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ABSTRACT

A new calculation of the opacity of high-temperature air (kT = 1 - 20eV) is
carried out. Line (bound-bound) transitions are included and LS term splitting
of configurations is accounted for in the n = 2 and 3 levels. The primary
purpose of the calculation is tc remove the hydrogenic approximation ¢o the
domingnt photoelectric and line transitions. In place of the hydrogenic approxi-
mation, Hartree~Fock-8later matrix elements are used for the line ransitions.
For the photoelectric transitions, a combination of the Burgess-Seaton extension
of the Coulomb appraximation, and a high-energy acceleration-matrix-element
Born approximation is employed. Comparisons are carried out with experiment
and with previous calculations. A review and discussion is presented of the
statistical mechanics of jonized gases, and some new resuits pertineat to the
calculation of occupation numbers are preaented.
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Seciion 1
INTRCDUCTION

The transport of electromsagnetic energy through the atmosphere is governed by the
equation of radiative transfer (Refs. 1, 2, and 3)

di,

Tﬁ' = 1,- 4, (1.1

where lv is the specific intensity of the radiation, ds the element of length, and J”
the source function. This equation is in general very difficult to solve, and an exten-
sive literature has accrued, principally in the field of astrophysics, dealing with its
solution for various mode! problems and in various degrees of approximation. The
principal physical parameter that enters any solution of this equation is the abgorption
coeflicient B, and it is this absorption coefficient for air and its constituents that
constitutes the subject of the present report. We will restrict ourselves to atomic
absorptions by elementary interactions; molecular absorption and absorption arising
from collective modes of excitation involving long-range forces will not be considered.
The calculations discussed in this report are an outgrowth of work carried out at
Lockheed Missiles & Space Company and at Genersl Atomic over a period of six or
seven years. The reports (Refs. 4 through 8) issued by both organizations during this
period, as well as the comprehensive report due to Harris Mayer (Ref. 9) provide an
adequate introduction to the problem. Therefore, we will not give a detailed discussion
of the basic theory but cnly the beckground and definitions needed for an understanding
of the calculations reported here.

Our principal aim has been to remove most of the hydrogenic approximations made in
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as possible in the description of photeelectric edges and spectral lines. We have used




the best theorctical predictions available for the rather massive numbers of atomic
transitions considered and have tried to avold unjustified physical assumptions as

far as possible. Our formulation draws heavily on the work performed by our colleagues
at General Atomic. We have attempted to combine their previous experience with ours
to obtain what we hope are the best resuilts for air absorption coefficients to date.

The absorption coefficient M, can be written as

-
)
]

-

. - N ‘-
¥y = L Fsi%i )
8.1,}

in terms of the occupation numbers NS‘ (particles cm'a) for the state { of the species
S, and the cross sections °8ij( v) for a trensition from state i to j of the species
8. We have employed occupaticn numbers resulting from previcus caiculations (Refs.
6 and 10) which cover s temperature range from ~ 1 to 20 eV and a density range

from - normal density to ~ 10 ° normal density. The atomic transitions for ..hich
cross sections have been computed are the photoelectric (bound-free) and line (bound-
bound) transitions. The free-free and Compton scattering contributions included in

our mean absorption coefficients were obtained from our previous calcuiations (Refs.

4 and 5).

if one assumes that conditions of local thermodynamic equilibrium prevail, the source
function in the transfer equation (Eq. 1. 1) becomes the well-known Planck function

Zhva
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plus a term that accounts for induced emission. There ere then two limiting cases for
which cimnle soluticns to the transfer eguation exist. I the optical depth ux of the
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radiating samp!le of gas is smaii® w”x << 1), where x i the sample dimension
in the direction of radintion, the radiost energy emitted by the sample & given in
terms of the Planck mesn absorption coefficient:

_ jp B {T)dy
Hp = [s ('i‘)dv (1.3

where n; = {1 - exp (hv/k'l‘)igav. If the oplical depth is large (b x » 1), one passes
to the diffusion limit, and the emission of radiant energy (s soverned by the Rosseland
mean absorption coefficient:

1 aqu’r)
. AT 9T -
= =3B (T) .
Hp v

I S

Based on the relevant atomic theory (which wili be descr.bed in succeeding chapters)
an IBM 7084 computer called PIC has been devised to compute the phatoionization
cross sections amd absorption coeflicients. Another program, MULTIPLET, has
been constructed to compute the atomic-iine contribution. The input information
consists of a list of the possible atomic siates present in the gas and, {or each of
these, its spectroscopic descripiion, energy, and occupation number. From this
input each program computes and constructs an atias of the parameters needed to
adequately define the absorption coefficient.

The need for the atise in the case of lines arises from the difficulties that would be
associzted with auwempting to store or print the detailed shapes of the very narrow
lines that appear ot low, and even moderate, densities. The frequency interval
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Ref. 8 for a discussion of this point.



roquired for this task would be so small that the tabular output would be prohibitively
messive, Isstead of attempting to tnbulnto this quantily of sumerical absorption coef-
ficient values, the wings of the narrow lines and the entire profiles of brosd Hnes are
printed s an addftional pseudo-continuum. The parametors that describe the central
poytions of the narrow lines msy then be obinined from the atles. Thoy o3n be used
at the time of the compmdation by any subroutine one wishes to insert which compresses,
erbitrarily integrates,or averages cut part of the froguency depeadence. The two such
sulroutines that we bave employed are those which compute the Flanck snd Rosseland
mean shearrtion eosfficisnts, an stisa bea alen heen devised for the nhudoalantrio

trazsitions. Alibough 1t is not needed in this case to compress the frequency depend-
eace, it is otiil convenient since much edge-splitting detail {8 accounted for.

The atias defining each of the individual atomic processes may also fscilitate inter-
polztion to gas temperatures and densities intermediate to thase we have uzed.

By using the MULTIPLET line code in conjunction wiih the PIC code, total frequency-
dependent or mean absarption coefficients have bezen computed, The resulis of this
combinad photionization and iine opscity mogram (PHLOP) for the mean absorption
coefficients are presentad {n Sec. V1. Before procesdisg to these results, we now
embark en a detailed description of the various sub-computations involved, In Sec. I,
a discussica is presented of our aiomic state descriptions and lumping conventions.
Secitonlllgives a brief description of our previsus occupstion-number theory and the
fimdamental research which we bave undertaken toward the ultimate aim of improving
these numbers. The line transition theory is presented in 3ec.1V, and the photcionization
theory in Sec. V. The finsl resulis for the mean opeclites chtained sre in Sec. VL. In
the appendices sre provided information pertaining to the cumpuler wograms we have
doveloped and listings thereof, sad 8 more detatisd description of cur sistiatical
mechasies research.



Serction Il
ATOMIC-STATE CONVENTIONS

At a given temperature and density the state of the gas as s whole — assumedd {o be

in thermodynamic equilibrium - is defined by the most probable number <f stoms in
ezch state of excitstion of every charge state of every species prezent. Thus proba-
bility of cccupation of an giomic state, the occupation zumber, is citsined from a
slatistical mechanical calculition of the clasaicel grand csnonical partition function
(Bec. INN), wtilizing the energies of every atumic gt2te assumed to be cccupled. Thus
the initial information necessary iz the =2t =f all atomic states wider consideration
and the energies of each rolative to the ground stste of the neutral atom of the species.

With each charge siate (or state of lonization) there are associsted a great many sistes
of the remsining ziectrons. Some of theae have been observed experimentally and are
conveniently tabulated by Moore (Rei. 11). However, tie majority of siates, especially
for the highly ionized atoms, have not been observed, and their energies must be
estimated,

A psarticular atomic siate is charscterized by a core configuration - identified by thks
labe! y - and sn extornal clectron with principal quantum number n and angular
momentum quantum mwnbisr £.  The cores which have been considered conaist of a
closed K-shell with the 28 and 8p electrons coupled in all possible ways. A com-
plete list of the atomic cores and their lshals vy is found in Tablali-1.

For each core state the cuter electrons (n, £) will be in one of 2 isrge number of
possible states, each couplirg in a variety of ways to the core and leading to the
usual multiplet structure. Russeli-Saunders L-S coupling is assumed throughout



and total-angular-momentum splittieg ie consistently ignored. Occupation numbers
have been svsiuated for states with n-valses up to 36, but the present calculation
resiricis n to be fess than 17, as line merging (S8ec. IV)tends to smear states with
aigher principal quantuin number into the continvum. When the external electven
gtate is equivelent to oae of thoze {n the core, the resulting state cannot be considered
2s bolonging to any one core. For convenience such states are agsigned to the core
with the lowest excitation for the appropriate configuration.

States with only partislly filled K-ahells have not been included, as the energies of
such states is sufficiently inrge to ensure negligible occupation at the temperatures
being here considered. Bimilarly oxcluded are multiply excited states containing
more than one electron with principal quantum numbsr greater than two. For such
sintes the ensrgies and the theoretical techniques for their treatment are poorly
known. As initial states their energizs are so lavge as to result in small occupation,
Hewever, the neglect of such siates as {inal states in bound-bound transitioss rules
out consideration of the phenomenon of auto-fonization which may make a measurable
contribution to the photofonization cross section (Ref. 12). Further, atomic sum
rules will not be strictly satisfied.

When known, the experimental enozgy values are used. Estimstes of the energies of
the remaining statos were made by the Bacher-Goudsmit method, extrapolstion of
iscelectronic sequesces, or constunt quantum defact methods as described in Ref. 4,

Az tie occupation-number caiculation depends only on the energy of an atomic state, it
is convenient tocombine states of nearly egual energy andto explcit the well-kaown mim
rules aver Wigner cosificients in the evaluation of the cptical transition proiabilitics.
The feilowing conventions have been adopted for this combining or summing of states:

i) nrn=3 Summed over total angular momentum L for given
multiplicity (28 + 1) when experimentaily the L-
gpiiiting of the levels is much less than the 3-spiltting
or when the energies are poorly knownm {(Labelled: L = 9}
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() n= 4 Summed over 2ll L-8 terms (labelled: 28+1 =0,

L =0)

() 6 =n <9 Summed over electron angular momentum £ = 4
(labelled: £ = §)

{iv) n >898 Summed over all vaiues of the electron angular

momentum (Labelled: £ = 0)

Bach atomic siate is spacified by an {dentification number (fyn £ 8 L) and the
energy of the state (in eV relative to the ground sinie of the neutrsl atom of the
species):

® { is atwo-digit designation of the apecies and charge state: 01, 02,
ete. for oxygen 1, oxygen Ii, etc; snd i1, 12, ete, for nitrogen I,
nitrogen I1, etc.

® v is the two-digit dezigration ol the core, as listed in Table [I-1,

® n (two digits) is the principal quantum number of the excited electron
or ovatermost populated shell

¢ f is the orbital angular momentum of the excited electron or outermost
popalated shell (summaticn conventions iii end tv)

% (28 + 1) ia the spin muliiplicity (summsation convention i)

# L iz the toizl orbital angular momentum ‘summstion convention i and i)

Table O-1
ATOMIC CORE CONFIGURATIONS

0-1 18% 26® 2° (%) By
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Table I}-1 (cont'd)
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Section Il
STATISTICAL MECHANICAL THEORY OF OCCUPATION NUMBERS®

BACKGROUND

A basic zssumption in this work is that the ahsorntion coefficient for radiation at fre-
quency v may be expressed as a sum of terms, each of which represents the absorp-
tion of radlation by particles in state i, and can be writtea as a product of twofactors
the cross section for a transition from i to an appropriate final state j, and the
number of particles in state i . This assumption may be somewhat inaccurate at
higher densities because transitions to j may be suppressed by "exclusion princi-
ple” effects if most of the j states are already occupied and because collective
"plasma oscillations,” which cannot be represented cerrectly in terms of individual
atomic energy levels, may be involved in the absorption of radiation. It is assumed
that such effects are unimportant. Thus, in the notation used in this report,

M) = 2 N
i,j

The procedure used to calculate the cross sections % is described in other sec-
tions; here we shall summarize the methods used to find the occupstion numbers Ng i

In genera! the calculation of occupaticn numbers for a partiaily ionized gas with arbi-
trary conditions of temperature, pressure, density, composition, radiation flow, and
other factors (all of which may vary from one place to ansther) is a very difficult
probler .hat is regarded as being for the most part beya: 1 the resch af nreasnt -dav
theoretical physics. It ie probably not unfzir to say that the large amcunt of research
devoted to this subject .n the past few decades has succeeded only in developing some

*This section was written by L2iSC consultant, Stephen Brush.



simple approximate methods thet may be of limited validity when the physical condi-
tions are of certain especially simple types; but that even ther a direct experimental
check of the theory is not usually possible. This situatics .- axpected to improve in
the next few years, however, as various laboratories develop frcilities for studying
high-temperature plasmas. In the meantime there is an urgent need for further theo-
retical work; indeed, even the interpretation of experimental results (such as the
detarmination of the temperature of a plasma) depends heavily on theoretical ideas.

For theoretical discussions it is convenient to distinguish between two basic types of
physical systems: eguilibrium and nenequilibrium. (A third category, the non-
equilibrium steady state, is also useful in some cases but will not be needed here.)
The nonoquilibrium case is the most general, sirce it includes in principle an infi-
nite number of values for a large number of physical variables, whereas the eqguilih-
rium case requires that most of these variables have the value zero. The variables
wz have in mind here are those that describe the change of properties from one place
{0 another in space, or the change of properties with time. Thus an equilibrium sys-
tem can be characterized by a constant density, temperature, pressure, and compo-
sition, whereas the description of a nonequilibrium system involves the space- and
time-derivatives of these quantities as well.

Despite the apparent artificiality of the equilibrium system in the context of moset
realistic problems involving radiation flow, it has two distinct advantages: (i) there
exists a well-established anxd fairly simple theoretical technique for computing its
properties; (2) it represeats the best possible guess {in the sense of gististical =sii-
mastion theory) as to the ctate of a physical system if only the tempersture snd dzusity
are known and definite information about other physical varisbles is lscking; and,
moreover, it represents the final state which any system will eventually reach if lef2
to iteelf without external disturhance.

To filugirate the diffsrence between equilibrium and nonequilibrium theory, constider
the case of absorpiion of radistion by alr, with which this report is concerned. Firat



of all, we need to speeify the initial slate of the system before it recesves any radia-
tion. In equilibrium theory we can do this (at least approximately) as soon as we
know the temperature und density, by agsuming that the probanility of each possible
stnte is given by the Maxwell-Boltzmann distribution law. Calculational difficulties
arise when we aitempt to find the energy of each state, bt as long as the density is
not too high we can use tabulnted specwroscopic date for the various individual atomic
species, making small correciions for the effects of interactions of different atoms
with each other. The important point is that oniy one piece of informaiion i8 needed
for each state: its energy. In the neneguilibrium theory there is no deiinite pre-
seription for specifying the Initial state, un.ess the temperature is 8o low thal one can
assume that there are no free electrons or ionized atoms, and that all the atoms are
in their lowest electronic state. The temperature is not that lew for the actual sitan-
tions of interest in this report, so there is no such easy way oagt; and, unless we hap-
pen to have previously solved a problem involving the caiculation of eccupation
numbers in radiationflow situations, we would probabiy . nd up by assuming an equiliby-
rivm distribution for the initial state.

Now imagine that the radiation flow is "turned on" and a small number of photons of
specified frequencies are absorbed, causing tranaitions from certals initial states te
other states. The systom will now have a different set of occupation numbers because
of these transitions. In order to compute this new state we need {o kuow all the cross
sections for transitions between states. Presumably we already kmow the cross sec-
tions for transitions induced by phoion absorpticn, since thesne sre invelved in the
other part of the problem anyway: but in addition we wiil need t» know all the cross
sections for sporianeous radiutive transitions, fonization by free elecirons, collision
cross sections, etc., since all kinds of complicated physical processes are going on
in the gas at the same time as it is atsorbing radiation. To treat the probiem from
the exact non-equilibrium viewpoint, consequently, would require a huge smount of

input snformation about the physicai preperiies of ali ihe atomic spucics, 45 =Tl a5 an

cnormous amount of computation in order to follow the time-evolution of the system
through various sets of occupation n.umbers. in addition, the cemputation might hove
to take account of spatial variations.



At this point, to get any answer at all, one usually makes the additional assumption
that the process is "linear - one ignore= the compounded effects of radiation changing
occupation numbers which in turn would change the absorption of the next batch of radi-
ation, and sémply calcuiates the rate of absorption for very small amounts of radiation.
The absorption coefficient is in fact defined as the ratio of the amount absorbed to the
amount recewed, in the limit as both these quantities go to zero. To use such an
absorption coefficieat in problems Invelving a finite amount of rvadiation, one must
assume that the internal relaxation processes in the gas will drive it back to equilib-
rium faster than the absorbed radiation can push it away from eguilibrium. The
calculation of occumation numhers nced thon be done only once for each specified den-
sity and temperature, and does not have to be repeated in order to take account of the
effect of the radiation already absorbed.

As soon as we agree to restrict ourselves to equilibrium occupation numbers, we can
effect a great simplification in the problem; we need only calculate the probability of
each poasible state of the sysiem, without worrying about how one state foilows
another in the course of time. No information about cross sections for transitions
between states is needed, but only the energies of the individual states. (It might be
objected that + 2 cannot calculate the energies unless we know the forces between the
pe <ticles, and if we knew the forces then we could also calculate the cross scctions.
This is «ue in principle, but there is still an immense difference in practice between
equilibrium and nonequilibrium calculations.)

In the following subsection we shall cutline briefly the siandard theory of statisiicai
equilibrium in jonized gases. In a subsequent subsection., we shall discuss the

methnd actuzlly used to compute the occupation numbers used in our computer code

for absorption coefficients. Finally, we shall summarize recent theoretical work per-
formed under the contract to improve the method. The details of this work are presented
in Appendix A, (S8ecs. A.1 and A.2); Sec. A.3 contains a derivation of formulas for
average poientizis and potential fluctvations in a plasma. This is of considerable value

in actual annlirationz of thoe thaory mosentad in on A1
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STATISTICAL EQUILIBRIUM IN IONIZED GASES

To {llustrate the principles of the theory, we consider first the following simplified
model for an ionized gas. We have N atoms, each consisting of a nucleus of charge
Z, mass M, and any number of electrons from 0 to Z. In addition there are Ne
free electrons, where N o is such that the system as a whole is electrically neutral.
Each atom has a set of energy levels Eo . El .-..: ingeneral, the nawure of the levels
would depend on the number of electrons in the atom, and, to a lesser extest, on the
number of free electrons and other atoms and fons in the gas. However, we shal!
ignore such effects for the moment. Esch energy level is characterized by a degener-
acy factor g, which represents the number of levels having the same energy: as far
as the statistical mechanical theory is concerned, we can group such levels together,
althcugh in the calculation of cross sections they must be treated separately.

We wish to know the average number of atoms of various degrees of ionization:

Ny-.. “z for atoms with 0 to Z electrons removed from the neutral atom: andalso
the number of fons by which each of the various energy levels is occupied. The most
direct way to solve the problem is to calcuiate first the distribution of kinetic energy
among the atoms (even though we are not interested primarily in the kinetic energy)
and then deduce from this the distribution over the various energy levels. In the usual
terminology, we first derive the Maxwell distribution of velocities, and then general-
fze this to the Boltzmann distribution of energies. We refer to the standard texts on
statistical mechanics for the details of the derivation and merely summarize it here.
We shall also need the Gibbs grand canonical ensemble which gives the distribution of
particles of different kinds in a mixture, in the case when the number of particles is
not kept fixed.

We first make the postulate of emual a priori probability of all microscopic states of
the svatem. This mesns, for exam;le, that if the systers as a whole has a fixed total
kinetic energy K. then aii possibie ways oi dividing this energy amang the atoms are
equally probable. The justification for this postulate is that we have no reason for
assuming that any one way of distributing the energy is more probable than any other.

13



This postulate is rather awkward to apply as it stands, for it implies that the kinetic
energy of any one atom cannot be found until we know the energies of all the others.

In fact, however, it seems reasonable that if the number of atoms is very large, the
energy of an individual atom will depend only on the average temperature »f the sys-
tem, as determined by its surroundings, and not on the precise values of the energles
of the other atoms in the system. To make use of this idea of average temperature,
we imagine that our system of N atoms is only a smsil part of a much larger system
of N' atoms; it can exchange energy with the other atoms so that its own total cnergy
is no longer strictly constant but will fluctuate around an average value. This hypo-
thetical ecastruction ig known as the canonicai ensenibie in siatisiical mechanics: in
a certain sense it is more real!stic than the original model with fixed total energy,
since we do nat ugsually know the precise value of the cnergy of an isolated system,
but rather the toemperature of a system interacting with its surroundings.

We need one further assumption in order to apply the postulate of cqusal a priori proba-
bility of microscopic states: we need to know what those states actually are. If we
knew, for example, that each atom cculd have only certain values of kinetic energy,
namely integer multiples of some basic energy-unit Eo~lk 20.50.250....,811—
where El is the fixed total energy of all N' atoms, then the problem would be well-
defined. For any given energy of the first atom, kl’ the second could have energies
from 0 to El'kl' the third could have energies from 9 to E'i‘1°k2' and so0
forth; the energy of the last atom would be compietely determined by the others. By
combinatorial analysis we could determine how many arrangements correspond to
giving ensrgy kj to the j'th atom, and then take the limit as FJ goes to zero while
!-:l goes to infinity but alwayc remains proportional to N' .* The result is that the

“Aithough this derivation was first published by Boltzmann nearly a century ago, it is
not available in moat modern text:ooks, so we shall outline it briefly. Suppose that
mwmﬂmrgy E; of N' stoms has been divided into p units of magnitude Eo
N -3, wecanchooae k; and ky , and kz must be equal o E;-ky-k, .
k1 Ej there is only one microstate since kz and k3 must both be zero. lf
ki ={p-NE;/n, then ko canhave j+ 1 possible values. from 0 to (i/p)E, .

'ﬂm t,otal nnm‘ber of micmsmu is therefore

z)=lp(p+l)/21+p+f

(cont'd)
14
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number of arrangements for given kj (which we postulate to be the relative probabil-
ity of that value of k’ ) is proportional to exp {- kj/(Ellﬂ')] . The ratio El/N' ,
waich is the average euargy per particle, might be called the temperature of the sys-
tem; and the result shows that any velue of k’ has a finite probability, but values of
kj that are very much bigger than EI/N' occur very rarely.

Assuming each of these microstates is equaliy probable, we find that the probability
that k; = [(p - )/p] E; is the number of microstates for that value of k; divided by
the total number of microstates for all values of k; , namely 2(j + 1}/[p{p + 3) + 2} .

Elimlnaum j by the relation j = pl(1 - k3)/E;) , we find that the probability of
1 is

21 - "1/51) + 2/p
p+3+2/p
A similar argument shows that for N' = 4,
P+ HNp+ 2
We now convert these expressions (and the corresponding ones for P ete.) into

a continucus distribution, taking dk; = Eg and letting p ﬁomlnﬁnlg}.p The dis-
tribution function is then

p3. p(kl) =

P4, p(kl) =

n-2
o o lim Pk 00 - bu - ket
ilky) = &, E 155

=0 if k, >E,
Recalling the definition, e = yh&(1+y,lly we find that
k) = MW £k = (NVE)) exp (- k AE,/NY]

In the more realistic case where the states are equally distributed with respect to
momenium rather than energy, the result is

-5, 3n-2]1/2
otk = [TONY/2/TR/2168/2)] [kyE) - k)* /B3

il

1/2
k) = Mmook = 3 [ak/2aE /3] exp 13k /uE /M)
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The derivation mentioned {n the previous paragraph involves an arbitrary assumption
about what kinetic energies are sllowed; and even though when we take the limit Eq—0
we psrmit o continuous range of energies, the resut is stiil influenced by the fact that
the states of each particle were taken to be aniformly distributed with respect to
energy. This is wrong, of course, for sccording to the laws of phyaics the states of
a free particle (not subject to any forces) are uniformly distributed with respec. to
momentum. As it happens, both properties are equivalent in two dimensional space,
but in three dimensions we do not get the correct energy distribution uniess we give

oaanbh atata an anllcﬁ“ nn.l-'ﬂln' fan‘nn nwm.ﬁim-' tn Ol-. monimenn mand ~F L8

Yy vy ]
TR s w‘s-av SWve Ws l..c““”

(or better, simply sum directly over momentum siates). If this correction is inserted
into the combinatorizi caiculstion mentioned above? we find that the probability is pro-
portionai to (E; exp -3k,/2(E,/N') which is in fact nothing but the usual Maxwell
velocity distribution. The conventional definition of temperature is

KT = § = 2(E(/N'}/3, where k = Boitzmann constant.

The advantage of the canonical ensemble method is that we can treat the energy of
each of the N atoms in the system as a random variable independent of the others,

as long as N is small compared to N' so thet we do not have to worry about energy
distributions in which one atom has an energy of the same order of magnitude as E!.

We can now apply a standard theorem in probability theory which says that the proba-
bility that N random variables have simultsneocusly a certain set of values is the
product of the probabilities for sach 2f these valies isken separately, provided that
the random varisbles are independent (1. e., uncorrelsted). Hence the relative proba-
bility of a microstate of N zigins f3 which the total kinetic energy is E would be

e E (the so-called "Bofizmans factor” for that microstate). To find the actual
numerical vaive {abzolute probakiiity) of this microstste, we have to normalize by
multiplying the Boltzmann factor for each state by the number of states having that
energy. g(E}. and sum or inigrate over all pogsible values of E; the probability
of & minmustate width th anamen £ i chaem tham eluse bee the famaele $ = e‘fm wdome

Z - zg(i:)e -8E . 'The normalizing denominator Z i3 usually calledtbemmtlm
function (German Zustandsumsne, sum-over-siztes).

- wee= . ——

‘Scc focinote on pp. i4 ana i3.
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Up to now we have been dealing only with an ideal gas, so that E is just the kinetic
energy of the N atoms, and g(E) is a product of N f(actors, the square roots of the
energies of each atom. The next step is to generalize the above expression for the
probability of a microstate, and assert that it {s valid when E includes potential-
energy terms, corresponding to forces between tke atoms or external forces. The
justification for this generalization (which is given in detail in textbooks) is that when
two or more atoms collide, the total kinetic energy does not necessarily remain the
same, but the total energy (kinetic plus potential) {s conserved. Hence in statistical
equilibrium the provability of a microstate can danond anly on its total eneroy, not on
its kinetic energy separately; aad in order to make the probability reduce to the cor-
rect limiting value when the system becomes an ideal gas (for example when we go to
very high temperature or very low density) we must choose the nbovg form.

The grand canonical ensembie represents one further stage of generalization or
sbetraction; itke the canonical ensemble, it can be justified as giving a reslistic des-
cription of the physical sftuation even though it appears to be only an artificial mode!
introduced to facilitate caliculations. Let us return (in imagination) to the very large
gystem of N' atoms, having fixed energy and fixed volume. Instezd of choosing N
atoms from this system, suppose that instead we suddenly enclos2 a volume V with
rigid wails and study the statis\ical properties of the sample of atoms that happen to
be trapped in this volume. We assume that the ratic of V to the volume of the origi-
nal large system is v, and that tkis ratio also represents the probability that any
particular one of the N' atoms is found in the volume V. We ask, what i8 the proba-
bility that there will be exsctly N atoms in V, inthe limit when N' goes to infinity,
v goes to zero, while the product NV remains equal to 2 fixed constant? The
answer {2 cailed the Polsson distribution in staiistics or the grand canonical ensem-
ble in statistical mechanics; it is

17



Ik should be noled that the particles have been treated as indistingnishable — permita-
tions of the N psrticles are not counted as different microstates. If we had assumed
that the particles gre distiaguishable, ‘on the probability tast we cbserve N parti-
cles in the volume V could be found by cancelling out the factor N! in the denomina-
tor of the above expression and msking an appropriate change in the normalization
factor A,

Just as the canonical 2nsembls represenis a2 sysiem that does not have fixed energy but
is in equilibrium with a "heat bath" surrounding it at temperature T, so the grand canon-
ical ensemble represents 2 system (sometimes called an open system) that does not have
a fixed number of particles but is in equilibrium with & particle bath surrounding it,
characterized by a parameter p (ukT is usually called the chemical potential).

In many calculations in statistical mechanics, the grasd canonical ensemblie is used
because it allows cne to sum over the numbers of particles in different states inde-
pendently without having to enforce the condition that the total number of particles is
fixed. One simply sums cver all values of N, or eguivalently over zii possible val-
ues of the numbers of particles in each state; if the reault Is needed for a particular
value of N, rather than for specified volume, the chemical potential u may be cho-
sen io such 2 way that the average value of N, viz. N, is equal to the specified
value. It turns out that when N is a large number of the arder of maguitude of 1652
(as for observable physical systems) the statistical distribution is very sharply
peaked at the ave.-sge value, so that the probability that N differs by more than 0. 1
of 1% from N {= effectively zero.

The grand canonical ensemble is especially useful (and may indeed be the only practi-
cal methed) for problems involving equilibrium among seversl kinds of particles, ss
in an {onized gas. In this case one introduces o chemical potential for each kind of
particle, and represents the probability of a state with Nl particles of Species 1,

N2 of Species 2, and so forth, in the form

R R e M ) e PE

Nilﬂzfﬁaf .

p = (const.)
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The constant, which includes the noymalizing factor Z from the canonical ensemble
andd the factor A from the grand canonical ensemble, is found by summing p over

all values of E,Rl,Nz ... and setting the sum ecual to 1; it is also kinown as the
grand partition function {usuaily without the factor A):
Z
Q- E‘ﬁ'ﬁ :
N
where

zy = Y sE)eE
E

for N particles (with the corresponding generalization for a mixture of several
species).

These two partition functions Z and Q, which appeared originally simply as nor-
maiizing denominators for the probabilities of states in the ensembies, turn out to be
useful quantities themselves, becsuse all thermodynamic properties of the system can
be expressed in termgs of them. For example, if one differentiates Z with reapectto
(-8), the effect is to multiply each term in the sum by E, and this is the same as
finding the average energy for all states in the cenonical ensemble:

-8E
B e Sewm - ST L) . diez
E

Z

The method sketched above for Geriviag e proveviniics of states by coumting miera-
sistes may appear to be somewhat artificial, since it was based on assuming a dis-
crete set of kinetic encrgy states for a free particie and then going to the limit of a
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continuous distribution. In the case of classical mechanics, when kinetic energies are
not quantized, we could have sppiied the postulate of egual 2 priori probability directly
to a continuous distribution; this would involve calculating the surface area of 2 3N-
dimensional sphere, corresponding to the region in momentum space for which the
totai kinetic energy of N particles has a fixed value, and tien picking out the part of
the surface that corresponds o a particular state (such as velocity of i'th particle
between vy aend vﬁ-dv‘. and eo forth). This procedure can be carried out as indi-
cated, and in the limit N--= it gives a result in agreement with the Maxwell
distribution.

However, as soon 38 one wishes to consider systems in which chemical reactions or
fonization processes can change tke number of particles, he f'nds that this approach
bresks down; for examgle, there are infinitely many more possidle micro-states for
two particles than for one {if one assumes a continuous distribution of kinetic ener-
gies. It is only by reverting to the description based on & discrete set of states that
& reasonable formulation of the equilibrium problem csn be found. It turns out that
one can derive an equation determining the eguilibrium numbers of particles of vari-
ous species — the Saha equstion — provided (hat the energy unit E, is kept finite and
not allowed to go to zero. As one might suspect (with the benefit of hindsigit) E, is
closely related to Planck's constant; in fact, one gets the correct pkysical result by
assuming that the size of the clementary ceil in phase space is just that indicated by
quantum theory. (This discovery, embodied in the Sackur-Tetrode equation for the
chemical constant, was one of the triumphs of the old quantum theory.) Thus we see
that the theory of fonization equilibrium involves quantum theory and discrete energy
sistes in a very essential way.

The theoretical description of icnization equilibrium for the ideal gas mixture men-
tioned at the beginning of this section is then as follows: for cach icoization process
of the type Aﬂ._1 - An +e  (where A, represents an lon with o electrons removed
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from the original neutral atom) the concentraticns of theee fons in thermal equilibrium
are determined by the equation

cn-l

c.C
ne

= px™NT)  (Saha equation)

where ¢, = N,/(N +N)), l.e., the ratio of the number of fons of Type A, to the total
number of particles in the system, including the number of slecivons K. The ratio
for electrons No/(N + N, is denoted by c_, P is the pressure, and K™)(T) is an
equilibrium constant (i.e., it is independent of pressure in the ideal-gag approximation)
defined as K®(1) - (gn_llzgn)(z:/m)a"z 2¥/am/2) exp @, /¥T). The symbols in
this equation are A degeneracy factor for the ground state of An;mmvhefor g
degeneracy factor {or electrons is taken 8 2 (spin up or down); m = mass of electron;
A = Plancik's constant divided by 2r; ‘n = nth fonization potential of the atom, usually
taken to be equal to the difference in ground state energies of A, and An—l‘ In the
form written beére it is agsumed that all the atoms and fons are in their ground states.

To see how the equation works, we consider the special case of equilibrium between
neutral and singly lonized atoms, assuming thet the temperature is sufficiently low
that the concentration of more thui singly ionized atoms is negligible. Then we can
define the degree of ionization, a, to be the ratio of the number of singly fonized
atoms to the tutal number of aioms. Wehave ¢ = ¢ =a/(1+a);00=

1
(1-a)/(1+a) nnd.snernﬂnummeseemmaim}anto&he&hawwxwm

solving for @, we obtain the result @ = 1/{1+ P12 . Note that (1) the
degree of fonization is une (complete fonization) at very low pressures, and decreases
{0 zero as the pressure becomes large; (2) the degree of fonization is one at very high
temperaturee, and decreases to zero at very low temperatures, but because of the
small numericat value of the coefficient of exp (ln/k’l‘) in the formuls for K(T),

the degree of tonization will be fairly large even for temnamstuces that 555 Gmaii com-
pared to the fonization energy. Because of this, the number of atoms in excited

states will still be fairly small since the excitation energies are usuzlly of the same

order of magnitude as the ionization energies.

[
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The Saha equation may be viewed a3 a special case of the "law of mass action" for
chemical reactions, which was established empirically (though without the above defini-
tion of K in terms of Planck's constant) before quantum theory. For example, itpre-
dicts that an increase in pressuve will drive the equilibrium in the direction that leads
to 2 smaller number of particles. Another interpretation, which will be useful in the
following sections, is based on the expression for the canonical partition functien,

Z = Jg(E) e'BB.which we now apply to a system comtaining a fixed number of atoms
that may have diffarent degrses of {onization Gepending on ihe pressure and tempera-
ture. As we showed above, the average energy of the system can be found by differ-
entisting log Z with respect to (-8). It can alsc be shown that the Helmholtz free
energy is F = -kT log Z which is consistent with the usual thermodynamic rela-
tions, F=E-T8; E = -Tz(-r:-f%)v 1 §=- %’I‘E)v . According to thermodynam-
ics, the Helmholtz free energy F is a minimum for equilibrium at constard volume
and temperature; by this is meant that if the system happens to be in any otate that is
not the equilibrium state, it will tend to go irreversibly toward the equilfbrium state
and in so doing it will decrease its free energy. The statistical mechanical interpre-
tation of this principle is the following: suppose we groun together the possible micro-
states of a system into a small finite number of macrostates, each of which can be
characterized by a certain average energy and entropy; we then write the partition
function in the form Z = Z“) + 2(2) + 2(3) +... Z(m); z‘” E] g(E‘) e-ﬂE; (we have
used an upper subscript in order net to risk confusfon with ZN » which means the
complete partition function for N particles). For the sake of concreteness, we may
think of each state as being defined by specifying the degree of fonization within cer-
tain small imits; thus 20 would include all the microstates for widy &e gystam

i8 less than 1% fonized, 2'?) includes those with fonization between 1% atks 2%, ctc.
Suppose that at a certain temperature and volume, the largest term in the sum is the
one for state {, namely Zm, then we can write

[ (0} S ¢ (m] ..
4g!_a.¢§.....:,3__.. g‘___':: RS/

Since by hypothesis Z( i Is larger than any of the others, each term except the first
in the brackets will be less than 1: since there are m terms in the sum, the factor in
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brackets must be less than m. Hence log 2 = logZ“)-&logs. where S is leas
than m. But since m is 2 smal} finite number (of the order of magnitude of a few
hundred or less) whereas the number of microstates is a very large number of order
of magnitude N!, we see that log 2!, which by Stirling's spproximation must be
of order N log N, wili be extremely large compared to log 8. Hence the value of
the free energy, F =-KkT log Z, will be entirely determined by the corresponding
value for that state which has the largest value of z'!). Although the free energy is
really defired only for the equilibrium system as an average over all states, 1t is use-
ful to imugine that each state has its own free energy, defined as F, = -kT log 2'!),
and that the thermodynamic properties of the system wiil be esseatially those of the
state for which Z{!) is largest, or equivalently, F, is smallest. In other words,
the canonical ensemble containe all states, including those that we would ordinarily
call non-equilibrium states, but we can {ind the equilibrium properties by averaging
over all states because the numerical vaiue of any thermodynamic property is almost
completely determined by the state that corresponds to equilibrium at the specified
volume and temperature. Thir is the justificstion for the standard procedure, in sta-
tistical mechanics, of replacing the sum over 2ll states by its largest torm:; it is
equivalent to selecting the state with lowest free ¢nergy.

In the particular case of sn fonised gas, the degree of jonization is simply determined
by balancing the energy and entropy in the equation F = E -TS. When T s low,
the entropy term T8 is negligible and one simply looks for ihe simie oi iowesi energy
which in general will be the system of neutral atoms, with all electrons i» the ground
siate. Since the entropy of state i is proportional to the logarithm of the number
of microstates in that state [8; - k log g(E;) if we asawiie ag above that

F, = -kT log 2(") and 2¢%) = g(E,) eF1], then &t ollows that states with alarger
number of independent particles will have larger entropy since they have more possible
configurations. Hence ss the tempersture incresses and the term T8 becomes more
important in the fres energy, states with more particles (1. e., fonized states) will be
favored. At very high temperatures the importance of the energy of each state witl be
negligible, and only the entropy will count; hence the system will become completely
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ionized in order to have the largest possible number of indepzndent particles and the
largest number of possible microstates.

It is clear from the above argument that as soon as one knows the free energy foreach
possaible stste of the system ss a function of temperature and volume, it is possible to
determine which will be the equilibrivcn state at 2 given temperature and volume by
looking for the lowest free emergy. In the case of an ideai gas mixture — in whicheach
electron is either bound in its lowest energy level, or free, and interactions between
particles are ignored —~ the process of minimizing the free energy leads to the Saha
equation for foaization equilibrium. In the more general case when these assumptions
are not permitted, the free energy method still can be used to find the equilibrium
compositiin of the system.

EFFIrCT OF PARTICLE IKTERACTIONS ON IONIZATION EQUILIBRIUM

The standard theory described in the previous section needs to be improved in two
fmportant respects before it can be used to calculate occupation numbers in a gas of
moderate densizy. First, a consistent way must be found to calculaie the populations
of excited elecironic states in atoms; and second, the efiects of particle intersctions
must be taken into account. One might thirk that, in view of the technica! difficulties
invoived in treaticg particle interactions in systems of medium density, it wouid be
better to po.2none the second correction and concentrate on the fir/i ze, in the hope
that jt would it least provide an appreximation vziid at low densities. Unfortunately
this does not secm to be possible, for {at lezst in the present state of the theory)
excited-state populations are closely iinked to particle interactions, and one cannot
get a repsonable resuit for the former quantities simply by ignoring the latter.

To illustrate the difficulty in its simplest form, consider the electronic statee of the
hydregen atom.  Accordieg to quartum mechanics, there are an infinite aumber of
energy eigenvalues, which mzy be divided into two categories: a discrete (s infinite)
set of bourd states En, B> 1t =, and 2 continuous set of free-particle states
with energies E(p). where the momentum p can have any value. The bound state
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energies are negative, and ars proportioesl to l/n2 80 that they pile up just below
zero; the unbound states have positive energies, and are roughly uniformly distributed
with respect to momentum except for small energies just above zero. The number of

states corresponding to each bound energy level is 2::2 .

If we applied the canonical ensemble method to calculate the number of atoms in
various states of nxcitation, we would {ind that all atoms are fonized at any finite
temperature, because the continuous infinity of unbound states is (according to the
mathematical definition of orders of infinity) of a higher order than the discrete infin-
ity of bound states. If we try to aveid this conclusion by arbitrarily excluding the
unbound states and ask for the relative probabilities of the bound levels, we find that

the probability that the atom i3 in iis ground state is essentially zero at any finite
temperature, because there are an infinite number of excit= i states. r way of

stating ihis is to say that the pertition function sum is divergent: Z = 2e 0+
'320/4 -ﬁEO/'S -ﬂEollc
8e +18e +32e + .. = o ; hence, the probability that the
atom is in its ground state is p=%(ze-pg°) = 0.
The explanation of this paradox is that the set of eigenvalues mentioned shove is rele-
vasnt only for a single hydrogen stom in infinite space, 30 that the possibility of statis-
tical equilibrium with other pecticles or a hezt bath at some temperature is excluded
in principle. As soon as one looks for energy eigenvaiues in a sligitly different
situation — where, for exampie, the atom is enclosed in a very large but finite box —-
be finds thzt there is caly a discrete set of free-particle states, not s continuum, and
only a finite number of bourd states. Of course when the box is very large compared
to siomic dimensions, the allowed energies for free-particle states become very
denzely distributed and almost cortinuous, and the lower energy levels are aimost
exactly the same as those for the atom in infinite space. If this were not go, the
experimental verificatica of quantuzn mechsnics by spectroscopy would be much more
difficult than it actually is! Nevertheless there is a significant difference between the
two cases, finite and infinite volume, and i2 is especially important fc— the higher
excited states. These are just the states that corvespond to charge distributions
spread out over the entire velume of the container: the existerce of bound states with



infinitesimsl binding energy is closely connected with the peculiar long-range churac-
ter of the Coulomb force law between charged particles. Any type of screening ofthis
force — as might be expected to occur, for example, in an {onized gas — is likely to
destroy this long-range claracter and thereby eliminate the loosely bound excited
states.

The central problem in calculating occupation numbers is to find a reasenable and
practical way of introducing the effects of particie interactions which will make the
partition functios. summed over bound states, converge to a finite quantity, hopefully
pBol much iarger than {he vaiue of the term corresponding to the ground state.

Many different methods for calcuiating this partition-function cutoff or lowering of the
fonization potential have been proposed (Refs. 13 through 25). We discuss here only
two of them, which have been selected as being most suitable for the particular prob-
lem studied under the comiract:

® The Debye-Htickel correc‘ion
¢ The ion-sphere model

The Debye-Hlickel correction is based on an approximate evalustion of the effects of
electrostatic interactions of charged particies in a plasma or electrolyte solution; it
has been extensively used in many other problems, and appears to be quite accurate
at low densities and high temperatures. As applied to this problem, it has the effect
of increasing the energy of interaction of an electron (charge-¢) and a nucleus (charge
e) by an amount Ep., = ze?/D where the Debye length D is defined as

-1/2
D = [(hrez/k’l' )2 (z? + zi)ni]
i

in an ionized gas consisting of n, fons of charge ze. Note that D will be large,
and E... small. whin the density iz low and the temneratura ia hi=h W Al di=c o5
the De;e-lmekel correction in more detail in the following subsection;: we remarkonly
that it corresponds to taking account of the screening effect in an ionized medium
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which is caused by the tendency for electrons to cluster around ions and thus reduce
the effective force exerted by that fon on ancther charged particle.

The (on-sphere model s the one actusily used to ebtain our occupation numnbers. In
this caicuilation the volume of the gas is divided into sub-volumes, called ion spheres.
Each ion gphere contains one {on and, on the average, sufficient free electrons to
render it neutral. A state J of the ion sphere is charzcterized by the number n, of
bound electrons in the fon sphere .

The probabilily Uit an o8 spbere Choscn at Tandom is io the state J isgivenby the
grand cancnical ensemble expression p, = exp (-~ SE;)/Q(K,8) where Q(u,5)
is the grand partition function. Note that the enseinble is grand with respect to the
frez electrons only, the numnber of fons being held fixed. Each ion sphere is treated
as if it were a separate thermodynemic system which does not exert any forces on the
other ion spheres, but can exchange energy and free elecirons with them. The energy
EJ is the sum of the bound-free interaction energy and the energy of the bow? elec-
trons moving in the field of the suclevs. Thus E; may ke written E; = Ey + An,

: where A is the bound-free interaction energy per bound clectron. The remainder of
the energy, Eg, is assumed to be the same ss that of an isolated fom in tk> same
state, and heace ie obtainable from speciroscopic deta. The values used were those

contzined in Moore's table (Ref. 11), supplemented by estimates of the missing values.

The value taken for A is (3/2)(5132/:) where i‘ is the average number of free
electrons per fon sphere and a ia the radius of the ion sphere. The details of the
method of arriving at this estimate of A have been described in Ref. 4; another
method for deriving it will be indicated in a follswing subsection. In general it may
be ssid that the model asgsumes uniform charge density and is bassd on approxi-
mations valid at high deasities.

Since the energy change in the fon-sphere model is simply proportional to the number

oi iree Giccirons, i has 1S sams offc? 2 2 chanme inm tha chaminal notenticl » for

thege electrozg in the grami canonical ensemble probability formula. Thus, one can
write the probability in the form pssap(-ugnj-ﬂﬂg)/Q(uB.ﬂ) where =+ A8 .

!
?
§
i
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This is aimost the same as the formula for the idesl gas, since the chemical potential
B is only a dummy varisble which is determined by the density, and calling it “p
does not have any significance. The only effect of the energy correction is to elimi-
nste all the bound stztes whose binding encrgy is less than A from the sum over
states in Q. This actually requires an iterative procediire, since A cannot be com-
pletely determined unsil the fon-sphere radius, and hence the density, is known; and
the density in turn is not known until one has started with a trial value of u ard calcu-
lated the partition function by summine over ststes. However, In practice the conver-
gence of the iteration is quite fast, so the methed is practical.

INTERACTIONS AT LOW DENSITIES; JUSTIFICATION OF THE DEBYE-HUCKEL
CORRECTION

In a gss at very low density, the fonization potential lu that occurs in the Saha egua-
tion is essentially the work that must be done on an electron to remove it to an infinite
distance from fits bound orbit around a nucleus. In an fonized gas at moderzte
density, however, the electron is not really being removed to infinity, but only to a
distance that is farther from the nucleus than half the average distance between jons
in the gas; and its potential energy, when it is free, is not zero as in the previous
case, but finite, because it is still being attracted by all the ivns in the gas, and
repelled by all the electrons. These forees do not balance out to zero, even though
there may be an equal amount of positive and negative charge, because the electronis
more oflen found near an ion than near another electron. Hence the work required to
remove the electron from the atom is reduced, and the fonizatica potential is iowered.
The actual amount of lowering can be calculated in various ways, leading to different
results.and as yet there is no estahlished experimental method that can dafinitely
determine which result is correct. The two methods mentioned previously — Debye-
Huckel correction and ion-sphere raodel — are based on two diiferent views of

the interaction of free electrons with ions. The first assuines that the distri-
bution of charge around any given charge is determired by the classical Boltzmarn
distribution: the positions of both jons and electrons are rundom, aside from the prei-
erentini weignting of coniiguratiens in which pesitive charges are surrounded by nega-
tive, and conversely. The second method is based on the assumption that the fonsare
fixed in a regular arrangement in space, and that the electrons in the naighborhood of
each ion have a uniform distribution within a sphere, interacting with each other but
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not with other electrone or fons. This model i3 more appropriate to a high-density
system, in which the net charge in each sphere averages to zero and fluctustions can
be ignored. The actual expression for the energy used in the ion-sphere model can
also be derived from quantum mechanics (Ref. 8).

The starting-point for the derivation of the Debye-Hickel correction may be taken to
be Poisson’s equation for the electrostatic pctential,

v% = -4ze(ztz‘n‘-ne)

/

where n, is the electron density,* and n, is the density of iona of charge z,. It is
assumed that these densities are determined by the electrostatic potential energy ¢
according to the classical Botzmann distribution, n(r) = n‘(o)ap(—zieé/k’l‘)

and a similar equation for B, (=) and ne(-o) are the ion and electron densitics
at infinite distance from some charge considered fixed at the center; they :nay also be
taken to be the average densitics in the system when no charge is considered fixed.
The combinstion of Poisson's equation with the Boltzmann formula for the chargedensi-
ties is called the Poisson-Boltzmann eqeetion. It should be emphasized that it is not
an exact equation, because it is derived from two principles that are valid wader dif-
ferent conditions. The Peisson equation applies to 2 static distribution of charges,
whereas the Boltzmann distribution represents the most probable distribution when an
average is taken over all micrsatates in thermal equilibrium at a temperature 7.

Any one cf these microstate distributions, if it were frozen to zero temperature, would
satisiy Poisson’s equation; but in reality there are rapid fluctustions from cee micro-
state to arother in the canonical ensemble, apd the Peisson-Boltzmann equation leaves
out the effects of these fluctuations. Nevertheless, when treated in the spproximsie
way employed by Debye and Hilckel, it happens to give the correct limiting law for the
thermodynamic propertiea at low densities and high temperstures. Debye and Hilckel
replaced t-e exponential terms om the right-hand side of the equation by the first two
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*Her 1d cisewheore in this sectivra, density means number of particles in unft volume,
not v 188 in unit volume.
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term, which is independent of ¢, is just the total net charge density, which is
assumed to be zero; hence the right-kand side of the equation is just proportional to

¢ in this approximation, and the differential equation can easily be soclved. The solu-
tion which satisfies the correct boundsry conditions for an lon of charge ez, fixed at
the originis ¢ = (ez;) lexp (-r/D)/r) where D is the Debye length definedabove.
Thus the effective potential acting on the other electrons and fons looks like a Coulomb
patential, ezi/r. for small distances, but has a sereening factor exp (-¢/D) which
makes {2 go rapidly to zero at large distances.

\Vhen the Debye-HUckel theory is used to calculate the energy and free energy for an
ionic system, it is found that there is a negative term proportionat to (e2/D) foreach
charged particle. This term czr be incorporated into the Saha equation, where it has
the effect of 2 lowering of the ionization potertial; likewise it can be used in the occu-
petion number formula, where it has the effect of raising the energy of each bound
state and thus bringing it closer to the continuum of unbound states (Refs. 13 and 26
through 28). It should be noted, however, that the correction has no effect on the
relative cccupetion numbers of two low-lying bound stater, although it would eliminate
entirely some of the upper a#tates by "pushing them into the continsum” of free states.

The effect of the Debye-Hlickel correction can also be understood directly from the

viewpoint of free energy discussed in the last section. When the Debye-Htckel cor-
rection is iktroduced, it lowers the free energy of the more strongly-ionized states
and shifts the equilibrium in the direction of incressed ionization.

As mentioned gbove, the original derivation of the Debye-Hiicke) correciion from the
Poisson-Boltzmann equation may not be entirely reliable because the effects of fluctu-
ations kave been ignored; moreover, it appears that the expansion of the exponentials
and consequent dropping of higher powers of ¢/kT would lead to serious errors at
low temperatures. Indeed, at any temperature the rat’o of ¢ o kT would be quite
large for small values of r, and one could only kope that such values of r wouldnot
contribute very much to the integrals over configurations that must be performed in
order to compute thermedynamic properties.

30



o 4 LA 2l PR ot e - |

VR e R o el Gecommagie

|
t

;

During the last 15 years there have been several attempts® to justif he Debye-Hilckel
theory on the basis of statistical mechanical principles, and to estimate its accuracy
at higher densities cod lower temperatures (Refs. 30 through 65). In work performed

~ under the predecessor to this contract, Siegert has studied this guestion for the pur-

pose of establishing a firm basis for the compitation of occupation numbers in an
fonized gas (Ref. 6). He considers the gas ss a system of ions, neutral stoms, and
electrons; the quantum states of the {ons and neutral atcms are considered as known,
either from experiment or from approximste theoretical calculations. Only those
excited states are included for which the mesn radius of the charge distribution does

0GR ExXcEed & speciiied value. The resulis of the caloulations turn out to he Indenend-

ent of the choice of this value within ressonable limits. Electrons sre counted 28
frec if they are not inciuded in the ions; this does not of course imply that the interac-
tions between electrons, and between ions and electrons, are negiected. The free
electrons are treated ciassically; this requires that the thermal wavelength

A = b/(2smkT)"/2 15 small compared with the mean distance between electrons and
the mean distance between electroas and ionn, and thereby imposes a temperature-
dependent upper limit on the density for which the calculations are applicable.

The forces between the charged particles are approximated by modified Coulomb
potesiisls, (1-e %T)/r, where a1 is 2 length parameter of order 1078 cm.
Unilike the screened poteatiai that results from solving the Poisson-Bokzmann equs-
tion, this is a potential that behaves like 2 Coulomb potential at large distances, but
remains finite at the origin; it is not derived from anything else, but is taken as part
of the definition of the model. The introduction of the cut-off serves two purposes:
(1) the classical partition function for a system of charged particles with pure
Coulomb interaction is infinite, if charges of both signs are present, since theve is a
possible configuration with infinite negative energy — positive and negative charges
at the game point — which mekes the Boltzmann factor infinite. Yet if the calculation

*There have been two principal lines of development. The first starts from the
T P AMaswsw Daf qg}gg%mmnln@:mlw
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for the pressure, whiie apparently divergent {or Coulombd interactione, can be
rezrranged s0 23 to eliminaic infinite terms and give the Debye-Hlckel correction
as a first approximalion. The second approsch is based on N. N. Bogolivhov's
method for describing statistical equilibrium by mesns of an infiziie set of digtribu-
tion functions, originally published in 1846 (Ref. 38).
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is carried through with a finite value of a, it is found that the free energy becomes
independent of @ at low densities, and a can be taken 2s small as one wishes.

(2) The calculation with this cv*-off indicates to what extent the actual deviations of the
interparticle forces from the Coulomb law, such as short-range repulsive or attrac-
tive forces depending on atomic structure, affect the results. It turns out that short-
range forces can be ignored in the low-density ionized gas. The reason is that the
energy per particie due to long-range Coulomb forces is proportional to the square
root of the density of charged particles — as mentionad above, it is proporticas! ¢o
ezlb. and D is inversely proportional to the density — whereas the energy due to
short-range forces is, at low densities, just proportional to the density since it e
proportional to the number of collisions experienced by a particle. Hence the ratio of
the cnergy of skort-range forces to that of long-range forces is proportional to the

square reot of density, and must go to zero as the denzity goes to zero.

Siegert (Ref. S) has shown that the results previously established for the free energy

of fonized systems can be directly applied to yield a formula for occupation numbers.

He hes also examined the validity of the Debye-Hiickel approximation by expressing

the canonical ensemble partition function in terms of collective coordinates, and

applying the central limit theorem of probability theory. The resull is that the Debye-
Hickel correction is valid provided that the condition{ (6)1/3/(22)°/3 11(v/M)/3/D} «<1
is satisfied, where N is the number of charged particles in volume V. This is a

more quantitative way of stating the condition that the geometric mean distance between

particles must be small compared with the Debye length D.

In Appendix A (3ec. A. 1), DeWitt has generalized Siegert's theory of occupation num-
bers by using the grand canonical enssmble. There are at least two reasons why this
generalizsation is usefsl. First, by using the grand canonical ensemble it is easy to
include quamtuis-mschanical eleciven degeneracy effects. Second, resuits for the
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Since we will also need the quantum-mechanical expression f{or the electron distribu-
tion function when we discuss the basis for the ion-sphere model, it seems worthwhile
to review its derivation at this point.

Assume we have a grand cancnical ensemble of systems of electrons, characterizedby
a temperature T and a chemical potential u. Each electron may kave one of an infi-
nite number of possible energies, which we call Eo . El . 32: .-.. {this is a discrete,

not a continuons, gt of numhers). No two elsctrons may have the came snergy;* hut
astde from this "exclusion effect"” there is no interaction between the electrons. The
number of electrons that have energy Ek will be called n and by our hypothesis,
n = 0 or 1. The total energy of any particular microstate of n electrons is then
E = not-:o+ nlEI +...i D =ngtn tn, b The probability of this microstate
is assumed to be given by the expression quoted for classical systems in the second
subsection, provided that none of the n, is greater than 1, but is ctherwise zero:
P(Bg.0y,... ) = Ce ™ PE iere C is a constant to be determined by summing
this expression over all values of all the n . and setting thesum equal to 1. As
usual, the chemical potential u is to be chosen 80 as (o make the average value of

n come out equal to the degired vaiue.

We new ask, what is the probability that there are n electrons with energy Ek .
regardless of the number of electrons with other energies? Thie probability is fourd

simply by summing the above expression for p over sll energies except Ek:

? -m-B(noi'-;od»nlB 1+. .
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T hib GBGEnAIUE ib imspsc Only U llIusIIare Lhe meibia U1 Gerivaiion, Be case wihen the
maximum number of electrons with a givern: eaergy is a small finite number can be
treated in a similar moanner.




where the prime on the upper sum mezns that al’-valves of all n's gxcept n, areto
be summed over, whereas in the lower sum all values of all n’s gre included. It is
casily seen that the primed sum is also a factor in the unprimed sum and thus cancels
o, so that we get

Pln,) = exp [-(u+ ﬂﬁkhkl/z exp [-(n + E, Jny |
%

Smce%lnpetmmedta’f.avemlymevalmom 1, this reduces to

Pin ) = exp [(p + BE ) }/1 + exp (g + BE, )] . The average value of n, can
now be calculated: it is

B, =20, Pln, ) = 6P(0)+ 1P(1) = exp [-(u+BE )] /{1 +exp [-(u+BE]} = 1/[1+exp(u+BEy )]
Dy,

Thke shove derivation was based on the assumjtion that no two electzrons may have
exactly the same energy. If instead itis possible for as many as 5 elecironstohave
the same eneray, the same argument still applics andthe resulifor ﬁk is simply muiti-
plied by & (for example, gkzz if the electrons can have spizns up or down). Inorder
Muwthugmenlfommaforﬁkumnecesnrymmmxmealhmdmmes
Ekare.andthentoenlmthemmrallmicmwesmordermﬂndtbemhﬁon
between p and the density. It is usually necessary to spproximate the sum by aninte-
gral for this purpose. It can be shown by solving the Schridinger eguation thatthe
number of states of s free electron withowt spinin 2 container with volume V, corrus-
ponding to energies between E, and E,_+dE, , is (4v/bd)m/2ME,_ dE, . Thus wecan
calculste approximately the average value of any quantity thet depends on the energies
of the electrons, F(E), by using an integral of the form

UE) = (arvdmvim | HEEY2gp
6 L+exp(p+pPE)



In particular, the total number of electrons in all states is found by setting {E) - 1:

i 1/2
- 3 E™“dE
n = (4sv/h )m’%[l¢exp(u+ﬂﬁ)’
0
We can regard this as an eguaticon giving u 23 a function ¢f n, even though there is
no simple sclution of the equation except for the special case of zero temperature;
usually we have to find g by mmmerical calcuiation or by expansion in power series.

For calcuigtions with thy uantum-mechanical electron gas it is coavenient to define
the set of functions

(dz)z™
I{@) = {/I(m + ”}] 1+expi{z - &)
0

These are standard functicas that heve been extensively studied and tzbulated; however,
the notation and definitions vary somewhat with different authors.

We now return to DeWitt's theory of occupaticn numbers which takes account of quan-
tum effects as well as interactions between charged particles.

To illuctrste s few points thst will come up in the trestment of & multicomponent
fonized gas, we firss look at the electron gas in a continucus backgromw! of pesitive
charge. The background {s needed to ensure electrical neetrality of the system Mg
does not play any other vole in the eslculation. The gram partition function is

Q- Eexp(ux-as).
N.E

We define the thermodynamic potential @ by the relation @ = em it caz heghown
that . is equal to the product of pressure and volume for the system, where the



pressure is expressed as a fu .ction of the cha afeal potential 4. The average erergy
and average sumber of particles may be found by differentiating A0 with respect to 8
and u, respectively:

E = - . ZEexp(pN - SBE)
ag Z exp (uN - BE)
N - AfR) _ ENexp(pN-GE)

3 Zexp(pN-BE)

For the electrun ges with interactions, we may write the thermcsdy . aie potential as

a8

e T A ; * gp‘;im
where
3 N
t = —a ANy ()
2 2 ey 72 V2RO

The first term represents the value for the ideal quantum gas without interactions, and
the second term (28 yef undetermined) represents the effect of interac.lons. Similarly
we may wi'ta the chemical potentinl as the sum ot its ideal-gas ~slue and a correction
term for ‘mteractions, p = By * Su. We now substitute this into the above expression
for R and male a Tay.or expansgion in powers of du, dropping terms involving sec-
ond or higher .~ rsof 4u. I isthea found that, when the interactions can be
treated as a small perturbation, the shift in chemical potential is

B, )
ép = -—*g—g— .

Claasicak Coulomb-Axteraction 2ffects in the electron.gas are functions of the dimen-
sionless parameter A = B&Z/D = 2/:” 2e3ﬂ3 /zﬁ/’i . In the grand partition function
the corresponding quentity is A,eé“'z because everywhere N appears it should be

replaced by ﬁ@@ . The Heimholiz free energy for the classical electron gas is
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- N 11
gF = Nl(uo 1) - [ (log3A+?C G)H
+ (terms of higher order in A) (C = constant).

The Debye-Htckel correction appears as the term -'ﬁ'% in this expression. For this

case the correction to the thermodynamic potential is found to -

2(log3A+2C-—)

Su = - % -
For the more realistic case of a multicomponent ionized gas the same amalysis can be
carried through for the ion-ion and electron-electron interactions, but for the attrac-
tive ion-eieciron inieractions one has {0 siart out with some kind of shori-range cut-
off, ar else include quantum effects, in order to exclude configurations with ions
sitting on top of electrons. Which approach is chosen will depend on the axtent of
theoretical progress in evaluating the quantum effucts at the time the numerica! calcu-
lation is actnally undertaken; it is expected that a good guantitative estimate of the
quantum-mechanical free energy for electron interactions will be obtained fairly soou.
The following treatmert is general enough to permit the use of any exact or approxi-
mate expression for these interactions which may be available.

We consider a gas composed of Ni nuclet of charge Z and ZN‘ electrons. At low -
erough temperatures the gas will consist merely of N‘ neutral atoms; at very high
temperatures it will be completely ionized. At intermediate temperatures every
fonic mpecies is poessible; we characterize a state of the system by the number of free
electrons, n,. and the number of ions of charge z,nz(z= 0 to Z). The quantum
numbers for the internal energy states of an ion of chasge z will be denoted collec-
tively as J : the number of such ions in state J will be called an , and the
energy levels will be denoted e(z J, .0, An }) These levelsarefmctiom of the
numbers of various kinds of charges bemse the energy levels of the fon in a vacam
{demaedby eo(z,Jz)! will be shifted upward due to screening by other chorges in
the plasma. If one assumes that the least-bound electron oa an ion of charge z
moves in a Coulomb field corresponding to a - entral chargy z + 1 (nucleus ard core
oi bound evrcirony}, bui with ihis Coulomb iieid screened according o the Debye-
Hitckel theory, so that the effeciive potential is -(z + lnez/r)exp(orm). thenthe

3%



energy levels will be: e(:.Jz.ne,{nz}) = eo(z.Jz)‘-(zH- 1)e /D-lﬁéos(.lz WDy e })
where the vacuum levels will be hydrogenic, the second term is a constant energy shift
upward for all levels, and the third term will be, in lowest approximation, the differ-
ence between the Debye screened potential and the original Coulomb potential, aver-
aged over the charge distribction of Jz. R is assumed here that tl.e energy of ine
level is measured from the vacuum continuum limit. Actually, hovever, the con-
tinuam limit for electrons is effectively jowered by the amount - e>/D. Thus
bound levels above this lowered coatinruum limit find themselves no longer bound.
Th= number of states {0 be countad as bound is determined by the condition that:
€(z.3,.n,,{n}) + e?/b <o,

As Siegert (Ref. 6) showed, the probability of a state with n, free electrons and the
set {nz J} of occupation numbers for the ions i3

( oy )u, E( *nv*g“‘!
- 1:2 3 - ] ,—
) - * A/ 'z g J

P(ne.{nz.sz n
J
xexp[ BF y - ﬂz h,e(z. a,.{n }) u:bzéi)/\’!
z, J
where A, = h/(zm k’l‘)u2 A= h/(mnl:’l‘)u2 = spin of ion with charp- 2.

The term Fint iathecxpmtul nmcwmbfmmmc!sﬁxomcmwmmi@nuf

free electrons and iocs, which is juct the Debye-HUckel correctinag if the density &
sufficietly low,

n

, 2 e 1 Y
BF, = -g(n yzn )-—- - S
int I\ e 2] D 3”“@:\\

The last term in the exponertial ie the effect of short-range furcwan, wirdsgun Iire i
the second-virial-coefficient aporaximation.
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This resuit could be improvzd by wreating the ions as extended structures rathier than
as points, perhaps by describing the bound elscirons with some kind of form factor.
Also, it could include the electrogtatic free energy terms of order A% mentioned
above, (Refs. 32, 34, 37, and 40) which can be generzalized to multicomponent sys-
teras aithough a cutoff is required for the ion-electron interactions. A consistent
quantum-mechanica: treatment of these interactions would have to include both bound
and scattering states sf the electron, so that the separation of the total energy into
distinct contributions from free and bound electrons which is implied by the above
formula may not be exactly correct.

From this expression for p, we wish to find ihe mosi probabie siaie, subject to the
condition of electzical neutrality, n, = Zmz. This can be done with a slight modi-
fication of the grand canonical ensemble method, or equivalently by the method of
Lagrarge multipliers. We introduce two multipliers, @, and a,, and determine
the state for which the quantity L = logp+ai‘2nz+ae(ne— Emz) is stationary.
The result is that the average occupation numbers are

a/z, opF
- _ 2r int - o€
Be ~ 23 exp lae T om, 32 nz,Jz an_
e i v z,Jz

int
z.d, 23 an_ - B‘(Z'Jz'ne'{nz})

(25, + 1)/ %y 29F
exp (al - zae)-
14

~BJZ°3. ; %‘z— SEEW ’bz(ﬁ’%]

2 .
The equatioa for ﬁz’ j, Comains two terms not presers in Siegert’s espression,
namely that cmminiag“-&-zf . which takes into account the possible deazity depend-
ence of the energy levels, and the ‘erm involving the second virial coefficient b (8)
for inferaction between neutral stoms (nots that the Kronecker symbol 6, is 1 if

z =0 and O otherwive). The equations are nst explicit expresaions for the
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occupeticon numbers, since the occupation numbers themselves sppear in the exponents
on the righi-hand sides, and alzo since the chemical potentials a, and o_ have not
yet been determined a2 functions of density. Thie determination requires summation
over all occupstion n.nbers for different states of each ion: but the number of states
to be included in the .sm will in turn depend on the amount of lowering of the ioniza-
tion potentis] and hence on the composition of the system. Just as in the iwm-gpksse
model, an iterative procedure is needed. One possil:i» scheme, which ks« rot yes
been tried out in practice, is to use the following expression fvr the average isnic
charge Z

,zﬁz §z§ nz,Jz

and express @, in terms of the chemics! notential in the absence of interzeiichs,
@5, and the corrections for interactions:

o8F
_ in - 3¢
e = %0 * “on +ﬂ§: B3
e z e
z,J
)
where
3
. : h('iNi/V)
a = logt, = log .
0 e 25/ 2 2miT )32

One can guess a value for Z, then compute @0 and a, and substitute these values
into the equation for n, 3y to determine a new value of Z, continuing until conver-
gence is attained.

Quanrtum effects for the electrons caa be irzlwded in this scheme, using the grand
canonical ensembie; the thermodynamic potentizl is

L,(a) K
- _= 2/2 e . i . _ 2,
BN = logQ = n, ge + gi Z(mz 1)42::.:;:»50:i - zae mz’ + Bg!.gi © gg@zf\l
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where fz is defined in terms of the partition function for an fon of charge ::

e-sz i 2 e-ﬂe(z..lz,ne,{nz}).

Jz
An equatics for ¥, generalizing the one given above for the classical case, has also
been obtained; it can he solved by a similar iterative procedure to get cocupation num-
bers, vslid at high densities, if nm is known.

Ancther cffect which should be included is the shift of bound-state energy levels due to
screening of the interaction between the nucleus and the orbital electroa by other
charged particles in the system. The magnitude of this effect can be estimaied by the
following segument (Appendix A): assume that we heve decided how many levels are
to go into the calculation of fz, either by taking the last one under the lowered con-
tinmmn, or perhaps the lzst distinct line before broadening merges the remaining
upper levels. Suppese fuzidev that we can calculate these levels by solving the
Schridinger squation with ¢e soreened Debye poiential, (z+l){e2/r)e'rln. Sup-
pose further that (e resuiting energy levels may be written 2s an expansion inpowers
of (2,/2)/(z + 1} since the Bokir radivs for the core charge z+ 1 is ag/lz +1):

1) ezan 8232
c%d,,0,.{n}) = -Q"Egl'%émﬂzﬂ)(ez/m-al z2,d 2 t% .3 —5‘24»
) »“% D bt B )
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The terms {n the chzmical-potential shifts depending on the energy levels can be esti-
masated, and we carn conclude that at low densities for which ao«l), only the first

term of the eneryy shift should be sufficient to give an accurate result:

z-1 2
ﬁni‘l*zﬂn ftgzéé(z+l)znz+znezgz+l)/2.
z 8nz ez'=0 ane 2D Z‘z"z + n,

It appears that this result could be of tne same order as the shift obtained from the

Debye-Hucke! free energy. This effect will have to be investigated before extensive |
calculations with the electrostatic free-energy corrections are undertaken. A study

of this effect in hydrogen has been carried out from another dirzction (under the

present contract). This has been reported in the open literzture (Ref. 66) and, hence,

will not be discussed k=re.

INTERACTIONE AT HIGH DENSITIES; DISCUSSION OF ION-SPHERE MODEL i

According to the theory of ionizatica-potential lowering by electron interactions — .
which we may call "pressure ionization® for brevity — elecirostatic effects tend to -
encourage ionization at low Gensities and high temperatures. Since these elecirosiatic

effects increase with density, it is conceivable that at some point they could cutweigh

the usual effect of pressure, which is to suppress ionization. Thus we might cheerve

that the degree of ionization first decreases with pressure (as the Saha equation pre-

dicts), then reaches a minimum and starts to increase with preszare. This is indeed

what would hsppen if the Debye-Hiickel correction were applicable in its usual form

at high pressures, and one would thus have "pressure ionization" due to a purely

classical electrostatic effect, even if no account were taken of quantum effects or

shifis of eiectron’c energy levels (Refs. 26, 67, and 68). Actuaily this cannot happen

in general, for the Debye-Hlckel theory does pot give an accurate estimate of the

classical electrostatic effects at higher densities, as can be s2en from the fact that it

predicts that the total pressure of an fonic mixiere at fixed composition will become )
negative at high densities. When the Debye-Hickel theory is corrected by using the i
reaults of rexsst sintistics! mecharicel theories (Refs. 30 through €5), together with vt
a ghort-vange awofl oun e Couloind potential, the difficulty of negative pressure ia
avoided, and §§ s Swend that wxoept in rather special cases the predicied minimum in
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the ionizstion vs. pressure curve occurs at a pressure so high that the theory is prob-
ably not valid (Ref. 69). Unfortunately most of the theoretical treatments of the classi-
cal ionized gas are based on power series expansions starting from the low-density
high-temperature limit, and csnnot be expected to give reliable resuits at high densi-
ties and low temperatures; moreover, it is just in the latter region that quantum effects
cannot be ignored. We must therefore leave open the question of the behavior of the
hypottetical clazsiczl ionized gas at high densities, and turn to another model which is
more realistic though harder to treat in a systematic theoretical way.

It seems (o be fairly well established, by 2 combination of theoretical and experimental
studies, that all matter will be completely ionized at sufficiently high densities; and
that even at moderate densities and temperatures the effect of interactions of neighbor-
ing particles on an atom will be to * _n out the details of electronic structure that are
responsible for the characteristic "chemical” differences between atoms with different
nuclear charges. For this reason, it is frequently useful to treat the electrons in an
atom as if they formed an "ideal quantum gas" in which irteractions are ignored except
for the assumptior: that the density at each point is determined by the electroststic
potential at that noimt. This is the well-kzown Thomas-Fermi model of the atom. It
i= somewhst similar to the Debye-Hiickel theory, in that it starts by assuming that the
electrostatic potential is determined by Poisson's ¢quation,

vzé = -QR(zz‘n‘ - ne)
i

where n, is the electron density, and B, is the oumber density of ions of charge 2.
But now, instead of assuming that both n, ard B, are related to ¢ by the Boltzmann
formula of classical statistical mechanics, we use the Boltzmann formula only for the
ions, and irsert the approgriate guintum-mechanical expression ior the electrondensity,

n -t: = Ei”t?!&(r) a!,‘?: ~ T
et ! e L kT | KA




where

©

1/2
= t7 " d
Fn) = I 1+exp(t-n)
0

The degeneracy parameter, a, is determined by the equation
n (=) = (2(2mkT )22 (2F(-a 7).

For the region of moderately high densities, with which we are concerned, a is
always positive and apprecisbly larger than 1, and we can use tke approximation
SF(-aWWr = e« 1. Essentially this means we are assuming that the free elec-
troas are nondegenerate, i.e., quantum effects are small for them. Close to the
nucleus, where e¢ > okT, there is 2 region of degenerate bound electrons, the fon
core.

Following Stewart and Pyatt (Ref. 8), we can write the Thomas-Fermi equation for
the ionized gas in the form

_g_«f_( y = _L_[Fg!-az_ (ze™®)

x ., 2 2¢*+1| F(-a) (2>
where y = e¢/kT, x = r/D, and D is the Debye length; the symbol « > means
Jn average over ionic species using the density ”i("’)' and z* = (22) /«z). The
total electrostatic potential & is thon separated into two parts, the potential die to
a nucleus considered fixed at the origin, and a perturbing potential produced by frec
electrons and neighboring ions. The perturbing potential O¢ satisfies a similar
=quation in which only the free-electron and ion densities appear (Ref. 8):

wr = 1 _[Fly-a.v) _-zov]
g 3'4'11 F("a) < j

P

188
X dx
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where

d
M2 g .
i+exp(t+a-y)

= eéi/k’r; Fly - a,y) =

For large values of x, where y « 1/z*, the equation for y reduces to the Poisson-
Boltzmann equstion, whick has the usual Debye-Hickel solution y = =e™™ . In this
region the charge densities of ions and electrons nearly cancel and most of the elec-
trons are free. For smaller values of x, if z* >» 1, there is a region where

1/2* «y <« ', and the density of the ions and that of the bound elecirons are small
compared with that of the free electrons, the latter being approximately cosstant and
exal to its asymptotic value ne(-e). In this region the equation for y is approxi-

raately (Ref. 8)

2
1d 1
;;—é(xy) T+l

which has the solution y =%+B+afz—;x%-ﬁ where A and B are coastants. For

even smaller values of x, most of the electrons are bound, and the soiutions are
those of the usual Thomas-Fermi theory. If we ignore this inner region and construct
an approximate solution ior the two cuter regions, having the form

.

e X for x> x

X
+B+6(z‘+l) for x < x

«@
]

%> =IO
[ &)

1

requiring that y and dy/dx be continuous at X5,
relatedhythceqmionmel 8) -2(z*+1)B+1=(3{z*+1)A+1)

L. w Lo aen lawn ol Abccmn = Yie bl m‘l.!a—
[ % id lw-m.b Eis = Ak Wk swe Wa Tiie P & Ny ST T

we find that the constants must be
2/3 . Now define

4ma _ _ 2z .
3 n (=)
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It is then found that when the ratio -ﬁ- issmall(lowdensity. high temperature) the
relation between the constants reduces to A = -B = ze>/DKT and the electrostatic
Whlhthesameasthe&abyepotaﬂal when -- is large, A is also large, but
-B refucestc -B = 3ze /2:."’1‘ whichlseqmvalenttothe result of the fon-sphere
theory. Thus the Stewart-Pyatt theory provides a justification for the ion-sphere
mandel by deriving it as an apnroximate solution of the Thomas-Fermi model, valid at
moderately high densities and low temperatures, and at the same time showing how
the same basic model can lead to the Debye-Hiickel correction at low densities and

high temperatures.

The Thomas-Fermi model itself is of course only an approximation which is inaccu-
rate except at very high densities. In recent years there has been a large amount of
research on the quantum-mechsnical electron gas (Refs. 70 through 76), as well as
some attempts to deduce the Thomas-Fzrmi model as the first approximation in a
systematic power series expansion starting from the high-density limit (Refs. 77 and
78). Since it is expected that this rcsearch will eventually lezd to results that will
be useful in calculating occupation numbers of ionized gases at high densities, we
shall summaurize here wiat is now known about the free energy of 2 multicomponent
piasma. See Appendix A (Sec. A.2)for the details. These remarks apply mairnly to
the case of high temperatures, where the Debye-Hlickel term with quantum-mechanical
ndiffraction" corrections is the domirant Coulomd interaction contribution, and ispro-
porticnal to the square root of the density. We shail discuss the next term wucr this,
which gives a contribution to the free energy proportional to p logp.

For simplicity we beegin with a discussior of a one-compoaent plasma, the electron
gss in 8 eontinuous positive background which is included only to ensure electrical
neutratity. The state of such a piasma can be described in terms of three fundzmen-
tal length parameters:

2

3‘; - l’n - Alﬂ.m nf nlm-l W%
K - ﬁ/(zmk’r 12 _ thermal DeBroglie wavelength
D = (6@3@ 9) 1/2 = Debye screening length
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The three possible ratios of these lengths give the dimensionless parameters which
are useful for writing down formulae for the trese energy, namely:

l/2e3 3/2p1/2

8

/%wpn/zm

Classical plasma parameter, \ : L/D - 2z

Quantum diffraction perameter, y = X/D - (2’:)l -1/2

Wigner-Kirkwood expansion parameter, n = A/L - y/A - 27 /2 -24-1/2 -172

At high temperatures the three lengths may be ordered in the sequence L - X .- D
and hence the dimensionless parameters satisiy the relations & <% <i, n - 1.
This is the limit in which we wisk to give a correct result for the free energy of the
muiticomponent system. "High temperature"” here means that kT is greater than

1 rydberg: when this is true, the therma! wavelength is greater than the distance of
closest approach, and consequently quantum-mechanical diffraction effects must have
some residuzl importance.

it 1x possible to evaluste the free cnergy of a low-density classical electron gas

(i = 0) {ollowing Meeron, Friedman, and Abe (Refs. 32, 34, and 37). Also, by
using the Wigner-Kirkwood expansion (Refs. 79 and 80) one may estimnate first-order
quanturn corrections due tc the uncertainty principle (i. e., "diffraction" effects but
not "statistics” effects). For the Coulomb potential the Wigner-Kirkwood expansion
parameter is n as defined above. This parameter becomes large at high tempera-
tures, and consequently the Wigner-Kirkwood expansion for the Coulomb poiential can
only be valid in the low temperature limit (5 < 1). This situation is to be contrasted
with the application of the Wigner-Kirkwood expansion to ordinary non-ideal gases
with short-range itermoiecular forces (for example, a Lennard-Jones interaction)
where the expansion parameter becomes small at high temperatures. The Wigner-
Kirkwood expansion for various force laws has been discussed by DeWitt (Ref. 81):

the result for the electron-gas free energy at low temperature- is g(F - Fo )/N

2 2
-%-%2- (logﬂ+conltmt)...+:\z!£n2) where f(nz) = -%+%+g§ .- and
A

F, is the ideal-gas free energy. g Recall that 3 s the Debve-Huckel term.) For
this result to be valid, the fundamental length parameters must be ordered 3s follows.

X < L < D and the dimensionless parameters as y<\ < 1, 5 < 1 (kT < 1 rydberg).
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One might ask whether this limit makes any sense, since for reza! electrons the effect
of Fermi statistics as well as diffraction must be considered at low temperatures. The
answer is that the effects of statistics are important, but it is more convenient to treat
them separately by a different method; for the purposes of the present discussion we
shall exclude them (somewhat artificially) by the device of giving the electrons a large
spin s. The gas remains nondegenerate, and has a nearly Maxwellian velocity dis-

tribution, as longas ¢ = LA « 1. The gas is partially degenerate when ¢ ~ 1,
and very degenerate when ¢ > 1.

The function f( nz) represents the sum of the entire Wigner-Kirkwood series, of
which only the first three terms have been calculated. Although it would be very dif-
ficult to calculate any further terms in this series, it is possible to obtain the asymp-
totic value of f( nz) for large 7, which is what we need for the high-temperature case
(Ref. 82):

2 7172 1

The high-temperature free energy is then

A 351/2 A%
B(F - Fo)/N = -3(1 -—;772—-y+... -—ﬁ(logy+ constant) +...

for L < X« D, i.e., A <y<1 and nn > 1. It should be noted that the ""constant"
in this equation has not yet been calculated.

The exchange corrections in the high-temperature limit have the form

1 (12 Mioge

2s+1]27 2572

YA + (constant)l\2 +...}.

The constant in this equation is different from the previous one but is likewise not yet

known

48




LaMe e # v 8

A S S S IR Lot b Mt [ B s s

We may now write the result for the free energy of the multicomponent plasma at high
temperatures, using the above-mentioned results. In a two-component plasma there
is an additional parameter, the electron-ion mass ratio me/mi. There will now be
three de Broglie wavelengths, corresponding to electron-electron, electron-ion, and
ion-ion interactions. In real plasma the ion mass is at least 1836 times the electron
mass. and this fact has an important effect on the logarithmic term in the free
energy. In the temperature region defined by 1 rydberg < kT < (mi/me) rydbergs,
the lengths of the two component system are arranged in the order xii < L« xe e

R xei « D, where
m m,
= T T e — ¢
Xy = B/(2ukT), p o m)
e i
The result for the free energy is then
2 X X . 2
= A _ A2 _ee _,.3 21 6.2 ge_
B(F - FO)/N = -3- 1 fe log 4 2zifefi log 5 * zifi log =5

where fe = pe/p, f, = pi/p, P =pg+p;; 2z, = ionic charge. Diffraction and
exchange corrections have not been included here because we are looking mainly at

the logarithmic terms. Note that if the temperature is kT > (mi/me) rydbergs,

the ion-ion interaction terms would become log (Aii/D) . Also, if the electrons and
ions have equal and opposite charge and the same mass, the logarithms in this expres-
sion would all be equal, and the bracket term would be zero. This hypothesis is,of
course, untrue (except for ionized positronium!) and for real ionized gases the above

results depend strongly on the electron and ion masses.

It should be noted that the above result can be obtained by relatively simple calculations
because the temperature has been assumed to be so high that the gas is fully ionized;
furthermore, third-order perturbation theory is sufficiently accurate because the ther-
mal wavelength is greater than the distance of closest approach. When these condi-
tions are not fulfilled, the problem is vastly more difficult since the electron-ion

interaction includes the possibility of bound states. For a hydrogen plasma, the above
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result is probably useful for temperatures above about 13 eV, and may give a good

estimate for the free energy for a system of known composition for temperatures down

to about 7 eV.

RESULTS

The particle densities used in the present calculation — as calculated by the ion-
sphere model — are included in Tables III-1 and III-2.

FREE-ELECTRON CONCENTRATION, Pe

Table III-1

kT

Air: p_ (electrons em™3)

Jd =2

Jd =3

Jd=4

Jd =

5

10
15

20

1. 0517

5. 7512

3. 3220

1. 0221

1, 8821

2.7921

3, 2716

2.7418

1. 1219

3.221°

5.821°

8.7019

9.67%9

3.2817

1.3318

3.7818

6.8218

1. 0319

2.471°

4,236

16717

4. 7217

8.5517

1.3018

4.44
5.44
2.17
6.11
1.11

1.70

14
15
16
16
17

17

5. 2513

7. 2414

o onl6

8. 081°

1.4816

2.2716
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Table III-2

PARTICLE CONCENTRATIONS, Nv

. Nitrogen: N (nuclei cm-3)

d=1|1Jd=21Jd=3|JdJ=4}dJ=23}JJ=686

18 16 15 14 13

5.37 5.38 5,38 5.38

3.1618 | 3.3217 |3. 8516 151 5 914

17

5.25

eI e
—

20

At U B
.t s

212.34 3.90

2.562% | 5.50

20

16 15 14

o

5.24 5.64 6.49 7.50

Lt

17 16 16 15

10 1 4.11 8.71 9.79 1.23 1.62

20 17 16 15

15 15.53 1.72 2.23 2,96

20 17 16 15

20 |7.07 2,62 3.42 4.55

O 3 SOt hulb ke gl g B,

.3 Oxygen: N_ (nuclei em™d)

&

KT
J=11J=21J=3}|dJ=4}JIJ=5|JJ=6

Caltcits
Lot

17 16 15 14 13

5.37 5.38 5.38 5.38
15

15,3818

20 16 14

5.58

6 17.971% | 9. 251

16

2 13.32 4.68 5.59

4

TR PRIL LR NI

20 6.761

17

5 (3.02

Ak

20 5

1.581
15

10 | 4.76 1.03 1.12 1.29

20 17 16

2.14 2,83

17 |3, 2716 | 4. 34!

4 15 | 6.40 1.68

20 5

20 |8.01 1.86 2.52
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Section IV
LINE TRANSITIONS

The absorption coefficient u(€) contains contributions from all transitions, discrete
and continuous, which can absorb a photon of frequency €. For a line transition
from an atomic state i to a state j the contribution to the absorption coefficient is

expressible in terms of the oscillator strength (f-number) fij as

PR U

2

; -1
Biagl€) = Too Nfjl2mhby()] = 10975 x 070N b () om (4.1)

where N i is the population of the initial (lower) state (in number of atoms cm-s) and
bij(€) represents the shape of the line (i—~j), normalized according to

[bij(e)de = 1, (€ in eV) 4.2)
0

The f-number is a convenient way of expressing the matrix element in a quantum mechani-
cal calculation of the radiative transition probability in the electric-dipole approximation.
The definition of the f-number for a transition from an atomic state i with energy E i

to a state j, energy l'-Jj , applicable in L-S coupling, is

2 S
_ 8r°m i :
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The statistical weight of the lower state, Gi’ is (28 + 1) (2L + 1) for a state
of total spin S and tetal orbital angular momentum L. In our units

S..
= 1 - _u - i

The '"line strength' Sij is given by (Ref. 83)

o« 2
8 = S(MS(L)ay, (4.5)

The factors S(L) and S(M) are usually called relative line strengths and relative
multiplet strengths, They arise from the angular integration of the matrix element

subject to a specific coupling of the angular momenta. In the present calculation
J-splitting is consistently ignored so the strengths are summed over all the lines in

a multiplet (J is the total angular momentum, orbital plus spin). Since

> S =1

(Ref. 83, p. 443), we require only the factors S(M). These can be computed from the
theory of Ref. 83 and many are tabulated (Ref. 84). The expressions used for S(M) —
considering our summation-over-state conventions —~ are described in the first

subsection below and Table 1V-1,

The factor Uij is the dipole integral (in atomic units)

1 o0
= = P,
g (42‘”;-1){ {7 TP (4.6)
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where Pi and Pj are r times the radial wave functions of the active electron, and
i 5 is the greater of the two orbital angular momentum values of the active eleciron
in states 1 and j. The integration over the coordinates of the passive electrons has
been ignored as this is generally close to unity. The dipole integrals employed are
Hartree-Fock- Slater (HFS) values \Ref. 85) for transitions between two states each
with principal quantum number less than nine. Hydrogenic values are used for

transitions between states of higher excitation,

A detailed discussion of the f-number evaluation is in the first subsection; the treat-
ment of line broadening is described in the second subsection. A brief summary of
the computer program utilized in the evaluation of the line-transition contribution to
the absorption coefficient concludes Sec. 1V,

f-NUMBER EVALUATION

The detailed expressions used in the evaluaticn of f-numbers — the angular factors

5( M), the statistical weights Gij , and the approximations to the radial integrals —
depend on the conventions noted in Sec. II regarding summation of the occupation
numbers over nearly-degenerate states. Thus, each type of transition is best treated
separately.

Consider an initial state (iyniSL) and a final state (i'y'n''S'L') arranged so that
n' = n., (This notation was defined at the end of Sec. II). The total spin of the initial

(final) core is 812(8'12) and the total orbital angular momentum of the core is Lo (L'12).

In the one-electron electric-dipole approximation made here, selection rules restrict
the possible transitions to final states satisfying the following conditions:

i* = i, since no change of species or degree of ionization is allowed
S' = 8, for electric multipole transitions

L'=L -1, L, L + 1 only, for dipole transitions

The orbital angular momentum of the electron making the transition
must change by one unit
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For all allowed transitions considered, the expressions for the angular factors § (M),
the statistical weights G, and the radial integrals may be found among the following

cases. The values of Zk and g; are listed in Table IV-1.

Table IV-1
ANGULAR FACTORS

Statistical weights

g, = (2L+1){25+1)

g, = (25+1) (2L, +1) (24 + 1)
gy = 2020 +1) (25, +1) (2L, +1)
g, = 2(n° -16) (28, +1) (2L, +1)
g = 2“2(2812“) (2L, +1)

Angular parameter

n (n's)—number of 2s-electrons in initial (final) state

np(n;) }-number of 2p-electrons in initial (final) state

S1 (S'l)-total spin of 2s-electrons in initial (final) state

82 (S'z)—total spin of 2p-electrons in initial (final) state

L1 ( L'l)—-total orbital angular momentum of 2s-electrons in initial (final) state
L2 ( L;Z)-total orbital angular momentum of 2p-electrons in initial (final) state
F(q, S, L;S', L") = I(pqSL{lpq-l(S'L')pSL)I2 is the square of the fractional

parentage coefficient (Ref. 86).

U(:-+) is the U-coefficient of Jahn as defined in Ref. 87.

- ' . Qt ' ' 2(1 g, .
Z, = ngn +1)F@, S, LSy, Ly) (2L1, +1)(28),+1) U (2, 51, 8,,8;8,,

& i

[\P] [

7. = n (2L +1)(28+1)U?
2 ] \
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Table IV-1 (cont'd)

12

13

14

' ',
on(np, 82, L2 ’SZ’

10n_F(n_, S,
pF(ny, Sy

xU3(L, 1, L, 2;L' 1)

=102,
= 2(1 .

= 3n (2L+1)(28+1)U*(3, 81, 5, 8,8, S1'2>
= (2L'+1)(28+1)

= 6(2L+1)(25+1)U%(L, 1, L_, 1;L' 2)

2’

(2L+1)(28+1)

10 (2L+1)(28+1)U*(L, 1, L, 2;L, 1)

v? (é— 811 851 81555, s’z)

L+1)(25+1)
(2L, +1)

U2 (l St

= + '+ LZ
ns(np 1)(2L2 1) 2' "1

F(n!,S,, L,, 8}, L)

2’ 2

=ng{n +1)(2L'+1)(25+ 1)02(-1-

5.5, 8

! !
Ly S0 1)

1]
F(np, SZ’

_ 2(1
=5%n + L! + + = 8! S
g0+ 1)(2Ly +1)(25+1)U (2,s S, 8

LA YN ] (2] L S
r{n_, o, , L, ;0

2’ 72

, 2(1
L,)(2L+1){28+1)U (2,

2
1]
L}, S,, L) (2L +1)(28+1)U (

12

1

,S., 8

'
SZ’ S, S

1 H

- ]
2> 54, 8, 8

1 2 1. ] ]
ng(ny +1)(2L'+1)(28+ 1) U(L,, £, 1, LS L, L) F(n!, S

S

2

1

2’

. S})

. !
'SZ’ 812

t
LZ’S ’

. !
2’ 1?.’Sl’ 82)'

S, Sé)'

. '
12’81’ SZ

).

)

1
L2

).
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Table IV-1 (cont'd)

Z s =30(2L,+1)(28+1)

Z, = 105(2L, +1)(28+1)

N
fl

+ ! 2 P
17 2ns(np 1)(2L2+1)(2812+1)n F(nr'), S, Lz,Sz', L:‘Z)'

Uz(l S!,S..S. :S sv)

57

2" 71" 72 12771 2
= + ! !
218 2ns(np 1)(2L2+1)(2Sm+ l)F(np, 82, L2, S'2, L'2).
2 .1_ ' N !
u*(3 8. 8, 51938;, 8y) (22 +1)
2 2
= - 16)
Z19 [(n 16 )/n ]Z17
= 402
Z20 = 20 (4L 1)(2L12+1)(2812+1)
2
= ) ' -
Z21 20' (4 1)(2L12+1)(2812+1)
Z. =n (2L+1)(2S+1)U2<l- S .S, S.;S., S! )
22 ) 2 72712 12
n = 2. Initial state split into L-S components. Final states with n' = 9 are rejected
as such lines are quite weak. HFS values of 02 are used.
n' =2 (2s—2p) S(M) = Z, G = g
n' =2 (25—=3p) = 22 = 8
(2p—3s) = Z4 = 8
(2p—3d) L' = 9 = Z4 = 8
L' =29 = Z5 = gl
n' = 4-9 (2s—n'p) = ZG = 8
(2p—~n's) = Z,, =
(2p—n'd) = Z5 = 8




n = 3. Initial state split into L-S components unless L = 9, in which case the
occupation numbers are summed over L for the given S. Final states with
n' = 9 are rejected. HFS values of 02 areused. If L =9, G = 8, if
L=9, G= By

n'=3 y=y (28=2p) L9, L'=x9 &M = Z, G=g
L=9,L'=29 =Z12 = g
L=9,L =9 =213 =g,
L=9, L =9 =Z14 = &
v =y (38—3p) = Z7 = g, Or g,
(3d—3p) L=29 = 10 Z7 = 8
L=9 = 28 = gl
(3p—3s) = 2, =g org,
(3p—~3d) L'=9 = 10 29 =g, Org,
L' =9 = le =3y Org,
n' = 4-9 (3s—n'p) =32, =g 0rg,
(3m's) = 29 =g, oreg,
(3p—n'd) =10Z, =g, org,
(3d—n'p) L=29 = le = g,
L=#9 = 629 =g
(3d—n'f) L=29 = 216 = g,
L=9 = 21 29 =8

n = 4-8, Occupation numbers of initial states summed over all L-S components.
Final states with n' > 16 are rejected.
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v # ¥' require n=n', £ = £'(2s - 2p)

L <4 S(M)=12
£ =4 §(M) =12

il 3y

Bl e prolnte St
s
"

n' =9-16, £ = 4

i
g
%
3
&
i
2

f =

vy = ¥ require n
S(M)

1]

z17’

Ref. 89,

S NI N, 1
'

n',{ =

G = Bas HFS 02 with outer (n,f) electron

G = 84 HFS 02 with outer (n,f =3) electron

2
L - . = =
L= -1 §(M) Z,r G = &g HFS o
Jz'=n+1:5(M)=z21, G = g,
¢ <3: HFSo°

£ = 3: hydrogenic f-number

2' = 4: Sum of hydrogenic f-numbers over

* =4 + 1 averaged over £ = 4
to (n - 1) according to

(n-1)
1 19-1 19+1
_ (2¢ + 1) [0+ £
) et e

: Sum of hydrogenic f-numbers over

=1 21

£' = 4: Same average as for n' < 9

n = 9-16. Occupation numbers of initial states summed over all L-S components
and over all angular momentum states ¢ . Final states with n' > 16 are rejected.

' (28 - 2p)
G = g5 » HFS 02 with outer (8f) electron

v = ¥' shell-averaged f-numbers from Ref. 88. Initial states n > 16 not
considered. The hydrogenic f-numbers are from the tables in
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LINE BROADENING

A comprehensive review of the theory of line broadening in a plasma has recently been
published (Ref. 90). Stewart and Pyatt (Ref. 8) discuss approximations to this theory
relevant to high-temperature opacity studies,and the present calculation follows their
treatment quite closely.

As a result of the interaction of the radiating atom with the plasma each line is assumed
to acquire a Lorentz shape

(L) Wi/n

b}, (€) =
ij _ 2 2
(E Ej+Ei) +wj

4.7

with a width v proportional to the electron density pe+ Following Stewart and Pyatt
(Ref. 8) only the upper state j is assumed to be perturbed, and asymmetric corrections
to Eq. (4.7) due to overlapping lines and effects due to ion perturbers have been ignored.
With these approximations an expression for the width is given by Baranger [Ref. 90,
Eq. (113)]

® Max(!
W, -=jf(v)dV'§'pv v 2{ (21 +1) UP rP dr] ﬁs(j k)} (4.8)

')

in terms of an average over a Maxwellian distribution f{v) in electron velocityy v of
the same radial matrix elements ofk as determine the line strengths [Eq. (4. 6)] multiplied
by a bremsstrahlung Gauni factor g(j, k) = 1. The Gaunt factor is usually close to

unity, so, following Stewart and Pyatt, we set g(j, k) = 1 and evaluate the sum over

12 by a sum rule (Refs, 91 and 92),
.
' © 2 é .
("MaX( k [rP(r)rP {r)dz] =l/——v1-\ [5;:2.0. 1 - 3!_(! 4—1)] (, 9)
{- 1) b, 3R] 2\ g/ [ M
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ZRES isthe charge of the passive ion (one greater than the initial charge of the system)
and Vj is the effective quantum number (Ref. 92) of the state j

V.,
(~—J—> = 1/IEI(j) - EJ-] (Ry) (4. 10)
RES

where EI( j) is the ionization energy of the active electron in the passive ion. The

Maxwell average of 1/v is (2m/1rkT)1/ 2. The result used for the widtk. is

-

w. = (0.637 X 10‘22)pe(cm Y [5u2 +1 - 30.(8, + 1)] (eV)  (4.11)
j e ZRES i i

By averaging this expression over {. and replacing the effective quantum number vj by
the principal quantum number nj the result obtained corresponds to Eq. (31) of Ref. 8.
The mechanism of line broadening in this approximation is inelasiic scattering of a
free electron by the radiating atom —a real, energy-conserving transition. Thus, the
summation over states k in E¢. (4.8) must be restricted to states energetically acces-
sible to the radiating atom in coilisions with electrons of velocity v, before averaging
over velocity. The use of the sum rule ignores this restriction and so overestimates
the width, Setting the Gaunt factor to unity underestimates the width, so the two
approximations taken together should be better than either alone.

Since the width increases as the fourth power of the principal quantum number the
assumption of broadening in the upper state only should be valid except for same-shell
transitions. However, following Stewart and Pyatt, the present calculation has used
Eq. (4.11) for all transitions except those 2s-2p transitions for which Vj <1. Here
the s-state broadening is assumed to dominate so lj =0 in Eq. (4.11).
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At the high temperatures considered, Doppler broadening may become a significant
line-broadening mechanism — particulary near line centers. To include this effect
properly in the line shape, the Lorentz profile bL( €), Eq. (4.7), is folded with a
Doppler function (Ref. 90) and the resulting distribution is

hod N\ 2 1/2
b(D)(e) = wr-z-b fdevb(L)(ev)exp [- (Sﬁ-) ] , 6 =2 (’i%) € (4.12)

for radiating atoms of mass M and lines centered at €, This result may be expressed
in terms of the probability integral for complex argument and is tabulated in Ref. 3 where
useful series expansions are also given. For w> 56 or (e - ec) > 56, b(D)( c)
approaches very closely a Lorentz function.

For highly-excited states the line width of Eq. (4.1) will approach the energy interval
between adjacent states of the isclated system. Such states appear us a quasi-continuum
and are said to be merged. A treatment of this problem according to the electron-impact
theory of Baranger has recently been published (Ref. 24} and the result is

23

T )y _ 10 KI(eW)
pelcm )

n is the critical quantum number in the sense that electron states with principal
quantum number greater than n are merged into the continuum. This result has been
used in the present calculation, transitions from states below n to states above are
included in the photoionization calculation, and the photoionization edge is lowered accord-
ingly. Thus n  serves asa cutoff for high n-values. For transitions between two

states both lying above n. o the contribution should be included among the free-free
transitions. However, this was not done in the present calculation. This contribution
was neglected as unwarranted in view of the low accuracy (hydrogenic approximation)

of the free-free cross sections employed. In order to include it, the free-free electron

concentration should be increased by the concentration of electrons in the bound states

vi .
having n>n.
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The values of n., calculated by Eq. (4.13) for the temperatures and densities of the
present work are listed in Table IV-2.* Equation (4. 13) is derived assuming n, >> 1.
so the small n m values in Table IV-2 are suspect. Further. so large an extrapolation
of our approximation to the photoionization cross section below its vacuum edge is
certainly less reliable than the HFS f-number calculations even though the resulting
lines are broadened into a quasi-continuum. Therefore, the present calculation
evaluates no for Eq. (4.13) and chooses as the critical quantum number the larger

of the so-calculated n, and 7.

Table IV-2
LINE MERGING LIMITS EVALUATED FROM EQ. (4.13)

kT Mmmmit
(ev) [i®=1|s=2]a=3]3=4a|d=5]0=6
1 6.3 | 7.4 | 8.8 | 10.7 | 13.7 | 18.6
3.7 | 6.8 | 7.8 | 10.5 | 14.0 | 18.7
5 3.1 |50 | 68 | 92| 12.3 | 16.4
10 2.8 | 4.6 | 6.2 | 83| 1.1 ] 14.9
15 2.6 | 4.3 | 6.9 | 79| 105 | 14.0
20 1.8 |80 | 40| 64| 7.3 100

(a) J is defined in the table of densities at the conclusion
of Sec. IIl.

COMPUTER CODE MULTIPLET

To provide a table of the frequencies, strengths, and widths of all the radiative bound -
bound atomic transitions relevant to a given temperature and density of oxygen or
nitrogen, and to provide a frequency-dependent absourption coefficient due to such
transitions over an arbitrary energy grid a computer program, MULTIPLET, has
been devised. The program is coded in the FORTRAN II (Version 1) language and
has been operated on an IBM-7094 computing system.

'In computing hese values of nm . ZRESs in Eq. (4. 13) was inadvertently set equal to 1.
Hence. ‘1ese entries are actually nm/Z§g rather than ny,. The effect of this

error on the final results should be small since the lower limit of ny - 7 was used
rather than ny, itself when ny < 7.
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The initial data upon which the calculation operates are cards which specify the state

of the gas at a given temperature and six values of the density. For each atomic state
as described in Sec. II, there is one card containing the identification (iyn{SL), the
energy of the state (in eV relative to the ground state of the neutral atom of the species),
and six occupation numbers o 3 (J =1-6) provided by the statistical mechanical calcu-
lation described in Sec. III. The occupation numbers are normalized such that the sum
of o 3 over all the cards in a set is unity for a given temperature, species, and for
each density J.

Bound-bound transitions can take place only between atomic states represented by such
cards. Thus, the number of states, both initial and final, to be considered for the gas
at the given temperature and densities is determined by the number of cards in the data
deck. The data decks used in the present calculation contain all states with occupation
numbers a 3 = 10-8. In addition some cards with zero occupation have been included
to serve as possible final states, although the completeness of such atates is not certain.

However, an attempt has been made to include all such relevant atates.

The program, MULTIPLET, is conveniently broken down into three phases: in the first,
all the cards of the data deck are read and listed, all pairs of states are compared by
application of the appropriate selection rules, and for each allowed transition the line
frequency and the angular factor (Table 4-1) are evaluated. In this procedure only those
initial states are considered one of whose occupation numbers is greater than an arbitrary
cutoff « o~ vet equal to 10'3 in the present calculation. The resulting transitions are

arranged in order of increasing line frequency, and the frequency, angular factor, and
initial and final state data are written onto magnetic tape.

The second phase reads the transition data of Phase 1 from tape, one transition at a
time, evaluates the f-number and collision and Doppler widths as described above, and
writes this information on another tape — the line atlas. The line atlas contains data
completely describing each transition: the line frejuency, f-number, radial integral
azof Eq. (4.6), the collision and Doppler widths, the energy and identification of both
the initial and final atomic states, and the occupation numbers of the initial astates.
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The line atlas is listed by the program and serves as the source datum for any desired

A (R IR

Z frequency averages of the absorption coefficient.

¥ The final phase of MULTIPLET is concerned with generating from the data in the line :
4 atlas a frequency-dependent absorption coefficient u(€) over an arbiirary set of
: energies N 3

u(e) = 2#“(5) em™ (4.14)

i<}

e
S R

g

where un(e) is defined in Eq. (4.1). For each desired set of equally-spaced energies
the program is provided with a daia card containing (N w? Yo Aw), where Nw
(= 2000) 1is the number of energies at which the absorption coefficient is to be tabulated

i and €N =Y + (N-1)Aw, (N=1—-Nw), specifies the energy set.

) The occurrence of very small line widths (~ 1074 eV) at low densities makes it
1 impractical to choose Aw sufficiently small to adequately represent such narrow

lines. Thus, for calculational purposes, lines are classed as broad lines (width

%
?5},
£
&
w

w2 %Aw) and narrow lines (w <-;-Aw). The line centers of broad lines are

i
|

shifted to the nearest energy N and the line shape is included in the table of the
absorption coefficient, Narrow lines must be treated separately depending on the
type of frequency average desired. Two such averages are described in S8ec, VI~
the Planck mean and the Rosselsnd mean opacity.

A complete FORTRAN listing of MULTIPLET is included in AppendixB.

-
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SectionV
PHOTOIONIZATION TRANSITIONS

The contribution to the absorption coefficient of photoionization transitions from an
atomic state i is conveniently expressed in terms of the total photoionization cross

section 01( €) (cmz) as

we) = ZNioi(e) o] 5.1)
1

where N, is the population of the state i (in number of atoms cm's).

Each atomic state will, in general, give rise to several different photoionization
transitions, corresponding to different states of the residual atom, and for each
there is a separate cross section o“(e) and energy threshold e;l; . Thus

o(e) = zau(e)
}

AR A R IR S AR

summed over all states j for which e;l; < €.

As described in Sec. II the general initial state (iyntSL) treated in the present
calculation may be written

20 "2p P (slez) nt(SL)

with the K-shell 132 understood and the configuration
n n_ /8
s pl 12
28 " 2p ( le )
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specified by the core index y (TableII-1). A general photoionization transition from
such an initial state may be written

4
3k

B

26 © 2p P (sllez) m'(SL)--zassn:s 2pnl,) (s"L c) (51 e (31) 5.2

where the final state consists of a free electron with energy € and orbital angular
momentum £" and a residual atom

n n'y8s8
8 c 8"
28 ® 2p p( Lc)n'l'( L').

In the one-electron, electric-dipole approximation considered here the possible final
states are limited by selection rules:

e O e A i R

(a) 8' =8, for electric multipole transitions in L coupling

" i .
ey e o N ]
R e e e s R LS e

() L'=L-1,L,L+1 only, for dipole transitions.
(c) 1" = 'o 12 0, where !o is the initial orbital angular momentum of
the electron being ejected.

For the photoionization from a multiply-occupied initial state, a parentage expansion
(Ref. 95) will give rise in general to several possible states of the residual atom —
each with a different energy threshold eT and coefficient of fractional parentage Fp.

An enumeration of the possibilities follows:

(a) Ejection of an outer (r,f) electron

n n /8 n n /8
s, pf 12 8:\ .o 8,. P[ 12 8
28 ® 2p ( le) nt(®L) ~28 ® 2p ( Lm) et( L)

1]
[/,
r

]
-

]
e

t = ! = - "
Here ns n’, np np, Sc S 12+ Le 12
1'=20+1=20.
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(b) Ejection of a 2p outer electron: Decomposir.g the initial state into parents;

26 * 2pnp( 5L) = 2 Fp[zan’ P (spr) 2p(sL)] ,

p

S
every pair of values ( pr) for which

n
(p Py,

is nonvanishing constitutes a possible final state of the residual atom with

n;=ns, n"’=np-l, Sc=sp, Lc =Lp and £'=0 or 2,
(c) Ejection of a 28 outer electron: Decomposing the initial state into parents,

2an'(sL) - 2Fp[2’na-1(spr)2'(sL)]

the only possible states are

2

F =
p

n -1
SN

8 N re
SR LA 5
I MR Kivim s M A
o TS 5 S RS IR SN RIS R A e e RN R R L e

= o = .= . =-l = =
n, 2: 8=0, L 0,8p 2'Lp L O,Fp

"
-

or

in both of which

t = - = = =
ng = n, l,Sc Sp, Lc Lp,!' 1,

ar 2 L IR i TR

B Gt A,

68

,
SR




(d) Ejection of a 2p inner electron. Decoupling one 2p electron from the rest

n n_ [S n n-1/8S S
2g zp"( lsz) nz(sL) - EF;’[ZB 8 gp P ( pr) 2p ( 12L12) m(SL)]
P

2

np-l .
Fp ~ b’ (Spr)"’bllez)

"o
P Sl

S
the outer (n,{) electron must be coupled to ( pr) , 80 the recoupled
initial state may be written

F(S"L") [zsns 2p P ' (SPLP) n!(S"L")] 2p(5L)
pstL"

where F_ = F")Uz(iL REE L, Ju3(3 sps-%; §'S, ) and the U-tunctions
are the Jahn coefficients of Ref. 87. Experimentally the energies of states
with different values of ( s"L" ) usually vary much less than do the energies
of states with different ( L p) . Therefore the (S"L")-splitting of the
photoionization edges is ignored and the sum over (S"L") i carried out
directly, leadiilg to final states 23n8 2p - (SpL p)nl with probability F").
So n' =g, n'=n-1, 8 =Sp, L =L, 2'=0,2.

] P p c c p
(e) Ejection of a 28 inner electron. Decomposing the initial state as inCase (d)

26® 2p P (8121.12) n(5L) = 2 Fp(S")[ans-l 2p P (sme) M(S"L)]zs(SL)

ps"

2/1 1 28 +1
1y = ' =S S-: 8" | J— D
Fp(s' ) FpU (2 sp 2"’ 8 S12)’ Fp 28 + 1/°

a2
.
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As inCase (d), the sum over S" is carried out directly, leading to final
states 28 anp(slez)n!(L) with probability F. So nl =n -1,
n;)=np, S, =Sp, Lc=L12, and L' =1,

Such a decomposition of the initial state into substates each with a different ionization
potential results in a splitting of the photoionization edges. For calculations of Planck
mean opacities at high temperatures (Sec. VI) this splitting should yield results only
slightly different from a calculation in which splitting is ignored. However, the split-
ting of the 2p-edges is typically a few electron volts in magnitude and so should affect
the present low-temperature Planck mean opacities. Rosseland mean opacities should
be more sensitive to splitting due to the filling in of regions in the frequency spectrum
where the absorption coefficient without splitting would have small values,

Once the initial atomic state 1 is decomposed into all possible final states of the
residual ion, the photoionization cross section aij is evaluated in the one-electron,
electric-dipole approximation. For a transition from an initial bound electronic
state (n,f) to a final state of the free electron with energy €, the photoionization
cross section may be written (Ref. 4)

3 2
oyte) = B (ARG « (3R (5], e

for photon frequency w , interms of the integrals fo:' over the radial wave

funciions

©
l 1
R’ - Jrzdrke,l,(r)rRm(r). (5.4)
0
This result has been derived assuming L-S coupling with the neglect of spin-orbit inter-
action, and the wave function of the final free electron state, Rel'( r), is normalized on

the energy scale

o0

Jrz drRe,I,(r)Rd,(r) = 8(e'-€). (5.5)
o
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E 1
; Thus the only unknown quantities in Eq. (5.3) are the radial matrix elements Rfj .

In most previous work (Refs. 4, 8, and 9) these matrix elements have been approxi-

mated by hydrogenic values.

For electrons with initial-state principal quantum number n = 6 or orbital angular
momentum £ = 2 hydrogenic results have been used here. For smaller values of
these quantum numbers, some recently obtained, and significantly more accurate
expressions for the radial matrix elements are used. For small values of the elec-
tron final energy, the approximation of Burgess and Seaton (Ref. 94) is used and is
discussed in the first of the subsequent subsections. An approximation valid for
high-energy electrons is described in the second, and the third presents some com-
parisons with more detailed Hartree-Fock calculations. The final subsection contains
a brief summary of the computer program utilized in the evaluation of the photoioniza-
tion contribution to the absorption coefficient.

AU St AR S50

THE LOW-ENERGY THEORY

Recently, Burgess and Seaton (Ref. 96) have presented an approximation to the
radial matrix elements in terms of the asymptotically correct wave functions. This
approximation derives from the observation of Bates and Damgaard (Ref. 92) that
the major contribution to the radial integral for bound-bound transitions usually
comes from values of r sufficiently large that the effective potential is a Coulomb
potential. Replacing the actual one-electron wave function by its asymptotic form —
a linear combination of the regular and irregular Coulomb wave functions for the
observed value of the energy, modified for small r to ensure convergence of the
radial integrals — Bates and Damgaard evaluated the radial matrix elements R:;' '
and presented their results in tabular form.

g
H
;L

bgb §, 00 S D7

Burgess and Seaton (Ref. 96) applied similar considerations to the evaluation of the

radial matrix elements R;: ' for bound-free transitions. Whereas the asymptotic

behavior of the bounid-state wave function is determined by the physically-ohserved

At
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energy of the bound state, the large-radius behavior of the free-electron wave function,
at a given energy, is determined by a phase shift 6! (L',€). In the approximation
of asymptotically correct wave functions, Burgess and Seaton numerically evaluated
the radial matrix elements and parameterized the resulting photoionization cross sec-
tion [Eq. (5.3)] in the form

GFy (v) cos® [p(1,2",v;€) + 8 (L', €)]
aie) = o 2 Cyppo(L') By )1 (5.6)
2" =111 [1+ea2l

-
-

where L' is the orbital angular momentum of the total system in the final state. The
quantities C! P (L') are the results of the angular integrations and may be simply
expressed in terms of Racah coefficients as described in Ref. 96. G,y, and ¢ are
tabulated by Burgess and Seaton as functions of v for various combinations of £ and
2', and € is the electron kinetic energy in rydbergs divided by 72 . The basic
variable of the theory, v, is defined by

1 /lﬂ 1/2
R Vv v/ &1
where
/Ay = 1Ryem™" = 109,737.3 cm™}
1/A = term value of the initial state (cm'l)
1/X" = term limit obtained by removing the initial (n,?) electron and

leaving the residual ion in its final state (cm~ 1)
Z = charge of the residual ion

The dimensional constant ¢, of Eq. (5.6) is given in terms of the Bohr radius a, by

2 -19 2 / 2
_4xr _2( vy -1 _8.560x10 " em” (v
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where ¢(v) is a normalization correction to the asymptotic bound state wave function

and may be estimated from knowledge of the physical bound states of the system. For
example, the evaluation of {(v) for the outer electron in the configuration

182 2:8 2p ( ‘L c)nl(sL) is obtained from consideration of the series obtained by
varying n with everything else fixed. The observed energies, ¢ n't * of the terms

in the resulting series, relative to the series ionization limit ll =n;i_xpw €, » Bre

written

(e - 1,) = -112, (5.9)

in terms of their effective quantum number Vau and the quantum defect, TP is
defined by

Bay = n' - Vatt (5.10)

Seaton (Ref. 97) has shown that the so-defined quantum defect g is a continuous,
analytic function of the energy (for fixed £ ) which may be written “1(;.,‘21') . Further,

“l(;lz) must tend to an integer as v tends to any one of the integers 0,1,...,1 .
v
Then Z(v) of Eq. (5.8) is given by

du oy, (¢€)
PR 21!
tv) = 1+ dv 1+ v3 8¢ y-—eo

1 (5.11)

evaluated at the observed physical energy €ng of the state (nf) whose normalization
is required.

Thus, to estimate {(v) the observed energy of at least one additional term of the
(n't) series of the initial state (n,?) is required. For outer (n,f) electrons,
such states are included in the initial set of energies described in Sec. 2 — at least
upon relaxation of the condition that the outer coupling SL be fixed. For inner
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electrons, however, in the presence of an excited outer electron [e. g., the 2p orbital
in the state 232 2p2(3P)3s of NI] the excited state necessary to estimate f(v) is a
doubly-excited state [232 2p(2P)3s 3p in the preceding example]. The energies of such
states are generally not known., The present calculation uses an approximation of

Seaton (Ref. 97) for such inner 2p-orbitals

= (v=-1)v + 2)
W) =50 +v1)

and chooses ¢ = 1.0 for inner 2s-orbitals. Some comparisocns with Hartree-Fock
solutions indicate this approximation is reasonable.

For the phase shift 6‘ {L',€) of the free-electron final state, Seaton (Ref. 97) has
shown that a low-energy approximation is given by extrapolating the quantum defect

_ “I( €), Eq. (5.10), of the series containing the final state to small positive energies

according to

61,(€,L') = wul,(e) (5.12)

Moiseiwitsch (Ref. 98) has demonstrated that this result corresponds to an effective-
range expansion about the physical bound states.

For electrons with principal quantum number n > 3 the initial-state occupation
numbers are summed over the total orbital angular momentum of the atom, so the
decomposition into final L' values is ignored, the phase shift is taken to be zero.and
Cppr = !>/( 2t + 1) where £, isthe greater of £ and {'. Electrons with orital
angular momentum £' = 2 in the final state have small phase shifts at lowenergies,
8o again the present calculation assumes the phase shift to vanish.

For photoionization of an outer electron to a final 8 or p state the zero energy
phase shift is obtained by Eq. (5. 12), extrapolating linearly from the physical bound
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states with high principal quantum numbers. However, in the photoionization of an
inner electron in the presence of an outer excited electron a difficulty occurs similar
to that encountered for such states in the normalization procedure. Again, the physi-
cal states required are doubly-excited states and are unknown, so the extrapolation of the
quantum defect is impossible. The present calculation sets the phase shift to zero for
such states. Generally, the most significant low-energy phase shift is for final
s-states, thus the 2p —es photoionization cross section in the presence of an outer
excited electron is in question, However, the 2p —~ed transition, with smalld-state
phase shift, usually dominates the 2p —e€s, so this uncertainty is probably not too
great. A more serious difficulty is the neglect of the p-state phase shift in the

28 —~€p transition in the presence of the excited outer electron. The uncertainty due
to this approximation can probably only be resolved by detailed electron scattering
calculations or Hartree~Fock calculations of the continuum state.

R A B ST

A low-energy expansion of the Burgess-Seaton cross section, Eq. (5.6), for integer v
and to first order in ¢ agrees with a corresponding expansion of the exact hydrogenic
results. Thus the Burgess-Seaton theory is to be considered a valid approximation
when the electron kinetic energy is much less than 22 rydbergs. Furthermore,

when sufficient information regarding the physical bound states is available,the result
of Burgess and Seaton is probably more reliable than continuum Hartree-Fock calcu-
lations (Refs. 99 and 100) as some effects due to exchange and polarization of the core
are reflected in the phyqical energies of the states with large principal quantum num-

ber used in the extrapolation for the phase shift.
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Thus we conclude that tte Burgeil-Seaton approximation is a reasonably valid and
useful approximation near the photoionization threshold, with the exception of the
aforementioned inner-shell transitions in the presence of an excited outer electron.
The simplicity of the resulting expression for the photoionization cross section ren-
ders it particularly suitable for evaluation of the large number of initial states present

in this calculation.
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THE HIGH-ENERGY THEORY

For energies of the final-state free electron much greater than zero the Burgess-
Seaton approximation is inapplicable. An approximation of frequent utility in high-
energy scattering calculations is the Born approximation. A straightforward
application of the Born approximation to calculation of the photoionization cross sec-
tion, however, leads to an incorrect result, as shown by Bethe and Salpeter (Ref. 91)
in an hydrogenic calculation. Similar behavior has been noted by Kabir and Salpeter
(Ref. 101) and by Dalgarno and Stewart (Ref. 102), who show that a Born approximation
to the acceleration form of the photoionization matrix element yields a result asymp-
totically correct at high electron energies.

The basic expression for a radiative transition — in the electric-dipole approximation —
between atomic states [i> and |f> is

2 2
47 e w - 2
Oy = —c— |<f|r| i>| (5. 13)

from which Eq. (5. 3) is obtained upon performing the angular integrations and the
average over the polarization directions of the incident radiaticn. As shown by Bethe
and Salpeter (Ref. 91), forms equivalent to Eq. (5. 13) are

22206 2
3

2.2
- 41rze |<f|-l;|i>|2 - 41r2

<f’-%|i>
m cw m-cw r

O¢ (5. 14)

i

the dipole-velocity and dipole-acceleration forms, respectively; Z is the nuclear
charge, m the electron mass. It can be shown (Ref. 103) that a use of the accelera-
tion form of the matrix element in a high-energy Born approximation gains one iterate
of the Born series over the use of the dipole-velocity form. The second Born approxi-
mation to the velocity matrix element contains a term with the same high-energy
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behavior as the first-Born approximation ~ thus guaranteeing an incorrect high-energy '
s result when using the first Born approximation alone — whereas the first Born approxi- i}:
3. mation to the acceleration matrix element gives the correct high-energy behavior. i,;;

Accordingly, the present calculation evaluates the photoionization cross section for %’

high electron energy by the dipole-acceleration Born approximation. ?}

When the angular integrations and polarization averages are performed in Eq. (5. 14),
a result analogous to Eq. (5.3) is obtained

ager = BT g oL st (DG s

with
{ N 2
- A
Re = IRGI,(r) rz Rnl(r)r dr (5. 16)
0

In the first Born approx on the properly normalized free-electron wave functionis
the plane wave — (k/21rz) exp ( ik - r) - 8o

R::' = ‘/—%‘ Ilp(kl‘)Rm(r)dr (5.17)
27 2

in terms of the spherical Bessel functions j‘(kr), where kz = electron kinetic
energy in rydbergs.
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Through use of a generalization of the HFS code of Hermann and Skillman (Ref. 104),
wave functions have been generated for the many bound atomic states present in the
gas. The resulting numerical wave functions have been fitted by analytic functions of

the form

N
8 -a.r
R ,(r) = 2 Cnrne n (5. 18)
n=1
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with integer values of ﬁn . From comparison of the numerical results,the following
conventions were adopted in order to reduce the number of orbitals required while
still retaining accuracy suitable to the present application:

(a) For ground-state cores— 23 npn! the orbital (n,2) was calculated
for 3=n=28 and £ =0,1,2,3 only. For all values of (n,?) the
core orbitals are approximated by those calculated with (n = 3,2) unless
£ =3, when the core orbitals used are those calculated with (n=4,2 =3).
(b) For excited cores with one ¢r more 2s-electrons excited ¢o a 2p-orbit, the
orbital (n,2) is calculated for n = 3,4,5 and ¢ = 0,1,3 and for
n=3,4 for £ =2, Forlarger n the (n,l) orbital is approximated
by those calculated in the presence of the ground state core, The core
orbitals are subject to the same conventions as in Case (a).

In terms of the bound orbitals, Eq. (5.18), Eq. (5. 15) for the cross section becomes

(4] 2 2
,(—E’l B, cm®  (5.19)

w‘lo-‘

o<t (1.71zx1o‘1°)—-1-*c [2

where
Copr = (4,720 + 1)
and
I(a,8) = ! Pt sz!(z)dz

L+8+1 1-3+1' , 1 )
1 F ; L+ —2
r(z)ru 8+ 1) ( 2 T+ ol

2*0r(e + 3) (1+a?

)1/2( 195+1) (5.20)
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These are most easily evaluated using the recursion relations

-

I@.B) = 8508y -l j(@.)+ (B+2-1)1 (a, - 1)

-B/2

T)(1+a)  sin [ tan”} (1a)]

Io(a 'B)
g (5.21)

@.0) = 8 - a (B )1 y@0 - (5) 1 _p@.0)

I(@,0) = tan™ (1/a) |
As discussed by Chandrasekhar (Ref. 105) the three expressions [Egs. (5. 13) and
(5. 14)] are equivalent for exact wave functions but for approximate wave functions
the fact that they weight different regions of configuration space differently leads to

different results. Thus the Burgess-Seaton approximation of wave functions correct
for large r starts from Eq. (5.13) and conforms to the familiar uncertainty-principle
arguments that low-energy scattering states preferentially sample the long-range parts
of the bound state. Similarly the high-energy scattering state weights more heavily the
short-range part (the high-momentum Fourier components) of the bound state, as does
the acceleration form of the matrix element. Variationally determined wave functions
are usually less reliable for small than for intermediate values of r , so the accuracy
at short distances of the HFS wave functions represents a source of uncertainty in

the present results.
THE APPROXIMATE PHOTOIONIZATION CROSS SECTION

The occurrence of the spherical Bessel function in Eq. (5. 17) represents an approxi-
mation to the more correct positive-energy reguiar Coulomb function valid if k » Z -
a domain of validity opposite to that of the Burgess-Seaton approximation, as dis-
cussed at the end of the first subsection. For the present calculation an exponential

interpolation formula is utilized,

o(€) = oggle) e 9T 4 ol - e T (5.22)
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where Opg and OyE 8re the photojonization cross sections calculated according to
the Burgess-Seaton and high-energy approximations, respectively. The parameter o
was chosen to weight the two approximations equally at ¢ = 22 rydbergs.

Comparisons of the photoionization cross section obtained from Eq. (5. 22) with
Hartree-Fock calculations obtained with the computer program of Dalgarno, Henry,

and Stewart (Ref. 100) are presented in Figs. V-1 through V-4.. Included in the fig- . .
ures are results obtained by an hydrogenic approximation with Gaunt factors from

Karzas and Latter (Ref. 89) and with the unit Gaunt factors used by Stewart.and Pyatt
(Ref. 8). It is seen that the hydrogenic approximation consistently underestimatesthe. .
Hartree-Fock results and agreement improves for states of higher degree of ioniza-

tion. Thus the hydrogenic approximation is most suitable at high tempe?atures and

low densities. Comparing continuum Planck means obtained by Stewart and Pyatt with
those of the present calculation — Sec. VI, Table VI-2 — bears out thie chservation.

The fact that the hydrogenic approximation to the photoionization cross section
generally lies below that of Burgess and Seaton is consistent with the observation
that the hydrogenic approximation assumes that the final-state free electron moves
in a Coulomb field with the same effective charge as does the inital boundestate
electron, whereas in the Burgess-Seaton approximation thefree electron sees pri-
marily the charge of the residual ion. The effective charge of the bound state is
generally greater than the residual ionic charge, and this greater charge leads

to a shorter-wavelength free-electron wave function and the resulting greater
cancellation in the transition matrix element. Thus the replacement of the bound
charge by the residual charge (the replacement of the hydrogenic by the Burgess-
Seaton approximations) should decrease the canceilation and increase the magni-
tude of the cross section.

To account for bound-bound transitions with upper level above the merging limit,
the photoionization cross section is extrapolated linearly to a value (Zz/nfn) ryd-
2rgs below the vacuum edge, where n_ 1is defined in the discussion following

Eq. (4.13) in Sec. IV,
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THE COMPUTER CODE PIC

Iy

A computer program PIC has been devised to compute the approximate photoionization

cross section for each of the large number of atomic states present in the gas. The
program is coded in the FORTRAN II (Version III) language and has been operated on
an IBM-7094 computing system,

The initial data upon which the code operates are identical to those used by the pro-

gram MULTIPLET, described in Sec. IV. For each atomic state one of whose occupa-

tion numbers is greater than an arbitrary cutoff o 0o set equal to 10'5 for oxygen
and for nitrogen — gll possible photoionization transitions are computed by the
approximations described in the preceding sections. For each transition the photo-
ionization cross section is evaluated at a predetermined set of electron energies and
the results are written onto a tape — generating an atlas of photoionization transitions.

The final phase of PIC is concerned with generating from the data in the photojoniza-
tion atlas a frequency-dependent absorption coefficient u(e), Eq. (5.1), over an
arbitrary set of energies €N - For each desired set of equally-spaced energies the
program is provided with 4 data card containing (Nw YWy Aw), where Nw( =2000)
is the number of energies at which the absorption coefficient is to be tabulated and
N = Y +(N-1)Aw, (N = 1,Nw) specifies the energy set. For each transition
in the photoionization atlas the cross section is evaluated at the energies €N and the
continuous absorption coefficient [Eq. (5. 1)) is accumulated.

A complete FORTRAN listing of PIC is included in Appendix C.
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Section VI
OPACITY RESULTS

CALCULATICNS

For purposes of radiation-transport calculations certain frequency averages of the
radiation-absorption coefficient are of frequent utility. Two such mean opacities are
considered here. The hydrogenic free-free akaorption coefficients tabulated inRef. 5
have been included in our results.

In emissivity studies the Planck mean opacity is a convenient result:

Bp = ”41:4[ e3 e'e/T u(e) de . (6.1)
0

Results obtained for Planck mean opacities in the present calculation are presented
in Table VI-1 for the temperatures and densities considered. The line contributions
alone are in substantial agreement with the results of the preliminary calculation of
Armstrong and Aroeste using the same f-numbers as used here (Ref. 106). As dis-
cussed in Ref. 106, the major discrepancy with the line Planck mean results of
Stewart and Pyatt (Ref. 8) appears {0 be due to our inclusion of same-shell transi-
tions. At the highest temperatures, however, where the Planck weighting function
lessens the importance of these same-shell transitions it is found that our line Planck
means fall consistently below those of Stewart and Pyatt. Part of this discrepancy is
probably due to the effect noted in Sec. V that, in the non-hydrogenic approximations
made here, part of the oscillator strength is squeezed out of the lines and into the
continuwm — relative to a hydrogenic approximation, However, the maior source of

the discrepancy is most likely due to our neglect of line transitions into doubly
excited final states.
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Table VI-1
PLANCK MEAN OPACITIES FOR NITROGEN AND OXYCGEN

Ta vl A St ek e i b S B S P et e

Nitrogen Mean OPlaclty Oxygen Mean Ogruty
Temperature J Ion (cm™%) Ton (em™ )
(eV) Density Denasity
(nuclei cm=3) | Lines | Continuum Total | (nuclei cm'a) Lines | Continwum| Total
1 1| 5258 Jamo 3.48°2 | 14 5.38'® | s5.20'| 2.047% |5.407!
2| 5.3 |1es!| 3.40% | n.mY 530 |62 18270 |4 es7?
al 5.3 |1s1?| 284 | 1543 5.97® | 4223 1607|4387
o] 538 1103 1m® | 1123 s3] 3007t 11978 3207
s| 5381 |s5.895| 52177 | 50478 .38 13778 ass? |14t
6] 5388 |3.90°] 661® | 3018 5.3 |54 s.s? |sa”
2 1| 2342 |80 | 162 | ges?| 3.322° |[s5162 | 1612 |e10?
2| 3.161% |e.61 so1’ | 7.01 3.7 |a21 | 419! |36
3| 33217 Je.oe!| 7203 | 6137l 385" | 261)!| 697 |2
o] 3088 Je152] 1927 |67 468! |300%| 137 |3.2072
5] 3001 Je18®| 6.217% | 6103 550" |as1d| 3280 |3.8073
6| 391 |sat] 1477 |sat] s [3.20%] 9.m® [3.207*
5 1] 252 |12 | 2322 |1.4%| 3022 |1.08® | 2002 |128°
2| 5.5 |19 | 797! |20 657% |18 | 613! |19
3] 5.2 J1is0 21172 | 152 s.457 |14 1982 |16
o] s J128l) a5t 120l 616’ | 1s07!] s.a6t |1m:7!
s| 6.4 |1002] 899% | 1002 791" |1677%| 0.4 |16172
o 750 [7027%| 16477 |7.027¢] 9.28M |1.00%| 1967 [1.007°
10 1l en® e | 26 1200 ] 47® (116 | s1® |14
2| 80! Joee® | 815! |1o07 1.0 |1 | o7 |74
s| am!” lem | 11272 |east] 108! [e.78t| 2.5 |1.00
o] 0.1 116 st 1102 1u? [soe?| set |se?
s| 1298 [2.25Y| 536 |20 1.2 |23 1.08% |2.373
6| 162 |a00®] s02® |41 1.582® [ees®| 1657 [e.65°
18 1| 5852 Je.o06® | 2422 |s4r®| 640® |9.62% | 333® |1.3°
2| 1211 s 5.8¢7) | 427 1422 |10 | ser? |17
s| 130" |7.5172| o387 [eas?| 1.44)® [a20!] 1962 | 440!
ol 11217 Josd] 160t | 150 168" |9.98d| ses7t | 10872
8| 22 |2.428| 2607 |26 2141 |1.877Y| 5960 |1.937¢
o] 2061 [e37] 432 |ae2?| 2.0 [sa®| e |30
20 1] 7200 134 ] 16 8202 | 0.01® |[7.02® | 5.0 |1.08°
2| 1o |1n; s.58! | 187 106" | 545 7.10°! 6.6
3| 20 |2122] 5.927° |260%] 204 |127!| 1297 |1.397?
o] 267 Jamt| 016% |aest] 28" |216%| 2117t |2a07d
5! 32208 lage®l 190 [ans®l 3201 |3068] 202 |0.22°8
o] a5s?® |127| 202% 151" 43a® [eoe?| st |82
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In Table VI-2 are comparisons of our results for continuum Planck mean opacities —
photoelectric plus hydrogenic free-free — with the earlier hydrogenic results of
Armstrong (Ref. 5) which used the same initial atomic states and occupations thereof
as used here. Thus the present calculation differs from that of Armstrong primarily
in the use of nonhydrogenic matrix elements. It is seen that the present results lie
consistently above the earlier hydrogenic values. Inciuded in Table VI-2 are the nitro-
gen continuum Planck means of Stewart and Pyatt (Ref. 8) interpolated to our densities.
(The 20-eV Stewart-Pyatt data are the result of a double interpolation in both density
and temperature and are thus somewhat less reliable.) The Stewart and Pyatt calcu-
lation is also an hydrogenic approximation with unit Gaunt factors. The occupation
numbers were obtained by a theoretical approximation different from ours.

The present calculation of the line Planck mean opacity numerically integrates the
accumulated line absorption coefficient due to broad lines aad, for each narrow line,
accumulates the Planck integrand [Eq. (6. 1)] at the position of each narrow line. The
distinction between broad and narrow lines is discussed at the conclusion of Sec. IV.

A frequency-averaged absorption coefficient useful in radiation diffusion calculations
is the Rosseland mean free path

)RE 15 J’ e exp (2¢/T) de
4T we) [exp (e/T) - 13

(6.2)

where ‘-‘R is the Rosseland mean opacity. Our results for the Rosseland mean

opacities are presented in Table VI-3, which includes for comparison the nitrogen
results of Stewart and Pyatt (Ref. 8). Compton scattering has been included in our
results (for the Rosseland, not the Planck mean) and K-shell effects are neglected.

The Rosseland mean opacity [Eq. (6.2)] — being an inverse mean of the absorption
coefficient u(E) — is a non-additive function nf the line, photoionization free-free,
and scattering contributions to the absorption coefficient. Therefore, a modified
version of the final phase of MULTIPLET has been devised — the code RABS, a com-
plete FORTRAN listing of which is included in Appendix D.
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§ Table VI-2
g CONTINUUM PLANCK MEAN OPACITIES FOR NITROGEN AND OXYGEN
COMPARISON WITH PREVIOUS RESULTS
Nitrogen Mean Opacity Oxygen Mean Opacity
Temferature 3 (cm‘l) (cm’l)
eV) Present Present
Calculation | Ref. 5 | Ref. 8 | Calculation | Ref. 5
2 1| 1.6 1.28% 1.612 1,082
2| 40! | 300 4197 | 2.817!
3| 7.2 | 4903 6.97° | 4.6073 ‘
4| 1927t | 1057t 13174 | st :
5| 6228 | 2988 3.23¢ | 18278
6| 1437 | 7.088 9.7117% | 5.0278 '
5 1| 2322 | nm? | 142 2.02 | 1822
2| 79! |36 ] 35t | 6! | 509! ;
3| 2117 |es583| 8.4 1.98°% | 7.6173
s a1t [ res™ | 1ot | 56t | 1687 4
5| 6.990% [3.8C%| 1% | 9.64% | 380 %
6| 1647 |98 | 91 | 1967 | 8420 &
i
10 1| 2.872 2.122 | 1.3% 3.1n® 2,142
2| 815! |46l | 88! | 107 4.087}
3l 11272 |9.133 | 903 | 2502 |93
| 340 1797 19 | st | 2027t
5| 5.236% |325°%|34% | 1085 |[3.78C 4
6| 8.02® |58 |60® | 167 |71® H
15 1| 2422 |2m? | 122 s.33° | 2.2 i
2| 55477 |38t 32| 96177 | 468! L
3| 90383 [653 |62 | 192 |89 ;
| 160 |03t | 117t | ses? | 135t b
s | 260% | 1.79% | 1.07% | 5980 | 2347 3
6 | 4.32% [3.16%)] 3.4% | 88° |419® ";
20 1] 187 1612 | 1.22 3. 042 2.18% B
sl 281 loaallasg? | 21 |37
3| 51723 |3.483] 5973 1.237% | 59673
4| 97185 |[se® | 11t | 211t | 9.2
s | 1.70% |9.907 | 2.0 3.627% | 1.60°¢
6| 28% |[1.75%)]36®% | 5.64® |28
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Table VI-3

ROSSELAND MEAN OPACITIES FOR NITROGEN, OXYGEN, AND AIR

Temperature m“:‘”n Meu(grgf»r)clty Ox‘yoien Melﬁ%spiclty ?‘:'r’ Me-nL%iscity
{eV) Density Density =1 Density -1
(nuclet cm=-3) | LMSC | Ref. 8 | nyclei em-3) *m~7%) (nuclei cm-3) (em=7)
1 5,258 | 1,227 5.3818 2.4873 5. 2818
5.3617 | 1107 5.3917 1.7874 5,377
531 |13 5,376 14778 5.3718
5,38 | s.4077 5.38%% 9367 5.381%
5.8 | 1.5 53814 2.9378 53814
5.38% | 2,06710 5,3813 3.74710 5.3812
2 2.342 | s.68} 3,32% 1.18 2 2,562 9,78
3.16% | 116! 37718 2,217} 3,20'8 15271
3.32'7 | 1077 3,857 14773 3,437 1247
3.86% | 1977 4.68%8 2,357% 4.0318 20075
3.9 | 5587 5.501% 3.2677 4.2618 8.1977
3.0t 1198 5,59 4.107° ot 10878
5 2,562 |2.8% |1.82 3,02%0 2.62% 2, 6620 3,35%
5.50'% |55 {321 ] 6578 4.1071 5.7318 8,057}
5.24)7 le.363 [6.33 | .45 5.96° 5.5017 6.927°
5.65 106 |10 | 676 9.6175 5.881¢ 11274
6.49% |1.67% |16 | 79788 14578 6.801% 1,7678
7.504 12408 368 | 925 1.9978 7,874 26178
10 a0 |e.922 |3.42 4.76% 3. 20% 4.25%0 7.78%
s.012® [101 |7.31 ] 1041 7.9771 9, 1418 1.09
8.7  |1.042 [9.6% | 1038 1.0272 9. 0417 1.1672
9.7918 |12 127t | 1Lnl? 16974 10117 L4774
1280 §167% | 1570 | 1.298 2,968 1,258 2,167
1.621% 2,087 |20 | 158! 4.36°8 1.61%8 3.8478
18 55320 [4.19% |2.52 6.40%° 7,732 8.72%0 5.50°
1.2 Je.ss! |63 | 1428 1,08 1.30%° 84671
1.39'%  |5.4873 [5.873 | 144! 11272 1.4018 8,013
1727 7.0 |s.97% | 168! 13474 1.1 10474
2.231% | 1.16% |9.877 | 2,14 1.8578 2,226 1.667°
2,968 [3.177® [3.27% | 2,038 3,7878 2,949 38878
20 7.07° |18 |1.6? 8.01% 5. 422 7.27%° 2,84
100" {35! sl 186! 7.4471 1.811? 5.1471
2.08'% |3.677% je.173 | 2048 6.3073 2,078 5.80°2
2,627 {514 je.sd | 235" 8,01 2,557 55170
3.42% | 11® [1.27% | 3278 1.3578 3,318 1.578
4.583° 135878 |4.27% | 4348 40478 4.51%8 4.35°8
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The program RABS is identical to Phase 3 of MULTIPLET with the modification that
prior to accumulating the broad-line contribution to the absorption coefficient the hydro-
genic free-free absorption coefficient from Ref. 5 is read from cards, the tabulated
photoionization coefficient from the code PIC (Sec. V) is read from tape.and the
Compton scattering cross section is calculated. The broad-line absorption coefficient
is then accumulated on top of these continuum contributions.

For the purposes of the Rosseland-mean calculation the narrow lines are divided into
two classes — strong and weak. Strong lines are those whose strength at the line
center is greater than the continuous absorption coefficient — evaluated at the line
center; the remaining narrow lines are classified as weak. In RABS the line wings of
the strong rarrow lines are accumulated with the broad lines, so the final tape result-
ing from RABS contains the tabulated absorption coefficient due to all atomic contri-
butions except the weak narrow lines and the line centers of the strong narrow lines.

To finally evaluate the Rosseland mean opacity,a computer program ROSS is utilized
to read the tape provided by RABS and to properly accumulate the narrow-line contri-
bution to the local mean free path — averaged over the small frequency interval Aw
(defined at the end of Sec. IV). The local mean free path is tabulated by the code as a
function of energy and density; a numerical integration of Eq. (6.2) — with a variable
upper limit — is carried out, and the code tabulates the resulting partial Rosseland
means.

The mean free path frequency-averaged over the small interval Aw is calculated by
attributing a rectangular shape to the weak narrow lines and a Lorentz shape to the
strong narrow lines. The frequency interval Aw is then subdivided into generally
unequal subintervals sufficient to adequately represent numerically the narrow lines
in the interval. Over these refined subintervals the narrow lines are accumulated
with the rest of the absorption coefficient and the local mean free path is obtained by
numerical integration, A completa FORTRAN listing of ROSS is included in
Appendix D,
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COMPARISON WITH EXPERIMENT

An experimental observation of the emissivity of pure nitrogen at a temperature of
11,000°K and a censity 1, 16 x 10-2 normal has recently been carried out by Boldt

(Ref, 107). The intensity measurements covered a wavelength interval of 4000 to

6000 A, and the effects due to strong narrow lines were omitted. A comparison of

the results of our calculation at Boldt's temperature and density with the experimental
results is shown in Fig. VI-1, Included are our line emissivities, averaged over 200-:&
intervals and not corrected for self-absorption. It is seen that most of the emissivity
is due to photoionization transitions.

Allen* and associates at AVCO (Ref. 108) have recently measured the emissivity of
an air sample at a temperature of 10,500°K and normal density over a wavelength
interval 0.5to 1.3 u. (5000 to 13,000 A.) The total emitted intensity is chserved
over 50-A intervals from 0.5 to 0.6 u and over 300-A intervals from 0.8 t0 1.3 M.
The experimental results and our theoretical approximations thereto are presented
in Fig. VI-2,

Our nitrogen calculation was carried out in fair detail with an approximate correction
for self-absorption of the strong narrow lines by limiting their intensity to the theo-
retical maximum, the Planck function. The oxygen calculation was quite crude in
that multiplet splitting of the 3s and 3p states was ignored. Thus the 3s and 3p
transitions which dominate the region 0.7 to 1 u appeared at a single energy, whereas,
in fact, they should be spread over an 1800-A interval, In view of the crudeness of
the oxygen treatment and our uncertainty in matching the experimental conditions, our
results are in reasonable agreement with the experimental data.

CONCLUSIONS

As indicated in the introduction, the aim of the present studv was to remove those
hydrogenic approximations most seriously in question in previous calculations and to

*Private communication.
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Fig. VI-1 Comparison of experimental data from Ref. 107 with the results of the
present calculations.
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study the effects thereof. To this end the bulk of the hydrogenic matrix elements have
been replaced by physically more reasonable values, and computer programs have

been developed to treat the relevant physical processes in as much detail as practicable,
consistent with the uncertainties in the basic physical parameters. Some mean opaci-
ties useful in radiative transfer problems have been evaluated, and, by use of the com-
puter programs, more detailed results are easily obtainable.

It is felt that the major source of uncertainty in our results is likely to be our neglect
of line transitions to doubly-excited final atomic states. The effect of this neglect is
undoubtedly showing up in our line Planck mean results. Due to the overlap of such
final states with the continuum the states are subject to autoionization and thus should
be quite broad — affecting the Rosseland mean opacities. Ar adequate treatment of
such transitions would require a detailed theoretical study of the broadening problem.

The lack of experimental information regarding these same doubly-excited states
forces some rather arbitrary approximations in the Burgess-Seaton calculation of the
photoionization of inner electrons — as discussed in Sec. V. A noticeable improvement
would probably require more detailed and time-consuming Hartree-Fock calculations
similar to those of Dalgarno (Ref. 100).

At low photon energies and high temperatures the free-free absorption becomes a sig-
nificant contribution to the opacity. The hydrogenic values used in this work are
certainly subject to doubt and further studies of nonhydrogenic approximations are
undoubtedly warranted for the free-free contribution. '

In view of the accuracy of our input information and the amount of physical detail we
have taken into account we feel that our results should be the most accurate air opacity
results presentec to date. However, we cannot place quantitative estimates on our
accuracy, as this project has of necessity had to be terminzted before the requisite
analysis could be carried out. Detailed parameter studies and numerical estimates

of neglectea effects should be undertaken as well as further checking and testing of our
results,
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Appendix A
STATISTICAL MECHANICS OF PLASMAS*

A.1 GENERALIZATION OF SIEGERT'S DERIVATION OF THE OCCUPATION
NUMBER FORMULA

It appears that the variational derivation given by Siegert of the formula for the occupa-
tion number, N;,Jz , [Ref. 4, Eq. (20)], can be improved somewhat. Furthermore, it
is worthwhile to consider the drivation of this and related formulas from a different
approach, namely use of the grand canonical partition function. There are at least
two reasons for looking at this alternative derivation. First in the framework of the

grand partition function it is easy to include electron-d:generacy effects due to the
operation of Fermi statis';ic‘s. Secondly, recsuits for the interaction free energy includ-
ing quantum effects for a dense plasma are usually obtained using the grand partition
function.

One-component Plasma Using the Grand Partition Function. To illustrate a fewpoints

that will come up in the treatment of an ionized gas. we first look at the electron gas
in a smeared-out positive background. The grand partition function is

N
2
Zs(a,B) = - Tr exp {aN - B8 Ho+%2:;
i=] ij

Recall that the thermodynamic potential Q is identical to the pressure Q = PV, but
as a functionof @ and B, not p and 5

The two parameters, o

= chemical

*This appendix was written by H. E. DeWitt.
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potential and 8 = 1/kT, are normalized to the number of particles and the energy
respectively, as obtained from

_ApR)_ TrHexp(aN - SH)

E 98~ Trexp (aN - BH)

HpQ?)_ Tr Nexp (aN - SH)
98 Tr exp (aN - gH)

N =

;391 is the interaction contribution to the grand potential. For the electron gas of any

degree of degeneracy we have
< J3/0()
o = N—L5— + gy

where

¢ - (2 3

= = (a )
(20 + 17 % amkT 02 1/2%0

a, is the chemical potential of the unperturbed system (e2 = 0), i.e., the ideal
gas value. The J functions are

[

m 8 sa
= 1 z_dz = E (-1) e a
Inl@) = l‘(m+1)[ e (-a+3) - el for e < 1.
0 8=1

Since the chemical potential depends on Bﬂl , wewriteitas o = «o 0 + 6a and now
must evaluate 6a from

S . (a,+6a) 3fQ(a, + o)
2 _wo1/2t 0 0
N"%%&'N 3 * dat '

A Taylor expansion gives

' a PR e tev 1 ARO(ey azmm )
- - J- ‘ “ ’ e ". \ ey hit Al W ’ - ”~ i3
N = N{1 + b /20 +5°’, 3/2 °'+.,. +————° + 6o ——————+,,
¢ 2! t oo 2
0 aao
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Clearly when BQI is very small, then 6a becomes proportional to ggg— and higher-
order terms may be neglected. Thus the lowest-order result is

38R a,) 3%,

ba = -AN

T 10 )
N2 0 ae

The second form of 4a in the above equation follows from

3. () _3 ()
dN(a ) =-§E['ﬁ-—1—/—2—g—]da =N—i%-—da.

Also note that to first order in 6a the following identity holds BQI( a) = - pFI( ao)
where FI is the interaction free energy (¥ in Siegert's work). Conseqyently one sees
that the quantity 88y/6N which appears in the variational derivation of N;’ Jg is the
first-order shift in the chemical potential away from the ideal-gas value « 0"

In order to find 6a more accurately than the above first-order result one must solve
at least a quadratic equation. It is possible to do this without too much difficulty for
the non-degenerate electron gas. In the limit of no degeneracy all the 3 functions
reduce to the Boltzmann form, ',m( a) = e , and we have

_eﬁ - exp(a0+6a) - eéa
¢ ¢

)
since e =c,a0=log§.

Classical Coulomb interaction effects in the electron gas are functions of the dimension-
less parameter

2
A =B __1 _ 2,1/2e333/2p1/2’

_ N
AD 41rpA?, P \

In the grand partition function the corresponding quantity is A eda/ 2 because every-
where N appears it should be replaced with Nel?, '
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The Helmholtz free energy is

2
N(ao'l)"[g A (10S3A+2c-—]l

to order Az . This includes the Debye-Huckel term and the small A form of the
Abe S2 integral. The thermodynamic potential to the same order of accuracy is

BF(p,B) =

A2 ezéa

pa,B) = N 6a+3Aexp(36(!) ——-[logaAexp( Ga)+2c-}-1-+3]l.

Note that ﬁﬂl = -BFI only to O(A). Tofind 6 one must solve

A2 206

L ﬁ{eéa-t-%A exp(%&a)

20 [tog 34 exp (3 60) + 2¢ - L2+ 34 ]l

or

2
- 1,02,.1 3 A L
1= 1+6a+26a® +1a(1+30a) + 45 (logan + 20 ).
Solving for 6a to order A2 gives
6a=-é-£(l 3A+2c-l9-)
2~ ¢ '8 12/

The above calculation of 6a was carried out to show how to calculate the chemical
potential from the thermodynamic potential obtained as the logarithm of the grand
partition function. Now recall from thermodynamics that the chemical potential is the
Gibbs' free energy per particle, i.e., G =E - TS + PV = Nuy(our a is Bu), and
that the chemical potential is obtained from the Helmholtz free energy as u = -g—g— .

In the case of the classical electron gas we have the result for the Helmholtz free
energy (it is easier to calculate than the grand potential in the abserce of quantum

“‘.M-} Carrvine out tha indice! 2 diffarantiastion c'lvan

~ o
WAL WU S N hh by LAAEy W

%-Agz-(logsl\ + 2¢ --i%)
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in agreement with the earlier result. One other important result should be noted
here. In the absence of degeneracy due to quantum statistics (¢ « 1 and hence
¥y = log ¢ is large and negative) we find, from the defining relation for the number
of particles in terms of the grand potential, the expression

9pF apQ 980
eéd gexp<-—5}TI> = l+m= 1+ﬁ(—a%.

Variational Treatment of the Multicomponent Gas (Siegert's Method). We now con-
sider a gas composed of N, nuclei of charge Z and ZNi electrons. At sufficiently
low temperature this gas will be Ni neutral atoms, and at sufficiently high tempera-
ture it will be completely ionized, i.e., Ni bare nuclei and ZNi free electrons. At
intermediate temperatures every ionic species is possible; there will be n, free
electrons and n, ions of charge z (thus Z - z bound electrons on this ion). These

numbers, n, and n, depend on temperature and density, but always must satisfy
the requirements

z nz = Ni
z=0

z znz
z=1

Each ion of charge z may be in one of numerous internal-energy states with quantum
numbers which will be denoted collectively as J z" Of the n_ ions with charge z

the number in a state J z will be denoted as nog o and thus we have
'z

n, (electrical neutrality)

for z ranging from 0 to Z - 1 (ions of charge Z, bare nuclei, of course have no
internal states). The energy levels are denoted as e(z , Jz o0, { nz}). They are
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functions of the number of various kinds of charges because the energy levels of the
ion in a vacuum [denoted by eo( z,Jz )] will be ehifted upward due to screening by
other charges in the plasma. If one assumes that the least-bound electron on an ion
of charge z moves in Coulomb field of charge z + 1 (nucleus and core bound elec-
trons) but with this Coulomb field screened according to the Debye prescription, i.e.,
the effective potential is -(z + 1) (ez/r) exp (-r/AD) , then the energy levels will be

£
%
}?
i
e(z,Jz,ne,{nz}) = eo(Z.Jz) +(z+ 1)92/7\1) + ée(Jz,ne,{nz}) where the vacuum §
¢
f‘;

e,

2 g R e

levels will be hydrogenic, the second term is a constant energy shift upwards for all
levels, and the third term will be in lowest approximation

N TS B L BRI slidta, VISR ABD ANk

se = - (z + 1)(e%/np) (r/x,))Jz

The assumption has been made here that the energy of the level is measured from the
vacuum continuum limit. Actually, however, the continuum limit for electrons is
effectively lowered by the amount -ez/ A - Thus bound levels above this lowered-
continuum limit [this means l e(z I n e’{nz})l < ez/AD] find themselves no longer
bound. The number of states to be counted as bound is determined by the condition that
e(z,Jz,ne,{nz}) + ez/AD = eo(z,Jz) + <(z + l)ez/r - “eff(r)>Jz + ez/xD <0,

The screened Debye potential is a model for “eff( r), and not necessarily a good one.

According to basic ideas of statistical mechanics the probebility of a given partition
of the total energy, i.e., n, free electrons and the set {nz’Jz} of ions, is

W(ne’ {nz, Jz}) =

g
|

— exp{-fF;-B 2 P, J.‘("Jz’ne'{nz})

e
z z,Jz

nz,J

(28, + )V °n (28, + 1)V z
'-372‘{: z | 5372 2',‘:15
' '

z,J

ngb,(8)
TV
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where Xe = #/( 2mek'l‘) x‘ = 4/( 2mikT) , bz(ﬂ) is the second virial coef-
ficient, and n, is the number of neutra: particles. This expression is essentially
Siegert's Eq. (16), (Ref. 4). The first two factors are the translational partition
functions of electrons and ions [81egert did not explicitly put in the translation partition
function of ions, i.e., (V/ xi*)Ni] . The same thermal wavelength li may be used
for each ion because of the smallness of the electron mass compared with ionic masses.

e and s, are spins of electrons and ions. In the exponential, FI is the Coulombic
free energy due to interaction of free electrons and ions. In the low density limit, F
is just the Debye result (ring integral sum for point charges)

I

BFy = - E( Zzn)AD— %

Ap [41rBe2(pe +222pz)].1/2 .

This result could be improved by treating the ions as extended structures (rather than
points) by describing the bound electrons with some kind of form factor. Also it
should include the multicomponent form of the Abe Sz-integral. The terms S and

2ee

bzzz for electron-electron and ion-ion interaction respectively may be written down

immediately in their classical-limit form, but the term S2 ez for electron-ion inter-
action has no classical limit and the correci quantum-mechanical treatment has not
yet been dependably evaluated even in the low-density limit. At this point it is not
clear how to combine the exact but unevaluated theory with the present elementary
approach. The reason is that 82 ez includes both scattering states and bound states

of electrons on ion of charge z. Bound-state energies, however, are already treated

4m,

in the second term in the exponential. The third term is the free energy due to inter-
action among the neutral atoms (z = 0), and 18 approximated with the second virial

coefficient.
From this expression for W, we wish to find the most prohable p_rt!tion using the
method of Lagrange multipliers. Since we have two conditions to satisfy — fixed
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number of nuclei and charge neutrality — we introduce two as yet undetermined multi-
pliers, and calculate the partition for which the quantity

LR

L =1gW+a

_.
M~
=

ae(ne - Zznz)

z=0

is stationary. We now assume that n, 5 = nz j + 6ng, J, where the variation
ong, j, must satisfy

U 234t e oS
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o
=
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e
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o
[
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O
1=
i}

6= D zon, ; = > zon, .

z
z,Jz z

e P b+ MM

a0y
Kaiey

Siegert used only one multiplier, a, , but in his calculation took into account electri-
cal neutrality by replacing 6n o with Zzbnz . The first variation of £ is

(2384' 1)V (2sz+1)V

N)

6L = -on, logn; + log 26112 3, logn""J + log

("-1/2%) z (3-1/2

-on — o 2 mlzan - D on, 5 Belz,3,img,{n,})
z2,J z

26 n.b
'B(Z%; nz,Jz>6ne - Bz 2 "2, 2 n%o 2
2 , J
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Assuming the coefficients of én, and 6én; j to be zero gives

(2sz+1)v aBFI
lognz 5, = (@ - za ) + log - =5 -Be(z,Jz,ne,{nz})
z

("1 /“1/2)3

*

70 (z0
-B z z,d, 8n - 2('\7>b2(p)61(ronec)ker

(25 + 1)V asp de

‘°8“:=°'e”°8"—‘];2— LR
(7\ /r ) e z,J z e
e z

The equation for n* h contains two terms not present in Siegert's expression;
namely, the term containing 8¢/ on, which takes into account the density dependence
of the energy levels and the term involving the second virial coefficient for interac-
tion between neutral atoms. Note that the log V term can be written as

, (28, + 1)V o 1 + Io (28, + 1),3/2(zmek'r )3/2
og — 3 = logng g 3
(Ae /”1/2) (n;/V )

- S -
= log n; + log te log n; @0

where Aoo = log te is the chemical potential in the absence of interaction. Thus,
the number of free electrons n; and the occupation numbers, n;’ J, » may be
written as

-—

(28, + 1 /2y

x =
M 3 exp

zJ8n

D
N
N

n* = exp (a - zae) - —;ﬁl - Be(z,Jz,ne,{nz})

n*
-8 -;,",’,iz <>2<mq(<z0)
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Our next problem is to determine the undetermined multipliers a, and o e We first
need the number of ions of charge z which is

(28, + 1)r32y 9F
n; = Z“Q,J = 3 exp {(a; - za ) - —o
J z Ai 1

where

exp (-ff,) = z exp l—ﬁe(z,Jz,ne,{nz})] .
Jz

The quantity exp (-sz) is the internal partition function of the ion of charge z ; the
sum over J z is to be cut off when the energy levels reach the lowered continuum.
Thus, the actual number of levels to be summed in the calculation of the internal free
energy, f 2 is probably in moet cases a small finite number. Presumably a more
accurate theory must take into account the broadening of these bound states near the
lowered continuum. The topmost levels may be so broadened that they overlap and
thus not contribute as bound states. At the present time, we do not take into account
this effect.

Let us look at the occupation number formula, n;’ Ig and ask how to recover
Siegert's result, Eq. (20), (Ref. 4). First note that Siegert does not have the factor

(28, + 1)73/2y .
3 = Ni(28z + l)fi = Ni(zsz + l)exp(-am)
i
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since he left the jon translationsl partition function out of hiu W. Secondly, notethat
his multiplicative factor involving the electron translational partition function may be
written as

.

( v \? ( 1 )‘ - o
\Asnf t el

Thus the exact chemical potential, a,, in the present result is replaced by the ‘deal
gas chemical potential, « o0’ in his result. Xow note that the formula for n; ANy
be written as

—
1
[ ]
3
~]
]

Q

zJan
2,d,

e ¢ +Bz n;J .

z,dg .

Actually, Siegert does not lose the piece aﬁFI,’a'ne that occurs in the exaz: .esult
for o e gince, in his formula, the partial differentiation, with respectto n 2 must be
interpreted as

(BﬁFI> 8BFI BBFI on
on
z Siegert

whei: 8ne/ on, =z since n, = Eznz . In the present formulas the partial deriva-
tives have the usual meaning, i.e., differentiation only with respect to the stated

variable. Thus in the end Siegert has the correct result for nj j g €xcept for the ion
‘ranslational perstition function. The present method of using two undetermined multi-

pliers seems preferable because it is clear how to do the treatment in the grand parti-
tion function, and it is not clear in Siegert's method where orly one multiplier, « i

ic uged.
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Next we must have a procedure to evaluate o i and a,. The total number of ruclei

Ni is supposed to determine « i from the equation

4

VA
3/ s
z = 2" (250 + 1) exp [—Bfo - 2(370')'02(’3 )]

i

Z I 9BF,

z(zsz+1)exp -2, zJ 8n

z=1 L

In terms of . and @00 the above equation may be written as
Z 86F, 86F,
1 = exp(e; - a,) z(zsz *1exp |-z, - on_ -z on, - A,

z=0

-Bz L m -zﬁz n;J - (l,l,)b 5,420)

We can calculate @ -, (a i0 is known since Ni is a fixed number) as soon as we
have «a €0’ but a, depends on the number of free electrons which has yet to be
determined. @, and hence @0 is determined from the electrical neutrality condi-
tion, n; = zn; = ZNi. Here Z is the average ionic charge which must go to
zero at low temperature and to Z at high temperature. The equation for % is

z

98F 9BF
Zz(232+1)exp -zao--—arl--z—:-n-l—- -
z Zzn* z=1 ° z e i

T ”
Py =

2(2:z+1)exp( 0° )
z=0

107

, ¢, Fou Sntrom,
B e T et

¥ head™
-t

KRR Eﬁm SN o AR A T S e SRS S S L
i . - -
£y

}




S

o aeg bt h ot %

where

3 ZN,/V)
(28, + 1)13/2( 2mkT)3/2

%0 © log be = log

Presumably this equation is solved for Z by guessing values of Z, calculating the
right-hand side, and repeating until both sides of the equation match. Once a, and
@, are known we may return to the evaluation of the occupation number formula,

*
nz»Jz .

Grand Partition Function Approach to the Multicomponent System. In the grand parti-
tion function one allows both the energy and the number of particles to vary in a fixed
volume V and at a temperature T. One calculates the average energy and the aver-
age number of particles (not the most probable number as in the variational approach).
The gverage number of particles is equated to the actual number in the system and
this condition gives an equation for the chemical potential for that type of particle.

In our multicomponent gas we have two conditions, fixed number of nuclei N, and
electrical neutrality; these conditions will be taken care of by introducing the chemi-
cal potentials @ and @  exactly as in the variational method. One calculates ﬁi
and fi, - Zznz by differentiating the grand partition function with respect to « i and
@, respectively. Strictly speakingwe cannot get the occupation numbers, ﬁz’ Iy from
the grand partition function, However, it turns out that the result for ﬁz is immedi-
ately apparent from the result for Ni . Furthermore we have ample reason to believe

the canonical distribution of energy, and so can write immediately

exp [-ﬁe(z,J fi {ﬁz})J )
ﬁz,J = &, ze-ﬁzee = 0, exp (Bf, - Be)
J
z

Our main problem is the determination of the chemical potentials, and to this end we
will derive formula for ﬁi and Z that are the same as the expressions obtained in.
the previous section by the variational method.
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The grand canonical partition function, assuming classical statistics for all particles,
is

3/2v
exp[adn +a _(n_-Szn )] (2s +1)1r (23 +1)1r
G(B’ai’a)_z 120 eezzn [

n!iIn '
e z,J,! z
Tigs Dy 3 z

zb
x exp |-(BF)(n,,{n,}) - ZZJG-:——

where the summations over ne and n, j are unrestricted. In the end, however, o,
and « o must be chosen so that N is the actual number of nuclei and the electrical
neutrality condition is satisfied, ﬁ Zzﬁ . More generally, the summations in
the above expression represent the evaluation of the trace of exp Ia Zn +a (n -
Ezn ) - BH] The result for the thermodynamic potential is

3y pla) N "b
g = log 2 = B, 22, ‘Z(zs +1) exp (a - 2o - BL) +(BR)) + —2
e
where
7\3(1‘1 N) A::('ﬁi/v)
t = .t =
¢ " (2, + 1 3/2 1T T

Recall that both ﬂl and fz are functions of the numbers of particles. This will be
expressed as a dependence on the chemical potentials. The prescription is

N (2sz + 1)

n, = i-—-t-‘——--exp(ai - za, - Bf))

(28 +1)r%2y

n = e J (a))

e }\3 1/2'\ e’ *
e
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We are allowing for the possibility that the electrons are sufficiently dense that Fermi
statistics causes degeneracy.

The result for N, is

i
3/2 of
ﬁi=91§%1=( 3> 2(2:; + 1) exp (-2, -Bf)(l-ﬁ zz)
z

A
2 & 5“1 2“3"2
v

Similarly, differentiation with respect to a, gives

3 (@) (R dn

ﬁe-Zziz =2§Eﬂlae =ne 1/%e e . 8nl d e , N exp(a - ao)Z(zg + 1)

z

sz dn af 8(301)
x exp (-za, - 8f ) -Z-Bwaa— Bo +ZT (-2n,) =

z

z

From these two equations we can pick out the expressions for #i z A o and zzﬂ

Our procedure now is roughly the same as in the previous section. The first step
is to solve for « e from the result for ie ; since electron degeneracy is allowed
for, this step is more complicated than in the previous section. te is proportional
to the number of free electrons, and consequently the second step is to write down
an expression for Z so that we can calculate the number of free electrons,

fi, = iﬁi . Finally, on knowing a, we can return to the expression for ﬁi and

solve for « g

The expression for fi, (read from the result for fi, - )'zn

g (a))  ¥p) én of dn

- 1/2'\ e 1 e § zZ e
= fi + - f —

l'le e te ane Bae A z ane aae
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or

3(BRy) o\ 1 dn,
S = we (e oD m)nm)

This expression defines « e in terms of ge, but te is not known until Z is deter-
mined. Recall that

a

— e
.’l/z(ae) = e -;57'2-'0'....

a
Let us solve for e © at least to order te

o 2112

e =gl +-9;-3-7§-+...

AR}
e = 1B L[] +log 1+ S5

R
"

t B,) of dn
e I z{1 e
(logte+2372+...)+[- on +ﬁ§:nz8n]nea'&:+"'
z

- v

-

"eo

In the limit of no degeneracy (so that the ze term of @00 is negligible compared
with log ¢ e) this expression for a, is identical to that derived in the previous

section,

For the second step of our calculaticnal procedure we need Z which is

S 22, + 1) exp (-zar, - f1) |14 o - g5, 2
= isis exp (-z¢ - + - fn
_ Ez.z =1 z e z anz zauz

g = = ; A
= Z HB%,) of n
znz Zo(zsz + 1) exp (-zar_ - Bf) {;r 5 L. B anz i, + 2(-‘,9)b261{(z0]
z= z

F/
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This is the central result of the grand partition function method. As in the result for
z in the previous section it may be regarded as an equation for z of the form

= f[ae( z)], and coupled with the equation defining « e in terms of Z it may be
solved for any degree of electron degeneracy. It was not clear how to include electron
degeneracy in the variational result for 2. The next question is: are the two expres-

sions for Z identical? In the grand partition function result QI appears linearly

while in the variational result FI appears in the exponential. In fact, the two results
are the same since it was shown previously that

8BFI(a 391(01)
exv[ =1+ n(a)

Finally the third step is to evaluate « i from the expression for 'ﬁ'i which may be
written as

B(BQI) afz ﬁo
1 = exp (azi - am) 2 (23z + 1) exp (-zcxee - sz) 1+ 8“z -8 8n n, + 2(‘,)b2
z=0

Once a, and o i are evaluated the number of ions of charge z and the occupation
numbers of various states may be found from

o BQI of

Z =
L
A Z

(=]

, = Njexp(a, - @) 2, +1)exp(-za, - 81 )|1 +

=
L}

2,9, ﬁz exp lﬁfz - Be(z,Jz,ﬁe,{ﬁz})] .

In order to compare these results with the variational results note also that

<™ e Da
of 8n
-BR, on N, o logze = -Bn, ———g— -Bc Bz ., J, 8n
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Thus, the grand partition function approach reproduces in every respect the results of

the variational approach. Also it gives a prescription for inclusion of the effects of
electron degeneracy at high density.

Crude Estimation of the Chemical Potential Shifts. Consider again the occupation

number formula for a non-degenerate gas as obtained from the variational method

n
z,J
Ni = (23z + 1) exp @, - aio - zaeo - Be(z,Jz,ne,{nz})
¥BF)  &BF) o,
L e, S
Z e 2'=0

In the low-density limit BFI is the Debye result:

= %% (z z“"’nz + ne) , A;)l = [4:Bez(Zz2nz + ne)]l/z

and the resulting shift in the chemical potentials .s found to be

&BF[)  B(BFy) 9 o2
+2 = B(z°" +z)5—
an ane 2AD

The question now is, how does the shift due to the dependence of the energy levels on
charged-particle density compare withthe above results? Assume that we have decided
how many levels are to go into the calculation of fz either by taking the last one
under the lowered continuum or perhaps the last distinct line before broadening
merges the remaining upper levels. Suppose further that we can calculate these
levels by solving the Schroedinger equation with the screened Debye potential,
(z+1)e y r)e -t/ *D . Suppose further that the resulting energy levels may be
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written as an expansion in powers of (ao/ M )/(z + 1) since the Bohr radius for the
core charge z + 1 is ao/(z+ 1)

2 22
2 2 ea ea
- _(z+1) R e _ _90 9 _
e(z.Jz.nz.{nz}) 3 +(z+1) " 2, I, 7\12) + :;Lzz,Jz %

where the coefficients 8pg,J, 2T€ numbers to be calculated from the multipole

matrix elements, < /ao> Presumably if these energy levels are fed into the cal-
culation of fz then f . could also be written as such an expansion

0) 2 ezao ezag
£, = 0+ (z+ 1) -b, —5 +b, ..
z )‘D 2 2z 3
" »
Then the terms in the chemical potential shifts depending on the energy levels wouldbe
z-1 2 2 2
n, ?-f—-n-zﬁn i ge2 |+ 1z'n, [1_2b1z (f_o_) . 3b,, (:g)- ]
on, 22p z2x124-11e 2+1 \»/  2+1)2 \Mp
z-1 2
+ :ne z [(z' +1)- 2b1z,(:—0‘6> -?;%(%) .. ] .
Zz l"z“‘ez'=0 ]

If the presumed expansion of f . exists, then we can conclude that at low density, for
which 8, « )‘D , then only the first term of the energy shift should be sufficient, and
the above result would be

o2 (24 1)z2nz +mZUZH /2

2 zzznz +n,

It appears that this result could be of the same order as the shift obtained from the
Debye free energy. Certainly the effect should be investigated before much effort is
put into using approximations to the Abe S-term to improve the Coulomb {ree energy.
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A.2 EQUATION OF STATE OF A MULTICOMPONENT PLASMA. AT HIGH i

TEMPERATURE Eh

The purpose of this section is to set forth what is known at present about .he free .
energy of a multicomponent plasma at high temperature and low density, In this limit
the Debye-Hfickel term with quantum-mechanical diffraction corrections is the domi- i
nant Coulomb interaction contribution, namely O(pl/ 2), The next term beyond the iy
Debye-Hlickel free energy is O(p log p), and is the main concern here.
4
For simplicity, we begin with a discussion of a one-component plasma — the electron g
gas in a smeared-out positive background to maintain electrical neutrality. In such a }
plasma there are three fundamental lengths which suffice to describe the system: %
Distance of closest approach — { c = Be2
Thermal deBroglie wavelength — X = #(8/2m)l/2 z
b
Debye screening length — A = (47Be2p )"1/ 2 %

The three possible ratios of these lengths give the dimensionless parameters which %
are useful for writing down formulas for the free energy: %

1
Classical plasma parameter — A = £ =1 211/ 2e333/ 2p1/ 2

AD 41rp7\%
Quantum diffraction parameter — y = 'i& = (21)1/ 2ﬁeﬂp1/ 2m'1/ 2
D

Wigner-Kirkwood expansion parameter — n = = % = 2'1/ zﬁe'zﬂ°1/ 2m'1/ 2

3
o X
ST wm;wrégw%w:%ﬁg&;,%: e i

PR3

’ At high temperature the three lengths are ordered as ! c <X« and hence the
dimensionless parameters satisfy A < y< 1, n > 1. This is the limit in which
" we wish to give a correct result for the muiticomponeni iree energy. High tempera-
ture here means kT > Ry ; when this is true then the thermal wavelength is greater
than the distance of clogest approach, and consequently quantum-mechanical diffrac-
tion effects must have some residual importance.
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With the work of Meeron and Abe it is now possible to evaluate the free energy of a
low-density classical electron gas. The word classical means #i = 0. Also withthe
help of the Wigner-Kirkwood expansion one may evaluate small quantum corrections
to the classical free energy due to the uncertainty principle. For the Coulomb poten-
tial the Wigner-Kirkwood expansion parameter is n as defined above. This parameter
becomes large at high temperature, and consequently the WK expansion for the
Coulomb potertial can only be valid in the lowtemperature limit (when n < 1). This
situation contrasts with the WK expansion applied to ordinary non-ideal gases with
say a Lennard-Junes interaction where the WK expansion* parameter becomes small
at high temperature. The result for the electron-gas free energy in the low-
temperature regime is

A(F - F,) 2
0" _ _A A 24 2
—F— = -3- 15 (logA +D))... +A%n7) (A.1)
2 4 6
2, _ 1.0 .0
f(n™) 12 Y60t 63

For this result to be valid as written the fundamental lengths are ordered as

X< ¢ € AD and the dimensionless parameters as y<A <1, n < 1 (kT < 1 ryd-
berg). One may ask whether this limit makes any sense because for real electrons
Fermi statistics must be considered at low temperatures. We will avoid for the time
being any modification due to quantum statistics by the device of giving the electrons
a spin s which may be large. The gas remains non-degenerate, i.e., with a nearly
Maxwellian velocity distribution as long as ¢ = pk3/(28 +1) « 1. The gas is par-
tially degenerate when ¢ ~ 1 and very degenerate when ¢ >» 1.

The function f( nz) in Eq. (A. 1) represents the sum of the entire WK series of
which only the first three terms have been calculated (and it is unlikely that anymore
will ever be evaluated because of the extreme complexity). Obviously this series
expansion is only useful when 7 is small, but in the interesting high-temperature
limit we observed that n becomes large. Consequently instead of the WK series

*The WK expansion for various potentials has been discussed by the author:
J. Math. Phys. 3, 1003 (1962).
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‘ we must have the asymptotic form of the function f( n2) valid when 7 >» 1. Infact
this asymptotic result must be

3
i ) /2 .
s f(ﬂ);;;iwgn-l—zlogn.... (A.2)

§ This asymptotic form used in Eq. (A. 1) gives the high-temperature free energy as

N 772

B(F - F) A ay1/2 A2
______—_—.z--3—<1- ” ‘Y...)-TE(IOgY+D2)'.. (A.3)

valid when !c <K< Ay i.e., A<y <1 and n > 1. The asymptotic form of
f(n2) as given by Eq. (A.2) has been arrived at in a round-about fashion, though it
*: . is hoped that it will soon be possible to verify it by direct calculation. The diffrac-
tion corrections contained in the parentheses multiplying the classical Debye term

3 in Eq. (A.3) were calculated in an article* by the author, however it was not made
clear that the result was valid only when y > A, i.e., wher 7 >1. The log ¥y
term in Eq. (A. 3) is the main point of interest.

Simple perturbation theory is helpful in understanding both Eqs. (A. 1) and (A.3). In
first order the direct interaction is

o0
2
1st = p: I 41rr2 dr (— Ef—) o« -pg(ﬁe2 )L2
0

where L is the length of a side of the container. Thus first-order perturbation
theory gives a quadratic divergence, but the term is multiplied by (p e + zipi)
which must equal zero for electrical neutrality. The second-order term has a linear

divergence
. 2nd = pzj anr? dr (— Qe_) « p2(Be?)’L .
. e r e
0

 adE, YRR e e T

*J. Math. Phys. 3, 1216 (1962).
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This divergence is removed by summing the ring diagrams which has the effect of
introducing Debye screening, so that L in the above expression becomes Ap - The
point is that the familiar Debye-Hlickel free energy is really little more than a second-
order perturbation result. In third order we have a logarithmic divergence both for
long and short distances

i 2\3 s L
3rd = pzf 4rr? dr (— B—i—) o« pz(ﬁez) log lmax .
0

min

By summing chains of Coulomb interactions one again introduces Debye screening
which has the effect of making L max M0 Ap. The divergence at short distances in
the classical gas can be cut off only by summing perturbation theory for two-body
interactions to all orders. When this is done the lower cut off lmin becomes the
distance of closest approach ¢ i = Be2 . These two operations are described nicely by
Abe.* Thus one finds the term with log J\D/Be2 = -log A in Eq. (A.1).

For the high-temperature limit of the electron gas with # = 0, i.e., Be2 < X, the
above discussion of simple perturbation theory becomes different in the third order

*p

2
3rd « pz(ﬁez) log x “ -A? log v

and the nth-order term is

00 2 2.n
2 p.(Be™) n-1
- 2 Be e A
nth = pef 4rr” dr (— = j‘ « Kn-3 x —s
X Y

which is negligible compared with third order since we are specifying the high-tempera-
ture limit in which y > A. In a certain sense the quantum mechanical result given in
Eg. (A.3) is simpler than the classical result in Eq. (A. 1) because the logarithm in

Eq. (A.3) comes from only third-order perturbation theory while the logarithm in

Eq. (A.1) requires perturbation theory to infinite order.

*Prog. Theo. Phys. 22, 213 (1959).
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It should be noted here that the constant D1 in Eq. (A.1) is known, namely
D, =1log3+2c - 11/6, while D, in Eq. (A.3) is not known yet.

In addition to Eq. (A.3) there are also exchange corrections in the high-temperature
limit:

1/2 2 1/2 2
1 12 17%0g2 2 .Y log2 A, ) (A :
23+1l27 2572 YA + Dy } - 2s+1|2 / % D3<'y) "‘l

First-, second-, and third-order exchange interactions are described above. The
constant D3 has not yet been evaluated.

We may now write down the result for the free energy of the multicomponent plazma
for high temperature using the previous considerations. In a two-component plasma
there is an additional parameter, namely the electron-to-ion mass ratio, me/mi.
There will now be three de Broglie wavelengths to be considered, namely for electron-
electron interaction, electron-ion interaction, and ion-ion interaction. In a real
plasma the ion mass is 2000 times the electron mass or more, and this fact has an
imeresting effect on the logarithmic term in the free energy. In the temperature
region defined by 1 rydberg < kT < (mi/m o) Tydberg, the lengths of the two-compo-
nent system are ordered as

K, = Mo/
x“ <lc< xee o Kei« A’D’
Bey = M, i/(m +m,)

Consequently the cutoffs of the logarithmic divergencies for the electron-electron and
the electron-ion interactions are AD’*e e and AD"xei respectively, while the cut-
offs for the ion-ion interaction are like the Abe result in Eq. (A. 1), namely AD , lc
Thus the result for the free energy is

B(F - F,) X 2
—-—N——o— = -%-—— tzlog ;: 2zsff log 1., z?fflog% (A.4)
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where p = Pt Py fe = pe/p R fi = pi/p. Here z; is the charge number of the
ion. In Eq. (A.4) diffraction and exchange corrections were not written, because we
are looking mainly at the logarithm terms. Note that if the temperature is

kT > (mi/me) Ry then the ion-ion interaction term would become log Xﬁ/ )‘D .
Also if the electrons and ions have equal and opposite charge and the same mass, the
logarithms in Eq. (A. 4) would all be equal and the bracket would be multiplied by 0.
(This statement applies to ionized positronium!) For real ionized gases, however,
the above result depends very much on the etectron and ion masses.

This result, Eq. (A.4), is obtainable from simple arguments because the gas at high
enough temperature is fully ionized, and further third-order perturbation theory
suffices because the thermal wavelength is greater than the distance of closest
approach. When these conditions are not fulfilled then the problem is vastly more
difficult since the electron-ion interaction includes the possibility of bound states.
Thus Eq. (A.4) is probably useful for a hydrogen plasma above say 13 eV. The use-
fulness of the result is further somewhat limited by the fact that the constant terms
D2 and D3 for the exchange contribution are not yet known. Nevertheless, Eq. (A.4)
as written (and with the known constant Dl) probably gives a good estimate of the

free energy down to say about 7 eV.

It is easy to use Eq. (A.4) to obtain a result for the average potential around a par-
ticular charge a according to the method described in the next section. The resultis

2

2
Bez X 2
TG = 5 OBF)_ _ A Le _,,8 e Be_
BUQ zZ, aza AD 1-!-2 fglog AD 2zifefil°gxn + 2z fflog AD
where
1
A= y P =p +p
4”‘,% e i
-1/2
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A.3 AVERAGE POTENTIAL AND POTENTIAL FLUCTUATIONS OF A PARTICLE
IN A PLASMA

In this section a standard procedure in statistical mechanics is used to derive expres-
sions for the average potential of a particle in an equilibrium plasma and for the root-
mean-square fluctuations around the average potential. The method requires only one
and two differentiations of the free energy, i.e., the logarithm of the partition func-
tion,of the plasma. Thus the results depend entirely on .i~curacy of the evaluation of
the free energy. Explicit results for the average potential and the fluctuations have
been obtained for the one-component plasma, i.e., the electron gas, by Bohm and
Pines. The end result in this section is a more satisfactory derivation of the Bohm
and Pines expression for the potential expression extended to the multicomponent
plasma. Since the Debye-Htickel plasma free energy is equivalent to the Bohm-Pines
random phase approximation, we know that the resulting expressions for average
potential and potential fluctuations are valid in the low-density and high-temperature

limit.

Let us first consider the derivation of the total potential energy of a plasma, U, and
the fluctuation, -IT‘E - 'ﬁz . Our system is a box of volume V containing N e elec-

trons of charge z ee and Ni fons of charge LI all at temperature g = 1/kT.
Electrical neutrality requires z eN e +2 iNi = 0. The partition function is

Z = exp {-B(F + F(g)]} = Trexp(-p(H, + gU)]

1 2202 z ze2 zze2
U == 2 L _ + 2 _2_}__ + l 2 .L...
2 r" rja 2 rm3

j=1 j,a a=f

where g is a dummy dimensionless number which is set equal to 1 at the end, and
FI is the interaction free energy. Ho is the sum of particle kinetic energies and Fo
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is the resulting free energy which gives the ideal gas laws. Differentiation with
respect to g gives

AH
k! -aim = -—1.... - Trﬁue
; 3% aglogZ Tre-H = BU

=k gaw

2 2 _-fH -BH \2 PP T
i G IR T
re

‘ The Debye-Hlickel plasma free energy with e2 replaced by ge2 is BFI(g) =
\ -1/3 NAga/ 2 where

e Brreby BRI RSN AT 4N LRk gedlon ‘:
L NP AR N P

%, N=Ne+Ni’p=%

&

% A = jﬁb ) 2”1/2(3353/2,)1/2<zz>3/ 2
: o -l + )

% (2 - (z:”e * zf"i)

p

Differentiating this free-energy expression with respect to g gives

BU

(BU) - (BU)2 =

}
+

et 1 € SRR NGRS A R

2
. A = &—<z—- = 41re432
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and consequently the potential energy and the fluctuation become

2
= _ N [Be 2

; U=-3 (%) &
2 =2 1y, 4, 2.2
: U® - U” = £ Ndre“a o)
]
%
4 where the fluctuation has been written in a form similar to the Bohm-Pines results.
i
% The average energy of any single particle in the plasma and its fluctuation is obtained
§ in a similar manner. If the potential energy is
§ vel zlz‘e
3 Ty
3’{ §=1
% where the indices j and £ run over every particle in the plasma, electrons and
3 protons, then statistical averages are obtained by differentiating with respect to the
charge number z a of particle . Thus, we find

SH
TrﬂE—’-—e ——-———-z - ez 5
BpF) _ - L[S ).
8za Tr e ~gH zZ, j raj zZ,
z e2 2 ' z,02 12
'l‘rIB2 2 TrB -;L- e FH
2 aj
9(fF) . + i - . (BU )2 - (BT
azz Tr e"BH Tr ¢ FH « @
| )
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Similarly
2 > —_—
a%(BF) _ _ [(BzUaUa') - (BUa)(BUa,)] .

8zaaza,

If the Debye-Hlickel free energy is written as

D oF, - - 1ol/2 e333/2v-1/2(zzj2)3/ 2

Then the indicated differentiations are easily carried out to obtain

BU_ } 1/2
_z: = - (211/ 2e3/33/ 2y 1/2 )z, zz?
j
or

2 2 2
—_— Za Bez,
T = -NA = -
e ?zjz *p

This is an important result. It s: v~ that a particle of charge z e even with no
kinetic energy has a negative potential energy amounting to (z 0!e)%'}\l) . For an elec-
tron (z e - 1) this is the amount by which the continuum is effectively lowered,
i.e., bound electrens in an atom are effectively unbound when the binding energy is
less than ez/)\D . The particle a feels a potential 76& defined by U, = (2 ae)E'a
which is Ea = -2 ae/)\D . Note that this is not a constant potential for each particle.
Both ¢, and U o depend on the charge z o because the potential and resulting
potential energy are caused by a polarization of the plasma in the neighborhood of «
Thus like charges are repelled and unlike charges attracted.

If we sum ﬁa over all o we get twice the actual total potential energy of the plasma

because each interacting pair of particles is counted twice. Thus, U = 2U. Our
expressions for ﬁa and U satisfy this requirement.
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Similarly the fluctuation in U o is

[ -
2 2
— o°F _ 1/2 z
(8U,)? - (BT,)° - ”2'5;2'1' = (220 A2 (S aE) T + —2
¢ (%)
2 4 ] 2 4
z Z Z
= M |—E— s —2 | =

(£22) (zz;)zj -t é2>+N'<,z>2 ‘

The first term of this result is of order N? and hence interesting; the second term
is of order 1/N and hence negligible. For completeness, however, one should note
that the correlation between U o and U o (@ and o' being different particles) is

2 2.2 2.2

°F z 2 zZ 7z,
BT, -0 T, = -2.2, m—— = NA —22& - 722,
a o a -« aaazaaza, 22 22
(z4) =

Finally to establish a relation between the fluctuation in U o and the fluctuation in U,
we note that

r -

— o % g 52 (o)
Z[(wa )2 - (BU, )2]+ 2 2 [B aVe - BzﬁaUa'] = NA g+ 2
o a=a bZ’j (2:,2) |

- 2NA = 8[(pu)? - (70

which is correct since the relation between the fluctuation in U and U, is

% 2 (UozUa' - ﬁaﬁa') = 4<U2 - TJ—2) y
o=o
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If we ignore the term of order 1/N, the fluctuation in U_ may be written as
? -T2 - 4xe4)‘Dp(zz)zz = 4nz2 e4A.D<z2 + 22 ) Tahis expression is the correct
a o o (¢} ePe T %Py Xp
multicomponent generalization of the Bohm-Pines result for the fluctuation. It isvalid
for high temperature and low density since it was derived from the Debye-Hiickel result
for the free energy which in turn is valid when A « 1. It may be improved by includ-
ing in the free energy the next-order term which is the multicomponent form of the Abe
82~integral. For point electrons and ions the classical form of 82 is divergent, and
consequently a quantum-mechanical treatment is required. Although the correct quan-
tum form of S has yet to be evaluated exactly, it seems clear that at low density
(A « 1) that the limiting form is of the order A log A. For the one-component gas
for which the correct form of S is known (since it is classical) one may estimate
quite well the error in neglecting S for small values of A. It seems that the
expressions for U and U2 U2 should be correct to a few percent for A < 0.3,

It should be noted that the fluctuation in U becomes arbitrarily large in the limit of
high temperature since Ap goes to « as (kT) 1/2 . Physically this means that the
potential felt by any one particle in the plasma changes violently as other plasma par-
ticles pass by at high velocities. As we go to lower temperatures and higher densi-
ties two effects will begin to change the previous results for TJ; and Fg - ﬁg .
First, the electrons begin to be slightly degenerate because they obey Fermi statis-
tics. This means that low-energy electrons cannot so easily change their energy
state, and thus contribute less to the screening effect. The ions may always be
treated according to classical Boltzmann statistics because of their large mass.
Secondly, the electrons are no longer strictly points but are wave packets with exten-
sion of roughly the thermal deBroglie wavelength, X = #/(2mkT )1/ 2 The interac-
tion of the wave packets causes quantum-mechanical diffraction effects in the free
energy which are of the order of _é'y where y = A/ M- As wve will now show both
effects tend to reduce ﬁa and ng - ffg from our previous results (the particle
is now an electron). The Debye-Hlickel free energy for a multiccmponent plasma
with lowest order corrections for Fermi statistics and wave mechanics is

o5 N /2 y )
T - 1 -
I 121rp7\ —7— < s
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where

i \ =( KT >1/2
1 8 41re26p (z2>

z 0 N + zzN
<zz> - ( Ni i i)

3. 0(a) 3
2 _ Jappl®)  aNe)sa . noy - 264 1)[-LR 1
e J (@) N(a) ( (28 (27h)° 1 + exp(-a +8P%/2m)

3
{

-}
|}

2
iNN

ZiNe

2 1Ny

2
2
“he quantity 8 A is a measure of the extentto which degenerate electrons are frozen atthe
bottom of the Fermi distribution and prevented from taking part in the screening. Thus
the effective electronic charge for screening changes from e to oee. At high temper-
ature 0 goes to 1 (the Maxwell-Boltzmann value), and as T —0 then 0 also goes

to 0. If we now carry out the differentiation of BF with respect to the charge of one
electron, then the resuits for U and U 7 _2 are

1/2
(1+ me/mi) s A2
i z

4.2 2
zeNe + Zze

BN

B| B

g™
]

_ ezog 372
Uy = - -3t
— 3/2
2 =2 _ 2 4 2 4
Ua - Ua = 41roee Agp(z >l1 - 3.2_'77-2-”78 . ..'

Thus electron degeneracy reduces the results by the factor 65 , and wave-mechani-
cal diffraction by the multiplicative factor in the braces. Of these two effects diffrac-
tion is certainly the more important near the classical limit. To see this fact one
notes that generally Ye is greater than A. The statistics factor 02 is approxi-
mately equalto 1 - t/23/2 where

(2rh )313,3 'rg

t = QL —= .
® (284 1)2mkT)¥Z A
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Thus even though ge may be very small (hence very little degeneracy), the diffraction
correction may still be significant.

Consider now any solid material with,say,nuclear charge Z. If the materiai is com-
pressed then the outermost least-bound electrons are squeezed into the continuum,

In ordinary metals at room temperature this pressure ionization has already occurred
without compression, i.e., each metal atom has lost on the average one electron
which circulates freely through the metal. Since solid densities are assumed the
electron gas is very degencrate; this means that kT « €p where €p is the Fermi
energy. Furthermore since the ions are bound in a lattice at all stages of compres-
sion (unless the temperature is hot enough to melt the lattice), we have a one-compo-
nent plasma of electrons with nearly stationary ions forming the neutralizing positive
background, The free energy of such an electron gas is known to be

2
P
=NI-EU3 3o -1¢(1 - 2 2 3
F=nN|£ {5 3o -2 1ogtz)¢ log ¢ + B2 + Co3 log ¢ +]}
Ideal First-order Gell-Mann and Brueckner
gas  exchange correlation energy
where
2 1/2
- 4me  _ 2a
¢ =38P Um &= 2

[ a'd
1]
N
nN
N
313
-3
V$
N
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Hence

2
z
v - o 24

L}

since electronic charge is zy = 1. This expansion in ¢ is valid at high density. In
terms of the usual parameter r, = ro/ao where p"1 = (4n/3 )rg and a, = 2 /me? ,
the expansion is thought to be valid for rg < 1(¢ ~ 0.7r). In ordinary metals r s
ranges from 2 to 5. Assuming that our material is compressed sufficiently that

rg < 1 for the free electrons, one sees that the first-order exchange energy is the
dominant contribution to the potential energy. In what follows we consider this to be
the case. The average potential felt by any one electron is easily found to be

T o=, OF =, OF 8
Ua = 24 3z, za&p&za
za=1 za=1
= _§€ <p{1--2-(1-lo 2)p log o + IZB-l(l-lo 2)]<p+ l = -§<pe
4 ¢p 3 € g 3 g 4 Y¢F
when ¢ « 1.
2 2
G -.34me’’F 3 ®°F
o 413PF2m 2r 1A
Since
o - (94)"/311_
F 4 ro
we have
1/3
5. .3 (9:\1/3 e 3(3r 2 1/3
T e - = - -y e p_
4] an o\ 4 ) 10 & i <
= -1.48 ezp:/s
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This result is extremely similar to the result from the ion-sphere theory even to the
numerical coefficient. Presumably bound electrons will go into the continuum when
their binding energy is less than the magnitude of U. The last electron is bound with
an energy of - Z2 rydbergs. So presumably the material becomes completely pres-
sure ionized when U_ = -2Z Ry or 1.48¢%(zN/V)Y? = 2213.6ev, (N/V)V? -
z5/30,55 x 10*8 em-1. Hence a nuclear spacing of g, = (Ni/V)'l/3 = 1.82 x
10'82'5/ 3 ¢m. Interms of r, for electrons this means r_ = 2. 03/2%. Thus

hydrogen becomes a metal at a density of Ni/N = (0,55 X 10‘8)3 = 0,166 X 1024
(atoms cm'3).
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Appendix B
COMPUTER CODE MULTIPLET

A brief description of the code MULTIPLET and the usage thereof is contained in this
appendix. Input-output information is provided in Sec. B.1. Section B. 2 lists the

FORTRAN parameters used by the code, their definitions, and their dimensions.
Section B. 3 provides a brief description of each subroutine of the code, and a list of

the complete source program constitutes Sec. B.4.

B.1 INPUT-OUTPUT

R L R 8 8 S P R SN 0 st Mo 5 g s

A. Data Cards are read in the following order {FORTRAN FORMAT in parentheses).

1. Card 1 ~NTAG, (I110): NTAG = 0, Generate LINE ATLAS and calculate
Planck mean.

NTAG = 1, Calculate Planck mean from previously
calculated LINE ATLAS on Tape Unit A5,

NTAG = 2, Rosseland calculation (see Appendix D. )

2. Card 2 - (Included only if NTAG = 0).
NCASE, (110): Number of atomic daws cards
ALPHA0, (E 10.8): Minimum occupation ag-

NCASE Atomic Data Cards—(Included only if NTAG = 0). One card
per atomic state:

1, (12)

v, (12)
n, (12) Identification of atomic state

0 (T1) (see eud of Sec. 2).

» NT=

3. Card3—

28 + 1, (I1)
L, (11)

?
f

< oz a e asis ;
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B, (I1):
E, (E10.8):

ALPHA(J), (6ES.

TEMP, (E20.8):
NENGY, (110):

5. Card 5—DENS (1, J),
(6E12.6):

6. Card 6 —DENS (2, J),
(6E12.6):

6):

Card 4 — ABSMIN, (EZ20.8):

7. Cards 7—15 — PSI2, (8F5.4)

PSI1, (17F4.

1)

PSI, (17F4.4)
(8 cards)

Temperature index

Energy of the atomic gtate in eV relative
to the ground state of the neutral atom of
the species

Occupation numbers of the state at the
six densities (J = 1, 6)

Factor for minimum line strength accumu-
lated in tabulated absorption coefficients

Temperature (eV)

Number of different tables of the accumu-
lated absorption coefficient

Ion densities (particles/cma) at the
6 densities (J = 1, 6)

Electron densities (partlcles/cms) at the
6 densities (J = 1, )

Data for Voigt profile (listed in
Sec. B.4)

8. NENGY Energy spectrum cards — One card for each table of the accumulated

absorption coefficient
NOMEGA, (I110): N,
OMEGA0, (E20.8): w_
DOMEGA, (E20.8): Aw

Lencwsad banrna ¢
a

The ByBilems inpit ape Tape

{ i

(=A6) and 25 (=B5) are used as

results.

= 2000

1*
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(see end of Sec. 4)

he svatems output tape is Tape 6. Tapes 16

scratch tapes for storage of intermediate




Tape 26 (=B6) contains tables of atomic data necessary for the LINE ATLAS
calculation (in three files).

First file. HFS radial integrals o> in three tables:

ASLATE (28 x 36 X 2)
BSLATE (28 X 7 X 36)
CSLATE (24 X 36)

Second file. Hydrogenic f~numbers in two tables:

A (8 x 8 x 16)
B (8 x 8 X 16)

Third file.
o Shell-averaged hydrogenic f-numbers:
FSHELL (8, 8)
o Series-limit information for line broadening calculation:
SERLIM (11 X 12 X 2)

Tape 15 (=A5) contains the final results of the calculation: the LINE ATLAS
and the table of the accumulated absorption coefficients for broad lines at
each of the six densities — NENGY tables, one for each card [N w! Yor Aw]
read. The arrangement of these data on the tape follows.

" First File. The LINE ATLAS

o First Record — LTOT: Total number of lines in LINE ATLAS,
NCASE: See Data Card 2
ALPHAO: See Data Card 2
IBETA: Temperature index

o For each of the LTOT lines there is one record (written by subroutine

ATLAS).
DELTAE: AE = energy (in eV) of line center
Z: the angular factor S{M) (see Sec. 4)
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FNO:
SIGSQ:

GFACT:

ERTICSee Sy

PR TN

ID1I:
D21

bt bidgl v oot MR
§

EI:

wb lewiawn A

ID1F
ID2F

Second File.

A L

MR RPN 2,

%mr«'«ewﬂwgwwgémmaw Edac i P4 2 it AR b

WCOLL:

WDOPP:

ALPHA:

XMCSQ:

Record 1 -~ NOMEGA
OMEGAC(
DOMEGA
OMEGA

o e s MRS AA——— o nm o, = vmaan o 4 e =

The f-number

o [see Eq. (4.6)]

The statistical factor G,, of Sec. 4

ij
Collision width per electron, [wj /p e( cm°3 )]
of Eq. (4.11)

Doppler width §/2 of Eq. (4.12)

(1001 + v)

{1000n + 1002 + 10 (28 + 1) + L]
(iynt SL) of the initial atomic state (see end
of Sec. 2)

Identification

energy (in eV) of the initial atomic state

Identification of the final atomic state

Six occupation numbers of the initial atomic state
at the six densities being treated.

Mass of the atom in eV

o First Record — NENGY: The number of absorption coefficient tables

o NENGY tables of the absorption coefficient (each table consisting of
seven records):

(Nw =< 2000, W Aw) define the energy
spectrum (see end of Sec. 4).

(2000 words) the energies

eN=w°+ (N-1)Aw, (N=1, Nw)

Six records of 2000 words each (one for each density J) containing
ABS (N, J), the absorption coefficient (cm-l) at energy €N due to
broad lines (N = 1, 2000)
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J1
J2
J3
J4
J5
J8
J7

C. The Output Listing

The atomic data cards (A-3) (iff NTAG = 0), arranged in order of increasing
energy (written by MAIN PROGRAM)

The LINE ATLAS (if NTAG = 0)
Two lines printed per transition:

First line (see B) — AE, FNO, 02, WCOLL, WDOPP, ID (initial state),
Energy (initial state), ID (final state), Energy (final state)

Second line — the absorption coefficient (cm'l) at the line center (assuming
a Lorentz profile) for each unmerged line at each of the six densities for
which the occupation of the initial state is greater than @ (written by
subroutine ATLAS)

The narrow line contribution to the Planck mean at the six densities
(written by subroutine ABS)

The line absorption coefficient (cm°1) due to broad lines for the six densities
at the energies €N T W, + (N-1)Aw , (N=1, Nw) (written by subroutine
TALLY)

The broad line contribution to the Planck mean opacity at the six densities
(written by subroutine MEAN)

Note iteme 3, 4, and 5 are repeated NENGY times, once for each portion
of the energy spectrum designated by a NENGY card.

B.2 DEFINITIONS OF PARAMETERS IN COMMON STORAGE

Dimensions of dimensioned variables are given in parentheses.
A. MULTIPLETI

0 for oxygen, 1 nitrogen

charge state
Y Decomposed
n initial state ID
1
28 +1
L
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J2pP
J3P
J4P
J5P
JéP
J7P
IBETA
NCASE
ALFHAO
ALPHA
E
ID1
ID2
B
NREC
LTOT
NTOT
NDIM

ly'

Decomposed
1]
n final state ID
2 !
28' +1
L'

B = temperature index

Number of initial states (= 1500)

ao = minimum occupation treated

(1500 x 6) a(I, J) = occupation of state 1 at density J
(1500) E(I) = energy of state I

(1500)
(1500)
(1500 x 3) Working storage

Number of tape records on scratch tapes
Total number of line transitions

} ID of atomic state I

NDIM = 1700

B. MULTIPLET I AND ™I

ABSMIN

TEMP
NENGY
DENS

NSLIM

ATAL A W
AV AVA

WFACT

Factor deiining minimum value of absorption coefficient to

be tallied (taken as 0,0001)

kT ineV

Number of tables of the absorption coefficient

{2 x 6): DEN§(1,J) = number ions/cm3 at density J
DEN§(2, J) = number electrcms/cm3 at density J

(€): NSLIM(J) = series limit nm(J ) at density J

Largest of NSLIM(J )

Width factor = 0.637 x 10-22 (k)" 1/2
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Li21
IS121
IGF

NPF
L12F
IS12F
DELTAE
A
ALPHA
FNO
SIGSQ
GFACT
WCOLL

WDOPP
El

XMCSQ

Number of lines in LINE ATLAS
3

i

i

ny

4

(28 + 1) )
L

ng; = number 2s-electrons

» Decomposed initial state ID

npi = number 2p-electrons

Initial state
(L;g); = orbital angular momentum of core
(28, + 1)i = core spin-multiplicity
Tt
ng
2 £ Decomposed final state ID
(2Sf + 1)
L
D = number 2s-electrons
D= number 2p-electrons )
P Final state

(Lyo )f = orbital angulzr momentum of core
(2815 + 1 )f = core spin-multiplicity

Ae =hw = energy of line center in eV

Angular result

(6): a(Jd) = fractional occupation of state at density J
f - number of transition

02 = square of radial integral of transition
Statistical factor of transition

Collision width per free electron for transition
Doppler width for transition

Energy of initial atomic state (eV)

Mass of fon in eV (Mc2)
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DENMIN Smallest electron density > 0
MULTIPLET II:
ASLATE (28 x 36 x 2) ) Tables of Hartree-Fock-Slater
BSLATE (28 X 7 x 36) ) radial integrals o2 (see description
CSLATE (24 x 36) of subroutine SLATER)
A (8 Xx8x16): A(n,2 +1,n')
= hydrogenic f(n, £—=n', £ + 1)) n =1-8
B (8 X8 x16): B(n,2 +1,n') L =1-17
= hydrogenic f(n, £—n', £ - 1))n' = 116
FSHELL (8 x 8): FSHELL (n'-8, n-8) = shell-averaged hydrogenic
f number f(n—-n') , n = 916, n' = 9-16
SERLIM (11, 12, 2): SERLIM (J, v, 1) = series limit (eV) of
configuration
Jd = 6K1+K2, v = core label
SERLIM (J, v, 2) = effective quantum number for
shell-averaged width evaluation
MULTIPLET OI
NOMEGA N, (= 2000) = number energies in one absorption coefficient
table
OMEGA0 “o } Define the energy table OMEGA (in eV)
DOMEGA Aw:
OMEGA (2000): The photon energies at which the absorption coefficient
is tabulated: OMEGA (N) = w, + (N-1)Aw,
(N=1,N,)
ABS (2000 x 6): ABS (N, J) = absorption coefficient (cm-l) due
to broad lines at energy N, density J
AB (6): Working storage
PSI1 (17) )
PSI 2 (8) ; Data for Voigt profile (Input Cards 6—15)
PSI (17 x g) ) Listed in Sec. B.4
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B.3 THE MULTIPLET FORMULA SET

Note subroutines special to nitrogen and oxygen — or atoms isolectronic
thereto — are indicated by an asterisk.

i A. MAIN PROGRAM (Utilizes COMMON and DIMENSION of MULTIPLET 1.)

; 1. I NTAG = 0 —Reads and lists atomic data cards. Calls MULTIPLET I

§ (the subroutines LINE, ORDER, TWRITE) to determine

all allowed radiative transitions between the specified

? atomic states and calculate the angular integrals thereof.
The resulting transition data are then written onto a scratch
tape in order of increasing photon energy, and program
proceeds to MULTIPLET II.

If NTAG = 1 —A previously generated LINE ATLAS is on Tape Unit A5,
Calls MULTIPLET III.

2. Calls MULTIPLET I (the subroutines MSET, ATLAS) to calculate the
f-numbers for the transitions determined by MULTIPLET I and generate
the LINE ATLAS,

3. Calls MULTIPLET IH (the subroutines ABS, FINIS) to evaluate from the
LINE ATLAS t.e broad line absorption coefficient and to calculate the
Planck mean opacity.

B. MULTIPLETI

1. ENSORT — Arranges data from atomic data cards in order of increasing
energy

2. LINE ~ For each pair of states specified by the atomic data cards, decom-
poses the ID's and calls COP to apply selection rules and calculate
angular factors if allowed transition. Resulting transitions arranged
in order of increasing photon energy by BSORT.

*2.1 COP — Applies selection rules to a given pair of atomic states to determine
allowed transitions, calculates angular integral Z.
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*2.1.1 O - Determines number of electrons in the 2s-shell of a given atomic
state.

*2.1.2 P~ Determines number of electrons in the 2p-shell of a given atomic
state.

*2.1.3 Q2 — Determines le = orbital angular momentum of the core for a

given atomic state.

*2.1.4 S2 —Determines S, = total spin of the 2p-shell for a given atomic
state,

*2.1.5 S12 — Determines 812 = total spin of the core for a given atomic state.

*2.1.6 FPC — Determines fractional parentage coefficient for decoupling a
2p-electron from a given atomic state,

2.1.7 U — Calculates Jahn coefficient.

2,1.7.1 W - Calculates Racah coefficient.

2.1,7.1,1 SF—-SF(A, B) = B!//(A-1)!

2.2 BSORT — Arranges data in data array B in order of increasing energy.
3 ORDER — Arranges transitions in order of increasing photon energy.

3.1 LIST — Writes ordered transitions onto Tape B5 (2000 transitions per
record).

3.2 ASORT — Arranges data in data array ALPHA in order of increasing energy.

4 TWRITE — Transfers ordered transitions from Tape B5 to Tape A6 —one
transition per record.

MULTIPLET II

i MSET — Reads density cards, caicuiates merging limit {Eq. (4.13)], and
calls TREAD to read Tape B6.

*1.1 TREAD — Reads tables of atomic data from Tape B6.

140




IR e L.
3t ey

§:

i

i

i *2 ATLAS - For each transition on Tape A6, the f-number, collision width,
% and Doppler width are evaluated by subroutines FCALC and

{ WIDTH. The resulting LINE ATLAS is written onto Tape A5
and is listed.

*2,1 FCALC — The f-number is evaluated for a given transition — according
¥ to the prescriptions of Sec. 2.

§ *2.1.1 SLATER - For a given transition the HFS values of the radial integral
; are determined from tables ASLATE, BSLATE, CSLATE,
£ as follows:

;% Species index X, = (0, 1), charge state xo

Initial state [(182) (28%) (2pY) (nt2)]
Final state [(182) (26%') (2p"') (n'2'2'))

(@ (n, ) = (n',2')or (n, L) = (n,&') =0

e

Arrange transition electron into fourth position:

[(182) (286 ) (2p") (L)) [(182) (286) (2p") (n" 1))

™ ——— R
core transition core transition

electron electron
I ™ I e
Initial state Final state

The core is now the same for the initial and final states

Core index C = 12¢ + 6x1+x2(1.<. C =< 38)
If i =ii': o2 = ASLATE (k, C, 8)
k =71+ (i-1), s = (3+1'-1)/2

If n # n': If necessary, interchange initial and final

A8 - ..t al A — 8 1
SRS BUCnI Uiy £ - = - i

02 = BSLATE(n -1, n' - 1, C)
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(b) (n,2) = (n', ) = C: transition is a 28 - 2p
transition in the presence of a passive (n, 1)
electron (n = 3)

o2 = CSLATE (61 + n-2, 12x + 6x, + X,)
*2.1.2 FHYDRO — For 8 given transition determines the hydrogenic f-numbers

from Tables A, B.

*2.2 WIDTH — Calculates the Doppler and collision widths, the effective quan-
tum number » being determined with the use of Table SERLIM,

MULTIPLET I:

1 ABS — For each table of the absorption coefficient (NENGY tables in all):
transitions are read from the LINE ATLAS one at a time. If the line
is a narrow line its contribution to the Planck mean is accumulated.
If the line is a broad line, its line center is shifted to the nearest mesh
point and the line intensity is evaluated over the photon energy spectrum
OMEGA - following each line tail until the resulting intensity is less
than ABSMIN times the previously accumulated intensity. Calls TALLY.
Lists narrow line contribution to the Planck mean.

1.1 VOIGT — Determines Voigt line profile using Tables PSI1, PSI2, PSI, and
limiting series expansions. If WDOPP < 0, 2WCOLL or
(e - € ) > 5W DOPP the approximation is

_ wc 1
ST +0.707IW, 50)2 + W,
(E €c . [ ] p)

2

1
(€~ ¢, -0.7071W p)2-0-W

+

- -~ oun & - o o anam ol o o
i.Z2 TALLY — Absorption cocfficient table en ont

‘D

Tane

)

5 and listed

2 FINIS - Transfers absorption coefficient tables from Tape B5 to second
file of Tape A5, Calls MEAN.
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2.1 MEAN - Evaluates and lists the broad line contribution to the Planck
mean — by numerical integration of the tabulated absorption
coefficient for each of the NENGY tables.
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§ B.4 LIST OF SOURCE PROGRAM OF MULTIPLET
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Appendix C
COMPUTER CODE PIC

A brief description of the code PIC and the usage thereof is contained in this
appendix. Input-output information is provided in Sec. C.1; Sec. C.2 lists the
FORTRAN parameters used by the code, their definitions, and their dimensions.
Section C. 3 provides a brief description of each subroutine of the code, and a list
of the complete source program constitutes Sec. C. 4.

C.1 INPUT-OUTPUT

A. Data cards are read in the fnllowing order (FORTRAN FORMAT in
parenthesis).

1. Card 1 —-NRHO (I10): Number of densities Np = 6 (usually)
ALPHAO (E 20.8): Minimum occupation o
TEMP (E 20.8): Temperature kT in eV

2. Card 2—DENS (6E 12.8): Ion densities (particles/cm®) at the
6 densities (J = 1, 6)

3. Card 3—EDENS (6E 12.8): Electron densities (particles/cms)
at the 6 densities (J = 1, 6)

4., Card 4— NEN (I10): Number of electron energies at which the
photoionization cross section is to be
evzluated (< 50)

KHE (110): [KHE
KHE

1 oxygen

2 nitrogen
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5. Energy Cards — DELEN The electron energies (in eV) at which ¢
(12F 6.): the photoionization cross section is to g
be evaluated (NEN values)
6. Card5—-NPI (110): NPI = 0, Generates PHOTOIONIZATION
ATLAS, continuous absorption coefficient,
and Planck mean

NPI # ¢ is the number of cross sections
in the PHOTOIONIZATION ATLAS on Tape
Unit A5. Code evaluates continucus absorp-
tion coefficient and Planck mean from this
atlas.

NENGY (I 10): Number of different tables of the accumu-
lated absorption coefficient.

7. Card 6 — (Included only if NPI = 0)
NTOTAL (I10): Number of atomic data cards.

8. NTOTAL Atomic Data Cards — (Included only if NPI = 0);
(same as for MULTIPLET, see Appendix B;
§1A3)

9. NENGY Energy Spectrum Cards — (same as for MULTIPLET, see Appen-
dix B; $§1A8)

The systems input tape is Tape 5; the systems output tape is Tape 6. Tape 16
(=A6) is used as a scratch tape for storage of intermediate resuits.

Tape 25 (=B5) contains three files of tables necessary for the calculation of
the photoionization cross sections.
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First file. Tables for Burgess-Seaton and hydrogenic evaluation:

NBS (12) Extended tables of
TNBS (1130 x 3) atomic energy levels
CFPO1 2x6) )

CFPO2 (6 x 12)

CFPO3 (12 x 20) Tables of fractional
CFP11 (2 x 6) " parentage coefficients
CFP12 (6 X 12)

CFP13 (12 x 20) )

JBS4 (4x4) )

ABS3 (4 x 4)

BBS3 (4 x 4)

CBS3 (4 x4)

ALBS3 (4 % 4)

BEBS3 (4 x4) Burgess-Seaton tables
GBS4 (12 x 6)

GABSS (12 x 6)

GBS6 (8 x3)

GBS7 (11 x 4)

GBSS (11 x 5)

EIONK (11) Atomic species ionization
EIONE (11) limits

KLK (10 x5) |

EPKL (25) ) Hydrogenic tables
GAUNT (24 x 25) |

Second and third files. Tables of parameters for analytic fit [Eq. (5.18)] to
HFS bound state wave functions.
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Second file: data for oxygen

Z3C (4200) NLSC (620)
CSC (4200) KY (620)
KX (620) SPEC (8)
KTAB {620) NWFCTS

IMA (620)

BARG g L §oe
Beag i
P L)

RS

4.

¥
-

e N

i,
oo

Third file. Same as second file, but data for nitrogen

o

s

Ta.e 15 (=A5) contains the final results of the calculation: the PHOTO-
IONIZATION ATLAS and the tables of the accumulated absorption coefficients
at each of the six densities — NENGY tables, one for each card [Nw y Wa s
Aw) read. The arrangement of these data on the tape follows.

)
W

® First file - PHOTOIONIZATICN ATLAS
First record of first file:

NTOTAL DELEN
ALPHAO NRHO
TEMP NEN

P ST Sl 0 4T

For each of the NPI photoionization cross sections there is one

record (written by subroutine PTALLY): o
K1 K1=0 for oxygen, K1=1 for nitrogen ) %ﬁ
K2 Charge state of atom 5
IGZERO Y
NZERO n g '
LZERO 1 Decomposed ID of atomic state ]
KSZERO 28+1 3
LAZERO L J ;
IBETA B = temperature index ?é
EKZERO k, = wave number of atomic state (cm ™) 5
ALPHA the six occupation numbers of the atomic 3

state at the six densities being treated

CORAB seven quantities completely specifying the
given photoionization transition
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OMEGAT W= photoionization threshold (eV) of
the given transition
NEN values of the photoionization cross
PHSIG section — ¢valuated at the energies DELEN.,
The photoionization cross section is expressed

in units of 10”18 em?,

® Second file — The second file is organized identically to the second file
of MULTIPLET Tape 15 (see Appendix B; §1B)

C. The output listing:
1. The number of photoionization transitions NPI (if NPI is initially zero).

2. The continuum absorption coefficient (cm '1) for the six densities at the
energies €N = wo+ (N-1)Aw, (N=1, Nw)
(Written by subroutine ABRITE. )

3. The Planck mean opacity at the six densities (written by subroutine
PMEAN)

Note Items 2, 3, are repeated NENGY times, once for each portion
of the spectrum designated by one NENGY -card.

C.2 DEFINITIONS OF PARAMETERS IN COMMON STORAGE

Dimensions of dimensioned variables are given in parentheses.

A, PICIandII
NOMEGA Nw(s 2000) = Number energies in one absorption
coefficient table
OMEGAO Wo
DOMEGA Aw l Define the energy table OMEGA (in eV)
NRHO Np = Number of densities = 6 (usually set

equal to 6)
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ALPHA
TEMP
K1

K2
IGZERO
NZERO
LZERO
KSZERO
LAZERO
IBETA
EZERO

EKZERO
NS

NP

L12

Is12
ISPEC
JSPEC
ZRES
ZNUCL
NTOTAL
NIC

ZETANU
OMEGAT
XNUI
XMUI
XEPI

a 0 = minimum occupation treated

kT in eV

0 for oxygen, 1 for nitrogen

charge state

Yo Decomposed ID of

no atoraic state

Lo
280 +1
Lo
B = temperature index
Eo = energy (eV) of given atomic state ({relative to
neutral ground)
ko = wave number of given state (relative to given ground)
ng = number of 2s electrons
np = number of 2p electrons
L, g = orbital angular momentum of core
2812 +1 = core spin-multiplicity
ISPEC = (K1 +K2)
JSPEC = (6 x K1 + K2)
Charge of residual ion = K2
Nuclear charge = (8 - K1)
Number of atemic data cards
Number of different photoicnization transitions from
given initial state (=< 10)
t(v) = Burgess-Seaton normalization factor
wp = threshold photon energy (eV)
Effective quantum number » of Eq. (5.7)
Quantum defect u of Eq. (5.10)

€ = electron kinetic energy (rydbergl)/(zngs)2

Species ID's
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FPSQ
NEN
NPI
NENGY
DENS
EDENS
SLIM
PIEDGE
ALPHA
PHSIG

DELEN

PIC1I
TNBS

'NBS

CFPO1
CFPO02
CFPO3
CFP11
CFP12
CFP13

Yo = core label of core of residual ion

n, principal quantum number of electron being ejected
] i orbital angular momentum of electron being ejected
(28 c + 1) = spin-multiplicity of residual ion

L, = orbital angular momentum of the residual ion

F2 = square of fractional parentage coefficient

Number of photon energies at which cross section evaluated
Number of photoionization cross sections in atlas

Number of tables of the absorption coefficient

(6) DENS (J) = ion density (particles/cm’) at density J
(6) EDENS (J) = electron density (electrons/cm3) at density J
(6) SLIM (J) = series limit nm(J ) at density J

(6) Lowering of photoionization edge at density J (eV)

(6) a 3 - fractional occupation of state at density J

(50) PHSIG (N) = photoionization cross section at electron
energy EN

(50) DELEN (N) = electron energy EN (eV)

(1130 x 3) Data defining atomic energy levels (extended
from Ref. 11)

TNBS (I,1) = (1000y+ 100¢ + n)
TNBS (I,2) = (10L + (25 + 1))
TNBS (I,3) = k; = wave number (cm’l) of State I
(12) I = NBS(J)+1, NBS(J)+2,... NBS(J +1) for
Species J = JSPEC

(2 x 6) ng = 0, 2;n_ =1

ID of State I

1

P
(6 x 12) ng = 0, 2;:1p =2
(12 % 20) n, = 0,2 ;np =3 | Tablee of the square of the
(2%6) n_ = l;np =1 fractional parentage coefficient

(6 x 12) n, = 1;n_ =2

P
(12 x 20) n8=1;np=3 )
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A

ABS3
BBS3

CBS3
ALBS3
BEBS3

WA RS SR A T4

JBS4

GBS4
GABS5

GBSé

GBS7

GBS8

EIONK

EIONE

CORE

|
!

(4x4) ABS3(L +1,0'+1) = auv )
(4x4) BBS3(£ +1,0'+1) = bu'

(4%4) CBS3(L +1,0'+1) =c,, } Byrgess-Seaton Table III
(4 x4) ALBS3(L +1,2'+1) = aw
(4x4) BEBS3(2 +1,0'+1) = B!!' )

(4 x 4) Locators for Burgess-Seaton Tables IV, V
JBS4 (L +1,0'+1) = j(£,1')
J0,1) = 1,)(1,0) = 2,§(1,2) = 3,§(2,1) = 4,)(2,3) =
5,(3,2) = 6
(12%x6) GBS4 (v,§) = Gw( v) Burgess-Seaton Table IV
(12%6) GABSS(v,j)=‘Yu,(v) Burgess-3eaton Table V

(8 x 3)GBS6 (I,1) = GM(v)]
GBS6(1,2) = v,,(») J Burgess-Seaton Table VI

§=IBS4(L+1, £'+1)

I=5(v-0.4 >0

(11 x 4)GBST{L1) = G, ,(WAV-T)

GBAT (1,2) = Go(¥) | Burgess-Seaton Table VII
GBS7(1,3) = 7,,(») I=5v-0.8)>0

GBST (I,4) = X;4(¥) J

(11 x 5) GBS8(I,1) = Glz(v)/ﬁ'-"f ]
GBS8(1,2) = G, ,,(v)
GBSS (1,3) = ¥,,(»)
GBS8 (1,4) = x,,(»)
GBS8 (I,5) = 8,,()

(11) EIONK(I) = k;, the series limit (cm~1) of Species I
relative to the ground state of Specins I

(11) EIONE(I) = l-:I , the energy (eV) of the ground state
of Species I relative to the ground state of the
neutral atom

(7%10) CORE(1,IC) = v, core ID of initial state when gctive
electron decoupled
CORE (2,IC) = n
CORE (3,IC) =1 i

| Burgess-Seaton Table VIII
I=5(r-0.8)>0

active electron
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KIK

EPKL

GAUNT

SIGHE

IMA
NLSC
KX

NST

Z8C

CsC
NFUNCT
KTAB
NWFCTS
KY

PICII
OMEGA

PISIG

CORE (4,IC) = 2Sc + 1, spin multiplicity of residual
ion

CORE (5,IC) = Lc , orbital angular momentum of
residual ion

CORE (6,IC) = Fg , fractional parentage cc;efficient
CORE (7,IC) =k, , ionization energy (em™ ") of active
electron (IC = 1,2,..., NIC)

(10 x 5) KLK(n,t +1) =k _, , locator for Gaunt factor for

(25)

(24 % 25)
(50)
(620)
(620)

(620)

(4200)
(4200)

(620)

(620)

(2000)

(2000)

initial (n.t) state

EPKL{(m) = € energies at which Gaunt factors
are tabulated

GAUNT (k " m) = Gaunt factor at electron energy
€m for initial (n,f) state

SIGHE (N) = high-energy approximation to the photo-
ionization cross section at energy EN = DELEN(N)

Tables for storage of parameters of HFS wave
functions [Eq. (5. 18))

(See description of subrouting SLAC)

the photon energies at which the absorption
coefficient is tabulatad

MEGA (N} = Wy =@ot T -DAw, (N=1 ,Nw)
PISIG(N) = a(wN) , the photoionization cross section
at the energies wN(N =1, Nw)
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PIABS (2000 x 6) PIABS (N,J) = absorption coefficient (cm™ 1) at energy

Wy density J

CORAB (7) the quantities in array CORE for a specific transition

C.3 THE PIC FORMULA SET

Note subroutines special to nitrogen and oxygen — or atoms isoelectric
thereto — are indicated by an asterisk.

A. Main Program

(Utilizes COMMON and DIMENSION of PIC-I)

1.

If NPI = 0: PIC-I— Reads atomic data cards one at a time (NTOTAL
cards in all). For each atomic state the ID is decomposed and sub-
routine PIENUM is called determine all the possible photoionization
transitions. For each transition so determined the cross section is
evaluated (subroutines PICH, PIBS, PIHE, PIACC) and written into
the PHOTIONIZATION ATLAS by subroutine PTALLY.

If NPI = 0: A previously generated PHOTOIONIZATION ATLAS is
onTape Unit A5, Calls PIC-II.

PIC-II (the subroutines PIABS and PFINIS): Evaluates from the
FHOTOIONIZATION ATLAS the continuum absorption coefficient and
calculates the Planck mean opacity.

B. PIC-I

1.

*2.
*3.
*4,
*5.

PISET - The initial cards are read, the line merging series limits are
evaluated and the tables from Tape Unit BS are read.

o )

P
Q2
S12

} Same as MULTIPLET 1
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*8.

PIENUM - Applies the considerations of Sec. 5 to determine all possible
photoionization transitions from a given initial atomic state. For each
transition determined the relevant data are stored in array CORE.

*6.1 IGAMMA - For a given species label ISPEC and given values

ng ,(28c +1), and Lc the core labels Yo of Table II(1) are deter-
mined. A value 9 for ( zsc +1) or Lc results in that quantity being
ignored and the value of y chosen has the smallest numerical value
consistent with the remaining conditions = 9.

6.2 ESPEC - Searches TNBS for the energy of a specific state
(imt8L). If S(L) = 9, ignores S(L) and accepts state of lowest
energy satisfying remaining conditions on i,vy,n,f,L(S). Ifno
acceptable state is found the subroutine returns with ESPEC = -0.0.

*6.3 FPC — Determines the fractional parentage coefficient

FPC(ns . np , Sp R Lp »S,L) of the decomposition

.na pnp (SL) = 2 FPC(ns,n b’ Sp, Lp, S, L) [an pnp-l(spr)p(sL)]
S L
| A Y

normed Z FPC = np . For nrohibited values of Sp, Lp , sub-
S L
PP
routine returns with FPC = 0.0,
PICH — Evaluates hydrogenic photoionization cross section at electron
energies N~ DELEN(N),(N = 1,NEN)
107.57 w?,

ns(w,r + EN)

7.1 PGAUNT - Interpolates in table of Gaunt factors for g nl( €) at
desired energy €.

PHSIG(N) = 3 &y (eN) FPC in terms of Gaunt factor g nl(e

N

PIBS —- Evaluates Burgess-Seaton approximation to the photoionization
cross section [Eq. (5.6)]. Calls BSNORM to calculate normalization
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factor f(v); calls RACAH to evaluate Racah coefficient of Table I of
Burgess and Seaton; calls PHASE to evaluate zero energy phase shift.
Cross section evaluated in PHSIG(N) for energies €N = DELEN(N).

If IBETA = 9: cross section and relevant Burgess-Seaton parameters
listed.

8.1 BSNORM — Evaluates normalization factor of Eq. (5.8) according
to Eq. (5.11), using the energy values tabulated in TNBS.

8.1.1 ZETA - Evaluates Eq. (5. 11) for a specific atomic state.
8.1.1.1 QDE - Evaluates the quantum defect Eq. (5. 10)
for a specific atomic state,
8.2 RACAH -' Evaluates Racah coefficient of Burgess-Seaton Table I,

8.3 PHASE - Evaluates zero-energy phase shift according to Eq. (5. 12).

PIHE — Evaluates high-energy approximation to the photoionization cross

section [Eq. (5.19)]. Calls SLAC to determine wave function of the

initial bound state; function subprogram BESS to evaluate I!(a , B) of

Eq. (5.20). Cross section evaluated in SIGHE(N) for energies

€y = DELEN(N).

If IBETA = 9: Relevant bound-state parameters listed.

2.1 SLAC —(Kz,ns,np,no,lo,n »4,;NN, ZT, CI, NBASIS) determines
parameters of bound-state wave function.

NBASIS
- sV -
Rn!(Kz,ns,np n ,Io) = z Cvr exp ( avr)
v=1
Cl(v) = Cv,ZT(v) = av,NN(v) = Bv (integer)
Define: IFUNCT = (10, 0001(2 + 1()0():1s + 10()11p +1 0) specifies the

given atomic state
NOLO = ( 1011i + li) specifies the orbital deaired in the
given atomic state.
KTAB(I) = IFUNCT of Ith tabulated state (determines I)
NISC(J) = NOLO of orbital J in state I (determines J, where
KX(I) = J = [KX(D) +9})

207

xR,

T A AT Y B P T AR Wt b s, o

A

G

LSt e

T E e s

VR . -
. % t.‘m"f;‘m“ﬁﬁsi{ -y

§orana e
'



i A o i3

B Y, AL TR ATERLS VAT iy HES MY e Ao -

v RN ] A o i AR

n
™.

10.

11.

T
Av

1.

S

Then NBASIS = IMA(J)
C, = CSC(L)

KY(J) = L = [KY(J) + NBASIS]
(a,,8,) = 25C(L)

(Integer Bv in 6-low-order bits of ozv).

9.1.1 SUBR 1, 2 - A FAP-coded subroutine to pack or unpack an
integer in the 6-low-order bits of a floating number

9.2 FACTO — Evaluate K! for integer K.

9.3 BESS — Evaluate Iz(a ,B) of Eq. (5.20) according to the recursion
relations Eq. (5.21).

9.3.1 BESSO — Evaluate Il(a,O) of Eq. (6.20), £ =0,1,2,3,

according to
I(a,0) = tan'l(%)
I(@,0) = 1~ & tan” ( )
I)@,0) = -Fa+(§a®+7)an” (3)

Ia(a,O)

(5a2+§) (5 2 3)at ( )

PIACC - Evaluates of eN) according to Eq. (5. 22) for €y = DELEN(N),
(N = 1,NEN)., To avoid the possible divergence at low energies of the
high-energy approximation to the photoionization cross section, O'HE(GN)

is set equal to aHE(G) for N< 6.
PTALLY - The contribution of a given photoionization transition is

written into the PHOTOIONIZATION ATLAS on Tape A5. If IBETA = 9,
the cross section and relevant parameters are listed.

77

—ad

PIABS — For each table of the absorption coefficient (NENGY tables in
all): the photoionization transitions are read from the PHOTOIONIZATION
ATLAS one at a time and the photoelectric absorption coefficient is
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accumulated for each density J at all photon energies greater than
[wT-PIEDGE(J )], the lowered photoelectric edge at density J. Calls
ABRITE,

1.1 ABRITE - Absorption coefficient table written onto Tape A6 and
listed.

2. PFINIS — Transfers absorption coefficient tables from Tape A6 to the
second file of Tape A5. Calls PMEAN.

2.1 PMEAN - Evaluates and lists the photoelectric contribution to the
Planck mean opacity — by numerical integration of the tabulated
absorption coefficient for each of the NENGY tabies.

C.4 LIST OF SOURCE PROGRAM OF PIC
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Appendix D
COMPUTER CODES RABS AND ROSS

To provide a calculation of Rosseland mean opacities the computer codee RABS and
ROSS have been developed. The code RABS is a modification of MULTIPLET
(Appendix B)., Input-output information to RABS is provided in Sec. D.1; a brief
description of those subroutines in RABS which differ from MULTIPLET is in

Sec. D. 2, a source program listing of these subroutines is provided in Sec. D. 3.

The Rosseland mean calculation is carried out by the code ROSS, using the tape pro-
vided by RABS. Input-output information for ROSS is provided in Sec. D.4; Sec. D.5
lists the FORTRAN parameters used by the code, their definitions, and their dimen-
sions. Section D.6 provides a brief description of each subroutine of the code, and
a list of the complete source program constitutes Sec. D. 7.

D.1 INPUT~-OUTPUT OF THE CODE RABS

A. Data cards are read in the following order (FORTRAN FORMAT in
parentheses).

1, Card 1-—NTAG, (I10): NTAG = 2

2. Card 2 —ABSMIN (E 20.8):
TEMP (E20.8):
NENGY (110):

3. Card 3—DENS (1,J) (6E12.6): (Card 4 of MULTIPLET)

4, Card 4 —~DENS (2,J) (6E12.€): (Card 5 of MULTIPLET)

= Nawd
“ £

(Card 3 of MULTIPLET,
Appendix B, §1A4)

S through 14 — P2 (8F5 4): Y
PSI1 (17F4.1):
PSI (17F4.4) (8 cards):
6. Card 15 —AB (6E12.6): The six photon energies at which the free-free
absorption coefficient is tabulated AB(N) = EN’ (N=1,6)

o
[~

(Cards 6 through 15 of
MULTIPLET)
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7. Cards 16—21 ~CAB (6E12.6) (6 cards): the free-free absorption
coefficient at the six densities for each of the six values
of the photon energy:

CAB (J, N) = u(FREE-FREE) at density J and energy

EN = AB(N) (N=1,6).

8. NENGY - Energy spectrum cards:
(same as MULTIPLET, Appendix B, §1A8)
Must agree with those used in PIC to generate tape used on
Tape unit A6.

B. The systems input tape is Tape 5; the systems output tape is Tape 6. Tape 26
(B8) contains the tables of atomic data utilized by MULTIPLET (Appendix B,
§1B)

Tape 15 (AS) is the LINE ATLAS generated by MULTIPLET (Appendix B, §1B)

Tape 16 (A8) is the PHOTIONIZATION ATLAS and the tables of the accumulated
absorption coefficients generated by PIC (Appendix C, §1B)

C. The output listing is identical to u:at generated by MULTIPLET (Appendix B,§1C).
D.2 THE RABS FORMULA SET

Common and Dimensions agree with MULTIPLET (Appendix B, §2).
A, MAIN PROGRAM
i. IfNTAG = 0, 2: Calls EXIT

2, If NTAG = 2: Calls MSET, calls modified version of MULTIPLET Il
(the subroutines RABS, FINIS)

B. ABS: A dummy routine to replace the ABS routine of MULTIPLET

C. RABS: A modification of the routine ABS of MULTIPLET (see Appendix B,fillI D1)
The free-free absorption coefficient is read from cards. For each table
of the absorption coefficient (NENGY tables in all): the corresponding
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tabulated photionization absorption coefficient generated by code PIC

is read from the second file of the tape on Tape Unit A6, The free-free
absorption coefficient is interpolated to the energies OMEGA (N) and
added to the photoionization absorption coefficient. Transitions are then
resi from the LINE ATLAS one at a time. If the line is a weak narrow
line it is ignored; if the line is a strong narrow line the line wings are
accumulated with the tabulated absorption coefficient. (The distinction
between strong and weak narrow lines is defined in Sec. 6). The broad
lines are accumulated as in MULTIPLET,

D. The following subroutines must be provided and are identical to the routines in
MULTIPLET.

1.

MULTIPLET I

ENSORT
o

P

Q2

S2

S12

FPC

U

w

SF
BSORT
ORDER
LIST
ASORT
TWRITE

MULTIPLET I

b a3
AVAMIA4 &

TREAD
ATLAS
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‘ﬁ" Mo
Fabin

TSR

-
EIIL s

FCALC
SLATER
FHYDRO
WIDTH

3. MULTIPLET il

VOIGT
TALLY
FINIS
MEAN

D.3 LIST OF SOURCE PROGRAM OF RABS
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D.4 INPUT-OUTPUT TO THE CODE ROSS

A, Data cards are read in the following order: (FORTRAN FORMAT in
parentheses)

1, Card 1 —NENGY, (I10): Number of different tables of the accurrulated
absorption coefficient. (must agree with PIC value)

Ki, (I10): K1 = 0, oxygen; Kl = 1, nitrogen.
IBETA, (110): temperature index
TEMP, (E20.8): KT (in eV)

2, Card 2 —RHOL, (6E12.8): Ion densities (particles/cms) at the 6 densities
(J =1, 6).

3. Card 3 —RHOE, (6E12.8): Electron densities (particles/cma) at the
6 densities (J = 1, 6).

B. Two versions of ROSS are currently used: one for the calculation of the
Rosseland mean opacity of the nitrogen-oxygen mixture in air and one for the
Rosseland calculation of pure nitrogen or oxygen.

1. Air calculation — the LINE ATLAS tapes for oxygen and nitrogen generated
by the code RABS are on Tape Units 15(A5) and 16(A6). An air LINE ATLAS
is generated from thes. and written onto Tape Unit 25 (B5).

2. Nitrogen (or oxygen) calculation — the LINE ATLAS tape generated by the
code RABS is on Tape Unit 25 (BS).

C. The Output Listing

1, The total mean free path {cm) averaged over frequency interval Aw for
the six densities at the energies €N T 9, +(N-1)Aw, (N=1, Nw).
(written by subroutine XMFP),

2. The partial Rosseland mean free path (cm) integrated from w, to
e T W, + {N - i)Aw is tabulaied as a funciion of €N for ihe six
densities

Note Items 1 and 2 are repeated NENGY times, once for each portion
of the energy spectrum designated by one NENGY card in code PIC.
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D.5 DEFINITIONS OF PARAMETERS IN COMMON STORAGE

Dimensions of dimensioned variables are given in parentheses.
NENGY Number of tables of the absorption coefficient

OMEGA (2000): photon energies at which the absorption coefficient is
tabulated. OMEGA (N) = W, +(N-1)Aw, (N =1, Nw)

NOMEGA Nw: number of photon energies at which the absorption coefficient

is tabulated

OMEGA( W lowest photon energy at which the absorption coefficient is
tabulated

DOMEGA Aw: interval in the photon energy table

ABS (2000 x 6): ABS (N, J) = total absorption coefficient (cm-l) at
energy €y = OMEGA (N) , density J.

RHOI (6): RHOK(J) = number ions/cm® at density J, (J=1, 6)

RHOE (6): RHOE(J) = number electrons/cm® at density J, (J =1, 6)

LDIM Parameter defining dimension of array OMEGA (LDIM = 2000)

KDIM Parameter defining the maximum number of lines allowed in an
interval 3(Aw)

wC (6): Working storage

IBETA B: temperature index

TEMP kT in eV

Ki Kl = 0, oxygen; K1 = 1, nitrogen

D.6 THE ROSS FORMULA SET

A, MAIN PROGRAM

-

i. The input daia are read and the density values are listed.

2. If an air calculation calls AIR to generate from Tapes A5 and A6 an air
tape on Unit BS,

Rk AR S S T o
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3. Calls ACCUM(N) to read the Nth table of the accumulated absorption

coefficient from the second file of Tape B5.

4. Calls XMFP to evaluate the mean free path as a function of energy and
density.

5. Calls RMEAN to evaluate the Rosseland mean opacity, as a function of
energy and density, from the mean free path generated by XMFP.

Items 3, 4, and 5 are repeated NENGY times, once for each table of
the absorption coefficient.

AIR

The LINE ATLAS tapes for nitrogen and oxygen are mounted on Tape Units
A5 and A6. The line-transition data are read one line at a time from these
two tapes and written in order of increasing energy onto an air tape on Tape
Unit B5. The nitrogen occupation numbers ALPHA are multiplied by
(0.78823) and the oxygen numbers by (0.21177). The tables of the accumu-
lated absorption coefficients for nitrogen and oxygen are combined (nitrogen
values multiplied by 0. 78823, oxygen values multiplied by 0.21177) and
written onto Tape B5. Tapes A5 and A6 are unloaded and Tape BS5 is
rewound.

ACCUM(N)

The Nth table of the accumulated absorption coefficient is read from the
second file of Tape B5. Tape B5 is rewound.

XMFP

XMFP evaluates the radiative mean free path averaged over the frequency
intervai Aw fior each value of the photon energy and each value of the
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density. For each energy eN(N =1, Nw) the LINE AT LAS on Tape Unit B5
is searched for all narrow lines lying in the frequency interval ( €
Each line found is classified as strong or weak by comparison with the
accumulated absorption coefficient due to broad lines plus continuum contri-
butions — averaged over the frequency interval Aw. Each weak line (line
center € width w) is assumed to have a rectangular line shape, and the
interval Aw is subdivided a! the frequencies ¢ = (ec + w). Each strong
line is assumed to have a Lorentz line shape, and the interval Aw is sub-
divided at the frequencies E = [ o * 2n(%)], (n = 0,... such that

€y < En < €4 ﬂ). When all narrow lines in the frequency interval (€N—1 ,
€N +2) have been found the frequencies E (for weak and strong lines, i.e.,
E 4 En) which subdivide Aw constitute a set of energies adequs.e to rep-
resent all the narrow lines in Aw. The absorption coefficient in (GN’ €N +1)
due to the narrow lines in (GN_I » EN42 ) is then evaluated at each of the
frequencies E and accumulated with the absorption ccefficient due to broad
lines and continuum contributions. The mean free path, averaged over Aw,

is then evaluated by numerical integration and is listed.
RMEAN

The Rosseland mean free path [Eq. (6.2)] is evaluated at each density J
and each energy €N = OMEGA(N)N = l,Nw) by numerical integration of
the mean free path obtained by AMFP from w
tial Rosseland mean free paths are listed.

0 to €N The resulting par-

D.7 LIST OF SOURCE PROGRAM OF ROSS
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