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FOREWORD

This publication is the fourth of four volumes of the final report of aa investigation of
stru:=tural sheli optimization. The present volume is a report of tests conducted on

spun magnesium monocoque ellipscidal shells subject to a uniform hydrostatic pressure.
The other three volumes of the final report have the following titles:
Vol. 1 Survey of Buckling Data for Mounocoque Circu-

lar Cylindrical Shells Subjected to Uniform
External Pressure

Vol. 1I Optimization of Stiffened Cylindrical Shells
Subjected to Uniform External Hydrostatic
Pressur

Vol. 11 Influence Coefficients and Functions of Full-

Tapered Conical Shells With Applications to
Their Optimization Under Axia! Loadirg

Included in this report is a design chart for predicting buckling pressure of Monocoque
Ellipsoidal Shells.

The investigation was conducted by Structural Mechanics (L. A. Riedinger, Manager,
Lockheed Missiles and Space Compary) for the U. S. Navy Bureau of Weapons, Special
Projects Office.

R. R. Johnson was Project Leader and R. F. Crawford was Technical Director for the

work. Special acknowiedgement is given to A. Holmes, Research Test Engineer,

whose skili and active interest contributed significantly to the success of the investigation.
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ABSTRACT

A design curve is presented for estimating the buckling pressure for Monocoque

Ellipsoidal Shells subjected to an external hydrostatic pressure. This empirical

estimation is based on test results from six Magnesium Eilipsoidal Shells with
a major to minor radius ratio of three.
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NOTATION

a = ellipsoidal! shell depth (inches)

b = ellipsoidal shell-base radius (inches)

bg = frame spacing (inches)

Cp = buckling coefficient

E = modulus of elasticity (lb/in.z)

7 = truncated cone slant length (inches)

,NR = radius conversion factor

P.r = critical buckling pressure (psi)

R = cylinder radius (inches)

Ry = radius of small end cf truncated cone (inches)
Ry = radius of larger end of truncated cone (inches)
t = cone thickness (inches)

ty = shell thickness (inches)

At = thickness increment (inches)

x, vy = shell coordinates (inches)

3-142-61-2

Z = Batderf's curvsture parameter, defined by Z = /1 - uz (L/R)2 (R/'t)

Z, = curvature parameter for cone
p = Polsson's ratio
o = semi-apex angle of cone
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Section 1
INTRODUCTION

7o catisfy performance requirements, iigh-speed airc:1ft and missiles require an

aerodynamically shaped nose able to withstand high external pressures.

Designers and structural engineers must know critical buckling pressures of these

shapes; they can be estimated by two known methods:
(1) Simplifying these shapes by cones, cylinders, or spheres, with
equivalent geometry for which solutions— verified by tests— are

cvailable
(2) Testing the actual production aerodynamic shape

The first method results in a part likely to contain 2 considerable weight penalty;

the second is valid for one shape oniyv and is expensive and time consuming.

An empirical design chart whereby designers can improve their confidence in the
initial design is part of this test program; results are reported herein.
Although the empirical design curve resulting from this program is limited, it is

given as an interim method unti} theoretical solutions to this problem are so!ved.
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Section 2
EXPERIMENTAL PROCEDURE AND RESULTS

The experimental results reported here are encouraging because high instability
stresses with attendant weight savings are indicated for these shells of double curva-
ture. The oversimplified analysis of these shapes, mentioned in the introduction,
results in very conservative design or large weight penalties. This high strength of
ellipsoidal shells may, in part be attributed to the fact that the longitudinal compression
tends to deflect the shell outward while the hoop compression tends to force the skin
inward, resulting in a beneficial interaction. Tests of the ellipsoidal shells resulted

in no s-atter which is not typical of past buckling tests of thin shells of other shapes.

Six monocoque magnesium (AZ 31-B) ellipsoidal shells were tested. These shells
were spun by Benson Manufacturing Co. of Kansas City, Missouri. The shells had
three nominal thicknesses of 0.045, 0.065 and 0.0f7 inches. The shells have a modi-
fied ellipse shape as shown in Fig. 1, in which the test shape is compared with a true
ellipse of equal major and minor axes. In each shell tested, the thickness varied con-
siderably from the base to the apex. The thickness variations of each shell are
recorded in Tables 1 through 6 for each 2-inch station along longitudinal lines in each
quadrant. The average thickness ir. the tables was calculated from the thicknesses

at the 12 longitudinal stations nearest the base of the shells. The observed critical
buckling pressures are recorded.n Table 7 and in photographs of each shell (Figs. 2
through 11). Shells 1,2, 3, 4 and 5 were tested by pressurized air in a Bemco pres-
sure chamber while shell No. 6 was tested first in the laboratory by evacuation.

Shell No. 6 imploded violently; all of the other sheils were then tested in an enclosed
compartment. The bases of the shells were closed by an adjustable bulkhead designed
and developed in LMSC's test laboratory. The bulkhead has an adjustabie diameter
and provides equal end support (almost simply supported) to each shell (Figs. 10 and 11).
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Table 1
SHEI.L '"HICKNESSES FOR SHELIi. NO. 1
(Inches)
Stacion Quadrant

0° 80° 180° 270°

1 0.095 0.098 0.101 ¢.095
2 0.096 C.097 0.097 0.095
3 0.091 0.098 0. 0905 0.092
4 0.093 0.093 0.093 0.092
5 0.092 0.092 0.092 0.0905
A 0.0935 0.0945 0.095 0.094
7 0.0935 0.0935 0.094 0.093
8 0.089 0.091 0.091 0.090
9 0.0865 0.0875 0.088 0.087
10 0.0865 0.0865 0.087 0.086
11 0.089 0.090 0.0895 0.087
12 0.089 0.C89 0.089 I 0.088
13 0.080 0.081 0.080 0.9081
14 0.085 0.086 0.085 0.0845
15 0.0845 0.045 0.085 0.085
16 0.0865 0.0875 0.087 0.0865
17 0.085 0.084 0.083 0.0825
Avg. 0. 087 0.088 0.088 0.087
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Table 2
SHELL THICKNESSES FOR SHEL. NO, 2
(Inckes)
Station Quadrant

0° 90° 180° 270°

1 0.062 0.062 0.062 0.061
2 0.080 0.079 0.077 0.079
3 0.085 0.083 0.083 0.082
4 0.033 0.082 0.091 0.092
5 0.0955 0.095 6.0935 0.094
6 0.097 0.098 0.096 0.093
7 0.095 0.096 0.094 0.095
8 0.092 0.992 0.09¢ 0.091
9 0.092 0.093 0.092 0.091
10 0. 04885 0.090 0.087 0.089
11 0.090 0.092 0,090 0.091
12 0.090 0.090 0.088 0.099
13 0.082 0.086 0.08¢C 0.085
14 6.082 0.088 0.077 0.084
15 0.080 0.084 0.079 0.081
16 0.087 0.099 0.088 0.088
17 0.982 0.082 0.0%¢ 0.083
Avg. 0.088 0.090 0.086 0.088

5
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Table 3
SHELL THICKNESSES FOR SHELL NO. 3
(Inches)
Station Quadrant
0" 90° 180° 270°
= ) ~ — — -
2 0.096 0.094 0.026 0.104
3 0.076 0.074 0 073 0.075
4 0.075 0.068 0.070 0.062
5 0.056 0.067 0.070 0.058
] 0. 061 0.068 0.071 0.060
7 0.068 0.074 0.074 0.065
8 0.064 0.0715 0.070 0.063
9 0.068 0.0715 0.072 0.063
10 0.067 0.074 0.072 0.065
11 0.058 6. 065 0.063 0.058
12 0.061 0. 069 0.065 0.0690
13 0.061 0.066 0. 064 0.058
14 0.062 0.069 0. 068 0.065
15 0.053 0.069 0.070 0.066
165 0.061 0.062 0.059 0.059
17 0.064 0.068 0.063 0.062
Avg. 0.063 0.069 0.v68 0.062
6
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Table 4
SHELL THICKNESSES FOR SHELL NO. 4
(Inches)
Station Quadrant

0° 90° 180° 270°

1 0.052 0.055 0.9058 0.049
2 0.057 0. 060 0.058 0.058
3 0.055 0.055 0.054 0.054
4 0.056 0.056 0.055 0.056
5 0.052 0.053 0.051 0.051
6 0.049 0.048 0.049 0.048
7 0.046 0. 045 0.048 0.047
8 0.037 0.038 0.041 0.039
9 6.041 0.033 0.037 0.039
10 6.047 0.048 0.046 0.045
11 0. 046 0.014 0.048 0.044
12 0.044 0.043 0.043 0.042
13 0.045 0.044 0.042 0.041
14 G.045 0.046 0.048 0.044
15 0.048 0.045 0.016 0. 045
16 0.046 0. 045 0.047 0.042
17 0.050 0.048 0.049 0.048
Avg. 0.045 0.044 0.045 0.044

7
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Table 3
SHELL THICKNESSES FOR SHELL NO, 3
{Inches)
Station Quadrant

0* 90° 180° 270°

1 0,070 0.069 0. 069 0.069 |
2 0.079 0.079 0.079 0. 078
3 0.077 0.077 0.077 0.076
4 0.070 0.070 0.070 0.070
5 0,073 0.072 0,572 0.072
6 0.074 0.074 6.074 0.075
7 0.074 1 0.073 0.075 0.073
8 0.074 0.073 9.074 0.075
9 0.074 0.075 0.075 0.075
10 0. 0645 0. 066 0.067 0. 067
i1 0. 069 0.069 0.070 0.069
12 0.062 9.070 0. 068 0.067
13 0.061 0. 068 0. 064 0.063
14 0.065 0. 070 0. 065 0.065
15 0. 067 0.072 0.068 0.076
16 0.073 0. 970 0.073 0.070
17 0.069 0. 068 0.069 0.067
Avg. 0. 065 0.071 0.070 0.070

5
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Table 6
SHELL THICKNESSES FOR SHELL NO. 6
(Inches)
Station Quadrant

: 0° 99° 18¢° 270°

i - - -

2 - - , - -
3 0.043 0.044 0.042 0.043
4 0.038 0.038 0.036 0.038
5 0.044 0.046 0.043 0.046
6 0.046 0.047 0. 045 0.948
7 0.043 0. 045 0. 045 0.045
8 0.042 0.044 0.041 0.0%4
9 0.044 0.046 0.047 0.045
10 0.048 0.049 0.048 0.052
11 0.051 0. 050 0.051 0.047
12 0.050 0.048 0.047 0.044
13 0.045 0.042 0.044 0.045
14 0.043 0.043 0.042 0.043
15 0.043 0.042 0.043 0.041
16 0.649 0. 048 0. 050 G.047
17 0.047 0.043 0.049 0.043

Avg. 0. 046 0.046 0.046 0.045 |
- |
9
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ELLIPSOIDAL SHELL TEST RESULTS

LOCKHEED AIRCRAFT CORPORATION

Shell Average Buckling
Number Thickness Pressure

(Inches) (psi)

1 0.087 46. 1

2 0. 087 47.0

3 0.065 28.0

4 0.045 13.5

d 0.0790 31.9

6 0.045 13.8

10
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Fig. 2 Ellipsoidal Shell Before Testing With End Plate Attached
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Fig. 3 Ellipsoidal Shell No. 1 (tm
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Fig. 4 Failed Ellipsoidal Saell No. 2 (tavg = 0.087 in. Pcr = 47 psi)
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Fig. 9 Failed Ellipsoidal Shell No. 6 (t =0.0451n. P =12.8 psi)
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Fig. 10 Adjustable Test Jig End Plate for Ellipsvidal Shells
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i She!i No. 4 was instrumented io record prebuckiing stress distributions, Twenty
strain gages in pairs recorded bending stresses. These pairs were spaced equally

l around the circumference, 12 inches above the base as shown in Fig 12. The strains
are recorded in Table 8. The actual test record is shown in Fig. 13. A plot of the

‘ prebuckling strains indicates four circumferential nodes.

21
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Fig. 12 Strain Gage Locations on Ellipsoidal Shell No., 4
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Fig. 13 Shell No. 4, Specimen No. 4 (0.045-in. Average Thickness), Failure
Pressure, 13.5 psi. Tested 9 June 1961
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Section 3
DESIGN CHART

The empirical design chart presented in Fig. 14 is a plot of the ts/b versus Pcr/E
curves for three ellipsoidal shells. These shells are the test shells with a major-to-
minor radius ratio (a/b) equal to three. Included in Fig. 14 are two limiting cases
of ellipsoidal shells: the infinitely long cylinder with an (a/b) ratio equal to = ana the
sphere with an (a/b) ratio equal to one. The cylinder and sphere lines are theoretical

curves from the classical small deflection solutions:

3

1 ts

Cylinder — Pcr/E == 3 <T)- > (1)
‘i\l - U )

2
/
2 'i§_>

Sphere — Pcr/E = \/3<1 _ #4) \ b

(2)

The tests plotted on Fig. 14 resulted in a straight line with a slope of two, which is

the same slope as the sphere. The equation of the line for the test points is:

P t 2
cr 1 _Ss (3)
E 12 (1 _ #2) b

The assumption that Poisson's Ratio p 1s equal to three tenths permits the equation(s)

to be written similar to Eqs. (1) and (2).

To estimate the buckling pressure for shells with other a’/b ratios, a crossplot of
Fig. 14 is made holding ts/b constant and estimating a curve between the three points
with ordinate a/b and abscissa Pcr,;"E. For various ts/b ratios, then, a family of
ts/b curves as shown in Fig. 15 results. From this design chart, the critical pres-
sures may be estimated for any a,’h ratio. Obviously, additional tests would be help-

ful in more precisely defining the shape of these curves between = » a/b > 3.
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Section 4
COLPARISON OF ESTIMATES OF BUCKLING PRESSURES

An example comparison of a prediction between buckling pressure based on conical
shell analogy and the ohserved test results is made. This comparison best shows the
advantage of double curvature shells and the inadequacy of resorting to such analogy
methods.

A somewhat similar conical shell is chosen as being structurally as well as geometri-
cally analogous to the shell shape shown by the small dotted line in Fig. 1. The anal-

ogous cone has the following geometry.

R
l2
4
t = 0.045in. a = 11.5 deg
R2= 12 in. £ = 20 in.
R1= 7 in.

The critical buckling pressure is caiculated by using the method (Ref. 1) which deter-

mines a cyvlinder structurally equivalent to the cone. A buckling pressure for ine
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equivalent cylinder is calculated as

t\? (R,
Z =0.954 | =— —~)cos a = 692
o R2 t

Ng = 0.77
B --&‘_— Eg = 210
t ~ cos « t
Z = Zo[/\/R = 898
C = 32.5
p
_ E _
Pcr- Cp(0.904) — 3 = 4.83 psi
Z (R/t) -

The actual buckling pressures for shells No. 4 and No. 6 were 13.5 and 13.8 psi,
respectively, which is 3-1/2 times the estimated 4.83 psi calculated above. Since
the geometrically similar conical shell is shown not to be structurally analogous,

then use of such methods of predicting critical pressures is to be avoided.

28
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PROBLEM AREAS

Until a theoretical buckling analysis is derived for ellipsoidal shells, additional
tes*ing will be necessary to verify designs based on the design chart submitted in this
report. More substantiation or refinement {either theoretical or experimental)of these
design charts is needed hefcie the apparenily high efficiencies of double curved shells
may be realized. Further, the effects of stiffeners on double curved shells should be
determined for possibly increased efficiency. An initial effort in this area wuich
offers considerable potential weight savirgs would be to experimentally evaluate the
effects of rings to reduce the natura! longitudinal buckle wave lengths and thereby

increase critical pressure,

29
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Section 6
CONCLUSIONS

An estimate of buckling pressures for Monocoque Ellipsoidal Shells can be made with
the use of the design chart (Fig. 13) for various major-to-minor radius (a/b) ratios.
The test results included give critical buckling pressures for six Monocoque Magnesium

Modiiied Ellipsoidal Shells., Prebuckling stress distributions a.e given for one shell.
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