}  = 0 

Let us represent the (n+1) approximation of S as 

a linear combination of a particular solution and a homo- 

geneous  solution 

(8) S^kr-i)   = P   ■ -(^i)  + a h   . .(T,)   . mLjN   V       rmijv   I' mijv   1/ 

In  terras of numerically known quantities. 

„.,        .   V ^4-ibijk " Poij       Plijccsyk)<hoij  + hlijCOSuk) 
/Q\ n+J   _ 1. j ,k    _  J_        J_       ^ J ___ 

7     fhoii  + h1lMcosrk]2 

^ÄftB9^*"*""" •^■■J»^««»i' ~» '■■'*- ^T-^--'— i ^p^iani i mii.JIUM^IWWLI1)-'r'    m- ■*.■■■ vJUJHgr^v^^wr":■" m■ i '■l^-■".^W.I.WWP..mi—— ■ ■■ npnM 
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wherc the functions p  and h are evaluated at  T- = 0.2, 

and the initial conditions for p  and h are suitably 

chosen. 

By making use of the symmetry property of S we need 

2 consider, not a system of  2N equations, but only 

2N(N+l)/2 « N(N+1) equations.  For N = 7, this means that 

7.8 ^ 56 equations define the parti^ulir solution, and 

another 56 define the homogeneous solution.  Twenty—one 

integration grid points cover the range 0 v Ti ^ 0.2 . 

with AT-. = 0.01.  The storage requirements arc 21 x 56 

for the p  solution, 21 x 56 for the h solution and 

21x56 for S .. .  This problem is certainly feasible 
mij        r ■' 

for numerical solution with the IBM 7044 or the 7090. 

Numerical experiments will be carried out in the near 

future.  Such studies should prove useful in the planning 

and analysis of investigations of planetary atmospheres 

[3,9 18), stellar radiation in the galaxy [19], and radia- 

tion fields in the sea [20-22] . 

.— ^MNü—>wwi^i———>w^Mp—pa m I--- ■ ----- 
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CHAPTER FIVE 

AN INVERSE PROBLEM IN NEUTRON TRANSPORT THEORY 

1-  INTRODUCTION 

The theory of neutron transport and the theory of 

radiative transfer [1] are devoted to problems of determining 

the properties of radiation fields produced by given sources 

in a given medium.  Inverse problems in transport theory are 

thost in which we seek to determine the properties of the med- 

ium, given those of the indicent radiation and the radiation 

fields [2-4]. 

In this chapter, we study inverse problems in transport 

theory from the point of view of dynamic programming [5]. 

Our aim is to produce a feasible computational method for 

estimating the. properties of the mdium based upon measure- 

ments of radiation fields within the medium.  Tht invariant 

imbedding approach to transport theory is sketched in Ref. 6. 

For ease of exposition we consider a one-dimensional 

transport process.  The method described here can be general- 

ized to the vector-matrix case, and thus to the slab geometry 

with amsotropic scattering, to wave propagation [7j, and 

to transmission lines. 

r-VTT- J l«B0IIJ i I^I  »■-.  —- 
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2.  FORMULATION 

Consider t:he one dimensional medium shown in Fig. 1 

al    a2 ^ 
o—> \ h-  4—4 •.•  -4 

b0=o hl      b        bN_1  b 
x 

Fig, 1.  A onedimensional transport process. 

It consists of N homogeneous sections  (b.. b..,). 

i -- 0. 1, 2,   ... . N  1.  When a neutron travels tb-ough a 

distance  '  in the i   section, there is probability 

a.   that it will interact with the medium. The result of 

an interaction is th-.t the original neutron is absorbed and 

two daughter neutrons appear, one traveling in each direc- 

tion.  Suppose that c  neutrons per unit time are incident 

from  e right and zero neutrons per unit time from the 

left.  We denote the average number of particles per unit 

time passing the point r. and moving to the right by u(x) 

and the same quantity for the leftward moving particles by 

v(x)   Suppose that measurements on the internal intensities 

are made at various points  x = x- f b.; e.g. . 

(1)       u(x.) = w. . i = 1. 2 M . 

Our aim is to estimate the characteristics of the medium. 

the quantities  a., 1=1. 2. ... N. on the basis of these 

observations. 

-^ ■*■""'- n—Bgwg 



-99- 

As is shown in Ref. 6, the internal intensities satisfy 

the differential equations 

(2) 

u = a. v , 

v = ai u , 

(3) b^ ^ x ^ bi . i = 1, 2, . . . , N , 

where the dot indicates differentiation with respect to x. 

The analytical solution is of no import, since we wish to 

consider this as a prototype of more complex processes for 

which a computational treatment in mandatory.  In addition. 

u(x)  and v(x)  are continuous at the interfaces 

(4) uCb. - 0) » u(b. + 0) 

(5) vihi  - 0) = v(b. +0) , i « 1. 2. ..., N - 1 , 

and 

(6) u(0) = 0 

(7) v(bN) = c . 

iVe wish  to  select  the    N    constants    a1 ,   a„,   ...,   a.,,   so  as 

to minimize  the sum of  the  squares of  the deviations     S, 

M 9 
(8) S  = S   [u(x.)  - w.}^ 

i-l        1 1 

^»Wi-ajXia1 ^jwiMw  IMI 
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3.  DYNAMIC PROGRAMMING 

Let us suppose that the functions u and v are 

subject to the conditions of Section 2 and 

(1) u(bK) = c1 

(2) v(bK) = c2 . 

In addition we write 

MK 
(3) f^Cc,, c9) = min 2  fu(x.)  w,12 . 

K  1   2       1=1    L    1 

where the minimization is over the absorption coefficients 

a,, a„, ..., a^.  The number of observatior^ on the first 

K intervals is M,,-  vVe view K as a parameter taking 

on the values  1. 2. •■■, and c-,  and c« are also viewed 

as variables.  Then we write 

Ml 
(4) f^Cp c2) = Z     {u(x.) - w.]2 . 

where 

(5) u(b1) = c1 

(6)       vCb^ - c2 

(7) 

(8) 

The absorption coefficient  a,  is chosen so that 

u  ~     ^1 v 

- v = a, u 

',"^'*'^"''fcm'" "'"   ' »DiiJI^HIWWWlll 
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(9) u(0)   = 0   . 

In  addition,   the principle of optimallty yields   the 

relationship 

Wcr   c2)   := ^+1  K+l + fK(cl'   ^ 

(10) 
K  =  1.   2  

(11) dK+1 = :   [u(xi)      w^2  . 
i 

with i  ranging over integer values for which 

(12)      b,, < x. ' bK+l , 

and 

(13)        Ü = aK+1 v . u(bK+1) = c1 

(U)        v = aK+1 u , v(bK+1) - c2 

In addition we have put 

(15)      c[  = u(bK) 

(16)      C2 = v(bK) . 

In the usual manner of dynamic programming this leads 

to a computational scheme for computing the sequence of 

functions of two variables  fi(ci^ co)' fo(c;p cp)- ••-> 

—•••- 11| | gimjiii mjmjn 
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and in principle solves our estimation problem. In the 

event that we do not wish to require Chat u(0) =0, we 

may determine the function f, (c-,, c~)  this way: 

min    ' Ml 
(17)     f1(c1, c2) = aj" [X u2(0) + Z  fu(.x.)  w.}2] . 

1=1 

where  \ is a suitably large parameter. 

4.  AN APPROXIMATE THEORY 

While the original physical problem is a two-dimensional 

problem^ it may be well-represented as a one-dimensional 

problem.  Suppose that there are K segments of the medium 

and that the input is v(bj,) - c.  The absorption coefficients 

a,. a~. ..., aj. should be chosen to secure a minimum sum of 

squares of deviations from the measurements.  Having picked 

the absorption coefficients, we may calculate the reflection 

coefficient r(v(bK))  for this segmented medium.  At the 

end bj,, the function u is essentially determined by v 

and r(v), u(bK) = v(bK) r(v(bK)). The single variable 

v(bj,) •■ c may then suffice to specify the state at the 

right end of the K   segment. 

Let us define the function gN(c) 

(1)       gwCc) " Che smallest sum of scares of deviations 

on the first N segments when the. input 

is c. 

and the function ^(c) 

--i-".MM-»|WP» miivitijn MiKuf 
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Rj^c) = the reflection coefficient chat results when 

the optimal set of absorption coefficients is 
(2) 

used on the first N segments, the input being 

c = v(bN). 

The function g^i-iCc)  satisfies the inequality 

r i\ / x   min f        , . v1 (J) RN+I(
C

> <   a   K+I + SN^ >} • 

where 

4) 

and 

(5) 

and 

dIJ+1 - T.   [uCx.)  w.j  , bN < x. < bN+1 , 

u = a v, v(bN+1) = c , 

- v = a ^  v aN)RN(v(bN)) -= u(bN) 

(6)      c1 = v(bN) . 

We do not have recurrence relations for the sequences of 

functions  gjsjC0)  ancl R
M(
C
)-  ^e replac  2qs. (3), (4), 

and (5) by an approximate set, where instead of gwC0)  we 

introduce the sequence f„(c), and instead of R^Cc)  we 

introduce rN(c).  In our approximate theory we produce 

f^L-jCc)  from the recurrence formula 

min f } 
(7)       f^Cc) - a ldN+1 + fN(c')} . 

mniu-mmsimm&mm*'- " —-'^■^La^i.'.-wja»^""    • »» -..- ^^^...-,.   ^ «r^^t^iwp»»' •v-tamttmif* ■ ""^iW fmm-^.-w^.-,-^.**-.-?*** 
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(8) 
^ + 1 [u(x.) WJ2   '   bN x. 

i N+l 

and 

c'   = v(bN)   . 

The  following boundary value problem. 

(9) 

u   = a  v.   v(bN+1)   = c. 

v  = a u.   v(bN)   rN(v(bN))   = u(bN) 

must be satisfied.  The quantity 

(10) rN+1(c) = r(bN+1) 

is obtained as the solution of the initial value problem 

(U) r = a(l -h rz), r(bN) = ^(c') . 

For N = 1 we define 

(12) 
min 

Mc) = a   a [u(x.)   w. 
-L ,•       ii 

where the summation is over indices for which 

(13) 0 < x. <  b1 . 

and  ! is a weighting constant.  Also we have 

(U) 
u = a v, u(0) =0 , 

u, v(b-,) = c v = a 

•■^■-r~.—3*» — 

-»«--' - .-"» 



1.0> 

We define 

(15)      r1(c) = r(bL) 

where 

(16) 

r = a(] + r2) . 0 < x < b. 

r(0) = 0 

The. purpose of introducing the weight  a > 1  is to insure 

a good fit over the first segment. 

Assuming that a unique minimizing solution exists,, 

we can show that the results of our approximate theory are 

exact, if the observations w.  are perfectly accurate, 

We reason inductively.  For the one segment process, there 
K X- 

exists an input c-,  for which f-,(c-,) =0 by Eq. (12), 

and the reflection coefficient is  r^c^).  We assume that 

there exists an input to the medium of N  segments, c»,. 

such that  fN(cN) = 0. and that the reflection coefficient 

for this medium is rN(cN).  For the medium of N+l  seg 

ments, there is an input CM.I  such that d^,, = 0, and 

the input (to the left) at b., which satisfies condition 

(9)  is v(bN) = cN   Therefore  
f
N+i(

c
N44) = 0« and 

the solution is exact. 

In this manner we have reduced the original multi- 

dimensional opcimization process to a sequence of one- 

dimensional processes. 

*QlSißM*»m -*Ü*!ML>. 
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5.  A FURTHER REDUCTION 

The solving of the nonlinear boundary value problem 

of Eq. (4.9) can be a source of difficulty.  To aid in this 

process we note that we can write 

(1) v(bN) - c T + u(bN)R , 

which follows simply from one of Chandrasekhar's invariance 

principles [1].  The transmission coefficient T and the 

reflection coefficient R of the  (N+1)st  segment are 

calculated from the solutions of the initial-value problems [6] 

(2) r « a(l + r2) , r(0) = 0 

(3) t - a r t, t(0) = 1 , 

and 

(4) R = r(bN+1 - bN) 

(5) T = t(bN+1 - bN) . 

In this way the second condition in Eq. (4.9) becomes 

(6) rN^v)v = (v " c T)/R- 

a nonlinear equation for v = v(bN) 

6,  COMPUTATIONAL PROCEDURE 

The calculation of fN+i  for a given value of the 

parameter c may proceed as follows.  We take a value of 

■m1" "——^JPW——-*P»|l*l|i"  ■'■'aw^Errar  
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the coefficient a, and we produce numerically the reflec- 

tion and transmission coefficients, R and T.  Assuming 

we can solve Eq. (5.6) for v(bN), we go on to solve the 

linear two-point boundary-value problem of Section 4 by 

producing numerically two independent solutions of these 

homogeneous equations and determining constants so that the 

boundary conditions are met.  Then the sum of squares of 

deviations  d is computed, and the cost  {d + fN(v(bN))} 

is evaluated.  We go through these steps for all the admis 

sible choices of a, and the costs are compared.  The value 

of a which makes the cost a minimum is the choice for 

the (N+l)s slab.  The whole procedure is repeated for the 

range of values of c and of N. 

It may be noted that in the calculation of the reflec- 

tion coefficient rMa.i ^ the initial condition rN is known 

only computationally on a grid of values of the argument. 

Experiments are needed to determine the required fineness 

of grid to achieve the required accuracy. 

It is possible to derive recurrenct relations for 

fjUc)  and r^Cc), and these can be employed in a variety 

of ways to improve the accuracy of the method.  Numerical 

experimentation would have to be carried out to obtain 

reliable estimates of running times and accuracies [9]. 

The method proposed here can be extended to treat the case 

where the interface points are not known, though the compu- 

tational effort will be greatly increased. 

ffl»fc,MI    ■    W     IWf ■■-■—*■— 'I    ^IL.II    ^■WI.ILJIIBIUI I      ■'■■L'   JWaP-^ajM»111 ■     ■' '■■.       IM^WIII   >    W!     «I^.   IWli.J,^.!!! 
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E^perience with many similar problems leads us to 

believe, that the proposed procedure is perfectly feasible 

[8, 9]. 

7._ COMPUTATIONAL RESULTS 

Production of observations.  We consider a homogeneous 

rod of unit length with absorption coefficient  a =0.5. 

;.Ve produce the internal fluxes to the right and to the left 

due to a unit input flux to the left at the end x = 1,. and 

no input at the other end. x = 0.  To do this, we use the 

face that the quantitv v(l)  is the reflection coefficient 

for the slab, which is  tan a [6].  We integrate the trans- 

port equations with the initial values u(l) = 1. v(l) = tan a 

from x = 1 to x ^ 0.  This procedure yields u(x)  and 

v(x)  throughout the rod. 

Two-dimensional dynamic programming procedure for the 

determination of the absorption coefficients.  The rod is 

divided up into 10 homogeneous sections of equal length. 

From the set of exact measurements,  w. ^ u(x.), we wish 
j J 

to  determine  the  set of optimizing parameters     aN     in  each 

section.     The correct  solution is     aXT « 0.5     for    N *= 1.   2. w 
. . . , 10. 

In stage one of the multi-stage decision process, 

the rod is considered to consist of one segment extending 

from x = 0  to x = 0.1.  If cl  - u(0.1), c2= v(0.1), we 

choose the coefficient which makes u(j) = 0, 

5 *"*«•" 
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(1) 
1     ,  el 

Ö7I arc tan  c" 

regardless of the measurements in this segment.  The minimum 
2 

cos'z  is f,(c-|. c.0) = 2 [u(x.)  w.J  , where u(xi) " s^n a  x; 
i 

0 < x.| < 0. 1.  This calculation is carried out for each value 

of Cj  and c^. 

The computations for the other stages N = 2, 3, 4, 

...,  may be best indicated by the following outline: 

TWO-DIMENSIONAL DYNAMIC PROGRAMMING CALCULATIONS 

For each stage N = 2,   3, 4. 

1. Print N 

2. For each c-. 

1.  For each c 

For each a 

1.  Integrate to produce c-I = uCbj,,-,), ci 

u = a v,   u(bN)   = c^ 

v «= a u,   v(bN)   « c2 

■(V-i> 

Comoute    d »■ 2   [u(x. )  - w. ] 
i 1 1 

Find    fw  -i(c|,   cl)   by interpolation 

Set     3(a)   « d + f^Cc^,   c') 

2. 

3. 

Search for f,.(c-. ,   c?)»=Min   {S(a)} 
3. 

Print    Cp   c2J   a^,   c^,   c^,   fN(cx'   c2^ 

For each    CT 

1.     For each 

j1.     Shift    fN(ci,   c«) 'N-lvCl'   ^2; 
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There are four levels of computation:  the stage N, the 

state c-, . the state c~. the parameter a.  The large 

brackets over the steps which must be carried out at each 

level.  By the statement "shift f^ -» f^, ,", we represent 

the discarding of the costs for stage N-l. and the replace 

ment of fN ,  by the just computed costs for stage N, in 

readiness for the next stage.  This saving in storage is 

allowed by the recurrence formula linking the current cost 

with the cost of only the previous stage.  The interpola- 

tion may be carried out by the use of a linear formula in 

two dimensions, c-.  and c~.  The print-out value of a 

is, of course, the optimal value. 

In our numerical trial, we execute the algorithm for 

three stages only, the rod then extending from x = 0 to 

x « 0.3.  The exact observations are 

u(0.02) - 0.11394757 x 10"1 

u(0.05) - .23484388 x lO"1 

u(ö.08) = .45567610 x 10_1 

u(0.12) - .68328626 x 10"1 

u(0.15) - .85381951 x 10_1 

u(0.18) - .10241607 x 10° 
u(0.22) « .12509171 x 10° 
u(C,25) - .14206610 x 10° 
u(0.28) - .15900853 x 10°. 

The range of N is 1 to 3, the section interfaces lying 

at x « 0.1, 0.2, 0.3.  The range of Cj^ is 0.00 (0.01) 

0.20, 21 values; the range of c2 is  1.120 '0.002) 1.140, 

11 values.  The five allowed values of a are 0.3 (0.1) 

laas 
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0.7.  From the direct calculation, i.e., when the true 

structure of the rod is given, we know the conditions at 

tht right end x = 0.3 which are u(0.3) = 0.17028385, 

v(0.3) ■ 1.1266986.  The inverse calculations do not pro- 

duce clearly the correct results  a-, = a? «= a^ = 0.5.  It 

is believed that, the grids of values of c  and of c« 

are not sufficiently fine, and that substantially improved 

results cannot be obtained without a great increase in 

computing expense.  The computing time for the IBM 7044 

is 1—1/2 minutes for these three stages.  The one-dimensional 

reduction appears a -ractive in view  of these results. 

One-dimensional dynamic programming approximation 

for the determination of the absorption coefficient.  The 

rod of unit length is divided into five sections of equal 

length 0.2.  Armed with the internal measurements w. «* 

u(x.), we wish  to determine the absorption coefficient of 

each slab.  The correct choices are a^ =0.5 for 

N=l, 2, ..., 5.  In the one-dimensional case, the only 

state variable is c = v(b„). 

The outline immediately following lists the calcula- 

tions for producing a,, f-, (c) and r-|(c)  for N = 1, 

and the next outline shown the general scheme, N «= 2, 3, ... , 
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ONE-DIMENSZONAL DYNAMIC PROGRAMMING 

For stage N = 1 

v(bN) 

1. Print N 

2. For each c 

1.  For each a 

1. Solve 2 point boundary-value problem for v(0) ■= c' 

u = a v, u(0) «= 0 

v = a u, v(0.2) = c 

2. Integrate to produce u(x) , 

ü = a v, u(0) =0 

v = a u, v(0) = c' 
2 

and simultaneously calculate d = 2" [u(x. - w. J , 
1 

and keep a running estimate of f.(c) ~ Min fdl. 

2. Integrate to produce r,(c) = P(0.2) 

P = a(l + P2), P(0) = 0 

3. Print c, a-,,   c', r^Cc), f-,(c) 

!ti   Hi I   ii 
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ONE DIMENSIONAL DYNAMIC PROGRAMMING 

For each stage N = 2. 3, 4, ... 

1. Print N 

2. For each c 

For each a 

1. Produce R = P(0.2), T = t,0.2) by integration 

P = a(l + P2) , P(0) = 0 

t:=apt, t(0)»l 

2. Solve the nonlinear equation for c1 = V(1\T_-I) 
and  r^^Cc') , 

R c'r^j^Cc') - c' - c T 

3. Solve 2 point boundary-value problem for 
e' = u(0) = u(b^_1) 

ü - a v, v(0) = c' 

-v = a u, v(0.2) = c 

4. Integrate to produce u(x) 

ü = a v, u(0) = e' 

-v -au, v(0) ^c* 
2 

and calculate d = - [u(x.) = w.1 
i ^ 1 

Find fw ,(cf)  by interpolation 

Set S(a) = d + ffj-iCc1) and keep a running 

estimate of fvAc) ^ Min [S(a)l 
^      a 

5. 

6. 

2.  Integrate to produce rM(c) = P(0.2) N 
,2x p , a(l + P^), P(0) = rN ^c') 

3.  Print c, a^,   c*,   rN(c), fN(c) 

For each c 

1.  Shift fN(c) 



lb 

To solve the nonlinear equation for  c1 = V(^M I) 

where r^c') is known only on a grid of points, we compute 

the expressions  g, = R c' r^ ,(0'), g^ = c]       c T, and we 

take their difference D = gi   g^.  If D = 0, then c' has 

been found.  Otherwise we repeat the procedure for each 

discrete value  c' . until the sign of D.  is opposite to 

that of D. ,.  We then interpolate linearly to find the 

quantity c'  which makes D - 0.  If the sign of D does 

not change, i.e. , the curves  g-.  and g^ do not intersect, 

then the corresponding value of  a is definitely not allowed 

to be the coefficient for the segment in question. 

If the minimum cost  ^MCC)  is large for a given state 

and all remaining states may be deleted from further consider- 

ation.  This provides a saving in computing time, for each 

state to be considered requires many calculations.  Of 

course, the precaution must be taken tc order the c's pro- 

perly, so that no potentially vital state is lost. 

The proposed one dimensional scheme has been tested 

numerically.  The range of N is  1 to 3. the interfaces 

of the sections being located at x = 0.2, C.4. and 0.6. 

The states v(bN) «c are 1.04955 (0.00015) 1.13385. 563 

in all.  This number is reduced in st£.ge 2 to 546. by the 

use of the above test.  Four values of the absorption coef- 

ficient  a are üllowed;  0,1, 0.3, 0.5, and 0.7.     There 

are nine perfectly accurate observations of u per seg 

ment, a total of 27 data points.  The integration method 

is Adams-Moulton with a grid size of 0.01. 

"-'■""■gf---- -~~—~_~Tr~- ■— ———— ■  —■ ' """■'     in.ipinw" n 1 »«g-^—. '■"■  ""^ T" v:xy -^i. 
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From ehe output of our computation, we see that the 
 o 

minimum value ot:  f,(c)  is 0.387 x 10 ' and occurs when 

the input flux is v(0.6) » c ■ 1.08855 and the ahsorption 

coefficient for the segment of the medium between x =0.4 

and x = 0.6 is taken to be a = 0.5.  This is very close 

to the true answer. v(0.6) = 1.08860, and the value of the 

parameter a is correct.  The calculation tells us that 

the next state at x = 0.4 will be v « 1.11673.  The 

nearest grid point in c  is 1.11675. and the cost  fp(l.11675) 

is indeed a minimum, 0.824 x 10  .  The absorption coefficient 

for segment 2 is 0.5. the correct solution.  The next state 

at x ■= 0. 2 is predicted to be 1.13377.  The nearest dis- 

crete state is 1.13385, possessing a cost f,(1.13385) 

= 0.181 x 10  .  The absorption coefficient is 0.5, again 

the correct answer.  The solutions at each state are clearly 

found, the minimum co"t differing from the others by at 

least an order of magnitude.  These dynamic programming 

calculations of about 20 minutes have very accurately deter- 

mined the input, and they have identified the medium. 

Now we wish to test the one—dimensional method of 

determining the structure of the medium when the measure- 

ments are few and of limited accuracy.  kte consider the 

rod of length 0.8 consisting of 4 segments of equal length 

0.2.  There are again the same 563 discrete states in c, 

and the same four possible absorption coefficients 0.1, 

0.3, 0.5 and 0.7.  However, there are only three observa- 

tions per segment and these are correct to only two 

EMaE smsBBC  ^M!--»-W»'~~-~-"— —■.■■..u»»..»««'.! *~~~*im*. 
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significant figures.  Knowing the inputs to the first 

three stages  N = I  2. 3. ve see from the output of the 

calculations that the absorption coefficients are a-. = a« 

■= a-. « 0.5. the correct solution in this region.  On the 
J 

other hand, we are not :^ble to accurately identify the 

input to a given segment on the basis of these calculations, 

because the minimum of the function f  is broad and it is 

not centered at the correct value of the input c.  For 

stage N = 4, the value of a,  is determined to be 0.3. 

and incorrect value.  These experiments might serve as a 

warning to the experimental investigator.  They show that 

the. processing of data with a small number of measurements 

requires higher accuracy than two figures. and that if the 

measurements are of limited accuracy, many measurements 

should be made.  This trial consumes 34 minutes of IBM 7044 

computing time.  This time of calculation could be reduced 

greatly by streamlining the calculations.  No attempt to 

do this was made here; feasibility was our sole concern. 

For other approaches to transport theory, see Refs. 

10-14. 

***** 
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CHAPTER SIX 

INVERSE PROBLEMS IN WAVE PROPAGATION: 

MEASUREMENTS OF TRANSIENTS 

J^ INTRODUCTION 

The wave equation 

(1) Au = ^u(:t , 
c 

is one of the basic equations of mathematical physics.  If 

we suppose that the local speed of propagation is a function 

of position 

(2) c = cCx,. y, z) 

then the difficulties in studying the various initial and 

boundary value problems which arise are well known [1, 2, 3]. 

In the sections which follow, we wish to study some of the 

inverse problaiss which arise when we attempt to determine 

the properties of a medium on the basis of observations of 

a wave passing through the medium.  Such problems are of 

central importance in such varied areas as ionospheric and 

tropospheric physics, seismology, and electronics.  Some 

early results are due to Ambarzumian [4] and Borg [5]. 
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IVe shall discuss some one—dimensional problems.  Our 

basic technique is to reduce the partial differential equa- 

tion in (1) to a system of ordinary differential equations 

either by using Laplace transforms or by considering the 

steady—state situation.  Then our previously developed 

methodology is applicable  For simplicity and specificity 

we shall employ the nomenclature associated with the prob- 

lem of the vibrating string.  In passing, we note that our 

methodology is applicable to the diffusion, equation, to the 

telegrapher's equation, and to other similar propagation 

equations. 

^ THE WAVE EQUATION 

Consider an inhomogeneous medium which extends from 

x = 0  to x = 1, for which the wave equation 

is applicable.  In this equation, the disturbance u(x,t) 

is a function of position and time.  Let us assume that the 

wave speed c satisfies the equation 

(2)       c2 = a + bx , 

where a and b are constants, as yet unknown, which are 

to be determined on the basis of experiments. 

Let the initial conditions be 
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(3) u(x, 0) = g(x) , 

(4) u^x, 0) = v(x) . 

Let the boundary conditions be 

(5) u(0, t) - 0 , 

(6) Tux(I, t) = f(t) . 

Eqs. (1) - (6) may, for example, describe an inhomogeneous 

string, which is fixed at the end x = 0, while a force 

f(t)  is applied perpendicular to the string at x = 1, 

and T is the known tension. 

The disturbance at the end x = 1, u(l, t.),is measured 

at n instants of time.  On the basis of these observations, 

we wish to estimate the values of the parameters a and b, 

and thus to deduce the inhomogeneity of the medium. 

3.  LAPLACE TRANSFORMS 

In order to reduce the partial differential wave 

equation to a system of ordinary differential equations, 

we take Laplace transforms of both sides of (2.1).  We 

denote transforms by capital letters, for example, 

(1) U (x) - U(x,s) = L{u(x,t)l . 

Equation (1) becomes 

(2) s2U(x,s) - su(x}ü) - nt{xs0)  = c2^ . 

iqjy——»jg~~ ■    '   "^—M—«wpi^—-»»g«Pi -J 
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Using (2.2) - (2.4), we obtain the desired system of ordinary 

differential equations, 

(3) (a + bx)Uxx = s2U(x,s) - sg(x) - v(x) , 

in which s is a parameter,  s =1, 2., . . . , N.  The 

boundary conditions are 

(4) U(0,s) = 0,  TU (l,s) = F(s) . 

The unknown constants a and b are to be determined 

by minimizing the expression 

(5) 2  [U0 (l,s) - U(l,s)]Z . 
s=l  UDS 

The quantities ^nhs^^8^  are t'ie ^^l306 transforms of the 

experimentally observed values u(l,t.), while the quantities 

U(l,s)  are the solutions of equations (3) and (4) .  The 

use of Gaussian quadrature [6] leads to the approximate 

formula for the Laplace transform of the observations, 

(6) U0bs(l,s) »2 r8 i u(l,ti)w., s = 1, 2, ..., N . 

Similarly, the transform of the force may be produced with 

the use of the formula 

N    , 
(7) F(s) = 2 r? i f(t.)w., s = 1, 2, ..., N . 

i=l 1     ^ 1 

In these equations,  r.  are the roots of the shifted 

Legendre polynomial P^ (x) = PM(1 ~ 2x)  and w.  are 

~ ^*^~~ '   y^- ^^--^^-^ - 
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the related weights.  In addition^ the times of evaluation 

are 

(8) :i = -lcSeri 1, 2, ..., N. 

Incerpolation may be necessary in order to have the data 

for these special times.  After the solution has been 

found for U(x,s), the inverse transforms uCx^t) may be 

obtained by a numerical inversion method [7]. 

4.  FORMULATION 

The constants a and b are to be thought of as 

functions of x wuich satisfy the differential equations 

a =0, b =0.  The complete system of equations for this 

nonlinear boundary value problem is 

U xx  a+bx 

a = 0 , 
x    > 

b = 0 x 

1  [s2U(x,s) - sg(x) - v(x)] , s-1, 2, ..., N , 

This is equivalent to a system of 2N + 2 first order 

equationsj so there must be 2N + 2 boundary conditions 

These conditions are 

(2) 

(3) 

U(0,s) - 0, s « 1, 2. ..., N , 

U (i,s) =^ >    S = i.j J.)    ..., N . 

ii mm  i h 
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(4) ^{S  [U0b3(lJs)-U(l.s)l2} - 0 , 
s=i 

(5) ^ {r [v0hsa,s)  -U(l.s)]2} =o . 
S=i 

5.  SOLUTION VIA QUASILINEARIZATION 

The nonlinear boundary value problem may be resolved 

using the technique of quasilinearization [8,. 9, 10].  In 

each step of the successive approximation method, we must 

solve the linear differential equations 

,n dU 
s = wn 

(1) 

d^   s2U n    n.Kn   ,,    s2U  s _    s    a +b x  2T,  . _s 
dx    a+bx    (a+bx)2 S  s  a+bx  ' 

J n 
-d^_ « o 
dx 

<^ = 0 
dx 

where the superscripts n indicate the solution in the 

n  approximation, while the un-superscripted variables 

s t 
belong to the (n-1) ' approximation.  The boundary condi- 

tions are 

(2)       U^(0) = 0 , 

(3)       W^l) =»4*) 

Em 
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(4)    ^ f i [u0bs(i,s)-ü^i)]2] =0 . 
ia  s~l 

(5) -^{1 [U0bs(l,s)-U^l)J2} =0 . 

We represent the solution in the n  approximation as 

a linear combination of a particular vector solution and 

N + 2 homogeneous vector solutions.  If we let the column 

vector X(x)  represent the solution in the n  approximation, 

where the components of X are (U, , U«, ..., ufj, W?, W^, ..., 

wJL a   ,  h ),   and if we let the column vectors P(x), H (x), 

2 N+2 H (x), ..., H  (x) represent the particular and homogeneous 

solutions, then we may write 

N+2 . 
(6) X(x) = P(x) + 2 H1(x)y. . 

i=l      1 

Since the system of differential equations is of order 

2N + 2,   and since N initial conditions are prescribed, 

there are N+2 missing initial conditions, represented 

by the N+2 dimensional column vector Y, 

(7)       Y = (WJCO), 1^(0), ..., Wjj(0), an(0), bn(0)) T 

The particul J and homogeneous solutions are compu- 

tationally produced.  In terras of these, the boundary con- 

ditions (2) - (5) require the solution of system of N+2 

linear algebraic equations. 

■■«■M-'Wwwiimiwuiin. i  ■    i iMJiflpjuuM""     - ■ . J ■-■-...-. ——    -'    »JM.-F-. 
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(8)       A Y = B , 

where the elements of matrix A are 

Aij " HN+1(1) ' i = 1. 2, ..., N , 

(9) - S HJ(1) H^ (1) ,  i = N + 1, N + 2 , 
s=l s    s 

j = 1, 2, .. . , N, N + 1, N + 2, 

and where the components of vector B are 

B. -^ - PN+^i\. i = 1. 2, ..., N , 

N 
riT0bs^'a/ " rsv^  as' = ^  [UnKe(l,s) - PJ1)

1 H^d), i = N + 1} N + 2 . 
s=l 

The method is applied iteratively for a fixed number of 

stages, about five, or it may be terminated when the -oproxi- 

mations converge or diverge.  The displacement function u(x.,t) 

may be obtained from its transform by a numerical inversion 

method of Bellman, et al. [7]. 

6.  EXAMPLE 1 - HOMOGENEOUS MEDIUM. STEP^ FUNCTION FORGE 

In this and the following example, we consider a 

homogeneous medium and make use of the analytical solution. 

In Example 3, we consider the more general problem of an 

inhomogeneous medium characterized by two unknown constants. 

Consider the case in which we have a constant speed 

c which is given by the equation 

1    "■I"J"IJ       mmwwin     »IMP mj »Jill ■■. ^i.-'.^li^MBw^^^jBjg^B^^, 
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(1) c2 = a = 1 . 

The value of T is unity, the input f(t)  is the Heaviside 

unit step function,  HCt), and the initial conditions are 

g(x) = v(x) = 0 .  The wave equation for the function U(x,s) 

is 

t.2 
(2) U^ = --2 U(x,s) . 

c 

The solution which satisfies (2), as well as the boundary 

conditions U(0,s) - 0, TU (l,s) •= F(s)  is 

(3) U(x,s) = -c F^s) sinh J x . 
T s cosh ^ 

Noting that the Laplace transform of the force is 

(4) F(s) = L{H(t)| = I  , 

we may explicitly evaluate U at the boundary x = 1, and we 

obtain the values 

(5)       U(l,s) = S. \ tanh | = --^ tanh s . 
s     c  s 

ine  inverse  cransrorrn , 

(6) u(l,t)   = L"1^ ^2 t^h |} 
s 

is  shown in Fig.   I. 

We decide to use a seven point quadrature, so that 

N « 7.  Making use of the known solution, we "produce" the 

^#«.-?**i5Äi- n*^ 
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observations at the specified times  t., which are listed 

in Table 1. 

u(1,t) . 

z 
T 

2 
c 

4 
c 

6 
c 

Fig. The analytical solution of the wave equation 
at x = 1, with a step function input: 

u(l,t) = IT1 {^ -^ tanh |} . 
s 

TABLE 1 

SEVEN OBSERVATIONS FOR EXAMPLE 1 

u(l,ti) 

3.671195 

2.046127 

1.213762 
0.693147 
0.352509 
0.138382 
0.025775 

0.328805 

1.953873 

1.213762 
0.693147 

0.352509 

0.138382 
0.025775 

>.i \ i !■>—^1 
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The approximate transforms U,,,   are computed using 

the formula from Gaussian quadrature.  In Table 2, these 

quantities are compared with the exact transforms using 

the analytical solution.  The transforms of the input, F(s), 

are computed with the aid of the approximate formula.  The 

approximate transforms,  UQ, (1,S)  and F(s),   are used in 

the calculations because in the general case, the analytical 

transforms will be unobtainable. 

TABLE 2 

THE LAPLACE TRANSFORMS U0bs(l,s)  FOR EXAMPLE 1 

Approximate Exact 
U Obs (l,s) U Obs d.s) 

1 0.759442 0.761594 

2 0.242907 0.241007 

3 0.110753 0.110561 

4 0.0624686 0.064580 

5 0.0399963 0.0399964 

6 0.0277773 0.0277774 

7 0,0204081 0.0204081 

There are only 2N + 1 variables in this example, sc 

that  when N = 7, wc have a solution of dimension 15.  During 

each stage of the calculations, we have to produce a particular 

solution and N + 1 = 8  homogeneous soluf ions , i. e. , Ijr"* = 135 

differential equations must be integrated.  For the initial 

conditions on P, we choose P(0)  identically zero.  We also 

ip»»] IIWIIPII—,.     .-.W»"' '■ "■gy.ff^. V*    w»Mr »i ■l«Li>M^^WgWgf 
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choose for H-'(O), the unit vector which has all of its 

components zero except the  (N+j) ' , which is unity.  Ary 

lineal- combination of these P  and H vectors identically 

satisfies the conditions U (0) =0; 3=1, 1,   ..., N. 

For the remaining boundary conditions, we must invert the 

8x' matrix A. 

As a first check case, we Cry an initial approximation 
n 

a =1 which is the correct value of a. Ae.  estimate the 

-3 initial slopes to be W,(0) = 10  .  The initial approximation 

is generated by integrating the nonlinear e^ations (31) 

with this set of estimates, as initial conditions.  In 

three iterations we obtain better estimates of the. slopes 

W_(0), but the value of a has drifted to 1.00023.  This 

value may be used as a comparison for other trials.  The 

results of three experiments are shown in the following 

table.  The initial approximation a  is listed in Table 3, 

followed by the successive approximations  a , n - 1, 2, .•., 

for each of the three trials. 

'I,i>ja»--i*?f" " ^,-M——».,».,———    ,. .i_   -'-—■-*— '••*~*~**~*~-^T~rfr'Trir~T*—^—■www—mi IM n - J  n ,». . 
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TABLE 3 

SUCCESSIVE APPROXIM.riONS OF THE VELOCITY a P! EXAMPLE 1 

Approximation Run 1 Run 2 Run 3 

0 1.2 1.5 0.5 

1 1.00991 0.46752 0.50922 

2 1.00186 0.48284 0.80612 

3 1.00018 0.67047 0.97736 

4 

5 

6 

0.89366 

0.99110 

1.00041 

1.00049 

1.00022 

In Run 2,     U and U,  at x = 1.0 are consistent 

to two significant figures with the conditions.  In Run 3 

U is in agreement with the observations to four places, 

and U  agrees witv the conditions to five figures.  Recall 

that the conditions on U  are supposed to be exact, and 

those on the U(l,s)  are of a least squares nature, which 

may help to explain why U  is in better agreement than 

U for Run 3. 

7.  EXAMPLE 2 - HOMOGENEOUS MEDIUM, DELTA-FUNCTION FORCE 

In Example 2, we have a homogeneous medium and z. ro 

initial conditions.  The boundary conditions are again 

u(0,t) - 0, u (l,t) - f(t), where now the input is f(t) « 6(t), 

the delta function.  The Laplace transform of ehe delta 

function is F(s) « 1.  The analytical solution for x » 1 

is 

iwir1— - "■■■ *fgf ■BHrv^^swaaBM^v J 
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(1) u(l,t) - L 1 {§ - tanh |} 

This function is sketched in Fig. 1,   for the case c = 1, 

T = 1. 

u(1,t) | 

0 

-1 - 

Fig. 2.  The analytical solution of the wave equation 
at x = 1, with a delta function input: 

u(l,t) = L -1 fl tanh s 

(1) 

We again take N = 7.  The observations are 

u(l,ti) = I   ,       for i = 1, 2, ..., 5 . 

= -1 ,  for i = 6, 7 

The transforms of the observations, U^, (l,s), are computed 

using the quadrature approximation.  A comparison of these 

values against the exact transform? using (1) is given in 

Table 4. 

_ .-.^^^^.^<.j!^p^IWj„gi^ 
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TABLE 4 

THE LAPLACE TRANSFORMS Un, (l.s)  for EXAMPLE 2 

s Approximate UQ, (l,s) Exact U0bs(l,s) 

1 0.59080964 0.76159415 

2 0.46055756 0.48201379 

3 0.32857798 0.33168492 
4 0.24939415 0.24983232 
5 0.19992192 0.19998184 
6 0.16665658 0.16666462 
7 0.14285584 0.14285690 

All initial approximations in the following experiments 

are produced by integrating the nonlinear equations with a 

v.     te set of estimated initial conditions.  The check 

case with initial approximation a  = 1. a correct guess, 

results n a convergence co the wrong value a = 0.9.  With 

a =0.5, the estimate is again 0.9.  wftth a =1.5, the 

value -0.8  is obtained.  It is suspected that the dis- 

continuous nature of the function u(l,t)  is the cause of 

the difficulty in determining a.  A more reasonable formula- 

tion of the problem should include damping terms to over- 

come this obstacle.  In spite of the poor estimates of a 

in the first two trials, the final approximations are 

quite close to the exact observations UQ, (I,s), rather 

than the approximate, and the conditions U (l,s) ■ F(s)/T 

are met, to within 0.001%. 

nop "»^■v -—<——■— 
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8, EXAMPLE 3 -  INHOMOGENEOUS l-IEDIUM WITH DELTAr-FUNCTION 

INPUT 

As an example of the inverse problem for an Inhomo— 

geneous medium as originally posed^ consider the case in 

which the wave velocity is indeed given by the equation 

(1) c2 = a + bx , 

where a = 1 and b =0.5.  We again set the initial condi- 

tions u(x,0) = u (x,0) = 0, and the tension T = 1.  We 

exert a delta—function force, f(t) = 6(t), on the boundary 

x = 1, and we observe the displacement u(l,t)  as a function 

of time.  Laplace transforms U™ (l^s)  are computed.  The 

parameters a and b are determined for best agreement 

with these transforms of observations. 

In this study, the experimenter obtains his data with 

the use of the digital computer, rather than by the actval 

performance of laboratory experiments.  The exact solution 

for this inhomogeneous wave problem is not readily avail- 

able analytically.  We must produce the solution computa- 

tionally, by solving the wave equation with its boundary 

conditions.  Since we prefer to deal with the ordinary dif- 

ferential equation for the function U (x), we solve the 

approximately equivalent linear two—point boundary value 

problem 

(2) U  =—J- s2ü(x,s) , 
xx  a+bx 

"^■"^■«■i 
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(3) U(0,s) = 0 , 

(4) Ux(l,s) = 1 , 

for s = 1, 2, .. . ,. N .  We produce a particular solution 

and N independent homogeneous solutions which, when com- 

bined to satisfy conditions (3) and (4), also produce the 

data of Table 5.  These are the "observations". 

TABLE 5 

THE LAPLACE TRAN-FORMS U0bs(l,s)  FOR EXAMPLE 3 

s W1-*) 
1 .811967 

2 .551174 

3 .390695 

4 .297835 

5 .239837 

6 .200613 

7 .172392 

These quantities IL-, (l,s) can be inverted numerically 

to produce the function uCl^t.) «= L_ lUobs^,s^J '  w^^c^ 

are the observations of the disturbance in the space of 

x and t.  However, we need the set of transforms for 

use in determining the parameters a and b, and so we 

decide to utilize these numbers directly, as they appear 

in the table. 

•W>     mmiii      ,l1 ■ m.v^mmmmKi .ii«--= 
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Two series of experiments are performed (see Tables 6 

and 7).  In one,, the observations are given correct to 6 

significant figures, and the initial approximations are 

varied.  The true values of the unknown parameters are 

a = 1.0 and b = 0.5. 

TABLE 6 

SERIES I RESULTS FOR EXAMPLE 3 

Observations are correct to six significant figures 

Run 1 
a0 =.9 

a3 = .9998 

b0 = 

b3 = 

.6 

.5002 

W (0) correct to 

1 figure 

Run 2 
a0 = 1.2 

a3 = .9998 

b0 = 

b3 = 

.3 

.5002 

W (0) correct to 

1 figure 

Run 3 
a0 = 1.2 

a5 = .9996 

b0 = 

b5 = 

.3 

.50005 

W°(0) = .05 

TABLE 7 

SERIES II RESULTS FOR EXAMPLE 3 

Observation^ are in error by specified amounts 

Run 4 

Run 6 

a0 = 1.2 

3 ."872 

a0 = 1.2 

a3 - .937 

b0 = 

bJ = 

3 

5182 

b0 = 3 

590 

W (0) correct to 
1 figure; 

Observations; 
+1% error 

W (0) correct to 
s   1 figure; 

Observations: 
+57o error 

iUr 
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In the series I experiments;, with accurate observations, 

rapid convergence to the correct values of the parameters 

occurs.  The higher approximations of the initial slopes 

W (0)  are not listed, but these are considerably improved 

values. 

In the series II experiments, noisy observations are 

used.  For example in Run 4, the observations U0, (l^s) 

are in error by the relative amounts +17», —17o,  +VA,   . . . , +1% 

for s = 1, 2, 3, ..., 7 respectively.  The relative errors 

3 3 
in the third approximations a = .9872, b= .5182, are 1.37o 

and 3.67o respectively.  The results of this trial may be 

contrasted with the final approximations of Run 2.  In Run 2, 

observations which are correct to six significant figures 

produce values of the parameters which are correct to less 

than 0.047o.  Run 4 may also be compared with Run 6, in which 

case we are comparing the effect of 17. errors against 57, 

errors.  The results of Run 6 involve errors of -67, in the 

value of a, and +187, in b. 

The time required for these calculations is about 

one—half minute per iteration, with the IBM 70^4.  Each 

iteration includes the integration of (N+3)(2N+2) = 10 x 16 

= 160 differential equations, and the inversion of a 9x9 

matrix.  The FORTRAN programs for all of the cases treated 

are to be found in Appendix F. 

II IW^.       IJWpL HI! "  -'      '          " -.-■^....    u. 
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9.  DISCUSSION 

The methods presented here are of practical use in 

identifying a system described by a wave equation or by 

linear differential equations or by a weighting function 

[11]. 

8    iBr ■BCS^msSSSSK 
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CHAPTER SEVEN 

INVERSE PROBLEMS IN WAVE PROPArTATTQN; 

MEASUREMENTS OF STEADY STATES 

1.  INTRODUCTION 

Consider the propagation of waves in a plane parallel 

stratified medium [1—5] extending from x = 0 to x « b., 

with index of refraction n(x)  varying continuously through- 

out the slab.  The slab is bounded by a vacuum to the left 

(nQ = 1)  and a homogeneous medium with index of refraction 

n^j^ to the right, as shown in Fig. 1. We assume a lossless 

dielectric medium in which n(x)  is independent of frequency. 

n 0 

Incident wave 

Reflected wave 

x=0 

n(x) n. 

x=b 

Fig. 1.  The physical situation 

«mmjL   ■ i      inamjjinii 
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The wave equation is 

(1) k2U)uct = u^  . 

where k is the wave number.  The wave number is related 

to the Inder of refraction by the formula 

(2) k(x) = ^ n(x) , 

where c« is the speed of light in a vacuum, which we 

normalize to unity, and uu is the angular frequency. de 

are interested in solutions of the form 

•   . 

(3) u^x,t) = e_ v  u(x) , 

corresponding to the steady-state case where the transients 

have died down. The function u(x) satisfies the ordinary 

differential equation. 

(4) uM(x) + 'A2(x)u(x) = 0 . 

We shall often neglect the function e-1'1  in all of the 

solutions, and speak of the functions u(x)  as waves. 

We conduct a series of experiments in which w^.ves 

of different frequencies uu.  arc normally incident in the 

medium from the left, i.e., the incident wave is e v 0  i  , 

or simply e 0 .  The reflected waves at each frequency 

are observed.  We wish to determine the index of refraction 

n(x)  throughout the slab on the basis of thc^e measurements. 
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jL SOME FUNDAMENTAL EQUATIONS [1, 2] 

Consider the case of two adjacent homogeneous media, 

as illustrated in Fig. 2. 

(a) 

Incident 

Reflected 

(b) 

Transnittea 

xO 

Fig. 2.  Waves at an interface. 

A plane wave of frequency tu traveling in mediuni (a) is 

incident at the interface x = 0.  Let the wave numbers 

of medium (a) and medium (b) be k  and k,  respectively. 
ik x -lout 

The incident wave is  e 
-ikax -ij't 

re   e     where 

and the reflected wave is 

(i) 

ik, x —iuit 
The transmitted wave is  te   e   , where 

(2) 
2k. 

t = a 

V^- 
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Now consider the case of two interfaces between three 

homogeneous media, (a), (b), and (c).  The interfaces are 

separated by a distance A. 

(a) 
Incident 

T, 

(b) 
T4 

x=0 

(c) 

x=A 

Fig. 3.  Waves at two interfaces. 

ik x -i rt 
The incident wave is again e The wave which is 

transmitted through x = 0. reflected at x = A. and trans- 
-ik x -ii't 

mitted again through x = 0 is ve  ' e    , where 

(3) 
2k. 

v = TT-THT a b 
\ c 
K +ir e 

2kt 

b a 
+ o(A)   , 

and O(A)   includes  the  terms proportional to   the  second 

and higher powers of    A.     This equati-on shows how    v 

depends on frequency by means of  the exponential factor 
2ikv 

211V 

INVAPIANT IMBEDDING AND THE REFLECTION COEFFICIENT [5] 

Now we turn our attention to the reflection coef- 

ficient r as a function of thickness of the medium.  v/e 

assume that the slab is inhomogeneous and that it extends 

from x = z to x = b.  The right boundary x = b is to 

T. a;-.-ti" 
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be considered fixed, while the left boundary x « z is 

variable, as shown in Fig. 4.  The incident wave is 

ei.k(z_)(x--z)^ deleting the time dependent factor e-1'1^ 

where k(z) *= k(z-O)  is the wave number of the homogeneous 

i 1c C z ) (X-■ z} medium to the left, and where the expression e v —'v 

i-lc^ z ) x 
is used rather than e v -   in order to normalize the 

incoming intensity at x = z. 

k(z_+A) 

k(zj k(x) ^1 

1  
z+A 

Fig. 4.  An inhomogeneous medium of thickness b—z. 

The reflected wave is r(z)e lk(z_)(x z). 

Using the technique of invariant imbedding, we relate 

the reflection coefficient for a slab extending from z 

to b  to that for a slab extending from z + A to b. 

The reflected wave may be expressed, to terms of order 

zero and one in A, as arising from three processes: 

(a) immediate reflection at z ; 

(b) transmission through the interface at x = z, 

reflection at z + A from the slab (z + A,b), 

and transmission through z ; 
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(c)  transmission through the interface at z = 2, 

reflection at z +  A  from the slab (2 + A,b), 

reflection at 2, reflection at z + A, and 

finally transmission through 2. 

These three cases are represented in Fig. 5. 

Incident 

U, 

z        z+A 

Case (a) 

Incident 

z       z+A 

Case (b) 

Incident 

U, 
z       z+A 

Case (c) 

(1) 

where 

(2) 

(3) 

Fig.   5.     Three processes  in  a stratified  slab. 

The wave which is reflected  from  the  slab     (2^)   is 

..   >,  -ik(z )(x-2)       r    J_    _L    J_ / AM  -ik(z  )(x-2) r(2)e       ^ _-^       ^   =  [r +rl+r +o(A)je       v -/v       '   , .   / L   a    b    c     v 

r,    - 

k(z_)       k(z_+A) 
a   " k(zj~+ k(z_4A) 

2k(2 ) 

b      k(2  )  + k(2 +A) 
r(24A)e2lk(z-+A>' 

2k(2_+A) 
Klz +A)  + k(z  )   ' 

'X'" ill   .■      mwiuMui. q^anmnM 
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rc " 1^:7 + k(z_-W)       r{ ^   } fc 

k(2_+A) - k(z_) 2ik(z 4^)A 
v K(Z +A)  + k(z  ) 

2k(^_+A) 
k(z_-^) + k(z_)   ' 

and    k(z_+A)   ■ k(z+i\~0)     is  the wave number in the region 

immediately to  the  left of  the interface    z+A.     Simplifying 

to  terms of order    A,   we have 

k(z )-k(z 4A) 4k(z  )k(z +A) 
r(z)   =  = + A  [l+HHz +A)A]r(z+A) 

[k(z_)+k(z_+A)]        [k(zj+k(z ^)]z 

(5) 4k(z )k(z +A) [k(z )-k(z +A)] 9 
„ __=     .   : =    [l+4ik(z +A)A]rz(z-K\) 

[k(z_)+k(z_+A)]z       [k(z_)+k(z_+A)] 

+ c(A)   . 

Making use of the formula for  the derivative of    r. 

(6) ^ = lim r(z^)-r(z) 

we obtain the Riccati  equation 

(7) dr   - kl        ?ikr       £- r2 C7)                 Si  ~W  2lkr "  2k r     * 

The "initial" condition reduces  to  the formula for an interface 

between  two media 

kCb-O)-^ 
(8) r(b) " R^ÖHkJ • 

BM 
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In  terms of Che  index of r»fraction,   Eqs.   (7)   and  (8)   are 

/ n\ drn 0. n2 
(9) Tz" = 2H - 2inajr  " 2Ü r    ' 

where    n = n(z)   ,   and 

n(b)-n1 

The reflection coefficient for anv inhomogeneous slab in 

which n varies as a function of x may be found by a 

simple (numerical) integration of (9) with the given initial 

condition (10).  The integration is carried out from the 

right boundary z = b  to the left boundary  z = 0. 

4.  PRODUCTION OF OBSERVATIONS 

In place of performing laboratory experiments for 

obtaining reflection data [6., 7],   we produce the observations 

computationally, for N different frequencies.  The incident 
I'JJ.UQX -iuu.n^x 

waves are e ^   , and the reflected waves are r.(0)e  ^ 
J 

j = 1, 2. .... N.  We solve ehe initial value problems 

(i) Jji - ^ - 2in-y. - n: r2 , 

n(b)-n1 
(2)      r.(b) = —r-—i , b > z > 0 . 

J     n(b)+n1 

for the desired coefficients r.(0) . 

Since r.  is a complex reflection coefficient, we 

let 
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(3)      r^ = Rj + iSj , 

where R.  and S.  are real functions which satisfy the 

equations 

dR.   _i „loo 
-A = " + 2nuj.S. - ~ (Rf - Sf) az   2n     j j   2n v j   j7 

(4) dS. , __i._2n,„jRrs_RjSj  , 

n(b)~n1 
(5) R.(b) « /v.  

1 ,  S.(b) = 0 , 
J     n(b)+n,    J 

for j=l, 2, ..., N . 

For the numerical experiment, we take 

(6) n(x) = a1 + a2(x-l)
2 

where    a-,   = 1,   ^o = 0.5.     ^e also  choose 

b = 1  , 

N = 3   , 

(7) m^ -=  2TT  , 

uu«  «  4TT   , 

tu-  •= 6TT  . 

We assume  that    n-,   = n(b),   so  that    R.(b)   = 0. 

We have chosen to normalize  the speed, 

/0x 0       IA-LO     / one  length unit (8) Co = 3  x  10    cm/sec ■ -.-fi ;— 
ü one  time unit 

—    ii        wmmnß**Hmv » 
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We have chosen 

(9) b = 1 length unit 

and we set 

(10) 

3 cm 

= 1 X—band microwave wave length 

Then 

(ID 1 length unit = 3 cm 

and 

(12) 1 time un\t = 10   sec 

To produce R.  and S., the real and imaginary parts 

of the reflection coefficients, for incident waves of fre- 

quencies 10, 20, and 30 kilo megacycles, we integrate 

Eqs. (4y  -th initial conditions R.(l) = 0, S.(l) = 0, 

for j «= 1, 2, 3.  We use a step length of -.00'. end the 

Adams—Moulton integration scheme.  The values R.(0), and 

S.(0)  are the "observed" reflection coefficlt-ats.  These 

are 

R^O) = 

(13) R2(0) = 

R3(0) = 

.13 217783 x 10"2, 

.3 2313148 x 1Ö'3 

.38854984 x 10 -3 

S^O)  = .14843017 x lO-1, 

s2(0) « 

83(0) « 

.954i470A x 10~2, 

.58976205 x 10~2. 

1 "»■ ,mm -v^jiy m't.  
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5. DFTERMINATION OF REFRACTIVE INDEX 

We consider the inhomogeneous slab extending from 

x = 0 to x = 1.  We are given observations of the real 

and imaginary parts of the reflection coefficients, A. = R., 

B. = S., where 

A1 = .132178 x 10"
2,    B1  = .148430 x lO-1, 

(1) A2 = .323131 x 10
-3,    B2 = .954147 x 10"

2, 

A3 = -.388550 x 10~
3,   B3 = .589762 x 10~

2, 

which correspond to frequencies uu-i =10, uu« = 20, and 

To = 30 kilomegacycles [6, 7].  We seek to determine the 

values of the constants a and b in the equation for 

the index of refraction as a function of position, 

(2) n(x) = a 4- b(x-l)2, 

in such a manner as to minimize the expression 

3 
(3) S = Z  [(A. - R.(0))2 + (B. - S.CO))2] . 

i=l   1   1        1   1 

The form S is the sum of squares of deviations between the 

solution of Eqs. (4.4) and (4.5), and the (perhaps inaccurate) 

observations (1). 

The system of nonlinear equations is 

• /N       R! = 5- + 2n<v.S.  - ~ (R2 - S2) (4).. .     j   2n     j j   2n v j   ]' 

■    ■ 
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s: --to.jRj -S-RjS., j =1, 2, 3, 

K^J a«  - 0  , 

b'   = 0   , 

where 

(5) n = a + b(x-l)2   , 

and 

(6)       n' = 2b(x-l) . 

We obtain a system of linear differential equations 

by applying quasilinearization [8 ].  In the following linear 

equations., so as not to clutter the equations with super- 

scripts indicating the approximations and subscripts indicat- 

ing the components, we write the variables of the current 
» 

k   approximation as R, S, a, bj  (also n and n'). 

Corresponding quantities in the previous (k—1)   approxi- 

mation are p, a,   a,   B (and r]    and V).  The linear 

equations obtained via quasilinearization are 

R' a V. + 2w - ^  (P2-a2) 

(7) 
+ (P~P)(- ^-P) + (S-a)(2ria' + Ilia) 

+ (^)[l|_(^) + 2t,c||_l(p2_c2)^)] ) 

milimpiHiii iii. 
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S1 - - 2v,.i)P - ^-Pa 

+ (R~P)(-2rr., - Ilia) + (S-a)(- ^-P) 

+ (a.-c:)[_2Tp^_p4_(^)] 

+ (b-ß)[-2.p|§-Po^(^)] 

(9) a' = 0 , 

(10) b' = 0 . 

In these equations, we must make the substitutions 

(11) Hi = 1       1_ r ^ - - I1' 

For each iteration of the successive approximation 

scheme, we produce numerically a particular vector solu- 

tion p(x)  and two homogeneous vector solutions h (x) 
2 

and    h (x)    of the system (7) — (10).     We  set  the components 

of the reflection coefficients  equal  to  a linear cotnbina— 
1 2 tion of the components of    p(x),  h (x),   and    h (x), 

R^- = p^x)  + a hj(x) + b h^x)   ,  j  - 1,   2,  3 

(12)... 
Sj   - Pj+aW  + a hj+3(x) + b hj^x)   ,  j   = 1,   2,  3 

a    = P7(x) + a hy(x) + b h7(x)  ■ a  , 

■tpiii    >■ i •mm ■'    " ..     u——■emB—»n^iii^^ijjtiuii 
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(12)      bk = p8(x) -I- a hj(x) + b h^x) = b . 

The multipliers a and b are ^iven by the equations 

r     3 
\-     I  [(A. - aho))2 + (B. - S^O))2]} = 0 , 

i=l 

(13) 

^b i 
[ Z [(A. - Rk(0))2 + (B. - Sk(0))2j} = 0 . 
i=l 

After making the substitutions (12), we obtain the values 

of a and b in the current approximation. 

(U) 
a = (f^^ - f2el2) / (e11e22 - e^e^) , 

b " ^llfl " e21fl) / (elle22  e12e21) ' 

where the right hand sides are given in terms of known 

quantities, 

f. = j^COKA^ - p^(0)) + j^^COXB, - p;+3(0)) 

6 
z (15) e.. = ^hJ(0)hJ(0) ,  j = 1, 2 , 

i r:  1    0 

6.  NUMERICAL EXPERIMENTS 

Using the given data, and the initial approximation 
o 

for refractive index n(x) •= 1. 2 + 0. 2(x-l) , we determine 

the constants a and b in the function n(x) ■ a + b(x-l) 

t. one part in 10 after five iterations of qx.asilineariza-- 

tion.  The juccessive approximations of the constants a 
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and b are listed in Table 1, labelled Trial 1,   and the 

ai proximations of the index of refraction are shown in 

Fig. 6. 

For the next experiment, we use data which are in 

error by +2%: 

A^^ = .134822 x 10~2, Bl  = .U5461 x lO-1 , 

(1)      A2 = .316668 x KT
3,   B2 = .935364 x 10~

2 , 

A3 = -.39632J x 10
-3,  B3 = .601557 x 10~

2 . 

After five iterations, the initial apprcximation being 

the same as before, the constant a is found correct to 

within 0.3%, and b is correct to about 3%. On the 

other hand, the error in n(x) ranges from 0.3% at x = 1 

to only 0.7% at x = 0.  The results are given in Table 1. 

For each trial, the step length of integration is 

—.0025, and the integration scheme is Adams-Koulton.  The 

time of calculations is 2 min. 12 sec. on the IBM 7044. 

The FORTRAN programs are found in Appendix G. 
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7V. DISCUSSION 

Inverse problems in wave propagation, as well as in 

particle processes, can be computationally solved.  The wave 

equation, being a partial differential equ cion, is replaced 

by a system of ordinary differential equations in one of sev- 

eral ways.  In the previous chapter, we used Laplace transform 

methods.  In this chapter, we assumed a solution of the form 

u(x,t) «« u(x) e "  , and we obtained ordinary differential 

equations for u(x).  Another Fourier decomposition might be 

N 
u(x,t) = 2 a (x) sin nt , In 

which results in second order ordinary differential equations 

for the functions ar,(x).  Another system of ordinary dif- 

ferential equations results when the space derivative is re- 

placed by a finite difference, 

i  u .-.(t) - 2 u (t) + u .(t) " z*^ ~ 1  n+lv       nv     n—lx unvt) = -^ -^  
c A 

These offer interesting possibilities for further studies. 
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CHAPTER EIGHT 

DISCUSSION 

Inverse problems have stimulated much interest in re- 

cent years, since the advent of modern electronic computers. 

The estimation of the structure of a complicated system,, 

formerly unattainable by analytij means or by the use of a 

desk calculator., is now possible. 

The determination of orbits from observations, is a 

kind of inverse problem in celestial mechanics, going back 

to Newton,  Laplace,  Gauss and others [1*2].  Ambarzumian 

[3], Borg [4], and others [5-8] considered the problem of 

determining a linear differential equation of Sturm-Liouville 

type given a spectrum of eigenvalues.  The estimation of 

scattering potentials from the phase shift has been the con- 

cern of investigators in quantum theory [9-17].  Many inverse 

problems have been considered [18—45]. especially in the 

fields of astrophysics, geophysics and geology.  Some com- 

putational results have already been obtained for the struc- 

ture of the earth's atmosphere and crust using actual geo- 

physical data [19, 20, 36].  Some inverse problems fall 

within the domain of system identification, prediction and 
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control {46-62], while others may be called design problems 

[63-66].  The common goal of all inverse problems is to de- 

termine the structure of a system which has a desired or 

observed characteristic output. 

Computational procedures for the solution of inverse 

problems have been few and limited in scope.  The method- 

ologies put forth in this thesis may serve to widen the 

range of inverse problems which can now be solved.  vte 

formulate inverse problems as nonlinear boundary value 

problems, since we possess effective computational methods 

for solving many classes of nonlinear boundary value prob- 

lems.  These methods include quasilinearization, dynamic 

programming, invariant imbedding, and various combinations 

jf  these [67-69, 62].  A number of modifications of the 

basic techniques are given in Refs. 67, 70-72, describing 

more accurate solutions of linear algebraic equations, 

simultaneous calculations of successive approximations, and 

automatic evaluations of partial derivatives. 

Much remains to be done to build a firm library of 

computational procedures for the solution of inverse prob- 

lem?.  Both new and existing methods should be developed. 

In particular, system identj.ficaT ion via invariant imbed- 

ding [51] appears promising. 
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APPENDICES 

THE FORTRAN PROGRAMS 
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APPENDIX A 

PROGRAMS FOR ORBIT DETERMINATION 
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PROGRAM A.l.  PRODUCTION OF OBSERVATIONS 

The complete program is listed: 

MAIN program 

DAUX subroutine 

The following library routine is required: 

INTS/INTM 



iJCS 
llbJOB 
iloFTC   MAIN 

CCN.XCN 
C 
c 
c 
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289 0,3 9CJY.<--160»5.100«1C0,C 
MAP 
REF 

ALPHAtXl tYl »CK» ) »T(51 ) 

3 BODY CRoIT UETERMINATI ON 

1 SEAD(5fl00)NPRNT»MPFNT.ALPHA»X1.Y1.DELTA 
WRITE(6»90)NPRNT»VPRNTtALPHA.XltYltDELTA 
READ(5.101 )(C(1) , I = l»4) 
^RITE(6»91)KlI I»!slt4) 

C 
T(2)=0.0 
T<3)=DELTA 
DO 2 L=^7 

2 T(L)=CrL-3) 
CALL iNTS(T.^.2»C»0»0»0»0»0) 
THETA=ATAN2<T(6)»T(4)-1,0) 
SN=SlN(THeTA) 
C5=COS(THETA) 
TN=SN/C5 
WRITE(6»92) 
WRITE{6.93)T(2).T(4).T(5).T(6).Tm.TH£TA.TN 

C 
DO ^ M1=1,MPRNT 
DC 3 ^2=1*NPRNT 

3 CALL INTM 
TH^TA = ATAN2< T(6)»Tl4)-1.0) 
SN=SIN<THETA) 
CS=COS(THETA) 
TN=SN/CS 

<♦  'ARITE(6.93)T{2) ,1(4) .1(5) »T(6) tT(7) »TPETAtTN 
GO TO 1 

C 
1«.  F0RMAT(2I12»<»E12#6) 
1C1  FCRMAT(6E12.8) 
9:  FCRN'AT( 1H12I2-',4E20.8) 
91 FCRKATt1HC6E20,3) 
92 FORMAT(///9X1HT»19X1HX»15X5HDX/0T,19X1HY♦15X5HDY/DT»15X5HTHETA 

1 ,13X7HTANGENT//) 
93 FCRMAT(F10.2tlP6E20«5) 

END 
»IbFTC DAUX    REF 

3U5ROUTINE DAUX 
CC'-'MO.N ALPHA, XI .Y1,C(4)»T(51) 

R= T (<*)**2   *   T(6) •»2 
R=SGRT(R»»3) 
Rl=tXl-T(4)J**2 ♦ (Yl-T(6))»»2 
R1=SQRT(R1»»3) 
T(8)=T(5) 
T(9)=-T(4)/R + ALPHA*(X1-T(4J)/Rl 
T( 10)^T(7) 
Till 3=-T(6)/R   *   ALPHAM Yl-T(6n/Rl 
RETURN 
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END 
iENIRY 

10 
2.0 

MAIN 
?5 

0.0 
0.2 
0.0 

4,0 
0.5 

1.0 0.01 

59 
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PROGRAM A.2.  DETERMINATION OF ORBIT 

The complete program is listed: 

MAIN program 

INPUT subroutine 

DAUX subroutine 

FUNl subroutine 

FUN2 subroutine 

PDR1 subroutine 

PDR2 subroutine 

START subroutine 

The following library routines are required: 

INTS/INTM 

MATINV 
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ilüFTC MAIN    REF 
COMMON n 363 j .NEO.<VAX,HGRID»NGRIO(b)  »THE TA(&)»W(4f231)tALPHA» 

1  H(5»5»251)»P{5»251)»A{50»50>tB(5O»l),X»U»Y»V.NPRNT»MPRNT»DTI.ME 
DIMENSION PIVOT(50)»INDEX(50.2).1 PIVOT(50) 

>> 

C 
C THREE bOOY ORBIT DETERMINATION 

1 CALL INPUT 
DO 8 1=1,5 
THET = THETA( I ) 
ST=5IN(THET) 
CT=COS(THET) 
TN=ST/CT 

8  PRINT1U»THET»TN 
2 CALL START 

C K ITERATIONS 
3 DO 19 <=1,KMAX 

NEQ=30 
4 T(2)=o,0 

T(3)=HGRID 
DO 5 I=^»363 

5 T(I)=0. 
T(5)=1.0 

T(12)=1.0 
T(19)=1.0 
T(26)=l,0 
T(33)=1.0 
N=l 
X=W(l.i) 

Y=W(3»1) 
6 CALL INTS(T»NEQ»2«0»0.0»0»0.0) 

L = 3 
DO 7 1=1,5 

L = LM 
P(I»N)=T(L) 
DO 7 J=l,5 

L = L*1 
7 H(J»I»N)=T(L) 

PRINT<»9,T(2) .((H(J,I,N),I = l,5)»J=1.5l 
C 
C INTEGRATE OVER RANGE 
C 

DO 11 M1=1,MPRNT 
DO IC M2=l»NPRNT 

CALL INTM 
N = N+1 

X=W(1,N) 
Y=W(3,N) 

C STORE 0»S AND H«S 
L-3 

DO 10 »I--l,5 
L = L + l 

P< I »N)-T(L) 
DO 10 J=l,5 

L = L + 1 
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c 
c 

c 
c 

c 

c 

10 H(J tI»N)= T(L) 
PRINT4Q,T(2).((H(JrI.N)»I-l»5).J=1.5) 

11 CONTINUE 

COMPUTE CONSTANTS 
DO 14 I=lf5 

N=NGRI0(I) 
THET=THETA(I) 

STHET=SIN{THET) 
CThET=COS{ThET) 
DO 13 J«lt5 

13 A( I ,J)=H{J.1 ,N)*STHET -H(J,3tNI»CTHET 
CM I .1 ) = ( l.-P( 1 ,N) )*STHET ^P(3»MJ*CTHET 

14 PRINT114. ( A( I ,Jj) ♦JJ=1 .5> »ü«! »1, ) 
15 CALL MATINV(A,5.D.l.DETERM»PIV0T.INDEXfIPIVOT) 

PRINT114»(B( I »T ) ,1 = 1.5) 

COMPUTE NEW W'S 

DO   20   I=lr4 
20  W( I,N)=S( I »n 

ALPHA=B(5f1) 
PRINTED,<,ALPHA 
TIME=0.0 
Ar-ATAN2(W{3»N) »Wd »N) 
TN=W(3,N)/(W(I,N)-i.O) 
PR1NT50»TIME»{W{Itl)»I 
DO 18 M1=1.MPRNT 
DC 17 M2=l»NP^NT 
N = N+1 

DO 17 I=lt4 
W(I»N)=P(I.N) 
DO 17 j=l»5 

17 W( I , N)= W(If N J + 
TIME=TIME+0TIME 
AT=ATAN2(W(3.\)fW(1,N) - 1 
TN=W(3.N)/(wl1.N)-1.0) 

18 PRINT50fTIVE»(W(I.N)»t»ltA)»AT»TN 

19 CONTINUE 

40 

- 1.0) 

1 ,4) »AT.TN 

3(J.l)»H<J.I.N) 

01 

GO TO 1 
FORMAT(1HÜ/4CX 

49 
30 
14 

9HITERATION.I3.5X7HALPHA =.   E18.6// 
1 6X4H   T .14X1HX.19X2HX' .18X1H^ 
2 19X2HY« . 1SX5HANGLE.13X.7HTANGENT) 
FCRN'ATJ 1HOF9.2.5E20*8/(10X5E20.8) ) 
FORMAT(F10.2.6E20.6) 

114  FORMATCiHC  6E2C.6) 
END 

$I3FTC INPUT   REF 
SUBROUTINE INPUT 
COMMON T(363).NEQ»K^AX»HGRIDtNGRID{5).THETA(5).W(4,251).ALPHA» 

1  H(5t5»25II»P(5.251).A(50t50)»B(50»l),X.U.Y.V.NPRNT.MPRNT.OTIME 
C 

READ110tNPRNT,MPRNT»KMAX 
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PRINTK.NPR.NT »MPRNT »KMAX 
READ111»HGRI0»ALPHA 
PRINTllfHGRiD»ALPHA 
F=NPRNT 
DTlME = i-»HGRlD 
READ120»(NGRIOM I)»THETA(I).I = 1.5) 
PRINT20.(NGRID(U tTHETACI)»I«lf5i 

li:  FORMAT(6112) 
10 F0RMAT(1H06120) 

111  FORMAT(6E12«0) 
11 FORMAK lH06E2ü,8) 

120  FORMAT(I12»E12.8) 
2C  FORMAK 120.E20,8) 

RETURN 
END 

IIÖFTC DAUX    REF 
SUBROUTINE DAUX 

C 

C 

C 
10 

20 

COMMON T( 36 3) »NEO »KMAX .HGR ! D »NGR I 0 ( 5) »THETACt») »W(4»251) .ALPHA» 
1 H(5.5.251)»P(5.251).A«50»50).B(5C.l) ,X.Ü.Y.V.NPRNT»MPRNT,DTIM' 
2 »IFLAG 
DIMENSION XX(2)»YY(2)tANS(2)»PP«5)tHH(5t5) »PD<5)»HD(5t5)»PDl(3»t 

PD3 (■*» .äA( 2 : 1  PD2(3).ÄA(2J 

GO TO {10»20)»IFLAG 

XX(1)=TU) 
XX(2)=0.0 
YY(l)=Ti6) 
YY(2)=0.0 
AA(1)=ALPHA 
AA(2)=0.0 
T{8)=T(5) 
CALL ^UNl(XX.YY»AA»ANS) 
T(9)=ANS(1) 

T(lO)«Tt7) 
CALL FüN2(XX»YY,AA.ANS) 
TUD-ANS« 1) 
RETURN 

XX(1)=X 
XX(2)=0.0 
YY(1)=Y 
YY(2)=0,0 
AA{1)=ALPHA 
AA(2)=0.0 

L = 3 
DO 1 1=1.5 

L=L + 1 
PP(I)=T(L) 
DO 1 J=lf5 

L = L + 1 
HH ( J . I ) = T ( L ) 

DX/DT 

—TW.»"«- 
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c 
c 

CALL FUN1(XX»YY,AA»ANS) 
CALL PDR1(XX.YYtAA.PD1) 
PD(1)=PP{2) 
P0(2)=ANS(1) ♦ {PP(1)-Xj»PDl(1) 

1  + <PP(5) - ALPHA)«PDU3) 
DO 2 J=ltf 
HD(Jtl)=HH(J»2) 
HD(J»2)=HH(J»1 )»PDl(1) ♦ 

+ (PP13)-Y)#PD1(2J 

HH(J,3)*PD1(2 ) + HH(J,5)»PDli3) 

OY/DT 
CALL FUN2(XX»YY.AAtANS} 
CALL PDR2(XX,YY.AAtP02) 
PDi 3)SPP(4| 
PD(4)^ANS(1) + IPP(1)-X)*PD2(1) + (PP(3)-Y)*PD2(2J 

1  + (PP<5) - ALPHA)»PD2(3) 
DO 3 J=l»5 
HDU»3)=HH{ J»4) 
HD(J.4)=HH(J.1)*PD2(1) + HH(J.3)»PD2(2> + HH(J»5)»P02 ( 3 . 

PDi5)~C,0 
DO 5 J=1.5 
HD(J.5J=O.C 

DO 4 1=1.5 
L = L + 1 

T(Ll=PO(IJ 
DO 4 J=l,5 

L = L + 1 
4  T(L)=HO(J»I) 

RETURN 
END 

IIBFTC FUN!    REF 
SUBROUTINE FUN1(XX,YY.AA»ANS) 
DIMENSION XX(2) tYY(2) »A/. (2) ♦ANS<2) 
X = XX(1 ) 
Y=YY{1) 
A=AA(1) 

R13=(X»»2 ♦ Y»*2)«»1.5 
R23=nx-4,0)*»2 + ( Y-1.0>**23»»1.5 
ANS(1)=-X/Ri3 - ä»(X-H.O)/K23 
RETURN 
END 

SIBFTC FUN2    REF 
SUBROUTINE FUN2(XX,YY,AA,/NS) 
DIMENSION XX«2)»YY(2),AA(2) .ANS{2) 
X=-XX( 1 ) 
Y-YY(1) 
/ AA( 1 ) 
R13«IX«*2 + Y»»2)»*1.5 
R23=f«X-4,0)»»2 + {V-1.0)«*2»»*l»5 
ANS(1)=-Y/R13 - A*(Y-1.0)/R23 
RETURN 
END 

iI6FTC POR)    REF 
SUBROUTINE PDRl(XX,YY.AA.PD1) 

SI 
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DIMEN5ICN XX(2),YY(2).AA(2)fPDl(3} 
RR=(X-^.0)«»2   + IY-1,0)**2 
R25=R^»»?,5 
X = XX(1 ) 
Y=YY{1) 

R13«PR»#U5 
A=AA(Ij 
R15=RR««2.5 
RR=(X-4.0)»»?   v (Y-1.0)**2 
R23=RR*»1,5 
R25=RR*»2.5 
PD1 (n=-l.0/Rl3 * 3.0»X*»2/R15 - A/R23 + 3 . 0»A* ( X-4.0 ) **2/R25 
PD1(2)=J.0»X*Y/R15 + 3»0*A*{X-4.0)*{Y-1.C)/R25 
PD1{3)=-(X-*.ü)/R23 
RETURN 
END 

SIBFTC P0R2    RE? 
SUBROUTINE POR2(XX,YY,AAtPD2I 
DIMENSION XX(2).YY(2)•AA(2I .PD2(3) 
X=XX«1) 
Y=YY(1) 
A=AA(1) 
RR=X»«2 ♦ Y*»2 
R13=RR*«1,5 
R23=RR»»1,5 
RR=X«»2 + Y*»2 
R15=RR»#2.5 
PD2(1)=3.0*X»Y/R15 + 3.0»A»(X-^.O)»(Y-l.0)/R25 
PD2(2)=-1.0/R13 ♦ 3.0»Y»»2/R15 - A/R23 ♦ 3.0»A»(Y-l.0)♦♦2/R25 
PD2(3)=-<Y-1,C)/R23 
RETURN 
END 

JI3FTC START   REF 
SUBROUTINE START 
COM MO! 

1 H{5 
2 »IFLAG 

)UTINE START 
)N T(363 ^ .NEQf<MAX.HGRID»NGRID(5) . THETA(5).Wl4»251)tAuPHA . 
»t5»251)»P{5»2Sl)»A(50»50»»B(50fl).X,U♦Y,V.NPRNT.MPRNTfDTIME 
:i An 

IFLAn*! 
K = 0 
PRINTAO,K 
N«l 
TIKE=0,0 
T{2)=w.O 
T(3)=HGRI0 
READllOtCTII).I=4»7) 

1C  F0RMAT{6E12.8) 
CALL INTS11»4«2«0»0t0»0»0»0l 
DO 3 1=1.4 

3  W{*fl)sT(I+3) 
PRIi)T5C»TlME» <W( I tN) . 1 = 1 .4) 
DO 2 1-11 = 1 »MPRNT 
DO 1 M2»1»NPRNT 
N = N+1 
CALL INTM 



c 
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DO ^ I=lf4 
i*     W( I fN3=T{ 1+3) 
1 CONTINUE 

nMt' = TlME + DTlME 
2 PR INT50» T I ME t (W ( I . **) 11 * 1.4) 

IFLAG«2 
RETURN 

40    FORMAT(1H0/65X 9HITERATION»I 3// 

1 26X4H   Til4XlHX.19X2HX«»13X1HY» 
2 19X2HYt) 

50  FORVAT(F30.2.4E20.6) 
END 

288 
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APPENDIX B 

PROGRAMS FOR RADIATIVE TRANSFER:  LAYERED MEDIA 
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PROGRAM B.l.  DETERMINATION OF c. THE THICKNESS OF THE 
LOWER LAYER 

The complete program is listed: 

MAIN program 

DAUX subroutine 

NONLIN subroutine 

PANDH subroutine 

LINEAR subroutine 

OUTPUT-subroutine 

ALBEDO subroutine 

The following library routine is required: 

INTS/INTM 
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ilBFTC RTINV 
COMMON N»RT<?»,WT(7).WR(7)»AR(7,7).NPRNT»MlMAXtKMAX»DELTA»XTAU♦ 

1 ZERLAM»XLAM(2)»B2(7»7).R2(7.7),I FLAG»R(28»101)iT(1491)»SIG» 
2 P(2 »101»»H<28»3»10n»PTAU»PLAM(2) »HTAUO) tHLAM(2»3) »P2(7»7) » 
3 H2(7»7»3)»C0NSU3)»NEQ 

C 
C PHASE I 
C 

1 READlOGC.N 
PRINT899 
PRINT900»N 
READloOl,(RT( I )»I = 1»N) 
PRINT90l,(RT( 1) .1 = 1 iN) 
READluOl»(WT( I) »1 = 1 ,N) 
PRINT90i,(rtT( 1) .1 = 1»N) 
DO 2 I=1.N 
WR(I )=WT(I )/RT( I ) 
DO 2 J=1»N 

2 AR(I»J)= l.ü/RT(I) + 1.0/RT(J) 
C 

d99 F0RMAT(1H1^6X36HRADIATIVE TRANSFER - INVERSE PROBLEM / ) 
100Ü FCRMAT(6I12) 

90v   FORMAT(6120) 
1001 FORMAT{^E12.8) 
901 FORMAT(6E20.8) 

READl^GÜ.NPRNT.Mi.'AX.KMAX 
PRINT900,NPRNT.M1MAX.<MAX 
READlüül,DELTA 
PRINT901.DELTA 
READK01 »XTAU»2ERLAM»XLAM( 1 I »XLAM(2 ) 
PRINT9G2 
PRINi903.XTAU.ZERLAM,XLAM(1 ) .XLAMU ) 

902 FORMAT!lH123hPHASE I - TRUE SOLUTION /) 
903 FCRMATdHO/ 

1 1X11HTHICKNESS =, FIO^ / 
2 IXllHALBEDO(X) =. 20HA + B»TANH(]0»(X-C))  // 
3 1X3HA =, E16.8. 10X3HB =. £16.8» 1CX3HC =. E16.8 //) 
CALL NONL^N 
DO 3 1=1,N 
DO 3 J=1.N 

3 B2(I.J)=R?(I.J) 
C 
C 
C PHASE II 
C 

U      READl^Cl.XTAU.ZERLAM.XLAMC1)»XLAM(2) 
K = 0 
PRIwT904»K 
PRINT903.XTAU.ZERLAM./- A»u I I ,XLAM(2) 

C 
CALL NONLIN 

C 
90'+ FORMATdHl   13HAPPR0X IMAT I ON , 13/ ) 

C 
C QUASILINEARIZATION ITERATIONS 
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00 5 K1=1»KMAX 
PRINT904»K1 
CALL PANDH 
CALL LINEAR 
CONTINUE 

C 
c 
c 

REA 
GO 
END 

ilBFTC OA 
SUB 
DIM 
COM 

1 z 
2 P 
3 H 
GO 

D1Ü00»IGO 
TO (1»4)tIGO 

UX 
ROUTINE DAUX 
ENS ION V2(7,7) ,X(3) .F(7) »G(7) 
MON N»RT(7),WT(7)»WR(7) »AR(7.7) »NPRNT,Ml MAX»KMAX»DELTA,X TAU» 
ERLAM,XLAM(2).B2(7,7) ,R2(7,7) , IFLAG.P(28,101) »T( 1491) , SIG . 
(28»101)»H(28.3»101)»PTAU.PLAM(2)»HTAUOl♦HLAM(2.3).P2(7,7), 
2(7,7,3)»C0NST(3)»NEQ 
TO (1,2)»IFLAG 

CNONLINEAR 

L = 3 
DO 4 1=1,N 
DC <*   J = 1,I 
L = L + 1 
V2< I *J) = T(L) 
DO 5 1=1,N 
DO 5 J=I,N 
V2(I ,J)=V2(J»I) 
L = L-1 
VLAM2=T(L) 
SIG=T(2) 
Y=XTAU*SIG 
X( I )=ZERLAM 
X(2)=XLAMI1) 
X< 3)=VLAy2 
CALL ALBEDO«V,X»Z) 
ZLAMDA=Z 

DO   6   1=1,N 
F( I )=u.O 
DO   7   <=1,N 

7 F(I )=F(I)    +   WR(K)»V2< I»K! 
6 Fl I )=C.5*f ( n   +   1.0 

DO   8   I=1,N 
DO   8   J=l,I 
i.=L + l 
DR=-AR{I,J)»V2(I»J)   +   ZLA 

6 T(L)=DR 
DO   9    I=i,l 
L = L + 1 

9 T(L)«ü.O 

ZLAMDA»F(I)*F (J) 
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RET'JRN 
C 
C 
CLIN 
c 

2 

EAR 

SIG=T(2) 
Y=XTAU«51G 
X{ 1 )=ZERLAM 
X{2)=XLAM(15 
X(3)=XLAM(2) 
CALL ALBEDO(Y.X»ZJ 
2LAMDA=2 

17 
16 

CP'S 
c 

14 

15 

DÜ 16 I*1»N 
F ( I ) = 0 , 0 
DO 17 K=1.N 
F( I )=F{ I ) + WR(K)»R2« I »<) 
F{ I )=u.5*F(II + 1,0 

L = 3 
DO 14 1=1,N 
DO 14 J=l.! 
L = L + 1 
V2< I .J) = T(L) 
DO 15 I=ltN 
DO 15 J=I.N 
V2( I ,J)=V2{J» I ) 
L = L + i 
VLAN'2 = T(L) 

12 

19 
C 
CH'S 
C 

DO 10 
G( I ) = 
DO 10 
G( I ) = 
ARG=1 
XTANX 

M = 3 
DC 12 
DO 12 
FIJ = F 
CAPF 

Tl = 
T2 = 
T3 = 
T4=IV 

M = M 
T(M) = 
00 19 

M = M 
T(M)« 

1 = 
o.O 
< = 

G(i 
u.O 

= -1 
+ NE 

i _ 
i = 

J = 
(1 ) 
-AR 

(V2< ItK)-R2( I »KH^WRC <) 
XLAM{2)) 
XLAM(1)»(1,0-(TANH(ARG))*»2) 

LAM 
+ 1 
T1 + 

1 = 
+ 1 
0.0 

1 »N 

1 »N 
) + 
#( Y- 

0.0* 
Q 
1 »N 
I.I 
*F ( J 
i I »J 
-AR( 
0.5» 
CAPF 
2-XLAM(2))»XTANX*F1J 

)•R2(I»J) + ZLAMOA*fU 
I»J)*(V2(I .J)-R2( I tJ) ) 
ZLAMDA*(F( n*G< J)+F( j)»G( n ) 

T2-t-T3+T4 

1.1 
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DO lOu K=l,1 
C 

DO 2U   1=1,N 
DO 24 J=l,I 
L«L+1 

2U      V?(I .J) = TJL) 
DO 25 1=1»N 
DO 25 J=ItN 

25  V2(I»J)«V2(J«I) 
L = L+1 
VLAM2=T(L) 

C 
DO 20 1=1,N 
G( I )a0.0 
DO 20 J=l,N 

20  G( I )=G( I ) ■•■  V2( I . J>*WR( J» 
C 

DO 22 1=1»N 
DO 22 J=l»I 
FIJ=F(I)#F(J) 
Tl=     ~AR( I »J)*V2(I»J) 
T2=     0.5*ZLAM0A»{F(1)»G(J)+F(J)*G{1)) 
T3=0,0 
T4=VLAM2*XTANX*FIJ 

M = M+1 
22  T(M)=T1 + T2 + T3+T'» 

C 
DO 29 1=1,1 

M = |V|+1 

29  T(M)= o.0 
100  CONTINUE 

RETURN 
END 

SIBFTC NONLIN 
SUBROUTINE NONLIN 
COMMON N,RT(7)»WT(.7)»WR(7)»AR<7»7)»NPFNI»MlMAX»KMAX»DELTA»XTAU. 

1 ZERLAM,XLAM{2)»82(7»7).R2(7»7).iFLAG»R(28»1C1I»T11491)»SIG» 
2 P(28»101)»H<28»3»101)»PTAU.PLAM(2)»HTAUO)»HLAM(2.3)»P2(7,7) » 
3 H2(7,7,3)»CONST(3l»NEQ 

C NONLINEAR D.E. FOR TRUE SOLUTION OR FOR INITIAL APPROX. 
C 

IFLAG=1 
T(2)=u.O 
T(3)=DELTA 
M=l 
L1=C 
L3 = 3 
DO 1 1=1,N 
DO 1 J=1,I 
L1=L1+1 
L3=L3+1 
R2(I»J)=0.0 
R(L1.M)=R2<IiJ) 
T(i 3)=R2n »J) 
L 3 = L 3 > 1 
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T(L31=XLAM(2 ) 

NEQ=(i\*( N+l ) )/2 + 1 
CALL lNTS(T»NEQ»2»0»0t0f0t0»G) 

SIG=T(2) 
CALL OUTPUT 

3 

5 

DO 5 hl=l,MlMAX 
DO 4 M2=1»NPRNT 
CALL INTM 
M = V;+1 

L1=0 
L3 = 3 
DO 3 I=1»N 
DO 3 J=1.I 
L1=L1+1 
L3=L3+1 
R2(I.J)=T(L3) 
R(L1»M)=R2<I»J) 
5IG=T(2) 
CALL OUTPUT 

RET 
END 

IÖFTC PA 
SUB 
COM 

1 z 
2 P 
3 H 
IFL 
T(2 
T(3 
M=l 

C 
C 

P«S 

c 
c 
c 

H'S 

URN 

NDH 
ROUTINE PANDH 
MON N»RT(7)»WTI7)iWRI7)fA^(7t7)tNPRNT,«1MAX»KMAXiDELTA»XTAU» 
ERLAM»XLAM(2)iB2(7»7)»RZ!7»7)»I FLAGiR{28»101)»T(1491)iSIGf 
(23fl01> »H(28»3»10l)iPTAU»PLAM(2)»HTAUO)»HLAM(2»3)»P2(7»7)i 
2(7,7,3)»CONST(3)»NEQ 
AG = 2 
)=ü.O 
)=DELTA 

L1 = 0 
L3 = 3 
DO 1 1=1.N 
DO 1 J=l.I 
L1=L1+1 
L3=L3+1 
P(L1»M)=0.0 
T(L3)=P(L1»M) 
L3=L3+1 
PLAM(2)=0.0 
T(L3)=PLAM(2) 

DO 7 K-- :1 .1 
Ll = = 0 
DO 3 l   ■ = 1 »N 
DO 3 J: = 1 

• 
» . 
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L 1 = L1 +1 
L3=L3+1 
H( L 1 »K «M)=0.0 

3  TIL3)«H(Ll»KfM) 

L3=L3+1 
6 HLAMI2.<)=1.0 
7 T(L3)=HLAM(2.K) 

L = 0 
DO 8 1 = ] ,N 
DO 8 J=l,I 
L = L+1 

6  R2{I♦J)=R(L»M) 
DO 9 1=1.N 
DC 9 J=I»N 

9  R2(I »J)=R2IJ» I ) 

^2 

NEQ = 2*((N*(N-H ) )/2 + I) 
CALL 1NTS(T.NEO»2»0»0»0»0.0,C) 
LMAX=(N»(N+1))/2 
PRINT52.T(2)»(P(LfM)»H(L»l»M)»L-l» 
FORMAT(1H0F9.4♦5E20.8/(1ÜX5E20.8) ) 

MAX ) 

DO 51 M1=1.M1MAX 
DO 5C M2=1»NPRNT 
CALL INTM 

PREV.APPROX. R(1.J) 

L1=C 
DO 10 I=1,N 
DO 10 J=1,I 
L1=L1+1 

1C  R2(I .J)=R(L1.M) 
DO 11 1=1,N 
DO 11 J=I»N 

11 R2( I .J)=R2(J»I) 
L1*0 
L3 = 3 
DO 12 Ul.N 
DO 12 J=1.I 
Ll=Ll+l 
L3=L3+1 

12 P(L1.M)=T(L3) 
L3=L3+1 
DO 13 K=l,l 
L1=C 
DO IU   1=1,N 
00 14 J=l,I 
LI =1.1 + 1 
L3=L3+1 
H(LI ,K,M)=T(L3) 
L3=L3+1 

5^  CONTINUE 
51  PRINT5 2,T(2) »(P(L.M5 »H(L,1 ,M) ,L=1»L^AX) 

14 
13 
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RETURN 
EiND 

SIbFTC LINEAR 
SUBROUTINE LINEAR 
DIMENSION ChKIO) 
DIMENSION A(49»3) »BUA) iEMAT( 50,5 >) * P I VOT ( 50 I » INDEX { 50 » 2 , 

1♦IPIVOT(50J»FVECCSO»!) 
COMMON N«RT{7> tWT(7)»WRITJ »AR« 7»7)»NPRNT»MlMAXtKMAX»DELTA»XTAJi 

1 ZERLAM,XLAM(2)»B2(7»7)»R2(7f7l,IFLAG»R(28»101)»T(1491)»5IG» 
2 F(2S»101 )»K(28,3.10n♦PTAU»PLAM(2) .HTAU(3) »HLAM(2»3) ♦P2(7,7 ) , 
3 H2(7,7,3)»CONST(3)»NEQ 

CBOUNDARY CONDITIONS 
MLAST=NPRNT*M1MAX + 1 
DO i <=1,1 
L = u 
DO 2 1 = 1,N 
DO 2 J=1,I 
L = L+1 

2 H2( I »J,K)=H(l.,K,MLAST) 

DO 1 I=1,N 
DO 1 J=I,N 

1  H2(I,J»<)=H2(J» I »K) 
L = C 
DO 3 I=1,N 
DO 3 J=1,I 
L-L+l 

3 P2(I ,J)=P(L»MLAST) 
DO 4 1=1,N 
DO 4 J=I ,N 

U      P2il,J)=P2(J» I ) 
CLEAST SQUARES 

DO 5 K=l,l 
1 = 0 
00 5 1=1,N 
DO 5 J=1,N 
L = L + 1 

5 A(L,K)=H2( I »J.KJ 
L = 0 
DO 6 1=1,N 
DO 6 J=1,N 
L = L + 1 

6 D(LI=ü2(i,J) - P2<I»J) 
C 

LMAX=N**2 
PRINT60 

60 FORMAT(IHO) 
DO 61 L=1,LMAX 

61 -RINT82,(A(L,<>»K=l»l),B(L) 
C 

DO 8 I-l»l 
DO 7 J=l,l 
SUM=0.0 
DO 9 L=1,LMAX 

9  SUM = SUM + A(L,I )#A(L»J) 
7 EMAT(I,J)=SUM 
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8 

DO 10 L=ltLMAX 
SUM = SUM + A(L»I )*BJL) 
FVEC( \ »1)=SUM 

C 

c 

PRINT60 
DO 81 1=1,1 

81 PRINT82,(EMAT(I,J)iJ=1»1 ) »FVEC( 1 ♦ 1) 
82 FORMAT(10X6E2o.8) 

FVECd.l J«FVEC(l»n/EMAT(lf 1) 

DO 11 1=1,1 
11  CONST(I)=FVEC(I«1) 

XLAM(2)=C0NST(1) 
PRINT903»XTAUfZERLAM,XLAM{1) ,XLAM(2 ) 

903 FORMATCIHO/ 
1 1X11HTHICKNESS =» F10.4 / 
2 IXllHALBEOO(X) =, 20HA + u»TA MM(]0*(X-C) )  // 
3 1X3HA =, E16.B, 10X3H8 =» E16.8, iOX3HC =♦ £16.8 //) 

C 
CNEW APPROXIMATION 
C 

M = l 
L = 0 
DO 12 I=i»N 
DO 12 J«l»l 
L = L+1 
SUM=P(L»M) 
DO 13 K=l»l 
SUM =SUM + CONST(K)*H(LtK»M) 
R(L»M)=SUM 
L=0 
DO 14 I=1»N 
DO 14 J=1,I 
L = L+1 

14  R2(I»J»*R<L»M) 
SIGcQ.O 
CALL OUTPUT 

13 
12 

DO 5C M1»1»M1MAX 
DO 16 M2=1»NPRNT 
K«M*1 
L = ö 
DO 15 I=1»N 
DO 15 J=1»I 
L = L*1 
SUM=P(L,M) 
DC   16   K=l.l 

16      SUM=SUM   +   CONST(K)»H(L»K»M) 
15      R(L»M)=SUM 

L = 0 

00   17   1*1fH 
DO   17   J=1,I 

i    ^        n ■ im p» ^giipj '■-—• 

I - 
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L = L + 1 
17 R2(I.J)=R(L»M) 
18 SIG=SIG + DELTA 
5Ü  CALL OUTPUT 

C 
RETURN 
END 

SIBFTC OUTPUT 
SUBROUTINE OUTPUT 
DIMENSION X(3) 
COMMON N,RT{7).WT(7)»WR(7)»AR(7»7).NPRNT,MlMAX»KMAX.DELTA•XTAU. 

1 ZERLAM,XLAM(2).82(7.7)»R2(7»7).1 FLAG»R(28♦101)♦T(1^91)»SIG» 
2 P{28.101)»H(28.3.101).PTAU.PLAM(2),HTAU<3).HLAM{2»3)»P2(7»7) . 
3 H2(7.7.3) »CONSTm »NEQ 
DO 1 1=1.N 
DO 1 J=I .N 

1  R2(I.J)=R2(J»I) 
Y=XTAU»SIG 
X(1)=ZERLAM 
X(2)=XLAM(1) 
X{3)=XLAM{2) 
CALL ALBEDO(Y.X.Z) 
PRINT100. SIG.Y.Z 

100 FORMATCIHO 7HSIGMA =.F6.2. 4X5HTAU =. F6.2» 4X8HALBED0 =.F6.2/) 
DO 2 J=1.N 

2 PRINT10l,J.{R2(I.J).I=1.N) 
101 FORMATdlO. 7F10,6) 

RETURN 
END 

SIBFTC ALBEDO 
SUBROUTINE ALBEDO(Y»X.Z) 
DIMENSION X(3) 
COMMON N*RT<7).WTCTl.WR(7)♦AR{7.7).NPRNT,MlMAX»KMAX.DELTA»XTAU. 

1 ZERLAM.XLAM(2)»62(7.7) .R2(7 . 7). I FLAG»R(28.1C1)»T(1491)»SIG» 
2 P(28»101)»H(28»3»101)»PTAU.PLAM(2)»HTAU(3)»HLAM(2»3)»P2(7.7)» 
3 H2(7»7.3)»C0NST(3J»NE0 
ARG=1Ü,0»(Y-X(3)) 
ZsXd) + X<2)*TANH{ARG) 
RETURN 
END 

480 

m ■I'll in 
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PROGRAM B.2.  DETERMINATION OF T, THE OVERALL OPTICAL 
THICKNESS ~~ — 

The complete program is listed: 

MAIN program 

DAUX subroutine 

NONLIN subroutine 

PANDH subroutine 

LINEAR subroutine 

OUTPUT subroutine 

ALBEDO subroutine 

The following library routine is required: 

INTS/INCM 

_    mmmmmmmmn 
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c 
r 

IbFTC RTINV 
COMMON N,RT( 7) ,WT( 7 ) »wR( 7) tAK'( 7,7 ) ,';PPNT , M1MAX . KMAX .DELTA »XTAU » 

1 ZERLAM,XLAM(2),b2(7»7),R2(7,7),irLAG«R(28.101)»T(1^91)»SIGf 
2 P{2äi,101)»H(28»3»101) ♦PTAU.PLAM(2 > ♦HTAUOJ »HLAMMSfS) .P2(7.7) » 
3 H2( 7,7.3 ) »CONSTO) »NEO 

PHASE   I 

READl^OO.N 
PRINT899 
RINT9oG.N 

READIOOI.(RT( 1) .1 = 1 .N) 
PRINT901.(RT(I) ,I = 1.N) 
READluOl»(WT(I),1=1.N) 
PRINT901,(WT(1).1=1.N) 
DO 2 1=1.N 
WR(I)=WT(I )/RT( I ) 
DO 2 J=1,N 
AR(I,J)= l.Ü/RTd) + 1.0/RT(J} 

099 F0RMAT(1H146X36HRADIATIVE TRANSFER - INVERSE PROBLEM / ) 
IGCu FORMAT(6I12) 
90u FORMAT(6I20) 

100] FORMAT(6E12.8) 
901 FOKMAT(6E20«e) 

READlOGO.NPRNT.MlMAX.KMAX 
PR I NT900,NPRNT,MlMAX,KMAX 
READ1001,DELTA 
PRINT901,DELTA 
READ1^0l,XTAU,ZERLAM,XLAM(1 ) ,XLAM(2 ) 
PRINT902 
PRINT903,XTAU,ZERLAM,XLAM< 1 ) ,XLAM(2 ) 

902 FORMAT(1H123HPHASE I - TRUE SOLUTION /) 
903 FORMATdHO/ 

1 1X11HTHICKNESS =, F10.4 / 
2 IXllHALBEDO(X) =, 20HA + b«TANH(]0»(X-C ) )  // 
3 1X3HA =, E16.8, 10X3HB =. E16.8. 10X3HC =» E16.8 //) 
CALL NONLIN 
DO 3 1=1.N 
DO 3 J=1.N 

3  B2(I.J)=R2(I»J) 
C 
C 
r 

c 

c 

c 

c 
c 

PHASE 11 

k     R£ADlw0l,XTAU,2ERLÄM,XLAM(l ) .XLAM(2 J 
K = 0 
PRINT9C4,K 
PRINT903.XTAU.2ERLAM,XLAM(1).XLAM(2) 

CALL NONLIN 

904 FORMATdHl   13HAPPROX IMAT I ON , 13/ \ 

QUASILINEARIZATION ITERATIONS 

r» 
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DO 5 K. 1 = 1, «MAX 
PRINT904»K1 
CALL PANDH 
'. \LL LINEAR 

5  CONTINUE 
C 
C 
C 

READIOOO.IGO 
GO TO ( i,M »IGO 
END 

$I6FTC DAUX 
SUBROUTINE DAUX 
DIMENSION V2(7.7)tX(3) ♦F(7) ,G(7) 
COMMON N.RT(7),WT(7).WR(7).AK(7.7).NPRNT.MIMAX.KMAX»DELTA»XTAU» 

1 ZERLAM,XLAM(2)»B2(7,7),R2(7,7) , I fLAG»R(28♦1Cl).T{1491)»SIG♦ 
2 P(28,10n.H(28»3.101) .PTAU.PLAM(2 ) iHTAU< 3) .HLAM{2»3) »P2(7»7) » 
3 H2(7,7,3)♦CONST{3J»NEQ 
GO TO (1»?) t IFLAG 

C 
CNONLINEAR 
C 

1      L = 3 
DO   A   1=1,N 
DO   4   J=1,I 
L = L+1 

4 V2{I»J)=T(L) 
DO   5   1=1,N 
DO   5   J=I»N 

5 V2(I♦J)=V2(J.I ) 
L = L + 1 
VTAU=T(L) 
SIG=TI2) 
Y=VTAU*SIG 
X( I)=ZERLAM 
X(2)=XLAM( 1) 
X(3)=XLAM(2) 
CALL   ALB£DO(Y,X»Z) 
ZLAMDA=Z 

7 
6 

DO   6   I«1»N 
F( I )MO,G 

DO   7   K=1,N 
F(I)=F(I)    4   WR(K)«V2(I»K) 
F( I)=u,5*F( I )   +   1.0 

DO   8   1=1,N 
DO   8   J=1,I 
L = L+1 
DR=-AR(I,J)»V2(I.J) 
T(L)=DR*VTAU 
DO   9   1=1.1 
L = L+1 
T(L)=C.G 

+   ZLAMDA*F{I)*F(J) 

■ muni —-^  —- 
—PW'I'H I •■'•,^**— — 



-195- 

RETURN 

r 

CLIN 
C 

2 

EAR 

SIG=TI2) 
Y=XTAU»SIG 
X( l)=ZERLAM 
X(2)=XLAM(1) 
X<3i=XLAM(2) 
CALL ALBEDO(Y.X»Z) 
2LAM0A=Z 

17 
16 

C 
CP'S 
c 

u 

15 

10 

12 

19 
C 
CH'S 
r 

DO 16 1 = 1.N 
F( I }=ü.O 
DO 17 K=1,N 
F( I )=F( I ) + WR(K)#R2(I»K) 
F(I)=Ü.5*F( I ) ♦ 1.0 

L = 3 
DO 14 1=1,N 
DO 14 J=1,I 
L = L + 1 
V2(I ♦J) = T(L) 
DO 15 1 = 1.N 
DO 15 J=I .N 
V2(I .J)=V2<J.I ) 
L = L+1 
VTAU=T(L) 

DO 10 1=1.N 
G( I )=Ü.O 
DO 10 K=1.N 
G(I)=G(I) + (V2( I .IC)-R2n »K.M*WR<<) 
ARG=10.J*(Y-XLAM(2) ) 
PARTL=1C,0*SIG»XLAM(1)*(1.0-(TANH(ARG))»»2) 

M=3+NE0 
DO 12 1=1»N 
DO 12 J=1.I 
FIJ=F«I)*F(J) 
CAPF = -AR( I ,J)*r     (I.J)    +   ZLAML)A*FIJ 
T1=-XTAU*AR( '   J)*(V2(I»J)-R2( I »J) ) 
T2 = XTAU*0.5*^LAMDA»(F( I)»G(J)+F(J)»Gn)) 
T3=XTAü*CAPF 
T4={VTAU-XTAU)»(CAPF   ♦   XTAU*FIJ*PARTL) 

T(M)=T1+T2+T3+T4 
DO 19 1=1.1 

M = M + 1 
T(M)=0.0 

—•" ■•■«*• 
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DO 100 K=l.1 

DO 24 I=1,N 
DO 24 J=1,I 
L = L + 1 

24 V2(I.J)=T(L) 
DO 2 5 1=1»N 
DO 25 J=IiN 

25 V2(I♦J)=V2(J»I ) 
L = L + 1 
VTAU=T(L) 

DO 20 1=1,N 
G(I )=0.0 
DO 20 J=1,N 

20  G(I)=G(I) +  V2. tJ)»WR(J) 

DO 22 1=1,N 
DO 22 J=i,I 
FI J = F(I)#F(J) 

CAPF=-AR{I,J)»R2(I,J) + ZLAMÜA*FIJ 
T1=-XTAU* , I IJJ)»V?(i,J) 
T2=XTAU»0.5*ZLAMDA»(F(I)»GiJ)+F(J)*G(I)} 
T3=0.u 
T4=VTAU»(CAPF + XTAU»FIJ*PARTL) 

M = M+1 
22  T(M)=T1+T2+T3+T4 

1 

il 

29 
00 

c 
c 

DO 29 1=1,1 
K = M+1 

T(M)=G.G 
CONTINUE 
RETURN 
END 

bFTC NONLIN 
SUBROUTINE NONLIN 
COMMON N,RT(7),WT(7).WR<7),AR(7,7) ,NPRNT,MlMAXf<MAX»DELTA,XTAU , 

1 ZERLAM,XLAM{2)»B2(7,7),R2(7,7),I FLAG,R(28,101),T(1491),SIG, 
2 P(28,101)»H(28»3,101),PTAU,PLAM(2)»HTAUOl,HLAM(2»3)»P2<7,7) . 
3 H2(7,7,3)»CONST(3)»NEO 

NONLINEAR D.E. FOR TRUF SOLUTION OR FOR INITIAL APPROX. 

IFLAG=1 
TI2)=0,0 
T(3)=DELTA 
M=l 
L1=0 
L3 = 3 
DO   1   i--=l»N 
DO   1   J=1,I 
Ll=ll+1 
L3=L3+1 
R2(I ,J)=0.0 
R(L1»M)=R2(I»J) 

1      T(L3)=R2(I,J) 

zsv m WPWi'. 
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L3=L3+1 
T(L3)=XTAU 

NEQ=(N«(N+1))/2 + 1 
CALL INTS{TtNEO»2»0»0»0»0»0»ü) 

SIG=T(2) 
CALL OUTPUT 

3 
A 
5 

M1=1,M1MAX 
M2=1»NPRNT 
INTM 

DO 5 
DO 4 
CALL 
K = M+1 
L1=C 
L3 = 3 
DO 3 1=1,N 
DO 3 J=1»I 
L1=L1+1 
L3 = L3->-l 
R2( I .J) = T(L3) 
R(L1,M)=R2(I»J) 
SIG=T(2) 
CALL OUTPUT 

PIVOT(50)»INDEX(5L 

RETURN 
END 

»loFTC LINEAR 
SUBROUTINE LINEAR 
DIMENSION CHKIO) 
DIMENSION A(49»3) »Ö^gj »EMAT(50t50) . 
1»!PIV0T{50)♦FVEC(50,1) 
COMMON N,RT(7)tWT(7)fWR(7)»AR{7f7),NPRNT,M1MAX»<MAX»DELTA»XT;üt 

1 ZERLAM,XLAM(2),62 I 7♦?)^2(7,7),I FLAG»R(28♦101)»T(1491)»SIG 
2 P(2B,1015»H(28,3.101)»PTAU,PLAM(2),HTAU(3)♦HLAM(2»3)»P2<7,7) 
3 H2{7,7.3) »CONSTO) »NEO 

CBOUNDARY CONDITIONS 
MLAST=NPRNT*M1MAX ♦ 1 
DC 1 K=l,l 
L = u 
DC 2 1=1,N 
DO 2 J=1,I 
L = L + 1 

2 H2(I»J,K)=H(L,K,MLAST) 
DC 1 1=1,N 
DO 1 J=I,N 

1  H2(I,J,K)=H2JJ, I ,K) 
L = L 

DO 3 1 = 1 iN 
DO 3 J=l,I 
L = L+1 

3 P2(I♦J)=P(L»MLAST) 
DO k   I=1,N 
DO 4 J=I,N 

4 P2(IiJ)=P2(J, I ) 
CLEAST SQUARES 
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c 

c 

DO   5   K=l,l 

DO 5 I=1»N 
DO 5 J=1»N 
L = L+1 

5 A(L»K)=H2(I»J»K) 
L = 0 
DO 6 I=1»N 
DO 6 J=1.N 
L = L + 1 

6 8(L)=B2(I,J)   -   P2(ItJ) 

LMAX=N*»2 
PRINT60 

60 FORMATtlHO) 
DO 61 L=1»LM,*X 

61 PRINT82.(A(L.K)»K=l♦!)»B(L) 

DO 8 1=1,1 
00 7 J=l,l 
SUM=0.0 
DO 9 L=1,LMAX 

9  SUM=SUM + A(L»I)#A(L»J) 
7 EMAT(I»JleSUM 

SUM=0.ü 
DO 10 L=1,LMAX 

10 SÜM«SÜM + A(L,I )»B{L) 
8 FVEC(I»1)85UM 

PRINT60 
DO 81 1=1,1 

61  PRINT82,(EMAT{I,J),J=l,1),FVEC(I.1) 
82  FORMAT(10X6E20.8) 

FVEC(1»1)=FVEC(1,1)/EMAT(1,1) 

DO 11 1=1,1 
11 CONSK I )=FVEC( I ,1 ) 

XTAU   =C0NST(1) 
PRINT903,XTAU»ZERLAM,XLAM(1),XLA':(2) 

903 F0RMATI1HÜ/ 
1 1X11HTHICKNES6 =, £16.6 / 
2 1X11HALÖ£D0(X) =, 20HA + ü*TMNH(10*(X-C))  // 
3 1X3HA =, ^16.8» 10X3HB =, fcl6.H, 10X3HC =, E16.8 //) 

C 
CNEW APPROXIMATION 
C 

M=l 
L = 0 
00 12 1=1,N 
DO 12 J=1,I 
L = L + 1 
SL'./i = P(L,M) 
DC    13   K=l,l 

Pis* 
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13 SUM =SUM + CONSTm*H(L«KtM) 
12  R(L»M)=SUM 

L = ü 
DO \U 1=1,N 
DO 1^» J=l, I 
L = L + 1 

14 R2(I .J)=R(L»M) 
SIG=0.Ü 
CALL OUTPUT 

DO 50 M1 = 1,MU"\X 
DO 18 M2=l»NPRNT 
KaM+l 
L = 0 
DO 15 1=1,N 
DO 15 J=1,I 
L = L + 1 
SUM=P(L,M) 
DO 16 K=l,l 

16 5UM = SUM + CONST(K)»H(l,,K,M) 
15 R(L»M)=SUM 

L = v 

DO 17 1=1,N 
DO 17 J=1,I 
L = L+1 

17 R2{I♦J)=R(L»KJ 
16 SIG=SI6 + DELTA 
50 CALL OUTPUT 

RETURN 
END 

SIBFTC PANDH   LIST 
SUBROUTINE PANDH 
COMMON NfRT(7),WT(7)fWR(7)»AK{7»7).NPONT,M1MAX»KMAX»DELTA. ,XTAU» 

1 ZERLAM,XLAM(2>»B2(7»7).R2(7»7),I FLAG»R(28.101).T(1491)»SIG, 
2 P(2o,1015»H(28,3»101)»PTAU.PLAM(2),HTAU(3)tHLAM(2»3)♦P2(7,7)» 
3 H2(7»7»3)•C0NST(3)»NEQ 
IFLAG=2 
T(2)=u.O 
T(3)=DELTA 
y = l 

c ?«s 

L1=C 
L3 = 3 
DO 1 I=ltN 
00 1 J=ltl 
L1=L1+1 
L3=L3+1 
P(L1»M!=0.0 
T(L3)=P{L1»M) 
L3=L3+1 
PTAU = v>.0 
T(L3)=PTAU 

qm iUUlidllW 
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c m 
c 

s 

DO V K. - i * 1 

00 3 I=1.N 

DC 3   J=1.I 
Ll=Li+i 
L3 = L3+ 1 
H(Ll»<?^i=0.O 

3  i(L3)=H(L1»K»M) 

C 

LJ=L3+1 
6 HTAU(K)=1.0 

7 T(L3>=HTAU(K) 
C 

L = C 

DO 8 I=1»N 
DO 6 J»l»I 
L = L + 1 

8 R2(I»J)=R(L»M) 
DO 9 I=itN 

DO 9 J=I iN 

9 R2(I»J»aR2<J» I ) 
C 

NEQ = 2*(tN*;N+lJ)/2 + 1 ) 
CALL INTS(T»NEQt2fO»0»0»0»0»i 

LVAX=(N»(N^1))/2 
C 

DC 51 Ml=l»MiMAX 

DO bC M2=1»NPRNT 
CALL INTM 
M = M+1 

CPRfV.APPROX. R(I»J) 

Li=ü 
DC   10   1=1»N 
DC   10   J=l»I 
L1=L1+1 

10 R2(I♦J)=R<L1»M) 

DO   11    IsliN 
DC   11   J=I»N 

11 R2(IfJ)=R2(J»I) 
L1»C 
L3 = 3 

DO   12    I=1»N 
DO   12   J=l.I 
L1=L1 + 1 
L3=L3+1 

12 P'. LI   Mi--T(L3) 
L3=L3+1 
DO   13   ^-1*1 
L 1 =0 
DO   1A   I=1.N 
DO   14   J=ltl 
L1=L\^). 
L3=L3+1 

m~ -. i J^'IL mm amim?' ^PBPP" 
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14  H{Ll»iCtM>«TlL3l 
13  L3=L3+1 
5w  CONTINUE 
51  CONTINUE 

RcTURN 
END 

JIBFTC OUTPUT 
SUBROUTINE OUTPUT 
DIMENSION X(3) 
COMMON N.RT(7).WT(7)»WR(7).AK(7.7) »NPRNT»MIMAX»KMAX.DELTA.XTAU♦ 

1 ZEnLAM.Xl.AM(2) »BZ ( 7 . 7 ) »R2 ( 7 . 7 I . I FLAG .R ( 28 ♦ 10.U . T ( 1491) ? S I G , 
2 P(2Ö.1Ü1) .H(2 8,3»101).PTAU.PLAM(2) IHTAUOJ»HLAM{2.3) .P2(7.7) » 
3 H2(7.7,3)»CONSTi3)»NEQ 
DO 1 i^l.N 
DO 1 J=I.N 

1  R2(I.J)=R2(J» I ) 
Y=XTAU*5IG 
X(1)=ZERLAM 
X(2)=XLAM{ 1 ) 
X(3)=XLAM(2) 
CALL ALBEDO«Y.X.Z) 
PRINT1ÜÜ, SIG.Y.Z 

lOu FORMATCIHO 7hSIGMA =.F6.2. ^X&riTAU =, F6.2. 4X8HALBE0O =»F6.2/» 
DO 2 J=1.N 

2 PRINT1Ü1,J.(R2<I .J) .I = 1.N) 
101 FORN'ATdlO. 7F10.6) 

RETURN 
END 

JIBFTC ALBEDO 
SUBROUTINE ALK. j.'Y.X.Z) 
DIMENSION X«3) 
COMMON N.RT(7) .WTm .WRl?) .Al 

1  ZERLAM.XLAM(2).B2(7.7).R2(7 
2 
3 

(7.7) .NrPNT.MlMAX.KMAX.DELTA.XTAU. 
7) , irL^G.RC28.101).T(1491).SIG. 

P(26.101).H(28.3»101).PTAU.PLAM(r) ,HTAU(3).HLAM(2»3> .P2(7»7)» 
H2(7.7,3).CONST(3)»NEO 

ARG=io.0»{Y-X(3)) 
Z=X(1) + X(2)»TANH(ARG) 
RETURN 
END 

4 79 

^j. 

mmm^m 
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PROGRAM B.3.  DETERMINATION OF THE TWO ALBEDOS AND THE 
THICKNESS OF^THETOWER LAYER 

The complete program is listed: 

MAIN program 

DAUX subroutine 

NONLIN subroutine 

PANDH subroutine 

LINEAR subroutine 

OUTPUT subroutine 

ALBEDO subroutine 

The foil 'wing library routines are required: 

MAT1NV 

INTS/INTW 

'MiiiiHu.i HMp S i— -JJii. 
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ijOB 26O9fSTRAT3»HK0l60t5»0»20»P 
SPAUSE 
JIBJOE STRAT2  MAP 
SI8FTC RTINV 

COMMON N.RT(?)»WTm»WR(7)»AR(7.7j »NPRNT »Ml MAX »KMAX »DELTA »XTAU t 
1 XLAM(3)»       82 /, 7) .R2(7.7J ,IFLAG,R(28,101) .Ta491)»SIG» 
2 P(28.101)»H(28.3.101) .PLAMO) .HLAM(3,3) »P2I7»7) . 
3 H2(7,7»3) »CONSTO) »NEQ 

C 
C PHASE I 
C 

1 READ1Ü00.N 
PRINT899 
PRINT900,N 
READ1001»(RT{I)»I=1»N) 
PRINT901»(RT(I),1=1.N) 
READ1U01,{WT{I)»I«liNJ 
PRINT901,(WT(I)»I=1»N) 
00 2 I=1»N 
WR(I)=WT{I)/RT(I) 
DO 2 J=1.N 

2 ARiI,J)= 1,U/RT(I) + 1.0/RT(J) 
C 

899 F0RMAT(1H146X36HRA0IATIVE   TRANSFER   -   INVERSE   PROBLEM   /    ) 
1000   F0RMAT(6I12) 

900 FORMAT(612C) 
lOr      •    ■?MAT{6E12.6) 

9v ^AT(6E20.8) 
,01000♦NPRNT.MlMAX»KMAX 

PRINT90Ü»NPRNT.M1MAX»<MAX 
READloul,DELTA 
PRINTS '1»DELTA 
READlu,l,XTAUt(XLAM(I).I=l»3) 
PRINT9Ü2 
PRINT903»XTAÜ,(XLAM(I)f1=1.3) 

902 FORMAT(1H123HPHASE I - TRUE SOLUTION /) 
903 FORMAT(1H0/ 

1 IXIIHTHICKNESS =. F10.4 / 
2 iXllHALbEDO(X) =» 20HA + B*TANH(10*(X-CJ)  // 
3 1X3HA =, E16.8» 10X3HB =» E16.8. 10X3Hr =, E16.8 //) 
CALL NONLIN 
DO 3 1=1.N 
DO 3 J=1.N 

3 B2<I.J)=R2(I»J) 
r 

C 
C PHASE II 
C 

4 READluGl,XTAU»(XLAM(I).1=1.3) 
K = 0 
PRINT904.K 
PRINT903.XTAU»(XLAM(1).1=1.3) 

C 
CALL NCNLIN 

C 

•*g^-~—-^   ■  -   '"■    mww .,   .,.       a.». .l,J.^J-r»r ...,. .  -,... « 
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9(M FORMATI1H1   13HAPPROXIMAT1 ON. 13/ ) 

QUASILINEARIZATION ITERATIONS 

DO 5 K1=1.KMAX 
PRINT90^,K1 
CALL PANDH 
CALL LINEAR 

6  CONTINUE 

READ1Ü0CUIGO 
GO TO tl»4)»IGO 
END 

BFTC DAUX    LIST 
SUBROUTINE DAUX 
DIMENSION V2(7.7)»X(3).F(7),G(7) 

1  .VLAM(3) 
COMMON N,RT(7)»WT(7}»WR{7)»AR{7»7)»NPRNT»MlMAX»KMAX»DELTA»XTAU» 

1 XLAM(3).       B2(7.7),R2(7.7),IFLAG»R>28.1C1)»Trngi)»SIG» 
2 P(26,1C1)»H(28»3.101)fPLAM(3).HLAM(3.3) »P2(7»7) i 
3 H2I7.7,3)»CONST(3)»NEQ 
GO TO (1,2)»IFLAG 

^LINEAR 

51 

52 

L = 3 
DO 4 I=1»N 
DO 4 J=1.I 
L = L + 1 
V2(I iJ)=T(L) 
DO 5 I=1»N 
DO 5 J=I»N 
72(I♦J)=V2(J.I) 
DO 51 1=1.3 
L = L+1 
VLAMi!)=T(L) 
SIG=T(2) 
Y=XTAU*SIG 
DC 52 1=1.3 
X(I)=VLAM(T ) 
CALL ALBEDO(Y.X.Z) 
ZLAMDA=Z 

DC 6 I=1.N 
F(i )=ü.O 
DO 7 K=1,N 

7  F(I )=F(I) + WR(K)*V2(I.<) 
6  F( I )-0,5*F( I ) + 1.0 

DO 8 I=1»N 
DO 8 J=1.I 
L = L + 1 
DR=-AR(I»J)*V2(I.J) + I^MMUA^FCl)»F(J) 

F-*—.  
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c 
CLIN 
C 

2 

T(L)=OR 
DO 9 1=1.3 
L = L^1 
T(L)=w,0 
RETURN 
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EAR 

SIG=T(2) 
Y=XTAU»SIG 
DO 21 I=l»3 

21  X(I)=XLAM(I) 
CALL ALBEDOCY»X»Z) 
ZLAMDA=2 

17 
16 

C 
CP'S 
r 

14 

15 

18 

DC 16 I=1,N 
F( I )=ü.O 
DO 17 K=1,N 
F( I)=F(I ) + WR(IC)»R2( I.O 
F( I )=ü.5*F( I ) + 1.0 

L = 3 
DO 14 I-l.N 
DO 14 J=l,I 
L = L+1 
V2(!.J)=T(L) 
DO 15 1 = 1.N 
DO 15 J=I,N 
V2<I.J)=V2(J»I) 
DO 18 1=1.3 
L = L-H 
VLAM(I)=T(L) 

DO 10 1=1.N 
G{I)=ü.O 
DO 10 K=1.N 

10  G(I)=G(I) + IV2<I♦<)-R2(I♦<))*WR(K) 
ARG=10.0«(Y-XLAM(3) ) 
TARG=TANH(ARG) 
XTANX»-10.0*XLAM<2)*<1.0-TARG**2) 

M=3+NEQ 
DO 12 1=1»N 
DO 12 J=1.I 
FIJ=F(I)»F(J) 
CAPF=-AR(I.J)»R2(I.J) + ZLAMDA»FIJ 
Tl=rAPF 

T2=-AR(I.J)#{V2(I»JJ-RZlI»J)) 
1  + 0.5»ZLAMDA#(F( I J*GU) + F(J)*G(I)J 
T3=(VLAM(l)-XLAM(l))*FIJ 
T4=(VLAM(2>-XLAM(2))»TARG*FIJ 
T5=>VLAM(3)-XLAM(3))»XTANX*FIJ 

M = M+1 

'•*-' ■ ' -"^i1 ^ ■ 
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12 

19 
C 
CH«S 
C 

24 

25 

26 

20 

22 

T(M)=T1+T2+T3+T^^T5 
DO 19 1=1»3 

M»M+1 
T(M)=0,0 

DO 100 K=l»3 

DO 24 1 = 1.N 
DO 24 J=1»I 
L = L+1 
V2( I.J)=T{L) 
DO 25 1=1.N 
DO 25 J=I.N 
V2( I.J)=V2{J»I) 
DO 26 1=1,3 
L = L+1 
VLAM(I)=T(L) 

DO 20 1=1,N 
G( I )=0.0 
DO 20 J=1.N 
3( I )=G(I) + V2(I.J)*WR(J) 

DO 22 1=1.N 
DO 22 J=1»I 
FIJ=F{I)#F(J) 
T1=0.0 
T2=-AR{I.J)*V2(I,J) + 0.5*ZLAMDA»(F(I)*GCJ) + F(J)*G(I)) 
T3=VLAM(1)«FIJ 
T4=VLAM{2)*TARG»FIJ 
T5=VLAM(3)*XTANX#FIJ 

M = M+1 
T(M)=Tl + T2 + T3 + T4-t-T5 

DO 29 1=1,3 
M = M+1 

29  T{M)=u.O 
100  CONTINUE 

RETURN 
END 

JIBFTC NONLIN 
SUBROUTINE N^NLlN 
COMMON N,RT("( ) .WT(7) ,WRi7) .AR(7.7) . NPRNT , Ml MAX . KMAX .DELTA .XTAU . 

XLAMC3J.       b2(7.7),R2(7,7),1 FLAG»R(28,101).T(1491).SIG. 
2 P(28.101).H(28,3,101),PLAM(3)iHLAM{3t3) ♦P2(7,7) , 
3 H2(7,7,3)»CONST(3)»NEO 

NONLINEAR D.E. FOR TRUE SOLUTION OR FOR INITIAL APPROX, 

1 

IFLAG=1 
T(2)«0.0 
T(3)=0ELTA 
M=l 
L1=0 

mi 
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L3 = 3 
DO 1 I=1»N 
DO 1 J*l»l 
L1=L1+1 
L3=L3+1 
R2(IfJ)=0.0 
R(L1»M)=R2(I»J) 
T(L3)=R2(I.J) 
DO 2 1=1.3 
L3=L3^1 
T(L3)=XLAM(I ) 

NEO=(N«(N-H) )/2 + 3 
CALL INTS(T.NEQ»2tO.O»0»0»O.Ü) 

SIG=T(2) 
CALL OUTPUT 

DO 5 M1=1»M1MAX 
DO t*   M2 = 1.NPRNT 
CALL INTM 
M = M+1 
L1=0 
L3 = 3 
DO 3 I=1»N 
DO 3 J=1»I 
L1=L1+1 
L3=L3+1 
R2(I»J)=T(L3) 

3 R(L1»M)=R2{I»J) 
4 SIG=T(2) 
5 CALL OUTPUT 

RETURN 
END 

$!BFTC PANDH 
SUBROUTINE PANDH 

COMMON N»RT(7).WT{7)»WR(7)»AH(7»7)»NPRNT»MIMAX»KMAXtOELTAtXTAU» 
1 XLAM(3)»       B2(7»7>^2(7*7).IFLAG,R(2e.l0li»7(1491)fSIG. 
2 P(28.101 ) »H(28.3il01) .PLAMO) fHLAM(3.3) »?2<7»7J » 
3 H2(7.7.3).CONST(3).NEQ 
IFLAG*2 
T(2J=0.0 
T(3»«DELTA 
M=l 

C P«S 
c 

L1=0 
L3 = 3 
DO 1 I=1»N 
DO 1 J«1»I 
Ll=Ll+l 
L3=L3+1 
P{L1»M)=0«0 
T(L3)=P(L1.M) 

IHBIJJJ. ^■■^i^Mi*«^ ^^^ 
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DO 2 1=1.? 
L3=L3+1 
PLAM(I)=0,0 

2 T(L3)-PLAM«IJ 
c 
c H«S 
c 

DO 7 K»l»3 
L1=0 
DO 3 1=1.N 
DO 3 J=1.I 
L1=L1+1 
L3=L3+1 
H(L1.<.M)=Ü.0 

3 T<L3)«H«Li»K»M) 

DO   7   1=1,3 
L3=L3+1 
HLAM{I.K)=0.0 
IF(I-K)7»6t7 

6 HLAMU .K) = 1.0 
7 T(L3)=HLAM(I»K) 

C 
L = 0 
DO 8 I=1,N 
DO 8 J=1,I 
L = L+1 

8 R2(I»J)«R{LiM) 
DO   9   I=1»N 
DO   9   J=I,N 

9 R2(I»J)=R2(J»I) 
C 

NEQ=^*{(N»(N+1))/2   +   3) 
CALL   INT5<T.NEQ.2*0.0.0.0.0.0) 
LMAX={N*(N^1)1/2 

PRINT52.T(2) » (Pa»M) .H(L.l.M) »L*1»LMAX) 
52     FORMAT(lH0F9.A.5E20.8/(10X5E2G.8j) 

C 
DO   51   M1=1»M1MAX 
DO   50   M2=1»NPRNT 
CALL   INTM 
M = M+1 

CPREV.APPROX. R{ I »J) 
L1=0 
DO 10 1=1,N 
DO 10 J=1,I 
L1=L1+1 

10 R2(I,J)=R(L1»M) 
DO 11 1=1,N 
DO U J=I,N 

11 R2n ,J)=R2( Jt I S 
L1=0 
L3«3 
DO 12 1=1.N 
DO 12 J=1,I 

HHP" 
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L1=L1+1 
L3=L3+1 

12 P(LlfM)=T(L3) 
L3 = L3-<-3 
DO 13 K=l»3 
L1=0 
DO 14 I=1»N 
DO U J=ltl 
L1=L1+1 
L3SL3+1 

14  H(L1»K.M)=T(L3> 
13 L3=L3+3 
50 CONTINUE 
51 PRINT52*T(2)»(P{LtM).H(L»l»M)»L'lfLMAX) 

RETURN 
END 

JIBFTC LINEAR 
SUBROUTINE LINEAR 
DIMENSION CHKim 
DIMENSION A(49.3)»6(49)»EMAT(50.50) . PIVOT(50)»INDEX(5012 ) 
l.IPIVOT(50) »FVF.C(50»1) 
COMMON N»RT(7),WT(7)»WRIT)»AR(7»7)»NPRNT»MlMAX»KMAX»DELTA»XTAU» 

1 XLAM(3).       B2(7»7).R2(7»7)»IFLAG»R(28»101)♦T(1491)»SIG» 
2 P(28.101)»H(28»3»10i)»PLAM(3)»HLAM(3»3)»P2(7»7)» 
3 H2(7»7.3) »CONSTO) »NEO 

CBOUNDARY CONDITIONS 
MLAST=NPRNT»M1MAX + I 
DO 1 <=1.3 
L = ü 
DC 2 I=1»N 
DO 2 J=1»I 
L = L + 1 

2 H2{ I »JtKjsl-KL.KfMLAST) 
DC 1 1=1.N 
DO 1 J=I.N 

1  H2( I.J.K)=H2(J.I.K.) 
L«0 
DO 3 1=1.N 
DO 3 J=1.I 
L = L + 1 

3 P2(I.J)=P(L»MLAST) 
DO 4 1=1»N 
DO 4 J=I.N 

4 ''2(1 *J)-P2Uf I ) 
CLEAST SQUARES 

DO 5 <=li3 
L = 0 
DO 5 l=l.N 
DO 5 J=1.N 
L = L + 1 

5 A;L»K)=H2(I»J»K) 
L = 0 
DO 6 1=1.N 
DO 6 J«i»N 
L = L^1 

I^PII laMW i       •■!•   Ml., I  WHIIIMMIJpn,     »MUMppBWTjWW 
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6  B(LS=B2(I »J) - P;>( I tj) 

LMAX=N*»2 
PRINT60 

60 FORMAT(1H0) 
DO 61 L=1»LMAX 

61 PRINT82»(ACL»<»»K»lf3)»BCD 

DO 8 1=1»3 
DO 7 J=lt3 
SUM=0.0 
DO 9 L=1,LMAX 
SUM=SUM + A(L»:■#A{L»J) 
EMAT(I»J)«SUM 
SUM=0.Ü 
DO 10 L-.1»LMAX 

10  SUM=SUM + A(L»I)»B(L) 
FVEC{I»1)=SUM 

9 
7 

8 

C 

C 

PRINT6'' 
DO 81 1=1,3 

81  PRINT82.(EMAT(I,J),J=1,3),FVEC ( I . 1) 
32  FORMAT(10X6E20,8) 

CALL MATINV(EMAT.3tFVEC»1.0ETERM»PlVOTtINDEX.I PIVOT) 

DO 11 1=1»3 
11  CONST(I)=FVZC(!,l) 

C 
DO 20 1=1,3 

20  XLAM(I)=CONST(I) 
PRINT903,XTAU,(XLAM{I) ,1 = 1,3! 

903 FORMATCIHO/ 
1 1X11HTHICKNESS =, E16.8 / 
2 IXUHALBEDOIX) =, 20HA + B*TANH UO» (X-C) )  // 
3 1X3HA =, E16.8, 10X3HB =,,E16.8, 10X3HC =, £16.8 //) 

C 
CNEW APPROXIMATION 
C 

M=l 
L = 0 
DO 12 1=1,N 
DO 12 J=1,I 
L = L+1 
SUM=P(L,M) 
DO 13 K=1.3 

13 SUM =SUM + CONST(<)*H(L,K,M) 
12  R{L,M)=SUM 

L = C 
DO 14 i=l,N 
DO 1^ J=1,I 
L = !. + l 

14 R2(IPJJ«R{L»M) 
SIG^O.O 
CALL OUTPUT 

—«m<Jmi.wm-m.*m^ ^W-ffiP-   
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?0 50 M1»1»MIMAX 
DO 18 M2=l»NPRNT 

M = M+1 
L = 0 
DO 15 1=1»N 
DO 15 J=1,I 
L = L+1 
SUM=P(L»M) 
DO 16 K=1.3 

If)  SUM = SUM + CONSTU)«H(L.K.M) 
15  R(L»M)=SUM 

L = 0 
DO 17 1=1.N 
DO 17 J=1,I 
L = L + 1 

17 R2{I»J>=R(L»M) 
18 SIG=SIG + DELTA 
50  CALL OUTPUT 

C 
RETURN 
END 

HBFTC OUTPUT 
SUBROUTINE OUTPUT 
DIMENSION X(3) 
COMMON N,RT(7),WT(7)»WR(7).;R(7.73.NPRNT,M1MAX.KMAX.DELTA»XTAU» 

1 XLAM(3).       B2(7.7) .R2(7.7) .IFLAG.R(28»101) »TC^gD.SIG. 
2 P128.101).H(23.3.101).PLAM(3)»HLAM(3.3) .P2(7.7) , 
3 H2(7,7,3) ♦C0NST(3).NEg) 
DO 1 1=1.N 
DO 1 J=I.N 

1  R2JI.J)=R2(J.I ) 
Y=XTAU»SIG 
DO 3 1=1.3 

3  xn)=XLAM(I) 
CALL ALBEDOCY.X.Z) 
PR1NT10C. SIG.Y.Z 

100 FORMATdKO 7HSIGMA =.F6.2» 4X5HrAU =. F6.2» 4X8HALBED0 «»F6.2/) 
DO 2 J=1»N 

2 PRINT101.J.(R2{ I.J) .I = 1.N) 
101 FORMATdlO. 7FlO,6) 

RETURN 
END 

SIBFTC ALBEDO 
SUBROUTINE AL6ED0(Y .X . Z) 
DIMENSION X(3) 

COMMON N.RT(7).WT(7).rtR(7)»AR(7t7)»NPRNT.M1MAX»KMAX.DELTA.XTAU. 
1 XLAM(3).       B2(7.7) .R2(7»7)»IFLAG.R{28.101).T(1491I.SIG. 
2 P(28.101)»H(28.3.101).PLAM(3S»HLAM(3.3)»P2{7.7J .  ^ 
3 H2(7.7.3)»C0NST(3)»NEQ 
ARG=10,0»IY-X(3) ) 
Z=XC1) ♦ X(2)«TANH(ARG) 
RETURN 
END 

SENTRY RTINV 

-^--_g. .^^0^ 
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254i>6046E-01U9234AlE-0029707742E-0050000000E r070292258E 0087076559E 00 
97a55396E 00 
6^7^2 48'»E -Oil 393 52 69E-0G1909 15 02E-002Ü8 97958E-001909150 2 E-00 1398 ^ 26 9E-00 
&«*^2'»84E-01 

lu 10 4 
C.C1 
1•0 0,5 0.1 0.5 
1-0 0.6 .09 O.^i 

SIBSYS 

032 
033 

C032 
0033 

505 

rrr^m^ 
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APPENÜIX C 

PROGRAMS FOR RADIATIVE TRANSFER. 

NOISY OBSERVATIONS 
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PROGRAM C.l.  IWY ACCURATE OBSERVATIONS FOR THE DETERMINA- 
TION OF ALBEDO 

The complete program is listed: 

MAIN program 

DAUX subroutine 

ALBEDO subroutine 

PANDH subroutine 

LINEAR subroutine 

NONLIN subroutine 

OUTPUT subroutine 

The following library routines are required: 

MATINV 

INTS/INTM 

=<£ 
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UBFTC RTINV 

COMMON NfRT(7) fWT(7)»ft'R{7) »AR{7»7) »NPRNT »MIMAX »ICMAXt DELTA »XTAUt 
1 2ERLAM,XLAM(2)fB2t7»7)»Rit7»7»»tFLAG»RC28»101)»K1491)»SIGt 
2 P{28»101).H{28»^fl01).PTAb.PLAM(2).HTAUO).HLAM(2»3)»P2(7.7) » 
3 H2{7,7,3)»CONST(3)»NEQ 

C 
C PHASE I 
c 

1 REAOlüOOtN 
PRINT899 
PRINT900,N 
READ1001,(RT(IJ »1 = 1.N) 
PRINT901,(RT(I).I=1.N) 
REA01o0l,(WT{I)»I*1»N) 
PRINT90l,(WT(I)fI=lfN) 
DO 2 1=1.N 
WR(I)=WT(I)/RT{I) 
DO 2 J=i»N 

2 AR{I.J)= l.O/RTd) + 1.0/RT(J) 
C 

899 FQRMAT(1H146X36HRADIATIVE TRANSFER - INVERSE PROBLEM / 
1 A7X33HI .KNOWN QUADRATIC ALBEDO FUNCTION / 
2 47X27HUNICNOWN THICKNESS OF MEDIUM //) 

10C0 FORMAT(6I12) 
900 FORMAT(6I20) 

1001 FORMAT(6E12.8) 
901 FORMAT(6E20.8) 

READIOOC.NPRNT.MIMAX.KMAX 
PRINT90Ü.NPRNT.M1MAX.KMAX 
READ1001,DELTA 
PRINT901.DELTA 
READloOl.XTAU.ZERLAM»XLAM(l ) »XLAMJ2 ) 
PRINT902 
PRINT903.XTAU,2ERLAM.XLAM{1)»XLAM(2) 

902 F0RMAT(1H123HPHASE I - TRUE SOLUTION /) 
903 FORMATCIHO/ 

1 1X11HTHICKNESS «. FIG.4 / 
2 1X11HA^BED0(X> «» F6.2.2H +» F6.2.3HX ♦» F6.2»4HX*»2 //) 
CALL NONLIN 
DO 3 1=1.N 
DO 3 J=1»N 

3 82(1»J)*R2äI.J) 
C 
c 
C PHASE II 
C 

4 READl^Ol.XTAU.ZERLAM.XLAMd ),XLAM(2) 
K = 0 
PRINT904.K 
PRINT903.XTAU.ZERLAM»XLÄM{1).XLAM(2) 

CALL   NONLIN 

904 FORMATUHl   13HAPPR0XIMAT I ON . 13/ J 

C 

c 
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C QUASI LINEARIZATION I TLKAT I u.\.- 
C 

DO 5 IC1 = 1.KMAX 
PRlHT90t*fKl 
CALL PANOH 
CALL LINEAR 

5  CONTINUE 
C 
C 
c 

REAOIOOO.IGO 
GO TO (lt4)»IGO 
END 

SI8FTC DAUX 
SUBROUTINE OAUX 
DIMENSION V2(7,7).X(3),F(7)»G(7) 
COMMON   N»RT(7)»WT(7)♦WR{7)»AR(7»7 ) .NPRNT,MlMAX»KMAX«DELTA»XTAU» 

1 2ERLAM,XLAM(2!»82(7,7),R2(7.7),I FLAG.R(28»101)»7(1^91)»SIGf 
2 P(28.10n.H(28.3.101) ♦PTAü»PLAM(2 I »HTAUOJ ♦HLAM(2»3> »P2<7.7) » 
3 H2(7.7.3).CONST(3)«N£0 

GO   TO   (1.2) »IFLAG 
C 
CNONLINEAR 
C 

1  L = 3 
DO 4 1=1,N 
DO <*   J = 1.I 
l*L*l 

4 V2(I»J)=T(L) 
DO 5 I=1.N 
DO 5 J=I»N 

5 V2<I»J)*V2<J»I) 
L = L-H 
VTAU=T(L) 
L = L-»-l 
VLAM1=T(L) 
L = L + 1 

VLAM2=T(L) 
SIG'T(2) 
Y=XTAU*SIG 
X(1)=ZERLAM 
X(2)=VLAM1 
X(3)=VLAM2 
CALL AL8EDO(y»X.Z) 
ZLAMDA=Z 

C 
DO 6 I=i.N 
F{I )=0.0 
DO 7 K=1,N 

7  F{ I )«F( I ) + WR(IC)*V2( I »K) 
6 F( I )=ü.5»F( I ) -f 1.0 

C 
DO 8 1=1.N 
DO 8 J=1,I 
L»L^i 
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DR=-AR(I,J)*V2(I»J) ♦ 2LAWDA*F(I)«FIJ) 
Ta)=ÜR»VTAU 
00 9 1=1,3 
L = L+1 
T(L)=Ü.O 
RETURN 

r 

CLINEAR 
C 

2  SIG=T!2) 
Y=XTAU*SIG 
X(1 )=ZERLAM 
X(2)=XLAM(1) 
X(3)=XLAM(2) 
CALL AL8E0O(Y,XtZ) 
ZLAM0A=Z 

C 
DO 16 I=1»N 
FJIJ«0,0 
DO 17 K=1.N 

17  FC I )=Fn ) + WR(K)»R2( I,K) 
16  F( i )=0,5»F{ I ) ■»• 1.0 

C 
CP«i: 
C 

L = 3 
DO 14 I«1»N 
DO 14 J=l,I 
L = L + 1 

14 V?(I»J)=T'L) 
DO 15 I=1.N 
DO 15 J=I»N 

15 V2(I,J)=V2(J»I) 
L = L + 1 
VTAU^TCL) 
L = L + 1 
VLAM1=T{L) 
L = L + 1 
VLAM2=T<L) 

C 
DO 10 1=1,N 
G(I»»ü,0 
DO 10 K=1,N 

10  G(I)=G(I) + ( V2( I »O-RZC I ,K) )*WR( K) 
M^3+NEQ 

DO 12 I=1»N 
DO 12 J=1,I 
FIJ=F(I)»F(J) 
CAPF=-ARn,J)»R2(I»J) + ZLAMOA*FIJ 
T;=-XTAU*AR(I,J)»(V2(I»J!-R2{I»J)) 
T2=C.5»XTAU*ZLAMDA»(F(I)«G(J)+FU)»GCI)) 
T?=VTAU»CAPF 
T4=(VTAU-XTAU)*(XLAM{1)«y+2.0*XLAM42)*Y»»2)»FIJ 
PROD=XTAU»Y»FIJ 
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T5=(VLAM1-XLAM(1)»»PKOD 
T6=(VLAy,?-XLAM(2) )*PRCD»Y 

M = M+1 
12  T(M)=T1+T2+T3+T4+T5+T6 

DO 19 1=1,3 
M = M+1 

19 T(M)*u,0 
C 
CH'S 
C 

r 
DO 100 K=l,3 

>- 

DO 24 1=1,N 
DO 24 J=1,I 
L«L+1 

24 V2(I,J)=T(L> 
DO 25 1=1,N 
DO 25 J=I,N 

25 V2(ItJ)=V2(JtI) 
L = L + 1 
VTAÜ=T(L) 
L = L + 1 
VLAM1«T(L) 
L = L + 1 
VLAM2=T(L) 

20 

DO 20 1=1,N 
Gm-o.c 
DO 20 J=1,N 
G{ I )=G(I) + V2(ItJ)*WR(J) 

22 

DO 22 1=1,N 
DO 22 J=1,I 
FIJ=F(I)»F(J) 
CAPF = -ARn , J)»R2( I »J) + ZLAMDA*FIJ 
T1=-XTAU*AR{I,J)«V2(I»J) 
T2 = 0,5*XTAU#ZLAMDA*(F(1)♦G(J)+F(J!*o( I )) 
T3=VTAU*CAPF 
T4 = VTAU»(XLAM(l)»Y-f2.0*XLAM{2)*Y»«2)*FIJ 
PR0D=XTAU»Y*FIJ 
T5sVLAMl»PROD 
T6=VUAK2»PROD»Y 

M = ,VH-1 

T(M)=T1+T2+T3+T4+T5+T6 

DO 29 1=1,3 
y^v.+ i 

29  T(M)=0,0 
100  CONTINUE 

RETURN 
END 

SIBFTC ALBEDO 

SUBROUTINE ALBEDO(Y,X,2) 
DIMENSION X(3) 

COMMON N.RT(7),WT(7),WR(7),AR(7.7),NPRNT,M1MAX,KMAX,DELTA,XTAU. 
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1 ZERLAM,XLAK{2) ,:.^(7,7) ,RZ{7, 'l . I • l..*.r-,o(28»lCl ) f T( 1^91 ) ,SIG, 
2 P<2ö,101 ) .M(2b,3«101 )♦PTAJ,PL-- ! 2 ) ,hTAf«3) ♦HLAM(2»3) »P2(7 . 7 ) » 
3 H2{7»7t3) »CONST(3')»N£Q 
Z=X(1) + X(2)»Y + X(3)*Y**2 
RETURN 
END 

ilBFTC PANDH 
SUBROUTINE PANDH 
COMMON N,RT(7) ,WT(7)»WR{7)»ARC 7,7) ,NPRNT,M1MAX»KMAX.DELTA,XTAUt 

1 ZERLAM,XLAM(2),B2(7♦7) ^2(7♦7),I FLAG»R(28»101)»T(1491).SIG» 
2 PI28,101),H(28.3»101)♦PTAU,PLAM(2),HTAU(3)»HLAM(2.3)»P2C7t7» » 
3 H2(7,7,3).CONST{3),NEO 
IFLAG=2 
T(2)=o.O 
T(3)=DELTA 
M=l 

c P'S 
c 

L1«0 
L3 = 3 
DO 1 I=1,N 
DO 1 J=1,I 
L1=L1+1 
L3=L3+1 
P(L1,M)=0,0 

1 T(L3)=P(L1»M) 
L3=L3+1 
PTAU=0,C 
T{L3)=PTAU 
DO 2 I=l»2 
L3=L3+1 
PLAM( I )=0,0 

2 T(L3)=PLAM{ I ) 
c 
c H'S 
c 

00 7 K=l,3 
L1=0 
DO 3 1=1,N 
DO 3 J=1,I 
Ll-Ll+1 
L3=L3+1 
H(L1 ,K,M)=0.C 

c 
3 T{L3)=H(L1,K,M) 

I   3 + 1 
H   .0=0.0 
IFU-1)5,4,5 

4 HTAU(K)=1.0 
5 T(L3)=HTAU(K) 

DO 7 1=1,2 
L3=L3+1 
HLAM(1,K)=Q.O 
IF(<-I-1)7»6»7 

6 HLAM(I,K)=1.0 
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7 T(L3)=HLAM(I.<) 

1=0 
DO 8 I=1,N 
DO 8 J=1,I 
L = L+1 

8 R2{I.J)=R(L»M) 
DO 9 1=1,N 
DO 9 J=I>N 

9 R2(ItJ)«R2(J»n 

NEQ=^*((N*(N+1))/2 + 3) 
CALL INTS(T»NEQ,2»0»0»0»0,0,0) 

DO 5C M1=1,M1MAX 
DO 50 M2=1,NPRNT 
CALL INTM 
M = M+1 

CPREV.APPROX. R(I*J) 
L1 = C 
DO 10 I=1,N 
DO 10 J=1,I 
L1=L1+1 

10 R2(I.J)=R(L1»M) 
DO 11 I=1,N 
DO 11 J=I»N 

11 R2( I.J)=R2(J»I) 
L1=C 
L3 = 3 
DO 12 I=lfN 
DO 12 J=1.I 
L1=L1+1 
L3=L3+1 

12 P(L1»M).  ,.3) 
L3=L3+3 
DO 13 K=l,3 
L1=C 
DO 14 I=ltN 
DO 14 J=1.I 
L1«L1+1 
L3=L3+1 

14  H(L1»K»M)«T(L3I 
13 L3=L3+3 
5C  CONTINUE 

RETURN 
END 

SIBFTC LINEAR 
SUBROUTINE LINEAR 
DIMENSION CHKIO) 
DIMENSION A(49»3}♦B{49).EMAT(50»5C) . 

1,IPIVOT(50).FVEC(50.1) 
COMMON N»RT<7) »WTm »WR«?) «AR(7.7) »NPRNT»M1MAX»ICMAX»DELTAiXTAUi 

1 2ERLAM,XLAM(2)»B2(7»7» »R2<7»7)»I^LAG»R(28»lOl)»T(1491)♦SIG. 
2 P(28,101),H(28,3,101)»PTAUtPLAMi2)»HTAUO)•HLAM(2»3)»P2(7,7) » 
3 H2(7f7,3)»CONST(3)»NEQ 

PIVOT(50)»INDEX(50.2) 

^'ä^^it   _ 
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'.BOuNDAi Y CONDITIONS 
MLAST=NPRNT*M1MAX + 1 
DO 1 K«li3 

DO 2 I=1»N 
DO 2 J=1.I 
L = L + 1 

2 HZiI»J»K)=H<L»K»MLAST) 
DO 1 1=1,N 
DO 1 J*I»N 

1  H2(I♦J»K)=H2(J,I ♦<) 
L = u 
DC 3 1=1.N 
DO 3 J=1,I 
L = L+1 

3 P2(I»J)=P(L»MLAST) 
DO 4 I=1»N 
DO 4 J=I,N 

4 P2(I»J)=P2{J»I ) 
:LEAST SQUARES 

DO b K=l,3 
L = C 
DO 5 1=1,N 
DO 5 J=1,N 
L = L + 1 

5 A(L,K)=H2{I»JJK) 
L = o 
DO 6 I=lfN 
DO 6 J=1»N 
L = L + 1 

6 3(L)=ö2(I,J) - P2<I»J) 

Ly,AX = N*»2 
PRINT6Ü 

6C  FORMAT(IHC) 
DO 61 L=1,LMAX 

61  PRINT82»(A(L,<) ,K: = 1,3) ,B(L) 

9 
7 

10 
8 

DO 8 1=1,3 
DC 7 J=l,3 
SUM=0.0 
DO 9 L=1,LMAX 
SUM«SU.y + AiL,I)»A(L,J) 
EMAT(I,J)«SUM 
SUM=0.0 
DO 10 L=1»LMAX 
SU.M = SUM + A(L,n*B(L) 
FVLC(I,1)=SUM 

c 
c 

PRINT60 
DO 81 1*1,3 

81 PRINT82,«EMAT(I»J),J=1,3),FVEC< I »1 ) 

82 FORMAT(10X6E20.8) 

SAVE FOR :HECKINC 
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^ DC 83 1=1,3 — 

DO 84 J=l,3 
8^ A( I »J)=EMATJ I .J) 

- 
83 

C 
B(I)«FVEC(1*1) 

C 
CALL MATINV(EMAT.3»FVEC.ilOeTERMiPIVOT»INDEX»IPIVOT) 

C 
DO 11 1=1,3 

11  CONST( n=FVEC(I »1 ) 
C 
C Cl,-CK MATRIX INVERSE 
C 

PRIN160 
DO 71 1=1,3 
DO 70 J=l,3 
CHKI(J)=0.C 
DO 70 L=l»3 

70 CH<I(J)=CHKI(J) + EMAT(I,L)»A(L,j) 
71 PRINT82»<CHKI (vl) ,J=1,3) 

C 
DO 72 J=l,3 
CHKI(J}=0.0 
DO 72 L=l,3 

72 CHKI(J}=CHKI(J) + EMAT(J,L)*b(L) 
PRIMT82»«CHKI(J),J=1.3) 

C 
XTAU=CONST(1) 
XLAM(1)=C0NST(2) 
XLAM(2)=C0NST(3) 
PRINT903»XTAü,ZERLAM,XLAM(I),XLAM(2) 

903 FORMAT(1H0/ 
1 1X11HTHICKNES3 =t F10.4 / 
2 IXlZHALBEDOm = ♦ F6.2» 17n + Cl*X + C2*X**2» 
3 2X3HC1=, E18.6, 2X3HC2=» E18.6//) 

■ --■• 

c 
CNFW APPROXIMATION 
C 

M=l 
L = C 
DO 12 1=1»N 
DO 12 J=1,I 
L = L + 1 
SUM=P(L.M) 
DO 13 K=l,3 

13 SUM «SUM -♦• CONST(K)»H(L»K»M) 
12 R(L»M)=SUM 

L = 0 
DO 14 1=1,N 
DO 14 J=1,I 
L«L+1 

14 R2iI,J)=R(L»M5 
SIG=0.0 

.^- — 

CALL OUTPUT 
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DO 50 M1=1»M1MAX 
DO 18 M2=ltNPRNT 
y.«M+i 
L = 0 
DO 15 I=1»N 
DO i5 J=1,I 
L = L + 1 
SUM=P(L.M) 
DO 16 K=l,3 

16 SUM=SUM + CONST(K)»H(L»<»M) 
15  R{L.y)=SUM 

L = 0 
DO 17 1=1.N 
DO 17 J=l.! 
L = L + 1 

17 R2<I.J>«R(L»M) 
18 SIG=SIG + DELTA 
50  CALL OUTPUT 

v. 

RETURN 
END 

SIBFTC NONLIN 
SUBROUTINE NONLIN 
COMMON N»RT(7ttWT(7)»WR(7)tARt7t7)»NPRNT,M1MAX»KMAX.DELTA.XTAU» 

1 ZCRLAM,XLAM(2).02(7»7) .R2<7 . 7).IrLAG.R(28»101).T(1^91).SIG. 
2 P(28.101).H(28.3.101).PTAU.PLAM(2 >.HTAUO)♦HLAM(2»3)»P2(7»7)» 
3 H2(7.7.3)»CONST(3)»NEQ 

C NONLINEAR O.E. FOR TRUE SOLUTION OR FOR INITIAL APPROX. 
C 

IFLAG=1 
T(2)=ü,0 
T(3)'DELTA 
M=l 
L1=0 
L3 = 3 
DO 1 i=l.N 
DO 1 J=1.I 
L1=L1+1 
L3=L3+1 
R2(I»J)a0.0 
R(L1»M)=R2(1»J) 
T(L3)=R2(I»J) 
L3 = L3'rl 
T(L3)SXTAU 
DO 2 1=1.2 
L3=L3+1 
T(L3)!IXLAM( 1 ) 

NEQ=(N*(N+1))/2 + 3 
CALL INTS(T.NEQ.2»0.0.0.0»0,0) 

SIG=T(2) 
CALL OUTPUT 
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3 
4 
5 

DO 5 Ml=l»MlMAX 
DO 4 .M2=l »NPR.NT 
CALL IiNTM 
y,=M+i 
Ll=^ 
L3 = 3 
DO 3 1=1.N 
DO 3 J=1.I 
L1=L1+1 
L3=L3+1 
R2( I vJ) = T(L3) 
R(L1.M)=R2(IiJ) 
SIG=T(2) 

CALL OUTPUT 

RETURN 
END 

SIBFTC OUTPUT 
SUBROUTINE 
DIMENSION 
COMMON N.R 

1 ZERLAM.X 
2 P(2e.l01 
3 H2!7,7,3 
DO 1 1=1.N 
DO 1 J=I.N 

1 R2(I.J!=R2 
Y=XTAU*SI6 
X( 1)=ZERLA 
X(2)=XLAM( 
X(3)=XLAM{ 

CALL ALBED 
PR I NT IOC» 

100 FORMAT(1H0 
DC 2 J=i.N 

2 PRINT101.J 
101 FORMAT 

RETURN 
END 

OUTPUT 
X( 3) 
T(7)iWT(7)»WR(7)»AR(7*7)»NPRNT,M1MAX»KMAX.DELTA»XTAU» 
LAM(2) .B2 (7,7) ,R2 (7,7) . IFL.''G,R( 2 8.101 ) .T( 1A91 > .SIG. 
).M(28.3.101),PTAU,PLA,-1(2) ,hTAlj(3) »HLAM ( 2 ♦ 3 ) .P2 ( 7 , 7 ) . 
) ,CONST(.)»NEO 

'.J.I) 

M 

1) 
2) 
0<Y,X.Z) 
SIG.Y.Z 
7HSIGMA =.F6.2, AXShTAU =, F6.2» AX3hALBEDO =.F6.2/) 

. (R2(I .J).1 = 1»N) 
(110. 7F10.6) 

SENTRY 

25AA60 
9745b3 
64742^ 

A6E-01 
96E CO 
3AE-0i 
8AE-01 

1« 
u.O 1 
1.0 
l.o 

RTI.«V 

12923441E-0029707742E-0050000COCE oC70292258E 0037C76559E 00 

13985269E-0019091502E-C020e97958E-C319091502E-0013985269E-CO 

10 2 

032 
C33 

00 3 2 
C033 

0.5 
0.5 2.C 

-2.0 
-2.0 

5AA 
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PROGRAM C.2.  OBSERVATIONS FOR ONLY ONE ANGLE OF INCIDENCE, 
-   -  FÖITTHEn5STETS>miÄTTÖirüF~ÄLBEDÖ " 

A partial program is listed: 

MAIN program 

LINEAR subroutine 

The following subroutines are required from Program C.l 

DAUX subroutine 

ALBEDO subroutine 

PANDH subroutine 

NONLIN subroutine 

OUTPUT subroutine 

The following routines are required: 

MATINV 

INTS/INIM 
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COMMON   NtftTC 7» »AH 7) t,.« ( 7 } »-'- » *» - , ♦ ..- ''.'«'•iiMAXt^MAXiutLTA tXTAw» 
1 ZERLAM»XLAM(2)»b2<7t7)»R2<7♦7)♦I'LAG»R(2d»1C1)fT(1491)»SIGf 
2 P(2a»l01)»H(26»3fi01) fPTAU»PLAyt«2 I iHTAUO) *riLAM(2»3> »P2(7.7) » 
3 H2(7.7»3)»C0NÜT(3)»NEQ 
4 ♦NINC.JINC(7|»NOBS 

C 
C PHASE   I 
C 

1 REA01O00.N 
PRINT899 
PRINT900,N 
READING],(RT{I).I=1»N) 
PRINT901,{RT( I ) .1 = 1 .N) 
READloOl,(wr( n.I«l»N) 
PRINT9Ü1, (WTU ) »1 = 1 »N) 
DO 2 I=1»N 
WR(I )=WT( I)/RT( I ) 
DO 2 J=1»N 

2 AR(I,J)= l.U/RTd) + 1.0/RT.J) 
C 

699 F0RMAT(1H146X36HRADIATIVE TRANSFER - INVERSE PROBLEM / 
1 47X33HUN<NOWN QUADRATIC ALBEDO FUNCTION / 
2 47X27HUNKNOWN THICKNESS OF MEDIUM //^ 

100Ü FORMAT(6I12) 
90v   FORMAT(6I20) 

1001 FORMAT(6E12.ä) 
901 FORMAT(6E20.Ö) 

READloOO»NPRNT»MlMAX» K.MAX 
PRINT900»NPRNT»M1MAX»KMAX 
REÄD1001»DELTA 
PRINT901»DELTA 
REAOl00liXTAU»2ERLAM»XLAM(I)»XLAM(2) 
PRINT9C2 
PRINT9G3»XTALI»2ERLAM»XLAM{ 1 ) .XLAM(2 ) 

902 FORMAT(1H123HPHASE I - TRUE SOLUTION /) 
903 FORMAT(1H0/ 

1 1X1HTHICKNESS   =»   F10.4   / 
2 IXUHALBEDOU)    =»   F6.2»2H   +.    F6.2»3HX   +»   F6.2»4HX*«2   //) 

.CALL   NONLIN 
DO   3   1=1.N 
DO   3   J=1»N 

3 B2<I»J)=R2(I»J) 
C 
c 
C PHASE   II 
C 

A      READl^Ol »XTAU»ZERLAM.XLAM( 1) .XLArv'{2 ) 
K = 0 
PRINT904.K 
PRINT903.XTAU.ZERLAM.XLAM(1)»XLAM(2I 

C 
READiUOO.NlNC 
PRINT900.NINC 
READlo00.{JINC(I).I=1»NINC/ 
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PRINT9C0«IJINC(1)»1*1»NINO 

N0BS=NINC*N 
PRINT90ü.NOßS 

C 
c 

CALL   NONLIN 
C 

90^ FORMATdHl   13HAPPftOX IMAT I ON ♦ 13/ ) 
C 
C OUASILINEARIZATION ITERATIONS 
C 

DO 5 Kl=i»KMAX 
PRINT90^,<.1 
CALL PANDH 
CALL LINEAR 

5 CONTINUE 
C 
c 
c 

READIÜOO.IGO 
GO TO (1.4).IGO 
END 

SIBFTC LINEAR  LIST 
SUBROUTINE LINEAR 
DIMENSION CHKIOJ 

DIMENSION A(49.3MBU9)»EMAT(5J»50) » PI VOT ( 50 ) . INDEX{ 50»2 ) 
1»IPIVOT{50).FVEC(50»1) 
COMMON N»RT(7),WT(7) »WR(7)»AR<7.7)♦NPRNT,M1MAX»KMAX»DELTA»XTAU♦ 

1 2ERLAM,XLAM{2) .B2 ( 7 » 7 5 .R2 ( 7 . 7 ) , I f^LAG .R < 28 »101 > » T ( 1491 ) »S IG» 
2 P(26»101)»H(28»3»101).PTAu»?LAM(2).HTAUO)»HLAM(2»3)»P2(7»7J. 
3 H2(7.7»3)»CONST(3)»NEQ 
4 »NINC»JINC(7)»NOBS 

CBOUNOARY CONDITIONS 
MLAST=NPRNT*M1MAX ♦ 1 
DO i iC = l»3 
L = C 
DO 2 I=1.N 
DO 2 J=1»I 
L=L + 1 

2 H2(I»J»K)=H(L»K»MLAST) 
DO 1 I=1»N 
DO 1 J=I.N 

1  H2(I»J»K)=H2(J»I»K) 
L*0 
DO 3 1=1,N 
DO 3 J«1»I 
L = L+1 

3 P2(I»J)=P(L»MLAST) 
DO 4 WtN 
DO 4 J=I»N 

4 D2{I»J)=P2(J»I ) 
CLEAST SQUARES 

DO 5 K=l»3 
L = 0 
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DO 5 IN=1»NINC 
I=JINC <IN) 
DO 5 J~lfN 
L = L+1 

5 A(L»<)=H2(I»J»K) 
L = 0 
DO 6 IN=1>ININC 

IsJINC(IN) 
DO 6 J^lfN 
L = L+1 

6 B(L)=B2(ItJ) - P2<I»J) 
C 

LMAX=N**2 
PRINT60 

60 FORMAT UHO) 
DO 61 L=l»NOBS 

61 PRINT82» iAa.K) .K=l»3) »BiU 
C 

DO 8 I=lf3 
DO 7 J=1.3 
SüM=C.O 
00 9 L = l»niOBS 

9  SUM=SUM + A(L.I)«A{L»J) 
7 EMAT( I .J)=SUN'. 

SUM=0.0 
DO 10 L=1»N0BS 

10  SUM=.SUM + A(L»I)*B(L) 
8 FVEC(I»1)=SUM 

C 
PRINT60 
DO 81 1=1,3 

81 PRINT82»{EMAT(I . J ) ♦ J=1»3 ) »FVEC( I i 1) 
82 FORMAT(10X6E2Ü.8) 

C 
C SAVE FOR CHECKING 
C 

00 83 1=1.3 
DC 84 J=1.3 

8A  A( I »J)=E,MAT( I .J) 
83 B(I)=FVEC(1»1) 

C 
C 

CALL MATINV(EMAT.3»FVEC»1»OETERM.PIVCT »INDEX»IPIVOT) 

DO 11 1=1.3 
11  CONST«!)=FVEC(I»1J 

C 
C CHECK MATRIX INVERSE 
C 

PRINT60 
DO 71 1=1.3 
DO 7G Jsl»3 
CHKI<J)=0.0 
DO 70 L=1.3 

70  CHKI«J)=CHKI(J) + EMATd.L)*A(L»J) 
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71 PRINTb2»(CHKI(J)»J=l»3) 
C 

DO 72 J«l«3 
CHKI(J)=0.0 
DO 72 L=l»3 

72 CHKI ( J)=CHKn J) + EMATU»LJ*ö(L) 
PRINT82,(CHKI(J)^=1*3) 

r 

XTAU=CONST{1) 
XLAMt1)=CONST(2) 
XLAM{2)=CON5T(3) 
PRINT903,XTAU»2ERLÄMfXLAM<1 IiXLAM(2) 

903 FORMAT(1H0/ 
1 1X11HTHICKNESS =» E18.6 / 
2 1X12HALBED0(X, = , F6.2» 17H + C1»X + C2*X»*2» 
3 2X3HC1=» E18.6. 2X3HC2=» Fid.6//) 

C 
CNEW APPROXIMATION 
C 

M=l 
L-0 
DO 12 1 = 1 »N 
DC 12 J=l» I 
L = L+1 
SUM=P(L»M) 
DC 13 K=l»3 

13 SUM   =SuM   +   CONST (K)*H(L. <♦?•*• ) 
12      R.(L»M)=SUM 

L = C 
DO 14 1=1»N 
DO 14 J=l» I 
L = L +1 

14 R2(IfJ)=R(L»M) 
SIC=O.C 
CALL   OUTPUT 

DO 5C V1=1»M1MAX 
DD 18 M?=l,NPRNT 
v = N>l 
L = ü 
DO 15 I=1,N 
DO 15 J=1»I 
L = L +1 
SJV!SP(L»K) 

DC 16 K=l»3 
16 SUK'SUM + C0N5T{<)*H{L»<»M) 

15 RCLtMjsS'JM 

DO 17 1=1»N 
DC 17 J=l,I 
L = L + 1 

17 R2( I .J)=R'. .»M) 
18 SIG=SIG + DELTA 
30 CALL OUTPUT 
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RETURN 
END 

221 
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PROGRAM C.3.  ERRORS IN THE OBSERVATIONS FOR THE DETERMINA- 
TION OF ALBEDO 

A partial program is listed: 

MAIN program 

The following subroutines are required from Frogrem C.1: 

DAUX subroutine 

ALBEDO subroutine 

PANDH subroutine 

NONLIN subroutine 

OUTPUT subroutine 

The folliwng subroutine is required from Program C.2: 

LINEAR subroutine 

The following library routines are required: 

MATINV 

INTS/INTM 
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ijof- 2t 

c 
c 
c 

IDJOB RTINV2  MAP 
laFTC RTINV   LIST 

DIMENSION DERR*7,7) .C2(7,7) 
COMMON N»RT(7)»W.T(7) »WRm »AR(7»7) ^ N?SNT ,M1MAX » K.MAX .OELTA , XTAU ♦ 

1 ZERLAM,XLAM(2).b2(7»7) ,R2(7 7) , IFLAG ,R(28,101) .T(1491)»SIG» 
2 P(2ö»101).H(28.3.101)»PTAU»PLAM12),HTAU(3)»HLAM(2»3).P2(7,7)♦ 
3 H2(7,7,3).C0NST(3J»NEQ 
4 »NINCtJINC<7)»NOBS 

PHASE I 

1 REAOioOüfN 
PRlNTe99 
PRINT900,N 
REAOlüöi»(RT<I),I=1,N) 
PRINT901,(RT{I)»I«i,N) 
REAOl^Ql,< WTfI) ,I = 1»N) 
PRINT901,(WT(I) ,I = 1,N) 
DO 2 1=1iN 
WR( I )=WT( n/RT( 1) 
DO 2 JaliN 

2 ^Rn»J)a l.U/RT(I) + 1.0/RT(J) 

- 

899 FORMAT(1H146X36HRADIATIVE TRANSFER - INVERSE PROBLEM / 
1 
2 

47X33HUNKNOWN 
47X27HUNKNOWN 

QUADRATIC AL 
THICKNESS OF 

,0v.u FORMAT{5I12) 
9uu FORMAT(6 I 20) 
Gil FORMAT(6E12«8) 
9C1 FORMAT(6E20.ö) 

REA01-CC»NPRNT»M1MAX»KMAX 
PRINT90G,NPRNT.M1MÄX»KMAX 
READlüöl»DELTA 
PRINT9C1,DELTA 
READlwOl»XTAü»ZERLAM»XLAM(l ) »XLA.M(2) 
PRINT9C2 
PRINT903»XTAU»ZERLAM»XLAM<1)♦XLAV(2) 

")EijC FUNCTION 
MEDIUM //) 

9G2 
9Ü3 

C 
C 
C 
c 

FORMAT(1H123HPHASE 
FORMAT!1HG/ 

1 1X11HTH1CKNESS 
2 IXllHALöEOO(X) 
CALL NONLIN 
DO 3 1=1»N 
DO 3 J=1»N 
B2(ItJ)=R2<I»J) 

PHASE II 

I - TRUE SOLUTION / ) 

FIG.4 
F6.2» + » fr6.2»3HX +» F6.2»4HX**2 //) 

4  READlwOl,XTAu,ZERLAM,XLAM(1)♦XLAM(2) 
K = ü 
PRINT9G4,< 
PRINT903.XTAU»ZERLAM»XLAM11),XLAM(2) 



233- 

READluOO.NINC 

PRINT90G»NINC 
RE AD l^OO» UlNCn > »I^ltNINO 
PRINT9ÜÜ,(JINC« U»1*1»NINO 
N0BS=NINC*N 
PRINT900.NOBS 

C 
c 
C READ ERRORS AS DECIMALS 
C 

DO 6 I=1»NINC 
READluOl»(DERR(I»J)»J=1»N) 

6 PRINT9U1,(0ERR{I»J)»J=1»N) 
C 
C STORE CORRECT 03SERVAT 10,\5 
C 

DO 7 I=1«N 
DO 7 J-l.N 

7 C2(I»J)=B2(I»J) 
C 
C CORRUPT OBSERVATIONS 
C 

PRINT1GG 
DO 81 IN=1»NINC 
I=JINC(IN) 
DO 6 J«1»N 

8 B2(IiJ)=B2(I»J)*(1.0+DERR(IN»J)) 
81  PRINT1 v.1,1 .(B2( I .J) .J«1»N) 

IOC  FORMAT(1H0) 
101  FORMATCI1C»7F10.6) 

C 
r 

CALL NONLIN 
C 

9v^ FORMATdHl   ISHAPPROXIMATIdN» 13.' ) 
C 
C QUASI LINEARIZATION ITERATIONS 
C 

DO 5 K.1 = 1,KMAX 
PRINT904t<l 
CALL PANDH 
CALL LINEAR 

5  CONTINUE 

c 
C RESTORE CORRECT CbSERVATIONS 
C 

DO 9 I=1»N 
DO 9 J=1»N 

9 C2(I.U)=C2!I,J) 
C 
C 

GO TO 4 
END 
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SENTRY R T I \V 

25^460A6E-0112923^^1L-0^^V
7
C77^2L-JCJ.„^^ ^::t C070292258E 0087C76559L CO     032 

9 74 5b396E 00 

64742484E-011396526VE-0019091502E-C02w,8^79seE-COl9091502E-0013985269E-00    00 2 
647^248^E-C1 

10 
0.01 

10 3 

1.0 
1.Ü 

1 

0.5 
0.5 

2.0 
2.0 

-2.0 
-2.0 

4 
-.003740 
-.007740 

4I8SYS 

+ .017960 -.054560 +.OC0400 -.024000 -.016980 

124 
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PROGRAM C.4.  MINIMAX CRITERION FOR THE DETERMINATION OF 
~SCBEBÖ 

A partial program is listed: 

LINEAR subroutine 

The MAIN program is required from Program C.2. 

The following subroutines are required from Program C.l: 

DAUX subroutine 

ALBEDO subroutine 

PANDH subroutine 

NONLIN subroutine 

OUTPUT subroutine 

The following library routines are required: 

MATINV 

INTS/JNTM 
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i _ J6 26«9 ♦ R T I N V 3 »n<C 1 6 ^ » > » - ';- - ♦:"' 
SIBFTC LINEAR  LIST 

SUBROUTINE LINEAR 
DIMENSION INFIX(8)»AS{22»35)»£5(22)tTOLU)»KOUTC?)»ERRC8] ♦JH(22) f 

1  XS{22)»PS(22}».YS<22)«K3(35)»E5(?2v72)»Z5(35)»A(7»3)»B(7) 
COMMON ,V,RT(7).WT(7)»WRC 7) ?AR(7»7) •NPRNT«MlMAX»KMAX»DELTA»XTAU» 

1 ZERLAM»XLAM(2I»B2(7»7> »R2(7>7)» JFLAG»R(28.101)»T{1491)»SIG. 
2 P(2b.l01)tH(28»3»101) .PTAU»PLAM ( 2 ) »HTAUO) »HLAMI 2 » 3 ) »P2 ( 7 , 7 ) » 
3 H2(7,7.3)»CONST(3)»NEQ 
'-  »NINC»JINC(7) iNOQS 

C 
C USE LINEAR PROGRAMMING TO MINIMIZE MAXIMUM DEVIATION 
r 

CBOUNDARY CONDITIONS 
MLAST=NPRNT*M1MAX + 1 
DO i K=1.3 
L = U 
DO 2 I-1»N 
DO 2 J = l» I 
L = L + 1 

2 H2(I»J«K)=H(L,K»MLA^TJ 
DO 1 I=1.N 
DO 1 J=I.N 

1  H2(I .J»<)=H2(JtI»K) 
L = o 

DO 3 1=1»N 
DO 3 J = l. I 
L = L + 1 

3 P2(I,J)=P(L»MLAST) 
DO 4 1=1,N 
DO 4 J=l»N 

4 P2(I .J}=P2(J»I) 
C 
C 
C ZERO ALL AS. BS 
C 

DC 7 1=1,22 
3S(I )=0.0 
DO 7 J=l,35 

~ Asn,j) = o.o 
c 
C COLUMNS 1-6 
C 

IN=JINC(1) 
DC 8 1-2*8 
DC 8 <=1,3 
Jl=2*<-1 
AS(I.Jl)sH2(1N»I-1»K) / B2(1N.I-1J 
J2*J1+1 

8 A5( I ,J2)=-AS{ I .JU 
DO 9 1=9,15 
11=1-7 
DO 9 J=l,: 

9 AS« I .J)=-AS'. Il.J) 
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DO 6 1=2*8 
6  BS(I) = 1.0 - P2<lN»I-l)/32( U\»i-1) 

DO 66 I=9»15 
66  BS(I)=-bSi1-7) 

C 
C COLUMN 7 
C 

AS(1.7)=1.0 
DO 10 1=16*22 

10 AS(I»7)=-1.Ü 
DO 91 1=1,22 

91 PRINT94,I ,(AMI , J) ,J=1,7) ,6(1 ) 
94  FORMAT(1H04X15,8E15.6> 
90  FORMAT{1H04XI5.7E15.6/(10X7E15.6)) 

C 
C COLUMNS 8-28 
C 

DO 11 J=8»26 
I=J-6 

11 AS{I.J)=1.G 
DO 92 1 = 1 ,22 

92 PRINT90,I , (ASd ,J) »J = 8»28 
C 
C COLUMNS 29 - 35 
C 

DO 19 J=29,35 
L = J-28 
I1=L+1 
I2=L+ä 
I3=L+15 
AS(I1»J)=-1.Ü 
AS(I2.J)=-1.0 

19  AS(I3»J)=+1.C 
DO 93 1=1,22 

93 PRINT9C,I,(AS(I,JI,J=29f35) 
C 
C INPUT TO SIMPLX (RAND LIBRARY ROUTINE W0C9) 
C 

INFIX(i)=4 
INFIX(2)^35 
INFIX(3)=22 
INFIX(4)=22 
INFIX(5»=2 
INFIX(6)=1 
INFIX(7)=100 
INFIX(8)*0 
TOL(l)«l«0E-5 
TCL(2)=l.C£-5 
TOL(3)=1.0E-3 
TOL(4)=1.0E-10 
PRM=Ü.O 

C 
C SIMPLX 
C 

CALL SIMPLX(INFIX,AS»BS»TOL»PRM,<OLT,ERR,JH,XS.PS»YS»KB»ES) 
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c 
c 
c 

20 
60 

OUTPUT FROM SIMPLX 

!F(KOUT(l!-3)2C.21*20 

PRINT60.K0UH1).KOUT(2) 
FORMAT»/5X6l2w) 
CALL EXIT 

C 
C 
c 

21 PRINT6C,(KOUT(I),I-lf7) 
PRINT60 
PRIN161»(ERR<I)»I«l»^) 

61  FORMAT(/5X6E2C.6) 
PRINT6C»(JH(I),1=1.22) 
PRINT61,{XS(I).I=lt22) 
PRINT61,(Kb(IJ.1=1,35) 

FIND Z'S 

MF*INFIX(5) 
M =INFIX{4) 
DO 22 I^:>1F.M 
J=JH(I) 
IF(J)22.22.23 

23  ZS(J)=XS(I) 
22 CONTINUE 

62 
PRINT62»(JtZS(J),J=i»35) 
F0RMAT(/5XTr,E20.6J 

24 

DO 24 1=1.3 
11=2*1-1 
12=11+1 
CONST« I )=2S( ID - ZS(12) 

C 
c 

63 

9C3 

C 
CNEW 
C 

PRINT63.ZS(7) 
FORMAT«1H04X20HMAXIMUM DEVIATION E1 5 . 6 > 

XTAU=CONST(1) 
XLAM(1;=C0NST(2) 
XLAM(2)=CONST(3) 
PRINT903.XTAU,ZERLAM,XLAM(1)^XLAM(2) 
FORMAT«1HG/ 

1 1X11HTHICKNESS =. £18.6 / 
2 1X12HALB£00(X) = . F6.2. 17H + Cl*X 
3 2X3HC1=» E18.6, 2X3HC2=. E18.6//J 

APPROXIMATION 

M = l 
L = u 
DO 12 1=1.N 
DO 12 J=1.I 
L-L+l 

+ C2»X**2» 
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SUM=P(L»M) 
DO 13 K=i,3 

13 SUM =SUM + CONST« K)*H(L »<.♦'•') 
12  R(L»M)=SUM 

L = C 
00 U 1-ltH 
DO U J=l♦I 
L = L + 1 

14 R2(I.J)=R{L»M) 
SIG=0.0 
CALL OUTPUT 

DO 50 M1=1,M1MAX 
DO 18 M2=1»NPRNT 
M = M+1 
L = 0 
DO 15 1=1»N 
DO 15 J=l»l 
L = L^1 
SUM=P(L»M) 
DO 16 <=1.3 

16 SUM=SUM + CONST(IC)*H(L.K.M) 
15 R(L.M)=SUiM 

L = w 
DO 17 1=1»M 
DO 17 J=1»I 
L = L+1 

17 R2(I»J)=R(L»M) 
18 SIG=SIG + DELTA 
50  CALL OUTPUT 

RETURN 
END 

198 
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PROGRAM C.5. DESIGN OF A SLAB 

A partial program is isted: 

MAIN program 

The following subroutines are required from Program C.l 

DAUX subroutine 

ALBEDO subroutine 

PANDH subroutine 

NONLIN subroutine 

OUTPUT subroutine 

The following subroutine is required from Program C.2: 

LINEAR subroutine 

The following library routines are required: 

MATINV 

INTS/INTM 
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i JOB 26^9 »RT 1 \\/'* »K016 -♦!-»> ' • ■ ♦ ■' 
SIbJOB RTINV^  MAP 
SIBFTC RTINV   LIST 

COMMON N»RT(7,» »WT(7) fWR(7» »AR(7»71 »NPRNT »M1MAX»KMAX »DELTA »XTAU» 
1 2ERLAM»XLAMt2)»62(7,/) ,R2(7.7) ,I FLAG»R(28♦101)♦T(1491)♦SIG. 
2 P(28»101)>H(28»3»101) »PTAU»PLAM(2 1 »HTAUOJ »HLAM(2»3) »P2<7t7) ♦ 
3 H2(7,7»3)»CONST(3).NEQ 
4 .NINC»JINC(7)»NOBS 

C 
C PHASE 1 
C 

1 READl^OO.N 
PRIMT699 
PRINT900.N 
READ1-01.(RTII)»1=1»N) 
PRINT9Ü1,(RT(I).1=1.N) 
READlOOli(WKI)»Ial»N) 
PRINT901»(WT(1)iI«l»N> 
DO 2 1=1»N 
WR(I)=WT{I)/RT(I) 
DO 2 J=1.N 

2 AR(I,J)= l.O/RTd) + l.O/RTU) 
C 

899 FORMAT!1H146X36HRA5IATIVE TRANSFER - INVERSE PROBLEM / 
1 47X33HUNKNOWN QUADRATU AL6ED0 FUNCTION / 
2 47X27HUNKNOWN THICKNESS OF MEDIUM //) 

100G FORMAT(6I12) 
9C0 FORMAT(6I20) 

1001 FORMAT(6E12.8) 
901 FORMAT(6E20.8) 

READlvCO,NPRNT»MlMAX»KMAX 
PRINT90C.NPRNT»M1MAX»KMAX 
REA01ü01»DELTA 
PRINT9Ü1.DELTA 
READluOl.XTAUtZERLAM.XLAMd)»XLÄH(2I 
PRINT9C2 
PP.INT903»XTAU.Z£RLAM»XLAM( 1 ) .XLAM{2 ) 

902 F0RMAT(1H123HPHAS£ I - TRUE SOLUTION /) 
9C3 FORMATJIHO/ 

1 1X11HTHICKNESS =» F10.A / 
2 IXllHALBEDO(X) =» F6.2»2H +. F6.2»3HX ♦» F6.2»HHX*»2 //) 

C 
PHASE II 

READloOl»XTAü»ZERLAß»XUAM(1 ) .XLAM(2 > 
K»0 
PRiNT904.K 
PRINT903»XTAU.ZERLAM.XLAM(1>»XLAM(2 ) 

READ1000.NINC 
PRINT900.NINC 
READ1000.{JINC(1}.I=1»NINC) 
PRINT9G0»«JINC(I)»1=1»NINO 
N0BS=NINC»N 
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PRINT900,N085 

C 

c 

c 
c 
c 

DO 6 I=1.NINC 
J=JINC(I) 
READluOlt(B2(JtK)»K»l»N) 

6  PRINT90li(a2JJ»KJtK«liN) 

CALL NONLIN 

9u4 FORMATdHl   1 3HAPPROX IMAT I ON ♦ 13/ J 

OUASILINEARIZATIGN ITERATIONS 

DO 5 K1=1.KMAX 
PRINT904,IU 
CALL PANDH 
CALL LINEAR 

5  CONTINUE 
C 
c 
c 

READIOOO.IGO 
GO TO (1»4).IGO 
END 

SENTRY RTINV 
7 

25446046E-OU29234*1E-0029707742E-0050000000E  C070292258E  0087076559E   CO 
97455396E   0Ü 
64742484E-0113985269E-O0l9091502£-0O2U8 9 7 958E-00i9091502E-00I398 526 9E-C0 
64742484E-01 

032 

03   2 

10 10 5 
.01 
1.0 0.5 2.0 -2.0 
1.0 0.5 2.0 -2.0 

1 
7 

.028 .144 .333 .505 
.722 

MDSYS ENDJOB 

621 ,689 

94 
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APPENDIX D 

PROGRAM FOR RADIATIVE TRANSFER; 

ANISOTROPIC SCATTERING 
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PROGRAM D.I.  PROGRAM FOR THE CALCULATION OF REFLECTED 
" INTENSITIES 

The complete program is lisf^-d: 

MAIN program 

LGNDRP subroutine 

CTAU subroutine 

DAUX subroutine 

DCTNRY subroutine 

SSTART subroutine 

OUTPUT subroutine 

The following library routine is required: 

INTS/INTM 
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iJOn 26'-9»RcFLX»MiC0l60«8M»lCC0C»5CP»C 
*I6J0B PCFLX   MAP 
il'^FTC MAIN    REF 
C RADIATIVE TRANSFER MAIN PRCGRA^ ANISO03C 

COMMON    T(7263)»SUl»lC.lC)»Q(llflCtlO)t2INT<20il0il0)i        ANIS0040 
1 P{ll»U»10J,PW(ll»ll»10»»PSI{ilillflC)»XLflOtlO>»WT(10tlO>»     AN I SCO 50 
2 FAC<22).FACT(22»22)♦   SGN(22)»DEL(1U»OOEL111»»C(11)»C<(11»11)•      AN!b0060 
3 A( 10»10> füELPHI (20) .THETAdC) ANlJ>UU7U 
U      »MMüN.NOUAü»MMAX,NFLAG.KFLAG,LFLAG.NPRNI»Nl.IAüONE♦IAUIWO. 
t        DELTAU»OMEGA»QLBEDO»NEQ»NPHliFLUXfMPRNT 

C 

C 

C 

c 
c 

ANIS02iO 
C RADIATIVE TRANSFER ANISC220 
C DIFFUSE REFLECTION FROM A TWO-DIMENSIONAL FLAT LAYER       ANIS3230 

ANIS024Q 
C    INTEGRATION OF SCATTERING COEFFICIENTS  S(M»K«U ANISO^DO 
C    TAU IS THF INDEPENDENT VARIA6LE ANIS026C 
C    INTENSITY IS COMPUTED FROM THE  S  COEFFICIENTS ANIS027C 

ANIS02dO 
C      VARIABLES                  DEFINITIONS AMSC290 
C TAU           OPTICAL THICKNESS. IN MEAN FREE PATHS ANIS030C 
C S(M,<.L)      M-TH SCATTERING COMPONENT FOR MU=XL(K.NOUAD) AND ANIS0310 
C                     MU-2ER0 = XL(L.NOUAD). ANIbU320 
C XL(KtNOUAD)   <-TH ROOT OF NUUAO-DECREE LEGENORE POLYNOMIAL ANIS0330 
C WTCKfNaUADJ   CORRESPONDING CHRISTOFFEL WEIGHT ANI50340 
C                    BOTH XL AND AT ON INTERVAL 0 TO 1 ANIS035C 
C PCM.I.K)      I-TH DEGREE» iM-l)TH ORDER ASSOCIATED LEGENORE ANIS036C 
C                    FUNCTION EVALUATED AT X=XL<<»NOUAD) ANIS0370 
C ZINT(J.K:,L)   SCATTERED INTENSITY FOR MU = XL ( K . NQUAD ) . MU-ZERO = ANIS03oO 
C                     XL(L.NQUAD)» AND DELPHI(J) ANIS0390 
C DELPHI (J)     J-TH AZIMUTH ANGLE.  NPHI ANGLES ARE INPUT (DEGREES).AN ISO^OC 
C                    DELPrtKJ)=0 MEANS FORWARD DIRECTION. ANIS0410 
C                     DELPHI(J)=lbC MEANS BACKWARD DIRECTION. ANIS0^2C 
C THETA(<)      POLAR ANGLE OF OUTPUT.  THETA(K)=äRC COSINE(MU)» ANIS0^3C 
C                      WHERE MU = XL( K.NOUA1') . ANISO^+HO 
C C(I)           I-TH FOURIER COEFFICIENT IN EXPANSION OF PHASE ANIS045C 
C                     FUNCTION ANISOHöO 
c OMEGA      ALBEDO OF SINGLE SCATTERING ANISO^TO 
C QLÜFDO        ALBEDO OF EARTH'S SURFACE ANIS0480 

ANIS0if9C 
ANISCbOO 

C CONSTANTS DEFINITIONS ANISC510 
C NQUAD DEGREE OF GAUSSIAN QUADRATURE AMS052C 
C MMAX-1 DEGREE OF FQUKlER EXPANSION ANISC53C 
C NEvJ NUMBER OF DIFFERENTIAL EQUATIONS ANISC540 
C NEa*MMAX*Nv.UAD*(NQUAD+l >/2 ANIS055C 
C Nl INTEGRATION OPTION WORD ANIS056C 
C NPRNT NUMBER OF INTEGRATIONS PER PRINT INTERVAL ANIS0570 
C TAUONE INITIAL TAU ANISOSfi'J 
C TAUTWO FINAL TAU ANIS0590 
C DELTAU INTEGRATING GRID SIZE ANIS0600 
C FLUX INCIDENT FLUX / PI. ANIS0610 
C ANIS062C 
C ANIS063C 
C FLAGb MEANINGS ANIS064C 
C NFLAG^l NQUAD AND M.v.AX FOR THIS PR05Ltv AK£ NOT THE SAME    ANIS065C 
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c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

c 
c 

c 

c 

NFLAG=2 

<FLAG=1 
KFLAG»2 

LFLAG=1 
LFLAG=2 

Ac IN THE 
VARIAÜLES 

OTHLS'KvlbE 

PREVIOUS PROBLEM. 
MUST Dt EVALUATED 

SO THAT 
AGAIN. 

CERTAIN 

C( I ) 
d I ) 

OMEGA 
OMEGA 

ARE ALL CONSTANT 
ARE FUNCTIONS OF TAU 

IS CONSTANT 
IS A FUNCTION OF TAU 

DICTIONARY ARRAYS 
FACT, SIGN, DEL 

INPUT LEGENDRE ROOTS AND CHRISTOFFEL HEIGHTS 
SET UP A DICTIONARY OF CONSTANT COEFFICIENTS 

CALL DCTNRY 

INPUT PR09LEM CONSTANTS 
9  READ 1003»NWUAD» MMAX, NFLAG» (<.FLAG, LFLAG» NPRNT. N1»MPRNT 

IF(NOuAD-2)9999,9 9 99 »10 
10  READ lU04»TAuONt»TAJTA'0»DELTAL»OiMEGA»QL3EDO 

READ 1004»(C(I),1=1»MMAX) 
NE- = MyAX*-( NGUAD* ( NGUAD+1 ) > /2 

READ lü:.6.FLJX,NPhI , (DELPHI (J) ,J=l,,\PHi ) 
PRINT 2001»NwUAO»MMAX»NFLAG»KFLAG»LFLAG»NPRNT^Nl»NEQ»MPRNT 
PRINT 2002 »TAU0N£»TAUT«/0»ÜELTAU»0MEGÄ»QL8ED0 
PRINT 2.03, (C( I ),I = 1,MVAX) 
PRINT 2C04»FLUX,NPHl »(DELPHI (J) »J = l»NPHn 

GO TO (16, 17) ,NFLAG 
NEW AbSOCIATED LEGENORE POLYNOMIALS AND OTHER VARIABLES 

16 CALL LGNDRP 
DO 18 J=1»NQUAD 

'AX = rtT(J»NOJAD>/XL ( J,NQUAD) 
DO 18 M«1»MMAX 
DO 18 I«M»MMAX 

18  PW(M,I,J)=P(M,I,U)*AX 

DO 19 <=l,NOUAD 
XI=1,./>L(K,NGUAD) 
DO 19 L=l,< 
A(L»K)=XI+1.^/XL(L,NGUAD) 

n  A ( <,L ) =A( L »»O 

17 GO TO (20,21 ) »KFLAG 
THE COEFFICIENTS, C, AND THUS <,*   ARE CONSTANTS 

2»-  DO 2 2 M»1»MMAX 
DO 2 2 I=M,KMAX 
J0«I-?>1 
JT«1 r-1-l 

-■-: rM-?+i 

ANloOboC 
ANI50670 
ANIS0680 
ANIS0690 
ANiSu700 
ANIS0710 
ANISG720 
ANIS073C 
ANIS0740 
ANISC750 
ANIS0760 
ANISÜ770 
ANISÜ780 
ANIS0790 
ANISÜ800 
ANIS0610 
ANIS0820 
ANIS0830 
ANIS0840 
ANIS0850 
ANIS0860 
ANIS0670 
AN1SÜ68C 
ANIS0890 
ANIS0900 
ANIS0910 
ANIS0920 
AMS0930 
ANISC940 
ANIS0950 
ANIS0960 
ANIS0970 
ANIS098C 
ANIS099C 
ANIS1000 
ANIS1010 
ANIS102O 
ANIS1030 
ANISIO^O 
ANIS1050 
ANIS1060 
ANIS107C 
ANIS108C 
ANIS109C 
ANIS11GÜ 
ANIS1110 
ANIS1120 
ANIS113Ü 
ANISll^O 
ANIS1150 
ANIS1160 
ANIS117C 
ANIS1160 
ANIS1190 
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22  CK( I »M)»C( n*FACT( JO»JT)»SGN{ JJ ANIS1.?10 
C ANIS122C 
C INITIAL INTLGRATING STEP ANIS1230 

21  CALL SSTART ANIS12A0 
C ANIS1,250 

CALL iNTS(T»NEQ»NltO»0*0»Ü»C.O) 
C ANIS1270 

J = 3 A,NIS1280 
DO 25 M«1»MMAX ANIS1290 
DO 25 K»1»NQUAD ANIS1300 
DC 25 L=ltK ANISUiO 

J-J+l ANIS1320 
StM,KfL)=T(J) ANIS1330 
Q(«»tC»L)«S(M»K.L) ANIS13^0 

25  S(M,L.<)=S(M,K,L) ANIS135C 
C ANIS1360 
C COMPUTE INTENSITIES AND OUTPUT ANI51370 

CALL OUTPUT ANI513Ö0 
C AN I Si 390 
C GENERAL INTEGRATING STEPS ANISI^OO 

DO 31 M1«1»MPRNT 
27  DO 26 N=1»NPRNT ANISU1 

CALL INTM ANIS1 
J = 3 ANISU30 

DO   26   M--1,MMAX ANIS1440 
DO   26   K=ltNOUAD ANISU50 
DO   26   L=] »IC ANIS1^60 

J=J>1 ANISl^TO 
S<M.<.L)=T{J) ANIS1480 

26  S(M»L»K)«S(M»KiL) ANIS1490 
CALL ÜUTOUT ANISliOC 

C ANIS1510 
2 8  CO 2 9 M=ltMMAX AN I SI 530 

DO 29 <«lfNQUAD ANIS1540 
DC 29 L*1»K ANIS1550 
G = S(M,K.L)-C(M,<,L) AN I SI 560 

IF(A'3S(G)-.oOCJC5 )29»29.3vi 
29  CONTINUE ANIS15S0 

GO TO 9 ANIS1590 
3u  DO 31 M=i,MMAX ANIS1600 

DO 31 K-l.NüUAD ANIS1610 
DO 31 L=1»K ANIS1620 

3lQ(M»K»L)xS(M.<.L) ANIS163C 
C ANIS165 0 
P999 CALL EXIT ANIS1660 

C ANIS1Ö7Q 
lCo3 FORMAT(12I6) ANIS1680 
10CA FORMAT(6E12.6) ANIS169C 
1306 FORKAT(E10.6»I10»5E10.6/{7E10.6)) ANIS17CC 
2001 i^ORVATC lH1^9X18H?AniAT!Vr T ^ ANSF rR/// ANIS1710 

1 26XU.46H-PGINT GAUSSIAN QUADRATURE / ANIS172C 
2 26X14,46H-TERX EXPANSION OF PHASE FLNCTION / ANIS1730 
3 30X,   7H NFLAG=»I1. 9H.  KFLAG=.I1. 9H.  LFLAÖ«.1111H« / ANI51740 
4 26X14,46H INTEGRATIONS PER PRINT INTERVAL / ANIS175C 
5 26Xl4t46H=lNTEGKATION OPTION WORD / ANIS176C 
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6 26XI4»46M   üIFFfKcNTlAL    iwdlATIuNJ / 
7 26X14,    6H   y^RNT    /    ) 

2üu2 FCSKAKaOXZöM INTEGRATION RANÖ- I .N TAJ I5,Fy,4. jn TO,^9.4/ 
1 3 0 X13 H 3 RID SIZE IS, F 7.4/ 
2 3:X?l-i ALBE.DC OF 5INüLä SCATTERING IS» F7.4/ 

JCX29H ALBEDO OF EARTH'S SURFACE IS» F7,4 ) 
2CÜ3 FORMAT (3:',Xi6H COEFFICIENTS IN PHASL EXPANSION ARE / 

1  '33X6F ;,4) ) 
2004 FORMAT(30Xl7h INCIDENT FLUX IS ,F9.4/ 

1 26X14,46ri DELTA Pnl ANGLES ARE / 
2 (33X6F9.4 I ) 

END 
-I>IJF

T
C LONDRP  REF 
SUE ROUT INF LGNüRP 

CASSOCF ASSOCIATED FUNCTIONS 8-21-62 
C OMVON    T ( 7 2 6 3 ) , S ( 1 1 ,1 C , 1 c ) , J ( 1 1 , 1 2 ,1 2 ) ,.: I ^ T ( ,' J , 10 , 1 0 ) « 

1 P(11»11»1-)»PW{11»11,1C).PS H11,11,1C)» XL(1C.1C) »WT{10 »10), 
2 FAC<22)»FACTt22t22)» 5GN(22)»DEL(11) »ODEL< 11) »C(11),C<(11 ,11) , 

Al lw»10) »DELPHI( 2J) ,THETA(10) 
4 ♦■••viv>N,N^UAD«M-'A ' ,.\FLAG»<FLAG,LFLAG»\PRNT ,M . TAJONE.TALTAG , 
5 DCLTAü»OIVEGA »GLöEDO»NtQ»NPHl »FLUXtVPRNT 

DO 12w <=1,1^JAD 
X = XL ( <.»NQUAO) 
XX=X*»2 

P(1 , 1 , <) = 1 . . 

P(1♦2 ♦ <)= X 
P{2»2»<)=SGRT{1.C-XX1 

P{1«3»K)=C.5*(3.G*-XX-1.3) 
?J2«3,f;> = 3.^*X*P(2»2»K.) 
P{3♦3 »K) = 3•^*P(2♦2♦v)**2 

IF{MMAX-4)1J-»1^,10 

KC-^FX- -1MAX-1 
DC 9... NN=3»<w:FX 

\=\:.+l 
FN = NN 
TN=2*N\-1 

D (1 »\ »<) = ( T.i*X»P tl ♦ N-l ♦< ) - ( FN-1., ( 1 .:J-2,<) )/FN 

vAX2=NN-2 
L;O SO VM=1 ,MAX2 

M = iMM+l 
SN-NN+MV-I 

P i v,\,<) - ( T .*X*P ( -.»N-l ,< ) -SN*P ( M» \-2 »K; )/Rl 

P(N',N»»C ) =T i* *#P : ^ ,7 ,< ) 

A N I S17 7 C 

A N I S i 7 o C 
AN IS 17 'K 
AMSlcOC 
AN I 5161C 
AM S182 0 
A N I S1 ö 3 0 
A h I ? 1 ü 4 Q 
A fs li i 8 5 C 
ANIbloüC 
ANIÖlöTQ 
LGNDDC1G 
LüNOöC30 
LGNDOO^o 

LGND0060 

LGN00080 

LGNÜÖ220 
LbND023C 
L&NDC24Ü 
L6ND025C 
LGNL)026C 

LGNDÜ27C 
LGNDC2S0 
LGNDC290 
LGNDC300 
LGNÜ031C 
LGND032C 
LGND033C 
LGNDQ34G 
LGNDC330 
LGND036G 
LoNDu37C 
LGND0360 
LGND339C 
LGND0400 
LGND0410 
LGNDD420 
LGND3 4 3G 
LGNDC44G 
LSNDG4 3 0 
L G N 0 v 4 6 G 
LGND047Ü 
LGNDC4aü 
LGND049G 
LGNDG5GG 
LGNDÜ510 
LGND052C 
LGNDC5 30 
LGNDÜ540 
LGN0055G 
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i? 

V!1 = 2*NM+1 
M2=NN+1 

P(N»\»K)a (C*5*P(2»2»<) )**NiN*FACT{ yi .»'2 ) 
C 

9v, CONTINUE: 
c 
luJ  CONTINUE 

RETURN 

END 
1.IBFTC CTAU 

SUBROUTINE CTAU 
RETURN 

FND 
ilbFTC DAUX    REF 

SUKRCUTINE DAUX 

22 

1 
3 

1 
2 
3 

COMMON T{7263).S«11.10,K),Ci(U,10.10).i:iNT(20.10.10). 
pl 11 . 11,K),PW(11,11,1C »,PSI(11,11,10),XL(10,10)»wT(10.10), 
FAC<22).-ACT(22.22)»   SON(22 ) .OEL ( 11 ) »ODEL(ll) »C( 11 ) ,CK(11 . 1U, 
A(lü»10).0ELPHI(20>»THETA(10) 
.'IMON.N^UAÜ.MMAX.NFLAG.f-.FLAG.LFLAG.NPRNT.Nl.TAuONE.TAUT'AÖ, 
DELTAU.uMEGA.0L5EDO.NEu.NPHl.FLUXtVP^NT 

CALL   CTAU 
GO   TO    (1.2) .<FLAG 
DC   22   Ml.MMAX 

DO   22   I=M»KKAX 
J0=I-M+1 
JT=I+M-l 
U=I+M-2+i 

CK( I,M)=C( I )*FACT(JU.UT)*SGN(U) 

CMLL   ALDEDO 

L = 3 
D01A   M=1,MMAX 
D014 K: = I,NGUAD 

DCU   U = l,< 
L = L+1 

S(M.iC.U)=T(L) 
1^      S(v.U.<)= i(M.<♦U) 

DC   5   M=1,MMAX 
DO   5    UM.MMAX 
DO   5   .< = 1.N0UAD 
SuM=o.u 

DC   6   U=1.N-UAD 
6 SUM=SUM+S(M»KfJ)#Pä(".I.J) 

J=!+M-2+l 
5     PSI(M»I,<)=P(M,I»iC)+C.5*SGN(J)   *SUV/0£L(M) 

DO   7   M=1»MMAX 
7 ODEL(M)=OMEGA»D£L(M) 

J=NiO+3 
DC   6   f'.sl.MMAX 
DO   ö   K-l.NOUAD 

LGND 
LGND 
LGND 
LGND 
LGND 
LGND 
LGND 
LGND 

LGND 

0 55 0 
DD70 
0560 
u13 9 0 
060C 
0610 
062 0 
0630 
C6A0 

^r\ 
i- i .' 

DAUXOCl j 
DAoX303ü 

DAUX005Ö 

DAÜX007C 

DAÜX0210 
DAUX0220 
DAJX0230 
DAUX02^0 
DAUX0250 
DAUX026C 
0AUXC270 

DAwX029C 
ÜAJX0300 
DAÜX0310 
D A U X -D 3 2 0 
DAUXC330 
DAUX0340 
DAUX0350 
DAÜXC360 
^AJXC3 7C 
DAUXC38C 
DAuXC39C 
DAUXuAC" 
OAJXCAIO 
DA^XCA2C 
DAUX0A30 
DAUXCAAC 

DAUXOA60 
0AUX0A7: 
DAjXOAbG 
D A i. X G A 9 G 

DAJX0500 
DAwAj5iG 
DAuxCs^O 
D A ^ A D •) 3 .^ 

DAOXOliAO 
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il 

C 
c 
c 

c 
c 

c 
c 

r >- 

- 

c 
c 

J = J+1 
S U M = C . -' 

DC 9 l=v,y.MA>; 
9    StM = SUM+CK tI.r)*P-'(M,I,f;)»PSI( 
8  T(J)=-A(K.L)*S(M.K. .+CDELCM)*SUW 

RLTUKN 
END 

FTC DCTNKY  REF 
SUBROUTINE DCTNRY 
COMMON 

I .L) 

1 
MÜN    T(7263l »SdlflO.lu) »Qdl.lO.lO) »ZINT(20»lO»10)» 
lll»ll»lw)»Pw(ll»ll,10)»PSnil»ll»lC)»XL(lCtlO)»WT(10ilO)» 
AC(22) »FACT{22i22» » 50,^(22 ) »DEUlll »ODEK ll)»C(ll}»CK(ll»ll)i 
(1^»1j)iDELPHl(20)»THETAJIOJ 

♦ My.ONtNOUADtMMAXtNFLAGtKFLAGtLFLAGtNPRNT .M »TAUONE» TAUTWO» 
DELTA'J»OMEGA »QL5E0C fNEO»NPHl »FLUXtMPRNT 

P 
v A 
A ( 

INPUT RCCTS AND WEIGHTS 

DC 1 I =2»10 
1 READ lo^.Ni (XL(J.N) ,J=1,N) 

DO 1    I=2 ♦ 1C 
2 READ lüJtN»(*T(JtN)»J=l»N) 

IJJ FORMAT(I12/C6E12.ÖJ ) 

SET UP DICTIONARY 

SINGLE FACTORIALS 
"AC< 1 ) = i.: 
FAC«2»=1.0 
FAC(3>=2. : 
DO 3 J=^»22 
FJ=J-1 

3 FAC«J)aFj»FAC(J-i > 

DOUbLc   FACTORIALS 
DC   4   Jal»22 
DC   4   1^ = 1,22 

4 FACT(.J.<)=rAC(J)/FAC(<) 

(-1 )**( I+M) 
CO   5   MM.il 
DC   5   1*1.11 
J=v+I-2 
L = J*i 
MJsM0D(J»2>+l 
GO TC (6» 7) »MJ 

6  SGN(L)=1.0 
GO TO 5 

7 SC\(L;=-I.. 
5 CONTINUE 

2.-<R0NEC<ER   DELTAdtM) 
DEL«11 »1»C 
DC   £   M=2.11 

ö      D£L<M)»2.Ü 

DAUX0^5C 
DAUX0^60 
DAUX0570 
DAUX0580 
DAUXÜ59G 
DAUX0600 
DAUX0610 
DCTNÜ010 
DCTN0C30 

DCTN0050 

DCTN0070 

DCTN0210 
DCTN0220 
DCTN023C 
DCTN02AC 
DCTN025C 
DCTN0260 
OCTN0270 
DCTN0280 
DC ^0290 
DC 0300 
DCTN031C 
DCTN0320 
DCTNC330 
DCTNC34C 
DCTNC350 
DCTN0360 
DCTN0370 
DCTN0380 
0CTN0390 
DCTN0400 
DCTN0410 
DCTN0420 
DCTNC430 
DCTN0440 
DCTN045C 

DCTN04ÖO 

DCTNCV90 
OCTN0500 

DCTN052Ö 

DCTN0540 
DCTN0550 
DCTN0560 
LJCTN0570 

DCTN0560 
DCTN0590 
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C DCTN0600 
R^üRN 0CTNC610 
END DCTN0620 

ilbFTC SSTART  REF 3STA001C 
SU8R0UTIME SbTA^T SSTA003Q 
COMMON    TC7263)»S(11»10»10).Q(ll.lCtlO)♦ZINT(20flO»10)» 

1 P<U»11flw),Pwi11.11,10)tPS 1(11.11.10»»XL(10.10).WT(10.10)t     SSTA0C5C 
2 FAC122).FACT(22.^2)» SON(22).DELC11)»ODEL(11)»C{11).CK(11,11) , 
3 A(lu,10).DELPHI(2C).THETA(IO) SSTA0070 
4 »MMON.NQUAO.MMAX.NFLAG.KFLAG.LFLAG.NPRNT.Nl.TAUGNE.TAUTWO, 
3   DELTAU»OMEGA»QLBEDO.NEQ.NPHI,FLUX.MPRNT 

.-    ?^f3 l!1'7263 5STAü:IO 
^      T<n»o.O SSTAÜ22C 

J;2;-TAUONE lil^lll 
DC   2.    IM.MMAX m^AO 

DO 24 J=l.NOUAD SSTAC260 
DO 24 IC=l.NUUAO SSTA0270 

24  5(I.J.<)=0.u SSTA0280 
"Z SSTA0250 
C S6TAG300 

FQ=4.J*OL3E0O SSTA0310 
DC 26 Jxl.NQUAO SSTA0320 
DC 26 K=1.J SSTA033C 
SC l»J.K)aFQ»XL(J,NQUAD)«XL(K.tNQUAü; SSTA034C 

26  S(l.x;.J)=5(l,J.<) SSTA0350 
J=3 SSTA036Q 
DC 28 M=1.MMAX SSTAÜ370 
DC 26 K.«1»NQUAD SSTAÜ38C 
DO 28 L»1.K SSTAG39C 

J=J+1 SSTA0400 
28  T(J)=S(M,<,L) SSTAC410 

PET^^ SSTA0420 
END SSTA0430 

MBFTC OUTPUT  REF OUTPOQIO 
SUBROUTINE OUTPUT OUTP003C 
DIMENSION CMD(20,11) 
COMMON    T(7263).S( II.IC.IC) .0( U.n.lO) .ZINT(2C.10..1C). 

1 P<11.11.K> ,P^(11.U,1C).PS1( ll.li.lO.XLdO.lO) .wTdO.lO), AM SCO 50 
2 rAC(22).FACT(22.22). SON(22 ) ,UELt11) .ODtL(11) ,C( 11 ) ♦ C<U 1 ,1 1 ). 
3 Adw.lC) .D£LPHI(2Ü) .TMETAtlO) 
4 »MVuN.NQUAU.VMAX.NFLAG.KFLAG.LFLAC.NPRNT.Nl.TAUONE.TAUTrtO. 
5 DELTAU.OMEGA »QL3ED0.NEQ.NPHI»FLUX.MPRNT 

r 
C 

IF(LFLAG-1)1.1.6 
C 
C STORE ANGLES AND COSINES OF M DELTA PHI 
C 

1      3FLUX=u.25*FLUX 
DO   3   <=l.NOUA0 

CSTt-iET = XL (K.NOUAD) 
3      THETA(K)=ARCüS(CSTHLT) »57.2957795 

C 
DC   5   UM.NPr.J 

OUTP0050 
OUTP0G60 
OUTP00 7C 
OUTP008C 
OUTP0090 
ÜUTP010Ü 
OuTPOliO 
OUTPOiZO 
OUTPC130 

OUTPCI 60 
OUTP0170 



-252- 

DELPHi(J)=DELPH I(Jj*.l7453^925E-0: 
00   ^   M=l»MMAX 
FM=M-1 
FyO=FM*D£LPHI(J) 

4 CMD(J»M)»COS(FMD) 
PSINTiJ51tJ»M»CMO(J«M) 

lo5.1 FGKN,.AT(2I5.-16.b) 
5 CONTINUE 

LFLAG=2 
C 
C 

c 
c 
c 
c 

CALL ALBEDO 
TAü=T(2) 

OUTPUT S 

PR I NT 100 »OMcGA»GLöEDO» TAU 
DO IC I-1,NQUAD 
PUNCH2v.^ * I 
PRINT1> 3.I 
DO 10 M=1,MMAX 
MM=M-1 
PRINTlU5»MM»<S(M.Jtn .J-l.NOjAD) 

1U5  FORMAT (3X! 2.1-.PIG.6) 
IG  PUNCH2J1»   (S(M»J»I)»J«l»NQUAD) 

200 FORMATt3112; 
201 FORMAT(6E12.8) 

0UTPG1Ö0 
OUTPG100 
OUTP0200 
CÜTP021C 
OUTPÜ22C 

OUTP023Q 
OUTP0240 
OUTP0250 
OJTP0260 
OUTP0270 
OUTP0280 

C 
c 
c 

OUTPUT I 

PRINT 106fOMEGAiOL8EDO»TAü«(K»K=1.NuuAD) 

DC 16 Jsl»NPHI 
DO lo <=l.NOUAD 
DO 16 L=l.< 
SÜM=0.G 

DO 14 Vj« It MMAX 
U    SUM=bUM+CMD(J,M)*S(M,<.L! 

SUM=SJM*QFLJX 
Z1 NT < J » L»K)= SUM/XL(L » NOUAO) 

15  2 INI (J.K,L)=SUK/XL(<»NQUAD) 

DO 2G L=i»N&uAD 
J=l 
PRINT i:,3.L» (2INT( J.K,L) »< = 1.N0JAD) 
IF(NPHI-l)2o.2:»19 

19  DO 22 J=2.NPHI 
22  PRINT K8. (2INTU.<.L) .< = l.NwUAG) 
2^  CONTINUE 

C 
C 
lü   FCRMAT(lH12<tX29HSCATTERING COEFFICIENTS. S(M> / 

OUTP 
OUTP 
OUTP 
OUTP 
OUTP 
OUTP 
OUTP 
OUTP 
OUTP 
OUTP 
OUTP 
OUTP 
OUTP 
OUTP 
OUTP 
OUTP 
OUTP 
OUTP 
OUTP 
OUTP 
OUTP 
OUTP 
OUTP 
OUTP 
OUTP 

029C 
030G 
0310 
0320 
0330 
0340 
0330 
036C 
0370 
OJ60 
0390 
0400 
C41G 
0420 
0430 
0440 
0450 
046G 
04 70 
046C 
0490 
0500 
031C 
0520 
0530 
0540 
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1 23X7HOMEGA =»F5«2» 5h, C; =»F5.2» 6Ht Z =.F5.2/ OUTPÜ550 
2 lüX5dHF0R THE FOLLOWINO POLAR ANGLES OF INCIDENCE AND REFLECTIONOUTP0560 
3 ) OUTP0570 

101 FORMAT{1H026X5HANGLE»^X7HDEGREESf4X6HC0SINE/(28X12«FlZ.ZtFl1,4)) OUTP0 580 
1Ü2  F0RMAT(1HC/2X8HINCIDENT»20X21HRFFLECTF.D POLAR ANGLE/3X5HANGLE/    OUTP0590 

1  (2X10I10>) OÜTP06Ü0 
1C3  FORMATC1H02XI2»10F10«6) 0UTP0610 
1Ü4  FORMAT(1H03X67HNOTE»   EACH FIGURE A30VE CORRESPONDS TO AN INCIDENOUTP0620 

IT POLAR ANGLE. A/4X69HR£FLECTED POLAR ANGLE. AND A TERM IN THE EXPOÜTP0630 
2ANSION OF THE S FUNCTION. // 0UTP0640 
34X68HEACH FIGURE ON THE NEXT PAGE CORRESPONDS TO AN INCIDENT POLAROUTP065C 
<*   ANGLE.  /4X55HA REFLECTED POLAR ANGLE. AND A CHANGE IN AZIMUTH ANOUTP066U 
5GLE.) OUTP0670 

106  FORMAT( lhl26X2<+HSCATTERED INTENSITIES. I / OUTP0680 
1 23X7HOMEGA =.F5.2» 5H, Q =,F5.2. 5H. Z =.F5.2 / OUTP069Ü 
2 IHOtlXlOIlO) OUTP0700 

1J8  F0RMAT(5X1JF1U,6) OUTPC710 
RETURN OUTP072C 
END OUTP0730 

tENTRY         MAIN 
2 021 

21i32486E-0J78d673l4E 00 022 
3 023 

11270166E-CL5C03CUOOE 0C88729834C uO 024 
4 025 

69431845E-0133000946E-0066999052E ö0930b6616E 00 026 
5 027 

4691ÜÜB1E-C123076534E-0C50C ^OOOE 0G76923466E C0953C8992E 00                 028 
6 029 

33765245E-0116939531E-003806904ÜE-006193C960E 0083060469E 0096623476E 00     020 
7 031 

25446CA6C-011292344iE-0C297C7742t-G0500C0000E C070292258E 0087076559E 00 032 
97455396E 00 033 

8 034 
19Ö55071E-0110166676E-0023723330E-0040828268E-0059171732E 0076276620E 00     035 
Ö9833324E 0^98G14493E GO 036 

9 037 
159l9883E-Gldl9844'OE-0119331428E-0033787329E-0C5ü0C0G00E 0G66212671E 00 C38 
äü66b572E 0Ü918C1555E 00984u8Ü12E 00 039 

K 040 
13046738E-3 1674663 15E-0 116029522E-0028330231E~004255628 3E-0057443717E 00 041 
716697&9E CÜ83970478E 0093253166E C098695327E 00 042 

2 0021 
5C0G00OOE 0Q5000CO0CE CG 0022 

3 0023 
2 7 77 7 778E-CG444444 44L-002 77 77,'7dE-00 0024 

4 0025 
17392742E-003P607257E-0032607257E-Ü017392742E-00 00 26 

5 002 7 
li646 34 3E-GG239314 3 3E-0Ü2ü444444E-^r '3931433E-0011846343E-00 0C28 

6 '^02 9 
ö566i,2 44E-01180 3B0 7 6E-G02 3 39 5696E-C.O.'?'5 3 9 5696E-OC180 3807öE-OOe5662 244E-01 00 30 

7 0031 
6W424 8 4F-011398 5 2 69E-00190915C;>(: -0G20897958E-TO 19091 50 2E-00 1 39Ö5269E-0C 00 32 
64742484E-01 00-53 
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8 0C34 
5 061^270E-0111119Q51E-C01P6ö5332E-0ü1ö134189E-0018134189E-001568&332E-C0 00 3 5 
11119051E-0U5ü6142 7oE-01 0036 

^ 0G3 7 
4 063 719^u-C19C32^O79E-O11303C5.35t-CClb6 17?c)3E-C0l651196öE-0ül56 1735 3E-0C 0u3 8 
13O3O53 5E-0^9O3 24C7 9E-0l4ü637194E-01 0039 

I1- 0040 
33335669E-017472b6 74E-jllu9b^317t-001346 333 5E-Ü014776210L-001477621OE-00 0041 
13463 335E-C01Ü954 317E-OC7472 5674E-01333 3 5669E-01 0042 

9     3     1     1     1    20     1     5 
0,0 1,0 .01 1,0 0.0 
1,0 C,v' 0,5 

i • 0. 90. 180. 

■■0 8 
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35 
36 
37 
3S 
39 
*C 
^1 
4 2 

38 

APPENDIX E 

PROGRAMS FOR NEUTRON TRANSPORT 
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PROGRAM E.l.  PRODUCTION OF INTERNAL MEASUREMENTS 

The complete program is listed: 

MAIN program 

DAUX subroutine 

The following library routine is required: 

INTS/INTM 
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iJOB 2609.DYNiMEü»K0160.5»10Ü»irC,C 
ÜBJOB MA0 

SI8FTC   M^!N REF 
DIMENSION   NPNCH(20)»Z(30C) 
COMMON T(27),A(20)»X(20) ♦ I FLAG ♦ AA ,U (-»A^ ) ,V(30C) »NSLABS 

C 
1  READ(5*100)NPRNT,MPRNT »NSLABS»NGRIDS»NOS 

WRITE(6.90)NPRNT»MPRNTtNSLABS»NGRIDS,NOS 
READ( 5.100) (iNiPNCHC I )»I=l.NOS) 
WRITE(6»90)(NPNCH(I)♦1=1,NOS) 
READ(5.101)DELTA.AA 
WPITE(6,91)OELTA.AA 
KlAD(5.101)(X(I),I»1»NSLABS) 
WRITE(6,91)(X{I).1=1»NSLABS) 

REFLECTION COEFFICIENT 

RC=SIN(AA)/COS(AA) 

C 
C 
C 

c 
c 
c 
c 

c 
c 

c 

c 
ICO 
101 
90 
91 
92 
93 
9U 
95 
96 
97 

U AND V FLUXES 

T ( 2 ) = i-*a 
T'3)=-DELTA 
T(4)=RC 
Tl5)=1.0 
CALL INTS(T.2»2.0.0.0.0.0.0) 
WRITE(6»94) 
WRITE(6.95)T(2)»T(4)»T(5) 

N = 0 
DO 5 I=1»NSLABS 
DO 5 J=1»NGRIDS 
CALL INTM 
WRITE(6i95)T(2)»T(4)»T(5) 
N = N+1 
U(N)=T(4) 
ZIN)=T{2) 

PUNCH U AND V OBSERVATIONS 
PRINT97 
DO  6 M=l»NSLABS 
DO  6 1=1.NOS 
N=(M-i)*NGRlDS+ NPNCH(I) 
PUNCH96»Z(N).U(N) 
PRINT96.Z(N)»U(N) 

GO TO 1 

FORMAT(6I12) 
FORMAT(6E12.8) 
FORMATilH06l20) 
FORMATC1H06E2C.8) 
FORMAT(///19X1HX.16X 4HR(X) .1 1X1 HA/) 
FORMAT(F20.4»E20«8»Fl2.4) 
FORMAT(//Vl9XlhX.16X   4HU(X).16X4HV(X).11X1HA/) 
FORMAT{F20,4,2E20.8.F12.4) 
FORMA.(Fl2.2»Ei2.8) 
FORMAT!///) 
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SIBFTC DAüX    RFF 
SURROUTINE OAUX 
COMMON T{27)tA(?0)»X(20!.'IFLAG,AA,!1C;'*'^),v(^^'1),Nc>LAPS 

4  T(6)=AA*T{5) 
T(7)r-AA»T(M 
RETURN 
END 

SENTRY         MAIN 
1 100 
2 r« 

O.Ol C.J 
Q.l 0,2 
C.7 0.8 

10 
8 

0.3 
0.9 

10 

O.A 
1.0 

0.6 

1U 
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PROGRAM E.2.  TWO DIMENSIONAL DYNAMIC PROGRAMMING FOR THE 
DETERMINATION OF ABSORPTION COEFFICIENTg" 

The complete program is listed: 

MAIN program 

INTERP subroutine 

DAUX subroutine 

INTR subroutine 

The following library routines are required: 

BET 

INTS/INTM 
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$JOB 2 8 90,DPNTl,K0160hC»100,ir^,C 
SIBJOB MAP 
SIBFTC MAIN    RFF 

COMMON T(2"n.AA.NAtA(51)»DA,NC.C(1C1),DC,NE,E(51).DF»NSLABS.B(51). 
1 NOS» IGRIDUüO) fNGRDSB»MOB .( IOC) r MOBS « Z ( 100 ) »W( 100 ) »DELTA.MINT. 
2 F(51t51».S(51)fH(51»5n.U(100) 

C 
1 READ(5.100)NA,A(1),DA 

WRiTE{6.90)NA,A(1)»DA 
DO 2 1=2.NA 

2 A{ I )«A(I-1)+DA 
C 

READ(5.100)NC.C(1)»DC 
WRITE(6,90>NC.C(1I»DC 
DO 3 I=2»NC 

3 C( I )=C(1-1)+DC 
C 

READ{5.100)NE.E(1)»OF 
WRITE(6.90)NE.E(1)»DE 
DO 4 I=2»NE 

4 E(I5=E(I-1)+DE 

C 
C 
c 

READ{5.100)NSLABS.(B(I).1=1.NSLABS) 
WRITE(6»90)NSLA3S»(B(I),1=1.NSLABS) 

READ(5,101)NOS,( IGRID( I ) ♦ I = 1,N0S) 
WRITE(6.91)NOS.(IGRID( I ) . I = 1»NOS) 

RFAD(5,101)NGRDSB 
WRITE(6»91)NGRDSB 

N = 0 
DO 5 1=1,NSLABS 
DO 5 J=1,N0S 

N = N+1 
MOBS(N)=(I-1)*NGR0SB + IGRID(J) 
NTOBS=NOS»NSLABS 
WRITE(6»91)(MOBS(I) , I = 1 ,NTOBS) 

READ (5,102) (Zd )^W( I),I«1»NT0BS) 
WRITE«6,92) (Zd ) »W( I) ,I»1,NT0BS) 

READ{5,102)DELTA 
WRITEi6,92)DELTA 

MINT=NGRDSB 

STAGE 1 

NSTAGE=i 
WRITE(6,93)NSTAGE 

10 

DO 10 I=1.NC 
DO 10 J=1,NE 
AA = ATAN2{C( I ) ,E(J) ) /B( 1 ) 
F( I,J)=0.0 
DO 6 <=1,N0S 
F(I,J)= F(I,J) + (SIN( AA«Z.(K) ) - W(<))*»2 
CP=0.0 
EP-0.0 
WRITE(6,94)C( I ) ,E(J)»AA,CP»EP,F( I »J) 

m — ■»*,« '^- 
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c 
c 
c 

20 

21 

30 
C 
C 

32 

31 

DO   50   NSTAGE=2»NSLABS 
WRITE(6,Q3)NSTAGE 
DC   UO    lOl ,NC 
DO   40   JE=1»NE 

DO 3 
BX = B 
AA = A 
T(2) 
T{3) 
T{4) 
1(5) 
CALL 
DO 2 
CALL 
U(M) 
D = 0. 
J= (N 
DO 2 
M=IG 
J = J + 
0 = D 
CP = T 
EP = T 
CALL 
S{ IA 

MIN 
MINA 
SMIN 
DO 3 
1 = IA 
IFCS 
SMIN 
MINA 
AÄ = a 
CONT 
H( IC 

I A = 
NSTA 
IA) 
BX 
-DEL 
C( IC 
E( JF 
INT5 
M=l 
INTM 
T(4) 

1 »NA 
GE) 

TA 
) 
) 
(T*2 »2 »0»0.0»0i0»C) 
♦ MINT 

TAGE-1)*NOS 
I=1.N0S 

ID( I 5 

(U(M)-W(J))**2 
4) 
5) 
iNTERP(CPtEP.FI) 

)=D+FI 

S OVER A 
= 1 
sl.OE+20 
1 IA=2»NA 

( I )-SMIN)32.31.31 
= S( I) 
= 1 
( I) 
INUF 
»JE)«SMIN 

^0  WRITE(6»94)CnC) »E( JE) »AA»CP»EP»H( ICJE) 
DO 50 IC«1»NC 
DO 50 JE«lfNE 

50  F( IC.JE)=H( IC.JE) 
C 

GO TO 1 
C 
100 FORMAT(I12.5E12.8/(6E12.8)) 
90 FORMAT(1H0I20,5E20.8/{6E20.8)) 

101 F0RMAT(6Ii2) 
91 FORMAT(ilHC6l20) 
102 FORMAT(2E12.8) 
92 FORMAT(1H06E20,8) 
93 FORMATdHl 9HSTAGE N =♦ I 3// 1 8X2HC 1 .1 ?X2HC2 ♦ 19X1HA ♦ 17X3HC1 • . 

1       17X3HC2'.12X8HF(C1.C2) ) 
94 FORMAT(6E20.8) 

END 
SIÖFTC    INTERP      REF 

——- »asmi 
Wi mm* 
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c 
c 

c 
c 

c 
c 

c 
c 

c 

SUBROUTINE INTERP(X♦Y»ANS) 
COMMON T(2> ) »AA,NA,A(51) ,DA,NC,C( iCl) ,DC,NE.E(51) »DE.NSLABS.9(51 ) » 

1 NOS.IGRID(IOO).NGRD5B?M03S(IOC) .NTCSS»2(1Q0)♦W(100).DELTA»MI NT» 
2 F(51 ,51),S(511»H(51»51) 

TWO-DIM, INTERPOLATION 
EIND 11,12* I.E., XI, X2 
DO 1 I=2,NC 
11 = 1 
12=1-1 
xi=r(n) 
X2=C(12) 
IE(BET(X1 ,X»X2,MM))1»2,2 
CONTINUE 
ANS=1.Or+20 
RETURN 

FIND J1,J2, I.E., Yl. Y2 
2  DO 11 J=2,NE 

J1=J 
J2=J-1 
Y1=E(Jl) 
Y2-E(J2) 
IF(BET(Y1,Y,Y2,MM))11,12,12 

11 CONTINUE 
ANS=1.0E+20 
RETURN 

FIND F(X,Y1)=G1 
12 F1=F(I1,J1) 

F2=F(12,Jl) 
DX=X2-X1 
D=X-X1 
CALL INTR(F1 ,F2»DX,D,G1) 

FIND F(X,Y2)=G2 
F1=F{II,J2) 
'r2 = F{I2,J2» 
> ALL INTR(F1,F2,DX,D,G2) 

FIND F(X,Y)=ANS 
r)Y = Y2-Y1 
D=Y-Y1 
CALL INTR(G1,G2»DY,D,ANS) 
RETURN 
END 

SI9FTC DAUX    REF 
SUBROUTINE DAUX 
COMMON T(27) ,AA,NA,A(51),OA,NC,C( 101) ,DC,NE,E{51) »DE»NSLABS»B(5 1 ) > 

1 NOS,IGRID(100),NGRDSB»MOBS(100) ,NTOBStZ(1ÜU)»W<10Ü)»DELTA,MI NT» 
2 F(51,51)»5(51),H(51,51) , 

T(6)=AA*T(5) 
T(7)=-AA*T(4) 
RETURN 
END 

SIBFTC INTR    REF 
SUBROUTINE INT^{F1,E2,DX,0,G! 

C ONE-DIM. INTERPOLATION 
G=F1 + {F2-F1)*D/0X 
RETURN 

►. 
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FND 
10 
21 
21 
10 

0,6 
3 

10 
0.02113 
0.05284 
0.^8455 
O.K'68^ 
0.ie>853 
0.18102 
0.22125 
0.25142 
0.28159 
0.32181 
0.35198 
C.38215 
0.42237 
0.45254 
0.48270 
0.52292 
0.55309 
0,58325 
0,62347 
0.65363 
0.68380 
0.72401 
0.75417 
0.78433 
0.82454 
0.85469 
0,88485 
0.92505 
0.95521 
0,9653o 
0,01 

0.1 
0,0 
1.0 
0.1 
0,7 

2 

94757E-01 
84388^-01 
67610E-01 
28626P-01 
81951E-01 
^1607^-00 
09171F-00 
0661CE-00 
n0853F-00 
54213E-00 
39517E-00 
20356E-00 
53879E-00 
22834E-00 
8607'JE-OO 
94173E-00 
42608E-00 
84C82E-00 
61246E-00 
8,i042r-00 
00651E-00 
41434E-00 
36532E-00 
22238E-00 
21290E-00 
83702E-00 
35543E-00 
87616E 00 
13437E 00 
27533E 00 

0.1 
0.1 

0.05 
0.2 
0,8 

5 

0.3 
0.9 

8 

0.4 
1.0 

0.5 

219 

■«??" 
ET 
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PROGRAM E.3.  ONE DIMENSIONAL DYNAMIC PROGRAMMING FOR THE 
DE/ERHINÄTIÜN OF ABSORPTlÜF COEFFICIENTS" 

The complete program is listed; 

MAIN program 

DAUX subroutine 

SUBREF subroutine 

SHIFT subroutine 

SUBNLV subroutine 

SUBDF subroutine 

The following library routines are required: 

BET 

INTS/INTM 

mmm'^t   ii.ij.■■•«--    i   l. m,;^r 
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$1 BFTC MAIN    REf 
COMMON 1(51) »NA»A< 10) fDA»NC»C( 1001 ) »DCNSLABS.BdO) »DRtNOS» 

1 IGRID(50) .NGRDSB»DEL TA »MODS (200) , NIC°r-, Z ( 200 )♦'.'.'( 2Ü0 )• ^ I M T , 
2 IFLAG,AA.CP.EP»CPA»EPA»R(1001)»Fd^Ol)tNSTAGE.RBIG»TBIG. 
3 RP»RO(1001)»ALPHA,SMIN.AM IN♦F0( lOni ) 

C 
c 
c 

1 

INPUT 

READi5?100)NA,A«1).DA 
WRITE(6»90)NA,A{1)»DA 
DO 2 I=2»NA 

2  A( I )=A{I-l)+DA 

C 

C 

c 
c 
c 

READ(5»100)NC»C(1)»DC 
WRITE(6»9G)NC»C(1)»DC 
no ^ 1=2,NC 

3 C( I )=Cn-] )+DC 

READ(5»100)NSLABS»B{].) »DB 
WRITE(6»905NSLABS»3(1)»DB 
DO 4 I=2»NSLABS 

4 B(I)=B(I-l)+DB 

READ(5»101)NOS»(IGRID(I).I=1,N0S) 
WRITE(6»91)NOS»(IGRID(I)»1=1»NOS) 

READ(5♦100)NGRDSB»DELTA»ALPHA 
WR!TE(6»90)NGRDSB»DELTA»ALPHA 

N = 0 
DO 5 1=1»NSLABS 
DO 5 J=1»N0S 

N = N+1 
5 MOBS(N)=<I-l)*NGRDSB + IGRID(J) 

NTOBSsNOS^NSLARS 
WRITE(6»91)(MOBS(N)»N^liNTOBS) 

READ{5»102)(Z(I)»W(I)»I=1»NT0BS) 
WRITE(6»92)C2(I),W(I♦,1*1»NTOBS) 

VINT=NGRDSB 
STAGE 1 

NSTAGE=1 
WRITE(6»93) NSTAGE 
DO 8  IC»1»NC 
SMIN«1.CE+'0 
DO 7  JA-' ,,-A 

FIND CP=V(0) 

IFLAG=1 
AA = A' IA) 
T{4)=ü,0 
T { 5 ) « 1 .0 
T(2)«C.n 
T(3)»DELTA 
CALL INTS(T»2»2»0»0»0»0»0»0) 
DO 6 M=1»MINT 

6 CALi. INTM 
CP=C(IC)/T(5) 
EP=0.0 

"«»^»i IIUH—Ill—.■!- "W«"«!^ 
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c 
c 

c 
c 

10  CALL INTM 
EP=(C( lo-CP*Tm ) / T(5) 

COMPUTE D.F 
CALL SU9DF 

11 CONTINUE 
AA=AMIN 
F(IC)=SMIN 
IF(F(IC)-100.C)16.15»15 

15 NC=IC-1 
WRITE(6»95)NC 
GO TO 17 

COMPUTE R(C) 
16 CALL SUBREE 

R(IC)=RP 
12 WRITEtS»94)C(IC)»AA»CPA»EPA ,R(IC) .F(IC) 
17 CALL SHIFT 
13 CONTINUE 

GO TO 1 

100 FORMAT{I12.5E12.8/{6E12.8) ) 
90 FORMAT{1HOI2 0,5E20.8/(6E2 0.8) 5 

101 FORM^'6112) 
91 FORMA 1 (1H06I20) 

102 FORMAT(2E12.8) 
92 F0RMAT{1H06E20.8) 
93 F0RMAT(1H19HSTAGE N =» I 3//19X1HC,19X1 HA,18X2HCP,18X2HEPi 

1       16X4HR(C)»16X4HF(C)//) 
94 FORMAT(2F20.6»4E20.6) 
95 FORMAT(1X18HNUMBER OF STATES =, 13) 

END 
IBFTC OAUX    REF 

SUBROUTINE DAUX 
COMMON T(51)»NA,A(10)tDA,NC.C(1001)»DCtNSLABS 

1 
2 
3 

IGR10(50)»NGRDSB»DELTA.MOBS;2C0)»NTOBS,Z(2Cf 
B(10)»DB.NOS» 
) .W(20C)»MINT, 

IFLAG»AA.CP»EP»CPA»EPAiR( 1001) .F{1001)»NS:AGE»RBIGt I BIG. 
RP»RO(1001)»ALPHA»SMIN»AMlNtFO(1Ü01) 

C 
c 
c 

c 
c 

c 
c 
c 

c 
c 

GO TO(1.2»3.4),IFLAG 

TRANSPORT EOS. FOR U. V 

1 T(6)= AA*T(5) 
T(7)=~AA#T(4) 
RETURN 

FOR Pi H 
2 T(8) = AA«T(5 ) 

TJ9) =-AA*T(4) 
T(1C)= ÄA»T(7) 
T(ll)=-AA*T(6) 
RETURN 

REFLECTION 

3 T(5)=AA»(1.0 + T(4)«*?) 
RETURN 

AND   TRANSMISSION 

—— rnmBmmtmm "www^a 
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4  T(6)=AA#n.O + T(4)»»2) 
T(7)aAÄ^T(4)*T(5) 
RETURN 
END 

SIBFTC SUBREF 
SUBROUTINE SUBREF 
COMMON 1(51)»NA»A(10).DA»NC»C(1001).DC»NSLABS»B(10) »DBtNOS» 

1 IGRID<5C)»NGRDSB»DELTA »MOBS(2ÜO).NI03S,/H 2UU) ♦w« 2UU)»MINI » 
2 IrLAG»AA.CP.EP»CPA.EPA»R(1001)»F(1001)»NbI AGE»RBIG♦iBIG» 
3 RP»RO(1001),ALPHA»SMIN»AMIN»FO( 1ÜU1 ) 

r 

COMPUTE R(N) 

IrLAG*3 
T(2)=0.0 
T{3)»DELTA 
T(4)=RP 
CALL INTS(T»1»2»0»0.0.0»C.O ) 
DO 1 M=1,MINT 

1  CALL INTM 
RP=T(4) 
RETURN 
END 

JIBFTC SHIFT   REF 
SUBROUTINE SHIFT 
COMMON T(51 ) »NAtAdO) »DA»NC»C( 1001) »DC»NSLARS»B( 10) »OB»NOS» 

1 I GR I 0(50) » NGRDSB »DELTA, MOBS ( 2UC ) ? NT OBh »^ I 2t,U ) fW«2üü) »MINI » 
2 IFLAG.AA,CP»EP»CPA.EPA.R(1C01)»F(1001)»NSTAGE»RBIG»TBIG» 
3 RP.RO(1001) »ALPHA»SMIN»AMIN»F0( lOCl ) 

DC 1 I=1»NC 
R0(I)=R{I) 

1  FO(I)=F(I! 
RETURN 
END 

SIBFTC SUBNLV  RFF 
SUBROUTINE SUBNLV(CC.IS) 
COMMON T(51)»NA>A(1C)»OA»NC»C(1U01)»DC»NbLABb»B»lü)»DB»N05« 

1 I6RID(5C)»NGRDSB»DELTA »MOBS(2U0)»NICBb»iH 2uu) »wi2üU)»MINl» 
2 IFLAG»AA»CP»FP»CPA»EPA»R(1C01).F(1^01)»NSTAGE»RBIG»TBIG» 
3 RP»RO(1001) »ALPHA»SMIN»AMIN»FOl1UU1 ) 

C 
C SOLVE N.L. B.C. 

15 = 1 
J=l 
Z1=RBIG*C(J)*RO(J) 
Z2=C(J)-CC«TBIG 
DIF1=Z1-Z2 
IF(DIF1)1.2»3 
CP=C(J) 
RP=RO(J) 
RETURN 

DIF1 IS NEG. 
DO 11 J=2»NC 
JZ = J 
J1=J-1 
Z1=RBIG»C(J)*RO(J) 
Z2=C(J)-CC#TBIG 
DIF2=Zi-Z2 
IF(DIF2)10,2»12 

FOR      CP 

ViW ' 
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c 
c 
c 
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10 Dm=OIF7 
11 CONTINUE 

GO TO 13 
12 CP=C(J1) +  DIFl*OC/(DfFl~DlK2) 

RP=RO(Jl) + <CP-C(Jl))»(RO(J2)-RO(Jl))/DC 
RETURN 

DIF1 IS POS. 
3  DIF1»-0IF1 

00 21 J=2tNC 
J2 = J 
J1=J-1 
Z1=RBIG*C(J)*RO!J) 
Z2=C(J)-CC*TBIG 
DIF2=Z2-Z1 
IF(DIF25?0»2»12 

20 DIP1=DIF7 
21 CONTINUE 
13 IS=0 

RETURN 
END 

IBFTC SUBDF   REF 
SUBROUTINE SUBDF 
DIMENSION U(2C0) 
COMMON T{51)»NA»A(lO),DA»NC.C(l001),rC,NcLAB5,R(10)»DB»NOS» 

1 IGRID(50)»NGRDSBfDELTA»MOBS(200) ,NTOR? , 2(2~0) »W(2n0)»MI NT» 
2 IFLAG»AA.CP»EP.CPA»EPA.R( 10C1) »FdOOD » NSTAGE » R3 I G ♦ TB IG ♦ 
3 RP»RO(1001)»ALPHA»SMIN»AMIN»F0(lOCl) 

INTEGRATE TRANSPORT EQS. 
COMPUTE D AND CURRENT F 

IFLAG=1 
T(2)=0.0 
T(3)sDELTA 
T(4)«EP 
T(5)«CP 
CALL INT5IT.2»2.0»0»0»0»0,0) 
DO 1 M=1»MINT 
CALL INTM 
U(M)=TU) 

C 

c 

D = 0.0 
J=(NSTAGE-1)*NOS 
DO 2 1=1.NOS 
M=IGRID(I) 
J = J+1 

2 D«D + (U(M)-W(J))**2 

IF(NSTAGE-1)3,3.6 

3 S=D*ALPHA 
10  IF(S-SMIN)4»5»5 

U      SMIN=S 
AMIN=AA 
CPA=CP 
EPA=EP 

5 RETURN 
INTERPOLATE FOR F(N-1 ) 

6 DO 7 1=2.NC 
11=1-1 

-•     »■ a ■ »«■ >ll■^gf'-■ 
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r 
C COMPUTE Df F 
C 

7 CALL SU^DP 
A A r A M1 N 
F{IC)aSMIN 

C 
C COMPUTE R(C) 
C 

RP=0.0 
CALL SU8REF 
R{IC)=RP 
WRITE(6»94)C(IC)tAA.CPA,EPA,R(IC)«F(IC) 

8 CALL SHIFT 
C 
C GENERAL STAGE 
C 

DO 13  N=2»NSLABS 
N?TAGtr = N 
WRITE(6»93)NSTAGE 
DC '12  IC = 1»NC 
SMIN=1.0E+20 
AM IN = 0.0 
CDArO.O 
EPA=0.0 
R(IC)=0.0 
F{IC)=0,0 

C 
DO 11  IA=1»NA 

C 
C FIND RBIG»TBIG 

AA=A(IA) 
IFLAG=4 
T{2)=-.0 
T(3)-DELTA 
T ( 4 ) = 0 ,0 
T(5)=1.0 
CALL lNTS(T»2»2«0»O.0»0.Ot0) 
DO 9 M=l.MINT 

9 CALL INTM 
RBIG=T(4) 
TBIG=T(5) 

C 
c        FIND CP=V<N-I). RP=R(V) 
c 

CC=C(IC) 
CALL SUBNLV(CC.IS) 
IF{IS)llill»l4 

C 
C FIND EP = U(N-1 ) 
c 

14  IFLAG=2 
T(2)=Ü.O 
T{3)»DELTA 
T(4)'=l .0 
T(5)=0.0 
T(6)=0,0 
T(7)«1.0 
CALL lNTS(Tt4»2»0t0»0»0t0.C) 
DO 10 M«1»MINT 

"-"^*Jgf^*" """^"^w"  ' *  ■ ^'~;!!~la^wWPt^?PiBM,casBggiBiB"P1-1""" .- '' " J--1 :_  'f. 
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12 = 1 
X1=C( in 
X2 = C< T2) 
IF(8ET(X1,CP »X2»MM))7»8.8 
CONTINUE 
S=l.OE+IO 
GO TO 10 

F1=F0( I i) 
F2 = F0( 12; 
DX=X2-X1 
G=CP -XI 
FX=Fi + (F2-F1)#G/DX 
S = D-. FX 
GO TO 10 
END 

316 
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APPENDIX F 

PROGRAMS FOR WAVE PROPAGATION; 

MEASUREMENTS OF TRANSIENTS 

| p. »■■■»iM^gag— MnHgnps^appng»" 
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PRpGRAM F.l.  DETERMINATION OF WAVE VELOCITY FOR EXAMPLE 1 
~ HOMOGENEOUS MEDIUM' r STEP FÜN'CTIÜN"röRCE"" 

The complete program is listed: 

MAIN program 

LAPLAC subroutine 

DAUX subroutine 

INITL subroutine 

PANDH subroutine 

LINEAR subroutine 

NEXT subroutine 

OUTPUT subroutine 

The. following library routines are required: 

MATINV 

INTS/INIM 

Wjjf"-H^- '     ' '  ■lMi..lJ -j.Mji-Jm.ii!  i-rtjfim^^ 



ilbF 
C 
C 
C 

c 
c 
c 

c 
c 
c 
c 

c 
c 
c 

c 
c 
c 

11 

100 
101 
90 

91 
92 

TC MAIN    LIST -273- 

VIBRATING STRING - LAPLACh TRANSFORMS 

COMMON TI2511),NT.RT(9)»WT(9) »UOtiSl (9} .FORCED) ,U0BSr(9) .F0RCT«9) 
1 ,NPRNT,MPRNT,NP1,NTWO.KMAX,LFLAG.N21 .NEO 
2 »DELTA.TENSN,A,UPREVI18)»U0BSTX<9J 
3 iTT(9).U{18.4Cl)iP(19J »H(19.10)»C<10) 
<t  .MX,F0RCTX{9) .ATRi"7 CSPEED 

INPUT 

RE D1Ü0, 
PRINT90, 
READlvl, 
PRINT91» 
READl^i, 
PRINT92» 
READl^l. 
PRINT93, 
READ1U1, 
PRlNT9if, 
READ1G1, 
PRINT95. 
NP1=NT+1 
NTW0=2*N 
DO 11 1= 
U( I 11 )=0 
READlul, 
RINT96» 

NT»NPRNT. 
NT »NPR.NT, 
{RT(I ),I = 
{RT(1).1= 
( W T ( 1) , I ^ 
< W T ( I ) , I = 
DELTA,TEN 
DELTA,TEN 
(UOBSK I ) 
(UOBSK I ) 
(FüRC£(I) 
(FCRC£(I) 

T 
l.NT 
.0 
(U(I,1),1 
(U(I»1),1 

MPRNT ,<MAX 
MPRNT ,<MAX 
ItNTJ 
1»N T ) 
l.NT) 
1,NT) 
SN»A,ATRUE 
SN,A,ATRUE 
.I=1?NT) 
t1=1»NT) 
ti=l.NT) 
»I=1»NTJ 

=NP1»NTWO 
=NP1.NTW0) 

PRODUCE TRANSFORS OF OBSERVATIONS 

CALL '.APLAC 

GENERATE INITIAL APPROXIMATION 

CALL IN1TL 

SUCCESSIVE APPROXIMATIONS 

DO 5 K=1,KMAX 
PRINT97,K 
CALL PANDH 
CALL LINEAR 
CALL NEXT 
GO TO 1 

FORMAT(6I12) 
FORMAT(6E12.8) 
FORMATdHl^X 4HNT =,I3/5X 7HNPRNT =,I3/5X 7HMPRNT 

1       5X 6HKMAX =,13) 
FORMAT(1H04X 5HROOTS/(5X6E2 0.3)) 
FORMAT(IHO^X 7HWEIGHTS/(5X6E20.8)) 

13/ 

ft 
~~mm? mm «wpe ■q^i 
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93  F0RMAT(1HU4X 7H0ELTA =.E16.8»!:X 7HTENSN =»E16.8» 
1        5X20HINITIAL GUESS OF A =,L16.0/ SXöHTRUE A =♦ E16.8) 

9^  FORMAT { 1H04X12HOBSERVATIO.NS/(SX6E20.8) ) 
95  FORMAT(IHO^XIZHFORCE P<T)  /15XÖE2Ö.8)) 
9o  FORMAT(1HO^X25HINITIAL GUESS OF U-PRIMEO/(5ACE20.8M 
97  FORMATtlHi4X13hAPPR0XIMATI0N» 13//) 

END 
SIBFTC LAPLAC  LIST 

SUBROUTINE LAPLAC 
COMMON T(2511).NT»RT(9)»WT(9).UOBS1'9)♦FORCE(9)»UOBST{9}.FORCT<9) 

1 »NPRNT»MPRNTfNPl.NTWO»KMAX,LFLAG»N21»NEG 
2 .DELTA,TENSN.A,UPREV(18).U0BSTX(9) 
3 »TT(9) ,U(18.^01) ,Pil9) ,H(19.10) .0(10) 
4 »MX.FORCTXtV)»ATRUE.CSPEED 

C 
C THE TIMES 
C 

DO 1 I=ltNT 
1 TT(I)=-ALOG(RT{ I)) 

C THE TRANSFORMS 
DO 2 IS=1»NT 
UOBST(IS>»0»0 
FORCT(IS)«0.0 
JJ=IS-1 
DO 2 1=1.NT 
RW=WT(I)»(RT(I)*»JJ) 
UOBST{IS)= UOBSTdS) + U03SHI)»RW 

2 F0RCT(IS)= FORCTfIS) + FORCE!I)»RW 
C 

PRINT10 
1C  F0RMAT(///1H^13X1HT»11X 9HUOBS(1.T),16X 4HF(T)f 

1       14X 1HS, 6X14HU03STRANS(l»SJ» 16X 4HF(S) /) 
DO 3 1=1.NT 

3 PRINTU. TT(I). U03S1CI)» FORCEU). 1, UOBST(I). FORCXJJ-I— - " 
11  FORMAT( 5XF1J.6. 2E20.8.1ÖX,I 3.2E20.3) 

C 
C EXACT TRANSFORMS OF OBSERVATICNS 

CSPEED=SQRT(ATRUE) 
COVERT=CSPEED/TENSN 
DO 6 IS=1.NT 
S=IS 
FORCTXC ISM1.Ö/S 

6  UOBSTX{IS)^TANh(S/C£PEED}*FORCTX(IS)»COVERT/S 
PRINT98. «UOBSTXtIS)»IS=1.NT) 
FORMAT(1H04X32HEXACT TRANSFORMS OF 035ERVATIONS/(5X6E20.8M 
PRINT99» (FORCTXCISJ»IS-I.NT» 

99  FORMAT(1HUHX25HEXACT TRANSFORMS OF FORCE / (5X6K20.8)) 
RETURN 
END 

SIBFTC DAUX    LIST 
SUBROUTINE DAUX - 
COMMON T(2511 ) .NT.RT(9)»WT(9) .UOBSl(9),FORCE(9) »UOBST«*).FORCT(9) 

1 .NPRNT.MPRNT.NP1.NTWO.K^AX.LFLAG.N21.NEO 
2 .DELTA»TENSN.A.UPREV(18).UOBSTX(9l 
3 .TT(9).U(l8,i»0l)»rM19).H(19.1G) .C(lO) 

—IWIU II.  "•.ma^ammf»*mmuK*»-MrT— —■ w^—_, 

98 
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c 
c 
c 
100 

c 
c 
c 
200 

4  »MX»F0RCTX(9)»ATRUEiCSPtED 
DIMENSION V«19) 
GO TO < 100,200,200) ,LFLAG 

NONLINEAR 

L = 3 
DO 1 IS«l,N21 

L = L-H 
V(IS)=T(L) 

L=NEQ+3 
DO 2 IS=1.NT 

L = L + l 
NN=NT+IS 
T(L)=V(NN) 
DO 3 IS=1.NT 

L=L + 1 
S=IS*»2 

TJL)=S»V{IS)/T(NEO+3) 
L=L+1 

T{L)«0.0 
RETURN 

LINEAR 

L=3 
DO 4 IS=1.N21 

L = L-«-l 
V(IS)=T(L) 

M=NEQ+3 
DO 5 IS=1,NT 

M = M+1 
NN=NT+IS 
T(M)=V(NN) 
DO 6 IS=1.NT 

M = M+1 
S=|S»»2 

T(M)=S*JV( IS)   -     V(N21 )»UPREV( IS)/A   ♦   UPREVCSD/A 
M = M+1 

T{M)=0.0 

C 
c 
c 

IF(LFLAG-3)   2u,300,300 
300      RETURN 

HOMOGENEOUS 

20      DO   0   J=1,NP1 

DO   7   ISM.N21 
L = L"H 

V(IS»=T(L) 

DO   8   IS=1.NT 
M=M+l 

NN=NT+IS 

i      ■■■■pijpii.,     i „.ipi^iiiiin 
T 
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8 T(M)»V<NN) 

DO 9 IS=I.NT 

S=IS»»2 
9 T(M5=S*IV(ISi - V(N21)«UPREV(ISJ/A i/A 

M'M+l 
10  T(M)»0.0 

RETURN 
END 

IBFTC INITL   LIST 
SUBRCUriNE INITL 
COMMON T(2511) .NT.RT(9),WT(9) .U05S1(9) ,FORCED) .U0BST(9),F0RCT(9) 

1 »NPRNT»MPRNT,NP1 ♦NTiVO»<MAX »LFLAG .N21 »NEQ 
2 »DELTA,TENSN,A,UPREV(18)«UÜBSTX(9) 
3 »TU 9 J »U (18 .401) t P (191 iH (19 » 10) »C (10) 
U      .MX,FORCTX<9)»ATRUE»CSPE£0 

C 
C 
c 

INITIAL APPROXIMATION FROM NONLINEAR EQUATIONS 

LFLAG«! 
DO 1 1=1,2511 
T( n=o,o 
T«3)=DELTA 

L = NT-f3 
DO 2IS=1.NT 

J=NT ♦ IS 
L = L-»-l 

T(L)=U(J»1» 
L = L*1 

T(L5=A 

1 = 1 
N21=2»NT ♦ 1 
NEO=N21 
CALL INTS(T.NEG»2»OfO»O»0,0.O} 
MX«I 
CALL OUTPUT 

SI 

DO k   Ml=l»MPRNT 
DO 3 M2=1»NPRNT 
CALL INTM 
1 = 1 + 1 

L=3 
DO 3 IS=1.NTW0 

L = L + 1 
3 U(I5,n = T(L) 

MX = I 
4 CALL OUTPUT 

RETURN 
END 

BFTC PANDH   LIST 
SUBROUTINE PANDH 
COMMON T(2511J,NT,RT(9J♦WTC 9)»UOBSl(9) »FORCE(9) »UOBSTig).FORCT(9) 

1  »NPRNTtMPRNT.NPl♦NTWO»KMAX»LFLAG.N21»NEO 

■—- ■'-'■ mm mmt"! 



-277- 

12 

3 
4 

2      .DCLTAiTCNS.NtA,UPREV(18) .Uübbrx(9) 
5      »TT(9)»unfc.40l)tPJl9).H(19»10)»C{10} 
A       »MX»F0RCTA19)»ATRUE.CSPEEO 

LFLA6=2 
DO   1    1=1,2511 

T(3)«DELTA 
NEO=<NT+2)»N21 

L=4   +   N21   +   NT 
T ( L ) = 1 . C 
DO   2   I=1»NT 

L=L   +   N21   +   1 
T1U = 1.0 

1 = 1 
DO 12 15*1,NT 
UPREV«IS)=U(IS,I) 
CALL lNTS(T,NEQ»2»0»O»0»OfO»0l 

NEQ3=NEQ+3 
DO 4 Ml=l,yPRNT 
DO 3 M2=1,NPRNT 
CALL INT.M 

1 = 1 + 1 
DO  3 IS=1,NT 
UPREVlIS)=U(IS,I) 
CONTINUE 

L = 3 
DO 5 IS^1,N21 

L = L-H 
5 P(IS)=T(L) 

C 

DO 6 J=1,NP1 
DO 6 IS=1.N21 

L = L + 1 
6 H(IS,J)=T(L) 

C 
10  FORMAT(F20.6,5E20.8/(5E20.8n 

RETURN 
END 

SIBFTC LINEAR  LIST 
SUBROUTINE LINEAR 
COMMON T(2511) ,NT,RT{9),WT(9),ÜCBS1(9) ,F0RCE(9) ,UOBST(9),FORCT(9) 

1 »NPRNT,MPRNT,NP1,NTAO»KMAX,LFLAG,N21,NEQ 

2 .DELTA,TENSN,A.UPREV(18),U0BSTX(9) 
3 .TT{9),U(18.401),P(19),H(19»10),C(10) 
U      »^X,F0RCTX«9),ATRUE,CSPEEO 
DIMENSION AX(50,50) ,BV(50),1PIVOT(50),PIV0T(5C)»INDEX'50.2) 

C 
DO 2 1=1,NT 

II=NT+I 
DO 1 J=1,NP1 

1 AM(I,J)=H{II,J) 
2 BV(I)»FORCT(I)/TENSN - P(IIJ 

^i^mmmmm +1 :^«***jm_- ^— ^ims^ Mi,A^*~*mmmm 
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I=NT+1 
DO   3   J=1.NP1 
AM(I»J)=0.0 
DO   3   IS=1»NT 
AM{ I »J)=AMl I t.J)   +   H( IS,J)»H( 1 S»NP1 ) 
BV(I)=0.0 
DO   <*   IS»1.NT 
BV(I)=BV(n   +   (U03ST(ISJ   -   PU S I ) »" t I S »NPU 

DO   5   I=1»ND1 
PRINT9»(AM(I«JJ »Jsl»NPlltBV(I) 
FORMAT(5X6E20.8) 

CALL MATINV«AM,NP1»BV»1»DETERMiPIVOT»INDEX*IPIVOT) 

DO 6 1=1.NP1 
6  C( I )=BV(I) 

A=C(NP1) 
PRINT9»(C(I)»I=1»NP1) 
RETURN 
END 

SIBFTC NEXT    LIST 
SUBROUTINE NEXT 
COMMON T(2511)»NT.RT(9)»WT(9)»UOBSl(9)»FORCE(9).UOBST5 9?.FORCT(9) 

1 .NPRNT»MPRNT»NPl»NTWO»KMAX,LFLAG»N21»NEQ 
2 »DELTA.TE\SN,A.UPREV(18)♦UOBSTX(9) 
2  ♦TT(9)»U:in,4ül).P(19).H(19,10).C«10) 
k      »MX»F0RCTX(9J.ATRUE.CSPEED 

C 
LFLAG=3 
NEG=N21 
DO 1 1=1.2511 

1 T(n=0.0 
T(3)=DFLTA 

L=NT+3 
DO 2 1=1.NP1 
J=NT+I 
U(J.l)=C(I) 

L = L + 1 
2 T(L!=C(I) 

1 = 1 
CALL INTS(T.NEQ.2.C.0.0.0.0,C) 
MX = 1 
CALL OUTPUT 

DO 4 M1=1.MPRNT 
DO 3 M2=1.NPRNT 
CALL INTM 

1 = 1 + 1 
L = 3 

DO 3 IS=lfNTWO 
L = L + 1 

U ( ! S. I ) = T ( L ) 
MX = I 
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4  CALL OUTPUT 
RETURN 
END 

SIBFTC OUTPUT  LIST 
SUBROUTINE OUTPUT 
COMMON 

1 
2 
3 

f-'MON   T{2 5in »NTtRTI9) »WT(9) fUOBSl (9) .FORCE(9) »UOOST 
iNPRNT»MPRNT,NPl»NTWO»KMAX.LFLAG»N21.NEG 
iDELTA»TENSN.A,UPREV(18)»UOBSTX(9) 
»TT(9),U{13»^0l),P(19)tH(19»10l»C(lCJ 
»MX.F0RCTX{9},ATRUE»CSPEED 

(9).F0RCTJ9; 

10 

11 

I «MX 
PRINT10,T(2) 
FORMATdHOAX 3HX =♦ F10.6) 
PRI,MT11,(U(IS,I ) ,IS=1»NT) 
PRINT11,(U(lS.n,IS=NP1,NTW0) 
FORMAT(lH0^X6E2C.a/(3X6E20.8)) 
RETURN 
END 

3^9 

m^mm •m HjP-11»" —— 
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PROGRAM F.2.  DETERMINATION OF WAVE VELOCITY FOR EXAMPLE 2 - 
~170MOÜE^^13TJT"ME!)TU>r. DELTA-FONCTIOK FORCE 

A partial program is listed: 

LAPLAC subroutine 

The following subroutines are required from Program F.l; 

MAIN program 

DALIX subroutine 

INITL subroutine 

PANDH subroutine 

LINEAR subroutine 

NEXT subroutine 

OUTPUT subroutine 

The following library routines are required: 

MATINV 

INTS/INTM 

mmmmmm» 
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5bI6FK LAPLAC  LIST 
SUüROUTiNE LAPLAC 
COMMON T(2511)»NT.RT«9)»WTI9)»JOBSI(9)»FORCE(9).UOBST(9)»FORCT{9) 

I  »NPRNTtVPRNT.NPl»NTWO»KMAX♦LFLAG»N21»NEO 
.DELTA»rENSN»A»UPREV(18!♦U02STX<9J 
»TT(9)»U(16»4G1),P(19J»H{19»10)»C(10) 
.yXtF0RCTX{9) .ATRUE»CSPEED 

C 
c 
c 
c 

c 
c 

c 
c 

2 
3 

FOF   DELTA FUNCTION FORCE 

THE TIMES 

DO 1 1=1.NT 
TT(I»=-ALOG(RT(I)) 

EXACT TRANSFORMS 
D=SQRT(ATRUE) 
T=CSPEED/TENSN 
15=1.NT 

OF OBSERVATIONS 
CSPEE 
COVER 
DO 6 
S=IS 
FORCT 

6 U06ST 
PRINT 

98 FORMA 
PRINT 

99 FORMA 

X{IS)=1.G 
X(IS)=TANH(S/CSPEED)*FORCTX(IS)»COVERT/S 
93. (üCöSTX(IS)♦IS=1»NT) 
T(1H04X32HEXACT TRANSFORMS OF OBSERvATIONS/(5X6E20.8)) 
99. (FORCTXtIS) .IS=1 .NT) 
T(1HC4X25HEXACT TRANSFORMS OF FORCE / (5X6E20.8)) 

DC 200 1 = 1 ,NT 
FORCT(I)=FCRCTX( I ) 

THE TRANSFORMS 
DO 2 IS=1-NT 
UOBSTJIS)=0.0 
JJ=IS-1 
DO 2 I=1.NT 
RW=WT(I)»IRT(I)»»JJ) 
UOBST(IS)= UOBSTCIS) + UOBSK I )*RW 

K 

3 
11 

PRINT10 
F0RMAT(///1H^13X1HT.11X 9HU0BS(1»T»»16X 4HF(T). 

1      1AX 1HS. 6Xl4HU03STRANSa»S) ♦ 16X 4HF{S) /) 
DC 3 1=1,NT 
PRINT11» TT(I). UOBSKI). FORCEd). I, UCJSTU}» FORCT(I) 
FORMAT« 5XFlu.6. 2E20.8 .1 OX . I 5.2E20.8) 
RETURN 
END 

47 

.11, l»JWHII^IIli.   i I       JJ|||1I 
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PROGRAM F.3.  PRODÜCTION^OF OBSERVATIONS FOR EXAMPLE 3 
INHOMÖGENEOÜS ME Dim WITH BELTS FÜNCTIOF 

The complete program is listed: 

MAIN program 

DAUX subroutine 

The following library routines are required: 

MATINV 

INTS/INTM 

" mtk       ■■ ««j! i MJ- ii mm _.   _ __ mi mi^mmfg/tmrnv^^v^mf^'"^ 
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26-9 tVIBR3«K0160»5»100,100 »C 
MAP 
REF 

*J0^ 
i- IbJCQ 
»IbFTC MAIN 
C 
C PHASE I.  INHOMOGENEOUS STRiNG» LINEAR PROFILE. LAPLACE TRANSFORMS. 
C 

DIMENSION C(5-iSO).0(50).'PIVOT(50)»PIVOT(50).INDEX(5C»2) 
COMMON T(1945) ,H(18.9) ,    N2.NT,NPRNT.MPRNT,DELTA . A . 0 . 0(18) 

C 
C 
C 

INPUT 

READ100.NT,NPRNT »MPRNT 
PRINT90.NT,NPRNT»MPRNT 
READl^l,DELTA ,A,B 
PRINT91 .DELTA.A.fi 
' 5=?*NT 
NEG = N2*i\T 

INITIALIZE 

DO 2 I=1.194 5 
2 T ( I) = v. . C 

T(3)=DELTA 
00 3 J=1,NT 
CO 4 I=1,N2 

4 H ( I »J ) = 0 , 0 
K=NT + J 

3 HU.J) =1.0 
L = 3 

DO 5 J=1,NT 
00 5 I=1,N2 

L = L + 1 
5 T(L)=H(I,J) 

C 
C 
c 

r 
C 
c 

CALL INTS(T.NEQ»2.C»0»C.C .^ .0) 
N3=NECJ + 3 
PRINT92.T(2)»(T(I).I=4»N3) 

INTEGRMC 

00 10 Ml=1»MPRNT 
DC  9 M2=l.NPRNT 
CALL INTM 
PRINT93.T(2) ♦(K I ) ,1=4,N3) 

LINE. An SYSTEM 

DC 11 J=i,NT 
DO 11 I=1.N2 

L = L + 1 
11 H( I .J)=T(L) 

DO 12 1=1»NT 
I I=NT+I 
DO 12 J=1.NT 

12 C( I »J)=H( I I , Ji 

DO 13 1=1.NT 
13 D ( 1) = 1 -. 0 

DO 15 1 = 1. NT 
15  PRINT97,(C(1»J).J=l»NT) 

. «.LiL.ll .11. ■ mm ;ppjj_ ■' *-M mp 
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C 
c 
c 

u 

c 
c 
IOC 
101 
9u 
91 
92 
93 
94 
95 
96 
97 

ilBFT 

CALL MATINVCC »NT tu» 1 »DETERy, »P I VOT » INDEX» IPIVOT ) 
PRINT94,(I»DC I ) r = l»NT) 

OBSERVATIONS  UOBST(l.S) 

DO 14 1=1»NT 
U ( I ) = v . G 
DO 14 J=l,NT 
U( I )=U( I ) + D(J)#H( I , J ) 
PRINT95»«I»U{I)»I=1»NT) 
PUNCH9&»(U(I)»1=1.NT) 
GO TO 1 

FORMAT 
FORMAT 
FORMAT 
FORMAT 
FORMAT 
FORMAT 
FORMAT 
FORMAT 
FORMAT 
FORMAT 
END 

C OAUX 
SURROU 
COMMON 

«6112) 
I6E12.8) 
( 1H14X,6I2C) 
«1H04X.6E20.Ö) 
(///5X3HX =»F7. 3/(2X7tl o.d ) ) 

{lh^4X3riX =»F7.3/(2X7E16.a) ) 
(///19X1HI »22XöHSLOPt: ( I )/( lt,Xl5»E3C.6) 1 
(///19X1HI»22X8riU03ST(I)/(15Xl5.t30.ö)) 
( 6 E1 2 # 6 ) 
(2X7:18.8) 

REF 
TINE DAuX 
T(1945) .H(13,9) , N2 . N T , •,P R v T ♦ • 'PR ,\ T ♦ DE L T A ♦ A » 3 ♦ U (16 ) 

L = 3 
DC 1 J=1.NT 
DC 1 I=1»N2 

[. = L+1 
H ( I »J ) = T ( L ) 
DENOM=A + b*Tl2) 
DO 3 J=1»NT 
DO ? 1=1»NT 

L=L + 1 
I I=NT+I 

T(L)=H(II,J) 
DO 3 1=1.NT 

L = L^1 
F=1**2 

T(L)=F*H( I »J) /DENOM 
RETURN 
END 

  
wm ■WJF^i 
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PROGRAM F. 4. DETERMINATION OF WAVE VELOCITY FOR EXAMPLE  3 
INHOMOGlggmfS MEDlW"mTTnM7m-FlJNCTIÖN IWCFT 

The complete program is   listed: 

MAIN program 

IMITL subroutine 

PANDH subroutine 

LINEAR subroutine 

OUTPUT subroutine 

DAUX  subroutine 

NEXT  subroutine 

The  folliwng  library routines  are required: 

MATINV 

INTS/INTM 

"^'imS11 ■""—"-   ■'--■-'-'-■"■       ji.ai ' mmxtmnmi/mfm 



SIÖFTC MAIN 
C 

c 
c 

286- 
REF 

C 
C 

C 

11 

c 
c 
c 
c 

Q 

c 

VIBRATING STRING - LAPLACL TRANSFORMS - C**2 = A + hJ*X 

)MMON T(251 1 ) »NT,RT{9) ,vVT ( 9) »UÜBSl (9) .FORCE (9) .U03ST(9) »FüRCT(9) 

1 »NPRNT»MPRNT»NP1 . NT A'O . KMAX ♦ LFLAG » N2 2 ♦NP2 »B »3 ( RüE »NEQ 

2 .DELTAtT£NSN»A.ÜPREV(18).üObSTX(9) 
3 »TT(9) ,U( 18.401 ) »P( 19) ».J.< 19»1C) »C(10) 

.MX»FORCTX(9).ATRUE.CSPLEÜ 

INPUT 

READ1^0»NT »NPRNT.MPRNT,<MAX 
PRINT9u.NT»NPRNT,MPRNT »KMAX 
READlwI,(RT(I),1=1»NT) 
PRINT91, (RT( 1 ) ,I = 1,NT) 
RFADlwl»(WTC I)»I = 1,NT) 
P R I N T 9 2 . ( W T > I ) , I = 1 . N T ) 

READl^l ,DELTA»TElMSN»A»ATRUc »ü »BTRüE 
PRINT93»OELTA,TENSN»A»ATRUE.ö.oTRJE 
READlol,(GOoST( I ) »I=1 ,NT) 
PRINT94,(UODGT( I ) 
READlwl,(FORCTi I ) 
PRINT95.(FORCT( I ) 
NTWO=2*NT 
N22=NTWO + 2 
NP1=,NT + 1 
NP2=NT+2 
DO 11 1=1,NT 
Ü( I»1 )=0.C 
REAül^i » {;j( I ♦!) ,I=NP1 ,NTW0) 
PRINT96,(ü( I .1 ) »I=NP1»NTAC) 

GENERATE INITIAL APPROXIMATION 

I = 1 , N T ) 

I=1♦N11 
1=1»NT) 

3  CALL INITL 

SUCCESSIVE APPROXIMATIONS 

DO   5 K=l»KMAX 
PR INTv7,< 
CALL PANDH 
CALL ^INEAR 
CALL NEXT 
GO TO 1 

100  FORMAT 
1^1  FORMAT 
90  FORMAT 

9] 
92 
93 

94 
95 
96 
97 

1 
FORMA7 

FORMAT 
FORMAT 

1 
2 
FOHMAT 
FORMAT 
FORMAT 
FORMAT 

6112) 
6 E12 . b ) 

1H14X 4HNT =,I3/5X 7riNPRNT =»!3/5X 7HMPRNT =,13/ 
^X 6HKMAX =»I3) 
1HOAX bHROOTS/(5X6E2u.6)) 
1HU4X 7HWEIGHTS/(5X6E20.8) ) 
1HÜ4X 7HÜELTA =,E16.b.5X 7hTEN5 
5X2ChlNlTIAL GUESS OF A =,E16.8. 
5X2ÜHINITIAL GUESS OF d = , rl 1 6 . 3 , 
1H04X12HOBSERVATIONS/(5X6E2C.8)) 
1HC4X12HF0RCE F(Ti  /{5X6E20.8)) 
1H04X25HINITIAL GUESS OF U-PRIMEO/(5X6E20 
lH14Xi3HAPPRCXIMATION, 13//) 

= »£16.8, 
5XÖHTRUE 
SASH IRuE B 

£i6.b/ 
£16.d) 

6 ) ) 

- 
, jm__ j. »..in ju 
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EiMD 
IÜFTC    INITL LIST 

SUBROUTINE INITL 

COMMON T(2511),NT,RT(9)»;*T(9) ,U0BS1(9) ,FORCE«9) .UOBST(9),FORCT(9) 
1 ,NPRNT»MPRNT,NP1»NrrtO.KMA",LFLA6,N22»NP2.8.8TRUE,NEQ 
2 tDELTA»TENSN.A,UPREV(18)»UOBSTX(9) 
3 »TT(9).ü(16,40l)fP(19).H(19».lO) .C(lO) 
U      .MX,FüRCTX(9) ,ATRUE»CSPE£0 

INITIAL APPROXIMATION FROM NONLINEAR EQUATIONS 

LFLAG-1 
DO 1 1=1,2511 
T ( n = o, o 
T(3)=DELTA 

L=NT+3 
DO 2IS=1,NT 

J=NT + IS 
L = L + 1 

T ( L ) = U ( J , 1 ) 
L = L + 1 

T(L)=A 

L = L + 1 
T(L)=B 

1 = 1 
N22=2*NT + 2 
NEO=N22 

CALL lNTS{T»NEO»2»0»0.0»0»u,ü) 
MX=I 
CALL OUTPUT 

»I 

DO 4 M1=1,MPRNT 
DO 3 M2=1,NPRNT 
CALL INTM 
1 = 1 + 1 

L = 3 
DO 3 IS=1»NTW0 

L = L + 1 
3 U( IS,I ) = T(LJ 

M X = I 
4 CALL OUTPUT 

RETURN 
END 

DFK PANOH   LIST 
SUBROUTINE PANDH 

COMMON T(2511) ,NT,RTt9),A'T(9) ,üODO1 (9) ,rORCc(9) »UOoSI (V) ,-ORr ("(9) 
,,NPRN-,MPKi\T,\Pl,NTW0,<MAX,LFLAG,1\2 2,NP2,B,BiRuE,NEG 
,DELTA,TENSN,A,UPREV(18 i »UOESTX(9) 
,TT(9),U(16,40l),P(19),H(19,iO}»C(lO) 

U      »MX.FORCTX(9) ,ATRuE»CSPEED 

2 

LFLAG=2 
DO   1    1=1,2511 
T i i ) = Ü . 0 
T(3)=DELTA 
NEQ=(NT+3)»N22 

L = U   +   .N22   +   NT 
T(L)=1.0 
DO   2    1=1:NP1 

■ ««KW IJHBjjp» 



-288- 
L = L + -4 2 2 + 1 

2 T(L ) = 1.0 
1 = 1 

DC 12 IS=1.NT 
12  UPREV( IS)=U( IS» I ) 

CALL lNT3(T»NEQ»2»0t0.0t0t0,0) 
iNEQ3 = NEQ + 3 

DO U   .M1 = 1,MPRNT 
DO 3 M2=lfNPRNT 
CALL INTM 

1 = 1 + 1 
DO  3 IS=1»NT 

3 UPREV(IS)=UlISiI) 
4 CONTINUE 

L = 3 
DO 5 IS=1.N22 

L = L + 1 
5 P(IS)=T(L) 

DO 6 J=1,NP2 
DO 6 IS=1.N22 

L = L+1 
6 H(IS.J)=T(L) 

RETURN 
END 

»IBFTC LINEAR  LIST 
SUBROUTINE LINEAR 

COMMON T(2511)»NT»RT(9).WT(9) »^OöSl (9) ,FORC£{9) fJÜBST(9)fF0RCT(9 
1 tNPRNT»MPRNTiNPl»MwO.Ky1AX»LFLAG»N22 ♦NP2 tö.BTRUE.NEG 
2 .D£LTA,TENSN,A,jPREV(18)»UOb5TX(9) 
3 •TT(9!.U(18.4ol)»P(19).M(19.K).C(lC) 
4 tMX.FORCTX(9)»ATRuE»CSPc£C 

DIMENSION   AM(50.50) .BV(5C)»IP WOT(50) .PIVÜT(50) »INDEX(50.2) 

DC   2   1=1,NT 
II=NT+I 

DO   1   J=1»NP2 
:H( I I »J) 

FORCT(I)/TENSN - Pill) 
1 AV.{ I »J) 
2 SV( I )=F 

C 
c 

c 

c 

5 
9 

DC 4 11=1,2 
I=NT+II 

DC 3 J=1,NP2 
AM(I.J)=0,0 
DO 3 IS=1»NT 
AM(I»J)=AM(I.J) + H{IS.J)*H(IS.I) 
3 V ( 1) = 0. C 
DO U   IS=1,NT 
SV(I)=3V(I) + (UOBST(IS) - P(IS)>»H(IS,n 

DO 5 I=1»NP2 
PRINT9»(AM(I»J)»J=1»NP2)»8V(J) 
FORMAT(1X1P7E18.8 ) 

CALL MATINV(AM,NP2.BV»1tOETERM»PIVOT,INOEX,I PI VOX) 

DO 6 I=]»NP2 

-_^00 ^^gg 
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6  C(I)=bV(I) 
A=C{NP1) 
B=C(NP2) 
PRIiNT9, (C( I ) . 1 = 1 ,NP2) 
RETURN 
END 

ilOFTC OUTPUT  LIST 
SUBROUTINE OUTPUT 
COMMON 

1 

2 
3 

MKON T(25111»NT»RT(9)»WT{9) .UOL31(9) .FORCEi 9) .UOdST(9)»EORCT(9) 
,NPHNT»MPRNT»NP1.NTWO.K.MAX»LFLAGfN22»NP2»Ö»BTRUE»NEQ 
»DELTA»TENSN»A.UPREV(18).UOüSTX(9) 
»TT(9).U(lö.40l),Pil9)»H(19.1o).C(lC) 
.MX»F0RCTX(9).ATRUE»CSPEED 

i-. 

I=MX 
PRlNTlü,T(2) 

10 FORMAT{1H04X 3HX --. F10.6> 
PRINT11.(Uf IS.I ) . IS = ltNT) 
PRINT11.(U(IS.I).IS=NP1.NTW0) 

11 KORMAT(1H01P7E18.6) 
RETURN 
END 

3.IBFTC DAUX    REF 
SUBROUTINE DAUX 
COMMON T(2511).NT*RT(9),AT(9) »UUoSl(9) .FORCE(9» .UOBST(9) »FORCT(9) 

1 »NPRNT.MPRNT.NPl »NTAO»<;'1AX , LrLAG .iN22 »NP2.flfBTRUE.NEQ 
2 »DELTA»TENS.N»A,LPREV(18) »JOBSTX(9) 
3 »TT(9)»Ü(lÖ»40l),P(19)»h(19»lC) »CdOj 
4 »MX.FORCTX(9)»ATRUE.C5PEEC 
DIMENSION V(19) 
N21=NTW0 + 1 
GO TO ( 100.2^.200) .LFLAG 

C 
C NONLINEAR 
C 
100    L=3 

DO 1 IS=i,N22 
L = L+1 

1 VnS)=T(L) 
L=NEQ+3 

DO 2 IS=1»NT 
L = L^1 

NN=NT+IS 
2 T(L)=V{NN) 

DO 3 IS=1,NT 
L = L+1 
S=IS**2 

. c'NOM = V(N21) + V(N2 2J*T{2) 
3 T(L)=S*V(IS)/DENOM 

L = L+1 
T'L)= 0 . 0 

L = L+1 
T(L)=^.0 
RETURN 

C 
C LINEAR 
C 
200    L=3 

DO 4 IS=1»N22 
L = L*1 

-• ■    ..^_.^^-i"    '    iiyiiifjiw  ..-i-i^ !  mm» 
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V { I S ) = T ( L J 
M = NEQ-» 3 

DO 5 IS=1.NT 

NN=NT+IS 
T{M)=V(NN) 
DO 6 IS=1»NT 

M = M+1 

DENOM=A + B*T(2) 
T(M)=S*(V{IS)/DENOM - ( V(N21) 

1  DENOM*»2 f UPREV(IS)/OENOM) 
M = M + 1 

T ( M ) = ü . C 
M = M+1 

T i M ) = 0 .0 

+ VIN22)*T(2))*üPREVlIS)/ 

300 
IF(LFLAG-3) 
RETURN 

2^ » 30^ » 300 

C 
c 
c 

HOMOGENEOUS 

20  DOlu J=1»NP2 
C 

00 7 15=1.N22 
L = L-1 

7 V(IS)= T(L) 
C 

DO 8 IS=1.NT 
M = M+1 

NN=NT+IS 
8 T(M)»V(N/V) 

C 
DO 9 IS=1.NT 

M = M+1 
S=IS*»2 

DENO"   * B*T(2) 
9 T{M)*w*IV(IS)/0ENOM - ((V(N21) + V(N22)*T(2)) *üPREV(IS))/ 

I  DEN0M*»2) 
M = M+1 

T ( M ) = 0 . 0 
.M = M+1 

10  T(M)= 0,C 
RETURN 
END 

SIBFTC NEXT    REF 
SUBROUTINE NEXT 
COMMON T(2511).NT»RT(9)tWT(9)»UOBSl(9)»FORCE(9).U0BST(9)»F0RCT(9) 

1 ,NPRNT.MPRiMTjNPl»NTW0»KMAX,LFLAG»N22»NP2»B»BTRUE»NEQ 
2 . DELTA>TENSN.A,UPREV(18).U0B5TX(9) 
3 »TT«9)»U(18»40l)»P(19)tH(19»lO)»C(lO) 
A  ,MX»F0RCTX(9)fATRUE»CSPEcD 

C 
LFLAG=3 
NEG=N22 
DO 1 1=1.2511 

1  T( I )«u,0 
T{3)=0ELTA 

L=NT+3 
DO 2 1=1.NP2 
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J = N T + I 
U ' J . 1 ) = C ( I ) 

T(L =C( I ) 
1 = 1 

CALL INTS(T»NEQ»2»0.0.0f0.0»0) 
MX = 1 
CALL OUTPUT 

DO i*   M1 = 1,MPRNT 
DO 3 M2=1»NPRNT 
CALL INTM 

1 = 1 + 1 
L = 3 

00 3 IS«l»NTWO 
L = L+1 

3 U(ISfI)sT(L) 
MX = I 

4 CALL OUTPUT 
RETURN 
END 

321 

r* 
1 i»— —g«»»    IIIIBIWMWJIL,! 
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APPENDIX G 

PROGRAMS  FOR WAVE  PROPAGATION: 

MEASUREMENTS OF STEADY  STATES 

""      ^ ■■^WW^H^—wjj^^^^ m we-*rm—ir^o-^— 
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PROGRAM G.l1  PRODUCTION OF REFLECTION COEFFICIENTS 

The complete program is listed: 

MAIN program 

DAUX subroutine 

The following library routine is required: 

INTS/INTM 

ir* 
urn ■.«■ul HIMII   -■-^mf^wm 
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iJOB 2 60 9 . INDF.X.KOlöOf 3 »lOOf lOOtC 
ilBJOB INDEX MAP 
ilBFTC MAIN LIST 
CPHASE I 

COMMON T(399)»N»NPRNT»MPRNT »DELTA»ZMAXiA»BfF<5)»Wi55 »R<5J »5(5) i 
1  ETA« 

C 
C INTEGRATE   BACKWARDS   TROM   CNE   TC   ZE-lO 
C 
C INPUT 

1 READING,N»NPRNT»MPRNT 
PRINT9ü»N.NPRNT»MPRNT 
READl^l,D£LTA.ZMAX»A»B 
ETA = A 
PR1NT910ELTA,ZMAX,A.B.ETA 
RCADlül,(F(1)»1=1.N) 
PRINT92»{F(I).I=1.N) 
TPI=2.0»3.1415927 
DO   2   I=1»N 

2 . ( I)=TPI»F(I) 
PRINT93.(*(I).I=1.N) 

C 
C INTEGRATE 
C 

00   3   1=1.399 
3 T(n=0.0 

T(2)»1.0 
T{3)»DELTA 
RR=0.0 
00   U   I«l,N 
Rn)=RR 

4 S(I)=Ü«0 
NEQ=2*M  ♦   1 
J«:NEQ       +   3 

L*3 
00  AC   IM.N 

L^L + l 
40 T(L)=R(n 

00   41   I«1»N 
L = L*1 

41 TCD'Sd) 
T(J)=ETA 

C 
CALL   INTSt Ti.NEQ.2»C.0»0.C.0»0) 
CALL   OUTPUT 

C 
00  8  MW.MPRNT 
DO   5   M2=1,NPRNT 

5 CALL   1NTM 
L»3 

DO  6   '«ItN 
L-L + l 

6 Rn)«T(L) 
00   7   Ul.N 
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c 

c 

- = L + 1 
7 S(I)= T(L) 

ETA=T{L) 
8 CALL OUTPUT 

GO TO 1 

100  FORMAT(6I12) 
IC1  FORMAT(6512.8) 
9C  FORMATJIHI^X 3HN =»I3.5X 7HNPRNT =,I? , 5X 7HMPRNT -,I3) 
91 F0RMAT{1HC4X THDELfA =,E16.8»5X 6HZMAX =.Elb.8/ 

1 5X 3HA =.E16.8»5X3Hc =»E16.3»5X 9HINDEX(0) - . 116.8J 
92 FORMAT ( lH04XllHFR£QuENCIES/5XrjE20.8» 
93 FCRKAT(1HC4X19HANGULAR FRhOUEXCI ES/5X5E20.8) 

END 
ilbFTC OAUX    LIST 

SUBROUTINE DAUX 
COMMON T(399) .N»NPRNT»MPRNT»DELTAtZMAX.A,D.F{5).rt{5).R<5)»S(5)» 

1  ETA 
C 

C 
DIMENSION RV(5)«SVCS) 

L = 3 
DO I 1=1.N 

L = L + 1 
RV(I)=T(L) 
DO 2 1=1.N 

L = L^l 
SV(I)=T{L) 

L = L*1 
ETA=T(L) 

ETAPR=2.0»B»{T(2)-1.C) 
ETA2=ETAPR/ETA 

DO 3 I=1.N 
L^L + 1 

3 T(L)=0.5»ETA2 + 2.0»ETA»W(1)»SV(1) 
1  - 0.5»ETA2*{RV(I}*»2 - SV«I)**2) 
DO U   1=1.N 

L = L+1 
4 T(L)=-2.0*ETA*w(I)«RV(I) - ETA2*RV(1)»SV(IJ 

L = L'H 
5 T(L)=ETAPR 

RETURN 
END 

SIBFTC OUTPUT  LIST 
SUBROUTINE OUTPUT 
COMMON T(399) .N»NPRNT.MPRNT»DELTA.2MAX.A.B.F(5)»Wt5l»R(t))»£l5>» 

1  £TA 
C 

PRINT 10.T(2).ETA 
10  FORMATr///lHv.4X3HZ = »F 10 . 6 . 5X 7HI NDEX =»E16.8) 

PRINT11 

wmmmm^ma* 
fi 

•HF*" » 



-^96- 

DO 1 I=i,N 
AMP*SGRT(RII 1**2 * S(I)*«2) 
PHI=ATAN2(StI)»Ri1)) 

1  PRINT12.F(I),W{lt.R(I).5(I)»AMP.PHI 

11 FORMAT(1H013X11HFREOÜENCY F» 7X13HANGULAR FREO». 
1  liX^HRCAL PART, 11X9HIMAG.'.NARY, 11X9HAMPLITUDE»15X5HPHASC) 

12 FORMAT(5X6E20.8) 
RETURN 
END 

iENTRY 

ilBSYS 

MAIN 
3 10 100 

-•OCl 1.0 1.0 
1.0 2.0 3.0 

0.5 

ENDJOB 

125 

la 

^— yj.- 

Ä* -:-•: fr - 
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PROGRAM G.2.  DETERMINATION OF INDEX OF REFRACTION 

The complete program is listed: 

MAIN program 

DAUX subroutine 

OUTPUT subroutine 

The following library routine is required: 

INTS/INTM 

 "^—' aa •^-j'"' "^—■—        "gwn». 
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J03 
IB JOB 
IBFTC MAIN 
PHASE2 

2 609.INDEX2»<0160»5»0»1C0»P 
MAP 
REF 

INDEX CF REFRACTION  ETAtA,BJ 

C 
C 
c 

c 
c 
c 

c 

c 

COMMON TU35 ) t N . NPRNT .MPRNT »KMAX ♦ OELT A .2MAX ♦ A ,B »E TA .F ( 5) »W(5) » 
1 NTWOtN2P2»bOBS(10> »LFLAGtN2P1tX{7,^01)»P(6»^01)»H(6t2»40U » 
2 BVEC(2).AMAT(2»2) »R(5)»S« 5J »MX»NEQ 

INPUT 

READluO,N,NPR,NT.MPRNT.KMAX 
PR I NT90.N.NPRNT»MPRNT.KMAX 
READiOl.DELTA.ZMAX.A.ti .ETA 
PR I NT91.DELTA.ZMAX.A.B.ETA 
REA0101.(F( I 5 » 1 = 1 .N) 
PRINT92»(F(I)»I=1.N) 
TPI=2.0»3,l^l&927 
00 2 I=1»N 
W(I) = TPI»F(I ) 
PRINT93.(W( I J »m«N) 

NTW0=2*N 
N2P2=NTWO + 2 

OBSERVATIONS 
READ101,(B0BS{1).I=1»NTW0) 
PRINT9A»(B0BS(I).I'l.NTWO) 

INITIAL APPROXIMATION 

K1=0 
PRINT95.K1 
PRINT97.AfB 

N2P1=NTW0 ♦ 1 
LFLA6M 

00 3 1=1.435 
T(I)=0,0 
T(2J»1.0 
T(3)»0ELTA 
DO k   I=1.NTW0 
X(I.1J=0.0 
X(N2Plfl)=ETA 

MX=1 
NE0=N2P1 
J = NEQ-»-3 
T(J)=ETA 

CALL INTSJT.NE0.2»0»0.0.0.0*0) 

DO 8 Ml=l,MPRNT 
DO 5 M2=l»NPRNT 
CALL INTM 

MX=MX+1 
M = MX 

L = 3 
DO 6 I=1,NTW0 

\M  II JM "PNf f^ 
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5 
8 

C 
c 
c 
c 

c 
c 
c 

L = L+1 
X(I.M)~T(L) 

L = L + 1 
I=N2P1 

ETA=T(L) 
X(I»M)=ETA 
CALL OUTPUT 

SUCCESSIVE APPROXIMATIONS 

DO 25 Kl=l,<MAX 
PRINT95tKl 

PARTICULAR ANJ HOMOGENEOUS SOLUTIONS 

LFLAG=2 
M=l 

MX = M 
DO 9 I=l,NTWO 
PJ I»U=0.0 
DO 9 J=l»2 

9  H(I»J»1)=0.0 

NEO=3*N2P2 
DO 10 1 = 1 ,<»35 

10 T(n=0.0 
T(2)=1.0 
T(3)=DELTA 

L = 3 
DO 11 IrifN2P2 

L = L + 1 
11 T(L)=0.0 

DO 12 J^x^ 
DO 12 I=1.N2P2 

L = L + 1 
12 T(L)=0.0 

1=3 + N2P2 + N2P1 
T(I)«1.0 

J=3 + NEO 
TU)--1.0 

13 

DO 13 I=1,N 
R( I )=X(1,1) 
JM+N 

s{ i)«x(j,n 
ETA = X(N2Pl»n 

CALL INTS(T»NEO.2»0.C»0i0fC,0) 
L3=NEQ+3 

DO 18 M1=1.MPRNT 
DO 17 M2=ltNPRNT 
CALL INTM 

M = M + 1 

n ■fp» —,  
- j_=«:-^F^g---.. 
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C 
C 
c 

MX=M 
L = 3 

DO 14 I=i,NTWO 
L = L>1 

14 P(I.M)=T(U 

DO 151J=1,2 
DO 15 I«liNTW0 

L = L + 1 
15 H(I»J.M)=T(L) 

151    L=L*2 

DC 16 I=liN 
R( n=X(I ,MJ 

J = N+I 
16 S(I)=X(J,M) 
17 ETA=X(N2P1»M» 
18 CONTINUE 

BOUNDARY CONDITIONS DETERMINE NEW A. B 

DO 20 1*1,2 
BVECCI)=0.0 
DO 19 K=l.NTWO 

19 BVEC( I )=BVEC( I)    +   rl ( K . I ,M ) * { BC3S ( K.)-P ( K.M ) ) 
DO   20   J=1.2 
AMAT(I.J)=0.0 
DO   20   K=1,NTW0 

20 AMAKI,J1=AMAT(I»JJ    +   H(K,I,M)«H{K,J,M) 

C 
c 
C 

D=AMAT(l.l)»AyAT(2t2) 
A=(BV£C(1)»AMAT(2.2)   - 
B=(BVEC<2)»AMAT(1.1)   - 
PRINT97,A»B 

-   AVATC1.2)»AWAT(2.1) 
BVEC(2 »»AMAT(1.2))   /   D 
BVECi1)*AMAT(2»1) )    /   D 

NEW   APPROXIMATION 

MM 
MX=M 
T(2)=1.0 
X(N2P1.M)=A 

21 
22 
25 

Du   22   MI=1.MPRNT 
DO   21   M2=1.NPRNT 

M=M+1 
MX = M 
T(2)»T(2)+DELTA 
X(N2P1.M)=A + ß»(T(2)-i.0)*»2 
ETA=X(N2P1,MJ 
DO 21 I=l.NTWO 
Xn.M)=P(I.M) + A»H(I.1.M) + B«H(I,2.M) 
CALL OUTPUT 
CONTINUE 
GO TO 1 

100  FCRMAT(6I12) 

^ 
- .•**■•■ •* » 

'■mi U ■ - HP 
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101 FORMAT(6P12.8) 
90 FORMAT{1H06I20> 
91 FORMAT(lH06e20.8) 
92 FORMAT(IH06E20.8) 
93 FORMAT(IHOSriOMEGA«I)/lX6E20.8) 
9^ FORMÄT(1H04X12HÜBSERVATION5 /(5X5E20.Ö)I 
95 FORMAT(iH14X13HAPPRCXlM*TIONf 13) 
96 FORMAT(1HOF10.4/(5X5E20.8J) 
97 FORriAT{lHC/>X 3HA «.E16.8» 5X3HB =.E16.8) 

END 
liBFTC DAUX    REF 

SUBROUTINE DAUX 
DIMENSION RV(5)tSV{5)»RPREV(5).SPREV(5} .FUNR(5).FUNS(5) 
COMMON T(435) tN»NPRNT»MPRNTtKMAX»DELTA»ZMAX.A»B»ETA.FC5).W(5). 

1 NTWO,N2P2»DOeS(10)»LFLAG»N2P1»X(7•401)»P(6»40l)»H(6»2»401)• 
2 BV£C(2)♦AMAT(2.2)»R(5)»S(5I»MXtNEO 

C 
GO TO (10.20) .LFLAG 

C 
C NONLINEAR 
C 

10    L*3 
DO 1 1=1.N 

L = LM 
1 RV(I)=T(L) 

DO 2 I=1.N 
L = L + 1 

2 SV(I)=T(L) 
L = L*1 

ETA=T(L) 
ETAPRI=2.0»B«(T(2)-1.0) 
PR=ETAPRI/ETA 

C 
DO 3 1=1.N 

L«L-U 
3 T(L)=0.5#PR + 2.0*wn)*SV(I )*ErA - PR*(RVCI)*»2-SV5I)*»2)*0.5 

DO 4 I=1.N 
L»L^1 

4 T(L)=-2.0»ETA«W'. I )»RV( I ) - PR»RV(n*SV(I) 
LsL-H 

T(L)=ETAPR1 
RETURN 

C 
C LINEAR 
C 

20  ETA = A ■»• B»(T{2)-1'0)»»2 
ETAPR=2.Ü»B*(T(2)-1.0) 
PR=ETAPR/ETA 
DNDA»1,0 
DNDB»(T(2{-1.0)»»2 
0NPNDA»-ETAPR/ETA»»2 
DNPN0B=2.0*(T(2)-1.0)/ET/ -(ETAPR*{T(2)-l.0)«*2)/ETA»»2 

C 
CPARTICULAR 

L = 3 

_- I 
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DO 5 I=1»N 
L = L + 1 

RV(I)=T(L» 
DO 6 I^1»N 

L = L + 1 
SV(I)=T(L) 

L = L + 1 
ANEW»T(LI 

BNEW=T(L) 
DO 7 I=1,N 
RPREVCI)=R(I) 
SPREV«I)=S(IJ 
MPREV=A 

BP'REV = B 
DO 8 1*1.N 
FUNR( I )=0.5*PR + 2.0«ETA»W{ I)»S'. I) - ( R ( H **2-S < 1 ) «*2 ) «PR*0,5 
FUNS(I )=-2.0»ETA#ä{ I )*R(I ) - R(I)*S(I)»PR 
IFLAG'O 
M=NEQ+3 

100 

101 

102 

IFLAG=IFLAG+1 
DO 101 I«1.N 

M = M-»-l 
T(MJ=FUNR(I) + (RV{ I )-RPREV( I J )*(-R(I)«P':) 
T(M)=T(M) + (SVU |-SPREV( I ) )*(2.C»ETA»W(I )  ■»■  S(I)»PR) 
T<M)aT(M) ♦ (ANEW-APREV)*(C.5*DNP\DA+2.0»W{n*Sn)»DNDA 

1      ~ 0.5#(R(IJ**2-S(I)»»2)*DNPNDA) 

T(M)=T(M) ♦ (BNEW-8PREV)»(0.5*D\F\CB+2.0*W(!)»$(I)*0N03 
1      - 0.5*(R(I)»•2-S(I)**2)»DNPNC3) 
DO 102 I«l.N 

M = M+1 

T(M)=FUNS(I) + (RV(I)-RPREV<1))»(-2.0*ETA*W(I)-S(n*PR) 
T(M)=T{M) + <SV( D-SPREV« I ) )*(-R( n*PR) 
T(M)*T(M) + (ANEW-APREV)*(-2.0*W(1)»R(I)»DN0A-R(1)»S<I)»DNPNDA) 
TCM)«T(M) •»■ CBNEW-BPREV)*(-2.C*W( I )*R( 1 )*D,ND3-R( I )»S{ I )*DNPN08) 

M = M-»-l 
T(M)i=C,0 

M = M+l 
T(M)»0,0 

TP(IFLAG-1)50.50.2G1 

CHOMOGENEOUS 
50 DO 201 J=1.2 

DO 51 I«1»N 
L«L + 1 

51 RV(n=T(L) 
DO 52 1=1.N 

L = L+l 
52 SV(I)»T(L) 

L = L-H 
ANEW=T(L) 

L = L-»-l 
BNEW=TrLI 

m**,**""*" ^-«-^«»»»"- 
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00 53 1=1,N 
RPREV«I)x0.0 
SPREVII)=C.Ü 
FUNR(()=0.0 

53  FUNS«I)*0.C 
APREV=0,0 
BPREV=0.0 
GO TO 100 

201  CONTINUE 
RETURN 
END 

tIBFTC OUTPUT  REF 
SUBROUTINE OUTPUT 
COMMON T{^3rj) .N.NPRNT.'-iPRNT.KI-'AX,DELTA,2MAX,A»B»ETA.F(5).W(5) t 

I  NTW0,N2P2»508S( 10 ) ,LFL AC , N2P1 , X { 7 ,401 ) ,P ( 6 ,4M ) ,H( 6 ,2 .<»0n . 
?  BVEC(?),AMAT(2,2) ,R(5),5(5) »MX.NEQ 

1 
2 

PR1NT92 
DO i*   I=1,N 
R<IJ*X(ItMX) 

J=I+N 
SJ I )=XU,MX) 
IF(MX-1)1,1.2 
PRINT91 
DO 3 1*1.N 
A.yp = SQRT(R(I )»«2+S( I)*»2) 
PHI=ATAN2{SI IJ.Rd) ) 
PRINT93.T(2)»X(N2Pl»MX).I»RCI)»SC1),AMP,PHI 

90 FORMAT(1HC4X3HA = ,E 1 8.8♦5X3He =,E18.8) 
91 FCRMAT(1HC1^X1HX,6X8HINDEXIX),5X1HI,11X9HR£AL PART» 

1       llX9HlMAGINARY,llx9HAMPLirXE,15X5HPHASE//) 
93  FORMAT( Fi2•4»F14.6»I 6,4E20.8) 
92 FORMAT(1HC) 

RETURN 
END 

SENTRY MAIN 
3 

-.0025 
1.0 

20 
].0 
2.0 

20 
1.1 
3.0 

5 
0.4 1.1 

+.132178E-02+.32 3131E-03-.3ÖÖ5 5 0E-03+.148430E-01+.954147E-02+.589762E-02 
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