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PREFACE

Inverse protlems are basic problems in science. in
which physical systems are to be identified on the basis
of experimental observations. It is shown in this Memorandum

that a wide class of inverse problems may be readily solved

with high speed computers and mocdern ccmputational techniques.

This is demonstrated by formulating and solving some inverse
problems which arise in celestial mechanics, transport theory
and wave propagation. FORTRAN programs are listed in the
Appendix. Computational aspects of inverse problems are of
interest to physicists, engireers and biologists who are
engaged in system identification, in the planning of experi-

ments and the analysis of data, and in the construction of

mathematical models. This study was supported by the Advanced

Research Projects Agency.

The author wishes to express her gratitude for the
inspiration and guidance of Professor Suzo Ueno of the
University of Kyoto, arnd of Dr. Richard Bellman and Dr.
Robert Kalaba of the RAND Corporation.




SUMMARY

Inverse problems are tasic problems in science, in which
physical systems are to be identified on the basis of experi-
mental observations. Inverse problems are especially impor—
tant in the fields of astrophysics and astronomy, for their
objects of investigation are frequently not observable in a
direct fushion. Solar and stellar structure, for example, is
estimated from the study of spectra, while the structure of
a planetar; atmosphere may be deduced from measurements of
reflected sunlight.

we show that a wide class of inverse problems may now
be solved with high speed computers and modern computational
techniques. Many problems may be formulated in terms of sys—

tems of ordinary differential equations of the form
(1) x = f(x, a) .

Here, t 1is the independent variable, x 1s an n-dimensional
vector whose components are the dependent variables, and a

is an m-dimensional vector whcse components represent the
structure cf the system. For instance, in an orbit determin-
ation problem, Egs. {1) are the dynamical equations of motion,
and the masses of the bodies involved may be given by the

vector «a., When the system parametzsrs and a complete set of

initial conditicns,

(2) x(0) =c ,
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are known, an integration of (1) produces the solution x(t)
on the interval 0 < t < T . This is done speedily and
accurately with a digital computer.

On the other hand, in an inverse problem, the solution
¥»(t) or some function of x(t) is known at various times,
while the parameters are not directly observab':., We wish
to determine the structure of the system as given by the
parameter vector, a, and a complete set of initial conditions,
c . We regard this as being a nonlinear boundary value prob-

t

lem in which the unknowns are some of the c¢'s and a's

We require that the solution agree with the observations,
(3) x(t;) = by .

in some sense, e.g., in a least squares sense.

Frequently, problems which do not naturally occur 1in
the form of systems of ordinary differential equations may
be expressed in that form in an approximate ropresentation.
In this thesis, we show how we may reduce a partial
differential-integral equation to a system cof ordinary dif-
ferential equations with the use of a quadrature formula.
Also, we may express a partial differential equation, like

the wave equation,

(4) oy oL 2
w2 2 el

in the desired form by applying Laplace transform methods
which remove th2 time derivative. Other possibilities are

clearly available.
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Nonlinear boundary value problems can be solved by a
variety of methods, which include quasilinearization, dynamic
programming, and invariant imbedcding. These techniques are
especially suited to modern computers, for they reduce non-
linear boundary value problems to nonlinear initial value
problems, which are more easily treated on digital computers.

These computational ideas are illustrated in this thesis
by actually fomulating and solving some inverse problems
which arise in celestial mechanics, radiative transfer, neu—
tron transport and wave propagation. In one of the problems,
we estimate the stratification of a layered medium from re—
flection data. In another, we determine a variable wave
velocity by observing a portion of the transients produced
by a known stimulus. Numerical experiments are counducted
to estimate the stability of the methods and the effect of
the number and quality of observational measurements. Com—
plete FORTRAN programs are given in the Appendices.

These computational aspects of inverse problems nay
prove to be of value to the physicist, engineer, or mathe-
matical biologist who wishes to determine the structure of
a system on the basis of observations. These ideas may be
helpful in the planning of experiments and in the choice of
apparatus. They may be used to desigr systems whizh have
certain desired properties. In particular, these methods
may be useful in the construction of stellar and planctary

models.
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CHAPTER ONFE
INTROVUUT1ON

1. INTRODUCTION

Inverse problems are fundanental problems of science
[1-12j. Man has always sought knowledge of a physical sys-—
tem beyond that which is directly observable. Even today,
we try to understand the dynamical processes of the deep
interior of the sun by observing the radiation emerging from
the sun's surface. We deduce the potential field of an
atom from nuclear scattering expecriments. The underlying
theme is the relationship between the internal structure of
a system and the observed output. The hidden features of
the system are tc be extracted from the experimental data.

Mathematical treatment of physical problems has been
devoted almost exclusively to the '"direct problem." A
ceinplete picture of the system is assumed tc be given, and
equations are derived which descuribe che output as a func—
tion of the system parameters. The inverse problem is to
determine the paramectzrs and structure of a system as a

function of the observed output.
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One can solve a given inverse problem by solving a
series of direct problems: by assuming different sets of
parameters, determining the corresponding outputs from the
theoretical equations, and comparing theorestical versus
experimental results. By trial and error. one may fivrd a
sclution which approximately agrees with the experimental
data. This is not a very efficient procedure. Another
way to solve an inverse problem is to solve analytically
for the unknown parameters as functions of the measurements.
This method generally requires much abstract mathematics
and simple approximaticns of complex functions. The result—
ant inverse solution may be valid only in very special cir-
cumstances.

what we seek are efficient, systematic procedures
for solving a wide class of inverse problems - procedures
which are suitable for execution on high speed digital com-
puters. Computers are currently capable of Integrating
large systems of ordinary differential equations, given a
complete set of initial conditions, with high accuracy.

We would like to formulate our problems in terms of systems
of ordinary differential equations. Partial differential

equations, such as the wave equation,

.2 2
Afulx,t) 1 3%u(x,t)
____L7 = 7 = L ,

AX c 3¢




may be reduced to systems of ordinary differential equations
in several wavs which include the use of Laplace transform
methods, Fourier decomposition, and finite difference schemes.
Integro—-differential equations, which frequently occur in
transport theory, may be reduced to systems of ordinary dif-
ferential equations by approximatirg the definite integrals
by finite sums using Gaussian and other quadrature formulas.
Other means of formulating p:oblems in terms of ordinary dif-
ferential equations are porcsible.

We desir= to formulate our inverse prcoblem in such a
way that we deal with ordinary differential equations. First,
as we shall show, we may express fthe problem as a nonlinear
boundary value problem, in which we seek a complete set of
initial conditions. The unknown system parameters will be
calculated directly from the initial conditiois. Next, we
resolve the nonlinear boundary value problem, ordinarily a
difficult task, by the use of some scphisticated techniques
[13-24]. We may replace the nonlinear boundary value prob—
lem by a rapidly converging sequence of linear boundary
value problems via the technique of quasilinearization
[1-3,16,17}. We may, alternatively, treat the problem as
a2 multi-stage decision process with the use of dynamic pro-
gramming [18]. Or, we may solve directly for the missing

initial conditicns by applying the coancept of invariant
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imbedding 713,24). From the solution of the nonlinear
boundary value problem, we immediately obtain knowledge of
the internal structure of the system.

In this thesis. we discuss some of these relatively
new concepts, computational techniques, and applications.
Our examples from celestial mechanics, transport theory
and wave propagation are physically motivated. No special-
ized background is required on the part of the reader beyond
a knowledge of elementary physics. We intend to be self-
contained in the mathematical derivations, except for those
matters which are well-treated elsewhere. such as dynamic
programming, linear programming, and the numerical inver-
sion of Laplace transforms. Again, nc special mathematical
knowledge is needed beyond the level of ordinary differential
equations and linear algebraic equations. We will, however,
assume that we have at our disposal a high-speed digital
computer with a memory of about 32,000 words, plus a liibrary
of computer routines for numerical integration, matrix inver—
sion, and linear prcgramming. Our basic acsumption i¢ that
our computer can integrate large systems of ordinary dif-
ferential equations rapidly and accurately [25,26].

In the first chapter, we wish to emphasize some impor—
tant ideas. We are given geocentric obserwvations of a heav-
enly body, taken at various times [27-29]. The orbit of
this brdy iies in the potential field created by the sun
and an unxknown perturbing mass. wWe show how the mass may

be identified and *he orbital elements found. For simplicity,




we assume that the position of the perturbing mass is given;
if desired. the position as a function of time could also
be estimated. Since we are virtually ferced by our mcdern
computers to take a fresh look at old problems, we are not
concerned with conic sections. A new methodology, based on
high speed digital computers, is developed. The technique
of quasilinearization, Jescribed in this chapter, enables
ue to solve this inverse problem with a minimum of effort.
In spite of the newness of this solution of a long-standing
problem in celestial mecnanics, we employ this example for
purely illustrative purposes.

Transport theory is intimately concerned with the
determination of radiation fields within scattering and
absorbing media [30-38]. Our first problem in radiative
transfer (Chapter Two) serves to exemplify the philoscphy
and application of invariant imbedding. We derive the basic
integro—differential equation for the diffuse reflection
function, and we reduce it to a system of ordinary differen-
tial equations by the method of Gaussian quadrature. Then
we formulate an inverse problem for the determination of
layers in a medium from knowledge of the diffusely reflected
light. We outline the computational procedure, and we present
our results. In Chapter Three, our setting is again an inhomo—
geneous scattering medium. We investigate the effects of
errors in our measurements, the nunber and quality of the
observations, and the criterion function, on the estimates
of the medium. Our criteria are either of least squares

type, which leads tc linear algebraic equations, or of




minimax form, which is suitable for linear programming. We
also consider a variatioa of the inverse problem, the contruc
tion of a model atmosphere according to certain specifications.
In Chapter Four, we consider an atisotropically scattering
medium. The phase function is to be determined on the basis
of measurements of diffusely refiected radiation in various
directions.

An inverse problem in neutron transport (Chapter Five)
is solved in a novel way. The dynamic programming approach
leads to a determination of absorption coefficients in a
rod, from measurements of internal fields. The calculation
is done by an exact method, and is compared with a calcula—
tion based on an approximate theory. The anproximate theory
is accurate and less costly in computing time.

As we have already mentioned, the partial differen—
tial wave equation may be re uced to a system of ordinary
differential equations by Laplace transform methods or by
Fourier decompositions. 1In Chapter Six, we deal with ordin-
ary differential equations for the Laplace transforms of
the disturbances. In these equations. time appears only
d4s a parameter. Our measurements of the disturbances at
various times are converted to the corresponding transforms
oy means of Gaussian quadrature. We solve a nonlinear
boundary value problem in order to determine the system
parameters. The inverse Laplace transforms may be obtained

by a numerical inversion techniqw. {22].




In Chapter Seven, we use a decomposition of the form
u(x,t) = u(x)emilt, corresponding to a steady-state situa-
tion of wave propagation. We probe an irhomogeneous slab

with waves of different frequencies and we '"measure" the

reflection coefficients. We wish to determine the index of
refraction as a function of distance in the medium. Invar—
iant imbedding leads to ordinary differei .ial equations for
the refiection coefficients, with known initial conditions.

The urknown index of refraction in the equations and the

observations of terminal values of the reflection coeffie—

cients make this a nonlincar boundary value problem. Quasi-

linearization is used to solve the problem, and computational

results are presented.

The final chapter is a general disc ssion of inverse
problems. Arpendices of all the FORTRAN programs written

for the computational experiments are included.

2. DLTERMINATION OF POTENTIAL

Consider the motion of a particle (or a wave) in a
potential field V = V(x, y, z; kl, k2’ e, kn) where
we recognize the dependence on physical parameters kl,

kz, ..., ky. Suppose that these parameters are unknown,




and that we have observations of the motion of the particle
at various times. We wish to determine the potential func—
tion on the basis of th2se measurements.

Consider the following situation. A heavenly body
H of mass m moves in the potential fizld created by the
sun and a perturbing body P, whose masses are M and mp,
respectively. and m -~ mp < M. All of the bodies con-
cerned lie in the ecliptic plane. The potential energy
varies inversely as the distance from the sun, r_, and

from the perturbing body. rp
s %
(1) ve=- S P
S |
Here, kS and kp are the parameters

s

(2) k. =vmM, kp =vmm, ,

where vy 1is the constant of gravitation. The quantity
ks may be assumed to be known. We choose our units so
that kS = m, or y M= 1. The parameter kp is unknown
and kp < kS. We wish to determine kp and thus V by
observing the mction of H.

Let us take the plane of the ecliptic to be the
(x, y) plane. The sun is situated at the origin, the
earth at the point (1, 0), and the perturbing body at
the locatior (7. n) = (4, 1). The earth only enters into

the discussion as the point from which measurements are

taken. Its mass is neglected. The potential function is




k k
(3) V(x.y; kp) = b”"‘1’/? T £ 177

(x%4y?) [(=x) (7 y) 2]

Angular observations of H are made at various times

L, - i=1, 2, ..., 5. Fig. 1 illustrates the physical situ-
ation. Each solid errow points to H at a given time t;-
The angle between the line of sight and the x axis is the
observation. For comparison, see the dashed arrows which
point to H when the mass of P is exactly zero, i.e.,

when kp = 0. It is obvious that kp is small.

The equations of motion are

.)E - -X + a(&-x) ,
(x2+y) 372 [(g-x)2+(n-y)2]3/2
(4)
00 ol A a(n-y)
(2ry2) 372 (eon) 24 (n-gy 21372

where the parameter «,

(5) az.EE:.ME,

is the mass of P relative to the mass of the sun. At
times t;. we obtain the angular data Q(ti) which are,

in radians,

5(0.0) = 0.0 .
5(0.5) = 0.252188 ,

(6) 5(1.0) = 0.507584 ,
A(1.5) = 0.763641 ,
£(2.0) = 1.01929 .

We wish to determine «a, x(0), x(0), y(0), y(0) so that the

conditions

B repRp o ——y—— e r—— e D e AT s o e T=%r = i 4y
g2 . . :
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yit,)

(7 tan 8(t;) = 1 Ti(“t_‘:T
are fulfilled. This is a nonlinear multipoint boundary
value problem. The solution of this problem gives tae rela—
tive mass of the perturbing body and the crbit of H as a
function of time. The potential (3) is determined when «a
is known. We may consider the problem then to be the deter—
mination of the orbit [19,23,27-29].

For an arbitrary potential field, we are unable tc
express the solution analytically. We solve the problem

computationally using the technique of quasilinearization [16,17].

3. QUASILINEARIZATION, SYSTEM IDENTIFICATION AND NONLINEAR

BOUNDARY VALUE PROBLEMS

Consider a physical system or process which is dascribed

by the system of N equations

(1) x = £(x, a),

where x 1s a vector of dimension N, a function of inde-

pendent variable t, with the N initial conditions
(2) x(Q) = c.

The vector x describes the state of the system at 'time"

t, and o 1is a parameter vector cf the system. With 4
given, Ens. (1) and (2) completely describe the system, for
the state at any time ¢t, x(t), may be calculated by a
numerical integration of (1) with initial conditions {2).
Now let us suppose that we have a system described
by Eqs. (1), but o 1is unknown to us, and the initial con-

ditions (2) are also unknown. However, we are able to make
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measurements of certain components of tre state of the sys-
tem at various times £y - We wish to identify the system by
determining «, and we wish to find a complete set of initial
conditions x(0) =c so that the system is fully described.
Ne think of the system parameter vector as if it were a

dependent variable which satisfies the vector equation
(3) a =0
with the unknown initial conditions

() «(0) = ag.

The multipoint boundary value problem which we have before

us is to find che complete set of initial conditions

x(0)
a(0) =

C,

(5)
Ay -

such that the solution of the nonlinear system

X = f(x,a)
(6)

o =0
agrees with the boundary conditions

(7) x(tg) = by,

where b, is the observed state of the system at time £
Let us suppose that we have exactly R = N + M measurements

of the first component of x, where N 1is the dimension of

x and M 1is the dimension of «.
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The boindary conditions are readily modified for a
two point boundarv value problem, or for more than R obser
vaticns. or for other types of measurements, for example
linear combinations of the components of x.

Our approach to the problem is one of successive ap—
proximations. We solve a sequence of linear problems. We
assume only t*at large svstems of ordinary differential
equations, whether linear or nonlinear, may be accurately
integrated numerically if initial conditions ar< prescribed,
and that linear algebraic systems may be accurately resolved.

Let us define a new column vector x of dircnsion R,
having as its elements *the components of the original vector

x and the components of «q,

(8) . N

X
L8 | M|

This vector of depeadent variables x(t) satisfies the sys—

tem of nonlinear equations

(9) X = £(x)
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according to (6). and it has the unkrown initial conditions

(10) x(0) = c.
according to (5). The boundary conditions are
(11) xl(ti) = bi' i=1.2. .... R.

Mathematically. we need not distinguish between the components
of this new vector x as state variables c¢r system parameters.
An initial approximation starts the calculations. We
form an estimate of the initial vector c, and we integrate sys-
tem (9) to produce the solution x{t) over the time interval
of interest, 0 2¢ s T. wvia numerical integraticn. The
quasilinearization procedure is applied itcratively until a
convergence to a solution cccurs, or the solution diverges.
Let us suppose that w' have completed stage k of our calcula-

. . . k
tions and we have tne current approximation x (t). In stage

k + 1. we wish to calculate a new approximation xK+1(t).
The vector function xk+l(t) is the solution of the

linear system

k1
X

(12) = £(x5) + 3 (ML,

where J(x) 1is the JacobLian matrix with elements

of;
o) Tij = o,
J
. k+1l . . . . .
Since x is a solution of a system of linear differential

equations, we know from general theory that it may be repre-

ei.ted as the sum of a particular solution, p(t), and a

= gy p s e
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linear combination of R independent solutions of the homo-

geneous equations, hl(t). i=1, 2, ..., R,

(14) <Fe) = p(e) +7 < nl(o).

1

n oA
H

The function p satisfies the equation

(15) o= £ + 3G (0 - K5,

and for convenience we choose the initial conditions

{16) p(0) = 0.

The functions hi are solutions of the homogeneous systems
(17) Bl - 36wt

and we choose the initial conditions

(18) hi(O) = the unit vector with all of its components

zero, except for the ith which is one.

The hi(O) form a linearly independrnt set. If the interval
(0,T) is sufficiently small, the functions hi(t) are also
indcpendent. The solutions p(t), hi(t) are produced by
numerical integration with the given initial conditions.
There are R+1 systems of differential equations, each with
R equations, making a total of R(R+1) equations which are
Integrated at each stage of our calculations.

After the functions p and hi have been found over
the interval, we must combine them so as to satisfy the

boundary conditions (11),

ﬁﬁ
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=

(19) b, =p,(t) + 2 oI nd(e). 1 =12, ... R

e
~

1

L

This results in a system of R lin-car algebraic equations
for the determiration of the R unknown multipliers cJ

of the standard form
(20) Ac =B,

where the elements of the RxR matrix of coefficients A

are

= 1
(21) Aij = hl(ti)’

and the components of the R-dimensional column vector B

are
(22; B. = b, — pl(t.).
Having determined the multipliers, we now know a com-

plete set of initial coaditions for the (k+1)St stage.

R ..
o) = p(0) + = oI Ri(o).

i=1

(23) c =

Because of our choice of initial conditions for p and hJ,
the initial values for each ccmponent of the vector x are

identical with thz multipliers cd,

c, = xb+1(0) = ci , i =1,2, ..., R.
1 i

(24)

Furthermore, we have a new approximation to the system para—

meter vector .
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(25) 1, '——~cN-rl .oo1=1.2, ..., M

The ~ew approximation xk+1(

t> Ffor the interval (0.T) may

be produced either by the integration of the linear equations

with the initial conditions just fcund., or by the linear com-—

bination of p(t) and h(t). The (k+l)St cycle is com-

plete and we are ready for the (k+2)nd. The process may be

repeated until no further change is noted in the vector c.
The quasilinearization procedure is analogous to

Newton's method for finding roots of an equation, €(x) = 0.

If XO is an approximate value of one of the roots cof

f(x), then an improved value xl is obtaired by applying

the Taylor expansion formula to £(x), and neglecting higher

derivatives,

(26) £(x") = f(xo) + (1 - % 3f(x

Thus. the next approximation of the root is

oy e ED
f'(xO)

.y . . . . 0 .
In quasilinearization, if the function x'(t) 1is an

approximate solution of the nonlinear differential equation,
(28) x = f(x)

then an improved solution xl(t) may be obtained in the
following manner. The function £(x) 1is expanded arcund

the current estimat~ xO(t), neglecting higher derivatives,

v
& B
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(29) f(Xl) = L(XO) + {x X ) hﬁ&%

The improved approximation xl(t) is the solution of the

linear equation,

1

0
(30) e e+ b XD G

AX
The method is easily eztended to vector functions. as we have
seen. The sequence cf functicns xl(t). xz(t). x3(t),
may be shown to converge quadratically in the limit[17]. Prac—
tically speaking. a gonod initial approximation leads to rapid
convergence. with the number of correct digits approximately
doubling with each additional iteration. ©n the other hand.
a poor initial approximation may lead to divergence.

The quasilinearization technique provides a systematic
way of treating nonlinear boundary value problemc. The com
putational solution of such a problem is broken up into stages.
in which a large system of ordinary differential eguations
is integrated with known initial conditions, and a linear
algebraic system is resolved. The initial value integration
problem is well-suited to the digital computer. With the aid

of a formula such as the trapezoidal rule,

t g ? A
(31) ftg £(e)dt Z 5 (fg + F1) + 5 (£) + £,)) + ... + 5 (f

n-1 i fn)'

the integral of a function over an interval is rapidly com-
puted. Moreover, higher order methods such as the Runge

Kutta and the Adams-Moulton. usually of fourth order, make it
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possible to solve the iategration prebiem accurately and
rapidly. The accuracy may be as high as one part in 10°.

The solution is available at each grid point ty: ty P Sy

tg + 2°. .... t_. and may be stored in the computer 's memory
for use at some future time. The rapid access storage cap-
ability of a computer such as the IBM 7090 or 7044 is 32.007
words. The integration of several hundred first order equa-
tions is a routine affair.

On the other hand, the solution of a linear algebraic
system is not a routine matter. computationally speaking.
While formulas exist for the numerical inversion of a matrix,
the solution may be inaccurate. The matrix may be ill-
conditioned, and other techniques may have to be brought into
play to remedy the situation [20]. The storage of the nth

approximation for the calculation of the (n + l)st approxi—

mation may become a p wblem; a suggestion for overcoming

this difficulty is given in [21].

4. SOLUTION OF THE POTENTIAL PROBLEM

We follow the method of quasilinearization to identify
the unknown mass and to solve the problem of potential determina-

tion of Section 2. The nonlinear system of equations is

. ¥ X7
X = - -= o =y
r’ s”
R S
(1) : r 52
= 0
o i - a5y IR -3 - T 2y S
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with

(2) v’ = x4 y2 o §2 o (xoe)

System (1) is equivalent to a svstem of five first order
equations for x. X. y. y. and o. The system of linear

equations for the (k_+1)St stage is

k1 _ { X< Jox® e
rj S3
NS SR SN S T 352k 3k 2y
3 5 3
r r S S
K
+ (yk+ll yk) [_35‘ g g,_zk(_xk -)\yk—n) |

_‘..l ’
STJ
k k
« k+ { .
D gy Qe
r S
_k k ko k Ly, k
PR S {3_,-_5y ¢ 3G )
r S
4 k2  k k, k .2,
F (gL k){_%+3y_5___13$3,(y-_L3
r r g S

where

I € RN ¢ oy LI LIS RS S
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We express the solution of £3) as the sum of a particular
solution of (3) plus a linear combination of five independent

solutions c¢f the homogeneous form of (3).

5 . .
xTH(e) = p(e) +,Z; oI Bl
_ 5 .
k1, \ _ 2§ ]
(5) y (t) = Py(t) +j¥1 c hy(t) 5
5 ..
) = (0 + ol B

Here. the symbol px(t) is meant to represent the x com-
ponent of the particular solution, which is a vector of dimen-
sion five, and similarl' for the symbols py(t), pa(t). The

symbols hi(t), hi(t), hg(t) respectively correspond to tne

X, y. and @ components of the jth homogeneous solution
vector, for j =1, 2, ..., 5. The system which the par-
ticular soluticon satisfies is
- { B xk B ak xk_z }
Py 3 3 .
Y S
1 k2 k k, k 12
N
by Y S S
k k k., k k
oJky [3xy 3a (x"==)(y =n)
+(py y){ gl £ ‘}
r S
(6)... k
k ( - F
* (g - o {257
S
k k
k y-nl
P, = |- @
e R
k k, k .y, k
+(px_xk Ix y +_3_(1§x—~;%(y—n)}
S

w M e N P TSRy Sl e e R e T
.




k2 k k, k 2
ky /1 3 Y 30 (y m) "
= § 4+ 2"\
+ (py y ) L ]_'3 + - 53 )S_K j
(6) ky [ y<
+ (p1 @) L Y ~3'T‘ } '
s
p, =0
with the initial condition
(7) p(0) =0 .
The jth homogeneous solutio. satisfies the system
. . . k2 ko, kpox (2
hd =pd 11 $ 33X 7 a + 3a~(x” =)°
X X r_j rS s3 SS }
: k k k. k L _m-
+ ho { 37{5.‘1’, 4 30X 3%()1‘? ﬂ)}
y r s
j{oxs
iy { .3 }
k k k, k k
] j [ 3x7y" 3o (x 7)) (y )
(8) by =hl ! rg + S }
k2 k 5 k, k 2
+ hd | 1—3 + -3l~5_ T+ 30 _Q’_;' =Y
y U » - s s J

Its five initial conditions are presented in the appropriate

column of Table 1.
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TABLE T.

THE INITIAL CONDITIONS FOR THE
HOMOGENEOUS SOLUTIONS

j=1 2 3 4 5

hi(@) 1 0 0 0 0

kd (0) 0 1 0 0 0
x

hg(O) 0 0 1 0 0

h? (0) 0 0 0 1 0
y

hg(O) 9 0 0 0 1

The particular and homogeneous solutions are produced by
numerical integration and are known at the discrete times
c =0, 4, 27, 30, ..., T.

Let us find the system of linear algebraic equations
which is to be sonlved in the (k+1)st stage. The boundary

condi<ions may be expressed es

k+1 k+1
(9) ¥ (t1> + [1-x (ti)] tan e(ti) = 0 ,

where a(ti) is the observed angular position of the heavenly

body H at time t;,. Using relations (5), we obtain the

five equations

5 :
Sl [hg(ci) - hd(e;) tan a(c,)]

=]

(10)...
= — tana(t;) - py(ti) + p,(t;) tan 8(ty) ,




_ P

(10} i=1, 2, ..., 5.

N
(W)

. 1
for the five unknowns ¢, ¢,

g

The suvlution of (10) irmediately gives us our now set

of orbital parameters and the mass of the unknown perturbing

body P,
gy Lol
ik+l(0) = o2 ,
(10 S0y = 3
RO IR
JHLgy o (S

k+1 .

Since we need xk+1(t), y (t), and ak+1(t),

for stage

k+2, we use relations (5) for the evaluation of these func—

tiens at t =0, A, 23, 30, ..., T. The cycle is ready to

begin once more, and it is repeated until a solution of the

nonlinear problem is found, or for a fixed number of stages.
We begin a numerical experiment with the initial guess

that at time t = 0, the body H 1is at location (3,0)

with velocity coordinates % = 0, y = 1, and we believe

that the mass of P 1is about 0.3. We integrate equations

(1) with the initial values

(12) x(0) =3, x(0) =0, y(0) =0, y(0) =1, a(0) = 0.3 ,

— ™ - . =~ s T S P T S AT SRR T g B

pas -y




from t =0 to t = 2.5, using a grid size of " = 0.01
and an Adams—Moulton integration formula. This generates
the curve labelled "Initial Approximation' in Fig. 2. This
is a very poor approximation to the true orbit. After two
stages of the quasilinearization scheme, our approximation
has improved so that the orbit is represented by the curve
labelled "Approximation 2" in Fig. 2. In five iterations,
we converge to the true curve, h(x,y), and we have found
the correct value of 0.2 for the mass of the perturbing

body. The rate of convergence is indicated in Table 2.

TABLE 2.

SUCCESSIVE APPROXIMATIONS OF THE COMPLETE SET
OF INTTIAL CONDITIONS AND THE MASS OF P

Approx.  x(0) x(0) y(0) y(0) a
0 2.0 0.0 0.0 1.0 0.3
1 1.18421  .221272 0.0 1.06544  —.120164
2 2.37728 -.061370 0.0 0.690767 —.259144
3 2.11189 .018545 0.0 0.555666 —.070333
4 2.01974 —.003194 0.0 0.509813  .141972
5 2.00023  .000013 0.0 0.500120  .198208
True 2.0 0.0 0.0 0.5 0.2

Suppose that we also wish to know the position

i~ o T R o TR
Y *

I
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TABLE 3.
PREDICTED LOCATICN OF I AT TIME 2.5

0 3.38098 2.47759

1 1.93764 2.72562

2 1.48932 1.53066

3 1.27202 1.21823

4 1.34124 1.125)

5 1.33503 1.1059%
1

True 1.33494

.10571

of H at some "future'" time t = 2.5. Our sequence of
approximations cf the predicted location is given in Table 3.
The entire calculations require only 1-1/2 minutes on the
IBM 7044 computer, using a FORTRAN IV source language. The
FORTRAN programs which generate the data and which deter—
mine the orbit and mass are listed in Appendix A.

The time involved is mainly due tc the evaluation of
the derivatives of the functions. The Adams-Moulton fourth
crder method requires the derivative to be evaluated twice
for each integration step forward [25].

In another trial, beginning with the approximation
that the «rbit is a point at the earth's center [19], we
find another solution which satisfies all of the conditionms.
However, the mass turns cut to be greater than one, an unal-
lowed solutiou. Repeating the experiment with more closely
spaced observations, we converge to the true solutinn. The
determination of the optimal set of observations is itself

an interesting question.
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CHAPTER TWO
INVERSE PROBLEMS IN RADIATIVE TRANSFER: LAYERED MEDJA

1. INTRODUCTION

Some inverse problems in radiative transfer are con—
cerned with the estimation of the optical properties of an
atmosphere based on measurements of diffusely ref ected
radiation. The location and the intensity of the source
of radiation are known. We consider a plane-parallel
medium which is composed of two layers. Our aim is to
determine the optical thickness and the albedo of each layer,
from knowledge of the input radiation and the diffusely
reflected light.

First we discuss the concept of invariant imbedding:.
and we apply this technique to the derivation of the equation
for the diffuse reflection functicn of an inhomogeneous slab
with isotrcpic scattering. The inverse problem js stated
in terms of the reflection function, and we formulate the

problem as a nonlinear boundary value problem. We then

S s == v R T S e R XV 21 —yep
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shiow how the formalism of quasilinearization can be used to
solve this problem. We conduct several rumerical experiments
for the determination of optical thicknesses and albedos of
the layers. Computationil results are presented, and the
FORTRAN computer programs which produced the results are

given in Appendix B.

2. INVARIANT IMBEDDING

The traditional approach to wave and particle transport

processes leads to linear functional equations with boundary

conditions. While linearity enabtles eigenfunction expansions

to be made, one finds great difficirl%y in solving the equation

of transfer. The integration of ordinary differential

equations with given initial conditions is done extremely

efficiently by digital computers. This suggests that

problems be fommilated in just this way, with the physical

situation as the guide. Invariant imbedding provides a

flexible manner in which to relate properties of one process

to those of neighboring processes. This also leads to the

generalized semigroup concept [1]. |
In a particle process, one is led by invariant imbedding

to differential-integral equations for reflection and trans- |

mission functions. By the use of qua’ -ature formulas [2], |

one reduces the egquations from integral-differential form

to approximate systems of ordinary differential equations.

The wave equation, on the other hand, may be reduced to a

system of ordinary differential equations in at least two ways:

: o : s — P O Y PO T . . —
g B0
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(1) assume the time factor of the form ei'lt and the problem
simplifies to the steady state situation, or (2) use Laplace
transform methods. Both alternatives are discussed in later
sections.

Invariant imbedding is a useful formalism, theoretically
and computationally speaking. Prineiples of invariance were
first introduced by Ambarzumian in 1943 [3] and developed
by Chandrasekhar [4]. The invariance concept was further
extended and generalized by Bellman and Kalaba [5-10]. The
form in which invariant imbedding is applied in these chapters
is indicated by this example. Suppose that a neutron multi-
plication process takes place in a rod of length x [1l]. The
investigator wishes to know the reflected flux r for an
input of one particle per second. Rather than study the
processes within the rod extending from 0 to x, which would
be quite diff‘_uit. the experimenter would like to vary
the length of the rod and see how the reflected flux changes.
The rod length is made a variable of the problem, so that
r = r(x). The original situation is imbedded in a class of
similar cases, for all lengths of rod, and one obtains
directly the reflected flux for a rod .. any length including
the length unuer investigation. This flux is rather easily

computed and ,t is physically meaningful [15,16].

3. _THE DIFFUSE REFLECTION FUNCTION FOR AN INHOMOGENEOUS SLAB

Consider an inhomogeneous, plane-parallel, non—emitting
and isotropically scattering atmosphere of finite optical

thickness T The optical properties depend only on T, the
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optical distance from the lower boundary (¢ < r < Tl). The
physical situation is sketched in Fig. 1. Parallel rays of
light of net flix m per unit area normal to their direction
of propagation are incident on the upper surface, 7 = Ty
The direction is characterized by the parameter Ko

(0 < Hg < 1), which is the cosine of the angle measured

from the downward normal to the surface. The bottom surface
is a completely absorbing boundary, so that no light is

reflected from it. This assumption is not essential to our

discussion.

W Mgy po 7))

0 T ” Sy s —— > : »/

Fig. 1. Incident and reflected rays for an inhomo--
geneous slab of optical thickness T
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The directicon cf the outgoing radiation is char-
acterized by . the cosire of the polar angle measured
from the cutward normal to the top surface. This para—
meter is the direction cosine of the vector represernting
the ray of light. The azimuth angle has no sipgnificance
dae to the symmetry of the situation.

By "intensity' we shall mean the amount of energy
which is transmitted through an elemnent of area d¢ normal
to the direction of flow, in a truncated elementary cone
dv in time dt. See Fig. 2, as well as Kourganoff [12].
We rescrict ourselves to the steady—state situation at a
fixed frequency.

We define the diffuse reflection function as follows:

(1) r(u,uo,wl) is the intensity of the diffusely re--
flected light in the direction whose cosine is
4 with respect toc the outward normal, due to
incident uniform parallel rays of radiation of
constant net flux 7© in the direction whose
cosine is 49 with respect to the inward nor—

mal, the slab having optical thickness T1
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dw EEA . dw
i
| l
e T :T1
NA
do do

Fig. 2. The incident and reflecced intensities.
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We drfine a related i.nction p,

wor (it g, Ty)
Ko n £

(D) Pu,geTy) =

which is the energy of the diffusely reflected light in
the direction u passing through a unit of horizontal area
per unit solid angle per unit time, due to incident
radiation of unit energv per unit horizontal area per uait
solid angle per unit time, in the direction Hg. We may
also interpret p as the probability that a particle will
emerge from a unit of horizontal area at v = Ty the top
of a slab of thickness T, 80ing in direction u, per unit
solid angle per unit time, due to an input of cne particle
per unit horizontal area per unit solid angle per unit
time in the directicn Hg -

Consider now a slab of thickness Ty + A formed by
adding a thin slab of thickness A to the top of the slab of
thickness Ty, as illustrated in Fig. 3. By imbedding the
original problem in a class of problems of similar nature,
we will derive an integro—differential equaticn for the
diffus:> reflection function.

The diffuse reflection function for a slab of
thickness T1 + 4 with an iuput of net flux m is
r(u,uo, TL ) = np(u,uo;Tl + A)uolu. Applying the
method of invariant imbedding in its particie counting
form to the probability of emergence of a particle from a

slab, we obtain the equation

T - = g B s S P, e mgeap e o e - : 'E-pegg-
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(e, e, T,t4)

e

T1-< >T1?A

Fig. 3. An inhomogeneous slab of optical thickness Tyt 4.




39

1

. Ly .
(3} PGiug, Ty +8) =P, Ty) = MEO + 2Py

X(Tq) 1 A(Ty)
A ]_ — r o o 1 A 1
+-L—10 Tﬂ:—-'*' 2 .Op(\l ;U\O, L)du u! Zﬂ'

da Moo "
+ 21 ‘o .L% /- du' p (i, ’Tl)
1 ! LA x('T']_) 1 .
+ 2m lr P (u :UO’T])dU —' Thw 2m .‘r P(.U,u","l)dd g
C ) M ' 0 '
+ o{a).

The first term on the right handside is the probability that
a particle emerges without any interaction in the thin slab.
The unit of distance is such that x is the prcbability of

an interaction in a path of length x. Hence the second term
represents the losses due to interactions of the incoming
and outgoing particles whose path lengtns in A are A/uo

and A/u respectively. The third term is the probabili vy

of an interaction and re—emission isotropically into the

direction givern by u. The functicn X(Tl) is the probability
of re-emission, and is called the albedoc for single scat-—
tering. The next term is the prcbability that the parti-
cle is diffusely reflected from the slab between (O,wl)

into the direction ' and interacts irn /4 and is re-
emitted into the direction of emergence u. The next term
is the probability that an incoming particle interacis in 4,

enters the slab (O,Tl) and is diffusely scattered into the




emergent direction p. The sixth term is the probability
of diffuse reflection in (O,Tl), then interaction and
re—emiss’ 1 in A, and diffuse reflection from (O,Tl) with
outgoing direction p. All oclher probabilities are pro-—
portional to X or higher powers of & and are accounted for
in the term o(A).

Let the diffusely reflected intensity be given by a new

function R, by means of the relation

R(M,Hn,Tq)
. _ 270’ 1
(4) l(u)uo)'rl)— ZHJ )

where R is related to P by the formula

(5) oG, Ty) = 4"¥

Then R satisfies the equation

1 1
1 ' 1 0
) j 1 el u QE L 1 du”
+ A gl + 5 IO R( ,pO,Tl)u' + Jo R(u,u ,Tl)ﬁn

.

1

1 Jdu'!
tz To RG: gy = ]
w0

]- du"l
R(U,U“,Tl)“i—l + O(A).
L

J

We expand the lefthand side of the equation in powers of A,

AR{u,ug,T1)
5

(7) R(H,HO,Tl +4) = R(U;UO:Tl) +
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By letting A-C, we arrive at the integro-differential

equation

AR(, 1A TH)
8 ’ O’ l/
( ) - 3,.[.

1 1
: + (HE + DR

1 K
= )‘(Tl) E + % .,ro R(Li'JuOJTl) gp‘l
[

am—

l_ pl " du“
|1+ 2 , R(H_,LJ. _,Tl)-"-;
0 H

The 1initial condition 1is
(9 R(u,15,0) =0,

because no light is aiffusely reflected when the medium
has zero thickness. 1t is readily seen that the function

R is symmetric {4.13,14,17]. i.e..

(10) R(K,H0,T1) = R{bg,, 7).

Equation (8) for R is the same as Chandrasekhar's equation
for his scattering function S, when the medium s homogeneous

and isotropic.

4. GAUSSIAN QUADRATURE

The above integrals may be evaluated by the use of
Gaussian quadrature [4,13.14]. Since the limits of our

integrals are zerc to one. we use the approximate relatinn
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1
(1) f £(x)dx =
0

Mz

y f(ak)wk,

k=1

which is exact if f£(x) is a polynomial of degree 2N-1 or
less. The numbers a) are roots of the shifted Legendre
function P;(x) = PN(l-Zx) on the interval (0,1), and the
numbers wy are the corresponding weights. For a more de-—
tailed discussion and for tables of roots and weights, see
[13].

Replacing integrals by Gaussian sums, we have the

following equation which is approximately true,

RR(u,uo,Tl)

1 1 _
(2) AT]_ + (—U‘O + E)R =
N W N W
1 k 1 k
=3t (145 2 ROU,UT) <I[1+25 = R{,u,7,) X
1 2 k=1 k70" "1 Uy 2 =1 k?'1 My

For N ~ 7, this is a fairly good approximation [14%,15].
We consider only those incident and outgoing directions
for which the cosines take on the values of the roots
by -

For N = 7, the roots b, and the ccrresponding angles,
arc cosine Hy, are listed in Table 1, in order of in-

creasing u.

e - =3 = . . g — AT o R v S e
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TABLE 1

ROOTS OF SHIFTED LEGENDRE POLYNOMIALS OF
DEGREE N = 7, AND CORRESPONDING ANGLES

Roots i Arc cosine by
k (in degrees)
1 0.025446044 88.541861
2 0.12923441 82.574646
3 0.29707742 72.717849
4 0.50000000 €0.000000
5 ! 0.70292258 45.338044
6 ' 0.87076559 29.452271
7 0.97455396 12.953079

We define the functions of one argument,

(3) P 1<"']_) = R(“i’“j’Tl)’

~

for i =1,2,...,N, j =1,2,...,N. Then (2) becomes a

system of ordirary differential equations

dR, .(T;)
. i 1 1 1 _
(4) “H‘L‘—rl + (—ul + -—HJ)RlJ
N W N w
1 k 1 k
A Z AT, — p> )
(P43 2 Rlrp) I+ 5 2 Ry (gt

with optical thickness Ty as the independent variablc. The

initial conditions are, of course,

(5) Rij(o) = .
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The system of N¢ first order differential equations reduce
to a system cf N(N+1)/2 equations by the use of the symmetry

property of R. This is a large saving of computational

effort.

5. AN INVERSE PROBLEM

Consider the inhomogeneous medium composed of two

layers as illustrated in Fig. 4.

N

0.5 A, =06

Fig. 4. A lay2red medium

The total thickness of the medium is 1.0, the thickness of
each slab is 0.5, and the aibedos are 0.4 in the lower
layer, 0.6 in the upper layer. In order to have a con-
tinuous function for the albedo, we assume that A is

given by the function

(1) A(t) = 0.5 4+ 0.1 tanh 10(7-0.5).
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This function is plotted in Fig. 5.

Layer 2

Fig. 5. The albedo function A(r) = 0.5 + 0.1 tanh 10(r-0.5)
for a slab of thickness 1.0.

Parallel rays of net flux m are incident on the upper
surface of the medium in a direction characterized by the

parameter “j' We obtain N2 measurements of the intensity

of the diffusely reflected light, b, =

directions uj,j =1,2,...,N, and reflection directions u;,

rij(fl), for incident
i
i=1,2,...,N. We wish to determine the nature of the
medium from the kncwledge of the reflected radiation.
Let the total cptical thickness of the slab be T, and
let the thickness ¢f the lower layer be c. Let the albedos
be N and lz, for the lower and upper slabs respectively,

where the albedc as a function of optical elevation is

- D AN,
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(2) A(t) = a + b tanh 10(1—)
and Xl = a-b,
(3) Ay = atb,

where a and b are unknown parameters. For the ''true"

situation,

(4) T=1.0, a=0.5 b=0.1, c=0.5.

The inverse problem which we wish to solve is to determine
the quantities T, a, b, and ¢ in such a way as to have
best agreement, in the least square sense, between the
estimated solution using the ordinary differertial equations
for rij and the observed reflection pattern. Mathematically
speaking, we wish to minimize the expression
N N 2

(5) 25 @ -ty
over all choices of the unknown parameters,

In Table 2, we present the measurements {bij] for
N =7, InFig. 6 we plot some of the measurements as a
function of the cosine of the reflection angle, u ~ Hy,
for input directions u, ~ By = .025, .5, and .975. The
discrete observations are shown as dots, and for clarity we
draw smooth curves through these points. For comparison,
we show what the corresponding measurements would be if

the medium were homogeneous with albedo A = 0.5.

e P
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20

e b, for layered medium
H

L for homoguneous slab with A=0.5

Figz. 6. Some 07 tlie measurements ibiaf for a laverad
medium. J
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6. FCRMULATION AS A NONLINEAR BOUNDARY VALUE PROBLEM

We formulate this inverse problem as a nonlinear

boundary value problem. To the system of N2 nonlinear
dirferential equations
dRi' 1 ]
(1) Eﬁ‘l‘lJ’(E; + a—j)Ri_jz
N w N W
1 < k 1 k
M(t) [+ 2R, . —][1l+4 ZR,, —],
1 2 k=1 kj My 2 k=1 ik My
where
(2) X(Tl) = a + b tann 10(1’l - c),
we add the differential equations
da db dc dT
= o = = =
G g =% F =% & =% & =0

because a, b. and ¢ and T are unknown constants.

conditions are

) Ry;(0) =0,
and
3S _ S - o) o 35S m_
(5) Na 0 3 5 O: ’{'c': = O: 'a_rr = O:
where
N N 2
& S = Z Z R..(T) - .b, .
(6) I 2 iy = bugpyy)
e R e o g o S 8

The boundary

£y

by 4'”%
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7. NUMERICAL EXPERIMENTS 1. DETERMINATION OF c, THE
THICKNESS OF THE LOWLR LAYER

Let us try to uetermine the quantity c, which is the
thickness of the lower layer of the stratified medium. We
assume that all of the other parameters a,b, and T are
known. The parameter ¢ is considered to be a function of
optical height T, described by the equation dc/dr; = C.

By following the method of quasilinearization as described
previously, we obtain a system of linear differential

equations for the (k-l-l)St approximation .o Rij and c:

de+l .
k+l k > f
(1) —H—l_ = f(R.., c ) + 2 (R R..) ——~
T1 ij 14 ij BEE.
OO
ac’
gkl ;
T— = :
1
where
@ £, = - o Lyrk e+l §3 k ‘2)
1)’ Hy My ij 2 L
N
1 k
(1 + % R; ),
2 41 itoHy

(3) M) =a+b tanh 10(r, - 5.

After simplifying, we have

g _— e




k+1 J
dR>" . N W
1, 1.k 1 k Y
4y  —r= =,—(—+-_)R..+x(c)(1+ ZR LT X
(4) T [j My o ougt i 2 (=] MMy
1 N oW I 1, 1.,.k+#l ok
(L+5 2 RN, 52 + <= (— + =) (PXT" - R},
2 o1 Yy L M 1]
N W, N W
1,, .k 1 ok gkl gk ) Mt
X(c)[(l+— b3 —-) % (R RE.) =
7 ey L =1 W U
N W, N w —
1 k k+l Ll
(L+= 2 RS, B x = @M _orS)y) L1154
LA S TS 147 Wy |
J;k+l_ )(1+1§‘Rkw)(l+1kw:,)x
if ¢ 2 Z LJ My
(<10 b sech? 10(r; - Ck))J ,
dC%ti = 0
1

2

Cince N = 7, there are basically 7° + 1 = 50 differential

equations, which reduce to 7-8/2 + 1 = 29 differential

equations by thc use of the symmetry property

(5) R&tHL

k+1
ACHIEE WICHN

While the computations are reduced, the full set of values

k+1

lJ representing a 7 x 7 matrix is always available,

k+1

Now let the 50—dimensional vector x (Tl) have the

compenents
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6) xHt(rpy = rREH

lj (Tl) 3]

for + = 1,2,...,4% as i = 1,2,...,7 and j = 1,2,...,7, and
k+1 k+1
(7) XS-C')- ('r]_) =2cC + (Tl)'

Since xk+l(Tl) is a solution of a system of linear
differential equations, we may represent it as the sum of
a particular vector solution, p(Tl), and a vector solution

of the homogeneous sytenm, h(Tl),

8 () =p(r) +mh (1.

The system of differential equations for p(Tl) is
obtained by substituting the appropriate component of p
where everRk+l or ck+1 occurs in (4). We choose the
initial conditions p(0) = 0. The system of equations for
the homogeneous solution is similarly obuvained, but of
course all terms not involving the (k+l)St approximation
are dropped. The initial vector h(0) has all of its com—
ponents zero except for the last, which is unity. The

boundary conditions RE?I(O) = 0 are identically satisfied.

]
The solutions p(Tl) and h(Tl) are produced on the interval
0 < T < 1.0 by numerical integration.
The multiplier m is chosen to minimize the quadratic

form,
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L9
(9 s-= Lzlfpé(l) +mh, (1) -b,} ,

li

x$+l(l). It is required

.

where the observations are b&

that

oS .
(10) Smo O:

and so the value of m is

49
(11) m = —7g Y

2 (b, (1]

The thickness of the lower layer in the new approxima—

tion is
(12) d5h o m.

The initial approximation required for this successive
approximation scheme is produced by numerically integrating
the nonlinear system of equations for R using a rough
estimate of c¢. The results of three experiments with
initial guesses ¢ = 0.2, 0.8, and 0.0 respectively are
given in Table 3. The values of c obtained in the first,

second, third and fourth apnroximations are tabulated.

TABLE 3
SUCCESSIVE APPROXIMATIONS OF c, THE LEVEL OF THE INTERFACE
Approximation Run 1 Run 2 Run 3
0 0.2 0.8 0.0
1 0.62 0.57
2 . 5187 0.5024 No
2 . 500089 0.499970 convergence

True Value

0

0

0.499990 0.499991

G.5 0.5 0.5
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The initial guess of ¢ in Run 1 is 60% too low, and
in Run 2, 60% too high. Yet the correct value of c 1is
accurately found in 3 to 4 iterations. The time required
for each run is sbout 2 minutes on the IBM 7044 digital
computer, using an Adams—Moulton fourth order integration
scheme with a grid size of Aty = 0.01., Each iteration
requires the integration of 2 x 29 = 58 differential
equations with initial values, and the values of pL(Tl)
and hL(Tl) thus produced are stored in the rapid access
memory of the computer at each of a hundred and one grid
points, T = 0, .01, .02,...,1.0. The current approxima—
tion of R?j is also stored at a hundred and one points.

Run 3 is an unsuccessful experiment because the
initial guess for c, i.e., a single layer approximation,

is very poor. The solution diverges.,

8. NUMERICAL EXPERIMENTS II. DETERMINATION OF T, THE

OVERALL OPTICAL THICKNESS

Now let us try to estimate the total optical thickness

T of the stratified medium, assuming that we know all of
the other parameters of the system. Again we are provided
with 49 measurements of {b}, the intensity of the diffusely
reflected radiation in various directions.

The quantity T is the end point of the range of
integration, i.e., 0 ¢ Ty ¢ T. 1In order to have a known

end point, we define a new independent variable o,

(1) oT = 7, ,
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so that the integration interval is fixed, 0 < ¢ < 1. Then
T satisfies the equation, dT/do = 0. Cur system of non~—

linear equations is

dR, . (9)

87 1, 1
J

N N w

1 1 k

Af1l 23 1 Z -

[ Z k=1 1J My ] (1 + 2 RkJ My ’

aT _
o

where A = a + b tanh 10(cT - ¢).

The solution is subject to the conditions

. N N 2
(4) m%n iil jil [Rij(T) - 4uibij]

Linear differential equations are obtained in the
same manner as before, and we solve a sequence of linear
boundary value problems.

Three trials ure made to determine the thickness T,
with initial s..esses T = 0.9, 1.5, and 0.5, while the correct
value is 1.0. Four iterations yield a value of T which is
correct to one part in a hundred thousand, in each of the
three experiments. The total computing time is four minutes.
The experiment is successful even when the initial guess is

only one-half of the true value.
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9. NUMERICAL EXPERIMENTS III. DETERMINATION OF THE TWO
ALBEDOS AND THE THICKNESS OF THE LOWER LAYER

Given 49 measurements of the diffusely reflected

light, we wish to determine the two albedos

(1) A, = a-b, Xy = a+ b,

and the thicknesses of the two layers. We assume that we
know the overall thickness T = 1.0, and so if the thickness
of the lower layer is c, the thickaess of ' » upper layer
is given by T - e¢. The unknown pa.. . .i'.s are a, b, and

c. Since there are tbhree unknowns, we have three homo—
geneous solutions and of course a particular solution to
compute in each iteration of t: experiment. Each

solution has 28 + 3 = 31 components, so that there are

4 x 31 = 124 linear differential equations being integrated
during each stage of the quasilinearization sc eme. ‘The
three multipliers form the solution of a third order linear
algebraic system. They are found by a matrix inversion
using a Gaussian elimination method. Table 4 summarizes
the results of an experiment which is carried out in about
2 minutes on the IBM 7044. The FORTRAN IV computer pro—
grams for all three series of experiments are given in

Appendix B.




TABLE 4
SUCCESSIVE APPRNXIMATIONS OF Xl, 12, AND c

Approximation ll = a-b AZ = atb c
0 0.51 0.69 0.4
1 0.4200 0.6052 0.5038
2 0.399929 0.599995 0.499602
3 0.399938 0.599994 0.499878

True Value 0.4 0.6 0.5

10. DISCUSSION

The approcach which is discussed above is reacdily
extended to other invercse problems with different physical
situations. The numerical experiments in this chapter
make use of many accurate observations of the reflected
light while in the next chapter, the effect of errors in
the measurements is examined. We note that initial
approximations must be good enough to insure convergence.
A rational initial estimate may be made from knowledge of
the diffuse reflection fields for various homogeneous
slabs, as calculated for example by Bellman, Kalaba and
Prestrud [14]. Other inverse problems might deal with the
transmission function, the source function, the X and Y

functions, and the emergence probabilities [18-22].

s — WWW u T »"8’..,;,_
1 E . ¢ : T2
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CHAPTER THREE

INVERSE PROBLEMS IN RADIATTVE TRANSFER:
NOISY OBSERVATIONS

1. INTRODUCTION
The techniques of invariant imbedding and quasilinear-

ization are applied to some inverse problems of radiative
transfer through an inhomogeneous slab in which the albedo
for single scattering has a parabolic dependence on optical
height. The results of many numerical experiments on the
effect of the angle of incidence of radiation, errors in
observations, and minimax versus least squares criterion are

E reported. "ther experiments are carriecd out to design an
optical medium according to specificd requirements. The

: knowledge gained through this type of numerical experimen-
tation should prove useful in the planning of laboratory or

satellite experiments as well as for the reduction of data

and the construction of model atmospheres.

2. AN INVERSE PROBLEM

Consider an inhomogenevus, plane-paral el, non-emitting
and isotropically scattering atmosphere of finite optical
thickness T - Its optical properties depend only on the
optical distance 1 from the bottom surface. The bcottom

N surface is a completely absorbing boundary, so that no light

oA W?r L —— : B e e
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is reflected from it. See Fig. 1 for a sketch of the phy
sical situation. Parallel rays of light of net flux =

per unit area normal to their direction of propagation are
incident on the upper suvrface. The direction is specified
by Mo (0 <« 4 < 1). the cosine of the angle measuced from

the normal to the surface [1,2].

T r
ﬁﬂ
| \V
|

d X(T)

\f
p‘

Fig. 1. The physical situation

Let r(u, g Tl) denote the intensity of the dif
fusely reflected light in the direction u. and set
R(u, Mg s Tl) = 4ur. Then the function R satisfies the

integro—differential equation

AR

= l 1 7 1. ! du',\
(1) 1 f ] d f
o {1 + ‘2 Uro R(“ ) qu 'Tl) ——S:}

with initial condition
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(2) R(u. Y Tl) =0 .

The function l(rl) is the albedo for single scattering.
We wish tc corsider the inverse problem of estimating

the optical properties of the medium as represented by

A(t) as well as the optical thickness of the slab, based

on measurements of the diffusely reflected light.

3. FORMULATION AS A NONLINEAR BOUNIL-iRY VALUE PROBLEM

Let us consider the case in which the albedo may be

assumed to have a parabolic form,
(1) AM(T) = % + at + sz ,

wt2re a and b are constants for a particular slab. For
ple, let us take a = 2 and b = -2, and we choose the
optical thickness ¢ = 1.0. The albedo as a function of

optica height is shown in Fig. 2.

10
A\ T)
T 5+
0 L ‘
0 5 10

2

Fig. 2. A parabolic +lbedo function, A(T7) = % + 21 - 27°,
for a slab of thickness 1.0
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We replace the integro-differential equation by the

discrete approximate system obtained by the use of Gaussian

quadrature,
dR, . N W, -
1 £, _1__ ~1_ { 1 g \ _.lS
(2) a?il Gyt uj) Rig #Mrp g Ry
N W
, 1 k
{1+ ooy R o

In these equations, Rij(Tl) represents R(ui, “j’ Tl).

We produce "observations' of the diffusely reflected
light by choosing N = 7, and integrating (2) from T =0

R. .
= 1 i = 1 1

to Ty 1.0, and then setting bij Zﬁi .  Then {bij'
is the set of measurements fcr T =L

Starting with the observations {bij} E {rij(c)}, we
wish to detemine the quantities a. b, and the optical
thickness ¢ which minimize the expression

(3) 5 =7y rgye) - bij}z ,

where Rij(Tl) = auirij(Tl) is the solution of the nonlinear
system (2). This inverse problem may be viewed as a non-

linear boundary--value problem.

4. SOLUTION VIA QUASILINEARIZATION

Since the terminal value of the independent variable
71 1s unknown, we make the following transformation to a

new independent variable o,
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(1) 0 = 1q/c

which has initial value O and terminal value 1.0. Then
the parameters a. b, and the thickness ¢ satisfy the

equations

(2) da _ de _
=% w=0 =0

Eqs. (2) are added to the system

i I &+, +a) 11+ S Ry,
(3) L N Wy
1+5 5 R, —E }
k=1 "4 Mg
where
(4) AN(o) = % + aco + belo? |

The application of the technique of quasilinearization

[ 2] yields the linear system for the (n+1)St approximation,

dRn+1
ij _..nf 1 1 n n ,n n n n
—g:l c (ui + ™ RE; + A b7, M o) (RME (R )}

g q ij — Tij
W
1 n n n n+1 n k
+ Y X a 3 b . [} c fo >‘ R . - R i
N W
. +1 n 1
+ f (RIS - RY)) ]
I =1 M ) }
e o e
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T e L R R £, (R 3 (R™)

nti

+ (b b D (Mo)2 £, (R £ (RM)

1

U ij
(5) + (&% + 2bn(cnc)2]-fi(Rn)fj(Rn)} ,
dan+1
=0,
dbn+1
& =9,
dcn+1
& =0
where

r(a", BT, <. o) = % + a"(c™o) + bn(cno)2 ,

n 1 N W.
£,RD) =1+ 5 > RO El'
j=1 M

The solution of Eqs. (5) may be represented in the form

)+ (o)
Pjjt\° € hjj!

+1, .
RY: (o) =
t k=1
3
A =g () + T Sy
b)) = qp() + T Mk
k=1
Cn+l(7) = q3(3) + Lol Ckwg(d)
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where the vector P, constituted of elements p..(c) and

i]
q&(“), is a particular solution of (5), and the vectors
Hk compcsed of elements hgj(o) and wi(c), are three
independent solutions of the homogeneous form of (5). for
k =1, 2, 3. We choose the initial conditions P(0)
identically zero, and Hk(O) having all of its elements
zero except for that component which corresponds to

wS, k =1, 2, 3. The choice of initial conditions allows

us to identify the multipliers oS (not to be confused as

powers of c) as

a=a(0) = c1 ,
(7) b =b(0) =c?,

c = c(0) =c3 ,

We seek the three missing initial values (7).
Let us make the conversion from measurements of

rii(c) to measurements of Rij(l) by setting

Then we write the expression to be minimized as

2
_ n+1
(9) S i%j {Rij (1) - Bij}

This expression is a minimum when the following requirements

are met:

(10) S .9, B .o S .o .
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By means of (7). these coi iitions are cquivalent to

3 38 3
(11) B0, M o0, B0,
e ac ac

We replace R?;l(l) in (9) bv its representation (6).
Then Eqs. (11) lead us to a third order system of linear

algebraic equations of the form
(12) AX =B

where the elements of the matrix A and the vector B are,

respectively,
=5 pt j
(13) Aij —m " hmn(l) hmn(l)
=5 pt : _
(14) B, ht (1) 6, - P (1)]

m.n

and the solution vector X has as its components the multipli-
ers cl. c2. cj. In this way we obtain the current approx—
imation to the parameters a and b in the albedo function.
and the thickness of the slab. c¢. To begin the calculations.
we produce an initial approximation by integrating the sys

tem of nonlinear differential equations (3) with R(0) = 0.
and using estimated values of the parameters. Several

iteraticons of the method are usually sufficient to attain

convergence, if convergence takes place at all.
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5.  NUMERICAL EXPERIMENTS I: MANY ACCURATE OBSERVATIONS

Some of the cbservations {Eij} = {Rij(l)} are plotted
in Fig. 3.

Several types of numerical experiments are carried
out. In the first class of experiments, 49 perfectly
accurate (to about 8 decimal figures) observations are
used to determine the quantities a, b, and c. The 45
observations correspond to measurements for 7 outgoing angles
for each of 7 incident directions. as listed in Table 1,

Chapter II. In one of the trials, the initial approximation

is generated with the guesses a 2.2 (+10% in error),

b =-1.8 (+10% in error), and <c

1.5 (+50% in error).
After four iterations, our estimates are decidedly better:
a = 1.99895 (—.005% in error), b = -1.99824 (+.0147 in
error), and ¢ = 1.004 (+.04% in error). We repeat the
experiment, with one change: our initial estimate of the
thickness is 0.5. only one—half of the correct value.
This time the solution diverges and the procedure fails.
Fig. 4a illustrates the rapid rate of convergence to
the correct solution for the albedo function M(r) , for
the successful trial. The initial approximation is designa—
ted in the figure by the numeral 0, the first approximation
by 1. The fourth approximation coincides with the true
solution. Fig. 4b shows how the initial approximation to
the function Rij(c) for incident direction cosine 0.5

deviates from the observed values as indicated by the curve
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Fig. 3. Some of the observations {Ry:?
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Fig. 4. (a) Successive approximations of the
albedo function.
(b) Successive approximations of the

function Rii(c)'
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labelled '"True''. The first approximation lies very close
to the correct values. and the fourth approximation is

graphically identical with the correct solution.

6. NUMERICAL EXPERIMENTS "I: EFFECT OF ANGLE OF INCIDENCE

In a second series of experiments. the incident angle
is held fixed and accurate observations are made of the
outgoing radiation in seven directions. The incident
direction is varied from one trial to the next in order
to study the effect of the position of the source. The
initial approximation used in each trial is the same. the
correct solution. Due to a possible lack of in{ormation
in the observations for a given trial, the successive
approximations may drift away from the correct solution and
converge to another. Several iterations are carrfed out
in each run. The results of the sevenr runs with each of
seven angles are given in Table 1. The incident angle is
given in degrees, and the fourth approximations to the

constants a, b, and the thickness ¢ are tabulated.

i
]
]
]
!
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TABLE 1.

NUMERICAL RESULTS WITH DATA FROM
VARIOUS INPUT DIRECTIONS

——— ~ -

Incident

Trial Angle a b ¢
1 88.5° 2.00231 ~2.00456 0.999262
2 82.6° 2.00206 —~2.00351 0.999361
3 72.7° 2.00032 —2.00048 0.999933
A 60.0° 2.00072 1.99952 1.00007
5 45.3° 1.99879 ~1.99841 1.00021
6 29. 5° 2.00029 ~2.00040 0.999972
7 *3.0° 1.99962 ~1.99937 1.00009

Correct values 2.0 -2.0 1.0

Table 1 indicates that the results are very good,
no matter what the incident angle is. Examination cf the
computer output shows that convergencc has occuried, in
each trial, to about four significant figures. Angles
13° rhrough 72.7° give nearly perfect values of the con—
stants. Angles 82.6° and 88 57, close to grazing incidence,

give values which are only slightly poorer, 0.1% to 0.2%

off.

7. NUMERICAL EXPERIMENTS III: EFIECT CF NOISY OBSERVATIONS

In this study. errors of different kinds and amounts
are introduced into the obsexvations, and the results of

the determination of parameters are compared with che

— - 7= *:E!\f: iy =y g cammagy - = oo
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results of Exneriments I and II in which no errors were
present. Errors are given in percentages with p'us or
minus signs. The errors in a given trial are either of
equal magnitude. or they occur in a Gaussian distribution.
Let tlf Eoe ooe ty be seven true measuremants of R.
When we speak of noisy observations of + 5% equal

magnitude errors. we mean that the noisy observations are

n, = (1 - .OS)t:2 ]
(1)
n, = (1 + .05)t7
Let g;. gy+ ---» 87 be seven (signed) Gaussian deviates,

with standard deviation unity. Noisy observations with

5% Gaussian distribution of errors are defined to be

m =(1+.ng e,
(2) 2 L

(1 + .05g7)t7

The results of numerical experiments with noisy
observations, with one or seven angles of incidence, are
presented in Table 2. Clearly, the accuracy of the esti-

mation of the three constants is in proportion to the
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accuracy of the observations. 1n contrast to the trials
with perfect measurements. experiments using noisy observa
tions are more successful when there is an abundance of
data. and when the data are limited these experiments
show the effect of the incident direction. Errors with
Caussian errors give pocrer results. which may be due to
tne particular set of 7 or 49 Gaussian deviates chosen

arbitrarily from a book of random numbers [3].

8. NUMERICAL EXPERIMENTS IV: EFFECT OF CRITERION
This series of experiments is intended to investi-
gate the effect of using a minimax criterion rather than
a least squares condition for the determination of the
unknown parameters.a, b and c. The condition requires
that the constants be chosen tc minimize the maximum of
the absolute value of the diff: rence between R?;l(l) and
gij' where R?;l(l) is the solution of (4.5). This is

formulated as a linear prcgramming problem in which we

have the linear inequalities [4],
1 -
1 L
( ) ie).'.{p..
€, .
1]

whe~e the subscripts take on the values appropriate to the

trial under cnsideration. A standard linear programming

. . k
code [5] is used to determine the -~ nstants c , eij’ and
the maximum deviation ¢ . Two numerical experiments are

- o = s - PR A P ety =
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carried out, one with + 2% equal magnitude errors in the
observations, the other with 2% Gaussian errors. The
incident angle is 60°. The results are given in Table 3,
where we show the values of the two constants in the

albedo functions, a and b, the thickness ¢, and the maxi-
mum deviation €, for each approximation. The results for
the case where the errors are all of the same relative

size are excellent. The trial using Gaussian errors yields
constants which are not quite as good, yet these results

are surprisingly better than one might expect.

TABLE 3.

NUMERICAL RESULTS USING MINIMAX CRITERION

Type of Approxi- a b Maximum
Errors mation ¢ Deviation
+ 2% 0 2.00000 -2.00000 1.00000 —m8m7m7 —roo
equal 1 1.99948 -1.99961 1.00001 . 0200000
magni tude 2 1.99948 -1.99959 1.00001 . 0200000
3 1.99948 -1.99960 1.00001 . 0200000

0 2.00000 -2.00000 1.00000 ——

2% 1 1.76462 -1.67267 1.03357 . 0294158
Gaussian 2 1.76265 —~1.67487 1.03841 .02937306
3 1.76279 -1.67484 1.03852 .0293722

9. NUMEFRICAL EXPERIMENTS V: CONSTRUCTION OF MODEL ATMOSPHERES

Suppose that we desire to construct a model atmosphere
with the optical property that whenever light is incident at

angles near the normal, the distribution of diffusely reflected
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light is greatest close to 90° from the normal. We require
that the optical thickness ~ be about 1.0. and the albedo

profile is to be parabolic,

(1) A7) = % + ar +,b72.

where the constants a and b are to be suitably chosen.
The albedo should not be greater than unity.

The reflection pattern, for an incident angle of
13°, is to have the form indicated by the seven x's in
Fig. 5a. The units are given relative to an incident net
flux of m. As our initial estimate, we helieve that the
slab should have thickness one. and that the parameters
be a =2, and b = -2. Then the albedo has the form
given in Fig. 5b by the curve labelled "Initial", the
horizontal line at T = 1 indicating the upper surface
c. The reflection function has the form given in Fig. 5a
by the dots, whose values are much too low in the region
80° — 90°. How should the optical cdesign of this slab be
modified for better agreement with the requirements? The
answer is not at all obvious.

We carry out a numerical experiment in which a
better model is to be found, which makes the sum of the
squares of the deviations from the desired values a minimum.

The condition is to minimize the sum S,

(2) § & 5 (d, - 1),
1

s = T VT ——a - TN e
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where di is the desired value of the reflection function
for output angle arc cosine Hy and L is the s.lution
of the differential equations for the r function, and

k = 7, corresponding to input angle of 13°. This problem

is mathematically the seme as the earlier inverse problems
of this chapter. The method of solution is also similar,
and after five iterations and 3 minutes of computing time,
we obtain the solution 4 = 1.383, b = -1.140, and ¢ = 1.117.
The albedo function is shown in Fig. 5b by the curve label-
led "Least squares', the reflection function is indicated

by the circled dots in Fig. 5a. A smooth curve is drawn
between the dots, showing the probable continuous distri-
vution. This curve is in better agreement with the require-
ments at 83° and 88.5°.

We perform another experiment in which the criterion
is to minimize the maximum deviation. This condition is
given by Eqs. (8.1), where ﬂij = 4u;d, and j = 7. After
five iterations, the solution is a = 0.744, b = —0.415,
and optical thickness ¢ = 1.431. The albedo has the form
represented in Fig. 5b by the curve labelled '"Minimax',
and the reflection function is indicated by dcts within
squares in Fig. 5a. The reflection functioan for this slab
is in very good agreement with the requirements.

Other possible approaches to prnblems of design

include dynamic programming and invariant imbedding [6, 7].
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CHAPTER FOUR

INVERSE PROBLEMS IN RADIATiVE TRANSFER:
ANISOTROPIC SCATTERING

1. INTRODUCTION

Inverse problems in radiative transfer for a medium
with anisotropic scattering [l, 2] may be treated in a
manner similar to that used in the isotropic case. We
consider a plane parallel slab of finite optical thickness
Ty - For simplicity let us suppose that both the albedo
A and the anisotropic phase function are independent of

optical height. Let us take the phase function to be

(1) p(a)=1+acosq,_}‘?rnpdg=1,

where 8 1is the scattering angle, and a 1is a parameter
of the medium and is to be determined on the basis of
measurements of the diffusely reflected radiation. An
integration over so.id angle gives the normalization con-
ditivn in (1). Let us consider the case in which a = 1.
This approximately corresponds to the forward phase diagram
of Saturn [3]. It may be noted that Horak considers inverse
problems in planetary atmospheres in ([3].

Parallel rays of light of net tlux n© per unit

area normal to the direction of propagation are incident
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on the upper surface of the slab. The direction Lf the
rays is characterized by JO(O < < 1), tha cosine of
the polar angl: measured from the downward normal, and by
the azimuth angle 0 * The phase functicn may be written
as a function of polar and azimuth angles of incidence and
scattering, p(u, =3 Sy :0). The lower surface of the
medium is a perfect absorber.

Let the diffusely reflected intensity in the direc-—
tion specified bty (u, ) be r(Tl, SPRE T INY .0), where
- 1s the azimuth angle (0 < + < 27). Measurements of
r, the set (b}, are made and we wish to determine the

value of a for the slab.

2. THE S FUNCTION

Let us dcfine - function S. which is related to the
diffusely reflect~zd intensity function r., by the formula
S(TlfU)T; U-O:"f-'o)

(1) r(71~ M. 7y U'O} :O) = 4u

We wish to derive a differential-integral equation for
the S function by the method of invariant imbedding

[25 46}-

Let us define another function P,

. f(Tl,u,c;uino)

(2) P("’l‘ by 72 O) uo v
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which is the reflected radiation per unit horizontal area
produced by a unit input of radiation on a unit of area in
the top surface. Now we add a thin layer of thickness
toc the top of the slab of thickness 1 The P function

for this slab may be expressed in the form.

p(Tl+A.~P'~v:f\; U-O; ;'O)=
P(T et U ) - A (_1: 4 }'___)p(.r W,o: u - )
1% Moo 2 U-O 1M 0°70

+ Jb in p(u.r; "u0,$0)

21 R
¥ “no "ro Plry-u’so's ugemg) o 7= plu.z; u' o' )da'do!
(3)
+ p277 !\l A )\_ (., vV V. . )p( e u; ) ')d "dl 1
\O \O uo 4,7 P\ uo.’~0) PlO)wO Tlgu,;, O-lwo L*O _10
2m 1 A s
+ 1 JO P(Tlau';i'; 197 %g) e p(—ué.,é; ul,v")du'ds’

2m 1 D L

‘9 fO P(Tl.u,:; uo,;o)duodtO + o))

The terms on the right hand side of the equation represent
the following processes: (1) no interacticn in 2~ , {2)
absorpticn in /4 of the incoming and outgoing rays. (3) a
single scattering in " . (4) multiple scattering in the
slab of thickness ™1 followed by an interaction in /4 .
(5) interaction in \ followed by multiple scattering in

the slab below. (6) multiple scattering in the slab of

thickness T1 followed by an interaction in A followed

9
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py multiple scattering in the slab of thickness + . and
(7) o(2) represents other processes which involve
or higher powers of

Now tae relation between S and ¢ 1is

S(Tl.u.?; uo,ro)

(4) P(Tl. Ge U Mg Zguo

so that when we substitute this expression into (3). we

find that S satisfies the equation

S(Tl+\,u,2; uofo) = S(”l,u,:; HO’?O)

11 A
- a5+ ?6)5(*1'“'“s Mo+ %)

+ Mp(u.vy uO,YO)
2= 1
SLO ° ! ' v onydu'de!
+ 5= S(ty.u'yv's unyseadpu.r; w'e')—=—""
(5)
27 1
Ad p o I R Sl 11 e b otydupadr ]
+ Z"—; 'O "'O p( JO'.\O, LAO}‘.O)b(‘].".l}~‘, L10‘ ;O}_,:.Q_ 0
20
o A3, < rl S(T e’ e, )p(_ul e ! ml)duldwl
1 LI 3 S . 2 e ] LN Buadanti ==
Pzw Pl ( vorydundsd
: S(Tqy.u,7;5 un.-1) 9% 0 + o(n) .

.LIO

We expand the left hand side of Eq. (5) in powers of ~ ,

B e — ‘ gy
5 - -

A




:‘S(T s M, D5 He P )
+ o L% Heto) Ly,
3'!'1

We let A - 0 and we obtain the desired integro-differential

equation

HS(T].: Wy hy uo)cpo)

1 1 n , .
G s ot
I rZ” rl S(r u' ot Yp( - ,l)éﬂidu'
ir ! 1’ A Lloymo PlU, O H 5@ 1
0 ‘0 -
1
o ol AT Conny e a0
o . J (Tl:uymx U-O)vo)p(—u()”‘s"()’ _HO’WO)—wao
0 "0 o
bl T e e e oty ety
— | J 1,L1 3 ’ Llowo P uO"*‘O’ s W
(4m) G 0
2 1 dug
j‘ f S(Tlgu,vC; H(')J:b('))——_? dCD(')} ‘
0 0 UO

A simplification arises if it is assumed that the

rhase function may be expanded in the Fourier series

M
c_ P (cos 9),

. . ' 5
(8) P(u; Dy Llos 00) =0 m m

where Pm(x) ig the Legendre polynomial of degree m.
The angular dependence of expansion (8) may be decomposed
into poiar and azimuth factors by the use of the addition

rule of Legendre functions. Then Eq. (8) becomes

= AR p— o, T e e v e S TR W———ne

E
%i
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) M M
(9)  putiuge) = 0 (2255) 0 ¢
0 0 Om’

im)!

. m . . .
The function Pi(x) is the associated Legendre function of
degree 1. order m. Noting the form of this equation. we
expand the S function in a similar manner.

S(m)(T

M
(10) S(Tl'u':'“0'~o)= m=0 1-u.u0)cos m(;lt)

Substitution of (10) in (7) leads tc the equations for the

Fourier components of §S.

*S(m) . 1 1 \o(m) _ . o itm (i m)! m, . m
(11) 2 + ( + “0)8 = (2 Om)iqn(—l) ciézlgri#i(u)r-
where
« 1+m 1 .
, T _ ph (—1)l o (m) - tyvpM,  rydid!
\12) i(Ll) = Pi(Ll) + W “O S (-lyLl,-U )Pi(u )?_ ’
for m=0. 1, 2. .... M. The functions S(m)(ri,u,uo)

possess the symmetry property
(13) S(m)(~1.u.uo) = S(m)(Tl.uO,u)°
The initial conditions are

(14) S<m)(0.u,uo) -0 .

i'i+m)fP?(“)PT(u0)COS m(.—.Ol
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By the use of Gaussian quadrature on the interval
(0.1). the integrals (12) are replaced by sums. Also.
the function S(m)(wl.u.uo) is replaced by a function
of one independent variable. S§T)(Tl)- where the angles

-

are discretized sucl that Gy “j' and o - My

i.j =1, 2, .... N. Then we have the approximate system.
(m),
ds:.’(vy) .
(15) il 2AT 1oy byglm
dar o = 1]
1 1
(254 ) g ( 1)k+m ﬂk;mli c, vm .m
Om k=1 (kd=) T “k'ki‘kj
(m =0, 1. ....M; i =1.2. ..., N; j=1.2, ....N) ,
where
k+tm N W.
(16) e Bl + CL T gmpme )
; & o . . 8! 37,

The diccrete cosines Aj are the roots of the shifted
Legendre polynominal of degree N. P&(x) and the quantities
wj are the corresponding weights. The initial conditions

are

(17) Sg?)(O) -0 .

The solution of this initial value integration problem for
a system of ordinary differential equations (15) is approx-
imately equal to the solution of the original integro

differential system.
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3. AN INVERSE PROBLEM
Consider _he case in which the slab is of thickness
Ty < 0.2, the albedo is ' = 1. and we choose N = 7 for

the quadrature. For the phase function
(1) p~=1+ acos 3

the parameters are

(2) M =1, Co = 1, cy =a= 1.

For a numerical experiment., we take Egs. (2.15) and inte—
grate from r, =0 with initial conditions (2.17) to
T, = 0.2, using -n integration grid size of ATy = 0.01.

Using (2.10) and (2.1), we produce

(3) bijk = 1‘(0.2. Ll__-L, "jk; u-j' IO)
for = 0, and Y = 00, 300, 60° . e, 180° as
k =1, 2. ..., 7. The set fbijk} represents our measure—

ments of the diffuse reflection fieid. from which we hope
to estimate the unknown parameter a. The condition shall

be te minimize the sum of squares of deviations,

, - 2

'4 « O~2c u01 p; "_v 35 _bo' ]

@ T T2 g g sg) = by,

where the function 1 1is the solution of the Eqs. (2.15) -
(2.17) using (2.1) and (2.10). The measurements for r = Q°

and for =+ = 180° are shown in Fig. 1. when Mg = 0.5,

0 < 0. These data were produced numerically with the




91—

6 SO0 4+ T = (g)d wuoryouny aseyd ‘o0 = Oy ‘g0 = On nAosn01 immya
A31suajut pa3oay3ax AT9SNIJITP 9yl JO SUOTIRAIISqO uaozanog 1 "I14g
a|buo ipjod jo auisod ‘v
) 4 14 o 8 Ot 8 S 14 A )
T

_ ~4
| -
_
_ 1
_
| —
_
| B
_
| =i
_

&
_
_ —
_
! i

008l = ¢ [ oOuﬂ

| ot
[
_ 4
|

\




-92

use of Eqs. (2.1). (2.10) - (2.14). The program for the

calculation of the r function is given in Appendix D.

4. METHOD OF SOLUTION

This problem may be solved by successive approximations

. L . . . _ \
using quas]_llnearlzatlon [78] g Let us write the function S(m/
v ima A,m N m —

as Smij . and similarly . ki Pk(“i) P s -

The linear equations for the (n+1)St approximation are

ntl
%%mii = (l_ + l_) gh
drq TNy ¥ nd j
f sy Lnkm Gemt ny
A “Om k= (k+m) ! k mki mk j
n+1
(1) + (Spij — mlJ)( 1)(—" + —w)

l

J
Y

]

+ 02 85.) = (il g ys 4 (g0l L gntly,

(=1 mjz mj2’ ‘mis mifZ = “mit mJ!J
ntl n Ha (1-m)®
+ (2 }-Om)(c “1)(~l) (Tfm) T “mli ‘mlj
(m=0,1;i=1.2, ....7;3=1,2, ... 7),
+1
da" _ - _
(2) P 0 "or a = cy

where

—— WO T P
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(3) o = _{;llffﬁ P ikt (em)! o on

mi 4 k=m 2 2 " om’ mk j uj (ktm) ! Tk mki
and
(4) y =P .+ (_1)%9“ § st .p .. i

mk 4 mk4 2(2-5 Om) mLj mKkj uj
In these equations

-t

(5) Al c¥+l , at = c? : cgrl = cg =1

The iritial conditions are

(6) spis (0) = (0)

and the boundary condition is

. 1
(7) 231, T, LF shs

?
20t Y5k m=0 m13( Jeos miy Hy le] }

Let us represent the (n+l)St approximation of S as
a linear ccombination of a particular solution and a homo—
genecus solution

ntl =
(8) Spij 1) = Ppij(my) +ah (7))

In terms of numerically known quantities,

= poij - plijccsmk)(hOij + hlijcoswk)

4307 5k

5 4 h. K12
: k[hOlj + hlijcos4k]

mw«;—- e - P - Ryt oo e
.
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where the functions p and h are evaluated at ~, = 0.2,

1
and the initial conditions for p and h are suitably

chosen.

By making use of the symmetry property of S we need

consider, not a system of 2N2

equations, but only
2N(N+1)/2 = N(N+1) equations. For N = 7, this means that
7.8 = 56 equations define the particular solution, and

another 56 define tle homogeneous solution. Twenty—one

integration grid points cover the range 0 < 7, < 0.2

1
0.01. The storage requirements are 21 x 56

1

with Ty

for the p solution, 21 x 56 for the h sclution and

21 x 56 for SrInIij This problem is certainly feasible
for numerical solution with the IBM 7044 or the 7090.
Numerical experiments will pe carried out in the near
future. Such studies should prove useful in the planning
and analysis of investigations of planetary atmospheres
[3,9-18], stellar radiation in the galaxy [19], and radia-

tion fields in the sea [20-22]

——
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CHAPTER FIVE
AN INVERSE PROBLEM IN NEUTRON TRANSPORT THEORY

1. _INTRODUCTION
The theory of neutron transport and the theory of
radiative transfer [1] are devoted to problems of determining
the properties of radiation fields produced by given sources
in a given medium. Inverse problems in transport theory are
those in which we seek to determine the properties ot the med-
ium, given those of the indicent radiation und the radiation

fields [2-4].
In this chapter. we study inverse problems in transport
theory from the point of view of dynamic programming [5].
Our aim is to produce a feasible computational method for
estimating the properties of the mdium based upon measure-
ments of radiation fields within the medium. The invariant
imbedding approach to transport theory is sketched in Ref. 6.
For ease 0f exposition we ccnsider a one-dimrensional
transport process. The method described here can be general-
ized te the vector matrix case, and thus to the slab geometry
with anisotropic scattecing, to wave prepagation [7], and

to transmission lines.

wg;-pw-—z-—-— P A g e s o T OT———

Bt s, NI
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2. FORMULATION

Consider the one dimensional medium shown in Fig. 1.

(P  FRS H

o]

Fig. 1. A one-dimensional transport process.

It corsists of N homogeneous sections (bi' bi+l>’
i=0,1, 2., ..., N 1. When a neutron travels th-ough a
distance 7~ in the ith section, there is probability

a; that it will interact with the medium. The result of

an interacticn is th+:t the criginal neutron is absorbed and
two daughter neutrons appear. one traveling in each direc-
tion. Suppose that ¢ neutrons per unit time are incident
from e right and zerc neutrons per unit time from the
left. We denote the average number of particles per unit
time passing the point » and moving to the right by u(x)
and the same quantity feor the leftward moving particles by
v(x) Suppose that measuremencs on the internal intensities

are made at varicus points x = x; # bj; e.g. .

(1) u(xi) =W i=1.2, .... M

Our aim 1s to estimate the characteristics of the medium.

the quantities a,. i =1. 2, .... N. on the basis of these

observations.
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As is shown in Rel. §&. the internal intensities satisfy

the differeatial equations

u=a.lv‘
(2)
v = 3. u ,
1
(3) by 17X by L i=1,2. ..., N,

where the dot indicates differentiation with respect to x.
The analytical solution is of no import, since we wish to

consider this as a prototype of more complex processes for

which a computational treatwent in mandatory. In addition.

u(x) and v(x) are continuous at the interfaces

(4) u(bi - 0) = u(bi + 0)

(5) v(bi - 0) = v(bi +0) ,i=12, ..., N-1,
and

(6) u(0) =0

(7) viby) = ¢ .

de wish to select the N constants 4y, @y, -+, 8y, SO as

to minimize the sum ~f the squares of cthe deviations §,

2
S = — 1
(8) S izl{u(xi) w,
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3. DYNAMIC PROGRAMMING

Let vs suppose that the functions u and v are

subject to the conditions of Section 2 and

(L) u(b ¢y

In addition we write

Mg

(3) fK(cl. CZ) = min .é {u(xi) - wi}z
i=1

where the minimization is over the absorption coefficients

ayr e .o Ay The number of observatiors on the first

K intervals is MK' wWwe view K as a parameter taking

on the values 1. 2. ..., and cq and c¢ are aliso viewed

2
as variables. Then we write

M1

() Elleps ep) = 7 fulx;) ~ w;}?
i=]1

where

(5) u(bl) = Cl

(6) V(bl) = c2

(7) e oap s

(8) — \.[ = al u .

The absorption coefficient ay is chosen so that




~101-

(9) u(0) =0 .

In addition. the principle of optimality yields the

relationship

min 14 [ [
Erer(ers €)= gy 1dgq + Eelep. e

(10)
K =1. 2
- '}2
(11) dK+l = i {u(xi) Wy .

with 1 ranging over integer values for which

(12) by < x5 Tbgy

and

(13) U agyy Vo ubyg) = o
(14) Vo= agu, V(bK+l) =c, .

In addition we have put

(15) o u(by)

1
(16) ey = v(by)
In the usual manner of dynamic programming this leads

to a computational scheme for computing the sequence of

functions of two variables fl(cl’ cz), fZ(Cl’ C2)’ cy

B ==

.mg&&gg‘ﬂﬁ’ﬁﬁﬂqg
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and in principle solves our estimaticn problem. In the
event that we do not wish to require that u(0) = 0, we

may determine the function fl(cl’ c2) this way:

. My

min 9 - 2
(17) f.(cq, c,) = a [ u®(0) + 2 fu(x;) — w;1°]
18¢1° €2 1 o i

where ) 1is a suitably large parameter.

4. AN APPROXIMATE THEORY

While the original physical problem is a two-dimensional
problem, it may be well-represented as a one-dimensional
problem. Suppose that there are K segments of the medium
and that the input is v(bK) = ¢. The absorption coefficients
a1y gy ceey By should be chosen to secure a minimum sum of
squares of deviations from the measurements. Having picked
the absorption ccefficients, we may calculate the reflection
coefficient r(v(bK)) for this segmented mediun. At the
end by, the function u 1is essentially determined by v
and r(v), u(bK) = V(bK) r(v(bK)). The single variatle
v(bK) = ¢ may then suffice to specify the state at the

th

right end of the K segment.

Let us define the function gN(c)

(1) gN(c) = the smallest sum of syuares of deviations
on the first N segments when the input

is ¢,

and the function RN(C),

s W

e
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RN(c) = the reflection ceoefficient that results when
the optimal set of absorption ccefficients is

(2)

used on the first N segments., the input being

c = v(bN).

The function gN+1(c) satisfies the inequality

3 . min '
( ) 2N+1(C) < a {dN+1 + gN(C )} a
where
< 2

(4) Gy = 7 TuCeg) =gl by g by
and

u=ayv, V(bN+1) =c ,
(5)

v = g " ‘I(bN)RN(V(bN)) = u(bN) )

and
(6) c' = v(bN)

We do not have recurrence relations for the sequences of
functions gN(c) and RN(c). We replac Zqs. (3), (4),
and (5) by an approximate set, where instead of gN(c) we
introduce the sequence fN(c), and instead of RN(c) we
introduce rN(c). In our approximate theory we produce
fN+l(C) from the recurrence formula

min [ 3
(7 Eypp(e) = a gy + fyleD}




~104—
where
: : . 2 P )
(8) e =, Tulxg) =g d® by g by
and
c' = V(bN)
The following boundary value problem,
U =av. v(bN+1) = c.
(9)
v =au. v(by) rg(v(by)) = u(by)
must be satisfied. The quantity
(10) 1€ = m (o)

is obtained as the solution of the initial value problem

(11) t = a(l +r?). r(by) = rylch)
For N =1 we define

(12) fl(c) = m;n a [u(xi) — wi]2 ,
i

where the summation is over indices for which

(13) 0 - x. < b, ,

and  1s a weightiag constant. Also we have
u = a v, u(9) =0 ,

(14)

— v = a u, v(bl) =@




We define

(\15) rl(c) = r(bl)
where
: - 1 2 £ Qg -’
r =a(l +r°) . 07 x b1
(16)
r(0) =0 .
The purpose of introducing the weight > 1 1is to insure

a good fit over the first segment.

Assuming that a unique minimizing solution exists,
we can show that the results of our approximate theory are
exact, if the observations w; are perfectly accurate,

We reascn inductively. Fcr the one segment process. there
exists an input ci for which fl(ci) = 0 by Eq. (12),
and the reflection coefficient is rl(ci). We assume that
there exisgts an input to the .nedium of N segments, c;,

such that fN(C§) = (. and that the reflection coefficient

for this medium is rN(cN). For the medium of N+1 seg-

x

N+1
the input (to the left) at bN which satisfies condition

ments, there is an input c¢ such that dN+1 = 0, and
. ¥ R
(9) is v(bN) =cy - Therefore fN+1(LN+1) = 0. and
the solution is exact.
In this manner we have reduced the original multi-
dimensional opcimization process to a sequence of one-

dimensional processes.
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5. A FURTHER REDUCTION
The solving of the nonlincar boundary vaiue problem
of Eq. (4.9) can be a source of difficulty. To aid in this

process we note that we can write

(1) viby,) =c T + u(bN)R .

)
N/
which follows simply from one of Chandrasekhar's invariance
principles [1]. The transmission coetfficient T and the

reflection coefficient R of the (N+1)st segment are

calculated from the solutions of the initial-value problems [6]

(2) r=a(l+rd , r =0
(3) t=art, t(0) =1,
and

(4) R = r(bN+1 — bN)

(5) T = t(bN+1 — bN)

In this way the second condition in Eq. (4.9) becomes
(6) rN(v)v = (v - ¢c T)/R.

a nonlinear equation for v = v(bN)

6. COMPUTATIONAL PROCEDURE

The calculation of fN+1 for a given value of the

parameter c¢ may proceed as follows. We take a value of
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the coefficient a, and we produce numerically the reflec—
tion and transwmission coefficients, R and T. Assuming

we can solve Eq. (5.6) for v(bN), we go on to solve the
linear two—point boundarv-value problem of Section 4 by
producing numerically two independent sclutions of these
homogeneous equations and determining constants so that the
boundary conditions are met. Then the sum of squares of
deviations d is computed, and the cost {d + fN(v(bN))}
is evaluated. We go through these steps for all the admis
sible choices of a, and the costs are compared. The value
of a which makes the c¢ost a minimum is the choice for

the (N+1)St slab. The whole procedure is repeated for the
range of values cf ¢ and of N.

It may be noted that in the calculation of the reflec-
tion coefficient INt1° the initial condition ry is known
only computationally on a grid of values of the argument.
Experiments are needed to determine the required fineness
of grid to achieve the required accuracy.

It is possible to derive recurrence relaticns for
fﬁ(c) and r&(c), and these can be employed in a variety
of ways to improve the accuracy of the method. Numerical
experimentation would have to be carried out to obtain
reliable estimates of running times and accuracies [9].

The method proposed here can be e..tended to treat the case
where the interface points are not known, though the compu—

tational effort will be greatly increased.

1
;l




Eaperience with many similar probtlems leads us to
believe that the propo-ed procedure is perfectly feasible

(8. 9;.

7. COMPUTATIONAL RESULTS

Production of observations. We consider a homogeneous
rod of unit length with absorption coefficient a = 0.5.
We produce the internal fluxes to the right and to the left
due to a unit input flux to the left at the end x = 1. and

no input at the other end. x = 0. To do this. we use the

fact that the quantitv v(l) 1is the reflection coefficient

for the slab. which is tan a [6]. We integrate the trans-

| port equctions with the initial values wu(l) =1, v(i) = tan a.
from x =1 to x = 0. This procedure yields u(x) and

v(x) throughout the rod.

lwo—dimensional dynamic programming procedure for the

determination of the absorption coefficierts. The rod is

divided up into 10 homogeneous s=zctions of equal length.

From the set of exact measurements, w, = u(xj), we wish
J

to determine the set of optimizing parameters ay 1in each

secticn. The correct solution is 4, = 0.5 for N = 1, 2,

N
10.

In stage one of the multi-stage decision process,

the rod is considered to consist of one segment extending
t from x =0 to =x =0.1. 1If c, = u(0.1), Co= v(0.1), we

choose the coefficient which makes wuw(u) =0

b

- =
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[t

S ©
(1) a = gop arc tan |

el

regardiess of the measurements in this segment. The minimum

lJ

-

cos: is f](cl. c,) =2 [u(xi) w.lz . where u(xi) = gin a Xy -
) i

0 < X, < 0.1. This calculation is carried out for each value

of ¢y and Co-

The computations for the cther stages N = 2, 3, 4,

., may be best indicated by the following outline:

TWO-DIMENSIONAL DYNAMIC PROGRAMMING CALCULATIONS

!

For each stage N =2, 3. 4. ...,

fre e

1. Print N
2. For each cq

jf. For each Co
—I. For each a

1. Integrate to produce c; = u(by ), Cé = v(by_1)>

Compute d = ? [u(xi) —~ wi]Z
i

Find fy ;(c;. c,) by interpolation

o

3

. = ' y
:&. Set 3(a) = d + fN—l(cl’ c2)
2. Search for fN(cl, C2)= M;n {s(a)?

3; Print cj, Cos By ci, cé, fN(Cl' cz)

| S

3. For each cy

1. For each Co

|
]

1 i E 3 \ ;
L:: Shift tN(Cl’ Co) — Iy X0y CZ)
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There are four levels of computation: the stage N, the
state c¢y. the state Co- the parameter a. The large
brackets .over the steps which must be carried out at each
level. By the statement "shift £ -~ £y ", we represent
the discarding of the costs for stage N-1, and the replace
ment of fN 1 by the just computed costs for stage N, in
readiness for the next stage. This saving in storage 1is
allowed by the recurrence formula linking the current cost
with the cost of only the previous stage. The interpola-
tion may be carried cut ty the use of a linear formula in
two dimensions, cy and Cy- The princt—out value of a
is. of course. the optimal value.

In our numerical trial, we execute the algorithm for

three stages only, the rcd then extending from x =0 to

x = 0.3. The exact observations are

u(0.02) = 0.11394757 x 1071
u(0.05) = .28484388 x 1071
u(0.08) = .45567610 x 107 L
u(0.12) = .68328626 x 1071
2(0.15) = .£5381951 x 107+
u(0.18) = .10241607 x 10°

u(0.22) = .12509171 x 10°
u(C.25) = .14206610 x 10°
u(0.28) = .15900853 x 10°.

b

The range of N 1is 1 to 3, the section interfaces lying

at x = 0.1, 0.2, 0.5. The range of cy; 1is 0.00 (0.91)

0. 20,

i

11 valuves. The five allowed values of a are 0.3 (0.1)

21 values: the range of cy is 1.120 70.C92) 1.140,

————— ot i ——— o PSS ﬂm e -
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N.7. From the direct calculation. i.e., when the true
structure of the rod is given, we know the conditions at
the right end x = 0.3 which are uv(0.3) = 0.17028385,
v(0.3) = 1.1266986. The inverse calculations do not pro—
duce clearly the correct results a; = a, =ag = 0.5. It
is believed that the grids of values of cy and of Cy
are not sufficiently fine, and that substantially improved
results cannot be obtained without a great increase in
computing expense. The computing time for the 1BM 7044

is 1-1/2 minutes for these three stages. The one-dimensicnal
reduction appears a‘“ractive in view of these results.

One-dimensional dynamic programming approximation

for the determination ~f the absorption coefficient. The
rod of unit length is divided into five sections of equal
length 0.2. Armed with the interral measurements Wy S
u(xi), we wish to determine the absorption coefficient of
each slab. The correct choices are ay = 0.5 for
N=1, 2, ..., 5. In the one-dimensional case, the only
state variable is ¢ = v(bN).

The outline immediately following lists the calcula-

tions for producing ap, f1 (c) and rl(c) for N =1,

and the next outline shown the general scheme, N = 2, 3, ...,
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ONE-DIMENSTONAL DYNAMIG PROGRAMMING

For stage N =1

——

1.

Print N
For each ¢ =

1. For each
1. Solve
u =

v:

u =

_v:

2. Integrate

b

v(bN)

a

2 point boundary-value problem for
av, u(0) =0

au, v(0.2) =c¢

2. Integrate to produce u(x)

av, u(0) =90

au., vi(0) =¢'
i

to produce r,(c) = £(0.2),

b = a(l + p2), p(0) =0

3. Print c, ap, c', rl(c), fl(c)

i e e, S W

vif) =",

and simultaneously calculate d =2 [u(xi = wi]Z.

... and keep a running estimate of fi(c) ~ Min {d}.

a
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ONE DIMENSIONAL DYNAMIC PRCGRAMMING

For each stage N = 2. 3, 4,

1. Print N

2. For each ¢

ﬁ: For ecach a

1. Produce R =9(0.2), T

i

t.0.2) by integration

b =all+02) , p(0) =0
t =aPft, t(0) =1
2. Soive the nonlinear equation for c' = V(bN—l)

and Ty (c'),

R c'rN_l(c') =c' —-¢cT

3. Solve 2 point boundary-value preblem for
e' = u(0) = u(bN—l)

u-av, vid) =¢'
—v =au, v(0.2) = ¢
4. Integrate to produce u(x)
u=av, u(0) =e'

5= a u, v(0) ¢

and calculate d = . [u(xi) ca Wilz
i

5. Find wal(C') by interpolation
6. Set S(a) =d + fu—l(c') and keep a running

estimate of fV(c) ~ Min {s(a)?
i a -

2. Integrate to produce ry(c) = p(0.2)
£ o=a(l+ 0%, 2(0) = rg ,(c"

3. Print c, ay: c', rN(c), fN(c)

3. For each ¢

1. Shift fy(e) - &

—
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To solve the nonlinear cquation fer c' = v{by 1)

where r(c') is known only on a grid of points. we compute
the expressions g; =R c' rN»l(C')’ 8y = c' ¢ T, and we
take their difference D =g; g, If D =0, then c' has
been found. Otherwise we repcat the procedure for each
discrete value c{ . until the sign of D, 1is cpposite to
that ot Di K We then interpolate linearly to find the
quantity c¢' which makes D = 0. If the sign of D does
not change, i.e.. the curves g1 and g9 do not inversect,
then the corresponding value of a is definitely not allowed
to be the coefficient for the segment in questicn.

I1f the minimum cost fN(c) is large for a given state
and all remaining statesmay be deleted from further consider-
ation. This provides a saving in computing time. for each
state to be considered requires many calculations. Of
course, the precaution must be taken tc order the <c¢'s pro-
perly. so that no potentially vital state is lost.

The proposed one-dimensional scheme has been tested
numerically. The range of N 1is 1 to 3. the interfaces
of the sections being located at x = 0.2, 0.4. and 0.6.

The states v(bN) = ¢ are 1.04955 (0.00015) 1.13385. 563
in all. This number is reduced in stege 2 to 346. by the
use of the above test. Four values of the absorption coef-
ficient a are 2llowed: 0.1, 0.3, 0.5, and 0.7. There
are nine perfectly accurate observations of u per seg

.

ment, a total of 27 data points. The integration method

P

is Adams--Moulton with a grid size of 0.01.
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From the output of our computation, we see that the
minimum value of f3(c) is 0.387 x 10”8 and occurs when
the input flux is v(0.6) = ¢ = 1.08855 and the absorption
coefficient for the segment of the medium between =« = 0.4
and x = 0.6 1is taken to be a = 0.5. This is very close
to the true answer. v(0(.6) = 1.08860, and the value of the
parameter a 1is correct. The calculation tells us that
the next state at x = 0.4 will be v = 1.11673. The
nearest grid point in ¢ is 1.11675. and the cost f2(1.11675)
is indeed a minimum, 0.824 x 10"9. The absorption coefficient

for segment 2 is 0.5. the correct solution. The next state

at x = 0.2 1is predicted to be 1.13377. The nearest dis—
crete state is 1.13385, possessing a cost f1(1.13385)

= 0.181 x 10_9. The absorption coefficient is 0.5, again
the correct answer. The solutions at each state are clearly
found, the minimum cust differing from the others by at
least an order of magnitude. These dynamic programming
calculations of about 20 minutes have very accurately deter-—
mined the input, and they have identified the medium.

Now we wish to test the one-dimensicnal method of
determining the structure of the medium when the measure-
ments are few and of limited accuracy. We consider the
rod of length 0.8 consisting of 4 segments of equal length
0.2. There are again the same 563 discrete states in ¢,
and the same four possible absorption ccefficients 0.1,

0.3, 0.5 and 0.7. However, there are only three observa-

tions per segment and these are correct to only two
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significant figures. Knowing the inputs to the first
three stages N =1 2. 3. 7e see from the output of the
calculations that the absorption coefficients are a; = a,
= ag = 0.5, the correct solution in this region. On the
other nard., we are not able to accurately identify the
input to a given segment on the basis of these calculations.
because the minimum of the functicn £ 1is kroad and it is
not centered at the correct valiue of the input c¢. For
stage N = 4, the value of a is determined to be 0.3,
and incorrect value. These experiments might serve cs a
warning to the experimental investigator. They show that
the processing of data with a small number of measurements
requires higher accuracy than two figures. and that if the
measurements are of limited accuracy. many measurements
should be made. This trial ccnsumes 34 minutes of IBM 7044
computing time. This time of calculation could be reduced
greatly by streamlining the calculations. No attempt to
do this was made here; feasibility was our sole concern.
For other approaches to transport theory, see Refs.

10-14.




10.

11.

~117

REFERENCES

Chandrasekhar. 5.. Radiative Transfer. Dover Publications.
Inc.. New York. 1960.

Agranovich. Z. S., and V. A. Marchenko. The Inverse Prob-
lem of SLatterlng Theory. Gordon and Breach. New York.
1963.

Bellman. R. E., H. Kagiwada. R. E. Kalaba. and Sueo
Ueno," On the Identification of Systems and the Unscrambl-
ing of Data ~ II: An Inverse Problem in Radiative Trans-—
fer." Proc. Nat. Acad. Sci.. Vol. 53. pp. 910-913, May 1965.

Sims. A. R.. '"Ceratin Aspects of the Inverse Scattering
Problem," J. Soc. Indust. Appl. Math.. Vol. 5, pp. 183
205. 1957.

Bellman. R. E.. Dynamic Programming. Princeton University
Press. Princeton, New Jersey, 1957.

Bellman. R. E.. and R. E. Kalaba. "Transport Theory and
Invariant Imbedding." Nuclear Reactor Theory. pp. 206-
2.8, edited by G. Birkhoff and E. Wigner, Amer. Marh.
Soc. . Providence. Rhode Island. 1961.

Bellman, R. E., and R. E. Kalaba. "Functional Equations.
Wave Propagation and Invariant Imbedding.' J. Of Math.
and Mech.. Vol. 8, September 1959. pp. 683-704.

Bellman. R. E., and S. E. Dreyfus. Applied Dynanic Pro-
§_gmm1n5 Princeton University Press. Princeton. New
rsey. 1962.

Bellman. R. E.. H. H. Kagiwada. and R. E. Kalaba,
Numerical Studies of a Two-point NonllneaL_Boundarv
Value Problem Using D amic Programming. Invariant

Imbedding., and Quasilinearization, The RAND Corporation
RM 4069 PR. Mar.h 1904

Bellman, R.. R. Kalaba. and G. M. Wing "Invariant Tmbed-
ding and Variaticnal Principles in Transport Theory,"
Bull. Am. Math. Soc.. Vol. 67, No. 4. pp. 396-399, 1961.

Ash, M.. R. Bellmar, and R. Kalaba. '"On Control of Reactor
Shut down Involving Minimal Xenon Poisoning.' Nuclear
Science and Engineering. Vol. 6, No. 2. pp. 152-156, 1959.

Harris., T. E.. The Theory of Branching Processes, Springer-
Verlag, Berlln 1963.

e e e N < T S e e e arerne 2ot SR o SRS PSS P




13.

14.

-118-

Fuiita. H.. K. Kobavashi. and T. Hyodo. '"Backscattering
of Gamma Rays from Iron Slabs.'" Nuclear Science and
Engineering. Vol. 19. pp. 437 440. 1964.

Shimizu. A.. Application of Invariant Imbedding to Pene-
tration Problems of Neutrons and Gamma Rays. NAIG

Nuclear Research Laboratory. Research Memo 1. December
1963.

g BN & e 1 e

o AT —— T, SR T -




119-

CHAPTFR SIX

INVERSE PROBLEMS IN WAVE PROPAGATION:
MEASUREMENTS OF TRANSTENTS

1. INTRODUCTIGN

The wave equation

PO |
(l) u = "C——z'utt ’

is one of the basic equations of mathematical physics. If

we suppose that the local speed of propagation is a function

of position
(2) c =c(x; vy, 2)

then the difficulties in studying the various initial and

boundary value problems which arise are well known [1, 2, 3].

In the sections which follow, we wish to study some of the
inverse problems which arise when we attenpt to determine
the properties of a medium on the basis of observations of
a wave passing through the medium. Such problems are of
central importance in such varied areas as ionospheric and
tropospheric physics, secismology, and electronics. Some

eariy results are due to Ambarzumian [4] and Borg [5].

st SACTIREI? Y0 TR S LT - - TEEETe
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We shall discuss some one-dimensional problems. Our
basic technique is to reduce the partial differential equa—
tion in (1) to a system of ordinary differential equations
either by using Laplace transforms or by censidering the
steady—-state situation. Then our previcusly developed
methodology is applicable  For simplicity and specificity
we shall employ the nomenclature associated with the prob-
lem of the vibrating string. 1In passing, we note that our
methodology is appiicable to the diffusion equation, to the
telegrapher's equation, and to other similar propagation

equations.

2. THE WAVE EQUATION

Consider an inhomogeneous medium which extends from

x =0 to x =1, for which the wave equation
(1) u = c2u

is applicable. 1In this equation, the disturbance u(x,t)
is a function of position and time. Let us assume that the

wave speed ¢ satisfies the eguation

(2) c2 = a + bx ,

where a and b are constants, as yet unknown, which are
to be determined on the basis of experiments.

Let the initial conditions be
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(3) u(x, 0) = g(x) ,
(4) u (x, 0) = v(x) .
Let the boundary conditions be
(5) u(0, t) =0,

(6) Tu (1, £) = £(t) .

Eqs. (1) — (6) may, for example. describe an inhomogeneous
string, which is fixed at the end x = 0, while a force
f(t) 1is applied perpendicular to the string at x =1,
and T 1is the known tension.

The disturbance at the end x =1, u(l, ti),is measured
at n instants of time. On the basis of these observations,
we wish to estimate the values of the parameters a and b,

and thus to deduce the inhomogeneity of the medium.

3. LAPLACE TRANSFORMS

In order to reduce the partial differential wave
equation to a system of ordinary differential equations,
we take Laplace transforms of both sides of (2.1). We

denote transforms by capital letters, for example,
(L) U (x) = U(x,s) = Lfu(x,t)?

Equation (1) becomes

(2) szU(x,s) — su(x,0) - ut(x,C) = czUxx
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Using (2.2) — (2.4), we obtain the desired system of ordinary

differential equations,
(3) (a + bx)Uxx = szU(x,s) — sg(x) — v(x) ,

in which s 1is a parameter, s =1, 2., ..., N. The

boundary conditions are
(4) u(o,s) =0, TU(1,s) = F(s) .

The unknown constants a and b are to be detcrmined

by minimizing the expression

N

4 2
(5) sil [Ugps(lss) — U(L,8)]° .

The quantities UObs(l,s) are the Laplace transforms of the
experimentally observed values u(l,ti), while the quantities
U(l,s) are the solutions of equations (3) and (4) . The

use of Gaussian quadrature [6] leads to the approximate
formula for the Laplace transform of the observations,

N
(6) Ugps(1:8) = iil r$ 1 u(l,edw,, s =1, 2, ..., N .

Similarly, the transform of the force may be produced with
the use of the formula
o) s—1
(7) F(s) = iil r; f(ti)wi’ s =1, 2, ..., N.
In these equations, r; are the roots cof the shifted

Legendre pnhlynomial Pg (x) = Py(1l — 2x) and w, are
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the related weights. 1In addition, the times of evaluvation

are

(8) ti =—'1Ggeri 3 i = 1, 2, e ve N'

Ir.cerpolation may be necessary in order to have the data
for these special times. After the solution has been
found for U(x,s), the inverse transforms u(x,t) may be

obtained by a numerical inversion method [7].

4. FORMULATION

The constants a and b are to be thoughtof as
functions of x wu.ich satisfy the differential equations
a, = 0, bX = 0. The complete system of equations for this
nonlinear boundary value problem is

D S _ _ .
Uxx = —Fbx [s“U(x,s) sg(x) v(x)] , s=1, 2, ..., N
a =0,
X
b =0.
X

This is equivalent to a system of 2N + 2 first order
equations, so there must be 2N + 2 boundary conditions.

These conditions are

(2) U(0,s) =0, s=1, 2, ..., N,
(3) U (i,s) = E%ﬁl L s=1,2, ..., N,

i)
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> (3 1 i.s)]1%} =0
(4) 3a ‘LS;‘I {UObS( ,8) — U(1l,s)] ] = 5
e 2
(5) % {2 Wopg(li) — 01912 = 0.

5. SOLUTION VIA GUASILINEARIZATION

The nonlinear boundary value problem may be resolved
using the technique of quasilinearization [8, 9, 10]. 1In
each step of the successive approximation method, we must

solve the linear differential equations

n

%:wn

dx s ’

dwg SZUsn a™b"x 2 52Us

dx  atbx  (atbx)?2 s Ug atbx ’
(1)

da” _

dx

n
ib__=0,,
dx

where the superscripts n indicate the solution in the
nth approximation, while the un—superscripted variables

belong to the (n—l)St approximation. The boundary condi-

tions are

(2) Us(0) =0,

ki

(3) W (1)

o ﬂ-,,w‘,_ - _ " o - L i 1!
— & TE
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~ N

(4) 5, Wops(L®) - w(1)1% =0 .
¢ N

(5) —= {7 Wopg(1ss) - un(1)12} = 0.

We represent the solution in the nth approximation as
a linear combination of a particular vector solution and
N + 2 homogeneous vector sclutions. If we let the column

vector X(x) represent the solution in the nth approximation,

where the components of X are (U?, e, L., Ug, W?, wg,
wl, a™, b™), and if we let the column vectors P(x), Hl(x),

N

H2(x), ..., H ' 2(4)

represent the particular and homogeneous

solutions, then we may write

N+2 .
(6) X(x) = P(x) + '21 H (x)y; -
1=

Since the system of differential equations is of order
2N + 2, and since N initial conditions are prescribed,
there are N + 2 missinginitial conditions, represented

by the N + 2 dimensional column vector Y,

(7) Y = (W](0), WH(0), ..., WR(0), a™(0). b"(0)T .

The particul r and homogeneous solutions are compu—
tationally produced. 1In terms of these, the boundary con-
ditions (2) — (5) require the solution of system of N + 2

linear algebraic equations,
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(8) AY =8B,

wher2 the elements of matrix A are

= pJ i
e (D) '

A, . 1, 2, ..., N,
1)

(9)

N . .
o J 1 g
sil Hs(l) HS (1) , 1

N+ 1, N+ 2,

j=1,2, ..., N, N+ 1, N + 2,

and where the components of vector B are

=)
i
|
3
F:
N

—PN+1’_\-L\: i=1; 2: '--;N:

[~

v b1y, i =
S [Ugpg(Llss) — P (1)” H (1), i =N+ 1, N+ 2.

The method is applied iteratively for a fixed number of
stages, about five, or it may be terminated when the ~opproxi-—
mations converge or diverge. The displacement function u(x,t)
may be obtained from its transform by a numerical inversion

method of Bellman, et al. [7].

6. EXAMPLE 1 — HOMOGENEOUS MEDIUM. STEP FUNCTION FORCE

In this and the following example, we consider a
homogeneous medium and make use of the analytical solution.
In Example 3, we consider the more general problem of an
inhomogeneous medium characterized by two unknown constants.

Consider the case in which we have a constant speed

¢ which is given by the equation
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(1) c“=a=1.

The value of T 1is unity, the input £(t) 1is the Heaviside

unit step function, H(t), and the initial conditions are

g(x) =v(x) = 0 . The wave equation for the function U(x,s)
is

c-,2
(2) UXX = -c'z U(X,S) .

The solution which satisfies (2), as well as the boundary

conditions U(0,s) = 0, TUx(l,s) = F(s) 1is

(3) U(x,s) = SF(s) sinh & x
’ T s cosh g

Noting that the Laplace transform of the force is

(4) F(s) = L{H(O)} = 1,

we may explicitly evaluate U at the boundary x = 1, and we

obtain the values
(5) U(l,s) = ¢l tanh 2 = 1 tanh s
) Tt':z c "S‘Z .
The inverse transform,
_—1lfc 1 S
(6) U(l,t) =L {T ;’2 tanh —E} )

is shown in Fig. 1.
We decide to use a seven point quadrature, so that

N = 7. Making use of the known solution, we 'produce' the

e it = ik AP i T ———— e i i o ot e < R
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observations at the specified times € which are listead

in Table 1.

u(4,t)

O
ol

ol

6
c

Fig. 1. The analytical solution of the wave equation
at x =1, with a step function input:

u(l,

SEVEN

—1
t) =L °

c 1 S
{T'§7 tanh E} .

TABLE 1

OBSERVATIONS FOR EXAMPLE 1

Ny W

o o o o

.671195
. 046127
. 213762
.693147
.352509
.138382
.025775

0.328805
1.953873
1.213762 |
0.693147 |
0.352509

0.138382

0.025775

}
:ﬁlﬂi
i
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The appreximate transforms UObs are computed nsing
the formula from Gaussian quadrature. In Table 2, these
quantities are compared with the exact transforms using
the analytical solution. The transforms of the input, F(s),
are computed with the aid of the approximate formula. The
approximate transforms, UObS(l,s) and F(s), are used in
the calculations because in the general case, the analytical

transfomms will be unobtainable.

TABLE 2
THE LAPLACE TRANSFORMS UObS(l,s) FOR EXAMPLE 1

Approximate Exact
s UObS(l,s) UObS(l,s)
1 0.759442 0.761594
2 0.242907 0.241007
3 0.110753 0.110561
4 0.0624686 0.064580
5 0.0399963 0.0399964
6 0.0277773 0.0277774
7 0.0204081 0.0204081

There are only 2N + 1 wvariables in this example, sc
thet when N = 7, we have a solution of dimension 15. During

each stage of the calculations, we have to produce a particular

solution and N + 1 =8 homogeneous solutions,i.e., 13" = 135
differential equations must be integrated. For the initial

conditions on P, we choose P(0) identically zero. We also
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choose for Hj(O), the unit vector which has all of its
components zero evcept the (N+j)th, which is unity. Ary
linea: combination cf these P and H vectors identically
satisfies the conditions US(O) =0. s =1, 2, ..., N.

For the remaining boundary conditions, we must invert the
8x”~ matrix A.

As a first check case. we try an initial approximation
a0 = 1 which is the correct value of a. We estimate the
inftial slopes to be WS(O) = 1073, The initial approximation
is generated bty integrating the nonlinear equations (31)
with this set of estimates, as initial conditions. In
three iterations we obtain bpetter estimates of the slopes
WS(O), but the value of 3 has drifted to 1.00025. This
value may be used as a comparison for other trials. The
results of three experiments are shown in tke following
table. The initial approximation aO is listed in Table 3,

n

followed by the successive approximations a , n =1, 2, ...,

for each of the three trials.
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TABLE 3
SUCCESSIVE APPROXIM..TIONS OF THE VELOCITY

a TM EXAMPLE 1

U 1is in
and Ux
that the conditions on Ux

those on the U(1,s)
may help

U for Run 3.

to two significant figures with the conditions.

agrees wit* the conditions to five figures.

Approximation Run 1 Run 2 Run 3

0 1.2 1.5 0.5

1 1.00991 0.46752 0.50922
2 1.00186 0.48284 0.80612
3 1.00018 0.67047 0.97736
4 0.89366 1.00049
5 0.99116 1.00022
6 —————— e 1.00941

In Run 2, U and Ux at x = 1.0 are consistent

In Run 3

agreement with the observations to four places,

Recall

are supposed to ce exact, anad
are of a least squares nature, which

to explain why Uy, is in better agreement than

7. EXAMPLE 2 — HOMOGENEOUS MEDIUM, DELTA-FUNCTION FORCE

initial conditions.

the delta function.

function is F(s) = 1.

is

In Example 2, we have a homogeneous medium and z. ro

The boundary conditions are again

u(0,t) = 0, ux(l,t) = f(t), where now the input is f{t) = &(t),
The Laplace transform of che delta

The analytical solution for x =1

s 3

LI ~ A = e




’ -1 1 1
(1) u{l,t) =L {% S tanh gj .

1

This function is sketched in Fig. 2, for the case c¢ = 1,

Fig. 2. The analytical solution of the wave equation
at x = 1, with a delta function input:

u(l,t) = Lt % tanh s}

i
~J

We again take N The observations are

il
|
‘-
N
[V,
te
wn

(1) u(l,c;)

i

1, for i

-1, fori =6, 7.

The transforms of the observations, U,, (1,s), are computed
Obs
using the quadrature approximation. A comparison of these

values against the exact transforms using (1) is given in

Table 4.
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TABLE 4

for EXAMPLE 2

S Approximate UObS(l,s) Exact UObS(l,s)
1 0.59080964 0.76159415
2 0.46055756 0.48201379
3 0.32857798 0.33168492
4 0. 24939415 0.24983232
5 0.19992192 0.19998184
6 0.16665658 0.16666462
7 0.14285584 0.14285690

All initial approximations in the following experiments
are nrcduced by integrating the nonlinear equations with a
N te set of estimated initial conditions. The check
case with initisl approximation ao = 1, a correct guess,
results n a convergence to the wrong value a = 0.9. With
ao = 0.5, the ~stimate is again 0.9. With a0 = 1.5, the
value -0.8 1is obtained. It is suspected that the dis—
continuous nature of the function wu(l,t) 1is the cause of
the difficulty in determining a. A more reas'nable formula—
tion of the problem should include damping terms to over-—
come this obstacle. In spite of the poor estimates of a
in the first two trials, the final approximations are
quite close to the exact observations UObs(l,s), rather

than the approximate. and the conditions Ux(l,s) = F(s)/T

are met, to within 0.001%.

., == T —_— i ’
249 " Fa 3 R

v pe



~134-

8. EXAMPLE 3 — INHOMOGENEOUS MEDIUM WITH DELTA-FUNCTION

INPUT

As an example of the inverse problem far an inhomo--
geneous medium as originally posed, consider the case in

which the wave velocity is indeed given by the equation

(1) c2=a+bx,

where a =1 and b = 0.5. We again set the initial condi-
tions u(x,0) = ut(x,O) = 0, and the tension T =1. We
exert a delta—function force, f(t) = &(t), on the boundary

x = 1, and we observe the displacement wu(l,t) as a function
of time. Laplace transforms UObS(l,s) are computed. The
parameters a and b are determined for best agreement

with these transforms of observations.

In this study, the experimenter obtains his data with
the use of the digital computer, rather than by the actral
performance of laboratory experiments. The exact solution
for this inhomogeneous wave problem is not rcadily avail-
able analytically. We must produce the solution computa-
tionally, by solving the wave equation with its bcundary
conditions. Since we prefer tc deal with the ordinary dif-
ferential equation for the function Us(x), we solve the
approximately equivalent linear two—point boundary value

problem

1 2
(2) Uy o s“U(x,s) ,
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(3) U(0,s) =0 ,
(4) Ux(l,s) =1,
for s =1, 2, .... N . We produce a particular solution

and N independent homogeneous solutions which, when com-
bined to satisfy conditions (3) and (4), also produce the

data of Table 5. These are the '"observations'.

TABLE 5
THE LAPLACE TRAN 'FORMS UObS(l,s) FOR EXAMPLE 3

w0

UObs(l’S)

.811967
. 551174
.390695
. 297835
. 239837
. 200613
. 172392

N Oy BN

These quantities UObS(l,s) can be inverted numerically
to produce the function u(1,ti) = L—l {UObS(l,s)} , which
are the observations of the disturbance in the space of

x and t. However, we need the set of transforms for

use in determining the parameters a and b, and so we
decide to utilize these numbers directly, as they appear

in the table.
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Two series of experiments are performed (see Tables 6

and 7).
significant figures.
varied.

a=1.0 and b = 0.5.

TABLE

6

In one, the observations are given correct to 6
and the initial approximations are

The true values of the unknown parameters are

SERIES I RESULTS FOR EXAMPLE 3

Observations are correct to six significant figures.

ao = .9 b0 = .6 wg(O) correct to
Run 1 3 3 | e

a’ = .9998 b” = .5002 g

aO = 1.2 bO =.3 wg(O) correct to
Run 2 3 3 | e

a> = .9998 b” = .5002 g

a0 = 1.0 bY = .3 wg(c) = .05
Run 5 5 5

a’ = .9996 b> = .50005

TABLE 7

SERIES II RESULTS FOR EXAMPLE 3
Observation~ are in error by specified amounts

a0 = 1.2 b0 = .3 WO(O) correct to
Run 4 3 3 S 1 figure;
a~ = ,0872 b” = .5182 | Observations;
+1% error
ao = 1.2 bo = .3 WO(O) correct to
Run 6 3 S S 1 figure;
a”~ = ,937 b” = .590 Observations:
+5% error

=T
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In the series I .xperiments, with accurate ohservations,
rapid convergence to the correct values of the parameters
occurs. The higher approximations of the initial slopes
wS(O) are not listed, but these are considerably improved
values.

In the series II experiments. noisy observations are
used. For example in Run 4, the observations UObS(l,s)
are in error by the relative amounts +1%, -1%, +1%, ..., +1%
for s =1, 2, 3, ..., 7 respectively. The relative errors
in the third approximations a3 = .9872,b3 = .5182, are 1.3%
and 3.6% respectively. The results of this trial may be
contrasted with the final approximations of Run 2. In Run 2,
observations which are correct to six significant figures
produce values of the parameters which are correct to less
than 0.04%. Run 4 may also be compared with Run 6, in which
case we are comparing the effect of 1% errors against 5%
errors. The results of Run 6 involve errors of —67 in the
value of a, and +187 in b.

The time required for these calculations is about
one—half minute per iteration, with the IBM 7044. Each
iteration includes the integration of (N+3)(2N+2) =10 x 16
= 160 differential equations, and the inversion of a 9x9
matrix. The FORTRAN programs for all of the cases treated

are to be found in Appendix F.
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9. DISCUSSION

The methods presented here are of practical use in
identifying a sys*em described by a wave equation or by

linear differential equations or by a weighting function

[11].




10.

11.
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CHAPTERX SEVEN

INVERSE PROBLEMS IN WAVE PROPAGATTON:
MEASUREMENTS OF STEADY STATES

1. INTRODUCTION

Consider the propagation of waves in a plane parallel
stratified medium [1-5] extending from x =0 to x = b,
with index of refraction n(x) varying continuously through—
out the slab. The slab is bounded by a vacuum to the left
(n0 = 1) and a homogeneous mediumn with index of refraction
n, to the right, as shown in Fig. 1. We assume a lossless
dielectric medium in which n(x) 1is independent o% frequency.

ng n(x) ny
Incident wave
—_—
Reflected wave
(.___

x=0 X=

Fig. 1. The physical situation
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The wave equation is

2 y
(1) KT(Rup e = uyy s

where k is the wave number. The wave number is related

to the inder of refraction by the fermula

ree

(2) k(x) = <, n(x) ,

where o is the speed of light in a vacuum, which we

normalize to unity, and » 1is the angular frequency. We

are interested in solutions of the form

(3) u\x,t) = e-lmtu(x) .
corresponding to the steady-state case where the transients
have died down. The function u(x) satisfies the ordinary

differential equation.
(4) u"(x) + 22k?(x)u(x) =0 .

We shall often neglect the function e 1" in all of the

solutions, and speak of the functions wu(x) as waves.
We conduct a series of experiments in which waves

of different frequencies w; are normally incident in the

medium from the left, i.e., the Incident wave is elkkoxmwit),

or simply elkOx . The reflected waves at each frequency
are observed. We wish to determine the index cof refraction

n(x) throughout the slab an the basis of those measurements.

- S p— ) ]
e = : » APyt P~ = R N
=
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2. SOME FUNDAMENTAL EQUATIONS [1, 2]
Consider the case of two adjacent homogeneous media,

as illustrated in Fig. 2.

(a) (b)

lncident

Transmittea

—

-

Reflected

i

x=0

Fig. 2. Waves at an interface.

A plane wave of frequency w traveling in medium f(a) is
incident at the interface x = 0. Let the wave numbers

of medium (a) and medium (b) be k, and kg respectively.

ikax —1uwt
The incident wave is e e and the reflected wave 1is
—ik x -—-inmt
a

re e where

ka - kb
(1) L =g ¥%

a b

ikbx —1at

The transmitted wave is te e , where

ZKa

(2) t'—"k—-—_-F—Eg.
a
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Now consider the case of two interfaces between three
homogeneous media, (a), (b), and (c). The interfaces are

separated by a distance #/.

(a) (b) (c)
Incident T}
T, R
x=0 x=A

Fig. 3. Waves at two interfaces.
ikax-»iTt
The incident wave is again e e . The wave which is

transmitted through x = 0, reflected at x = /. and trans—
—ik_x —ivt

mitted again through x =0 1is ve e . Where
-k i
(3) VEK ziak e TR S E“%;EE‘ T o)
a b kb c b a

and o(/~) includes the terms proportional to the second
and higher powers of /. This equation shows how v
depends on frequency by means of the exponential fac.or

21k’ 2ivmy !
e = e

3. INVAPIANT IMBEDDING AND THE REFLECTION COEFFICIENT (5]

Now we turn our attention to the reflection coef—
ficient r as a function of thickness of the medium. We
assume that the slab is inhomogenecus and that it extends

"from x =2z to x =b. The right boundary » =b 1is to
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be considered fixed, while the left boundary x = z is

variable, as shown in Fig. 4. The incident wave is

eik(z_)(x—z) —iwt,

, deleting the time dependent factor e
where k(z ) = k(2-0) 1is the wave number of the homogeneous
medium to the left, and where the expression elk(;-)(x—z)

oik(z_)x

is used rather than in order to normalize the

incoming intensity at x = z.

k(z_+ A)
k(z_) k(x) K,
t X
0 2 2+A b

Fig. 4. An inhomogeneous medium of thickness b-—z.

The reflected wave is r(z)e—ik(z—)(x_z).

Using the technique of invariant imbedding, we relate
the reflection coefficient for a slab extending from =z
to b to that for a slab extending from 2z + A to b.
The reflected wave may be expressed, to terms of order
zero and one in /, as arising from three processes:
(a) immediate reflection at =z ;
(b) transmission through the interface at x = z,

reflection at z + A from the slab (z + A,b),

and transmission through 2z ;
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(¢) transmission through the interface at =z = z,
reflection at z + *~ from the slab (z + A,b),
reflection at 2z, reflection at z 4+ /A, and
finally transmission through =z.

These three cases are represented in Fig. 5.

Incident Incident Incident
— e —_—— — —_———— D ———
- - | —— e
Ue
Z Z+A b4 z2+A Z z+A
Case (a) Case (b) Case (c)

Fig. 5. Three processes in a stratified slab.

The wave which is reflected from the slab (z,b) is

—ik(z )(x—2) ]

(1) r(z)e H(2ZI002) L 4 e bo(n)]e

b

where
kiz ) - k(z +°)
3 k(z) + k(z +0)

(2) r

2k(z +)

Zk(Z_) . zk( +A) ’
(3) D T K(z) ¥ k(z #) 2(z#h)eTHRE

ICEDERICH

!
+
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7 O fkizﬂzz — r(z4ﬂ)e21k(z_+ﬂ)a

k "_+f —_ k A 3! A

(o ' KY(: +A; + kéz ; G
2k (z_+0)

k() Fk(z)

and k(z +\) = k(z+A0) 1is the wave number in the region
immediately to the left of the interface =z+A. Simplifying

to terms of order £, we have

k(z )-k(z ) 4k(z Yk(z +0)
r(z) = — — + — 5 [1+2ik(z_+2)5]r(z+0)
[k(z )+k(z #)]  [k(z )+k(z_+)]
(5) 4k(z Yk(z +0) [k(z_)—k(z_+2)]

— - [1+4ik(z +0)A]r2(z40)
[k(z )tk(z +2)] [k(z )+k(z +0)]

+ o(2)

Making use of the formula for the derivative of r,

(6) E -1 r(zt)-r(z)

we obtain the Riccati equation

(7) dr k'

kD g o K2
dz 9%k 2k )

The "initial" condition reduces to the formula for an interface

between two media

k(b-0)~k
k(b-0)+k;

(8) r(b) =
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In terms of the index of ri{raction, Eqs. (7) and (8) are

' ' n
(9) g'g = %E — 2inwr — %{: r© ’

where n = n(z) , and

n(b)—n1
(10) r(b) = H('mn—l .

The reflection coefficient for any inhomocgeneous slab in
which n wvaries as a function of x may be found by a
simple (numerical) integration of (9) with the given initial
condition (10). The integration is carried out from the

right boundary z = b to the left boundary z = 0.

4. PRODUCTION OF OBSERVATIONS
In place of performing laburatory experiments for
obtaining reflection data [6, 7]}, we produce the observations

computationally, for N different frequencies. The incident

iw.nax -iw,nox
waves are e », and the reflected waves are rj(O)e
j =1, 2, .... N. We solve the initial value problems
(1) gfi S 2inw,r, — L r?
z 2n Y375 2 3’
) n(b)-nl
2 r.(b) = — , b z >0
( J( ) n(b)+n1 -

for the desired coefficients rj(O) .

Since rj is a complex reflection coefficient, we

let
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. =R, +1iS. ,
(3) Ty =% 71

where R, and S, are real functions which satisfy the
-

equations

dR. ' '
_ n ‘ _ I_'l__ ? . 2

H-El = %- + 2ny .Sj n (RJ Sj) )

(4) ds. '
J = _ 9 .— — R.S. ,
dz 2nanj J ]
n(b)—n1 5 ;

5 R.(b B —— S.(b =7 s
(5) J( ) n(b)+n; J

for j =1, 2, ..., N .

For the numerical experiment, we take
(6) n(x) = a; + a,(x-1)°
&
where a; = 1, a, = 0.5. We also choose

b=1,
(7 wy = 27,

Wy = 6r .

We assume that ny = n(b), so that Rj(b) = 0.

We have chosen to normalize the speed,

one length unit
one time unit

(8) cg =3 x 101ocm/sec =
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We have chosen
(9) b = 1 length unit

and we set

b =3cm
(10) ~
= 1 ¥X-band microwave wave length -
Then
(11) 1 length unit = 3 cm
and
(12) 1 time unit = 10720 sec.

To produce Rj and Sj’ the real and imaginary parts
of the reflection coefficients, for incident waves of fre-
quencies 10, 20, and 30 kilo megacycles, we integrate
Eqs. (4, _.th initial conditions Rj(l) = 0, Sj(l) = 0,
for j =1, 2, 3. We use a step length of —-.00". <nd the
Adams—Moulton integratinon scheme. The values Rj(O), and

Sj(O) are the '"observed'" reflection coefficicats. These

are
R (0) = .13217783 x 1072, $,(0) = .14843017 x 1071,
(13) R,(0) = .32313148 x 1673, 5,(0) = .95414704 x 1072,
Ry(0) = .38854984 x 1073, 5,(0) = .58976205 x 102,
= S e — > TIPS e =TT

—
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5. DFTERMINATION OF REFRACTIVE INDEX

We consider the inhomogeneous slab extending from

Xx =0 to x =1. We are given observations of the real

and imaginary parts of the reflection coefficients, A; = R,
Bi = Si’ where

A = .132178 x 1072, B, = .148430 x 101,
(1) A, = .323131 x 1073, B, = 954147 x 10~2,

Ay = —.388550 x 1073, B, = .589762 x 1072,

which correspond to frequencies wy = 10, w, = 20, and

2
vy = 30 kilomegacycles [6, 7]. We seek to determine the
values of the constants a and b 1in the equation for

the index of refraction as a function of position,
(2) n(x) = a + b(x—1)2,
in such a manner as to minimize the expression

3 2 ) 2
(3) S = 'Z]_ [(Ai - Ri(O)) + (Bi - Si(O)) l
i=

The form S 1is the sum of squares of deviations between the
solution of Eqs. (4.4) and (4.5), and the (perhaps inaccurate)
observations (1).
The system of nonlinear equations is

R‘ n‘ I‘l'

2 2
"_-—+ (aSo - A- R,o - S.
2003 (Ry = 55)

(4)... j ~ 7n j 2n j
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ot 7 n-'
. = —2nw.R. — =——R, =1, 2, 3,

bJ /_nuJRJ A RJSJ’ j 2
(4) a' =0,

b' =0 ,
where
(5) n =a+ b(x-—l)2 ,
and
(6) n' = 2b(x-1) .

We obtain a system of linear differential equations
by applying quasilinearization [8 ]. 1In the following linear
equations, so as not to clutter the equations with super—
scripts indicating the approximations and subscripts indicat-
ing the components, we write’the variables of the current
K th approximation as R, S, a, b, (also n and n').
Corresponding quantities in the previous (k—1)5t approxi—
mation are ¢, G, a, # (and n and +'). The linear

equations obtained via quasilinearization are
1 n' n' 2 2
R' = 7ﬁ + 2nwo — 71':]' (p —3

+ (R-p) (- Top) + (5-0)(2n0 + L)

(7
+ (a0 [3 2o + 200 20 - 3(e%0?) 2]
+ (0-p) [ () + 200 0 - (o2t T
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n\'
U =ty 1 U
S’ = 211P m Po

+ (ReP) (~2m1 — L0) + (5-0)(~ Lp)

(8) '
+ (a - o) [-20p 32 — Po2o()]
+ (g 200 20— pod(I)]

(9) a' =0,

(10) b' =0 .

In these equations, we must make the substitutions

(11) AN _ 3 (ny._n
3a L, aa(ﬂ ) . ’
M = (w132 . BN’y o XL n 32
57 (x-1)° , Bﬁ(ﬂ ) 2 = X 1)° .

For each iteration of the successive approximation
scheme, we produce numerically a particuiar vector solu—
tion p(x) and two homogeneous vector solutions hl(x)
and hz(x) of the system (7) — (10). We set the components
of the reflection coefficients equal to a linear combina—

tion of the componentsof p(x),tﬂ(x), and hz(x),

k 1 2 .
. =p.(x) + . - b h: s =1, 2,
RJ pJ(Y) a hJ(x) 4 J(x) j 2, 3
SK = p. (%) +ahr.(x) +bh2.(x), =1, 2,3
j T Py3iX) T A Ryax jH3V\E 0 3 = 5 S
(12)...
ak = p7(x) + a h%(x) + b h%(x) =a ,
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k

(12) b = pg(x) + a hg(x) + b hi(x) = b .

The multipliers a and b are given by the equations

-3 ‘
%g 1121[(Ai - Rli‘(o))2 + (B; - SE(O))zj} =0,
(13) . 3 ) ) ) :

After making the substitutions (12), we obtain the values
of a and b in the current approximation,

1892 ~ £2819) / (eq1e99 = €q9857)

(14)

1~ eqnfy) / (eqregy T eg0e0p)
where the right hand sides are given in terms of known

quarntities,

3 3
1 3 1
6 i . j
(15) ;5 = 2 hy(Oh}(0) , j =1, 2,
1=1
i=1, 2.

6. NUMERICAL EXPERIMENTS

Using the given data, and the initial approximation
for refractive index n(x) = 1.2 + O.2(x—1)2, we determine
the constants a and b in the function n(x) = a + b(x—l)2
t: one part in 106 after five iterations of quasilineariza-

tion. The successive approximations of the constants a
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and b are listed in Table 1, labelled Trial 1, and the
arproximations of the index of refraction are shown in
Fig. 6.

For the next experiment, we use data which are in

error by +2%:

>
il

134822 x 1072, B = .14546L x 10!l

1
(1) A, = .316668 x 1073, B, = .935364 x 1072
Ay = —.396321 x 1073, By = .601557 x 1 —2

After five iterations, the initial apprcximation being
the same as before, the constant a 1is found correct to
within 0.3%, and b is correct to about 3%. On the
other hand, the error in n(x) ranges from 0.37% at x =1
to only 0.7% at x = 0. The results are given in Table 1.
For each trial, the step length of integration is
—.0025, and the integration scheme is Adams-Moulton. The
time of calculations is 2 min. 12 sec. on the IBM 7044.

The FORTRAN programs are found in Appendix G.
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7. DISCUSSION

Inverse problems in wave propagation, as well as in
particle processes, can be computationally solved. The wave
equation, being a partial differential equ:tion, is replaced
by a system of ordinary differential equations in one of sev-
eral ways. In the previous chapter, we used Laplace transform
methods. In this chapter. we assumed a solution of the form

u(x,t) = u(x) e Ut

, and we obtained ordinary differential
equations for u(x). Another Fourier decomposition might be
N
u(x,t) = 2 an(x) sin nt
n=l1
which results in second order ordirary differential equations
for the functions a_(x). Another system of ordinary dif-

ferential equations results when the space derivative is re-

placed by a finite difference,

These offer interesting possibilities for further studies.
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CHAPTER EIGHT

DISCUSSION

Inverse problems have stimulated much interest in re
cent years, since the advent of modern electronic computers.
The estimation of the structure of a complicated system,
formerly unattainable by analyti: means or by the use of a
desk calculator, is now possible.

The determination of orbits from observations, is a
kind of inverse probiem in celestial mechanics, going back
to Newton, Laplace. Gauss and others [1,2]. Ambarzumian
[3]. Borg [4]. and others [5-8] considered the problem of
determining a linear differential equation of Sturm-Liouville
type given a spectrum of eigenvalues. The estimation cof
scattering potentials from the phase shift has been the con-
cern of investigators in quantum theory [9-17}. Many inverse
problems have been considered [18-45], especially in the
fields of astrophysics. geophysics and geology. Some com-—
putational results have already been obtained for the struc-—
ture of the earth's atmosphere and crust using actual geo—
physical data [19. 20, 36]. Some inverse problems fall

within the domain of system jdertification, prediction and
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control {46 62]., whiie others may be called design problems
[63-66]. The common goal of all inverse problems is to de-
termine the structure of a system which has a desired or
observed characteristic output.

Computational procedures for the solucion of inverse
problems have been few and limited in scope. The method—
ologies put forth in this thesis may serve to widen the
range of inverse problems which can now be solved. We
formulate inverse problems as nonlinear boundary value
problems. since we possess effective computational methods
for solving many classes of nonlinear boundary value prob-—
lems. These methods include quasilinearization, dynamic
programming. invariant imbedding, and various combinations
>f these [67-69, 62]. A number of modifications of the
basic techniques are given in Refs. 67, 70-72, describing
more accurate solutions of linear algebraic equations,
simultaneous calculations of successive approximations, and
automatic evaluations of partial derivatives.

Much remains to be done to build a firm library of
computational procedures for the solution c¢f inverse prob-
lems. Both new and existing methnds should be developed.
In particular. system identificaricn via invariant imbed-

ding [51] appears promisin-~.
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PROGRAM A.1. PRODUCTION OF OBSERVATIONS
The ccomplete program is listed:
MAIN program
DAUX subroutine
The following library routine is required:

INTS/INTM
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»JC8 2890+28C0Y K. 16015»10091C0,C
3 bJ0og VAP
PloFTC MAIN REF

COMMON ALFHAIXTI oY1 Cl4)oT(S))
C
C 3 BODY CrRolT DETERMINATION
C

1 READISW1DJINPRNT WMPAENT yALPHAWXY1»Y19DELTA
WRITE(BsFIINPRNT ZyMPRNT JALPHAWX19Y1oDELTA
READISWI21ECHI)ei=)04)
WRITE(E»FII(C(T)el=)04)

T(2)=Q.O
T(2)=DELTA
CO 2 L=uy?
2 TLy=CtL~-3)
CALL INTS(Te4424Ce090s0+0+0)
THETASATAN2(T(6)sT(4)=-1.0)
SN=SIN(THETA)
CS=COS(THETA)
TN=SN/CS
WRITE(6+92)
WRITE(G9G2)TU2) s T(L)sT{S)oT(E)sT(TYSTHETASTN

CO 4 M1=1,MPRNT
CC 3 M2=1sNPRNT
3 CALL INTM™
THEZTA=ZATANZ2(T{6)»T14)=-140)
SN=SIN{(THETA)
CS=CIS(THETA)
TN=SN/CS
6 ARITE(GEG2)T(2)oTLA)aT(S)sT(E)sT(T)WTHETANTIN
GC 1C 1

FCRMAT(2112+6E1248)
FCRMAT(EEL1248)
FCRMAT{1H1212-94E20.8)
FCRMAT(IHCEE2U.8)
FORMAT(///9XIHT 9 19X1IHX 91 5XEHDX/OT 9 1IXIHY 9 15XSHDY /DT 915XSHTHETA
vy 12XTHTANGENT/ /)
FURMAT(F1ICe2+1PB6E2045)

END

S ILFTC DAUX REF

SUSROUTINE OAUX

CCMMON ALPHAWX1Y1+sClL)»T(5])

W) N ND )y OO
f) e (v ()

—

(¢l
W

Rz T(4)wse2 + T(6)%n2
R=5GRT(R#%1)

R1={X1=-T(4))®%2 &+ (Y1-T(6))#%2
R1=5QRT{R1%#3)

T(8)=T(9)
T(91=-T{4) /R + ALPHA®({X1-T(4))/R]
TC10)=T(T)

TE111==T(6)/R + ALFPHA®(Y1-T(6))/R]
RETURN
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END
S$ENTRY MAIN
10 25
ZOQ 0.0

C o

e o
[& 3 ,N]
o &
e o

59
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PROGRAM A.2. DETERMINATION OF ORBIT
The complete program is .i1sted:
MAIN program
INPUT subroutine
DAUX subroutine
FUN1 subroutine
FUNZ subroutine
PDR1 subroutine
PDR2 subroutine
START subroutine
The following library routines are required:
INTS/INTM
MATINV
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PIoFTC MAIN REF
COMMON T(383) 'NEQoXMAXWHGRIDsNGRID(S)»THETA(S) 94l 49251 )9~ALPHAY
1 HIS954252 )1 3P {54251 ) 90A(5095C) eB8{5011 )X sUsYosVINPRNTsMPRNT »DTIME
DIMENSICN PIVOTISC)Y s INDEXIS2092)2IPIVCT(50)

NN

THREE ©8COY CRBIT DETERMINATION

1 CALL INPUT
0O 8 131'5
THET=THETA(I])
ST=SIN(THET)
CT=COS{THET)
TN=ST/CTY
PRINT114,THETHTN
CALL START
C K ITERATIONS
3 DO 19 K=1sKMAX

NEQ=30
4 T(2)=Ve0

T{(3)=HGRID

DO 5 1=4,363

[A¥ e o]

X=Wi{lsl)
Y=W(3s1)
6 CALL INTS(TINEG»290+0:09050+0Q)
L=3
DO 7 1=1,5
L=L+1
P{IsN)=T(L)
DO 7 J=1,%
L=L+]
T HUJsToNI=T (L)
PRINTG4IsT(2)s({H({(JsIsN)sI=195)9J=1+5)

INTEGRATE OVER RANGE

a¥aXal

DO 11 M1=1,MPRNT

DC 1C M2=14sNPRNT
CALL INTM

N=N+1
X=W(1sN)
Y=W(3yN)

C STCRE ©tS AND H'S

L=3

DO 10:1=1+5
L=L+1

PUTsNY=T(L)

DO 10 J=145
L=L+1
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H{Js o N)=T (L)
PRINTLOyTI2) sl tH(JelaN)Y»I=195)9d=145)

CONTINUE

COMPUTE CONSTANTS
DO 14 I=1»5
N=NGRID(I)
THET=THETA(I})
STHET=SIN(THET)
CTHET=COS(THET)

DO 13 JU=1,5
AlTod)=HIJs 1 9yN)®STHET -H(Js»3 N} *CTHET

BUIs1)=(1e=P1yN)I*STHET +P(3JNI*CTHET
PRINTI1Gs (AT sJUYsJU=1+95)9B(1s]))
CALL MATINVIAS5sRs1 sDETERMHPIVOT» INDEX»IPIVOT)
PRINTI14+(B(IsY1)sI=1+5)

COMPUTE NEW W'S

N=1
DO 20 I=1¢4
WITsN)=8B(1s1)
ALPHA=B(541)
PRINT4C K sALPHA
TIME=0,0

TELTANZI(W(3sN)YsWI(19N) = 10)
TN=WIZ2sN) /(A (LIeNY=-]1:40)
PRINTSCYyTIME» (W (I91)91=196)9ATH»TN
DO 18 M1=1,MPRNT
DC 17 M2=1sNPINT
N=N+]

DO 17 1=1+4%

WETsNY=P (1o NN)

DO 17 U=1195

WETONI=WlTaNY + B(Js1)%#H(JsIsN)
TIME=TIME+DTIME
AT=ATANZ(WI3sN)sWI(1sN) = 1.0)
TN=W(3sN)/(Ww{1sN)~1a0)
PRINTSOTIVE s (W(TsN)sT=144),AT,TN

CONTINUE

GO T0 1
FORMAT(1HO/4CX GHITERATIONSI3+5XTHALPHA =, E18+6//
6X4H ToleXirdXs19X2HX* » 18X 1HY

19X2HY Y g 1EXSHANGLE » 13X THTANGENT)
FCRMAT(1HOF94295£208/(12X5E2048))
FORMAT(F1Ce2+6E2040
FORMAT(IHC 6E2C.6)
END

$I3FTC INPUT REF

i eamat
i 5 = 4 i

1

SUBROVUTINE INPUT
COMMON T(363) NEQsKMAX 3 HGRIDWNGRID(S5) yTHETA(S) s W(4,4251),ALPHA
H(595:25.' 9P (53251)9A050050}9B(509s1)sXsUsYsVINPRNTIMPRNT DT IME

READI1ONPRNT yMPRNT s KMAX
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PRINTLIVHNPRNTHHMPRNT o KMAX
READL1119HGRID st PHA
PRINT11sHGRIDALPHA
F=NPRNT
DTIME=F#HGRID
READ1Z20Ds(NGRID(I)»THETA(L )1
PRINTZOs (NGRID(I) s THETALTL ) I
11 FORMAT(5112)
10 FORMATI(1HO6120)
111 FORMATI(6E12408)
11 FORMAT(IHOLEZ(.8)
120 FORMAT{I12,E12,.8)
2C FCORMAT(]120+E20.8)
RETURN
END
$IBFTC DAUX REF
SUBRCUTINE DAUX

1+5)
1+95)

n ou

C
COMMON T(363)yNEQsKMAXIHGRIDINGRIDIS) » THETA(S) sW( 49251 )sALPHAY

1 H(5959251) 9P (59251)2A(53950)+sB(5C+1) eXsUsYsVeNPRNTIMPRNToDTINM
2 »IFLAG

DIMENSICN XX(2)sYY(2)9sARS{2)9PPIB ) HH(595)sPDIS)sHD(5+5)9PDI(3)
1 PD2(3),AAL2;

GO TO (12+20)+1FLAG

10 XX(1)=T(4)
XX(2)=0.0
YY(1)=Tu6)
YY(2)=0.,0
AA{])=ALPHA
AA(2,=0.0
T(8)=T(5)
CALL FUN1(XXsYYsAA,ANS)
T(39)=ANS(1)

T(10)=T(T)

CALL FUN2(XXsYYsAAsANS)
T(11)=ANS(])

RETURN

20 XX(1)=X
XX(2)=0,0
Yy(l)=y
| YY{2)=0.,0
AA(])=ALPHA
AA(2)=0.0
L=3
DO 1 I=1,45
L=L+1
PP(I)=T(L)
DO 1 J=1+9%
L=L+1
1 HH(J«I)=T (L)
C Dx/0T

1HY,

’
IME

e e e 4 — .
E e c = I St o e . e —
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CALL FUNII{XXsYYsAAyANS)

CALL PORYI(XXsYYsAASPDL)

PDL1)=PPL(2)

POUZ)Y=ANSIL1) + (PP{1)-X1*PD1(1) + (PP{3)-Y)#PD1(2)

1 + (PP(5) - ALPHA)*PD1{3)

DO 2 J=1»¢

HO(Js1)=HH({Js 2)

HO(Je2)=HH{Js 1 )%PD1I{1) + HH{J3)2PD1(2) + HH{JsS5)2PD1113)

DY/DT
CALL FUN2(XXsYYsAAANS?
CALL PDR2IXXsYY2AA,PD2)
PD(3)1=PP{4)
PDI4)I=ANS(1) + (PP{1)=-X)1%PD2(1) + (PP(3)-Y)*PL2(2)
1 + (PP{5) - ALPHA)*PD2(13)
DO 3 J=1,45
HO(J93)=HH{Js4)
HO(J 4 )=HHIJs 11%PD2 (1) + Hit(Js3)%PD2(2) + HH(J95)*PD2(3,

PD{5)=Ced
DO 5 J=1+5
HD(J!5)=00C

DO 4 I=1,45
L={+]

T(L)=PD(])

DO 4 J=1,5
L=L+1

TL)Y=HD(J» 1)

RETURN

END

$I6FTC FUN1 REF

SUBROUTINE FUNL{XX3sYYsAASANS)
DIMENSION XX({2)eYY(2)9AL(2}sANS(2)
X=XX(1)

Y=YY(1)

A=AA(1)

R13=(X#%¥2 + YX#2)%#%],5
R23=((X-6.C'*%2 + (Y-10)1%#%2)%%],5
ANS{1)=-X/R13 - A®{X-4.0)/R25
RETURN

END

$I8FTC FUN2 REF

SUBROUTINE FUN2(XXsYYsAAs/NS)
DIVMENSION XX{2),YY{2)sAA(2) sANS(2)
X=XxX{1)

Y=yYY(1l)

fAAL])

RIZ=(X*e_ + YR%2)#4],5
R23={(X-4,0)%22 2+ (Y-1.0)%%2)8%],5
ANS({I1=-Y/R13 - A®{Y¥-1.0)/R22
RETURN

END

$18FTC PDR) REF

SUBRQUTIME PDRI(XXsYYsAALPD1)

$]
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DIMENSICN XX{2)sYY(2)Y9AA(2)9PD1(3)

RR=(X-64aQ) %2 + (Y=-1,0)n%2

R25=RR*82,5

X=xX{1)

Y=YY{(1l)

R13=PRu®],5

AzAA(]]j

R15=RR##2,5

RR=(X-4 Q) n%2 s (Y=1.0)%#2

R23=RR**105

R25=RR¥*#2,5

PD1(1)=~1e0/R13 4 3.0#X*#2/R15 ~ A/R22 + 3.0%A%(X-4,0)%%#2/R25
PD1(2)=440"X%Y/R15 + 3:08#A%(X-4.0)1%(Y~1.,C)/R25
PDl(3)==(X~4eU)/R23

RETURN

END

2 IBFTC POR2 REVF

SUBROIU'TINE PDRZ(XXsYYsAA»PD2)

DIMENSION XX(2)sYY(2)92AA(2])PD2(3)

X=XX(1)

Y=YY(1l)

AzAAl(l)

RR=X#%#2 4 Y#%)

R13=RR##3,5

R23=RR#x%},5

RR=X¥#2 4 Y##2

R15=RR#%2,5

PD2(1)=3,0#X%Y/R15 + 3,0%A%(X-4+0)%(Y~-140)/R25
PD2(2)==1+0/R13 + 2,0%Y%%#2/R15 - A/R23 + 2,0%A#(Y-1,0)%#2/R25
PD2(3)==-(Y=1eC)/R23

RETURN

END

$IBFTC START REF

. 1C

Ul

SUBROUTINE START
COMMON TI{363: +NEQIKMAXIHGRIDINGRIDI(S) ¢ THETA(S) s W1 4+251) »ALPHAS
H{5059251) 9P (592511 9A(53950) 9B (5091 ) o XsUsY s Ve NPRNTyMPRNT»DTIME

s IFLAG

IFLAS=])

K=0

PRINTGU K

N=1

TIME=3.0

T(2)=U.0

T(3j)=HGRID
READ11Os!TUI)sl=4s7)
FORMAT(6E12.8)

CALL INTS(39442:3+09090:0+0)
DO 3 I=1,4

Wi{T9li=T(143)
PRIUTSCoTIMEs(WITIIN)I=194)
D0 2 i11=19»MPRNT

DO 1 M2=19NPRNT

N=N+]

CALL INTM




40

50

1
2

~180-

DO 4 [=1:¢4

W{LsN)=TL]I+3)

CONTINUE

TIME=TIME+DTIME
PRINTSO»TIMEW WL I v*Ysl=2104)

[FLAG=?
RETURN
FORMAT(1HO/65X SHITERATION» 137/
25X4H
19X2HY ")

FORMAT(F30e2+14E2046)
END

TrylaXIHX s 19X2HX 3 13X1HY )

288
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APPENDIX B

PROGRAMS FOR RADIATIVE TRANSFER: LAYERED MEDIA
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PROGRAM B.1. DETERMINATION OF c. THE THICKNESS OF THE
LOWER LAYER

The complete program is listed:
MAIN program
DAUX subroutine
NONLIN subroutine
PANDH subroutine
LINEAR subroutine
OUTPUT -subroutine
ALBEDO subroutine
The following library routine is required:

INTS/INTM
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$IBFTC RTINV

aNA YS!

laNaRANS]

1
2
3

8599
1600
S0V
1001
901

902

903
1
2
3

904

COMMON NeRTUT)sWT (T oWR(T)IsAR(TvT7) s NPRNT yMIMAX I KMAXsDELTAWXTAU,
ZERLAMyXLAM(2) 9B2{To7)sR2(T s 7)o IFLAGIR(28+10C1 )Y T(1491)9SIGy
P(2..9101)9H{28+3+101)1sPTAUIPLAMII2)«HTAUII) yHLAMI2+3)2P2(T+7)
H2(T+T7+3)sCONST(3)sNEQ

PHASE 1

READ10OC N

PRINTB99

PRINTS00N
READIVOL1+(RT(I)sI=1sN)
PRINTIC1+(RTEI)oeI=109N)
READIUVOL s (WT(I)sI=1sN)
PRINTOCLI»(WT(I)sI=1sN)

DO 2 l=14N
RET)Y=WTLI)/RT(])
DO 2 J=1,N

AR(IsJ)= 14U/RT(]) + 1.0/RT(J)

FORMAT(1H146X36HRADIATIVE TRANSFER - [NVERSE PROBLEM /7 )
FCRMAT(6112)
FORMAT(6120)
FORMAT{&E12.8)
FORMAT(6E20.8)
READ1vVUGU +sNPRNT oM, "AXPKMAX
PRINTGC00O ¢y NPRNT ¢MIMAX s KMA X
READIUG1+DELTA
PRINTSO0]+DELTA
READ1.OY s ATAUSZERLAMYXLAM( 1) s XLAMI(Z)
PRINTSG?
PRINIGO03 s XTAUYZERLAMXLAM(1) o XLAM( )
FCRMAT{1H123HPHASE I - TRUE SOLUTION /)
FCRMAT (1HO/
1X11IHTHICKNESS =y F10s6 /
1X11HALBEDO(X) =9 20HA + BeTANH(10#*(X-C)) //
1X3HA =4 E16e8y 10X3HB =9 E16eEy 1CX3HC =9 £16+8 //)
CALL NONLTN
DO 3 I=1sN
DO 3 J=1N
B2(1+)=R2( 1)

PHASE 11
READ1 VOl o XTAUSWZERLAMYXLAM{1 )9 XLAMI(2)
K=U

PRINTI04 K
PRINTOO3 4 XTAUYZERLAMeY i Alsi L) 9 XLAM(2)

CALL NONLI
FORMAT(1H] 13HAPPROXIMATION, 13/ )

QUASILINEARIZATION ITERATIONS
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C
0N 5 K1=191KMAX
PRINTSU4 WK1
CALL PANDH
CALL LINEAR

5 CONTINUEC

C

C

C

READ1UO0O1GO
GO TO (194)91GO
END
$IBFTC DAUX
SUBROUTINE DAUX
DIMENSION V27371 e X 3)sFLT)sG(T
COMMON NoRTUT) s WTUT)sWRE 7)Y 9AR( T+ 7) v NPRNT yMIMAX s KMAXsDELTAWXTAU
1 ZERLAMYXLAM(2)9B2 (79 7)9R2(T797) v IFLAGYR(289101)9sT(1491)+S1G,
2 Pl28y101)9H(28+39101)sPTAUSPLAMIZ) sHTAU(3)yHLAM(2+3)9P2(T7497)>
3 H2(T7+7+3)9CONST(3)NEQ
GO TO (192)s1FLAG
C
CNONLINEAR
C
1 L=3
DO 4 1=1,N
DC 4 J=1,y1
L=L+1
V2(i13d)=T(L)
DU 5 I=1.-N
DO 5 J=1sN
S V2tled)=v2(Je )
t=L+1
VLAMZ=T(L)
S1G6=T(2)
Y=XTAU*S5IG
X(1)=2ERLAM
X(2)=XLAM(1)
X(3)=VLAM2
CALL ALSEDO(YsXs2)
ZLAMDA=?

‘\

DO 6 I=1sN

Flll=vael

DO 7 K=1yN
7 FUI)=F(]l) + WRIK)*V2(],4K}
6 FlI)=Ca5#F (1) 4+ 1.0

DO 8 I=1sN
DC 8 J=1s1
=L+l
DR==AR(1sJ)%V2(]sJ) + ZLAMDA®F () *F ()
8 T(L)=DR
DO 9 I=i,l
L=L+1
9 T(L)=VL0




C
C
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RETURN

CLINEAR

C
2

17
16

CPIs

14

15

1C

12

19

CHYS

SIG=T(2)
Y=XTAU*SIG
X(1)=ZERLAM
X(2)=XLAM(1]}
X(3)=XLAM(2)

CALL ALBEDO(YsXsZ)
ZLAMDA=2

DC 16 I=1sN

Fil)=U.C

DO 17 K=1sN

FOIV)=F (1) + WR(K)*R2(]4K)
FII)=UH*F () + 140

L=3

DO 14 I=1sN

DO 14 J=1,!
L=L+]
V2(T1sJ)=T(L)

DO 15 I=1»sN

NO 15 J=1,yN
V2(T1sJd)=v2{Js 1)
L=L+1
VLAM2=TI(L)

DO 1C I=1sN
G(I)=v.0
00 10 K=19sN
GEIN=G(]) + (V2(IsK)=R2(]sK))*AR(K)
ARGz 1UO%(Y=-XLAM(2))
XTANX==104O0*XLAM(1 )% {1 ,0=-(TANH(ARG) )1 ¥%2)
M=3+NEQ
DC 12 I=1sN
00 12 J=1»1
FIJd=F{l)*F (J)
CAPF==-AR{I+J)®R2(19J) + ZLAMDA*r1J
T1l= “AR(I s I ®(V2(19J)-R2(19J))
T2= O S*ZLAMDARIF (L II®GUUI+F(UI*G]))
T3= CAPF
Ta=(VLAM2=XLAM(2) ) #*XTANX®F]J
M=M+1
TIM)=T1+T2+T73+T74
DO 19 I=1»1
M=M+1
T(M)=20,0
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DO 10U K=1»1

DO 24 I=14sN
DO 24 J=1»l
L=L+1

24 V2 lsd)=T(L)
DO 25 I=1,N
00 25 J=19sN

25 V2UlsJ)=v2(Js])
L=L+i
VLAM2=T(L)

DO 20 I=1sN
G(I1=0.0
DO 20 J=1»N
20 G(I)1=G(1) + VZ(I+J)*WR(J)

DO 22 I=1.N
DO 22 Jd=1,1
FIJ=F(1)®F (J)
T1l= “AR(T s J)%#V2(1, )
T2= OeSHZLAMDAR(F(T)®G(UI+F (D) =*C(]))
T3=0.0
T4=VLAM2*XTANX®F1J
M=M+]
22 TIM)=T14T72+473+T¢

DO 29 I=1,1
M=M+1
29 T(M)=0.0
100 CONTINUE
RETURN
END
SIBFTC NONLIN
SUBROUTINE NONLIN
COMMON NoRTUET)sWTOET)sWRIT)IIARIT 27 ) s NDPPNT  MIMAXIKMAXsDELTAIXTAUY
1 ZERLAMIXLAM(2)9B2(TsT)sRZU7 9712 IFLAGIRI2B91C1) 9T (1691)9SIG
2 P(2B8»101)9H(28539101)sPTAUWPLAMI2) yHTAUL3)sHLAM(293)sP2(T7s7))
3 H2(7+7+3)sCONST(3)sNEQ
NONL INEAR DeEe FOR TRUE SCLUTICON OR FOR INITIAL APPROX.

oA

IFLAG=]
T(2)=vae0
T(3)=DELTA
vzl

L1=0

L3=3

DO 1 1I=1sN

DO 1 J=1»i
Ll=L1+1
L3=L3+1
R2(I19J)=0.0
RUL1+M)I=R2(15J)
TLL3)=R2(19J)
wo=l3+l
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2 THL3)Y=XLAML(Z2]

(4]

NEQ=(N*(N+1))/2 + 1
CALL INTSU(TINEQs290+090+s09usC)

(&)

SIG=T(2)
CALL OUTPUT

DO 5 Ml=1yMI1MAX
DO &4 M2=]12NPRNT
CALL INTM

M=M+]
L1=0
L3=3

DO 3 1=
DO 3 J=
Li=L1+1
L3=L3+1]
R2(1sd)=T(L3)
RL1sM)=R2(1sU)
4 SIG=T(2)

S CALL OQUTPUT

1N
191

W

RETURN
END
SI8FTC PANDH

SUBRQUTINE PANDH

COMMON NoRTIT7)oWT(T)sWRIT)sAR(T o7 s NPENT yMIMAX 9KMAX 9 DELTAZXTAU S
1 ZERLAMyXLAM(2)sB2(ToT)sR2{(T 9TV s IFLAGIR{289101)+T(1491)9SI1G,
2 PU289101)9H(28+39101)sPTAUYPLAMI2)YsHTAU(Z)Y s HLAM{233)}9P2( 747 )
3 H2(7+7+3)sCONST(3)sNEQ

IFLAG=2

T(2)=0eD

T(3)=DELTA

M=1

L1=0
L3=3
DO 1 1=14N
DO 1 J=1»!
Ll=L1+1
L3=0L3+1
P{L1+M)=0,0

1 THL3)=P(L]1M)
L3=L3+]
PLAM(2)=0.0

2 TUL3)y=PLAM(2)

C

C H'S

C
DO 7 K=1,y1
L1=0
DO 3 (=1sN
DO 3 J=1»1:
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Ll=Li+]
L3=L3+]
H{L]1+KsM)=0ebl

3 T(L3)=H(Ll K M)

C
L3=L3+]
6 HLAM{29K)=]160U
7 T(L3)=HLAM(29K)
C
L=V
DO 8 I'—']oN
DO 8 J=1yl
L=L+1
6 R2iIsJ)=R(L M)
00 9 I=19N
OC 9 J=1»N
9 R2(1+J)1=R2(JH1)
C

NEQ=2%((N*(N+1))/72 + 1)

CALL INTS(TeNEQ+29090+0+0+0.0)

LMAX=(N®(N+1))/2

PRINTS529T(2) s {P(LM)sH{Ls1oM)sL=1sLMAX)
52 FORMAT(IHOF9e495E20487/(10X5E2C«8))

DO 51 MI=1sMIMAX
DO 5C M2=19sNPRNT
CALL INTM
Mz M4 ]
CPREV.APPROXs RIUTsJ)

Ll=v
OC 1C 1I=14N
DO 10 J=1!
Ll1=L1+1

0 R2(TIed)=R(LIWM)
DO 11 I=1sN
OO 11 J=] N

11 R2(IsJ)=R2(Js )
L1=U
L3=3
CO 12 i=1sN
DO 12 J=1s1
Ll=L1+1
L3=L3+]

12 P(L1eM)=T(L3)
L3=L3+1
DO 13 K=1»l

L3=L3+]
14 HL1»KeM)=T(L3)
13 L3=03+1
CU  CONTINUE
51 PRINTS52,T(2) 9 (P{L-MIsH{Ls1lsM)sbL=1L¥AX)

| ,




~189-

RETURN
END
PIBFTC LINEAR
SUBROUTINE LINEAR
ODIMENSION ChKI(3)
DIMENSION A{49,3)sBl4T ) 9EMATI5T45 ) PIVOT(50)sINDEXI(50+2,
12 IPIVOT(S0)sFVEC(S5091)
COMMON HNsRTUTIoWTUT)IsARITYSARE 7 7))y MNPRNT oMIMAX I KMAXsDELTAPXTAU
1 ZERLAMsXLAM(2)9B2(T97) yR2(TsT) s 1FLAGsRI289101)9T{149119S1Gy
2 F(285101) 9128939101 )sPTAUSPLAMIZ2Z) wHTAU(3)sHLAM(203)sP21Ts7)
3 H2{T7+»7+3)sCONST(3)+NEQ
CBOUNDARY CONDITIONS
MLAST=NPRNT*MIMAX + 1
DO 1 K=1s1
L=V
DO 2 I=1sN
DO 2 J=1»1
L=L+1
2 H2{l»JeK)=H{L K sMLAST)
DO 1 I=1sN
DO 1 J=1sN
1 H2{IsJdsX)=H2(Jy 1K)
L=0
00 3 I=1»N
DO 3 J=1,!
L=t+1
3 P2{lsJ)=P{LIMLAST)
DO &4 1=1,N
DO 4 J=1sN
& P2(1syd)=P2(Jr 1)
CLEAST SQUARES
00 5 K=1,1
L=U
DO 5

L=L+]
5 A{LsK}=H2(I+JsK)
L=0
DO 6 1=1N
00 6 J=1N
L=Ll+1
6 slL)y=D2(isJ) —- P2(1sJ)

LMAX=N##2
PRINT6C
6. FORMATI(1HQ)
DO 61 L=1»LMAX
61 ~RINTB2y1A(LsK)sK=191)9B(L)

DO 9 L=1yLMAX
SUM=SUM + A(Ls])*A(L»J)
EMAT(IsJ)=5SUM

~ O




il

C

@® O

81
82

11

903

1
2
3
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SUM=0.0U

DO 10 L=1yLMAX
SUM=SUM + A(L,1)#8(L)
FVEC(Is1)=5UM

PRINT6&O

DO 81 I=1»1

PRINTB2y (EMAT (T oJ)sJ=191)sFVEC(Iy1)
FORMAT(10X6E2V48)

FVEC(1s1)=FVEC(191)/7EMAT(1s1)

DO 11 I=1»1
CONST(1)=FVEC(]I 1)

XLAM(2)=CONST( 1)
PRINTOO3 s XTAUYZERLAMXLAM(1 ) XLAM(2?
FORMAT(1HO/
1X11HTHICKNESS =9 F10e4 /
1X11HALBEDO(X) =9 20HA + O*TANH(IO*(X-C)) 7/
1X3HA =y E16e8s 10X3HB =9 E16e8y i0OX3HC =9 E1648 //)

CNEW APPROXIMATION

C

14

16
15

M=1
L=9

DO 12 I=1,sN

DO 12 J=1!

L=L+1

SUM=P (L sM)

00 13 K=1,y1

SUM =SUM + CONST(K)*H(L K sM)
R(L M) =SUM

L=0U

DO 14 1I=1,4N

DO 14 J=1,1

L=L+1

R2{1+J)=R(L M)

SIG=040

CALL OQUTPUT

20 50 Mi=]1sMIMAX
D0 18 M2=1sNPRNT
M=M+,
L=y

DO 15 I=
DO 15 U=
L=L+1
SUM=P (L M)

DC 16 K=1,1

SUM=5UM + CONST(K)*H(L sK s M)

R(LsM)=SUM
L=0
DO 17 I=1sN

DO 17 J=1»1




17
18
50
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L=bL+1
R2(1+J)=R(LM)
S16=51G + DELTA
CALL OUTPUT

RETURN
END

$IBFTC QUTPUT

1
2

3

100

2
101

$I8FTC

1
2
3

—

SUBROUTINE QUTPUT

DIMENSION X(3)

COMMON NoRTUT)IoWT(T)oWR(T)IPAR(T797) s NPRNT yMIMAX 9sKMAX»DELTAWXTAU
ZERLAMyXLAM(2)9B2(T37)9sR2(797) s IFLAGIR(289101)9T(1491)9S1Gy
P128+101)9H(28939101)9PTAUSPLAMI2) yHTAUI3) 9HLAM(293)9P2(T797)
H2(7+793)92CONST(3)INEQ

DO 1 1=1sN

DQC 1 J=1.N

R2(19J)=R2(Jr1)

Y=XTAU*SIG

X{1)=2ZERLAM

X(2)=XLAM(])

£(3)=XLAM(2)

CALL ALBEDO(YsX»2)

PRINT100, SIGyY»2Z

FORMAT(1HO THSIGMA =3sF6e2y 4XSHTAU =y F6e29 4XBHALBEDO =+F6e2/7)

DO 2 J=1»9N

PRINT10149J9{R2(19J)sl=1N)

FORMAT(]110y 7F10.6)

RETURN

END

ALBEDO

SUBRCUTINE ALBEDO(Y»Xs2)

DIMENSICN X(3)

COMMON NsRTUT)sWT(TI9WRIT)9AR(T797) s NPRNT yMIMAX 9 KMAX»DELTA»XTAU
ZERLAM o XLAM(2)3B2(T97)9sR2(7+7) 2 IFLAGIR(2891C1)9T(1691)9S51G
P(28+101)9H(28939101)9sPTAUSPLAM(2) sHTAUI3) sHLAM(293)9P2(7+7)
H2(T797+3)9CONST(3)9NEQ

ARG=10.0#(Y=X(13))

Z=aX(1) + X{(2)*TANH(ARG)

RETURN

END

480

T e —

FT A s e
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PROGRAM B.2. DETERMINATION OF T, THE OVERALL OFTICAL
THICKNESS '

The complete program is listed:
MAIN program
DAUX subroutine
NONLIN subroutine
PANDH subroutine
LINEAR subroutine
OUTPUT subroutine
ALBEDO subroutine
The following library routine is required:

INTS/INM
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SIBFTC RTINV
COMMON MNyRT(T7)IoWT(T)IsWR(T)I9AK(ET 7)o \PENT ¢yMIMAXsKMAXsDELTA» XTAUS
1 ZERLAMSXLAM(2)9BZ (7971 9R2(7Ts 71y IFLAGsR(28+101)9T(1491)9SIGy
2 P(2812101)9H(28939101)9PTAUSPLAMIZ ) yHTAU(3)sHLAMI(2+3)9P2(T97)>

3 H2(T7»7+3)9+CONST{3)9NEQ

C
" PHASE 1
C
1 READ1vVOOsN
PRINT899
RINT9UGsN
READIUVO1I»(RT(I)YsI=19N)
PRINTSGO1+(RT(I)sI=1sN)
READIVOL1»(WT{I)sI=1aN)
PRINTOOL1 s (WT(I)sI=1sN)
DO 2 I=1sN
WRII)=WT(I)/RT(1)
DO 2 J=1.N
2 AR(IsJ)= 140/RT(I) + 1.0/RT ()
C
899 FORMAT(1H146X36HRADIATIVE TRANSFER - INVERSE PROBLEM 7 )

100U FORMATI(6112)
90u FORMATI(6120)
1001 FORMAT(6E1248)
G01 FORMAT(6E2008)
REAC10CO ¢y NPRNT s MIMAX » KMAX
PRINT900 +NPRNTsMIMAX s KMAX
READ1CO14DELTA
PRINT901+DELTA
READ1VO1 9 XTAUSZERLAMIXLAM(1) s XLAM(2)
PRINT902
PRINTGO03sXTAUSZERLAMsXLAM(1) 9 XLAM(2)
902 FORMAT(1H123HPHASE I - TRUE SOLUTION /)
903 FORMAT(1HO/
1 1X11IHTHICKNESS =9 F10e4 /
2 1X11HALBEDO(X) =» 20HA + GHTANH(10*(X=C)) //
3 1X3HA =, E1648s 10X3HB =9 E16¢89 10X3HC =y E1648 //)
CALL NONLIN

DO 3 I=1sN
DO 3 J=1N
3 B2(lsJd)=R2(1sy)
C
C
C PHASE 11
C
4 READ1VOl1 9 XTAUSZERLAMsXLAM{1 )Y e XLAM(2)
K=u
PRINT9C4L K
PRINT903sXTAUSZERLAMsXLAM(1) e XLAM(2)
C
CALL NONLIN
C
904 FORMAT(1H1 13HAPPROXIMATIONs 137 )
C
C QUASILINEARIZATION ITERATIONS
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C
DO 5 K1=1,KMAX
PRINT904,4K1
CALL PANDH
CALL LINEAR

5 CONTINUE

C

C

C

READ1000,1GO
GO TO (1+6)91GO
END
$IBFTC DAUX
SUBROUTINE DAuUX
DIMENSION V2(T797)9X(3)sF(T)9G(7)
COMMON NoRT(T7)sWT(T7)9WR(T)sAR(T797) 9y NPRNT yMIMAX sKMAXsDELTASXTAU
1  ZERLAMyXLAM(2)4B2(7+7)sR2(7+7) 9 IFLAGyR(289101)sT(1491)sSIG,
2 P(ZB’IOI)'H(28’3’101)OPTAvaLAM(Z)vHTAU(3)’HLAM(203)’P2(7’7)’
3 H2(T7+7+3)sCONST(3)sNEQ
GG TO (1s2)sIFLAG
C
CNONL INEAR
C
1 =3

L=L+1

G V2(Is+Jd)¥=T(L)
DO 5 I=1,N
DO 5 J=1,N

5 V2(Isd)=v2(JsrI)
L=L+1
VTAU=T (L)
SIG=T(2)
Y=VTAU*SIG
X(1)=ZERLAM
X(2)=XLAM(]1)
X(3)=XLAM(2)
CALL ALBEDO(YsX»2)
ZLAMDA=2

DO 6 I=1,N

F(I)=ueC

DO 7 K=1,N
T FlI)y=F(I) + WR(K)®#V2(IsK)
6 FIN=U5*F(I) + 140

DO 8 I=1sN

DO 8 J=1,1

L=L+1

DR==AR(I»J)*V2(IsJ) + ZLAMDA*F(I)*F(J)
8 T(L)=DR*VTAU

DO 9 I=1y1

L=L+]
9 Ti{L)=CW0




{

-
Y

-
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RETURN

CLINEAR

C
2

17
l6

Ccp1S

14

15

10

12

19

CH'S

SIG=T(2)
Y=XTAU*SIG
X{1)=ZERLAM
X(2)=XLAM(1)
X(3j=XLAM{2)

CALL ALBEDO(YsX2)
ZLAMDA=2

DO 16 I=1sN

F(x)=U.O

DO 17 K=1sN

F(I)=F(]) + WR(K)#*R2({sK)
FEI)=0e5%#F (1) + 140

L=3

DO 14 I=1sN

DO 14 J=1»l
L=L+1
V2(Tsd)=T(L}

0O 15 I=1»sN

DO 15 J=lsN
V2(1sdi=v2(Jsl)
L=L+)

VTAU=TI(L)

DO 10 I=1sN

G(I)=0e0

DO 10 K=1N

GUIN=Gl]) + (V2{]sK)=R2{([sK})*AR(K)

ARG=1UeO*(Y-XLAM(2))

PARTL=1C.O*SIG¥XLAM(1)#(1s0-(TANH(ARG) ) *#2)
M=3+NEQ

DO 12 I=14sN

DO 12 J=1»l

FIJ=F({l)»F (J)

CAPF=—=AR(I s J) %t (19J) ¢ ZLAMDAXFIJ

T1==XTAU*AR( T J)#(V2{(1sJ)=R2([sJ))

T2=XTAU*O 4 S*cLAMDA#(F ()1 #G(II+F{IIY*G(]))

T3=XTAU*CAPF

T4=(VTAU=-XTAU)#(CAPF + XTAUXFIJ®PARTL)
M=M+1]

T(M)=T14T2+4T3+T4

DO 19 I=1,41
M=M+]

T(M)=000
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0O 100U K=1»1l

DO 24 I=1sN
DO 24 J=1»l
L=L+1
26 V2(lsJ)=T(L)
DO 25 I=1sN
DO 25 J=1sN
25 V2{IsJ)=V2(Jsl)
L=L+1
VTAU=T (L)

DO 20 I=1,N
G(I)=0.0
DO 20 J=1sN
20 GUIN=GUI) + V2. »J)*WRI(J)

DO 22 I=1sN
DO 22 J=i»sl
FIJ=F(L1)*F(J)
CAPF==AR(I+J)*R2(1sJ) + ZLAMDA*FIJ
Tl==XTAU* = ([:J)%V2(1,y])
T2=XTAU*OS5*ZLAMDA®(F(T)RCIJI+F(J)*G(T)}
T3=0.0
T4=VTAUR{CAPF + XTAURFIJ®PARTL)
Mz=M+1
22 T(M)=T1+T2+T3+7T¢4

DO 29 I=1s1
M=M+]
29 T(M)=GeC
100 CCNTINUE
RETURN
END
$IBFTC NONLIN

SUBROUTINE NONLIN
COMMON NoRTLT)sWTUT)sWR(T)2AR(T97) s NPRNT yMIMAXyKMAXsDELTAXTAU

1 ZERLAMsXLAM(2)9B2(T97)9R2(T97) 9 IFLAGYR(2891C01)9T(14691)+51G,
2 P(289101)9H(28939101)sPTAUPLAMI2)yHTAU(3) sHLAMI293)9P2(757)
3 H2(T7+7+3)»CONST(3)9NEQ

C NONLINEAR DeEe FOR TRUE SOLUTICN OR FOR INITIAL APPROX.

1FLAG=1

T(2)=U.O

T(3)=DELTA

M=1

L1=0

L3=3

DO 1 {=1sN

DO 1 J=1sl

Ll=L1+1

L3=L3+1

R2(1¢J)=0.0

R{LY1sM)=R2(19J)
1 T(L3)=R2(IsJ)
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L3=1L3+1
2 T(L3)sSXTAU

C

NEQ=(N®#(N+1))/2 + 1

CALL INTS(THINEQ»290909090+0:0)
C

S1G=T(2)

CALL OQUTPUT
C

DO 5 M1=1,M1IMAX
DO 4 M2=14+NPRNT
CALL INTM

M=M+1

L1=C

L2=3

DO 3 I=1yN

DO 3 J=1,1
Ll=L1+1

L3=0L3+1
R2(I+J)=T(L3)

3 RUL1sM)=R2(1sJ)
4 S5I6=T(2)
5 CALL OuTtPUT
C
RETURN
END

dIoFTC LINEAR
SUBROUTINE LINEAR
ODIMENSION CHKI(3)
DIMENSION A(494+3)sB(49)»EMAT(50950) PIVOT(50)sINDEX (5
1»!PIVOT(50)sFVEC(50,+1)
COMMON NsRTU(T)sWTUT)sWRIT)IIAR(T797) 9yNPRINT ¢yMIMAXIKMAX sDELTASXT AUy
1 ZERLAMyXLAM(2)+B2(797)9R2(T+7)s1FLAGYR(28»101)9T(1691)9SIG
2 P(28+101)9H(28939101)sPTAUSPLAMI2} yHTAU(3) sHLAM(293)sP2{T57)
3 H2(T7»793)sCONST(3)9HEQ
CBOUNDARY CONDITIONS

MLAST=NPRNT*MIMAX + 1
DC 1 K=1,1
L=v
ODC 2 I=1,N
DO 2 J=1.1
L=L+1

2 H2(IsJsK)=H(L K sMLAST)
DO 1 I=1,N
CO 1 J=IsN

1 HZ2(IsJdesK)=H2{Jy 1K)
L=¢C

)
)

o I
50 3 J
L=L+1
3 PZUIleJ)=P(LMLAST)
DO 4 I=1yN
DO & J=1i,sN
4 P2(led)=P2(Jsl)
CLEAST SQUARES

—_Z

|
1,

[
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DO 5 K=1,1
L=v
DO 5 I=1,N
DO 5 J=1,sN
L=L+1
5 A(LsKI=H2(I9JsK)
L=0U
CO 6 I=1,N
DO 6 J=1,N
L=L+1
6 BILI=BZ(Is»J) =~ P2(1J)

LMAX=N#*#%2
PRINT6O
60 FORMAT(1HO)
DO 61 L=1sLMuX
51 PRINT82s(A(LK)»K=191)9B(L)

DO & 1
DO 7 J
SUM=0.0
DO 9 L=1»LMAX
9 SUM=SUM + A(Lsl)1*4(LsJ)
7 EMAT(]sJ)=SUM
SUM=Q.0
00 10 L=1sLMAX
1C SUM=SUM + A(Ls1)#B(L)
8 FVEC(Is1)=25UM

1.1
1.1

PRINT6O

DO 81 I=1,1
81 PRINTB2y(EMAT(I9J)sJd=191)sFVEC(I 1)
B2 FORMAT(10X6E2C.8)

C
FVEC(191)=FVEC(1s1)/EMAT(1+1)
C
0O 11 I=1»1
11 CONST(I)=FVEC(]s1)
C

XTAU =CONST(1)
PRINTOC3 s XTAULZERLAMIXLAM(1) 9 XLAM(2)
903 FORMAT(1HO/
1 I1X11HTHICKNESS =9 E1648 /
2 1X11HALBEDO(X) =» 20HA + B*TANH(IN*(X=C)) //
3 1X3HA =y 1648y 10X3HE =9 E16e8r 1OX3HC =y El6e8 //)
C
CNEW APPROXIMATION
C
M=1
L=
DO 12 1
DO 12 J

=1sN
=1l

L=Ll+l
SU4=P (L M)
OC 13 K=1»1
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13 SUM =5UM + CONSTI(K)*H(LsKsM)
12 R{LsM)=SUM

L=V

DO 1% I=1sN

DO 14 J=1,1

L=L+1
14 R2(1+J)=R(LWM)

S1G6=0.0

CALL CUTPUT

CO 50 Ml=1,M1MAX
DO 18 M2=14sNPRNT
M=M+1
L=U
00 15 I=1N
DO 15 J=1sl
L=L+1
SUM=P (L M)
DO 16 K=141
16 SUM=5UM + CONST(K)I#H(L sKsM)
15 PR(L+M)=SUM
L=v
DO 17 I=1N
DO 17 J=1+1
L=L+1
17 R2(I9J)=R(L M)
16 SIG=SIG + DELTA
50V CALL OUTPUT

RETURN
END
S1BFTC PANDH LIST

SUBROUTINE PANDH
COMMON NoRT(T)oWT(T7)sWR(T)Y AR T 7) s NPRNT yMIMAX s KMAXIDELT~ v XTAU

1 ZERLAMSXLAMI2)9BZ(ToT) s R2(T7+sT) s IFLAGHIR(28+101)9T(1631)9SIGy
2 PU289101)9HI28939101)sPTAUSPLAMIZ) sHTAU(3) srLAIA(293)sP2( 727 )
3 HZ(T»7+3)+CONSTI(3)9NEQ
IFLAG=2
T(2)=ved
T(3)=DELTA
v=1
C P18

L1=C
L3=3
DO 1 I=1»N
DO 1 J=1»1
Ll=L1+1
L3=L3+1
P(L1+M}=040

1 T(L3)=P(L1wM)

L3=L3+1}
PTAU=v .0
2 T(L3)=PTAU
C
“‘”P“%quqtug. - T——————p— -




aNA)

-~ O

CPREV.

10

11

12

DO 7 K-1:1

L1=0

00 3 I=14N

OO 2 Jd=1sl
Ll=Li+i

L3=L3+1
H{L1sK:Mj=0eU
TLL3)=H{L]1 9K M)

Ls=L3+1
HTAU(K)=].0
T(L3)=HTAU(K)

G

u n

[=1sN
J=1sl
L
{ JI=R({LM)
DO 9 I=1sN
DO 9 J=14N

R2(T19J)1=R2(Js1)

¢
20
2

or or

8
B
+1
1)

NEQ=2* [ IN* ,N+1))/2 + 1)
CALL INTS(TsNEQs29090+09040s0)
LMAX=(N*{N+1))/2

DC 51 Ml=1sMiMAX
DO 5C M2=1+NPRNT
CALL INTM

M=iM+1

APPROXe R{I9J)
L1=0

DC 10 I=14N

DO 10 J=1+s1
L1=L1+1
R2{i1+J)=R(L1sM)
D0 11 :i=1sN

DO 11 J=1sN
R2{IsJ)=R2(Js )
L1=¢

L3=3

DO 12 I=1sN

00 12 J=1,1l
L1=L1+1

L3=L3+1

PLLY Mi=TIL3)
LE=L3+1

DO 13 K-191
Li=v

DO 14 I=1sN

DO 14 J=1s1
Li=L1+]

L3=L3+1
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14 HiL1sLoM)=TI(L3)
13 L3=L3+1
5¢  CONTINUE
51 CONTINUCZ
Rt TURN
END
$IBFTC OQUTPUT
SUBROUTINE OUTPUT
DIMENSINN X(3)
COMMON NQRT(7)’WT(7)’WR(7)’AR(797)QNPRNTQMIMAX’KMAX’DELTAQXTAU’
1 ZERLAMsXLAMI2)sB2(T97)sR2(T97191FLAGIR(289101)sT(1451)+5I1G,
2 P(289101)9sHI28939101)9sPTAUSIPLAMIZ) sHTAUI3) sHLAMI293)9P2( 797 )
3 H2(T7+7+3)»I0ONST(3)sNEQ
DO 1 i=1sN
DO 1 J=1sN
1 R2(19J)=R2(Js 1)
Y=XTAU*SIG
X(1)=ZERLAM
X(2)=XLAMV({]1)
X(3)=XLAM(2)
CALL ALBEDO(YsXs2)
PRINT1U0s SIGyYs2
10u FORMAT(1HO THSIGMA =sF6e2s 4X5HTAU =, Fbe2s 4XBHALBEDO =+F6e2/)
DO 2 J=1,N
2 PRINT101sJs{R2(IsJ)sI=1sN)
101 FORMATI(I10y 7F1046)
RETURN
END
$IBFTC ALBEDO
SUBROUTINE ALE. -JiYesXs2Z)
DIMENSION X(3}
COMNMON NoRTIT)sWT(T)oWRIT)2ARIToT7) o NPRNT yMIMAXsKMAXsDELTAs XTAU
1 ZERLAMYXLAM(2)9B2(T9T)9R2(7+7)51FLAGIR(289101)2T(1491)9SIG,
2 PUl259101)9H(2893¢101)sPTAUSPLAMIZ) yHTAU(3)sHLAMI293)9P2(T7s7)
3 H2({T7»7+3)+CONST(3)sNEQ
ARG=1V0%{Y=X(3))
Z=X(1) + X(2)#TANH{ARG)
RETURN
END
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PROGRAM B.3. DETERMINATION OF THE TWO ALBEDOS AND THE
TAICKNESS OF THE LOWER LAYER

The complete program is listed:
MAIN program
DAUX subroutine
NONLIN subroutine
PANDH subroutine
LINEAR subroutine
CUTPUT subroutine
ALBEDO subroutine
The fol. wing library routines are required:
MATINV
INTS/INTM




$J08

$PAUSE
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26V sSTRATIWHKO16U095902209P

$IBJUCE STRAT2 MAP
$IBFTC RTINV

1
2
3

aNala!

899
1000

900
10°

I\

992

903
1
2
3

[aNaNaNE!

COMMON NoRT(7)sWT(T7)9sWR(T)SAR(T97) s NPRNT yMIMAXsKMAXIDELTAXTAV
XLAM(3), B2 /97)9sR2(T 9719 IFLAGYR(289101)9T(1491)9SIGy
P(289101)9H(28535101)sPLAMI3)sHLAM(393)sP2( 797>
H2(7:+793)9CONST(3)sNEQ

PHASE 1

READY1VOOOWN

PRINT899

PRINT9CON
READ1CO1s(RT(I)sI=19N)
PRINT901s(RT(I)sI=1sN)
READIVOL1»(WT(I)sI=19N)
PRINTO01»(WT(I)sI=1sN)
DO 2 I=1yN
WRUI)=WT(I)/RT(1])

DO 2 J=1sN

AR(IsJ)= 140/RT(I) + 1.0/RT(J)

FORMAT(1H146X36HRADIATIVE TRANSFER ~ INVERSE PROBLEM 7 )
FORMAT(6112)
FIRMAT(6120)
IMAT(6EL1268)
YAT(6E208)
+O1000 3 NPRNTyM1IMAX » XMA X
PRINT9OU sNPRNT»M1MAX s KMAX
READ1VU1+DELTA
PRINTS "19DELTA
READIU- 19 XTAU» (XLAM(I)sI=1+3)
PRINT902
PRINTOU3 s XTAUs (XLAM(I)sI=193)
FORMAT(1H123HPHASE I - TRUE SOLUTION /)
FORMAT(1HO/
1X1IHTHICKNESS =y F10e4 /

1IX11HALBEDO{X) =» 20HA + B*TANH(10%(X=C)) //
1X3HA =, El€eB8s 10X3HB =y E16e48» 10X3HC =, E1648 //)
CALL NONLIN
DO 3 I=1,N
DO 3 J=iyN

B2(IsJ)=R2(1sJ)

PHASE 11

READIVC1 o XTAU» (XLAM(I)»1=193)
K={}

PRINT904,K
PRINT903 s XTAUs (XLAM(I)sI=193)

CALL NONLIN

T T T U B e e, L1,
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904 FORMAT(1H1 13HAPPROXIMATIONS [I37 )
C
C QUASTLINEARIZATION ITERATIONS
C
DO 5 Kl=1sKMAX
PRINT9044K1
CALL PANDH
CALL LINEAR
5 CONTINUE
C
C
C

READ1G00,IGO
GO TO (1+4)91GO
END
$IBFTC DAUX LIST
SUBROUTINE DAUX
DIMENSION V2(T747)sX(3)sF(7)+G(T)

1 s VLAM(3)
COMMON NoRTUT)sWT(TYIWR(T)sAR(T27) +NPRNT yMIMAX s KMAX 9yDELTA +XTAU»
1 XLAM(3), B2(T7+7)9R2(T9T7)» IFLAGYR . 28+101)9T11491)sSIG,

2 P(284+1C1)sH(26939101)4PLAM(I3) v HLAM(333)3P2(Ts7)
3 H2(7+7+3)9sCONST(3)sNEQ
GO TO (1s2)191FLAG

7% NLINEAR

=3
DO 4 I=1sN
DO 4 J=1,1
L=L+1

o V2Uled)=T (L)
DO 5 I=14N
0O 5 J=1sN

5 Y2(lsd)=v2(Jel)
DO 51 I=1,3
L=L+1

51 VLAM(I)=T(L)
SI1G=T(2)
Y=XTAU*SIG
DC 52 I=1+3

52 X(I)=VLAM(T)
CALL ALBEDO(YsXs2)
ZLAMDA=Z

DC 6 I=1sN

F{i)=0Ce0

DO 7 K=1oN

FUI)=F(1) + WRIK)*V2(IsK)
6 FUI)mUS*F(I) + 1.0

-3

DO 8 I=1,4N

DO 8 J-’-l,l

L=L+1

DR==AR(IsJ)*V2(1sJ) + ZLAMDARF(1)*F(J)
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aNaNaKA!

2

21

17
16

CPIS

14

15

18

10

T(L)=DR —205—-
00 9 I=1y3

L=L+1

T(L)=veD

RETURN

LINEAR

SIG=T(2)
Y=XTAU*SIG

DO 21 I=1»3
X(I)y=XLAMI(T)

CALL ALBEDO(YaX12)
LLAMDA=Z

DC 16 I=1sN

F(l)=0.0

DO 17 K=1»sN

FUIV)=F(l) + WR(K)*R2(1IsK)
FII)=U5%F (1) + 1.0

L=3

DO 14 [I=1sN
DO 14 J=1,l
L=L+1
V2(Llsd)=T(L)
DO 15 I=1sN
DO 15 J=1sN
V2U1sJ)=Vv2(Jsl)
DO 18 I=1+3
L=L+1
VLAM(I)=T(L)

DO 10 I=1N

G(1)=060

DO 10 K=1sN

GUINI=C(I) + (V2(1sK)=R2(IsK))*WRI(K)
ARG=10.0% (Y=-XLAM(3))

TARG=TANH(ARG)

XTANX==10e I*¥XLAM(2)%*(1+0-TARG¥*#2)

M=3+NEQ
DO 12 I=1»N
DO 12 J=1»l
FIJ=F(I})*F(J)

CAPF=-AR(I1sJ)*R2(1sJ) + ZLAMDA*FIJ
T1=CAPF
T2==AR(1sJ)®(V2(IsJ)~R2(1sJ))

+ Oe5%ZLAMDAX(F(1)*G(J) + F(JI®G(]))
T3=(VLAM(1)-XLAM(1))*FIJ
T4=(VLAM(2)~XLAM(2))*TARG*F1J
TS=IVLAM(3)=XLAM(3) ) #XTANX*FI1J

M=M+1




—206—-

12 T(M)=T1+T72+4T3+Tu+T5
DO 19 I=1,3
M=M+1
19 T(M)=000

CH'S
DO 100 K=1,3

DO 24 I=1sN
DO 24 J=1,1
L=t+1

24 V2(IsJd)=TIL)
DO 25 I=1sN
DC 25 J=1,N

25 V2(1sJ)=V2(Jsrl)
DO 26 I=1,3
L=+l

26 VLAM(I)=TI(L)

e

DO 20 I=1»N
G(I)1=v.0
DO 20 J=1N
20 S(I)=G(I) + V2(I»J)*WR(J)

DO 22 I=1sN
DO 22 J=1s1
FIJ=sF(1)#F (J)
T1=OQU
T2==AR(IyJIRV2(1yJ) + Q0.5%ZLAMDA*(F(I)#G(J) + F(J)*G(]1))
T3=VLAM(1)%FIJ
T4=VLAM(2)*TARG*F1J
T5=VLAM(3 ) *XTANX®F1J
M=M+1
22 T(M)=T14T2+T3+T4+T5

DO 29 I=1,3
M=M+1]
29 T(M)=U,.0
100 CONTINUE
RETURN
END
$IBFTC NONLIN
SUBROUTINE NONLIN
COMMON NoRT(T)oWT(T7)9WR{T)9AR(T27) s NPRNT 4yMIMAXsKMAXIDELTASXTAU
1 XLAMI3), B2(T797)9R2(T97) 9 1FLAGYR(282101)9T(1491)sSIGy
2 P(289101)9sH(28939101)9PLAM(3)sHLAM(3,33)9eP2(T797)

3 H2(797»3)9CONST(3)9NEQ
NONLINEAR DeEe FOR TRUE SOLUTION OR FOR INITIAL APPROX,.

aN el

IFLAG=1
T(2)=0.0
T(3)=DELTA
M=1

L1=0
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L3=3

DO 1 I=1sN

DO 1 J=1,1

L1=L1+1

L3=L3+1

R2{1sJ)=0,0

R(LIsM)=R2(19J)
1 T(L3)=R2(1yJ)
DO 2 I=1,3
L3=L3+1
TL3)=XLAM(])

N

NEQ=(N*(N+1))/2 + 3
CALL INTS(TYNEQ92909050+019040)

SIG=T(2)
CALL OUTPUT

D0 5 Ml=1»MIMAX
DO & M2=1)NPRNT
CALL INTM

M=M+1

L1=0

L3=3

DO 3 I=1sN

DO 3 J=1s1
Li=L1l+]

L3=L3+]
R2(I»J)=T(L3)
R(L1sM)=R2(1sJ)
SI1G=T(2)

CALL OUTPUT

w W

RETURN
END
$IBFTC PANDH
SUBROUTINE PANDH
COMMON NoRT(T)sWTL{T)9WR(T)2AR(T9s7) s NPRNT+MIMAXsKMAXsDELTASXTAU
1 XLAM(3). B2(T97)sR2(T7+7) s IFLAGYR(28+10119T(1491)9SIGy
2 P(289101)9sH(28939101) sPLAMI3)sHLAM(253)sP2(Ts7)
3 H2(T797:3)9sCONST(3)sNEQ
IFLAG=2
T(2)=0.0
T(3)=DELTA
M=]
C Prs

L1=0
L3=3
DO 1 I=1sN
DO 1 J=1»l
Ll1=L1+1
L3=L3+1
P(L1wM)=0,0

1 T(L3)=P(L1sM)
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DO 2 I=1,2

L3=L3+]

PLAM(I)=0.0
2 TL3)Y=PLAM(I)

H'S

a¥ala

DO 7 K=193
L1=0
DC 3 1
DO 3 J
Ll=L1+1
L3=L3+1
H{L1sKsM)=0eC

3 TUIL3)=H(LIsKsM)

1N
1s1

DO 7 I=1,3
L3=L3+1
HLAM(I3sK)=0e0
IF{I=K)T7+6+7
HLAM(IWK)=1e0
T(L3)=HLAM(IyK)

~ O

L.=0

DO 8 I=1.N

DO 8 J=1,1
L=L+1
R2(IsJ)=K(L M)
DO 9 I=1,4N

DO 9 .J=1N

9 R2(IsJ)=R2(Jr1])

™

NEQ=4%{ (N*{N+1))/2 + 3)

CALL INTSU{TsNEQs2+909090+0+G+0)

LMAX={N#{N+1))/2

PRINTS2+sT(2) 9 (P{LIM)sH(LsI9M)sL=19sLMAX)
52 FORMAT(1HOF9¢4+5E2048/(10X5E2GC«8))

DO 51 M1=1sMIMAX
DO 50 M2=19NPRNT
CALL INTM
M=M+1
CPREVAPPROXe R(I9J)

L1=0
DO 1Q I=1sN
DO 10 J=11
Ll=L1+1

10 R2(IsJ)=R(L19sM}
DO 11 I=1sN
DO 11 J=T14N

11 R2(I9J)=R2(Js1}
L1=0
L3=3
DO 12 I=1sN
DO 12 J=1,l
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Ll1=L1+1
L3=L3+1
12 P(L1sM)=T(L3)
L3=L3+3
DO 13 K=1+3
L1=0
DO 14 I=1,sN
DO 14 J=1,1
Ll=L1+1
L3=L3+1
14 HIL1sKsM)=T(L3)
13 L3=L3+3
50 CONTINUE
21 PRINTS2:T{(2)2(P{LoM)sH(Ls1oM)eL=]1LMAX)
RETURN
END
$IBFTC LINEAR
SUBROUTINE LINEAR
DIMENSION CHKI(3)
DIMENSION A(4943)+B(49)sEMATI(S50+50) PIVOT(50)s INDEX(50+2)
1+IPIVOT(80)+FVEC(50+1)
COMMON NsRTUT)sWTIT)sWRIT)sAR(T»7) s NPRNT yMIMAXsKMAXsDELTAsXTAUS
1 XLAM(3) B2(Ts7)sR2(Ts7)9sIFLAGIR{28+101)sT(1491)9SI1G»
2 P(2849101)9H(28+39101)sPLAMI3) sHLAM(393)sP2(T97)
3 H2(T7+7+3)+CONST{3)sNEQ
CBOUNDARY CONDITIONS
MLAST=NPRNT*MIMAX + 1
DO 1 K=1,2
L=0
DC 2 I=1sN
DO 2 J=1,1
L=L+1
2 H2(IlsJeK)=H{LsKsMLAST)
CC 1 I=1N
00 1 J=1sN
1 H2(IsJeK)=H2(Js 1K)
L=0
DO 3 I=1sN
DO 3 J=1yl
L=L+1
3 P2(IsJ)=P(LsMLAST)
DO 4 1=1N
DO 4 J=],N
4 P2(1sd)=P2(Js1])
CLEAST SQUARES
DO 5 K=1:3
L=u
DO 5 1=1sN
DO 5 J=1sN
L=L+1
5 AiLsK)=H2(I+JsK)
L=0
DO 6 I=1sN
DO 6 J=1sN
=L+l

s ot g et st 3 o s o R R —
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6 BILI=B2(IsJ) = P211yJ)

LMAX=N#*#2
PRINTAO
60 FORMAT(1HO)
DO 61 L=1yLMAX
61 PRINTB2s(A(LsK)9sK=193),+8(L)

D0 8 I=1,3

DO 7 J=143

SUM=0.0

DO 9 L=1sLMAX

SUM=SUM + A(Ly. :#A(LyJ)
EMAT(I+J)=SUM

SUM=0.0

DO 10 L=1,LMAX

10 SUM=SUM + A{LsI1)#B(L)

8 FVEC(ls]1)=SUM

~ 0

PRINTGC

DO 81 I=1,3
81 PRINTB2y{EMAT(IsJ)sJ=193)sFVEC(Iy1)
82 FORMAT(10X6E2Ce8)

CALL MATINVIEMAT34FVECs1sDETERMyPIVOT s INDEX+IPIVOT)

DO 11 I=1+3
11 CONSTUI)=FVICiI,y])

DO 20 I=1,y2
20 XLAM({I)=CONST(1I])
PRINTGO3 4 XTAUs (XLAMII) s1I=153)
903 FORMATI(1HO/
1 IX11IHTHICKNESS =y E1648 /
P 1X11HALBEDO(X) =9 20HA + B*TANH{10#(X~C)) //
3 1X3HA =y El6e8s 10X3HB =y ,E16e8s 10X3HC =y El6e8 //)

CNEW APPROXIMATION

SUM=P (L M)

DO 13 K=1,3
13 SUM =SUM + CONST(K)*H{LsK M)
12 R{LsM)=SUM

14 R2tI:J)=R(LM)
SIG=040
CALL OuTtePUT

il i | ot : : e




16
15

17
18
50

$1BFTC

1
2

3

100
2
101

$1BFTC

1
2

3

$ENTRY
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o0 50 Ml=1sMIMAX
0O 18 M2=1sNPRN~
M=M+1
L=0

DO 15 1
DO 15 J
L=L+1
SUM=P (L sM)

DO 16 K=1+3

SUM=SUM + CONST(K)*H(LyK M)
R(LsM)=SUM

L=0

DO 17 1=1sN

DO 17 J=1,1

L=L+1

R2(1sJ)=R(L M)

SIG=SIG + DELTA

CALL OUTPUT

1sN
1s1

RETURN
END
OuUTPUT

SUBRCUTINE OUTPUT

DIMENSION X(3)

COMMON NoRT(T)oWT(T)sWR(T)ISAR(T97) s NPRNTsMIMAXIKMAXSIDELTASXTAUY
XLAM(3), B2(T797)9R2(T9T7)vIFLAGIR{289101)9T(3491)sSIGy
P(28+101)9H(23939101) sPLAM(3)yHLAM(3+3)9P2(T7s7)

H2(79s7+3) 9sCONST(3)sNEQ

DO 1 I=1.N

DO 1 J=1I,N

R2{IsJ)=R2(J. 1)

Y=XTAU*SIG

DO 3 I=1s3

X(H)y=XLAM(])

CALL ALBEDO(YsXs2)

PRINT10C, SIGsYs2Z

FORMAT (1H0 THSIGMA =sF6e2s 4XSHTAU =9 F6e2s 4XBHALBEDO =3F642/)

DO 2 J=1,N

PRINT1019Js(R2(1sJ)sI=1sN)

FORMAT(110y T7F1046)

RETURN

END

ALBEDO

SUBROUTINE ALBEDO(YsXs2)

DIMENSION X(3)

COMMON NoRTU(T)YsWT(T)9sWR(T)sAR(T97)sNPRNTyMIMAXsKMAXsDELTASXTAU
XLAM(3j, B2(T97)9sR2(79T) s IFLAGIR(285101)9sT(1691)9S1G,
P{28s10119H{28935101)sPLAM(3)sHLAM{343)9P2(TsT)s ™
H2(T797+3)sCONST(3)sNEQ

ARG=10.0%(Y-X(3))

2=Xi1) + X(2)*TANH(ARG)

RETURN

END

RTINV
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APPENDIX C

PROGRAMS FOR RADIATIVE TRANSFER:

NOISY OBSERVATIONS
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PROGRAM C.1. MAJY ACCURATE OBSERVATIONS FOR THE DFETERMINA-
TION OF ALBEDO

The complete program is listed:

MAIN program

DAUX subroutine

ALBEDO subroutine

PANDH subroutine

LINEAR subroutine

NONLIN subroutine

OUTPUT subroutine

The following library routines are required:

MATINV
INTS/INTM
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$IBFTC RTINV

‘oW ala

C

taNaRale)

2
899
10CC
900

1001
9C1

902
903

504

COMMON NsRT(T)osWT(T)2owR{ET)IIAR(T 971 s NPRNT sMIMAX s KMAX9DELTAXTAU
1 ZERLAMyXLAM(2)4B2(T+7)9yRZ(Ts7)s]FLAGsR(289101)9T(1491)9S5I1G»
2 P(28s101)9H(28935101)9PTAUSPLAMI2) +HTAU(3) s HLAM(293)9P2( 797 )
3 H2{(T7+7+3)sCONST(3)NEQ

PHASE 1

READ10OO«N

PRINT899

PRINT900sN

READ10O1s(RT(I)s1=1sN)
PRINTOO19{(RT(I)sI=19N)
READIVOL1»{WT(I)sI=19N)
PRINTOO1s(WT(I)sl=1sN)

DO 2 I=1sN

WRET)=WT(1)/RT(])

DO 2 J=]isN

AR(IsJ)= 1.0/RT(1) + 1.0/RT(J)
FORMAT(1H146X36HRADIATIVE TRANSFER - INVERSE PROBLEM /
1 47TX33HU..KNOWN QUADRATIC ALBEDO FUNCTION /
2 HTX2THUNKNOWN THICKNESS OF MEDIUM /7))
FORMAT(6I112)

FORMAT(6120)

FORMAT(6E12+8)

FORMAT(8E20.8)
READICUOCyNPRNT9sMIMAX s KMAX
PRINTOOQOyNPRNT s MIMAX 9 KMAX
FEADICO12DELTA

PRINTSO1sDELTA

READIVO1 o+ XTAUIZERLAMXLAM(1 ) s XLAML2)
PRINTS0?
PRINTO9O03+XTAUSZERLAMsXLAM{1) s XLAM(2)
FORMAT(1H123HPHASE I - TRUE SOLUTION /)
FORMAT (1H40/

1 1X11HTHICKNESS =9 F10e4 /

2 1X11HALBEDO(X) =9 FHe292H +9 FHe293HX 49 FEe294HXRERD //)
CALL NONLIN

DO 3 I=1sN

DO 3 J=1»N

B2(1sJ)=R2{19J}

PHASE 1

READ1VO1 s XTAU»ZERLAMy XLAM(1) s XLAM(2)
K=0

PRINTSC4K

PRINTO03 s XTAU»ZERLAMy XLAMI1 Yo XLAML(2)
CALL NONLIN

FORMAT (1H] 1 3HAPPROXIMATIONS [3/ )
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C QUASTILINEARIZATION ITowaTlon
C

DO 5 Kl=1»KMAX

PRINT904,XK1

CALL PANDH

CALL LINEAR

5 CONTINUE

C
C
C

READ100Q0O,1GO
GO TO (1+4)91GO
END
$IBFTC DAUX
SUBROUTINE DAUX
DIMENSION V2(T797)eX(3)sF(7)sG(T)
COMMON NosRTUT7)sWTL{T)sWRI(ITIsAR( 797 ) sNPRINT sMIMAX sKMAXSsDELTASXTAUS
1 ZERLAMyXLAM(2)sB2(ToT7)sR2(T797) 9 IFLAGIR!289101)9T(1491)+S5iG>
2 P(289101)Y9H(28939101)9sPTAUSPLAMI2)yHTAU(3) sHLAM(2+3)sP2(T7s7)»
3 H2(T7+7+3)sCONST(3)sNEQ
GO TO (1+2)sIFLAG
C
CNONLINEAR
C
1 L=3
DO 4 I=1,N
DG 4 J=1,1]
L=l+}]
4 v2ilsyd)=T(L)
DO 5 I=1,N
DO 5 J=lsN
5 V2(llsdizv2(Jdsr])
L=L+1
VTAU=T(L)
L=L+1
VLAM1=T(L)
L=L+1
VLAMZ2=T(L)
SIG=T(2)
Y=XTAU*SIG
X{1)=2ERLAM
X{2)=sVLAM]
X{3)=sVLAM2
CALL ALBEDO(Y X2}
ZLAMDA=Z

DC 6 I=7sN

F(1)=0.0

00O 7 K=1’N
7 F(I)=F(]) + WR(K)*V2(]4K)
6 F(l)1=0.5#F (1) + 1.0

DO 8 [=1sN
DG 8 J=1,1
L=L~+1




(Ve

aNaNaNa)

2

14

15

10

DR==AR(IsJ)I%VZ2(1sJ) + ZLAMUA®F (]

T(L)=DR*vTAU
DC 2 1=1,3
L=L+1
T(LI=U40
RETURN

LINEAR

SIG=Ti{2)
Y=XTAU*SIG
X({1)=ZERLAM
X{2)=XLAM(1)
X(3)=XLAM(2)

CALL ALBEDO{YsX»2)
ZLAMDA=Z

DO 16 I=1sN

Fil)=0.0

DO 17 K=1+N

F{l)=F{1l) + WR{K)#R2( 1K)
F{i)=045%#F (1) + 1.0

L=3

DO 14 I=1+N
DO 14 J=1»1
L=L+1
VZ2(leJ)=TIL)
DO 15 I=1sN
00 15 J=1»N
V2{TsJ)=V2(Jrl)
L=L+1

VTAU=T (L)
L=L+1
VLAM1=T(L)
L=L+1
VLAMZ2=T(L)

DO 10 1=1sN
G(1)1=04C
DO 10 K=1sN
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1
+

i (J)

G(IN=G(I) + (V2(1sK)=R2(IsK))*WR(K)

M=3+NEQ
DO 12 I=1»sN
DO 12 J=1»s1l
FIJ=F{1)*F (J)

CAPF==AR(1+J)*R2{19sJ) + ZLAMDAXFI1J
Ti==XTAURAR( I »J)#(V2(19J)=R2(1sJ))

T2=Ce S*XTAURZLAMDA®(F (I )®GLU)+F(JI*G(]1))

T2=VTAU*CAPF

T4={(VTAU=-XTAU) #(XLAM{1)#Y+2 ¢ O¥XLAM(2 ) YRR )%F]J

PROD=XTAURY#*#FIJ



24

25

20

22

29
100

TS=(VLAM1-XLAM(1))*PRrZD
T6=(VLAM2=-XLANM(2) ) ¥PRCD*Y
M=M+]
TIM)=T)1+T2+4T3+4T4+T5+T6
DO 19 I=1,3
M=M+1
T{M)=0,0

c0 100 K=113

DO 24 I=1,N
DO 24 J=1,1
L=L+1
V2(IsJ)=T(L)
0O 25 I=1yN
DO 25 J=],N
V2(T1sJd)=V2(JsT)
L=L+1

VTAU=T (L)
L=L+]
VLAMI=T(L)
L=L+1
VLAM2=T (L)

DO 20 1=1,N

G(l)=04C

DO 20 JU=1,M

GUIN=G(I) + V2(IsJ)*WR(J)

DO 22 I=14N
DO 22 J=1,1
FIJ=F(I)%F (J)
CAPF==-AR{I+J)#R2(19J) + ZLAMDA*FIJ
T1=-xTAU*AR(IoJ)*V2(IsJ)
T2=L.5*XTAU*ZLAMDA*(F(l)*G!J)+F(J)*G(I))
T3=VTAU*CAPF
T4=VTAU*(XLAM(1)*Y+2.0*XLAM(2)*Y**2)*FIJ
PROD=XTAU*Y*F 14
T5=VLAM1#PROD
T&6=VLANM2#PROD*Y

M=M+1
TIM)=T14T2+4T34+T4+T5+T6

DO 29 I=1413
M=M+]

T(M)=0.0

CONTINUE

RETURN

END

$IBFTC ALBEDO

SUBROUTINE ALBEDO(YsX»2Z)
DIMENSION Xx(3)

COMMON NyRT(?)’WT(7)9WR(7)’AR(7o7)vNPRNTleMAXsKMAXoDELTA:XTAU,




1
2

2

ZERLAMQXLQN(2)9$2(797)9R¢(7s’
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LT TR(02891C1 )9 T(1491)5SIGy

P{269101)sH (26939101 )9PTALWRLY (21 4FTAUL3) sHLAMI293)3P2(Ts7)

H2{T79T793)sCONST(3)9NEQ
Z=X(1) + X(2)%Y + X(3)*Yy*%2

RETURN
END

$IBFTC PANDH

C P1s
C
1
2
C
C H'S
C
2
C
4
5

1
2
3

SUBROUTINE PANDH

COMMON NoRT(T7)sWTUT)9WRI(T)IPARITs7) s+ NPRNToMIMAX yKMAXsDELTA9XTAUS
ZERLAMvXLAM(2)082(797)9R2(797)oIFLAGoR(ZBlel)9T(1491)9SIG,
P(289101)9H(28,39101)’PTAUopLAM(Z)oHTAU(3)9HLAM(293)vP2(797)’

H2(7+753)»CONST(3)sNEQ

IFLAG=2
T(2)=U.0
T(3)=DELTA
M=1

L1=0
L3=3
0O 1 1
Do 1 J
Ll=L1+1
L3=L3+1
P(L1yM)=0,0
TIL3)=P(L]1 M)
L3=L3+1
PTAU=U.C
T(L3)=PTAU
DO 2 I=1,2
L3=L3+1
PLAM(I)=0.0
T(L3)=PLAM(I])

1N
1s1

DO 7 K=1,3
L1=0

DO 3 I=1,N

DO 3 J=1,1
L1=L1+1
L3=L3+1
HIL1yKsM)=0aC

T(L3)=H(L1sK oM}

l 3+1

H- .K)=0,0
IF(K=1)544,5
HTAU(K)=140
T(L3)=HTAU(K)
DO 7 I=1s2
L3=L3+1
HLAM(IsK)=040
IF(K=1=1)7+617
HLAM(IsK)=1e0




7
C

8

9
C

T(L3)=HLAMUI »K)

1.=0

DO 8 I=14N

DO B8 J=1,!
L=L+1
R2(IsJ)=R(LM)
DO 9 I=1,N

DO 9 J=1sN
R2(I1sJ)=R2iJs 1)

NEQ=4* ((N*(N+1))/2 + 3)
CALL INTS(TsNEQ+2+090+0+0+0,0)

DO 5C M1=1,M1IMAX
DO 50 M2=1sNPRNT
CALL INTM

M=M+1

CPREV.APPROXe R(19J)

10

11

12

L1=C

DO 10 I=1sN

DO 10 J=1o1
Ll=L1+1
RZ2(IsJ)=R{L1sM)
DO 11 I=1,N

DO 11 J=1sN
R2(I+sJ)=R2(Js 1)
L1=C

L3=3

DO 12 I=1N

DO 12 J=1»l
L1=L1+1

L3=L3+1
P(L1sM)- .31
L3=L3+3

DO 13 K=1y3
L1=¢C

DO 14 I=1sN

DO 14 J=1s1l
L1=L1+1

L3=L3+1
H{Ll1sKsM)=T(L3)
L3=L3+3

CONT INUE

RETURN

END

SIBFTC LINEAR

SUBROUTINE LINEAR
DIMENSION CHKI(3)
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DIMENSION A(49+3}9B(49)EMATI(S50s50)

19IPIVOT(50)sFVEC(5091)

PIVOT(50) » INDEX(50+2)

COMMON NyRT(7)yWT(T)IsWR(T)sAR(Ts7) s NPRNT yMIMAXsKMAXyDELTA»XTAU
1 ZERLAMyXLAMI2) 9B2(T797)9R2(T797) s IFLAGSR(289101)9T(1491)9S1G,
2 P(28+9101)9sH{28+3+101)9sPTAUIPLAMI2)yHTAU(3) sHLAM(293)9P2( 747

3 H2(Ts7+3)sCONST(3)9NEQ




4

6C

61

~ 0
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CBOUNDAI Y CONDITIONS

MLAST=NPRNT*MIVAX + 1

HZ (T sJeK)=H{LKsMLAST)
DO 1 I=1,4N

DO 1 J=IsN
H2(IsJesK)=H2(Js 1K)
L=v

L=L+1
P2(IsJ)=P(LIMLAST)
DO 4 [=15N

DO 4 J=]sN
P2(IsJ)=P2(Jsr])

CLEAST SQUARES

A(LsK)=H2(IvJsK)

L=V

DO 6 [=1yN

020 & J=1sN

L=L+1

BILY=82(1sJd) = P2(IsJ)

LMAX=N¥*%2

PRINT6C

FORMAT (1HC)

DO 61 L=1y»LMAX

PRINTB2y (A(LsK)sK=1193)B(L)

DO 8 I=1y3

DC 7 J=1,3

SiUM=0.C

CO 9 L=1sLMAX

SUM=SUM + A(LsT1)I®#A(LsJ)
EMAT(I4J)=SUM

SUM=0.0

DO 10 L=1l.2LMAX

SUM=SUM + A(Ls1)#B(L)
FVEC(191)=SUM

PRINT60

DI 81 I=1+3

PRINTB2s (EMAT(19J)9J=193)sFVEC(Is])
FORMAT(10X6E20.8)

SAVE FOR THECKING
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DC 83 [=1,3

0O 84 JU=1,3
84 A(lsJ)=EMATII )
83 B(I)=FVEC(Is])

CALL MATIMNVIEMAT+3sFVEC»1sDETERMIPIVQT»INDEXsIPIVOT)

0O 11 I=1,3
11 CONST(I)=FVEC(I»s1)

C CH'"CK MATRIX INVERSE

PRINT60

OO 71 I=1,3

0O 70 J=1+3

CHKI(J)=0.C

OO 70 L=1»3
70  CHKI(J)=CHKI(J) + EMAT(I L) *A(L»J)
71 PRINT829 (THKI(.)yJ=143)

DO 72 J=1+3
CHKI(J)=0.0
DO 72 L=1»3
72 CHKI(J)=CHKI(J) + EMAT(JyL)*BI(L)
PRINTB2: (CHKI(J)sJd=193)

XTAU=CONST (1)
XLAM(1)=CONST(2)
XLAM(2)=CONST(3)
PRINTG03 9y XTAUYZERLAMs XLAM(1) 9 XLAM(2)
903 FORMATI(1HO/
1 IX1IHTHICKNESS =y F10e4 /
2 1X1ZHALBEDO(X) = » F6e2y 17n + (1%X + (C2%XX%2,
3 2X3HCl=» E18s59 2X3HC2=» E18.6//)
C
CNFEW APPRCXIMATION
C

or <
QO u n
C) =

12 1
00 12 J
L=L+1
SUM=P (L sM)
0O 13 K=113
13 SUM =SUM + CONST(K)*H(LsKsM)
12 RLsM)=5UM
L=0
DO 14 I=1,N
0O 14 J=1,l
L=L+1
14 R2{IsJ)=R(L M}
SI1G=040
CALL OUTPUT

1»N
11
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DO 5G M1=1sMIMAX
DO 18 M2=1sNPRNT
V=M1
L=0
DO 15 I=1,N
DO 15 J=141
L=L+1
SUM=P (L sM)
DO 16 K=193
16 SUM=SUM + CONST(K)#H(LsK M)
15 R(LsM)=SUM
L=0
DO 17 I=1,N
DO 17 J=1,!
L=L+1
17 R2(IsJ)=R(L M)
18 5$16=S1G + DELTA
50 CALL OUTPUT

)

RETURN
END
SIBFTC NONLIN
SUBROUTINE NONLIN
COMMON NoRTUTIsWi(T)swWR(T)»AR(To7) s NPRNT ¢MIMAX sKMAX2DELTAXTAU
1 ZCRLAMIXLAM(2)982(ToT7)sR2(7»7) s IFLAGIR(2891C1)sT(1491)+S1Gy
2 P(28+101)9sH(28+34101)sPTAUIPLAM(2)sHTAU(3)sHLAM(293)9P2(T797)
3 H2(T7+7+3)9CONST(3)sNEQ
C NONLINEAR DeEe FOR TRUE SCLUTION OR FOR INITIAL APPROX.

IFLAG=1

T(2)=040

T(3)=DELTA

M=1

L1=0

L3=3

DO 1 i=1sN

DO 1 J=1yl

L1=L1+1

.3=L3+1

R2(I+J¥=040

RILLsM)=R2(1»J)
1 T(L3)=R2(1sJ)
L3=L3~]
T(L3)=XTAU
DO 2 I=192
L3=L3+]
TIL3)=XLAM(])

N

NEQ=(N*#(N+1))/2 + 3
CALL INTS(TsNEQ+2+90+09090+C»0)

SIG=T(2)
CALL OUTPUT

([




£ W

SIBFTC

1
2
3

1G0

2
101

SENTRY

254460
G74553
647424
647424
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DO 5 Ml=z1¥1naX
DO & MZ=z]1yMPRNT
CALL INTM™

Mz=M+1]

L1=v

R2(IyJ)=T(L3)
RILIsM)I=R2(1»J)
SIG=T(2)

CALL CUTPUT

RETURN
END
QUTPUT

SUBROUTINE OUTPUT

DIMENSION X(3)

COMMON NoRTUT)oWTUIT)swWwRET)vARI Ty 7)Y s NPRNT 9MIMAX oKMAXYDELTAIXTAU Y
ZERLAM I XLAM(2)9B2( 79 7)sR2(T o7 )2 IFLEGHYR(28+10139T(1691)9SIG,
P(2E2101)19H(28939101)sPTAUSPLAMIZ2I»HTAUI3) yHLAM(293)9P2( 7971}
H2(7+743)»CONST(_)NEQ

DC 1 I=1sN

DO 1 J=I1N

R2(I1+J)=R20Js 1)

Y=XTAU%SIG

X(1)=2ZERLAM

X(2)=XLAM(1])

X{3)=XLAM{2)

CALL ALBEDO(YsX»2)

PRINTIGUy SIGrYs2Z

FORMAT (1HCO THSIGMA =9F6a2y LXSHTLU =, Fbe2y 4XBHALBEDO =+F6e2/)

DC 2 J=isN

PRINT1IC19Js(R2(14J)sl=1N)

FORMAT(I1Q0y 7F10.6)

PETURN

END

RYI.ev
7

46E-0112923441E-00297CT7742E-COBL0COCQCE 70702922582 008707655GE Q0
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B84E-0113985269E-00190915C2E-CC2UESTIS8BE=-C019091502E=0013985269E-C0
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PROGRAM C.2. OBSERVATIONS FOR ONLY CNE ANGLE OF INCIDENCE,
~  FOR THE DETERMINATION OF ALBEDO

A partial program is listed:
MAIN program
LINEAR subroutine
The following subroutines are required from Program C.1:
DAUX subroutine
ALBEDO subroutine
PANDH subroutine
NONLIN subroutine
OUTPUT subroutine
The following routines are required:
MATINV
INTS/INTM
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n-; ;T. v 4 -:;
COVVJ{ NoRT(T )7 (7)) 0. Tl vemr . T’ S T g LM AX K AR LD LTAPATAV Y
1 ZERLAMSXLAM(21 827> 7)oR2(7-7).1rLHq,R(¢d 1C1)sT(149)1)9S1G,
2 P(28»101)sHI28939101)9PTAUSPLANI2) yHTAU(3) sHLAM(243)9R2(Ts7)>
3 H2(7+»7+3)sCONST(3)sNEQ
4 ININCH»JINC(T)INOBS
PHASE 1
1 READ]IVOGN
PRINT899
PRINT9004N

READIGOI»(RTUI)sI=1sN)
PRINTIO1(RT(I)si=1sN)
READIVOIs (WTUI)sI=1sN)
PRINTSGO1s(WT(I)sI=1sN)
DO 2 I=1sN

WRII)=WT(I)/RT(I])

DO 2 J=1sN

2 AR(lsJd)= 10/RT(I) + 1e0/RTiJ)

699 FORMAT(1H146X36HRADIATIVE VRANSFER - [NVERSE PROBLEM /
1 46TX33HUNKNOWN QUADRATIC ALBEDO FUNCTION /
2 4TX2THUNKNOWN THICKNESS CF MEDIUM /71
10vG FORMAT(6112)
90u FORMAT(6120)
1001 FORMAT(6E12+8)
901 FORMAT(6E20.8)
READIVOO s NPRNTsMIMAX s KMAX
PRINTGOOsNPFRNTyMIMAX s KMAX
READ1ICO1,DELTA
PRINTSO01+DELTA
READIVO1 9 XTAUSZERLAM XLAM(1 ) s XLAM(2)
PRINTGC2
PRINTSGG3 s XTAUSZERLAMXLAM(1 )« XLAM(2)
902 FORMAT(1H123HPHASE I - TRUE SOLUTION /)
903 FORMAT(1HO/

1 IX11HTHICKNESS =» F10e4 7/
2 1X11HALBEDO(X) =» F6e292H +9 FEe29s3HX +9 FOe2s4HXRR2 //)
CALL NONLIN

DC 3 I=1N

DO 3 J=1»N

3 B2(I»J)=R2(1»U)

PHASE 11

& PREADIVU1 s XTAUSZERLAMIXLAM(1) s XLANM(2)
K=0
PRINTS04 K
PRINTGO3 s XTAUSZERLAMXLAM(1 ) s XLAM(2)

READ1ICOQWNINC
PRINTOOJSNINC
READIvVOO (JINC(I)sI=1eNINC,




904
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PRINTICO 2 (JINCUIY 2 I=1sNINC)

NOBS=NINC*N
PRINT900NOBS

CALL NONLIN
FORMAT (1H1 13HAPPROXIMATION, 13/ )
QUASILINEARIZATION ITERATIONS

D0 5 Kl=19XMAX
PRINTF04,K1
CALL PANDH
CALL LiNEAR
CONTINUE

READ100OC, IGO0
60 TO (1+4151GO
END

$IBFTC LINZAR LIST

1
1
2
3

4

SUBROUTINE LINEAR

CIMENSION CHKI(3)

DIMENSION A(4943)9B(69)»EMATI5.550),
2 IPIVOT(50) sFVEC(5041)

PIVOT(50) s INDEX(5042)

COMMON NoRTUT)9WTUT)sWRIT)SAR(T7+7) sNPRNT yMIMAX sKMAX sDELTA9XTAU s

ZERLAM.XLAM(2)982(797}9R2(7o7)oIFLAG.R(ZS’IOI)vT(lhgl)’SlGo
P(25o101)9H(28939101)9PTAU9PLAM(2)9HTAU(3)vHLAM(ZoS)’P2(7e7)9

H2(T7+7+3)9CONST(3)9NEQ
sNINCH »JINC(T7)4NOBS

CBOUNDARY CONDITIONS

4

MLAST=NPRNT#MIMAX + 1
DO 1 K=s1+3

H2(1oJaK)=HILIKWMLAST)
DO 1 I=1.N

DO 1 J=1,N
H2(1eJsK)=H2(Jy14K)
L=0

DO 3 I=14N

DC 3 J=1,1

L=L+1
P2(1ed)=P(LIMLAST)

DO 4 I=14N

DO 4 J=j;N
D2(1sJ)=P2(Js1]}

CLEAST SQUARES

DO 5 K=143
L=0




DN

~ 0

81
82

84
33

11

7C
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DO 5 IN=1sNINC
[=JINCUIN)

DO 5 J=]1sN

L=L+1
A{LsK)=H2{IvJsK)
L=C

DO 6 IN=1,»NINC
1=JINC{IN)

DO 6 J=Z1sN

L=L+1
BlL)Y=Bz(]sJ) = P2(1sJ)

LMAX=N**2

PRINT60

FORMAT(1HO)

DO 61 L=1-N0OBS
PRINT82s(AILK)sK=193)B(L)

DO 8 I=1,43

DO 7 J4=1+3

SUM=Ce0

DO 9 L=1,NOBS

SUM=SUM + A{LI)®A(LyJ)
EMATI(I ) =SUN

SUM=0e0

DO 10 L=1sNOBS

SUM=SUM + A(L,1)1#8B(L)
FVEC(I+1)=5UM

PRINTAU

DO 81 I1=1+3

PRINTB2y (EMAT (I 9JYsd=1193)sFVEC(]lyl)
FORMAT({10X6E20.8)

SAVE FOR CHECKING

DO 83 I=1,3

DC B4 J=1+3

AT JI=EMAT (1)
BI)=FVEC(Is1)

CALL MATINVIEMAT 3 sFVEC»1sDETERMYPIVET W INVDEXYIPIVOT)

OO 11 I=1+3
CONSTII)=FVEC(I1}

CHECK MATRIX INVERSE

PRINT60

DO 71 I=1+3

DO 70 J=1s3

CHKI(J)=0.0

DO 70 L=1,3

CHKI{(J)=CHKI(J) + EMAT(I L) *A(LsJ)




71

12

(]

[aNaNa
=
m
x

13
12

14

[}

17
18
50

1

2
3

PRINTBZ2s(CHKI(J) gJ=193}

DO 72 J=1+3
DO 72 L=1+2
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CHKI(J)=CHKIt{J) + EMAT(JsL) *p (L)

PRINTE82y(CHKI(J)syJ=1+3)

XTAU=CONST (1)
XLAM(1)=CONST(2)
XLAM(E2)=CONST(2)

PRINTGC3 9 XTAUSZERLAMYXLAM( 1} 9 XLAM(2)
903 FORMAT(1HG/

1X11HTHICKNESS
1X12HALBEDO (X v F6.2»
2X3HCl=y E18e69 2X3HC/ =)

APPROXIMATION

1
J

M
L
0O 12 I=19N

DC 12 J=1>1

L=L+1

SUM=P (L M)

DO 13 K=193

SUM =SUM + CONST(K)*H{L sKsit)
R{LsM) =5SUM

L=L+1
R2IsJ)=RILM)
SIG=0C

CALL QUTPUT

0O 50 Ml=1sMIMAX

20 18 “2=19+NPRNT

vzue)

L=v

20 1% I=1sN

S0 15 J=1s1

L=L+]

SuM=P{L M)

oC 16 K=193

SUM=SUM + CONSTIK)#H(L K M)
R{LsM)=5UM

[ =3
D0 17 I=1sN

NS 17 =1l
L=L+l
R2{IsJ)=R! s M)
$S1G=SIG + DelTA
CALL OQUTPUT

s E18.6 /

17TH + C1%X + C2%X%¥2,
£13e6//7)
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RETURN
END

221
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PROGRAM C.3. ERRORS IN THE OBSERVATIONS FOR THE DETERMINA-
TION OF ALBELO

A partial program is listed:
IN program
The following subroutines are required from Progrem C.1:
DAUX subroutine
ALBEDO subroutine
PANDH s::broutine
NONLIN subroutine
OUTPUT subroutine
The folliwng sutroutine is required from Program C.2:
LINEAR subroutine
The following library routines are required:
MATINV
INTS/INTM
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SJ0L 2E T T et e Ly

buJOB RYINVZ  MAP

$IBFTC RTINV LIST

DIFENSION DERR T T7)19C2(7s7)

COMMON NoRTIT)owT{T)onwRIT)YIARIT o7 e WPENT 9MIMAX 9sKMAX sDELTASXTAU »
LERLAMSXLAM(2)902(T797) sR2(7 7)aIFLAGIR(2E9101)9T(1492)3SI1Gy
p(ZB’lOl)9H(28939101)9PTAb9PLAH(2)9HTAU(3)9HLAM(2!3)’p2(797)t
H2(797+3)sCONST(3)sNEQ
sNINCsJINC{7)sNOBS

£ W TV

PHASE |

aValNe

1 READ,UOUsN
PRINTE99
PRINTS00 N
READIVULS(RT(I)sI=1sN)
PRINTGOL1(RT(INsI=]sN)
READIVOL1»(WTII)sI=1sN)
PRINTOOIs (WT(I)sI=1sN)
CO 2 I=1,N
WRII)Y=WT(I)/RT(])
DO 2 J=1sN
2 AR(IsJ)= 1eU/RT(I) + 140/RT(J)
C
899 FORMAT(1H146X36HRADIATIVE TRANSFER - INVERSE PROBLZM /
1 4T7X33HUNYNOWN QUADRATIC ALBEUC FUNCTION /
2 LTIX2THUNKNOWN THICKNESS OF MECIUM /7)
1000 FORMAT(5112)
QUu FORMATI(6120)
1001 FORMAT(6F1248)
901 FORMATI(6E2048)
READIVCC s NPRNT s MIMAX s KMAX
PRINTOUU s NPRNT s MIMAX s KMAX
READICULCELTA
PRINTGULsDELTA
READIVOL o XTAUSZERLAMeXLAMIYL ) o XLAY(2)
PRINT9C?Z
PRINTQU3 W XTAUIZERLAMYXLAMI1 ) s XLANM(2)
902 FORMAT(1H123HPHASE I = TRUE SCLUTICN /1
903 FORMATI(1HG/

1 JXIIHTHICKNESS =9 F10e6 /

Z IX11HALGEDO(X) =9 F6e297' +3 FEa293HX +3 FOHe224HX¥¥2 //)
CALL NONLIN

DC 3 I=1sN

DO 3 J=1sN

3 B2(IsJ)=RZ2(1s0)

PHASE I1I

aNaYaXa'

4 READIVO1sXTAUSZERLAMIXLAM(1) s XLAM(2)
K=
PRINT9C4 »K
PRINT9039XTAUSZERLAMsXLAMI(1) s XLAM(2)
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READ1UCUWNINC

PRINTSOOsNINC
READIVOU T JINCI Iy s I=1eNINT)
PRINTOQUO s (JINCUL)Y2I=1sNINC)
NOBS=NINCH*N

PRINTS00,NOBS

READ ERRORS AS OECIMALS

00 6 I=1sNINC
READIUVOL1» (CERR(IsJ)9sJ=19N)
PRINTGUL» (DERR({IsJ)9J=1sN)

STORE CORRECT O3SCSRVATIONS

DO 7 I=1sN
Do 7 J-_-l,v“
C2(1sd)=82(1+J)

CORRUPT OBSERVATIONG

PRINTI1CGO

D0 81 IN=1sNINC

[=JINC(IN)

DO 6 J=1sN
R2(19J)=R2(12U)*(1.C+DERRIINY))
PRINTYU1sI9(B2(1sJ)sd=1N)
FORMAT (1H0O)

FORMAT(I10s7F1046)

CALL NONLIN

FORMAT (1H1 13HAPPROXIMATICNY i3 )
QUASILINEARIZATION ITERATIONG

DO 5 K1l=19sKMAX

PRINT9 U4 K1

CALL PANDH

CALL LINEAR
CONTINUE

RESTORE CORRECT CULLIRVATIONS

DO 9 I=1sN
DG 9 J=1N
C2(lsJ)=C2L1vJ)

GO TO &
END
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SENTRY RTINV

7
2544L6066E-0112923641~00297CTT62E~0Co L. "0E COT0292258E 00870765595 CO 03¢
974553668 Gv
64742484E~C113965269E~-001%091502E-002.097552E=CL19091502E-0013985269E-00 00 ¢
6476248064E~L1

w 10 3
Va0l
1.0 005 200 ‘2.0
lo\) 0.5 20 =240
13
4
«¢003740 +017960 -+054560 +.2C0400 ~¢0246000 ~«016980
“0\J077“0




32
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PROGRAM C.4. MINIMAX CR1TERION FOR THE DETERFMINATION OF
ALBEDO

A partial program is listed:
LINEAR subroutine
The MAIN program is required from Program C. 2.
The following subroutines are required from Program C.1:
DAUX subroutine
ALBEDO subroutine
PANDH subroutine
NONLIN subroutine
OUTPUT subroutine
The following library routines are required:
MATINV
INTS/INTM
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. 0B 26VvG e RTINS 16 2y 9 Lo

SIBFTC LINEAR LIST
SUBROUTINE LIMNEZAR
DIMENSION INFIX(B8)9A5(022435)905022)1sTOLI4)sKOUT(T7)»ERR(B! 9JH(22)
1 XS12219PS(2219YS(22)1sK2(35)925(22+22)19Z25(35)sA(T793)9B(7)

COMMON NyRTUTIsWT(T)swWRITYI2ARI T o7 )9 iiPRNT yMIMAX sKMAXIDELTAWXTAU
ZERLAMy XLAMI(2) 82 (T9T7)sR2(7:5T7) s JFLAGYR(2891C1)9T{1491)+S51G,
P(2659101)9sH(28333101)sPTAUSPLAMI(Z) sHTAU(3) sHLAMI293)9P2(797) s
H2(797+3)sCONST(3)NEQ
sNINTH»JINCUT7) sNOBS

o N

USE LINEAR PROGRAMMING TO MINIMIZE MAXIMUM DEVIATION

[N AN

CBOUNDARY CORNDITIONS

MLAST=NPRNT*MIMAX + 1
DO 1 K=1+3
L=0C
DO 2 I=1¢N
DO 2 J=1»li
L=L+1]

2 H2(IsJeK)=HILyKyMLAST)
DO 1 I=1yN
DG 1 J=IsN

1 H2 (I sJsKI1=H2(Jy[sK)
L=v
OO 3 I=1,N
DO 3 J=1,1
L=L+]

3 P2(1sJ)=P(LMLAST)
DC &4 I=1,N
DO & J=]sN

4 P2(IlsJi=P2(Jds 1)

LERO ALL AS» BS

[aNaNaNA]

DC 7 I=1+22
855(I1)1=0,0C

DO 7 J=1+35
T OAS({IJ)=0,0

COLUMNS 1 - 6

OO

IN=JINC(])
OC 8 [=2.8
OC € K=1+3
Jl1=2%K-1
AS(IsJ1)=H2(INyI=1sK}) /7 B2(INs]1-1)
J2=J1+1

8 AS(IsJd2)==AS(],J1}
DO 9 I=9,15
[1=1=7
DO 9 J=1,2

S AS(1sJ)==AS{I1+J}




aNaNe!

a¥ala

aNalNa

a

aNaNe

66

10
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DO 6 1=2,
BS(I1=1+0 = P2UINsI=-1)/32CiNsi-1)
DO 66 1=9415
BS(1)1=-8S:1-7)
COLUMN 7

AS{197)=1490

DO 10 I=16+22

AS(Is7)==]140

DO 91 I=1+22

PRINTO4 19 (AS(Iv.J)Yesd=19T)eBI(])
FORMAT(1HO4XIS598E1546)
FORMAT(1HO4XIS«TEL15¢6/(10XTEL1566))

COLUMNS 8 - 28

DO 11 J=8s25

[=J=-6

AS(I+J)=1.0

DO 92 I=14922
PRINTSO»1s(AS(I+J)sJ=8+28

COLUMNS 29 = 35

DO 19 J=294+35

L=J=-28

[1=L+1

[2=L+38

[3=L+15

AS(I1ed)==1e0

AS{I29J)==1.0

AS(I39J)=+1.C

D0 93 1=1,22
PRINTSGCH»I 2 (AS(19J}9J=291935)

INPUT TO SIMPLX (RAND LIoRARY ROUTINE wOC9)

INFIX(1)=64
INFIX{2)=35
INFIX(3)=22
INFIX(4)=22
INFIX(5)=2
INFIX(6)=1
INFIX(T)=100
INFIX(8)=0

TOL(1)=10E~-5
TOL(2)=1,0E-5
TOL(3)=1.0E-3
TOL(4)=140E~10
PRM=0e O

SIMPLX

CALL SIMPLX(INFIXsASIBSsTOL +PRMIKOUTWERRYJHIXSIPSHIYSsKBIES)
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QUTPUT FROM SIMPLX

[a¥ala!

IF(KOUT(11-3)20,21+20

20 PRINT6OSKOUT(1)sKOUTI(2)
6C FORMAT.1/5X612v)
CALL EXIT

21l PRINTOC(KOQUT IV sI=1sT)
PRINTSO
PRINT61s(ERR(IVIsI=194)

61 FORMAT(/5X6E20C.6)
PRINTOCy{JUHIET )Y yI=1922)
PRINTE19(XS({I)slI=1s22)
PRINT61s(KB(I)sI=1435)

C FIND Z2'S

MFE=INFIX(5;

M =INFIX(4)

DO 22 I=MF M

J=JH(T)

IF(J)22+22923
23 215(0)=XS(1)
22 CONTINUE

PRINT62s(J9lS(J)eJ=1935)
62 FORMAT(/5XT79E20,.6)

C
DO 24 1=1,3
[1=2%1-1
[2=11+1
24  CONST(11=2S5(I1) - ZS(12)
C

PRINT6342S5(7)
63 FORMAT(1HC4X2UKMAXIMUM DEVIATION =» £1540¢)

XTAU=CONSTI(1)
XLAM(1}1=CONST (2}

XLAM(2)=CONST(3)
PRINTOU3 s XTAUSZERLAMXLAM(1 ) »XLAM(2)

9C3 FORMAT(1HG/

1 1X1IHTHICKNESS =9 E18.6 /
2 1X12HALBEDQO(X) = » F6e2s 17h + (1%X + (C2RXRXZ,
3 cX3HC1=s E1Be6¢ 2X3H(C2=y E18.6//)
C
CNEW APPROXIMATION
C
M=1]
L=v
D0 12 I=1sN
DO 12 JU=lsl

L=L+1




13
12

14

16
15

17
18
50
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SUMSP L M)

DO 13 K=1+3
SUM =SUM + CONSTIK)I*H(LsK ™)
RIL»M)=SUM

L=0

DO 14 I=1sN
DO 164 J=11
L=L+1
R2(19J)=R(LM)
SIG=000

CALL OQUTPUT

DO 50U M1=1,M1IMAX
DO 18 M2=19NPRNT
M=M+1
L=9

DO 15 1
DO 15 J
L=L+1
SUM=P (L +M)

DO 16 K=143

SUM=SUM + CONST(K)*H(L 9K 9M)
RILsM)=SUM

L=u

DO 17 I=14N

DO 17 J=1»sl

L=L+1

R2(1sJ)1=R(LM)

SI1G=8SI1G + DELTA

CALL OUTPUT

1sN
191

RETURN
END .

198 |
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PROGRAM C.5. DESIGN OF A SLAB

A partial program is isted:
MAIN program

The following subroutines are required from Program C.1l:
DAUX subroutine
ALBEDO subroutine
PANDH subroutine
NONLIN subroutine
OUTPUT subroutine

The following suvbroutine is required from Program C. 2:
LINEAR subroutine

The following library routines are required:
MATINV

INTS/INTM




$408
$18J0B RTINV4 MAP
SIBFTC RTINV LIST

DN

C

[aXaNaNA

2

899

1000
9CQO
1001
901

902
9C3
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26\J99RTINV‘05K(“1é.91,9-,‘. 9

COMMON NsRTITV9WTLT)9sARIT)sARITo7) s iPRNT »MIMAX s KMAXsDELTAIXTAU
ZERLAMy XLAML2) 9B2 (79 1) sR2(TsT)» IFLAGIR(285101)9sT{1491)9S1Gy
P(28+101)2H(28939101)sPTAUIPLANI2) HTALUI3) sHLAM(293)9P2(T7s7)
H2(797+3)sCONST(3)NEQ
yNINCyJINC(7)sNOBS

£ W N -

PHASE 1

READ1v(COsN

PRINTE99

PRINTS0UWN
READ1I-O1(RT(I)s1=19sN)
PRINTOULs(RT(I)sI=1sN)
READ1UO1» (WT(I)seI=1sN)
PRINTGO1+(WT(I)sI=1sN)
DO 2 I=1sN
WR{I)=WT(I)/RT(I])

DO 2 J=1,N

AR(IsJ)= 140/RT(I) + 140/RT (U

FORMAT(1H166X36HRADIATIVE TRANSFER - INVERSE PROBLEM /
1 47X33HUNKNOWN QUADRATI. ALSEDO FUNCTION /

2 4TX2THUNKNOWN THICKNESS OF MEDIUM //)
FORMATI(6112)

FORMAT(6120)

FORMAT(6E1248)

FORMAT(6E2048)

READ1vCCoNPRNT 9 MIMAX » KMAX

PRINTGOC yNPRNT yM]IMAX 9 KMAX

READ1VU1+DELTA

PRINTSO1,DELTA

READIVOL s XTAUZERLAMyXLAM(1) s XLAM(2)

PRINTOC2

PRINTGO03sXTAUYZERLAMIXLAMI1) s XLAM{Z)
FORMAT(1H123HPHASE I = TRUE SCLUTION /)

FORMAT{1HO/

1 1X11HTHICKNESS =y F10.4 /
2 1X11HALBEDO(X) =9 FOe292H +» Fhe293HX +9 FOe2ruaHX®%2 /7))

PHASE 11

READIVO1 9 XTAUSZERLAMy XLAMU1 ) o XLAM(2)
K=U

PRINTGS4 K
PRINTSO39XTAUSZERLAMy XLAM(1 )y XLANM(2)

READ1IOOOSNINC

PRIMTSGO0OININC

READ1OCOOy (JINC(I) 9 I=1sNINC)
PRINTSGGO» (JINCII)sI=1sNINC)
NOBS=NINC*N
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PRINT9004+NOBS
C
DO 6 I=1sNINC
J=JINCI(])
READLIVOL1+(B2UJsK)sK=1sN)
6 PRINTI01+(8B2(0JsK)sK=19N)
C
CALL NONLIN
C
904 FORMATI(1H] 13HAPPROXIMATIONs 137
C
C QUASTILINEARIZATICN ITERATIONS
C
DO 5 Kl=19KMAX
PRINT904+K1
CALL PANDH
CALL LINEAR
5 CONTINUE
C
C
C
READ10UQ0O,IGO
GO TO (1y,4)91GO
END
PENTRY RTINV

7
Q5446066E-0112923441E-0029707742E-00500000C0€ ©070292258€E 0087076559E CO

27455396 00
64T424B4E-C113985269E-0019091502E-00208979358E-0019091502E-0013985269E~C0

64742484E-01

10 10 5
e 01
1.0 065 2.0 =2.0
100 0.5 200 "200
1
7
-058 o144 «323 505 0621 *689
e 722
$[pSYS ENDJOB

0

02

32

94
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APPENDIX D

PROGRAM FOR RADIATIVE TRANSFER:

ANISOTROPIC SCATTERING
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PROGRAM D.1. PROGRAM FOR THE CALCULATION OF REFLECTED
INTENSITIES

The complete program is list-d:
MAIN program
LGNDRP subroutine
CTAU subroutine
DAUX subroutine
DCTNRY subroutine
SSTART subroutine
OUTPUT subroutine
The following library routine is required:

INTS/INTM
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26vF sREFLXsHKD16098Me 1LCICs50PC

P [8J0OE REFLX MAP
PISFTC MAIN REF

C

(\."\(\(\f\(\f\ﬂ(\ﬁ(\f\(\(\(\ﬁ(\(\(\(\(\(\(\(\(\(\(\(\(\f\f\f\f\(\(\(‘-f\(\f\(\(\(\(\f\(\

RADIATIVE TRANSFER MAIN PRCGRAM
COMMON TET7263)95(1191Co10)eGU119124010)ZINT(20410410100
P{11ol)lolu)sPwi(ll9219)C)sPSTI{I1911s10)eXLI1Cs10)sWT(]109010)
FAC(22)9FACT(22922)y SGNU22}sDEL(Y1)»ODELILIY) 9C Y1) eCK1]]
AC10910) +sDELPHI(20) s THETA(L1C)
sMMOUNINOQUAD s MMAX s NFLAG s KFLAGYLFLAGosNPRNIT sN1 9 TAUONE s FAUI WOy
CELTAUSOMEGAyQLBEDIINEGsNPHIsFLUX I MPRNT

(6 00 ROV N

RADIATIVE TRANSFER
DIFFUSE REFLECTION FRCM A TWO-DIMENSICNAL FLAT LAYER

INTEGRATION OF SCATTERING COEFFICIENTS S(MsK,sl)
TAU IS THE INDZIPENOSENT VARIABLE
INTENSITY IS5 COMFLTED FROM THE S COEFFICIENTS

VARTABLES DEFINITIONS

TAU OPTICAL THICKNESSy IN MEAN FREE PATHS

S{MyKy L) M—TH SCATTERING CUMPUHENT FOR MU=XL{KsNKGQUAD) AND
MU=ZERQO = AL (L NUUAD},

XLIKsNGUAD) £=TH ROCT OF NuLUJAD=-DEGREL LEGENDRE POLYNOMIAL

WT UK ANJUAD) CORRESPONCING CHRISTCFFEL WEIGHT
BOTH XL AND T ON INTERVAL 0 70 1

PiMs]lsK) I-TH DEGREE, (M-1)TH ORDER ASSCCIATZD LEGENURE
FUNCTION EVALUATED AT X=XL{KsNQUAD)

ZINTUJsKet) SCATTERED INTENSITY FOR MU=XL(KsNQUAD)s MU-ZERD
XLILsNGQUAD)Y s AND DELPHI(J)

OQELPHI(J) J-TH AZIMUTH ANGLCe NPHI ANGLES ARE INPUT {DEGR

CELPNItJ)=0 MEANS FORWARD DIReCTION,
DELPHI(J) =180 MZANS 3BACKWARD DIRECTION.

THETALK) POLAR ANGLE CF CUTPUT. THETA(K)=ARC CCSINE(MU)
WHZRE MU=XLIKINGUA™)
cih I-TH FOURIER COEFFICIENT IN EXPANSION QOF PHASE
FUNCTION
OMEGA ALBEDO OF SINGLE SCATTERING
GLBEDO ALBEDO OF EARTH'S SURFACE
CONSTANTS DEFINITIONS
NQUAD DEGREE OF GAUSSIAN GUADRATURE
MMAX~1 DEGREE OF FOURIER EXPANSICN
NEW NUMBERK OF DIFFERENTIAL EQUATIONS
NEG=MMAX*NGUAD* INGUAD+1)7/2
N1 INTEGRATION OPTICN wWORD
NPRNT NUMJER OF INTEGRATICNS PER PRINT INTERVAL
TAUCNE INITIAL TAU
TAUTWO FINAL TAU
CELTAU INTEGRATING GR:iL SIZE
FLUX INCIDENT FLJUX /7 Pl,
FLAGS MEANTNGS

NFLAG=1 NGUAD AND MI4AX FOR TAlS PRObLe™ ARE NOT THE SAM

ANISOZ3C
ANTS004C
ANTSO050
1)y ANISCOEC

ANISCZ21C
ANISCR22C
ANISSZ30
AN1S5C24C
ANT150750
ANIS0O26EC
ANISC272
ANISC2s0
ANIECZ250
ANIS030C
ANISO21C
ANISU320
ANISO250
AN135C340
ANISQO35C
ANIS0356¢C
ANISO37C
= &NIS0360
AN1S0350
CES) eANISO4QC
ANTISO41D
ANISO4cZC
ANTSQ45C
ANISD440
ANIS0452C
AN1Z0460
AN1SO470
ANISO&4E0
ANISO4SC
ANISC520
ANISCH510
ANIS052C
ANISC53C
ANISTH54¢0
ANIS055C
ANISC560
ANISO570
ANIS05€7)
ANIS0590
ANISO60C
ANIS061C
ANIS052C
ANTS063C
AN1SO64C

€ ANTIS065C
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AS IN THE PREVIQUS PROBLEMs SO THAT CERTAIN
VARTAUBLES MUST o EVALUATED AGAIN,

NFLAG=2 OTHERWISE

KFLAG=1 Cll) ARE ALL CONSTANT

KFLAG=2 C(I) ARE FUNCTIONS OF TAU

LFLAG=1 OMEGA 1S CONSTANT

LFLAG=2 OMEGA IS A FUNCTION OF TAU

DICTIONARY AKKAYS
FACTy SIGNs» DEL

INPUT LEGENDRE ROOTS AND CHRISTOFFEL wEIGHTS
SET UP A CICTICNARY OF CONSTANT COEFFICIENTS

CALL OCTNRY

INPUYT PROBLEM CONSTANTS

READ 1uJU3sNWUADY MMAXs NFLAGH

[FINJUAD=2)999G+95399,410C
REALC 1UJGLyTAUUNC »TAUTAOSDELTALYOIMEGALWQLIBEDC
READ 1004 (CUI)s]=]19MMAX)

NEG=MMAX* (NCUAD* (NGUAD+1)) /2
REAC 10C&eFLUXANPHINIDELPHI(J) s J=1sNPHI)
PRINT 2001 oNGUAD sMMAX s NFLAGIKFLAGYLFLAGINPRNT 9N1 o NEQyMPRNT
PRINT 2UC2sTAUCNE»TAUTWOIUELTAUICMESASQLBECS
PRINT 2.3039(C(I)ysl=19MMARX)
PRINT 200 6 9FLUXsNPHI»(DELPHI{UJ)»J=19NPHI)

KFLAGY LFLAGs NPRNT,y N1 sMPRNT

GO TO (16s17)YsNFLAG

NEw ASSOCIATEC LEGENDRE

CALL LGNDRP

oC 18 J=1sNWUAD
AX=AT(Je NGJAD) /XL (JyNQUAD)

0C 18 M=1yMMAX

00 18 I=yMMAX

PWwiMel s J)=P(Ms]lrJ)®aX

PCLYNCMIALS AND OTHER VARIABLES

PO 19 K=1sNJUAD
XI=1lev/XL(KsNQUAD)
CO 19 L=1sK
AlLsK)I=XI+1eu/XLILsNGQUAD)
ACKsL)=A(LIK)
GC TO (20921)+KFLAG
THE COEFFICIENTSy Co

DO 22 M=1sMMAX

CC 22 T=MiMMAX

JC=1-""+1

JT=1 cvy=1]

el eM=-241

ANC THUS <» ARE CONSTANTS

AN15060C
ANIS0670
ANIS06380
ANISCEY0
ANISOUT09D
ANISO710C
ANISCT720
ANISO730
ANISO7640C
ANISCT750
ANISO0T760C
AN1IS077C
ANISOT82
ANISO7S0
ANIS0800
ANISO610
AN1S082C
ANIS0B830
ANISC840
AN150850
ANIS3T860
ANISO8TC
ANISO65C
ANIS0890
AN1S0900
ANISO910
ANIS0S20
AN1S0930
AN1S0940
ANIS0950
AN1S0960
ANIS097Q
AN1SO98C
ANI1S0990
ANIS1000
ANISI010
AN1S1020
ANIS1030
ANIS1040
ANIS1050
ANIS1060
ANIS107C
ANIS108¢C
ANIS109C
ANIS11060
ANISI110
ANIS1120Q
ANIS1130
ANIS1140
ANIS1150
ANIS1160
ANIS117¢C
ANIS1160Q
ANIS11%50




6ol
670
6380
650
700
710
720
73C
74C
750
760
17C
782
i790
800
i810
820
830
840
850
60
870
6§50
890
500
310
520
930
40
950
60
970
S8C
S9C
000
01C
020
030
040
050
060
07¢C
08C
090C
160
110
120
130
140
150
160
17C
160
150

25

27

26

28

29

(SR N IV
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CKUEToM)=COT)*FACT(JCyJT)®SONCI)

INITIAL INTEGRATING STEP
CALL SSTART
CALL INTS(ToNEQWNIsUsUs0sun00)
J=3
DO 25 M=] ¢MMAX
DO 25 K=14sNGUAD
DC 25 L=1sK
Jed+l
SIMsKsL)=T{J)
QIMIKsL)=S(MeKslL )
SIMeL oK)} =S(MsKsl)

COMPUTE
CALL QUTPUT

GENERAL INTEGRATING STEPS

DO 31 M1=1sMPRNT
DO 26 N=z1sAPRNT
CALL INTM

J=3
DO 26 M=] 4MMAX
DO 26 K=1sNWUAD
DO 26 L=1sK

J=Jd+1l
S{MsKsl)=T(J)
S{MeLsK)=SUieksL )
CALL OuTeyurt

CQ 29 M=1,MMAX

DO 29 K=1sNGQGUAD

DC 29 L=1sK

G=S( {MeKsL)=C(MeKyL)
IF(ABRS(G)=-eUTLICH 1294929430
CONTINUE
G0 TO 9
00 31 M=1,MMAX
DO 21 K=1sNWUAD
DO 31 L=1K
GIMeKsL)=S(MeKsL)

CALL EXIT
FORMAT(1216)

FORMAT(6E1246)
FORMATIELIC «69110+5E10e6/(7E1GE) )

INTENSITIES AND QUTPUT

FORMAT(14149X1BHRIANDTIATIVE TRANSFTR///

26X14946H-PCINT GAUSSIAN
2O6XT4s46H-TERM EXPANSION CF
30X TH NFLAG=91Ils 9He
26X14y46H INTEGRATICONS PR PRINT

26X14s46H=INTEGRATION OPTION Wik

JUADRATURE
PHASE FURCTION
KFLAG=911,

GHe
INTERVAL

LFLAG=9]1s1He

NN YN N

ANIS1210
AN1Sl122C
ANIS1230
ANISL1240
AN1S1250

ANIS1270
AN1S12890
ANIS1290
ANIS1300
ANIS13190
ANIS132C
ANIS133g
ANIS1340
ANIS135¢
AN1S1360
ANIS1370
ANIS13580
ANIS1350
AN1S1400

ANISIW?
ANISL
ANIS1430
ANIS1440
ANIS1450
ANIS1460
ANIS1470Q
ANIS1480
ANIS1490C
ANIS1500
ANIS31510
AN1S153¢0
ANIS1540
ANIS1550
ANIS1%60

ANIS152¢C
ANIS1EG0
ANIS16CC
ANIS1610

ANIS1620
ANIS1630C

ANIS165G
ANIS1660
ANISY&e70
ANIS1€660
ANIS169C
ANTIS17CC
ANTSLI710
ANIS172G
ANIS1T30
ANISIT4C
ANIS1T75C
ANIS176C



e

tr

(]

[ANA!

[

[}

M

:‘:
7
IV
A
i
2
3
vl
1
20tk
1
-
r4
I2FTC
AS5SuC
M
2
[
3
s
4
B

~248-

2EXIG L6 UIFFFERENTIAL zuwlATIUNS /
JeEXIbLy 64 N2RNT /)
FORMAT 20X 28 INTOSRATION wANSS IN TAU 159F9ebs 3m TQsS9.4/
30X 13 SRIV STCE ISy Flea/
I0X31 ALBESC OF SINGLE SCATTERING I35y F7.4/
3IOX29r AL=ZDD UF BARTH'S SURFACE 15y F7eb
FORMATI(30X36M CIOEFFICIENTS IN PHLZSL FXPANSION AKE /
{33X6F )el&))
FORMAT(530XK17m INCICEINT FLUX [5 sFGed/
2614946 O5LTA Pl ANCLES ARE /
(33X6FGel))
END
LGNDRP  REF
SUDROUTINE LONDRP
F ASSUCIAToL FUNCTICONS 8-21-62
CIOMMON TET263) 9S50 a1 ludsulllallsll) s lINTE0910410)
PUI191191v) P11 o1l ol C)oPSTOLIYsllalM)oXLl1Co1C)swTI10910),
FACI22) 0 FACTI22¢22) s SCNIUZZ)oCE _LLIINs0DELEIYI ) sC(11)9ZKI1911)
A0l1ueld) 0o LlPRI(2U) e THETAL(]D)
y HUNINGUAL ML s NFLAGYXFLAGLFLAGONPRNT oN] _TAJONESTALT A0,
CELTAUSUNMEGA Y GLAE DU NE G NPRT W FLUXPMERNT

ol 12- £=19iiadAD
X=XL{KsNJUAD)
XX=X%%*2

Pllsle)=l0v

P{l1e29K)=X
P(2929X)=5CRT{Yea0=XX)

p(lo3$l‘\)=395*(?.u’*XX"1.7)
PlZ2e3:r)=3au®X%P (), /4K
Pl3939K )z qu*P (29l ) %)

[FAIMYAX=4)1uvelunll

Koo oF Xz avax-1
>C 3 NN=2 3K LUl F X
NN+
FR=NN
TN=Z*NN~1
PLIaNaK )= (TARXED L g N=1 9K ) =T FN=1el1%P (] 4il=24K))/FN

VAX2ENN=Z
Lo Bl MMzl
M)
SN=NN+'AY =]
Rzl =ty
PUVMINSK ) s i TAURXEP (g i=]1 9K ) =SNFF (YMeg N=2 4K V) /RN

X2

“::V-l
TN N ) =T (% AP N 3K

ANTSLITTS

ANIST 7wl
ANTS172C
ANTS1a 20
ANTISLGLC
ANTS1220
ANIS1o3)
ANICZies)
ANTISL185C
ANIS1386
ANISIe 70
LG!‘"L\\‘JUIV
LGNOQC 20
LGND23240

LGNS0D69

GNDICSD

L

LGANLQZ25
LONDOQZ23C
LOGANLCZaC
LONDGR 5T
LOGNUCcEC
LGNOuZ7C
LGNDCZ2RZ
LGNDCZ290
LGNDC222
LGNDO31C
LGNDQ32C
LGNDU33C
LGNCC 240
LGRNUG350
LGNUT26C
LONDUG37C
LOGNDO3ED
LONSD390
LGNDI4GCO
LONDQO4G10
LGNDJ42¢
LOGNTO4L30
LGMNDSG AT
LoNROGED
LGRLU6BT
LGNJ36TC
LanNDC4d0
LGNDGA 9L
LGNDGOSBC S
LGKRDO510
LGOGNDQS2¢
LGNDC530
LGNDUS4D
LGNDSESBS
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M1z 2RNN4]

MZ:NN+1

CONTINUE

CCONTINUE

RETURN
END

>[EFTC CTAY
SUBROUTINE CTau

RETURN
FND

SIBFTC DAUX
SUERCUTINE Dux

C
2
22

C
1
3
lg
&
5

C
7

C

AN W N

R

PINsNIK)=(CoO P (2929 ) ) *XENNKFACT (M1 4272)

r—F
=
-

COMMON TUT263)95011 910010 sQ0110lwl0)sdINTI25910910)
p(llvllvlb)va(llv]leC)vPSI(llvll;l?)vXL(lale)vWT(lelO)'
FAC(22)9FACT(22922)y SGNU22)s0EL (11 2CDELIYIIIsC11)9CKE{2I911 e
AL1UsIC)sDELPHIT2C)Y s THETAL (10
y YUMUN S NJUAD s MMAX s NFLAG s KFLAGYyLFLAGYMNPRNT oNY o TAUONE s TAUT R Uy

DELTAU»UMZCAWGLSEDOWNEGINPHI W FLUX yVMPRNT

CALL CTay

GO TO (1+2)sKFLAG

DC 22 M=1,MMAX
D0 22 l=MyMMAX
JO=1-M+]

JT=l+M-1
Jel+M=24+1]

CKAL»yM)=COII*FACT(JIsJTI®SONIY)

Call ALBECO

L=3

D014 M=]yMMAX
D014 K=1sNGUAD

OClé J=1,
L=L+1

K

StMeKeJ)=TI(L)
StMeJexX)=8(MeK e J)

o0 5

DO 3
o0
SUNM=(0 ey

UG

M=1 4y MMAX
[=9,mtaX
5 K=1yNJUAD

6 J=1yNaUAD

SUMzSUM+S T aK s J)*¥Pu( s 9J)
J=l+v¥=-241

PET(MYal ok ) =P (VM4 )+Coa5%SON(Y)

o0 7

*SUV/CILM)

V=19 MMAX

ODEL (M) =OMECARDEL (M)

J=N_{+3
OC & =1y MMAX
S0 B K=1oNGUAD
20 2 LolaeX

LGNDCS50
LGNTS3570
LGNEO520
LGACUSSG
LGNCN6QC
LGADSHIC
LGNDQ62C
LGNDQE2Q
LGADGE4O

DAULX3CL ¢
DAUXDI030

DAUXCO50

DAUAQCTC

CAUXC21C
DAUX3220
DAUXSZ30
DAUXC24D
DAUX3250
DAUXJZ6C
DAUXC2TC

DAULX(D23C
DAUXC3CY
DAUXD321C
CAUXU320
DALKC330
DAUXO340C

<
>
(-
»
3O
L)
"
o @

YAJXC2RTT
CAUK(38C
CAJXT3SC
DAUAUGCT
DAUXGG10
DAGKLGLZ(
DAUXQ4L3)
DAUXCG4LT

DAUXQ&sZ
DAUXQGTL
DAJXCGbD
CALATALST
CAJXT290
USUAIDLC
CAURCDLY
DAUKI 50

OAUXT LGl
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J=J+1 CAUX055C
SUM=Ca DAUX0560
DC 9 1=MyMMAY DAUXQST0
G SUM=aSUMSCK U T oty 2P =T (M [ oK) #PST (Ml WL DAUX0560
B TUJ)=—A{KsL)*S(MyK, .+CDELINM)®SUN DAUX0S9C
RETURN DAUXQ600
ENC DAUXO610
SISFTC DCTNRY  REF DCTNOO1D
SUBROUTINE OCTNRY DCTNQC30
COMMON TO7263)95(11 9109101 sG(1191Cs10)9LINT(20510910Q)
1 POLI9119Yv)oPa(1loll010)oPSTCLI19lls 109 XL(1C920)9wT(109101) DCTNOQSO0
¢ FACU22)9FACTIL22922)y SOGN{2Z2)e0ELI11) sCDEL(IL) s C{11)9CK{11s11)
3 AC1uelJ)sDzLPHRI(2U) s THETA(L1C) DCINOCTO
4 sV UNSNJUAC 9MMAX 9y NFLAGIKFLAGILFLAGHINPRNT sN] s TAUONE»TAUTWO »
3 ODFLTAJICMEGAYQLBEDT oNEUINPHIoFLUX WMPRNT
C DCTNO210
C INPUT RCCTS AND WEIGHTS DCTNQ220
C DCTINOZ230
CC 1 I=2+10 DCTND24C
1 READ 1UU N (XU {Jelv)ed=19N) DCTNQRSC
DC 2 I=241C DCTNO260
¢ READ 1TuousNsflwT{(JeN)sJdz=1sN) DCTNQO270
lvv FURMAT(I12/7{6E1248)) DCTNQO280
C 0C NO290
C SET UP LICTIUNARY DC 0300
C DCTNO31¢C
< SINGLE FACTORIALS DCTINO320
“ACH1)I=160 DCTNGC339
FAC(Z2)=1.2 OCTNC34C
FaC(3)=2, DCTINC350
00 2 J=4427 DCTNO360
Fd=Jd=-1 DCTNQ3T70
3 FAT(J)=FJ®FAC({J=-1) DCTNQ3380
C OCTNOD3S(0
C DOUBLE FACTORIALS DCTNO4CO
DC 4 =122 DCTNO&LQ
DC 4 K=1422 DCTNG420
4 FACT(Js)=FAT(J)/FALIK) DCTNC639
€ DCTINO44Q
C (=1)%%(]+M) DCTNQ45Q
CO 5 M=1,411
OC 5 I=1,11
J=N+1=-2 DCTNU&BU
L=J+,
MJI=MOD (U211 DCTNC49C
G0 TO (&57)eMJ DCTNOS00
5 SGN(L)=1lecC
GO TO 5 DCTNQOS2¢
7 SC’\(L)=-10\
S CONTINUC DCTINOS4Q
C DCTNOS50
C 2e~XRUNEZXKER CELTA(1sM) DCTINGCH56(0
ODEL(l)=1eC WCTNQST70
DC & M=2,11 VCTNQS80
& OEL(M)=2,0 DCTINGS590

&4y

IavTeal

[a A

ala)
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C DCTNO60O
RCTURN DCTNCO10Q
END DCTIND620
»I0FTC SSTART REF SSTAQQLC
SUBROUTINE SSTART $STAQO30
CCHMMON TE7262) 95011 910010)0GQ(119120510) e 2ZINTI20913910)0
1 PU11s12slu) oPW(l1e11910)9PSTI(11911910)eXLE10+10)sWT (10910, SSTAOCSC
2 FAC(22)+FACT(22+22)y SGN(22)sDEL{11)4ODEL(L1)9C11)9CK(11411),
3 A(1us10)+DELPHI(2C)THETA(1Q) SSTAQ070
4  aMMUNSNIUADsMMAX s NFLAGyKFLAGILFLAGYNPRNToN1 s TAUONE s TALUT WOy
5  DELTAUsOMEGA,QLBEDOWNEQsNPHIsFLUX yMPRNT
DC 23 I=1,7263 SSTAO0210
23 T(l)=u.0 S5TAO22¢C
T(2)=TAUONE SSTAC230
T(3)=DELTAU SSTAQ240
DC 24 I=1yMMAX SSTAQ0250
DO 24 J=1sNGUAD SSTA0260
D3 24 K=1sNGUAD SSTAJ270
24 S(IsJsK)=04v SSTAD280
C SSTA0230
C SSTAG300
FG=44 U*QLIECT SSTAQ0310
DC 26 J=19NGUAD 55TA0320
DC 26 K=19J SSTA0330
SC19J9K)=FO*XL{JoNGUAD) #XL (R s NQUAL: SSTAD340
26 S(1sKeJ)=S{19JsK) SSTAQ3SC
J=3 SSTA0360
DC 28 M=1yMMAX SSTAG370
DC 26 K=1sNGUAD $STAG38C
DO 28 L=1sK SSTA0390
J=J+1 SSTAO4J0
28 T(J)=S(MeKaL) SSTAC410
RE TURN SSTAD420
END 5STAO0430
bIBFTC OQUTPUT REF CUTPOO10
SURRCUTINE OUTPUT OUTP0030
DIMENSION CMDI(20s11)
CCMMON TU7263)9S(1191C910)0Q(11010410)92ZINT(2C»1091C)
1 PU11s11eledoPw(111191C)sPSIC1L1sd19lC)oXLE1Ca10)sWT(10+10), ANIS50050
2 FACU22)yFACTI(22922) s SGNI22)9DEL(11) +ODEL(L11)19C(11)9CK(11011)s
2 A(I1ualC) s DSLPHIL20) 9 THETA(10)
4 s NMUNSNQUAL oM AAX o NFLAGIKFLAGILFLAGYNPRNT s N1 9 TAUONE s TAUT WO,
3 DELTAUsOMEGASGLBEDCHINESsNPHI9FLUX yMPRNT
C GUTPCOS50
C OLTPO0®0Q
IF(LFLAG-1)19146 QUTPOGT0
C QUTPOOSEC
C STORE ANGLES AND JOSINES CF M DELTA Prl DUTPCOS0
C OUTPO130
1 GFLUX=U425%FLUX QuTPOlio
DC 3 K=1,NuUAD 0UTPO120
CSTHET=XL (KoNGUAD) QUTPC130
3 TRETA(K)=ARCOSICSTHLT) %#57.2557795%
C QUTPC160C

DC 5 J=zlaNPr] QUTPG1 70
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CELPAIC ) =DELPHI(JI*e ] T4530525E-01

NT 4 M= eMMAX

FM=V=]

FMD=FMEDELPHT ()
CNDUJIM)=COSLEFMD)
PRINTIUOHL s e ie CHMD 1L UWM)
FORMAT{215s21648)

CONTINUE
LFLAG=Z

CALL ALBEDO
TAU=T(2)

QUTPUT S

PRINTLIUU+OMEGASCLOEDO S TAU

DC 1C 1=1sNQUAD

PUNCHZ2vuU s ]

PRINT102,]1

PO 10 M=s1lsMMAX

MMzM=]

PRINTLICUS yMMe (SIMyJs 1) ed=19NIJAD)
FORMAT(3X129]1.F1Ce6)

PUNCHZ2J1 (S{MeJdei)sd=1sNGUAD)
FORMAT (31123

FORMAT(6F128)

VUTPUT |
PRINT 1C4+sOMEGA»QULBEDCsTAU {K9K=]1 s NQUAD)

DC 16 J=1»NPH]
DO 1o K=1sNUUAD
DU 16 L=1lsx
SUM=Cev
DC 14 M=1 sMMAX
SUMSSUM+CMU (U M) 2S5 (MaK o)
SUM=SUM#QFLUX
CINTLJsLaK)=SUM/XLILINIUAL)
ZINT (oKL )=SUM/XLIKyNQUAD)

D0 20 L=1sNGUAD

J=1

PRINT 103sL s (ZINTUJIKeL) 2Kk=1eNJJAD)
TFAINPHI-1)2U92CH»19

DC 22 J=2NPHI

PRINT 1UBs{ZINT(JsKsL)sK=19oNyUAD)
CONTINUE

FORMAT(IH124X2GHSCATTERING COEFFICIENTS,

S{M)

/

CUTPS180
QUTPG1S0
QUTPG200
CUTPRQZ21¢C
CUTPG22C

QuiPr0Z230
QUTPO240
QUTPOZ250
QUTPO260
QUTPO270C
QuUTPO280

ouTP029C
QUTPO3Q0
CUTPO310
QUTPO320
QUTPO330
QUTPO340
OUTP0350
QUTPO35C
QUTPQ370
QUTPO.ED
QUTPU390
QuUTPCL00
QUTPC41Q
OuUTPO42C
QuUTP(430
QUTPOG4Q
QUTPC45Q
OJUTPRPU&LES
ouTPQO&4TO
QUTPCLEC
QUTPO49Q
OuUTPOS5QC
CuTPOS1C
QUTPG520
QUTPGS30
SR LIE-Y V¢!
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1  23XTHOMEGA =3FS5429 Shy & =9F5e2s SHy 2 =9F5,2/ OUTPUS550
2 10X58HFOR THE FOULLOUWING PULAR ANGLES CF INCIDENCE AND REFLECTIONQUTP(0S60
) QUTPO570
101 FORMATI1HO26XSHANGLE 94 XTHOEGREES s 4X6HCOSINE/(28X129F12e23F1144)) OUTPOS80
102 FORMATU(1HC/2XBHINCIDENT»20X21HREFLECTED PCLAR ANGLE/3XSHANGLE/ QUTPO590
1 (2X10I131) OUTP0O60O
1C3  FORMAT(1H02X12+,10F10.6) OUTPO610
104 FORMAT(1HO3XS5THNOTE. EACH FIGURE AROVE CORRESPONDS TG AN INCIDENQUTP0620
1T POLAR ANGLEs A/4X6SHREZFLZCTED POLAR ANGLEs AND A TERM IN THE EXPCUTP0630
2ANSION OF THE S FUNCTICNe 7/ QUTPO64D
I4X6BHEACH FIGURE ON THE NEXT PAGE CCRRESPUNDS TO AN INCIDENT POLARQUTPO6S(C
4 ANGLEs /4X55HA REFLECTEL POLAR ANGLEs AND A CHANGE IN AZIMUTH ANOQUTPO66U
SGLE ) OUTPO6T0
106 FORMAT(1H126X24HSCATTERED INTENSITIES, 1 / OUTPOE8O
1 23XTHOMEGA =4F%e2s SHy G =9F5e2s 5Hy Z =9F5e2 / OUTPO690
2 1HGs1X1CI1W) OUTPO700
108 FORMATISX10F1U46) QUTPCT10
RETURN OUTPO720C
END QUTPOT730

$ENTRY MA TN
2 021
21132486E-0U73867514E QO 022
3 023
11270166E-CLSCOJCUUVE 0CB8BT29834E UD 024
4 025
66431845E-U13300C945E-0066999062E LG93056816E 00 026
5 027
46910081E~0123076534E-0050C "CCUE 0CT76923466E 0CG953C8992E 00 028
6 029
33765245E-0116939531E-003806%040E-006193C960E D083060469E 0096623476E 00 020
7 031
25446C460=-0112G23441E-00297CT742E-C05C0C0O0N00E ~CT70292258E 0087076559E 00 032
97455396E QU 033
8 034
19855071E-C110165676E-00U237233%CE-004uB828268E~-0059171732E 0076276620E 0O 035
B9833324F Cu98014453E (L 036
S 037
15519882E-C1819666445FE-0119331428E~0033787329E~-0C500C0U00E 0C66212671E CO c38
BU668572E UU918C155%E 00984UBU12E 00 039
1v 040
13046738E-0167468315E-0116029522E-0026330231E~0042556283E-0057443717E 00 041
71569769 CUB397C478E 0093253168E 00G6695327E 00 042
2 0021
5C0C00G0E JCS300CQO0CE GO 0022
3 0023
27777778E-CULLLLLLGLLE-002TTTT:T3E-00 : G024
4 0025
17392742E-0032607257€-0032607257E~0017392742E-00 303?
5 027
11846363E-002293143%F-0028644464E-""73931433E-0011846343E-00 sC28
) 0029
BS66L244LE-011803K0T6E-C023395696E-(025395696E~-0018038078E~-0085662244E~C1 0030
; 0031
64T62484FE-0113985269E-00150915C2F -0C0lC897958E-3019051502E-0013985269E~0C 0032

A~

64742484E-01 G033

1
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8
30616270E-C1111190515=-C015685342E-0L0151341892-0C18134189E-0015685332E-CC
11119C%1E~0Uu3U6142T.E-01

3
406371648-C19C0324079E~01130309358-0C1%6172353E=-C016511968E-0015617353E~G0
13030535E-009uU324CT9E-01640637194E-C]

1v
33335665E-01747250674E-01109543176-0013463335E-0014776210E-0016776210E=-00
13463335E-C0U1095431TE-00UT4725674E-0133335%660E-01

9 3 1 1 1 20 1 5
Cev leiv eC1 1.C OeC
leu e Ved
le 3 Ce 90« 180

GC34
0035
00306
0G 37
Ju3ls
039
U0&0
a04al
0042
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APPENDIX E

PRCGRAMS FOR NEUTRON TRANSPORT
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PROGRAM E.1. PRODUCTION OF INTERNAL MEASUREMENTS

The complete program is listed:
MAIN program
DAUX subroutine
The following library routine is required:

INTS/INTM




$J08

$1B8J08B
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2609 yDYNNEUIK0160955100,1CC,C
MAD

SIBFTC MAIN REF

AN

aNaYaNa

120
1C1
90
91
92
93
94
95
96
97

DIMENSION NPNCH(20),2(300)
COMMON T(27)9A(20)9X(20) s IFLAGYAALU(2NM) 4,V (300)sNSLABS

READ(S59100 )NPRNT ¢yMPRNT sNSLABSHINGRIDS,,NOS
WRITE(6990)NPRNT 4MPRNTINSLABSINGRIDS,NOS
READ(549100) (NPNCH(T)sI=1,NOS)
WRITE(6+90) (NPNCH(1)9I=1,NOS)
REAC(5,101)1DELTA,AA

WRITE(6,91)DELTA,AA

Kt 2D(5+101)(X(T)yI=19NSLABS)
WRITE(6+91)(X(I)sI=19NSLABS)

REFLECTICN COEFFICIENT

RC=SIN(AA) 7COS(AA)

U AND V FLUXES

Tt3)=-DELTA -
T(4)=RC

T(5)=1.0

CALL INTS(T92+2509090+09050)

WRITE(64+94)

WRITE(6+95)T(2)sT(L)sT(5)

N=0

DO 5 I=1,NSLABS

DO 5 J=142NGRIDS

CALL INTM
WRITE(6+95)T(2)sT(4L)»T(5)
N=N+1

UN)=T(4)

Z(N)=T{2)

PUNCH U AND V OBSERVATIONS
PRINTO7
DO 6 M=1,NSLABS
DO & I=1,NOS
Nz (M=1)%NGRIDS+ NPNCH(])
PUNCHS96Z (N) sU(N)
PRINTO964,Z (N}sU(N)

GO T0 1

FORMAT(6112)

FORMAT(5F12.8)

FORMAT1H06120)

FORMAT(IHDG6EZ2C«8)

FORMAT(//719X1HXs16X 4HR(X)»11XIHA/)
FORMATI(//719X1HX16X GHUIX) 916XGHVIX) 311X1HA/Z)
FORMATI(F20e492E20e89F1244)

FORMAI1 (F12+29E1248)

FORMAT(//7)
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$1BFTC DAUX REF
SUBROUTINE DAUX
COMMON TU2T)9AL20)9X(20) yIFLAGSALSU 3R 4V {307 ) JNGLARS

C
4 T(6)=AAXT(5)
TIT)=~AA%T (&)
RETURN
END
BENTRY MAIN
1 100 10 10 3
2 s 8
0,01 Ce.
Ol 0.2 Ce3 0ot 05
Ce? 0.8 Ce9 1.0

T4




T4

PROGRAM E.2. TWO DIMENSIONAL DYNAMIC PROGRAMMING FOR THE
DETERMINATION OF ABSORPTION COEFFICIENTS

The complete program is listed:
MAIN program
INTERP subroutine
DAUX subroutine
INTR subroutine
The following library routines are required:
BET
INTS/INTM
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$008 28903sDPNT19K0160£10+1004107,C
$18J08B MAP
$IBFTC MAIN REF

COMMON T(27)sAAINASA(S51)9DAINCC(1CT1)DCyNESE(S51) sDEINSLABSHB(51)
1 NOSH»ICGRID(130) +NGRDSBIMOEL(1CC) -ANTARG4Z(100)sWI100) sDELTAWMINT,
2 F(51+51)95(51)sH(51951),U(100;

; C

3 1 READ(5,100INA,A(1)sDA
3 WRITE(6390)INALA(]1) DA
E DO 2 I=24NA

. 2 A(I)Y=A(1=1)+DA

E c

READ(55100)INC»C(1)sDC
; WRITE(6590)NCsC(1)9DC
; DO 3 [=2,NC

# 3 C(1)=C(I-1}+DC

: READ(59100)NESE(1)sCE

] WRITE(6+90)INESE(]1) 9DE
DO & 1=24NE

4 E(I1)=E(I-1)+DE

READ{5+100)INSLABS»(B(I1)s1=1sNSLABS)
WRITE(6sGQOINSLABS»(B(I)s]=1»NSLARS)

§ READ(5+1011NOSy (IGRID( 1)

1Y91=1,N0OS)
WRITE(6+s91)INOS» (IGRID(T)»I=

1 9NOS)

READ(5,101)NGRDSS
WRITE(6591)NGRDSB
: N=0
; DO 5 I=1sNSLABS
] DO 5 J=14NOS
N=N+1
5 MOBS{N)=(I~1)*NGRDSB + IGRID(J)
NTOBS=NOS*NSLABS
WRITE(6+91) (MOBS(I)sI=14NTOBS)

: READ(5+102(Z(T)sW(I)sI=1sNTOBS)
; WRITE(6+92)(Z(])sW(I)y]i=1sNTOBS)

READ(5,102)DELTA
WRITE(6,92)DELTA

MINT=NGRDSB

STAGE 1

NN

: NSTAGE=)
E WRITE(6+93INSTAGE

3 DO 1C 1=14NC
] DO 10 J=1sNE
AA=ATANZ(C(I)»E(I)Y/B(T)
F(IsJ)=0,0
DO 6 K=143N0S
6 F(lsd)= F(IsJ) + (SIN(AA¥Z(K)) = W(K))*%2
C'r"=000
Ep3000
10 WRITE(6994)CII)sE(J)sAAICPHIEPIF (1)

TR D e ry e

7 i 1ﬁﬁ§ el ‘ = R i e S - ~mrsaryes
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(@]

)y 00 50 NSTAGE=2,NSLABS
WRITEt6+s53)NSTAGE

DC 40 IC=1’NC

0O 40 JE=1,,NE

DO 3C lA=].NA
BX=B{(NSTAGE)
AA=A(]TA)
T(2)=BX
T(3)==DELTA
Tla)=CLiC)
T(S)=E(JF)
TALL INTS(T92+29050+09090,C)
DO 20 M=1,MINT
CALL INTM
20 UlMY=T(4)
D=0.0
J=ENSTAGF=~=1)*NOS
DO 21 I=1,N0OS
M=IGRID(]}
J=d+]
21 D=D + (UIM)=W(J)) %%
CP=T(4)
FP=T(5)
CALL INTERPI(CPLEPLFI)
30 S(IA)Y=D+F]

[aNa!

MIN S OVER A
MINA=1
SMIN=1.0E+20
DO 31 TA=2.NA
I=IA
TF{S(I)1=-SMIN)32,31,31

32 SMIN=S(1)
MINA=]
AA=A(])

31 CONTINUF
H(ICy»JE)=SMIN

40 WRITE(6s94)CIIC)IIE(JE) 9AASCPHIEPIRIIC,H,JE)
DO 50 IC=1sNC
DO 50 JE=1,.NE

50 FUICYJEY=HICWJE)

GO 7O 1

10C FORMATI(]12»5E12e8/(6E12.8))

90 FORMAT(1HOI20,5E20.8/(6E2048))

101 FORMAT(6]12)

91 FORMAT(1H06I120)

102 FORMATI(2E12.8)

92 FORMATI(1HO06E2C,.8)

93 FORMAT(1H1 9HSTAGE N =4 I3//18X2HC1918X2HC2+]19X1IHAS1TX3HCL,
1 17X3HC2'»12X8HF (C1,C2) )

94 FORMATI(6£2048)
END

$IBFTC INTERP REF

i T ISE — % NPT = g A N T T ey
K1 .
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SUBROUTINE INTERP({Xs»YsANS)

COMMON T(27)9sAAINAYA(51)3DAIYNCHCI1T1) 9DCsNESE(S5]1) yDESNSLABS»B (51 )
1 NOSH»IGRID(1G0) yNGRDSB+MG3S(100) sNTOBS»Z(100)sWI(100)sDELTASMINT
2 F(51+51)+5(511,H{(51+51)

TWO-DIMs INTERPOLATION

FIND I1+12s leFEey X1 X2

DC 1 I=24NC

I11=1!

[2=1-1

X1=C(11)

X2=C(12)

IF(BET(X19X9X2yMM) ) 1922

1 CONTINUE

ANS=1.0F+20

RETURN

[a N

C FIND J19J2y leEesy Y1e Y2
2 DO 11 J=2,4,NE
Jl=J
J2=J=1
Y1=E(J1}
Y2=E(J2)
[F(BET(YIsYsY2yMM))11912+12
11 CONTINUE
ANS=1.0E+20
RETURN

mn N

FIND F(X,Y1)=G1
12 Fl=F(I1,J1)
F2=F(12,J1)
DX=X2-X1
D=Xx=X1
CALL INTR(F1sF2+0XsDsG1)

C FIND F(XsY2)=G2
F1=F(I1,J2)
F2=F(12,J2)
CALL INTRUF19F2+9DXs09G2)

C FIND F(X,Y)=ANS
NY=Y2-Y1
D=Y-Y1
CALL INTR{G1+G2sDYDsANS)
RETURN
END
$IBFTC DAUX REF
SURROUTINE DAUX
COMMON T(27)9sAAINAWA(S5]1)9DAWNCIC(1C1)yCCyNESE(S51) »DEINSLABSyB(51 )
1 NOSHIGRID(100)yNGRDSByMOBS(100) sNTOBS-2(100)swW(100)sDELTAIMINT
2 F(51v51)v5(51)oH(51v51)0

TI6)=AA*T(5)

T(7)==AA*T (4)

RETURN

END
$IBFTC INTR REF

SUBROUTINE INTR(F1sF2+sDXsDy»G}
C ONE-DIMe INTERPOLATION

G=F1 + (F2-F1)*D/DX

RETURN




END

10 Cel

21 060

21 1.0

10 O.1
0.6 O0e7

3 2

10
0e0211394757E=-01
0.0528484388FE=~01
0.C8465567610E-01
0s:.68228626F=01
0.1585381951E-01
0.1810241607F=-00
0.2212509171E-00
062516420661CE=-00
0.28159n0853F=00
0.321815642123E-00
0.3519839517E~00
Ce3821520356E~00
0e4223753879E-00
0¢4525422834E-00
0.482708607UE~-Q0
05229294173€-00
045530942608E-00
Ce5832584082F~00
0.6234761246F-00
0e6536385042Fc-00
0.6838000651E~-00
Ce7240141434E-00
0.7541736532E-00
0.7843322238E-00
0e8245421290E-00
048546983702E~00
0.8848535543E-00
Ce9250587616E 00
09552113437€ 00
06$853527533E 00
0.01

O Oe OO

s e O o
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PROGRAM E.3. ONE DIMENSIONAL DYNAMIC PROGRAMMING FOR THE
R DE.ERMINATION OF ABSORPTION COEFFICIENTS

The complete program is listed:
MAIN program
DAUX subroutine
SUBREF subroutine
SHIFT subroutine
SUBNLV subroutine
SUBDF subroutine
The following library routines are required:
BET

INTS/INTM
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SIBFTC MAIN REF
COMMON T(S11sNA»A(10)2DAWNCHCII00Y1)sDCHNSLABS,B110)9sDR:NOS,
1 IGRID(5C)»NGRDSByDEL TA+MOBS(2C0)sNTCAZZL(200) 2 W (200 9MINT,
2 IFLAGYAASCPyEPyCPAYERPAZR(10C1)»FL1201) 9NSTAGEWRBIGHTBIGY
3 RPYRO(YO01) 9ALPHAZSMINWAMINSFO(102])

C INPUT

1 READ(S5:100)NAA(Y) DA
WRITE(859s90INAWA(]) DA
GO 2 T1=24NA

2 A{l)=A(1=-1)+DA

READ(591COINCYC(1)9DC
WRITE(69G0)INCyC(1)9DC
DO 3 T=2,NC

3 CiIy=C(I=1)+DC

READ(S5y10C)INSLABSB (1) 908
WRITE(6,90NS5LA8SyB(1) .08
DO 4 1=2,NSLABS

& B(l)=B(I-1)+DR

READ(54101iNOS» (IGRID(I)1s1=1»NOS)
WRITE(6991)INOSy (IGRID(I)»1=19N0OS)

READ(59100)INGRDSSsDELTAYALPHA
WRITE(6990)INGRDSBDELTAyALPHA
N=0
DO & I=14NSLABS
DO 5 J=1,NOS
N=N+1
5 MOBS(N)=(1-1)%¥NGRDSB + IGRID(U)
NTOBS=NOS*NSLARS
WRITE(6491){MOBS(N)sN=1yNTOBS)

READ(54102)(Z(1)sW(I)sI=1sNTOBS)
WRITE(6992)(Z(1)sWl{I,»I=1yNTOBS)

MINT=NGRDSA

C STAGE 1
NSTAGE=1
WRITE(6+93) NSTAGE
DO 8 IC=1sNC
SMIN=1.0E+" 0
DO 7 1A= 4 A

FIND CP=V(0)

a¥aNa]

IFLAG=]
AA=ACTA)
T(&):0.0
T(5)=1.0
T(2)=CeD
T({3)=DELTA
CALL INTS(T3292+0903:03090+0)
DO & M=1,MINT

6 CALL INTM™
CP=C({ICY/T(5)
EP=O‘0

TE——— ] S W e T

..
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10 CALL
EP=( Y=CP2T(7)) / T(5)

C COMPUTE DF
CALL SuU®RDF
11 CONTINUE
AA=AMIN
FLIC)=SMIN
IF(F(IC)=100.CY{6+15515
15 NC=1C-)
WRITE{6+s95)INC
GO 10 17

C COMPUTE RI(C}
16 CALL SUBREF
R(ICY=RP
12 WRITE(%9494)C(IC)2sAASCPASEPASR(IC)SFLIC)
17 CALL SHIFT
13 CONTINUE
GO TO 1

100 FORMAT(112+5E1248/(6E1248))

90 FORMAT(1HOI20+5E20.8/(6E2048);

101 FORM2 T (6112)

91 FORMAT (1H06120)

102 FORMAT(2E12.8)

92 FORMAT(1HO6E2C,.8)

93 FORMAT(IH19HSTAGE N =9 I13//719X1HCs19X1HA,18X2HCPy»]18X2HEP,
1 16X4HR(C) 9 16X4HF(C) /7))

94 FORMAT(2F20e¢6+4E2046)

95 FORMAT(1X18HNUMBER OF STATES =, [5%)
END

$IBFTC DAUX REF

SUBROUTINE DAUX
COMMON T(51)9sNA»A(10)+DASNCHICLI001)9DCyNSLABS 8(10)sDBsNOS
1 IGRID(50) s NGRDSByDELTA+MOBS{2C0O) sNTORS$2(20¢.) sW(200) yMINT,
2 IFLAGyAASCPSEPYyCPAYEPASR(1C01)sF(1N0]1) yNSIAGESRBIGYIBIGS
3 RPsRO(1001)sALPHASSMIN:AMINSFO(100C1

(@)

GO TO(192e394),31FLAG

C
C TRANSPORT EQS. FOR Us V
C
1 T(6)= AA%T(5)
T(T7)=~AA*T (4)
RETURN
C
G FOR Py H
2 T(8) = AA%T(5)
TI9) =-AA*T(4)
TE1C)= AA*T(7)
T(11)=-A8%T(6)
RETURN
C
C REFLECTION
C
3 T(Si=AAR(1.0 + T(4)%%2)
RETURN
C
C ANC TRANSMISSION




4
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TIEY=ALAR (140 + T(L)H%2)
TO7)YzAA2T(4Y#T(5)
RETURN

END

$IBFTC SUBREF

ST Y

1
2
3

SUBROUTINE SUBREF

COMMON T(51)sNAsA(10)sDAWNCsC(1I301) «DCyNSLABSIB(10)+D89NOSH
IGRID(5C) s NGRDSBYDELTAYMOBS (200 ) sNTO3%42 1200 94 120U) s+ MINI
[FLAGYAAYCP L EPYCPAYEPAZRI1I001)sF{12C1)sNSIAGERBIG»iBIGH
RPsRO(1001)yALPHASSMINLJAMINIFO(10O1)

COMPUTE R(N)

ILAG=3

T(2)=000

T(2V=DELTA

T(4)=RP

CALL INTS(T91+42+0909090sCs0)
DO 1 M=1,MINT

CALL INTM

RP=T(4)

RETURN

END

$IBFTC SHIFT REF

1
2
3

SUBROUTINE SHIFT
COMMON T(51)sNAYA(10)9sDAWNCHC(1301)9sDCHyNSLARSHB(10)+DBINOSY

IGRID(50)sNGRDSBsDELTAZMOBS(200) s NTOBS £ (20C0U) sW(2C0) s MINI
IFLAGIAAWCPWEPZCPAYEPAWRILICCL1YF (1001 )WNSTAGEIRBIGHTBIGS
RPyRO(10C1)sALPHAYSMINsAMIN,FO(10C1)

DC 1 I=1sNC

RO(I)=R(T)

FO(IVY=F(T)

RET!RN

END

$IBFTC SUEBNLV RFF

C
C

2
C

1

1
2
3

SUBROUTINE SUBNLVICCHIS)

COMMON T(51)9NAyA(1C)sDAYNCHCI001)9DCHNSLABSB1L10U)DBINOSY
IGRID(5C) s NGRDSBWDELTASMOBS(200)sNICRS2£12UU) 9w 120U) sMINI
IFLAGyAAYCP+FPyCPAYEPALRII1IC01)sF(1001)NSTAGEYRBIG»TBIG)
RPsRO(1001)+yALPHAYSMINWAMIN,LFO(10LU])

SOLVE NelLe BeCe FOR (P
15=1
J=1
21=RBIG*C(J)*RO(J)
22=C(J)-CC*TBIG
DIF1=Z1-22
IF(DIF1)19293
cP=C(J)
RP=RC(J)
RETURN

DIF1 IS NEG.
DO 11 J=24NC
Je=J
Ji=J=1
21=RBIG*C(Ji*RO(J)
22=C(J)=-CC*TBIG
DIF2=21-22
IF(DIFZ)10102912

T e e apmr —“!—i“ Pt Ty




DIF1=DIF?
CONTINUE
GO TO 13
12 CP=C(J1) + DIF1#DC/(D[F1-D1F2)
RP=RO(J1) + (CP=ClJ1))*(RO(J2)=-RO(J1))/DC
RETURN
C DIF1 1S POS.
3 DIF1==DIF)
DO 21 J=2sNC
J2=J
Jl1=J=1
21=RBIG*#C(J)Y*ROJ)
22=C(J)=-CC*TBIG
DIF2=22-21
IFI(DIF232042,12
20 DIF1=DIFY
21 CONTINUE
13 15=0
RETURN
END
$IBFTC SURDF REF

SUBROUTINE SUBDF

DIMENSION U2C0)

COMMON T(51) sNASA(10)sDASNCHCL1701)9sDCoNSLABSYB(10)sDBINOS
1 IGRID(50) sNGRDSByDELTAZMOBS(200) yNTORC,Z(270) sW (2NN ) 4yMINT,
2 [FLAGYAACPHFEPyCPASEPARII0C1)sF(1001)9yNSTAGESRBIGHTBIG,
3 RPSROC1001)sALPHASSMINSAMINSFC(122])

— s
- 0O

INTEGRATE TRANSPORT EQS.
COMPUTE D AND CURRENT F

aNaXaNa

IFLAG=1
T(2)=0,0
T(3)=DELTA
T(4)=zEP
T(5)=CP
CALL INTS(T92+2+0+09090s0+0)
DO 1 M=1,MINT
CALL INTM™

1 UtMy=T(4)

C A}

D=0.0
J=(NSTAGE=~1)%#NOS
DO 2 I=14NOS
M=IGRID(I)
J=J+1

2 DsD + (UM)Y=W(J))#®2

IFINSTAGE=1134346

3 S=D*ALPHA
10 IF(S=SMIN)&415,45
4 SMIN=S
AMIN=AA
CPA=CP
EPA=EP
5 RETURN
¢ INTERPOLATE FOR F(N-1)
6 DO 7 I=24NC
[1=1~1

= T T I o = e




aNAYA!

ANaNS]

aNaANA!

14

269
COMPUTE Dy F

CALL SURDF
AA=AMIN
FIIC)=SMIN

COMPUTE R(QC)

RP=0.0

CALL SUSREF

R(IC)=RP

WRITE(E+946)CIIC) sAAYCPAYEPASKRIIC)FIICQ)
CALL SHIFT

GENERAL STaGE

DC 13 N=2sNSLABS
NSTAGE =N
WRITE(6+93)NSTAGE
DC '12 1C=1sNC
SMIN=1.0E420
A”IN=O.O

COA=0.0

EPA=0.0

R{IC)=0.0
F(IC)=0.0

DO 11 TA=1sNA

FIND RBIGsTBIG
AA=A(TA)Y
IFLAG=4
T(2)=0ve0
T(3)=DELTA
T(4)=0.0
T(5)=1.D
CALL INTS({T92+250+0+05090,3)
DO 9 M=1,,MINT
CALL INTM
RBIG=T(4)
T8IG=T(5)

FIND CP=VIN-1)y RP=RI(V)
CC=C(IC)
CALL SUBNLVICCyIS)
IF(IS)11911914

FIND EP=U(N-1)

IFLAG=2
T(2)=0.0
T(3)=0ELTA
T(4)=1.0
T(5)=C0,0
T(6)=Ooo
T(7)=1.0

CALL INTS({Ts442509090+0+0+C)
DO 10 M=1,MINT
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12=1
X1=C(I1)
xX2=C{12)
TFISET(X19CP 4sX24MM) 748,48
7 CONTINUF
3=z]1.0F413

GO T0O 10

8 Fl=FO(IN)
£2=FO(12;
DX=X2-X1
G=CP -X1
FX=F1 + (F2=-F1)%G/DX
S5=D-FX
GO 70 10
END

316
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APPENDIX F

PROGRAMS FOR WAVE PROPAGATION:

MEASUREMENTS OF TRANSIENTS

E
i
3
i
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PROGRAM F.1. DETERMINATION OF WAVE VELOCITY FOR EXAMPLE 1
HOMOGENEOUS MFDIUM . STEP FUNCTION FORCE

The complete program is listed:
MAIN program
LAPLAC subroutine
DAUX subroutine
IN1TL subroutine
PANDH subroutine
LINEAR subroutine
NEXT subroutine
OUTPUT subroutine
The foilowing library routines are required:
MATINV
INTS/INTM




b 1bF
C
C
C

11

aNala! aNaNa¥al

()

100
101
90

91
92

TC MAIN LIST —-273-

VIBRATING STRING - LAPLACE TRANSFCRMS

COMMON T(2512)sNTsRT(F)»AT(9)»U0ES1(9)+FORCEIF) sUOBSTI9)sFORCTI9)

yNPRNT yMPRNT NP1 s NTWO 9K 4AX»LFLAGHIN2]1 ,NEQ
DELTASTENSNyALUPREV(18)sUOBSTX(G)

2 TY(9)»U(185401)sP(19)sHI1951G)+C(10)
'MX»FORCTX(9)»ATRI'F - CSPEED

P S VS I N S

INPUT

RE. D1COsNT sNPRNT sMPRNT sKMAX
PRINTGOSNT sNPRNT yMPRNT yKMAX
READIV1Is(RT(I)sI=1sNT)
PRINTO1s(RT(IYsI=1yNT)
READI VY s {WT(I)sI=1sNT)
PRINTIZ» (WT(I)sI=1yNT)
READIV1+DELTASTENSNYAS ATRUE
PRINTS3,DELTAYTENSN»A»ATRUE
READIUL» (UOBSYI(I)sl=1eAT)
PRINTG4y (UQCBSI{TI)»1=1sNT)
READICL»{FORCE(I)elI=1sNT)
PRINTSSs (FCRCE(TI)»I=1sNT)
NP1=NT+]

NTWO=2%NT

DO 11 I=1,NT

UlIs+11=0,0
READIVIs(UlIs1)sI=NP1INTWO)
TRINTGG6»(U(Ts1)91=NPL1INTWI)

PRODUCE TRANSFORS OF OBSERVATICNS
CALL ".APLAC

OENERATE INITIAL APPROXIMATION
CALL INITL

SUCCESSIVE APPROXIMATIONS

DO 5 K=1i1KMAX
PRINT97,K
CALL PANDH
CALL LINEAR
CALL NEXT

GO 70 1

FORMAT(6112)
FORMATI(6E12.8)

FORMAT (1H14X 4HNT =+13/5X THNPRNT =413/5X THMPRNT =,13/

1 5X 6HKMAX =413)
FCRMAT (1HO4X SHROOTS/(5X6E2043))
FORMAT (1HC4X THWNEIGHTS/Z(5X6E2048))

<o e




93

94
95
So
97
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FORMAT(1HU4X THDELTA =19216e895X THTENSN =3E16480

1 S5X20HINITIAL GUESS OF A =5£16.8/ SXBHTRUE A =y £16.8)
FORMAT (1HO4X12HOBSERVATIONS/ (5X6E20.8))

FORMAT{1HO4X12HFORCE F(T) /(5%X6220.8))

FORMAT (1HO4X25HINITIAL GUESS OF U=-PRIMED/(5ACE20.8))
FORMAT(1HI4X13HAPPROXIMATIONy 13//)

END

$IBFTC LAPLAC L!IST

aNa¥a!

)

6

98

99

SUBROUTINE LAPLAC
COMMON T(2511)sNTHRT(9)»WT(9)2UOBS]119),FORCE(9) s»UOBST(9)sFCORCTIL9)

1 s NPRNT ¢y MPRNT oNPY1 +NTWO s ¥XMAX»LFLAGIN21 yNFC

2 sDELTAZTENSNIALSUPREV(18)sUJBSTXI(9)

3 s TTU9)Y,U(18+401)sPI{19)»HI1G9,10)C(10)

4 yMXsFORCTX(9)»ATRUEYCSPEED
THE TIMES

DO 1 I=1eNT

TT(I)==ALOG(RT(I]))
THE TRANSFORMS

DO 2 1S=1,NT

UOBST(1IS)=0.0

FORCT(1IS)=0e0

JJ=15-1

DO 2 1=1.NT

Rw=WT(I)®(RT(]I)®*xJl)

UoBST(IS)= UOBST{IS) + UO3S1{I1)*RW

FORCTU(IS)= FORCTIIS) + FORCE(I)*RW

PRINT10

FORMAT(//7/71Hv13X1HT 11X SHUOBS(1sT) 16X 4HF(T)y

1 14X 1HSy 6XISHUOSS5TRANS(19S) s 16X 4HF(S) /)

DO 3 I=1,.NT

PRINT1ly TT(I)y UOBS1tI)s FORCE(I)s Iy UOBST(I) FORg}L&#"” i

FORMAT( S9XFluUebs 2E2048910X»15+2E20.9) ’
EXACT TRANSFORMS OF CBSERVATICNS

CSPEED=SQRT(ATRUE)

COVERT=CSPEED/TENSN

DO 6 1S=1,NT

S=1IS

FORCTX(IS)=143/S

UOBSTX(IS):=TANR(S/CSPEED)*FORCTX(IS)}®*COVERT/S

PRINTG98s (UOBSTX(IS)»IS=1sNT)

FORMAT (1HOGLX322HEXACT TRANSFORMS CF CBSERVATIONS/(5X6E2048))

PRINT93, (FORCTX(IS)yIS=1sNT)

FORMAT (1HUWY.25HEXACT TRANSFORIMS OF FORCE 7/ (5X6E20.8))

RETURN
END

SIBFTC DAUX LIST

SUBRCUTINE ODAuX

COMMON T(2511)sNTHRT{(9)sWT(9),UOBS1(9})+FORCE(9)»UOBST(F)»FORCT(9)
1 s NPRNT yMPRNT NP LIsNTWOIKMAX»LFLAGIN21 JNEG

2 sDELTASTENSNIALUPREV(18)»J0BSTX (9}

3 sTT(9)YsU(185401)»2019),H(1G+10)+C(10)




aXala)

100

(aNaXa)

200

300

aXaNa)

20

4

'MX2FORCTX19) 9 ATRUE»CSPEED
ODIMENSION VI19)
GO TO (10G+2CCU+200) sLFLAG

NONLINEAR

L=3

DO 1 IS=1,N21
L=L+1

VIIS)=T(p)
L=NEQ+3

DO 2 1S=14NT
L=L+1

NN=NT+IS

TEL)=VINN)

DO 3 IS=1,NT
L=L+1
S=]S¥#2

TCL)=S*V(IS)/TINEQ+3)
L=L+1

T(L)*Uoo

RETURN

LINEAR

L=3

DO 4 1S=1.N21
L=L+1

VIIS)Y=T(L)
M=NEQ+3

DO 5 IS=1sNT
M=M+1

NN=NT+IS

T(M)=VINN)

DO 6 IS=14NT
M=M+1
S=]S#%?
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T(M)=S*{V(IS) - VIN21)®UPREV(IS)/A + UPREVLIS))/A

M=M+1
T(M)=0.0

IF(LFLAG~3) 2v,»300,300
RETURN

HOMOGENEQUS
DO O J=1,NP1
DO 7 IS=1,N21
L=L+1
VIIS)=T(L)
DO 8 1S=1WNT

M=M+1
NN=NT+IS

g - e e A
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8 T(M)=V(NN)

DO 9 IS=1NT
M=M+1
$=1S%%)
S TUMI=S®(VIIS) -~ VIN21)*UPREVIIS)I/A /A
M=M+1
10 T(M)=0,0
RETURN
END
$IBFTC INITL LIST
SUBRCUTINE INITL
COMMON T(2511)sNToRTL(G)»WT(%)sUOBS2(9) 4FORCE(G) syUOBSTI9)»FORCTI(9)
sNPRNT sMPRNT o NPT s NTUCoXKMAXS LFLAGN2]1 yNEQ
sDELTASZTENSNL,ASUPREV(18)sUOBSTX(9)
2 TTUG)YyU(1843401)9F(19)4HI19010),C(10)
yMXsFORCTX(9) s ATRUE»CSPEED

& W N -

C INITIAL APPROXIMATION FROM NOMNULINEAR EQUATIONS

LFLAG=1Y
DO 1 I=1,2511
1 T(l)=0.0
T{3)=DELTA
L=NT+3
DO 21S5S=1sNT
J=NT + IS
L=L+1
2 TILI=U(J])
L=L+1
T(L)=A

I=1

N21=2%NT + 1

NEQ=N21

CALL INTSUToNEGe290+03C+0+090)
MX=]

CALL OUTPUT

DO & M1l=1,MPRNT
DO 3 M2=1,NPRNT
CALL INTM
I=1+1
L=3
CO 2 IS=1sNTWD
L=L+1
ULISsli=T(L)
MX=]
4 CALL ouTeUuT
RETURN
END
$18FTC PANDH LIST
SUBROUTINE PANDH
COMMON T(2511)aoNTsRTI9) 4 ¥TI9)sUOBST1(9) FORCE(9) yUOBST(9)+FORCTI(9)
1 QNPRNTOMPRNTONPIQNTWOQKMAXQLFLAGQNZIQNEQ

v
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vDCLTAsT[NSNvAvUPREV(IB)vUOBbrX(9,
vTT(Q)rU(l&skOl)vp(lg,aH(l9910)OC(IO;
yMXSFORCTA(5)yATRUEYCSPEED

£&ow o

LFLAG=2
DO 1 1=1,2511
1 T(I)=UL,0
T(3)=DELTA
NEQ=(NT+2)#N21
L=4 + N21 + NT
T(Li=160
DO 2 I=1,NT
L=l + N21 + 1}
2 T(L)Y=1.0
I=1
DO 12 IS=1NT
12 UPREV(IS)=U(IS,I])
CALL INTS(TsNEGs2+09Cs0+0+04+0)
NEQ3=NEQ+3
DO 4 Ml=1,MPRNT
DO 3 M2=1,NPRNY
CALL INTM
i=1+1
DO 3 IS=1,NT
3 UPREVUIS)Y=U(ISHI)
4 CONTINUE

L=3
DO 5 IS=1,N21
L=L+1
5 POIS)=T(L)

DO 6 J=1sNP1
DO 5 15=1,N21
L=L+1
6 HOISyh)=T(L)
C
10 FORMAT(F20e6+5E2048/(5€2048))
RETURN
END
SIBFTC LINEAR LIST
SUBROUTINE LINEAR
COMMON T(2511)sNTsRTIG)sWT(9)4UCES]1(9),FORCE(9) yUOBST(9)»FORCT(9)
vaRNTvMpRNTvalvNTNOvKMAXvLFLAGvNZIvNEQ
yDELTASTENSNYALUPREV(18)»UCBSTX(9)
2 TTUF)»UC18440]1)9P(19)yH(19,10)+C(10)
»*X9sFORCTX(9)»ATRUECSPEED
DIMENSION AAES5C50) 9BV IS0) s IPIVOT(50) 3PIVOT(SC) s INDEX150,2)

P N I N

DO 2 I=1sNT
II=NT+]
DO 1 J=1,NP1
AMIT»J)=H(TI4J)
2 BV(I)=FORCT(I)/TENSN - P(I1)

—
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[=NT+]
DO 3 J=1sNP1
AM(]»J)=0.0
DG 3 1S5=1sNT
3 AMUTeJ)=AM(Ie)) + RUISsJI*H{ISeNPY)
BV(1)=0,0
DO 4 I5=1NT
4 BVII)=BVIIi + (UOSSTIIS) = PUIS)y* ' 1]S5.NP1)

DO 5 I=14NP1
PRINTOs (AMUI )9 J=1sNP1)sBVIL])
9 FORMAT(5X6E20.8)

un

CALL MATINVIAMyNP 1BVl sDETERMIPIVOT S INDEXSIPIVOT)

DO 6 l=1.NP1
6 Cltl)y=BvL])
A=CI(NP1)
PRINTO2(C(I)sI=14NP))
RETURN
END
$IBFTC NEXT LIST
SUBROUTINE NEXT
COMMON TU(2511)sNTHRT(F)sWT(G)sUCBS1(G)+FORCE(D)IUOBSTI9YSFORCTI(9)
sNPRNT sMPRINT s MNP YL s NTWO W KMAX s LFLAGIN21 4NEQ
s DELTASTENSHAASUPREVIIB) sUOBSTX(9)
s TTUG) s U!165601)9PL19)sHI19510)+CH10)
sMX s FORCTX(G)»ATRUESCSPEED

£ W e

LFLAG=3
NEG=N21
DO 1 I=1+2511
1 T(I)=0.0
T(3)=DELLTA
L=NT+3
DO 2 [=1sNP1
J=NT+1]
Utdsl)=Ct])
L=L+1
2 TLy=Cty
[=1
CALL INTS{TsNEQ2+C+3+s0:+0+0:0)
MX=1
CALL OUTPUT

DO 4 MI1=1,MPRNT
DO 3 M2=1,NPRNT
CALL INTM
I=1+1
L=3
DO 3 IS5=1¢NTWO
L=L+1
3 ULIS,1)=T(L)
MX=]
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¢ CiALL OUTPUT
RETURN
END
$IBFTC OUTPUT LIST
SUBROUTINE OUTPUT
COMMON TE2511 ) aNTHsRT(9)swT{9)»UOBSL(9)»FORCE(9) »UORSTIS)yFORCT(9
1 aNPRNTyMPRNT NP1 sNTWOSKMAXsLFLAGIN21 yNEG
2 sDELTANTENSNHIALUPREVI(18)sLOBSTX(9)
3 sTTU9)50L(189631)9P(19),H(1G910)+C(1C)
4  sMXsFORCTX(9)9ATRUE+CSPEED

[=MX
PRINT10s7(2)

15 FORMAT(1HO4X 3HX =, F10Q46)
PRINTI1»(UCISsI)»IS=1sNT)
PRINTLI1s(UCISsI)»IS5=NP1sNTWO)

11 FORMAT(1HO4X6E2C.8/(5X6E2048))
RETURN
END

349
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PROGRAM F.2. DETERMINATION OF WAVE VELCCITY FOR EXAMPLE 2 —
- HOMOGENEOUS MEDIUM. DELTA FUNCTION FORCE
A partial program is listed:
LAPLAC subroutine
The following subroutines are required from Program F.1:
MAIN program
DAUX subroutine
INITL subroutine
PANDH subroutine
LINEAR subroutine
NEXT subioutine
OUTPUT subroutine
The following library routines are required:

MATINV
INTS/INTM
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PIoFTC LAPLAC L1IST

SUBROUT (NE LAPLAC

COMMON TU2S511)esNTsRTLG)sWT(SG)»UCESI(9)»FORCE(D) +»UORST(9)»FORCT(9)
sNPRNT yVPRNTyNPLINTWOWKMAX s LFLAGsN21 ¢NEGQ
yDELTAY "ENSNAsUPREVIL18YsUORSTX(9)
s TTUO) s Ul1B9601)9P(1259H(19520)5C(10)
yMXP»FORZTX(S)»ATRUE»CSPEED

£ W N —

FOF DELTA FUNCTION FORCE

THE TIMES

aNaNaXaNaNa)

DO 1 I=1sNT
1 TT(I)=-ALOGIRT(1))

EXACT TRANSFORMS CF OBSERVATIONS
CSPEED=SQRT(ATRUE)
COVERT=CSPEED/TENSN
DO & IS=1sNT
S=1S§
FORTTX(IS)=14C
6 UCBSTX(IS)=TANHIS/CSPEED)*FORCTX{IS)*COVERT/S
PRINT98y (UCBSTX(IS)»IS=19NT)
98 FCRMAT(1AOCGX32HEXACT TRANSFCRMS CF OBSERVATICNS/(5X6E20.81)
PRINT9Gs (FORCTX(IS)»IS=1NT)
99 FCRMAT(IHTGX2SHEXACT TRANSFORMS OF FORCE / (5X6E208))

[aNa}

DC 20C I=19sNT
20v  FORCT(I)=FCRCTX(I])

C
C THE TRANSFORMS
CO 2 ISs=1-NT
UCBSTLIS)=0e0
JJ=15-1
DO 2 I=1sNT
RA=WT(T)*(RT{])*%Jy)
2 USBSTUIS)= UOBSTIIS) + UOBSLI(])*RW

()

PRINT1O0
1o FORMATI(///1HUL2XIHTs11X S9HUOBS i1sT) 916X 4HFIT)

1 14X 1HS» 6X164HUOBSTRANS(19S)s 16X 4HF(S) /)

DC 3 I=1sNT
3 PRINTI1s TTUI)y UOBSI(I)s FORCE(I)s Iy UCGESTUI}» FORCT(I)

11 FORMAT( S5XFlUsbs 2E2048910X91592E20.8)
RETURN
END

47
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PROGRAM F.3. PRODUCTION OF OBSERVATIONS FOR EXAMPLE 3
' INHOMOGENEOUS MEDIUM WITH DELTA FUNCTION
INPUT
The complete program is listed:
MAIN program
DAUX subroutine
The following library routines are required:

MATINV

INTS/INTM




»JJO

b 1BJOR
>IUFTC

C
C
C

[aNaYA!

A

[ANATS

AN ATE!

PHASE 1. INAGMOGENENUS STR NG

Ne}

11

12

13

15

VAP
MAIN REF
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26 G VIBR3WKTIEUID» 10U 1 UDNC

LINEAR

PROFILE.

LALACE TRAMSFURMS.

DIMENSION Cl50¢s50190(50) 9 "PIVOTISG) sPIVOTI(5C) s INDEX(5C2)

COMMUN T(1945)sH(1899)
INFUT

READIUOWNT s NPRNT s MPRNT
PRINTOUINTINPRNT ¢ MPRNT
READIVIsDELTAVA LR
PRINTI1sDELTAANR

T 2=2%NT

NEG=NZ2#*NT

INITTTALIZE

DO 2 1=141945
Tll)=vel
T(3)=DELTA
00 3 J=1,NT
CO 4 [=1,N2
H(I’J).—’\JO\J
K=NT + J
HiK»J}=140
L=13
DO 5 J=1sNT
Lo 5 1=14N2
L=L+1
TiL)Y=n{TsJ)

CALL INTSH{TaNEGe2+Col:50s 050l

N3=NEW+3
PRINTS?,T(2) (T} sI=6yN3)

INTEGRANTC

1o
1+ NPRNT
CALL

o

Py

=z

-y \
O —

TI2) e lTITI)si1=49N3)
LINEAr SYSTEM

=3
DC 11 J=1sNT
OO 11 I=1sN2
L=L+1
HiTsJdy=T(L)
DC 12 I=1sNT
TT=NT+1
DO 12 J=1sNT
ClIsJ)=H{TITsJ)
DO 13 1T=1,.NT
DIT)=1a.0
DG 15 I=1NT
PRINTO74(CllaJ)sd=1sNT)

N2 sNTHNPRNToMPRNTHDELTAYABIU(18)

m——r.
F




C
CALL MATINVICINT D9 19DETERAWPIVOT 2 INIEXSIPIVOT)
PRINTQ4y (1 eD(I) "=1sNT)

C

C ORSERVATIONS UOBST(1,5)

c
DG 14 [=]1¢NT
Ull)=velC
DO 14 J=1,NT

la  UCI)I=Ull) + DUJ)Y#*#H(IyvJ)

PRINTGS» (1 sUCLI)s1=19NT)
PUNCHIS» (UIT)s1=19NT)
GC T0 1

C

C

100 FORMAT(6112)

101 FORMAT(6FE12+8)

9v  FORMAT(1H14X9612C)

91 FORMAT{1HCG4X9652048)

92 FORMAT(///5X3idX =9F Te3/(2XTt10ed) )

93 FORMAT(1IHTA4X3AX =+sFT7e3/(2ZXTEL1EB))

94 FORMAT(///19X1HI »22XBHOLOPLC (I /015K 1542%048))
95 FORMAT(///19X1HI922X8HU02ST(I1/(15%15,£30.8))
96 FGORMAT(621246)

97 FORMAT(2X7218.8)

ENC
2IBFTC DAUX REF
SURROUTINE DAUX
COMMTN TU1G45)»HI18+9) N2 o NT s PRNT 9 "PRNTSDELTAYAICHUL1E)
C
L=3

PC 1 o=1NT
CC 1 I=14N2
lL=L+1
HilsJ)=T(L)
DENOM=A + 5%T(12)
00 23 Js14NT
DO 2 1=1yNT
L=L+1
[1=NT+!
2 TLY=A(TT, )
DT 3 1=1sNT

[

L=L~+1
F=]%*2
2 T(LI=F*H(1+J)/DENOM
RETURN
END
gy - i = = s e e e
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PROGRAM F. 4. DETERMINATION OF WAVE VELOCITY FOR EXAMPLE 3
| INHOMOGENEOUS MEDIUM WITH DELTA FUNCTION INPUT

The complete program is listed:
MAIN program
INITL subroutine
PANDH subroutine
LINEAR subroutine
OUTPUT subioutine
DAUX subroutine
NEXT subroutine
The folliwng library routines are required:
MATINV
INTS/INTM

ETRATTIOmeOe Y P - e e———— e i

=T

B 5
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SIBFTC MAIN REF

C

C VIBRATING STRING ~ LAPLACE TRANSFORMS = C%%2 = A + 3#X
C

COMMON TU2511 ) sNTsRTUG)owT(9)»UOBS51(G) yFORCE(G) yUQBSTI9) »FCRCTI(9)
SNPRNT s MPRNT g NPT o NTAC KIMAXsLFLAGIN22 9NP 29893 IRUE ZNEG
yDELTAYTENSNSAZUPREVI1IB) sUOUSTX(9)
’TT(Q)9U(18’Q01)’p(l9)9d(19910)'C(IO)
yMX9yFORCTX(SG)»ATRUEYCSPELD

£ W rg e

INPUT

DO

1 READIVOINT 9yNPRNT s MPRNT yKMAX
PRINTOUSNT s NPRNT 3 MPRINT yKMAX
READIVIS(RT{I)yI=1yNT)
pRIKT91v(RT‘l)$I=19NT)
READIVIs (Tl el=1sNT)
PRINTO2s (WNT v I )sl=1sNT)
READIV]IsDELTAYTENONYAYATRUL y8 98 TRUE
PRINTO32yDELTASITENONIAYATRUC st s oTRUE
READIVI» {UQDLST(I)sl=19NT) “
PRINTO4,» (USLSTII)si=1sNT)
READIVIH(FORCT(INsl=1sNT?

PRINTOS, (FORCT{I})s{=1sNT)
NTWO=2*NT
N22=NTWO + 2
NP1=NT+]
NP2=NT+2
DO 11 I=1NT

11 Ullyryl1)=C,0
READIVIs (Il s I=NPLsNTRD)
PRINTO6s(U(I»1) s I=NPLyNTRC)

GENERATE INITIAL APPRUXIMAT.ON

[N AR NA)

3 CALL INITL

SUZCESSIVE APPROXIMATIONS

Yy O D

& DU 5 K=19KMAX
PRINTSG 74«
CALL PANDH
CALL LINEAR

5 CALL NEXT
GC 710 1

1U0  FORMAT(BI12)

lvl FORMATI(6E12ab)

U FORMAT(IH14X G6HNT =513/5X TRNPRNT =413/5X THVPRNT =y[3/
1 5X H6HKNAX =413}

91 FORMAT(IHULX SHROUTS/(5X6C2Ue6) )

92 FORMAT(IHUGX THWEIGHTS/(5X6E2C 8 )

93  FORMATI(1HUGX 7THUELTA =4E16e895X THTENS =HE1648)
1 SX20MINITIAL GUESS OF A =3E165¢8. SXEHTRUE A =y E£16eb/
2 SX2UMINITIAL GUESS OF & =9r1648y SXEBHIRUE B = Elbetw)
94 FORMAT (1HO4X 1 2HOBOERVATIONS/(5XSE2C.81 )
95 FORMAT(IHMOGX12HFORCE F(T) /(5X6E20e8))
96 FORMAT{IHOLXZoRINITIAL GUFSS OF U-PRIMED/(5X6E20Ue8))
97 FCRMAT(IH1GX13HAPPROXIMATIUN, 137/}
. - e = >3 ALy o e
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END
SIBFTC INITL LIST

SUBROUTINE INITL

COMMON T(2511)9NT9RT(9)vNT(9)9UOBJ1(9)9FORCE(9)9UOBST(9)9FORCT(9)
9NPRNT'MPRNT,NP19NTWO;KWAV9LFLAG9NZZ9NP2959BTRUE9NEQ
tDELTASTENSNIASUPREVI1B)»U0BSTX(9)
yTT(9)90(159401)99(19)9H(l9vld)9C(IO)
yMX s FORCTX(9) yATRUESCSPEED

S W

INITIAL APPROXIMATION FROM NONLINEAR EQUATIONS

<

LFLAG=1
DO 1 I=1,2511
1 T(l)=u.C
T(3)=DELTA
L=NT+3
DC 21S=1yNT
J=NT + |5
L=L+1
2 TIL)Y=U(Jy1)
L=L+1
TIL)=A
L=t+1]
T(L)=8B

-1
N22=2%NT + 2
NEQ=N22
CALL INTS(TsNEQ»25090s0+s30sus0)
MX=1
CALLL QUTPUT

O & Ml=1yMORNT
CO 3 M2=1sNPRNT
CALL INTM
[=1+4]
L=3
D0 3 IS=14NTWO
L=t+1
3 UlISs =T
MY =1
4 CALL OQUTPUT
RETURN
END
PIBFIC PANDH LIST
SUBERQUTINE PANDH
COMMON T(2511)9NT9RT(9)9WT(9)9UOO$1(9)9FORC&(9)vd0051(9\9:0RCf(9)
9NPRN”9MPHNT9NP19NTNO;KMAX9LFLAG9N229Np29898IRu59NEG
yOELTAY TENSN9A UPREV(18)»UOQESTX(9)
2 TTL9)sU(16040139P(19)sH(199101+,C(10)
yMX 9 FORCTX(9) s ATRUECSPEED

£ W N

LFLAG=2
00 1 I=1,2511

1 Til)=Ual
T(3)=DELTA
NEQ=(NT+3)*N22

L=b4 + N22 + NT

T{L)=140
DO 2 I=1:NP1

R v e o f”%@sl - rjﬁgﬁ




12

w
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+ 22 + ]

1.0

L
T(L
]

W ~ 0N

L
1

DC 12 [S=1sNT
UPREVIISI=UlISyYI)
CALL INTS(TyNEG»2+0+0+09090190))
NEQ3=NEQ+3
DO &4 M1=1»MPRNT
DO 3 M2=19NPRNT
CALL INTM
I=]+]
DO 3 IS=1sNT
UPREV(IS)=U(ISy])
CONTINUE

L=3
00 5 IS=14N22
L=L+1
PLIS)=T (L)

DO 6 J=1yNP2

DO 6 IS=1,N22
L=L+1

HOIS»d)=T (L)

RETURN
END

DIBFTC LINEAR LisT

aNe

w

SUBROUTINE LINEAR

COMMON T(25ll)rNT'RT(9)oWT(9)vu0551(9)oFORCE(9)OUOBST(9)'FORCT(9)
1 'NPRNT'MPRNT'Npl'NTNOoKWAxyLFLAG'NZZosz'ﬁ'BTRUE'NEC

2 yOELTAYTENSNYA 3 JPREVI1I8)»yUCBSTX(9)

3 'TT(9!;U(IB'Aul)oP(19)'H(19o1u)'C(IC)

4 s MXsFORCTX(G)sATRUEWCSPEED

CIMENSION AM(SO'SO)oBV(SC)oIPIVOT(5C)opIVOT(SU)oINDEX(SOOZ)

oC 2 I=1sNT
II=NT+]
DO 1 J=1.NP2
AMAT od)=H(]I9J)
BVII)=FORCT(I)/TENSN = P{]1)

CC &4 II=1+2
[=NT+]]
OC 3 J=1sNP2
AMUT9J)=0.C
00 2 1S=14NT
AMUTsJ)=AMITod) + HUISsJ)*¥H(ISs])

BVI1)=0.0
DO &4 IS=14NT
BVII)=8V(I) + (UOBSTI(IS) = P(IS))*H(ISs])

DO 5 I=1sNP2

PRINTO 9 (AMIT9J)sJ=19eNP2) BV ()

FORMAT(1IX1PTE1848)

CALL MATINVIAMINP2 BV 1 +sDETERMyPIVOT,INDEX,IPIVOT)

0O 6 1=1sNP2
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6 Cily=bvil)
A=C(NP1)

B=C (NP2

PRINTGe(C(I)sI=14NP2)

RETURN

END
SIBFTC QUTPUT LIST

SUBROQUTINE QUTRPUT

COMMON T(2511)sNToRTUG)swT(9)»UOLSLI9)yFORCE(G) »UOBST(9)sFORCTI(9)

i sNPRNT o MPRNT yNPLyNTHOWKMAX LFLAGIN22 ,NP298sBTRUE ZNEG
yDELTASTENSNIALZUPREVI(18)»U0BSTX(9)
s TT(9)sU(18s4601)sP(19)sHI19510)sC(10)
yMXsFORCTX(G9)yATRUE Y CSPEED

£ w N

[=MX
PRINTIG,T(2)

10 FORMAT(1HOGLX 3HX =9 FlQeb)
PRINTI1s(UCISsyI s IS=1sNT)
PRINT1I1s(UCISsI}sIS=NP1sNTWO)

11 FORMAT(1IHC1IPTE1B84.6)

RE TURN
END
PIBFTC DAUX REF

SUBROUTINE DAuUX
COMMON TU(2511)sNTsRT(9)saT(9)»JUCS1(9) FORCE(9)sUOBST(9)sFORCT(9)

1 s NPRNT s MPRNT 4y NP s NTwOsKAAXNSLFLAGIN22 sNP2+yB8yBTRUE yNEQ
2 sCELTAYTENSNSAZLPREV(1B)yJOBSTKI(9)
3 s TTU9)YsUlIl LTl )9sPL19)ym(199)1c)sC (]
4 yMXsFORCTXI(9) s ATRUESCSPEEL

DIMENSION vI(19)

N21=NTWQ + 1

GO TO (10320 s200)sLFLAG

NONLINEAR

aEaXe)

100 L=3
DO 1 IS=1,N22
L=sL+]
1 VUIS)y=T(L)
L=NEQ+3
DO 2 1S=3,NT
L=+l
NN=NT+15
2 T(L)Y=VINN)
DG 3 [IS=]1NT
L=L+1
S=z[S*x?
_ENOM=VINZL)Y + VINZ21*¥T(2)
3 T(L)I=S*VY(IS)/DENOM
LsL+]
TiL)=U0
L=L+}
T(LI=Le0
RETURN

C
C LINEAR
C

200 L=3

DO & IS=19N22
L=L+1

e T SO S S S i : - e = =
- ¥ - "-'(w:ﬁgf; ‘m. $




4
5
6
C
300
C
C
C
2V
C
7
C
8
C
9
10
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NN=NT+IS
T(M)=VINN)
DD 6 IS5=1sNT
M=M+]
S=15%%2
DENOM=A + B*T(2)
T{MI=S*(V(IS)/DENCM = ( VIN21) + VIN22)%T(2))*UPREVI(IS)/
1 DENOM#*#2 + UPREVI(IS)/DENOM)
M=M+1
T(M)=U.C
M=M+1
T(M)=U~O

IF(LFLAG=3) 20»30us300
RETURN

HOMOGENENDUS
DO1U J=19NP2

PO 7 IS=1sN22
L=L+]
VIIS)=T(L)

DO 8 15=]1,NT
M=M+]

NN=NT+1S

T{MYI=V(INN)

DO 9 1S=14NT
Mz=M+]
S=]S5%*%2
DENCY = + [B*7(2)
T(M)=C (V(IS)/DENOM = ((VIN21} + VIN22i%T(2)) *UPREVI(IS))/
1 DENGM*¥®2)
MM+ ]
T(M)=\)00
M=M+]
T(M)=UL,L0
RETURN
END

$IBFTC NEXT REF

i

SUBROUTINE NEXT

COMMON T(2511)sNToRT(G)s»WT(G)»UOBS](9) yFORCE(9) »UOBSTI9)srORCT(9)
sNPRNT sMPRNTH NP1 sNTWOSKMAXsLFLAGIN22yNP2sBs3TRUE »NEQ
yDELTASTENSNYALUPREV(18)sUOBSTXI(9)
yTTI(9)sU1B94C1)9P(19)sHI19s10)+C(10)
yMXSsFCRCTX(9)yATRUE»CSPEED

£ W N

LFLAG=3

NEG=N22

DO 1 I=1,y2511

T(I)=va0

T(3)=DELTA
L=NT+3

DC 2 I=1sNP2




e
2% 1

JaNT+ ]
Utdsl)=Ct1])
L=iL+1
TL =C(1)
[=1
CALL INTS{TsNEQ»2+0+0+0+0+040)
MX=1
CALL OUTPUT

DO 4 M1=1,MPRNT
DO 3 M2=1,NPRNT
CALL INTM
[=1+1]
L=3
DO 3 I5=14NTWO
L=L+1
ULIS»D)=T(L)
MX =1
CALL QUTPUT
RETURN
END
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APPENDIX G

PROGRAMS FOR WAVE PROPAGATION:

MEASUREMENTS OF STEADY STATES
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PROGRAM G.1. PRODUCTION OF REFLECTION COEFFICIENTS

.

The complete program is listed:
MAIN prcgram
DAUX subroutine
The following library routine is required:

INTS/INTM

Bkt oo o kel Sove coaienc! R Rl s o - ” o
47 Y .
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$J0OB 26U3 s INDEXsKO16093910C091004C
318408 INDEX MAP
SIBFTC MAIN LIST

CPHASE 1
COMMON T({399) sNaNPRNTWHMPRNT sDELTA»ZMAX v ASBsF(5) 2@ 153 sRI5)9S(5)
1 ETA.

C

C INTEGRATE BACKWARDS FROM CNE TC Z2ER0

C

C INPUT

1 READYIVCWNINPRNTyMPRNT
PRINTOU sN s NPRNT »MMPRNT
READIV1DELTAYZMAXANB
ETA=A
PRINTIL1»DELTASZMAX»A»BHIETA
RCADLIVIS(F(I)eI=1N)
PRINTIZ2s(F(l)sl=19N)
TPI=2.0%#3,1415927
DO 2 I=1»N

2 ~(I)=TPI*F (1)
PRINTO3s(all)sI=19N)

INTEGRATE

[aXa XA

DO 3 1=1,399
3 Tti)=0.0
T(2)=21.0
T(3)=DELTA
RR=0.0
DO & I=1,N
R(I)=RR
& S(I)1=0.0
NEQ=2#%*N + 1
J=ENEQ + 3
L=3
DO 40 I=1sN
L=L+1
¢ THLI=R(DY
DO 41 I=z1sN
L=L+1
41 T(L)=SLD)
T(J)=ETA

CALL INTS(T+NEQs2+C+0:0+CsG»0)
CALL QUTPUT

DO 8 M1=1sMPRNT
DG 5 M2=1sNPRNT
5 CALL INTM
L=3
DO & "=14N
L=L*1
6 RUI)=T(L)
DO 7 I=14N
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~=L+1
7TOS8()=T(LY
L=L+1
ETA=T(L)
8 CALL OUTPUT

0 70 1

100 FORMAT(6]112)
18 FORMAT(6E128)
GC  FORMATUIHIGX 2hN =413,5X THNPRNT =,172,5X 7HMPRNT =,[3)
91 FCRMAT{1IHCAX THCELTA =4F16e895% 6HZMAX =,E1648/
) 5X 3HA =3E164895X3HE =9E1He8345X FHINDEX(0)=+E1648)
92 FORMAT(1HO4XIIHFREQUENCIES/5X522043)
93  FCRMAT(IHC4X19HANGULAR FREQUENCIES/5X5E2048)
END
$IBFTC DAUX LIST
SUBROUTINE DAuUX
COMMON T(399) sNsNPRNToMPRNTsDELTASZMAX sAsBsF (5) 9w (5)sR(5)+5(5)

1 ETA

DIMENSION RVI(5)sSVIL5)

L=3
DO 1 I=1sN
L=L+1
1 RVII)=T(L)
DO 2 I=1,4N
L=L+1
2 Svil)=T(L)
L=L+1
ETA=T (L)

ETAPR=2.0%#B%(T(2)-1.C)
ETA2=ETAPR/ETA

DO 3 1I=1sN
L=+
3 TUILI=CeS5*ETAZ + 2.0%ETA%W(I)®*SVI(])
1 = O«5RETA2®(RV(])I*%2 -~ SV(])%%2)
DO 4 I=1sN
L=L+1
4 TIL)==2 .0%ETA®N(]I)*RVI(]) - ETAZ#*RVII)®SV{l)
L=L+1
5 T(L)=ETAPR
RETURN
END
$IBFTC OUTPUT LIST
SUBROUTINE CUuTPUT
COMMON T(39G) sNsNPRNTyVPRNTDELTASZMAX »AsBsFIS)sWIS)sR(S)5(S)

1 €TA

PRINT 10+,T(2),ETA
10 FORMATI(/7/7/1HuGX3HZ =sF10.6+s5XTHINDEX =,E1648)

PRINT11

= = - k. fom o =
L9 -néﬂﬂ,i o k,
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DO 1 I=1,N
AMP=SURT(R(T)1#%2 + S(])nn2)

PHI=ATAN2(S5tI)sRi 1))
1 PRINTI24FUI)sWlI)}sRUTYWS{T) sAMP4PHI

11 FORMAT(1HOUI3X11HFREQUENCY F» 7X12HANGULAR FREQec)
1 11a9HRCAL PART, 11IX9HIMAGINARY s 11XOHAMPLITUDE »15XSHPHASCE)
12 FORMAT(5X6E20.8)

RETURN
END
SENTRY MAIN
3 1C 100
-.00C1 1.0 1e0 0.5
1.0 240 3.0
318SYS ENDJCB

125
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PROGRAM G.2. DETERMINATION OF INDEX OF REFRACTION
The complete program is listed:
MAIN program
DAUX subroutine
OUTPUT subroutine
The following library routine is required:

INTS/INTM

B o




—-298-
5008 26U9 5 INDEX21K0160195+90+1C0»P
$18.08 MAP
$IBFTC MAIN REF
CPHASE?2 INDEX CF REFRACTION ETA(A48)
C

COMMON T(435) s NaNPRNTsMPRNT sKMAX DELTA9ZMAX s AsBsETASFIS)YsWI(S) »
1 NTWOIN2P2sbOBS (Y10 sLFLAGINZPYL o X {79401 ) syP{EsLCY) s HISE»2040D]1 Yy
2 BVEC(2V2»AMAT(2+2):R(5)9515; sMXsNEQ

C INPUT

1 READ1IVOINsNPRNTyMPRNTIKMAX
PRINTOOWNsNPRNT s MFRNT s KMAX
READIVISDELTAZZIMAXSAIRHETA
PRINTOI+DELTAWZIMAXJAIBIETA
READIOL(F(IYsI=19N)
PRINTG2s(F(1)s1=1sN)
TPI=2.083,1415927
DO 2 I=1,N

2 W(I)=TPI*F(1I])
PRINTG3,(W(l)sl=1sN)

NTWO=2#N
NZP2=NTWO + 2
C CBSEXRVATIONS
READIUL»(BOBS(I)sI=19sNTWO)
PRINTG4» (BOBS(I)sI=21sNTWO)

C INITIAL APPROXIMATION

Ki=
PRINTI95,:K1
PRINT97:A48
N2P1=NTWO + 1
LFLAG=]
00 2 I=1,435
3 T(l1)=0,60
Tt2)=}.0
T(3)=DELTA
DO & 1=1,NTWO
& X(I»1)=0.0
X(N2P1s1)=ETA
MX=1
NEQ=N2P1
J=NEQ+3
TLJ)=ETA

CALL INTS(TsNEQ»2+90+050+0+04+0)

DO 8 M1l=1yMPRNT
DO 5 M2=1sNPRNT
CALL INTM
MX=MX+1
M=MX
L=3
DO 6 I=1,NTWO




a¥aXala)

aNaNa

@ wn

19

11

12

13

L=L+1

X(IaM)=T(L)

L=L+]
I=N2P1]

ETA=T(L)
X(IsM)=ETA
CALL CuTPWI
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SUCCESSIVE APPRCXIMATIONS

DO 25 K1=1,KMAX
PRINT9S.k 1

PARTICULAR AND HOMOGEINECUS SOLUTICNS

LFLAG:Z
M=1

MX =M

00 9 1=1sNTWO
P(I+1)=0,0

DO 9 J=1,2
H(lsJ91)=0,0

NEQ=3%¥N2P2

DO 10 I=1,435
T(I1)=0,0
T(2)=1.0
T{3)=DELTA

L=3

D0 11 I=1sN2P2

L=L+1

T(L)=UL0
DO 12 J=192
DO 12 I=1ysN2P2

L=L+1

T(L)=0.0

=3 + N2P2 + N2P1

T(l)=1.0

J=3 + NEQ

TtJ)=1.0

DO 13 I=1sN
ROIY=X(Is1)

J=1+N

S(I)=X(J»1)
ETA=X(N2P1y1)

CALL

L3=NEQ+3

DG 18 M1=1.4PRNT
DO 17 M2=1,NPRNT
CALL INTM

M=M+1

INTS(THNEQs290sCs0109G0)




NN

14

15
151

16
17
18

19

20

21
22
25
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MX =z
L=3
4 1=19NTWO
L=L+1
PllsM)=T(L)
L= +2
DO 1510=1,2
DO 15 I=1sNTWD
L=L+1
HUlsJasM)=T (L)
L=al+2
DC 16 I=14N
RUI)=X(] M}
J=N+]
SUI)=X(JeM)
ETA=X(N2P1 oM
CONTINUE

M
1

oo

BOUNDARY CONDITIONS DETERMINE NEw Ay B

DO 20 I=1,2

BVEC{I)=0.0

DO 19 K=1sNTwOC

BVEC(II=BVECH]) + :i(KslaM)*(BCBS(K)=P(KsM))
DO 20 J=1+2

AMAT(I+J)=0e0

DO 20 K=1sNTwWO

AMATUT 2 U =AMAT (1 9d) + HIK s »™M)IRH(KyJyM)

D=AMAT (1,1 )*ANMAT(242) - AMAT(192)*ANMATI(2,1)
A=(BVEC(1)*AMAT(2,2) - BveC(2)*AMAT(1,42)) 7 D
8= (BVEC(2)*AMAT(1s1) - BVEC(1)%AMAT(2,1)) 7 D
PRINT97,A+8

NEW APPROXIMATION

M=1
MX =M
T(2)=1.0
X(N2P1sM)=A

Du 22 M1=1,MPRNT
DO 21 M2=1s»NPRNT
M=M+1
MX=M
T(2)=T(2)+DELTA
XI{N2P1sM)=A + B%(T(2)-1.0)#%%2
ETA=XIN2P]1 sM)
D0 21 I=1,NTWO
X{lasM)=P(] M) + ARH (I 1 oMY + BEH(]42,¥)
CALL QUTPUT
CONTINUE
GO 10 1

FCRMAT(6112)
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101 FORMATI(6E12.8)

9C¢ FORMATI(1HO06120)

91 FORMAT(1HO06E20.8)

92 FORMAT(1HO6EZ2T.8)

93 FCORMAT(1HOBHOMEGA(I)/1X6E20.8)

94 FORMAT(1HO4X12HORSERVATIONS /(5X5E20.8))

95 FORMAT(1H14X!3HAPPRCXIMATION, !3)

96 FORMATI(1HOF10e4/(5X5E20.8))

97 FORMATU(IHCHX 3HA =4+E16.89 5X3HB =+4£16.,8)
END

$iBFTC DAUX REF

SUBROUTINE DAUX
DIMENSION RV(5)sSVI5)sRPREVI(5)»SPREVIS) sFUNR(S) sFUNS(5)

CCMMON T(435) sNoaNPRNT »“PRNT sKiIZAX s DELTA 3 ZMAX»AsBIETASFI5) s W(5) s
1 NTWOWIN2P2sOCES(13) s LELAGINZPLaX(79401) 43P (69401) sH(6925401)
2 BVEC(2)9AMAT(2+2)9R(5)9S5(5)»MXsNEQ

C
GO TO (10+20)sLFLAG

C
C NONL INEAR
C

10 L=3
DO 1 I=1,N
L=L+]
1 RVII)=T(L)
DO 2 I=1,4N
L=L+l
2 SVID)=T(uL)
L=L+1
ETA=T (L)
ETAPRI=2.,0#B*(T(2)~-1.0)
PR=ETAPRI/ZETA

DO 3 I=1sN
L=l +]
3 T(L)=0.5%#PR + 2,0*W(])%SV(I)RETA ~ PR*#(RV(])##2-Sy({])®#%2)%0,5
DO 4 I=1,N
L=L+1
& T(L)==2.0#ETA#WL1)#RV(]) - PR#RV(I1)#*sSVI(])
L=L+1
T(L)=ETAPRI
RETURN

LINEAR

aNa¥a

20 ETA=A + B¥(T(2)-1-0)%%2
ETAPR=2,0#B#(T(2)~1.,0)
PR=ETAPR/ETA
ONDA=z140
ONDB=(T(2~140)%#2
ONPNDA=-ETAPR/ETA®®2
DNPNDB=2.0%(T(2)=140})/ET2 ~(ETAPR®(T(2)-1.0)8%2)/ETARR?
C
CPARTICULAR
L=3
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DO 5 I=1yN
L=L+1
5 RVII)=T(L)
DO 6 l=]sN
L=L+1
6 Svil)=T(L)
L=L+]
ANEW=T (L)
L=tL+]
BNEW=T (L)
00 7 I=1sN
RPREVI(I)=R(I])
7 SPREvVII)=Sil)
WPREV=A
BFREV=8
DO 8 I=1sN
FUNRUT)=045%PR + 2,0%ETA*N([)%S/]) = (R{])*#2-S(])#%#2)%#PR*(,5
8 FUNS(I)==2.CRETA®A(I)*R(]) - R(I)%S(])*PR
IFLAG=0
M=NEQ+3

100 IFLAG=IFLAG+]
00 101 I=1N
M=M+1
TIM)=FUNR(I) + (RV(I)=RPREV(I))®({~R(])%P")
TIM)=T(M) + (SVII)=SPREVII))*(2.C*ETA*W{]) + S(])#*PR)
TIM)=T(M) + (ANEW-APREV)®*(CS*DAPNCA+2.,0*W(1)%S(])%DNDA
1 = 0eS*¥(R{I)®*%2-S(])*%2)*DNPNDA)
101 T(M)=T(M) + (CNEW-BPREV)*(0.5*DNFN\CB+2.,0*W(1)%S(])*DNDS
1 = QeS5*(R(I)#%2-S([)*#2)2DNPNC3)
DO 1C2 1=]1,N
M=M+]
TIM)=FUNS(I) + (RVII)-RPREV(I))I*(-2.0%ETA*W(1)~-S(])*PR})
TIM)=T(M) + (SVII)=SPREV(I))*(-R(1)*PR)
T(M)=T(M) + (ANEW-APREV)I*#(-2.0*wW([}*R(1)*DNDA-R(I1)%#S(1)*DNPNDA)
102 T(M)=T(M) + (BNEW-BPREV)I®(-2+.CH*W(I)*R(1)%*DNDB-R(I)%#S(])*DNPNDB)
M=M+1
T(MY=C,.0
M=M+1
T(M)=0.0
C
TF(IFLAG-1)504+50,+201
C
CHOMOGENEQUS
50 DO 201 J=1+2
OO 51 I=1sN
L=L+1
51 RV(I'=T(L)
DO 52 I=1sN
L=L+1
52 SVII)=T(L)
L=L+l]
ANEW=T (L)
L=L+1
BNEW=T (L}
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DO 53 I=1,N
RPREVII)=0.0
SPREVI1)=C.0U
FUNR(I})=0.0
53 FUNSI(I)=0,0
APREV=0.0
BPREV=0.0
GO 7O 100
201 CONTINUE
RETURN
END
$SIBFTC OUTPUT REF
SUBROUTINE OQUTPUT
COMMON T(Q35)0N0NPRNT,MPRNToKMAXoDELTAoZMAXiA'BoETA'F(5)'N(S)o
1 NTWOWNZP2sBOBSI10) sLFLAGINZPLsX{T+4010 3P (6+47 1) sHI6+2+401) s
2 BVEC(2)+AMAT(242)9R(5),5(5) sMXsNEQ

C
PRINT92
DO & I=1,N
R{EI)=X{I,MX)
J=1+N
4 SU{1)=X(JyMX)
IF(MX=1)19192
1 PRINTO}
2 DO 3 I=1sN
AMP=SQRT(R(1)®%224S(1j%n2)
PHI=ATAN2(S(I)sR(I))
3 PRINTO3,TU2) 9 XIN2P1oMX) ol sRiT)9sS({T)1AMP,PH]
C
92 FORMAT(14CUX3HA =+E1Be8+5X3HR =+2E£18.8)
91 FORMATU(1HCIUXIHXs6XBHINDEXIX) o5X1H4] 911 X9HKREAL PART,
1 11X9AIMAGINARY » 11 XGHAMPLITULE 1 SXSHPHASEZ/)
93 FORMAT( Fl2e4sFlbebs16+4E2048)
92 FORMATI(1HC)
RETURN
END
$EPNTRY MAIN
3 20 20 5
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