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Preface

What has becn learned in the past few months will, undoubtedly,
be reflected in the following pages; morseover, so will changing attitudes
and points of view. Thus what was solely an abscrotion problem at the
beginning has grown somewhat in the intervening time reflecting, perhaps,
increasing awareness of the problems with which ionospheric physics is
confronted, which, while being immediate in character, are always difficult
t0 handle with the utmost preciseness; so that I have had to draw from
other disciplines and, though I was not assured of more precisenss, these
disciplines did help in a greater understanding of the problem and its
related facts. In the paper, this is translated into certain basis features.
first, a fairly lenghy examination of certain aspects of magneto-ionic
theory has been included which, in my opinion, is essential to my understanding
of the calculation of the absorption integrals. This examination forms the
core of Chapters II and III., While I realize that it may be hard going for
anybody reading this papsr, its inclusion also reflects the amount of time
that was spent on it. In Chapter IV, particularization is made to the more
relesvant expressions to the calculations themselves. The rest of the
Chapters concern themselves with results, discussion and conclusions along
with pertinent recommendations. Much material nas been omitted which was
related to the topic although not in a very direct way. This is refiected
in the Bibliography; which contains all the relevant literature which I
had occasion to refer to during the time of worke It is hoped that
anybody wauting to pursue the subject further may use the Bibliography

as a guide of where to look first.
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During the time that this wark was being done, several peopls
cooperated in onsa way or another and to them goes wmy appreciations to
Mr, Richaxrd S, Allen, who, with his unfeiling enthusiasm and ever present
optimism, made an optimist out of me, at least some of the time; to Mrs.
Isabel Hussey, who helped in the computer input and output formats and
some of the graphing; to Miss. Patricia.Kennan, who did the programming,
for her patience; and to Mr. Paul Lyons, who did some of the graphs
quickly when there was not too much time. To all others, whose names I
may omit, but were in some wey instrumental to the final work, I also
express my gratitude and, very especially, to all those who, despite my

better judgement, convinced me not to write this paper in Spanish,

Juiio Ed§ardo Barety
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Abstract

The magneto-ionic theory is examined in its relation to absorption
calculationos. ZFor represeatative profiles the complex index of refraction
was computed using the Appletop~Hartree and Sen-Wyller magneto-ionic
formulas, The height profiles of the real and imaginary part of the index
of refraction are plotted and the absorption corresponding %o day-time and
night-time conditions s computed and its freguency dependence determined.
It is determined that absorption for general conditions also follows
closely an inverse square law, although there are deviations, particularly
for the extraordinary ray. It is determined that general propagation
conditions do not affect radically the possible use of differential
absorption for total absorption measurements. A4 possible method for doing
+his is given. The varia: .on of the absorption coefficient as a function
of parameter N is also determined and the linearity condition f: K(gw)/l/

is shown to hold under certain conditions for general propagation conditionse
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I. INTRODUCTION

In radio communications and atmospheric sciences in general,
thers has always been interest in determining the absorption of
radio waves on traversal through the ionosphere. &4s early as 1936,
Appleton (def ) wade calcuiations under simplified conditionse
These simplified conditions included the quasi-longitudinal
appratimation, which is equivalent to propagation of the wave in a
direction nearly parallel to the msenetic field; non-dsviate absaorptiocn,
i.es the index of refraction M is nearly 1 and a Chapman-Llayer model %
for the absorbing layer. At that time the Chepman-Layer model was
consiéered to be valid for the E-layer. Later (1946), Jasger (Ref 27)
performed calculations of the same type extending Appleton's work to
deviative absorption. He also considered reflections from the top
side for a Chapman-Layer. The absorption for topside reflections
will, in general, bs different from that for reflections from the
vottom-side because of the asymmetry of the Chapman-layer around the
height of maximum ionization, Jaeger retained the other restrictions
that Appleton used. Another detail which should be noted is that
both were based on the classical magneto-ionic formula for the index
of refraction derived by aAppleton (Ref 3).

The ionosphere, however, is much complicated than the use of
some of tne previous resatrictions would seem to imply. In particular,

the electron density profiles of the ionosphere are guite different
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from the Chapwan~!i'er wodel. Also the collision frequeucy pro: 'les
are more complicated than the simple exponential dscrease used in
the calculations mentioned in the first paragraph. The use of more
realistic profiles leads to the use of electron density profilas

and collision freguency profiles for which no analyticasl expression
exists. This means that, in general, analytical integration of the
ebsorption integrals is not possible. Finally, the quasi-longitudinal
approximation, though quite good for a great range of conditions
{Ref 45:79) is only a particular case of general propegation cf a
wave in a plasma medium upon which a coustant magnetic field has
been imposed.

The author has endesvorsd in this paper to calculate the abscrption
integrals for certain representatira conditions as represeanted by
typical electron density profiles and collision frequency profiles. The
conditions imposed on the integral were fairly relaxed in the general
direction indicated by the previous paragraph. They were computed for

both magneto-ionic componsnts of the wave,

The Genasrgl Proble

A small problem such as this one usuzlly forms part of a larger
one. This larger problem has motivated the author in the wurk rslated
to the present, more specific problem.

The general problem is the determination of the energy spectrum
of cosmic radio sources (Ref 11), which may help determins the snergy

mechanisms by which they emit radio waves. It is ovaerved that as
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the freguency decreases from very high values towards the HF region,
the spectral intensity increases. It may be assumed, however,
that there should be a drop in intensity as the frequency approaches

zero, in accordance with the physical laws that govern the behaviour

P P

of radiating sources. The shape of the spectral curves between
5 and 30 MC/S is very much in dovbt at the moment. A knowledge

of the shape of the energy curves in the 5-30 MC/S range could very

R

wall help determine what type of emission mechanism is present; !
whether thermal sources with a spectral response similar to that of
a blackbody, or non~-thermal sources like relativistic particles
emitting radiation when trapped in magnetic fields, ars responsible
for the emission. The reason why the behaviour of the spectrum of the
radio sources is in doubt between 5 and 30 MC/S is that it is masked
by the day to day variations of strong absorption in the lower parts
of the ionosphere. I%{ is hoped that an understanding of the absorp-
tion undergope by a wave passing through the ionosphere will be a
positive step in resolving this difficultye.

The fairly broad glimpse given here serves to emphasize the
connection between the problem being examined in this paper and the

broader one of c¢oswmic radio sourcese.

The Matheuatigal and Physical Context

Apart from the manner in which the radio spectrum problem fits

into the overall context there is also a mathematical and physical
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context on which the presant calculations are based. For the absorp-
tion calculatiors presented in this paper, it is necessary to know
the refractive index of the mediws and it can be calculated from the
magnetc~-ioric theory. This theory forms the immediate mathematical
and physical context of the present calculations. Therefore, the
present paper devotes considerable space to those aspects of the zheory
which are essential for the abeorption calculations. The physical
considerations leading to the derivations of the useful equations bave
been examived at length. These derivations follow closely those given
in the literature; not all has been included, however, and the interested
reader is referred to the oroginal sources. Furthermore, this paper
examipes the theory op two different levels; the simple, original
point of view by Appletop and termed "classical", and the more
sophisticated approach of Sen and Wyller. As will be seen, these
approaches give the index of refraction at a point as a function of
the value of certain parameters at that point. The eguations are
then valid even for inhomogeneous media. To get the attenuation of
the wave, a simplified treatment of Maxwell's equations for
irhomogeneous media exists. It is called the WKB method and the
solutions give an indication of the attenuation of the wave in a
slowly-varying medium (Ref 12: Ch. 9). 4 few words have been set
down on the WKB solutions at the end of Chapter 2.

Therefore, the next iwo chapters occupy themselves with classical

magneto-ionic thecry and its generalizations. The fourth chapter is
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about rumerical applications and specifically about the present

calculations. The final chapter concerns itself with a discussion

of results and some conclusions and recommendationse
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II. CLASCICAL MaGNETO.IONIC THERY

The magneto-ionic theory serves as the basis for most calcula-
tions in the ionosphere. It concerns itself with the propagation of
electromagnetic waves through a magneto-ionic medium. A magneto-
ionic medium is defined by Katcliffe (Ref 45:8), as one in which free
electrons and heavy positive ions are situated in a uniform wagnetic
field ard are distributed with statistical uniformity, so that there
is no resultant space charge. For most purposes this is sufficient,
although sometimes it is necessary to include neutral particles and
negative ions. To treat the absorption problem, it is possible to use
two points of view: The macroscopic and the microscopic. In the
former point of view an explanation of what happens to the elementary
charges comprising the medium is avoided. Instead & the parameters

€ , the relative capacitivity; 6 , the conductivity; and 4, , the
relative permeability are used to account for the effect on the electric
fisld of equal numbers of oppositely charged particles and also of the
translational motion of bound chargess ¢ , obviously, is related to
the translational motion of the constituent charges. Since in many
wedia these parameters can be measured with relative ease, the
macrogcopic point of view is the more useful. In plasmas some wmodifica~-
tions are, however, necessary because in a plasma the constitutive
paraceters of the medium are not easily measured. The reason for this
is that the space charges present and the boundary conditior imposed

by the measuring apparatus affect each other significantly. The
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modification then is to use a microscopic approach to determine the
constitutive parameters and then use these in Maxwell's equations
to determine the fields. This approach is what mainly constitutes

the Lorentz theory.

Classical lMagneto-Ionic Theory

Brandstatter (Hef 10:40) gives a brief description of this theory.
The Lorentz theory deals directly with the elementary charges of the
medium. 7The theory dispenses with the concept of the medium, Instead,
it vi-aalizes the positive and negative charges which constitute the
medium to be in free space. It postulates that all permesble bodies
are composed of a large number of charged microscopic particles
separated by free space, Ib conducting bodies, thess microscopic
particles are capable of being moved through the body because of electrical
forces; that is, in non-conducting, or weakly conducting bodies, elastic
forces are presumed to bind the particles to gome equilibrium positione.
Any displacement that they may undergo from their position of equilibrium
is wvery small, and when displacement occurs the medium becomes polarized.
It 15 aido asdumsd thal ths oot charge of the wedium is zero,

Furthermore, free displacement currents are assumed to exist also
within the particles in addition to their existence in ths free space
between the particles. The way, then, that the effect of the medium

is tsken into account is to consider the motions of the charged

particles in electromagnetic fields. Then whether the charges are

piinbo duratilg i it 1

ORI
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free or bound, a couvection current can be defined. If in a certain
portion of space there sre A particles per unit volume, each
with a charge ? and a mass /» , then if Vv 1is the time average
of the charge velocity, each will produce a curient ?_Y and for the
totulity the currenv will be ﬁ?!’ + Herce, the avarage convection
current /K?f’=/4?:£ro
It is not clear, however, whether J is proportional tu the

electric field or proportional to g , and out of phase with E by

WQ (1,8, whether it is a conduction current or a displacement current).
S0, in the most general case, it should be the sum of the free

displacement current and the convection currentes

Summarizing:

The Lorentz microscopic theory describes the electromagnetic

phenomena by the same set of Maxwell's squation as the macrosccric

theoTys
vX E = —_6_2
- ot (1.1)
H- J+0D
VRS S = s (1.2)
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but since there is no mediwm in this point of view, the equations:

B = Mm & (1.5)
- €k
b=€r (1.6)
JT=6f (1.7)
are given "in vacuo",
Mm = Mo 5 €26 (1.8)

*and the current density is given directly in %erws of the moving

charges:

J =2 7%/ volume of region containing charges. (1.9)

Maxwell's equations relate the field to the charges and their motions,

but since these are not known, it is necessary to supplement them
with the dynamical equations of motion for the starges. These

equations have the form, for each particle, Z« :

d - £ +Ve X3B
where B is the total magnetic induction field evaluatsd at the

position # , of the A% particle; E is the total electric field

evaluated at /x. , These fields can comsist in part of external

fields, and in part of fields dus to tne ?x themselves.

The set of aguaticns must be solved simultaneously fcr the

Lo

dynamical behavior of the charges, ard from this behavior we can
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derive the constitutive parameters for the microscopic wmodel of
tht medium.

In the Lorentz theory, the motion of the electrical charges
is described in terms of the polarization vector (dipole moment per
unit volume) rather than in terms of the convecticn current. In
this case the polarization vector is P = Ngg » L being the average
displacement of the charged particles. Consequently, J = _.E‘_ .

In the present absorption calculations it is necessary to know
how the index cf refraction varies with some of the parameters of

. the ionosphere. It is the magneto-ionic theory which provides the

apsgwer,

A. - THE WAVE EQUATION

In a magneto-ionic medium as defined by Ratcliffe, the net

free charge § = o, Maxwell's équations then became:

v-P=o0

(1,3)
7:B=0
IxE-= ":——g-

It is convenient to define an effective displacement D.

Y
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furthermore, all field components in Maxwell's equations ars assumed

to contain the factor

(wt -K-r)

4 new notation is introduced to simplify certain calculations. Veciors

will be written in their component form, so that an equation of the

form 7 38;;. will be taken to mean the vectorvhas components
2 d4 2 i i F
X, X, | Ky in three dimensions. Furthermore by introducing
the quantity 6‘/,( defined as follows:
if ‘/ (/') K are not all distinct,

£ = 1

\l/[(
When the order of ¢ /'/ X + 18 the result of an even permutation
on Y 2-/ 3 » and

é?-m = -/

#hen the order of t) /' ) K » 1is the rasult of an odd perwutation
e s, 2 3 » the cross product of two vectors can ba writtea in

compressed form. For example:
(8x8) = €5x Ay Be (1.11)

Where the summation convection has bsen ussed for the indices J' and K o

&s a check, in three dimensions, the 2 -component of A3 can be

expanded:

{‘/jx.@),: é, 'kﬂJ' BK: é‘tll(l‘ngK -+ 6,2[( ALBK A €

4

3K '43 BK

11

_,
3
| "f&wmmmxamw LTI
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In the first sum all terms will be zero since €wa already has
repeated indices; in the second sum the only non-zero term will occur
when X=3, i.e. £,,4 8 = (#/)4, 8 ; and in the third sum the only

noa-zero term will occur when K=2, i.e. €32 4, 8, = 1)As B,

Therefore
(4 X B)y = (£;B5- AB) (1.12)
This can be seen to have the typical form of the components of a.
cross=product,
c'(wt’-_A,"_fj
Therefore, if Ax=/A¢C ., where E is independent of poeition,
then 4 )
. - wl- KX
(724 = &e 37, 5 ¢4’
_ ¢ (Jt- K- X'}
- - 6‘/‘ f; e d {‘(.‘.}
= _J(kx4),
(1.13)
Then
_ =08
vXE = 57 (1.14)
becomes
..-L'_/_cxg:_/.'wﬁ (1.15)
and vxH = J+ 22
- - Fl g J
—(KxH = w0 (1.16)

12
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Now, using the relations betweun the fields given *in vacuo®*, equation

{(1.15) becomes:

taking the cross-product with « ,

KX(KXE)= wtt, £ x H

Using the vector identity ,_c_\x(gx_():(,q,c)ﬁ -(A-8)<

and eguation (1.16) on *he right,

(K -E)k ~(£K)E - _ 4o 2

and, finally, from

72 2
= _ - @f .
¥ =l ”.:71‘;*' = J+iw2
g
2 = 4 D
= Jw -

_D_, = &, ("“:')—6‘. 1‘-_[)._5.-

where 7  is the identify matrix.

(1.17)

(1,118)

on the left

(1.19)

(1.20)

(1,21)

(1.22)

(1.23)

In analogy with dielectric materials, this equation is writien as

2. = &€ £

(1.2

where ¢, 1is called the effective dielectric tensor of the piasms.

13
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Bqustion (1.3) then becomes:

(5-E)x (£ 5)E = ~wi 6 (1.25)

This is the wave equation used in the calculaticn of the complex refrac-
tive index, What i3 needed for this calculation is the asswaption of a.
form for X , the wave vector, and the calcalation of the dielectrie
tensor €. o Tkis is where the equations of motion play a part. It

is at this roint that one is reaily justified in saying that a generaliza-
tion of the dielectric tensor (or conductivity) implies a generalization

of ths Appleton-Hartree formulae

B «~ THE EQUATIONS OF MOTION

The equations of motion as already stated, are:

f‘{()”xfk) = 7& (f 1'-_'{4' )(_@) (1.10)

but these, however, do not take irto account forces which may be introduced
by collisional processes. lor example, neglecting the magnetic field for

simplicity, for an elsctron, (1,1¢) becomes:

mor ze £ el (1.26)

where £, + 2ay depend on position. This equation is easily integrated

—

. (f-:a Lu’Z‘
- - i 4 C[ 1.2
',/’ = { gre / 7+ ¢ ( 7
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This velocity, it must be remembered, is imposed by the electric field
and must be distinguished frow random valocity. After a collision
this ®"ordered"” velocity impressed by the field wust be zero, so at

time 7 , when the last collision took place, V=0 and

é’fo }( (‘k){f

_(/ = —):Z)- (1028)
therefore,
. Y 4 !
YT wlr Wt ;
_{;: t( ;»—;"/(c - € / (1029)

1t 7 is set equal to £ +7 , equation {1.29) can be written as

£. 1 cw? -ew?
!-"‘,%3}3“/"" / (1.30)

In a senze equation (1.30) gives the ordered velocity of an electron

in terws of the time of its lest collision. If the numbsr of

collisions in a time ¢7 were known the average velocity of the electron
could be calculated. For ease in future calculetious, an equation of
motion could be constructed such that the calculated average velocity

of the electron would be its solution. This equation would include an
expression for a "forcs* due to collisions. The times between ¢ollisions

are supposed to have a Poisson distribution ‘f(. i.00

£= /!/)/'e'{y(/f (1.31)

15
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where )V is the collision frequency, then the average ordered velocity

is

<e7 = / (’“F e“"f(,_ e”“’//t/;/e'”%'

- ,cwE//e (- e,,wye-w/r

-cEVE, ®° :
cere ecw’f[ ((’ U’_ e-(ca) f)l){/

b @ ST

o7
= - eV L, w)f / g / OD
—_— '

) Y o 7

~(cw+ V)7 )
e /

tw + Y /.

16
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- ~LepF, wz‘[/ / ]
—— g > T .

mw 7225 Y

. - . 87
— —levE, wz‘/w’*":/
mow *7?&7**v

V)= -‘,—"‘5 e"“’f/j,,-;, ) (1.34)

If the effect of collisions was to be accounted for with a force 1}%?

" where g is a constant, then equation (1.26) would be transformed

into:.
m_‘f‘ *j’i}‘; eEO ec'a.)l‘
B (1.35)
Its solution is:
- . t
U = Cé’. g (1036)

— (4
(2avn-tjy
If this solution is to represent the average velceity of the electron
as explained before, comparison between equation (1.36) and equation

(1.34) 1leads to

[
=
g il

&‘;S;’”n‘ T
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j = b Y (1.37)

so that the fictional foce produced by the collisions is —p,pe¢~
The analysis here has been simplified but a more detailed analysis
will change the term by at most a multiplicative constant.

Written in full then the equations of motion are:

i—é ( Mk YK) = = m Yk +?K(§+YKX_B) (1.38)

C - SOLUTION Or THE E4UATIONS OF MOTION

The subscripts will be dropped. It is understood that there ars
/N similar equations; one for each electron. Furthermore, all quantities
w?

are considered to be time-harmonic, i.e. they contain the factor 6‘ .

Therefore, equation (1.38) becomes:

il = - wmPr + € (£ +iwryB) (1.38)

The magnetic field B as previously stated was composed of the
steady external field and that of the wave but it can be shown that
the magnetic field of the wave has a very small effect on the electrons

(Ref 12:28) (See appendix 4), therefore, it is neglected.

18
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Setting 3 :- B, (the external steady magnetic field), equation

(1.38) becomess

- mU“’[ = ctwmyl ¢ e(fl-/lfd_’_’xfo) (1.39)

Soz=+ 1 uplification is possible if an appropriate coordinate system
is chosen., The one chosen here has ita 0z axis parallel to B.

(ses Fig 1). After some rearrangement equation (1.39) becomes:

——Y"__“’..z) r- & xr}) - F
= )(pr- 5 8xc) = (1440
waere ‘¥ L ecause
/3 = /-¢ Py [ ’
€
— ,3 _ e (1.38)
mat ("'ax'[’/‘ - );'_'_;) ét'/'x g},;c
and since B, #0 whils 7 =45, - o + &8 can be seen by referring
to Figure (1),
€
— €., . . <€ ., (1.41)
i Gk 2 s ey Byt

The right hand side can be thought of as & matrix multiplicatioa
between a matrix whose elzments are given by 6'3,& and a column vector
' 7
t.) = / 4 j » Using the definition of €:3, , the elements of this

martrix can be ascertained to bs / ," -o/ o
P
0

% »
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Therefore equation (1.38) can be written in matrix form as follows:

B,
o (o /// —[3,xr)] (1.42)

At this point several definitions are useful to make some economy in
8,
writing. First C-,;: - £ 4 the gyrofrequency of the electron, and

s
secondly 5 & AZ e Furthermore,

'LB' / a (1.43)

n W

with these definitions in mind, equation (1.42) becomes:

_ [B.oxrf: - (3e4)
mw
If equation (1l.44) is used, equation (1.40) can be compressed further:

mw?, - a
- = [+ (L)) = ’
e (/3" ¢ }" f (145)

where / is the identity matriz.

It is understood that this eguation is a matrix equation. It can be
seen easily that (s / /. | is non-singular, therefors, it has an
inverss, and the solution to the eguations of motion is

r (/ﬂ # 4 t (1.46)

£
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D « THE DIELECTRIC TENSOR

The solution to the equat.ons of motion just obtained is not
very <llustrative in itsslf. Its mein usefulness lies in the fact
that from them the conductivity and dielectric tensor can be calculated,
It vill be recalled that this is the problem which the Lorentz theory
promised to solve, and in turn the determination of these constitutive
parameters makes it possible to determine the index of refiraction of
the medium from the wave equation (1.25).

It will be recalled, that
J- CE (1.7)

and also, that
J=7 (1.47)

Since all field quantities are assumed to be time harmonic, i.e. they

(w
contain the factor ¢ ., then

-

P = l'ft)f (1.48)

—

Furtherwore, since 7 - AMer , then. 7= [w/V:__r .
From the solutior to the equations of motion, it is clear that

J-wwNe L )(pi+‘fl) 3

-

W 2 Ayt
Tz -6€tw t:;i)(/‘ifﬂfz) £ (3e49)
22
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[

2 .
Whers L2 ,_/7:{5 i5 ibe sguare of the plaama frequency. It is

----- - w‘\

= p
&€

czear from egmation (l.49) that the conductivity temsor iz given

by
A- ) ) "Ijol } 7\ ‘: ’: l‘/
& = - lFoc})/’ZJ—:/&?; # {ﬁ‘/ (lo.r())
Since the dielectric teusor is defined by
& r
LA,
it is clear then thet
“ ; -0 =/ 7
& -alpltin) F1 (1.52)
2
vhera X = fﬁ%
L
¥hen -z ('/5[4-;_&} d is set egual to S s then
: = Jf-_’f \1353)

5 is called the susceptivility matrix.

At this stage one could proceed to calculate a dispersicen relation
frox: the wave eguation {1.25) und therefore get the index of refracticn of
the nedium. It is, however, preferable to have 62 in diagonal form;
that would certainly simplify the dispersiorm relation, which, az a rule,
is always fairly corplicated. This laiter procedure is done by every
author coaosulted. Brieflys:s. it congists of finding & non-singular wmatrix

g }

A sach that

23
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where g"; is diagensl. This is called a similarity transformation

and ¢, is said to be similar to €, . From eguation (1.53) it cen

be seen thset the same matrix A4 which diagonalizes €. , 8lsc
diagonalizes J and hence & since = ‘ﬁ + 3y the same token
[

if it diagonalizes g it diagonalizes ¢3[ £ia2 /’ “‘ ., And since

(/BI-:' -"-C’,-‘}‘/(/Hf#(ﬁj =7 (1.55)
W(Brecd) A" (preca) = 477 (1.56)
DA (precca)l=T4"" (1.57)

where [J is a diagonal m.trix by hypothesis. If both sides of equation

(1.57) sre multiplied by A from the right, equation (1.57) becomes

247 (gl s )iz I (1.58)

If it is further supposed that the elements in the diagonal of 2 are

all non-zero, then 2 1is invertible, and hence
, -
A7 (pT+ WL (1.59)

But the inverse of s diagonal matrix is also diagonal, hence it has
been proved that A also disgonalizes (/3[ 4 (32 /

Thers is a theorem in matrix algebra which asserts that if the
eigenvalues of a matrix are all distinct, then the diagonsal matrix

with the eigenvalues along the main diagonal is similar to the given

24
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matrix. Hence if the eigenvalues of { B #cn

) are determined,

and if they turn out to be distinet, p-1 can be written down

automatically.

A
The characteristic equation of { g/ +:22

,3-') ¢ 2 o
/‘“’ 42 /3") o
/@ o /g—A
or
(o-A) [ Gp-d)= 2] = 0

from which the cigenvalues are seen to be:

Ay = A

Az .‘-P"JQ

/’3 = /3

Therefore,

-1 ’/3+J2 o o
D = (/ o B- o
o o /3

since all the =2igenvalues are distinet.

From esguation (1.5%)

g,g[,«.zﬁ},q = 4277

25
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) is:.

{(1:.60)

(1.61)

(1.62)

(1.62)

(1.64)

(1.65)

(1.66)
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is obtained. Since

- = 4
/J,/?‘zﬂ. = /.:ﬂ. B3 o
0 V73 /;5

and D°L is as given by (1.65),tben the relations between the elemenis

of A are:

/3 /f,, F 22 /‘72,/ = (/5./-_(2):",//
I3fﬂ}Az.l

]

- //” 7"/5 AA/

/’3 -43 7

il

j3ra2 ) Ay,

LI

/3 42 4102 //2;_ 98--4)/1/2.
..é..-Q./{/z 7‘/3 /422. = 5’@—./2-)4‘2_
phss = (p-a)hsn (1.67)
/3/’/3 + (n 433 = /3 4/3
..[_;7_,4,3 + S Az = /3/42»3

ﬁf@; = A /735

Not all equations in this group are independent, so that not all the

elements of A can be deterwmined. This merely meens that the matrix

25




4, is not unique. The relations that can be obtained are the

following:.

— = i

—J, |

(1.68)

A = Arbitr
33 ary

(a + bi)(a - bi)‘z 32 + b2 (1069)

The elements in columns of the matrix A are frequently interpreted

to be eigenvectors. Their magnitude should be 1, Therefore:

2 2
a2+ Ja | ¥+ 2| P =1 (1.70)
A" L l
IA’“ e ' (1.71)
2? 3

BN

I
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/
Az —
/'qzl/:z (1.72)
/
/4] = /z (1.73)
And also
aal = £ (174

Similar equations hold for the second column, and for the third

A33= l. Thus, as a matter of cobvenience, the matrix here chosen is

1 1 0}
| ..
?f' -1 i 0
AOOE/

The inverse of this matrix A car be calculated in a straightforward

(1.75)

manner and turns out to be::

1 i 0
‘-1 1 . \
A { 1 -i O (1.76>

\o o 2

e

It will be observed that this matrix is also the conjugate transposs

of A denoted by A ‘lm iIn other words, the matrix A is unitary.

28
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The irtent of theszse preliminaries was to obtain 4 so that the

diagonalization of ¢, could be effected, and thus simplify the
final dispersion relation.

It is recalled that

A

€, = 5+1 (1.53)
>ince 5:—5-— : ~qf recrr) ! » and since A
W€, T { B-

diagonalizes (g 7+ cn)”’ and (/e[,e /n} , 8lso diagonalizes
57 . 5" can be written as:.

-/

/ - .
Sinpce (ﬂf+cﬂ}

that:.

has already been diagonalized, it is easy to see

-, B 02 o o
/4 5 / - .{.. / ( ®
Z a (/ uo B4 o (1.77)
o p
Therefore, from equation (1.53)
7/
-— ,-/;‘ /____,_.- 0 o (1.78)
€ A Aq | Brrr y y
e = o
0 P ;/3
29
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Lo o (1,78)
(%
- /= O 0
= A+L2 (1.79)
o /- . 19
-0
’ f /- £ //
Ve
To reduce the writing, the following definitions are made:.
- - & (1.80)
B+L2
2 L2
o« (1.82)
=13
so that
€ o g
- / (108 )
€ = (/; €, o ]

Fipally, to transform the wave equation to this pew system, where

é: is diagonal, the tramsformation law for the vectors must be

30
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obtained. This may be obtained from equation (1e24).

O = ¢ € F (1.24)

If the eguatlon is multiplied by A~1 from the left, then

D e b AEE e (4 AJAE = BN
// te éofq e = 50(4 66/7/ - = é"GCA é:. (1082{»)

or D——'
€ = éo gﬁ f

(1.85)

where De, E denote De, E, in the new system; therefore the transforma-

tion law for a vector X

E
b
i

= A (1.86)

Where the bar on top denotes the vector in the new system. In the

present calculaticns, equation(1.86) represents the following threc

ejuations:
@)= & @)+ 50,] (1.87)
)y = 5 [ - 12, (1.88)
(35)3 = (%), (1.89)

These tiransforration eguations are of greai importance in the

celsulation of fields in g plasma,
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The final celculations on the wave equation can now be mude.

If in the wave equation (1.25) the wave vector & 1is taken as

1

{1.90)

oy

vhere V is the speed of the wave and %7 1is 2 umnit vector in the

direction of propagation, the equation becomes

‘{) z -~ (73] 2 "
(5] (2-E)r - ()50 n)F o wtre,ée £

(1.91)
(PE)n - (2 1) E = -6 VEEu Y2 (1.92)

If this equation is transformed by A
(B E)n— E = — VD o (193)

where it has been kept in mind that the inner product of two vectors

is ipvariant upnder linear, howogeneocus transformaticns.

The second
term on the left of (1.93) can be written
(3 }.
(E); = e (1.94)
=/t
ép(&(}"
where Z denotes a particular componert of the vectors.
Thersfore, in component form (1.93) can be written as
}%:' (DC )‘.
= _— (1095)
A ye (n. £
éog‘:' /((0 - _}
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In genersl [~ .5) is not zero, thus avoiding the trivial

results which would otherwise be obtained.,

If the inner product of the terms ip eguation (1.16) with » is

taken (i.e. with ¥ ) then:

—k-(kx¥) - @KL, (1.96)

0 wkK. Ve (1.97)

So that in this case /7 is orthogonal to 2, . Assuming that »7 is

real, then [I* is also orthogonal, and finally because a unitary

transformation preserves the complex inner product, it is also true that:

PN h s EY O = o (1.98)

Ry

where a?* is the transf{ormed vectors

Therefors multiplying (1.95) by /7 * , the result is:

» #l’/: );2”*-}71 }73 *‘)/3
,-—————‘l e K - > TL — = 0
SN 4 . A 4 L - A yz (1.99)
A, €, fz éo (—j

or using equations (1.87), (1.88), (1.89):

! .

S KM i) Ll -7, h* ‘

Prpaichatd L Rk 2l 6(17‘ /'3)(/7, { ’z.) , 3 (1.100) :
_ 2 ) ‘
P74

=0

- - A4V 4 2
"’oé}_ e - ‘/((al/
e

€0 €,

hbasuttay . o

T

s -;:--;: L T AT I A s avrs i PSS

A e
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/

[/ 651

L

K -
s 2 T =0
— - L/ ._..:__ — 2 .._..._-/ g e
(.0/1’6 é., ,dl’t‘z V ('a/(. éj - i/ (1.101)
and defining
A
T G M, €, (1.102)
-2 /
v, )
z éd/‘lb 62 (1.103)
- 7
v = {1.104)
> G AE
the equation becowess
Ln2ent)  2inln? 2
Ot a f—@'—-/—z‘—/ + -0 (1.105)

7 vl AR A AN

Tuis is the disperesion equation which gives a quadratic aquation for
V&. This means *kat under the conditions assumed in this derivation
there are in gzperal two waves which propagate at different velocitiec,
These waves are called the ordinary and the extraordinary depending on
how much they are affected by the magnetic field. Thuse two modes of
propagaticn are cdue to the effect of magnetic fislds It will De seen
that in the final formula if the magnetic field is g2t equal to zero,

any distinctions betwsen the two waves vanishe.
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D - THE APPLETON-HARTREZ E4UATION

———

Supposing now that the direction of propagation is entirely

arbitrary (Fig 1) then ¥ can be written as

n = (sindcus ¢$} smbsing, ey (1.106)

in a spherical coordinate system; one can see that /7, %+ %= $/m%e
and /’31: Cos?®  go that it is evident from (1.105) that the equation
resulting from (1.105) is independent of ¢ , but not of ¢ , which, if it
is recalled that the direction was chcsen parallel to the magnetic

tield, is the angle between the direction of propagation and the magnetic

field,

Equation (1.105) can, therefore, be written as:

L (si%2¢) ’ s 2

2T, L) s 8 _ (1.107)
VZ‘ {/Z o > -+ [/'Z— l/z =

/ {/} - 3

- . Y,
Furthermore, the complex index of reifraction M s equal to -2

e

where |/ is sowe reference velocity like the velocity of light, so that

L {1.108)

sni, equation (1.107) can be written ws:

T R R L SRR

<roprprera P

T

2 4
S50 s/n*o

= b cos &8 (1 109)

D 2 £ = 0 .
——— + i - 2
P4 -2 z 2 Va
l// - ‘/ _— V’ V; T

mt “ 7 M=

gy e e e ST S T T e oo R A E

oy dt
\
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Now since

A (1.110)
éo/(v é¢ ec
and if Vo2 = ¢2 equation (109) can then be written
-2 2
<in?® . Sin 8 200578 .
(16) \ mi T ¥ 1 i 0 (1.111)
&~ M 6 TM G M

From this equation the Appleton-Hariree expression for the complex

index of refracticn can be obtaired. (See Appendix 8). The result

is:
X R
M- Tiz- X + [7 + Y (1,112°
L(-X-i2) — Jq(-x-(Z)*
where
= Q&
i-cZ= B
Y- 2
Yr: Ysiné
Yl_ - Yeoso

and M can te written as {A"'{ )2 = R-¢7 . The positive sign

denotes the ordinary wave and the minus sign the extraordinary wave,

36
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It is casy to see that

- L —
./('(—ig’//e+!/k2+[z

{1,113)

7= e frr/ReTe (.114)

for each sign. Hence it follows that botbh & and Z’ are always

non-negative., a4rd from the fact that the field guantities contain

iwl-Kr)  dw(t-Hr)
the factor ¢ =€ where it has been assumed

that Y47 , then substituting for M

@l - g/’fr/ @l 2‘3’(/‘(‘1‘{//’_/

¢ = ¢ (1.115)
N - &2 17
(wl-ZBur) -Eq7 .
= 0 ¢ e © (1,177
[(a‘t’éj‘d’“"}
as it is

seen thet erart from en oscillating factor €

o
- }f‘
ali field components contair a factor & <7 « whica, because %

is positive, decreases as r increases. This term, therefcre, represeats

an attenuation on th2 wave as it travels ir the direction of increasing r.

4 is defined es the abscrption coefficisnt T of the wave. The
i

precelipg enalysis has been corcerned with only a point in what is
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presumed to be a homogenecus medium. In the ioncsphere, however,

both the elactron density and the collision frequency are functions

of height (and if one wishes to be more exact, so is the magmetic
field), so that the expression given here for the fields are not
strictly velid, for account :must be taken of the variations mentioned.
The ionosphere is visualized, in this aew apprcach, as horizontally
stratified, i.ee A and Y do not depend on x/éf if Z has been
chosen as the height. This means that # is a functicn of height, so

that the differentiations made at the beginning must teke into accoun’y

this fact. This

| 2 838 -1

s done by Budder (Ref: 12)., The solutions are the
so=-called WKP solutions of the ionosphere. For the particular case
of a wavs horizontally polarized, i.e. 5;, Z 0 . the solution for this

component is:

<
/. &
f;% /4”’26’4/’/"2‘/"70/‘// (1.117)

for an upgoing wavee. Upon substitution of A7= - :',?'

1_2 Z /?(,«—:’:{)-,/2,7, /—: f’/;cé/ef;o/?/f[”/z/ (1.118)

and assuming that the variation of /7 wita height is fairly small, it
cap be concluded that the factor which indicates the attemuaticn of the

wave i3

¥ 4
- f’/ﬂ" (1.119)
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or, in terms of the absorption coeftficient,

i

(1,120)

The integral /»;/z is the absorption cf ithe wave, It is this
integral which is the subject of calculation in this paper.

Now, sicce tae appleton-Hartree equation refers to a single
point, no —ention being made of how M varies from point to point,
it is then assumed that it is valid at any point. 4t each point,
then, the proper values for the parameters are substituted in the
eguation to obtain the proper value of MQ. In principle -4, {
can be calculated then.

The condition for validity of the WKB solutions has also been

given by Budder, This condition is:
L )3 (4 ) /‘/‘?/<</
;3/4 M* dz 2/3 dz* [ (1.121)

It is evident that this condition fails when #-¢ , i.e. near

JM d/LM
lJevels f reflection. The derivative Jz and 7.3" should be

/
rairly small for the conditicn tote valid; given the term 12

the conditior is easier to obtain at higher frequencies.
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A mere general approach may be taken to calculate the irdex of
refraction of a meugneto-ionic medium. The most immediate step in
generalizing the theory presented in the previous Chapter is to

- e
consider more carefully the collision of the electrons with the other
constituents of the medium. It was implicity assuwed in the classical
Appleton-Hartree theory that the coilisionr fregueacy of the electrons
with the reutral particles of the magnetc-ionic medium was constant.
Experimental results have shown, however, that for gasss in general
this is not true. Thc electron collision frequency turns out to be
velocity dependent. In particular, in nitrogen, it is proportional
t0 the square of the electron velocity.

The Sen-Wyller theory then is the generalization of the Appleton-
Hartree equation to the case of non-constant collision freguency. The
techniques used are similar with one major exception: in the Sen-Wyller
generalization, it becomes too difficult to deal with the equations of
motion directly so that use is ma.e of Boltzmann's equation, which

permits the calculation of number densities and average speeds cnce

the electron distribution function has been found.

Ao The Assumptions

In the first place the medium is assumed to be a slightly ionized
l‘s
lorentz gas. This Lorentz gas'¥wo constituents of more importance

than others that might be present. These are the electrons and the

neutral particles. Furthermore, the mass m, of the neutral particles
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is much greater than that of the electrons ', . The slight ionizatior
condition cen be expressed by #,>>%#, where /, , is the number degsity
of the neutral particles and /7, that of the electrons. It is also

true that la< o the collision frequency of the electrons against ions,
is much less than )Q¢ » the collision frequency of the electrons
against neutral particles., This is what is meant by saying that the

electrons and neutrals particles are the mosthimportant constituonts.,

-~ - L AP

of this medium. );L is supposed to apply to elastic collisionse
The prasma is assumed to be uniform and under the influence of
a constant megpetic field and an oscillatory electric field.
Under the ccnditions descrited above, severel preliminary

inferences can bs made vhich belp to solve Boltzmann'!s equation.

B -~ Preliminary Inferences

for particles with a disiribution function ji (the electrons in

the present derivation), the generai Beltzmenn's eguation is

%{ff-ﬁfffl’g‘}afzg (2.1)

o

<here F 1is the force per unit mass on the electrons, F: their
velocity, ¥, the gradient v..tor in velocity space, ¥ the gradient
in pusitionr space anpd & is the collision term. Under the assumption

of rlasma unirormity J, should be independent of position. Therefcre

74 =0 . nd equeiion (2.1} simplifies to
rea

vy ‘[ %
orr . 7 =
:‘-’ £ f v, 72 & (2'2)
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The primes indicate the distributions aftsr collision, 46 and ¢ are
impact paraweters amnslogous (though not the same) as those used in
Rutherford scattering. These definitions may be found in Chapman ard
Cowling (Ref: 15). Finally ¢/ stands for (), (iﬁf{;f i/a/”/'-/z v
that is an element of volume in a 3-dimensional veloeity space.

One final inference and the equation (2.4) should be in its most

rcpriste forme This inference is that 7, should be a Maxwflliam

9]
"

P

[0

istribation since the mass of the nsutral particles is much greater

e

t3an that of the electironc, i.e.

> o
, »7, ]2 -
g — 2 x7
- 17 - ~
7 7, .z;k/»/ 4 (2.6
whsre 7, 1S itoe number density of the neutrsl particles and the other

5ymboie have their usuel meaning. This is the reason why only one

4

oltzmann's eguation has been written down. Norwmally a Beltzmann

ecyaation would have to be sclved for each constituent of the plasma.

2 = Tehe Scluiion of boltzmann!s Ejuastion

the method of soluetion is the s0 called TChepman-Enskog Method,
"renretical jastification for this method may be found in Chspman and
wisngs wef 15) . Here as in the Sen-Wyller paper (Ref 49) it will merely

ca asel, Tae method comsists of the follewing, Ji is assumed to be of the

7

. ’ ray O
L Vil cosw? wpaS1ndll) £ (do k03 ) Y (5, cosol 4

i

. , [V ¥, 2
NS AN / ’,;2 {esedil %52 Ky nw?‘;

o oomad o DX D)y,

o

(2.7)
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70} .
dhere 7, ; a/,) /Jz) {3)72 , )1/ 3, are dependent only on the speed

¢; of the electrons. The task of solving Boltzmann's squation
redaces thew to the determiuation of the funciions just mentiocned.
If ejuation (2.7) is subsiituted in equation (2.4) and the coefficients
of [ Lt haf).w,  wd [HxhxB)] b
both sides are eguated to each other, then with suitable manipulatioas
(see Apperdix ﬁ_‘) a system of linear simultaneocus eguations results,

From it can be calculzated. The resulis zre:
2 /a‘/ ;“, 7).lr;, J"

(o)
- Y L. 2%
T i G oY (2.8)
(s)
- w LS
P yrrer U oty (2.9)
_ & (riestwt) Y A A
5% P oo i) v w-5)] 4 VA (2.10)
J
= 6 _© AP (2.11)
2T omy, [V wes Py w-5)?] 4 oG
,oe ER . v(aw*. v’ 5%) _,_'uﬁ“} (2.12)

2T (vwe?) [V‘+{UfJ}'][y‘+(a)—5}‘].";'. 74




(s}
g -3 w (st wieir?) .1,_1' «13)
) - ;/1 (/‘-/u"/ /),L14 (w,‘_y}]ﬁ (W~ .5}_/ v o,

. - fo .
The symbols have been defined in Chapter 1. Oply £ ° ) remains

to Le criculated. Th 3 mzy be done from the following eguation:

3 2y, "__,’7 — +r 2 =2 '
{7 of - » = z o« 1
( 1 [ )"ﬁ‘ 5 —/ h7¢)' 3(/; {/I (2 )
where ¥ is tae angle between /%y and  Ho acd ,X(OG) is the

mean free path of an electrcn with speed ;. The mean free path

12
can ke exgressed in terms of c¢ollision freguercy as ;iaf) .

If eguations (2.8), (2.12) are scbstituted for &, , and 7

) )
JPEI {[—‘__{’._ s im i ps*(srey o 3w lsint {a
4 PJ Y e TAL 'f;. JU;' 4 v 4&)1)(3) +(w+$)2](v.f[w ,s)z.l b3 aurz

m TV, ™ (2.15)

If C is defined to b

. 2
s> s* swt)sin ¥

= . (2.16)
[»%+ (w+.s)‘][})"+ (10-5)"]
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. U
and if A= )_3*. is used, then equation (2.15) becomes
- Lprg 2 of ()
6 <)' w‘) z(' ‘I‘E“'T:'K"(z' ( :
v WV m, (2.17)
or

off) - m,f’f(t-c)] (o)
2, [xT REPEY mw‘;‘ (2.18)
% Pl(l‘c)
dif F(,] = Mo h
and i F(z) CO i o) en
°) . (2.19)
;—if (KT+ F(l’z))un f ) -0

2

This differential equation which is linear with non-constant

coefficients can be ecasily solved, i.e

v;
(o) 3y U } .
{ = BeXP{ jo KT+ F(‘&) ((—.20)

B is just the normalization constant. Several interesting facts

emerge from equation (2.20)., First of all, not sven fp(O) is

Maxwellian. The deviation from a Maxwallian distribution is

contrelled by size of E(Vz). This equation, it should be stiressed,

16




fans fosvry -

te o~
oo/t Uh=1

is valid for any slightly ion;lzed Lorentz gas.

. o s o)
will be specialized later to the ionosghere where 7[._

As will be seen, this

will be

assumed to be Maxwellian which implies certair relationship between

the size of A(%) and 47 .

Without writing £

 in full, it can bLe said that Boltzmaun's

ejuation has already been solved since the functions o(;) /3,} % 7; b ot ‘;;
’ g

£
and > of U, are now known,

From here on the procedure is largely similar to that in Chapter

I. The pext step is to calculate the conductivity znd the dielectric

tansor,

D ~ The Conductivity Tensor and The Dielectric Tensor

It may be recalled that in the previous chartsr the conductivity

tenccr was obtained by deriving an explicit relationship for J=6£

*

This reliationship was based on the solutien to the eguztions of motion

exizst3 hut, howsver, since :7 =z

velocity of the elacireons; and

(¢
W
p
(]
P
Pk
w
‘.4‘
[4]
s
'y

He, <¥.) wnere <Yz} is the

sincz ¥ 28 <V can

o the xpown distribution Tuneticn 2‘;

g} - z . - ar -
r=rt (5—' / « 1in the Sen-Wvller generazlizaiion, no such relation

average

be

(2.21)
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so that one

——

() |
A7 JCA coswl + s sinwt ]+ (Ko x 13 yér coswl + Jpscmarl)

# (Yo x(H x 7 )]0 cos wl 4 8, sinwl')

(2,22}
The number density of the electrons is
A/l = / ,/;_ (/‘/ (2023)

[ 4

where JV is an element of volume in velocity space. Since %

depends cn the speeds LG it is used to sxpress dV in a

2_- J
spherical coordinate system in velocity space, Hence c/i’:l{ .Smﬂdé/f/‘/z'

again for convenience, the spherical system here chosen is a special

¢)

in that it is chosen such that 72 is parallel to the ©&=¢ direction

(3ee Fig 1l.b). Therefors:

(o) (// %
/V /(f / b /ﬂd/f (2.21)

or

“ -
e s i |y fiocniace |
o

(2.25)
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so that, finally,

Vi d

Wz 97 L5072 s

(2.26)

Interestingly emough then /¥, is determined strictly by f.,(v)

This equation also gives the normalizatloh condition for the constant

B. Usipg the unnormalized distriovution funection tnpn;

XYY / AV

but, in the spherical systiem,

4 = fsindusd
R :

g0 that

W <00, = firsingcosd JEw £

Both integrals are o , siuce

is similar for the y-component.

r

J #5058 (J

—

W <

WX

\
%z

®) &)
« Ao

N

= /ﬁ“"c;’ Ssingcosd /6’0,¢' d,

(2.27)

. {2428)

U cosé jl/ Srng a&:/;/ VA (2.29)

27

/; cosd df =

For the z-component, however,

oS8 ) singdedf I (2.30)

/U/ frmfdm/add“,

{2.31)

» The situatiorn
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I y
The first integral is O since [ s/ 58 @ = 0 but

the second one is different; in fa.’, . equal to ;—r/é f’i;‘"/y;_ .

‘ /
It is clear then that J is parallel to jg() » 8o that if the

—-—

8 . . @)
spherical system used were a more general one in which J‘; had an

arbitrary direction then

PN e ) _ ¢
Wy <Vap= :%{l//;_‘z vy A (2.32)
arLd, therefaore
47 [, ) 2
= Y (2.33)
A AN
{7
so that __Jé determines J .+ The partial objective stated at the

beginning of this section has been accomplished; that is to calculate

- (4 &/
7/ « Now, the final step is then to express 4-3@—"[ :f‘ % 2

—

as 6F£ .

—

If equation {2.22) is used, equation (2.33) becomes:

- 4”( o < . o
Tz B2 {1 [ (t, casots g, sinwot o %oy # UL G cosol £ g simat i

o 70
-I'[_/_y’o x(Ho X_@ )]/o (I; coswc*,t—); 5/)}_(07‘/0:"5‘;;’

(2.34)
or
T _ 47 '
47 Fadin 4 g (4 X3 ) +7; (3. x(H, xf;/]/ (2435)
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where

fo
T = [ (s 50T + 5, sivw?)e; Yol

(2.36)
j; - { (g", co.scu/f-?z S/bJIJZI/V; )‘c/l/; (2.37)
- ar * * 8
5= [ (4 coswl 025’”‘02‘/)2/; fd{f; (2:3%)

a coordinate system must be chesen to calculate G » The ccordinate

system chosern here is similar to the ome in Figure 1 with ihe exception
that the propagation vector P  is in the x-z plane (Fig l.¢)

If use is made of the nctation developed in Chapter I, then

() = e 40, (259
PTG -
Fron Figu:e 1_.0(3 H‘x = HJ =0 ) ”L = H‘ s SO that T
(}:‘o '.‘fff. )L = €3k Hs (}Z‘.)K ('-"-'40.}- -

as was doume in Chapter I, equation (2.40) can be interpreted -as the

“ 4 B

groduct of matrix ( €, H, ) ard 2 column vector (), = ;Z* {E)e .
: r

Therefore, by the definiticn of €¢ax , in matrix notation equaticn

(2.40) becomes

. o~ H. ']{E.J ) ]
~y . f . €Ca v €
vl 2 (37 (3 e

R ST R A
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it is clear that

) o —Hy 0)/(Hxl%),
[
Lﬂ_o X(H_o XE:.Z] = (H_; 0 O | (He .7(1:,'1)J (2.42)
(o] o) 0 (H.x{;)
= Al

and by (2.41)

o "H; Ol;’a “”3 o E,
Y] - € [Hy o ofH o ofE
[L.‘."(‘-“’"—Z)] T om, (o o vo R AN (2.43)
-H, o 0i/€
- Cz 3 2+ I (2°M;)
= ;,— ( 2 -HS (o] (Ez
“\o o 0/\E

rel [T Hy T - T Hy ° ) £
! - 5
J = i;‘ 7 H, J-Hgdy © /f( & (2.45)
- 3
2 o 5 7, )
so that, finally
st /J'_ H:I3 _J;HO ° 1 e, s 4N
€ :";"m* k:r,u. 3, -Ho T o/ \reaos
r o O J.'
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The dielectric tensor can be calculaled easily enough from the

-

definition €,

]

T+ ‘.-5; . To simplify the writing somewhat

the following definitions are useful:

4 ‘f‘
Ve
+ and
¢ /- 47¢ w* 57
I - ~z 5 ! ;
7w (2.47)
€ _ﬂ. w’zll J ‘ -
Lr = 3 Zo——— G Ya ] w- (2‘48)
) (2.49)
- =4 &) 2y’
A S
Using the previous definitions, then é; becomes
€ (2.50)
= €Er +€m o .
0 m
o €r

This was the main objective stated at the beginning of this section.
The comments that appearsd on Chapter I on the use-of £ as it stands
at the moment in the dispersion relation also apply here. n Chapter

I e: was diagonalized and then the dispersion relation was obtained

using the diagonal G: e To show that that is not the only simplified

n
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rrocedure, in this chapter a less zeneral one is used but which gives

the same results,

E - The Dispersion Pelation
It will be recalled that the wave equation is

(1E1n- (nn)f- EE (2.42)
where # is a unit vector in the direction of propagation. If the
projagation is parallel to one of the coordinate axes, then (4 -£ )7
will certainly be simplified. This is the basis for the procedure
followed by Sen~iyller (Ref 49) and this is also the reason for
ckoosing the coordinate system in Figure l.c, for then if the system
in Figure l.c is rotated about the y-axis as to bring the propagation
vector to a direction parallel to the x-axis, then the rotation

matrix of the transformation is considerably simplified.

The rotation matrix is (see Figure 1):

o5 b o sind
A: / o / (o] (1092)
-sing 0 cos b

Where the angle = {_[ -¢  where 7 is the angle between the

magnetic field and the propagation vector. The matrix A is real and

"N

orthogenal, therefore, the dielectric tensor in the new system is 4 (ei

Sh
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A,
where A  is the transpose of A.*

Therefore

o sind (R _
" /(ZJ# /1‘ 2 6” g :o.s(/ O-JI'IIJ

4«"4 = / o E_q .
€ sing 0 cost/| o tp ¢ fo ;o f2,52)
o él’ 45["# 0 cos

or
/(f + € CosY - ég cosd - &y sing cosd
én cos § Er +6m - &g ¥ (2.53)

- &g sinfeosd & singh ¢ +ép Sin*f

The wave eguation (2.92) leads to three equations
~ (€1 g cos’d) £, + ¢ casdEJ 1t € Sindeos & = o (2.50)
- LA

- (€g cos @ )Ex +LM*- (&*65'}75 1 gsinbbn =0 (2.55)

by sindeosd Ex - €p sing E.} 4 [”fv(ézf%sr);‘/j]& =0 (2:56)

where é’,) é}) &, are the vector components of _é" in the new systemn,

*# This seems to be contrary to what was done in Chapter I, where
it would seem that ¢ in the new system would be f¢,#4 . there is
no contradiction if it is observed that the term rotation matrix
applies to tue vectors, i.e. £’'=A£E |, where £/is the vector £ in
the new system so that the similarity transformation on € is

actually (47 Y& ( #4') or A A= Ae,i in this case.

55
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The system of equatic s (2.54), (2.55) and (2.56) bas a non-trivial

solutior only if the determinant of the sysiem is 0 . Therelore,

- (él- +€m Cbszé) éI! CDS& em S'"¢ COSd
-€n <0$¢ M= “IH.M) €n Si”‘i’ = 0
¢ sindcosd ~ ¢y sind M (€r+€msin®e)
(2.57)

Equation (2,57) is the dispersion relation for the Sen-Wyller
generalization. Itssimplification and solution for M* leads

to (see appendix })
A+ Bsinlg fB‘-sin Yo- ctcestd
D+ E sin® (2.58)

M- (M’f{)lz'

where

B=€q (6;+é0j)+ @; (2.60)

Cz 26k, (2.61)
D= 26 (2.62)
£=4m {2.63)

56
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Equation (2.58) is the Sen-Wyller magneto-icnic formula and will be

so referred to in what follows.

F - Ionospheric Applicatiop

In the ionosphere only certain kinds of velocity dependence
of the collision freguency are of importance. For example, it was
indicated at the beginning of the chapter that Phelps and Pack had
determined that in nitrogen

F 3
Y"V nu”&
m KT

= Ymé (2.€4)

Since nitrogen is the most abundant gas in the ionosphere at least

at tke lower heights, it is useful to compute €, en., €m for
2

the ionosphere. If I << kT , i.,e. if the field applied is much

less than the thermal emsrgy, then by equation (2.16), (2.18)

341(0) - A e-t' (2.65)

{(0)
i.o. 4; is Maxwellian, Therefore,

$2= 0y, ( - )3/; e (2466)

: anKkT

The handling of the integrals J'JJ; and Jé may be made more

convenient if they are written iz their complex form, keeping ip

-
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mind, however, that it is the real part the one that is of interest.

Their complex forms sare:

J = eiw{'L (0, + %) U'z‘l’d‘rz. (2.67)
it (e + Qe )ty

Iz.: Cw jo (gl-*'il_)u; ‘ 42‘68)
ot ¥

5. e ) arda, (2469)

It is easy to see that their real parts are in accordance with
(2.36)s (2.37)s and (2.38). The procedure for the calculation of
€; , € and € will be illustrated only for ¢y o the rest
are obtained in the same waye.

If o, and B, are substituted in equation (2.67) then

@) {u) 4
ot [Tz 24 ] do; (2.70)
J { vt Vb ){f yzd}ﬁ)" V; oV, U; 2
(s) 14 ()
- A flz-_._.‘..)
but since f“: Ae € , 5_65; = <T f‘ e If this

substitution is made in equation (2.706) and some simplification is

done, then
372 . .5 -€
(- 1 .
,v uo't[.- )’ - "“fer_ 2 .‘ f‘:;/:_ “€
z prer+wt 1 (M (2.71)

PE———
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Therefore
I A -€
& azé € e
4//4 + ___’,‘4) ¢ / - £ /“ - ¢
E /- .4) f f rls O y"; ‘-,44; g% {2.72)

If some rearrapgewents are made. thea

> w? v € . e,fbf' wfa'/ge"e
i- S [l e - ;(;)'/"" 2% 12473)
£ 4174 &t W T
2/ a£‘+(y’h)

From Burke and Hgra (Rsf 23) it may ba seen that s cartain kind of
integrals czlled the semi-conductor integrals ara dafined very similarly
to those im equations {2.73)t In particular the @ semi-sonductos

integrals are defined thus:

ee 5
éa} - €prr (2.74)
Therefore,
¢ cd?‘ & -[J‘}‘! IUZ‘J /..‘f.
*‘-{I: /~;—-:—£ (?‘34 ,,,} -;—;: L{a‘)’m/ (2¢?5)
Fixd
or
2 & o5l
¢x e 0, (1) - Sk O (5] (2.76)
m
€r = /- a-cé . (277)
5

R
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s .
Where (%) L b 2‘:‘; - G, (%) - Sivilerly
2 = F(Fd) + £ (c-e) (2.78)
m =la-Llcre)]+ [ [b-L(F+d)] (2.79)
#here 0.t (w-5) w-3
c = z‘;‘;“" e% ( y,../
” (2.80)
.s"doz _‘g_:—
d = 20 Vn, bon y,_/ (2.81)
wf(wﬁ) e, (‘J*’ ) (2.82)
) w V,,,
0 {"_.f.‘.’ (2.8 )
/‘ Jw f‘r/a ( )’m / 3
2 )’

These c¢onstarts a, b, ¢y d, 2, £ are calculated once the profilss

of collision freguency and el~rtron density are known and therefore
deveraine (7, 6_;;) ém » which in turn wili determine 4, B, C, D, and B
in the Sen-\Wyller Magneto-ionic formuia. So then ,q, Z’ cen be

determined at any point in the ionosphere.
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A Note ‘s Geperalizati

iIn this Chapter, the classical Appleton-dartree theory was modified
¥0 include a collision fregquency which was dependent on velocity.
Specifically, the results were specialized to the ionosphere by using
experimental results by Phelps and Pack which showed that for nitrogen,
the collision frequency ) was proportional to the square of the speed
the electrons. The assumption of a slightly ionized gas was retained
throughout the Sen-Wyller generalization, but since the main interest
that this theory has for the author is its applicatioa to the ionosphere,
it becomes clear that for the F-layer and above where the number of ions
has increased considerably, a slightly ionized gas is not an adeguate
model of the ionosphere for these heights. Hence, an approach which couid
considar z2ny degree of ionization in the ionosphere would make the ideal
approach. This approach vas undertaken by Shkarofsky. Hers the author
outlines Shkarofsky's approach, shows that certain approximations .ay
be used and justifies a final apprcach for the ionosphexic absorption
calculationse.

As presented in the first two chapters any generalization of the
Appletop-Hartree equation must undertake to genaralize the conductivity
tensor. This is therefore the first step in Sakarofsky's generaiization,

the generalized conductivity tensor obtained by him is (Ref 50):
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Where N [
m {‘;)j, £ (W4,

‘2 C = /Ve' 2 / -
m<y)n, # (wts)hy

Ne? /
24= -
I <5)j_ Folw-s)h

where 4‘3) is the total average collision frequency of the electron
and, j.}.,/- and 4‘; 4,- are correction factors to account for
the variation with velocity of the electron - neutral particle
collision freguency and for electron-ion and electron-electron effects.

From the relationship
€ = —i- + L
wé,
between the dielectric tensor and the conductivity tensor it is easy
to obtain the former and if it is substituted in the dispersion

relation it is a metter of algebraic manipulation to obtain a new

egquation for the refractive index. The equation, written in full, is:
# /—‘x(zaf ‘e Q’J]s/n‘o
'40 -X- ¢j. Zz
. y 2 . . s
vf -(Zf, + //. Y34y +Z2°6, +¢Z8, +(X(Z8,+:8, )/5/')1 2 -
2 (hy - X~ t'].z)

/Z- M, 470, +¢Z8, -(X(26,+(8,)

: ¥ 2 %
. . .
2(4.-X_‘\.foz) Sth ‘4(’.’«’(26,)0056] }
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where Rj},’ Z are the same paremeters used in the first chapter; and

the & and < functions are defined as follows:.
26, =200 “F- 77
28, = g, - 9
26, = 2hp=hbp - VA, - 4.)
20 = fe (4. 444 ) +4,(3. 401 ) -29.4, 3+ Vb tihe 29,4, 1204 )
2652 foJ- #Jofe =27 Je
2d, = bt b+ V-4 )
2, - Fe +§-
2Vl = b, (hothy)-2b hp s Wy Che-h ) 42h 4, ¥*
2Py = by h s Vlhp s L)

and 2. /), are the values of j)‘ for argument ‘%-& > J j.;) h, for
argument (“’”)/Gy , and §- 4_  for argument W=Seys .

The behavior of these functions shoull be explained. For a given
value of <¥m>/<);> (the ratio of collisions with atoms over
collisions with ions, which indicates the degree of ionization of the
gas; for high values the gas is slightly ionized, low values tend to
indicate fully ionized gases) the arguments are made to vary; ]
and A are then seen to be monotonic; for small values of (V2 3l/ev,>

J
_7 increases from a limiting value iess than unity to unity at large
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values of (“’55),(«;:7> ., while # decreases from a limiting value
greater than unity to unity.

The behavior with respect to <¥=?/<¥:» is somewhat more
complicated. It is related to the velocity dependence of the electron-

neutral particle collision frequency ¥, ,

V,,\:le'r

where ¢ is the velocity of the electroms; if +<o , j and :4 have
a monotonic variation with "V"’>/O{.->; it -0, § and A, are
unity for large values of (Vr-)/(l{-;); and if »2/7, J and A vary
from the values for the slightly ionized gas to approximately unity,

at  <Om’/¥>vetween 1 and 10, and then g end A deviate more from
unity as < Ven >/<){;) decreases, until they approach the limits of the
complétely ionized gas.

Hence, if &;=s »(ﬁ}a.nd w> >S5 s then all the J and 4 functions
approach 1 ané the usual Appleton-Hartree eguations result with Z = %)’2
how the conditions cited here can apply to the F region of the ionosphere.
Shkavofsky has determined as a good estimate that if

52 Cxw’<HD
then investigation of the & and L curves reveal that it is safe to use

the ordinary Appleton-Hartree equation provided that

S S5
o< 07 , 100 £ < 2
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In the present paper all the freguencies used are L.zher than 2.5
Mc/s so that the first condition is always satisfied. Hence, we
can combine the first two approaches to describe a variable state
of ionization in the ionosphere: below the heights at which the
aforementioned conditions begin to apply the Sen-Wyller theory
should provide a valid description of the ionosphere and at heights

vhere the condition applies, the ordinary Appleton-Hartree eguation

might be used,
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IV. NUMERICAL APPLICATIONS

In this Chaptsr the procedure followed will be described. For
the sake of illustration, the example of analytical profiles for
the electron density A4) and collision freguency y(27 will be
used to compute absorption and the freguency dependence of it,

The particular profile of A/(4) used as an example is the Chapman-
lgyer prcfile although there exists some cther profiles which lernd
themselves to easy computations, The Chapman-lazyer is hawever, the
more realistic and useful, For a discussicn of the other profiles,
Budden (Ref 12: Ch 10) may be consulted.

After the cvamination of this particular profile, the profiles
used in the present calculations will be introduced and some words as
to the manner of thelr selection will be set down. A discussion of
several difficulties ‘thich are encountered in any calculation cf this
type will be given., Also, possible erxrors and systematic sources of
inaccuracies ‘5211 be discussed along with certain effects vhich are
neglected in the computations,

A - The General Line
As mentioned at the end of the first chapter, the fundamental

equation in these calculations is

AC8) = 9.33 [ o
7.33 [ ols (3.1)
where A is the absorption of the wave in db, ds the path of the wave

and 1‘ the absorption coefficient. For each sign in the Appleton-
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Hartree or the Sen-Wyller equations a different 1' can be determined.
These will be designated by 7} and 7} » the first for the

ordinary ray and the segond for the extrodinary. The differential

absorption is defined as:

) = Ax A (3.2)
Therefore
D= 4.33 ﬁfx -4 )ds (3.3)

One of the objectives of this paper is to determine the frequency
dependence of Ax A, and ) . Two thinge are necessary for

the calculation of these integrals: know the path of the ry and‘ﬁu,
as a function of the path., Since the usual experiments restrict
theamselves to the vertical direction, the patk and thc height may

be said to be equivalent, This point ;eeds a litile more discussion,

for it is not quite so simple as that, but it will be posponmed until

later after the genersl direction of the calculations has been outlined.

The other, the determination of 15, as an analytic functicn of height,

is something that may be done only in the simplest of cases. 7This
will be illustrated in the exampls imcluded in tuis chapter., It is
convenient to express 4 838 function of the real and imaginary parts

of the complex index of refraction which was the quantity derived in

-
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in the first itwe chapters. This has already being done. The eguations

are:

A== [R+ [Rry 72 (1.113)

(1.114)
f= % /-2 Jorr

where R is the real part of Mz . and I the imaginary. So that

A= 4 33/1' (R, 7)1 (3.8
R and ¥ are, of course, functions ‘of heighte.

Another definition is of usefulness at this point., In many

instances A may be written as

£.33 [KNE) N (305)

Where K = X(v,w) indepénden’ since it represents the absorption per
electron per kilometer of path as a function of height. When this
separation is possibl; considerable labor is saved since K can be
calculated independently of the electron density profile,

Lestly, the limits of the integrals are taken according to the

region of interest. For the total traversal of the ionosphere the

P R R,
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the upper limit is taken according to the estimates of the remaining
ionization higher up, A cutoff point is selected on the basis of
the estimated error which would result if the upper limit were

chosen a3t a certain particular height,

B - Chapmwan-laysr .bsorpiion for th Approxjmgtion the A-H Thecry
Ip this exarpple (Ref 27) some features of the absorption calculations
are brought out. It serves as a guide for the more complicated calculations

which follow.

For the QL approximation in the Appleton-Hartree equation:

MZ" /__ ___-X-—————‘—‘
- -2tk (3.6)

Where the + sign denotes the ordimary ray, the - sign the extraordinary

ray. Equation (3.6) may be put in the form

Miz [ M=z M= 2y

x(/.f/:) ZX

-

e K)};*ZJ (1zK)+2* (3.7)

— ——
—

If w>>@, for the particular layer being examined, then o /
(the absorption undergone when 41/ is called non-daviative absorption)

and Ma 1Y o+ Therefore,

} zZX (308) V
{° (zL)p+z?
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In teznms of freguencies the absorption coefficient is:

v,k

T - c[(ﬁ’!\f/z# yf/

(3.9)

X :
a_ Ne
If it is recalled that & = 7,  and if w754 (the effective

operating frequency), then

e" __f.Q,-—-—-—- ( 10)
(s e em [t Vi 3
The specific absorption is
k= L
&em [wts VY (3.11)

which is a function of height because Y and S <functions of height.
It shculd be stressed that in this approximation the collision
frequency is not negligible when compared to the effective operating
frequency. Because of this reason this equation could be applied to
D-region absorption when the other conditions of high frequency
{compared to tne critical frequency) obtain. It may also be seen

in what way profiles of electron density and collision freguency are
needed for the computations of absorption. For a realistic

stmcsphere these profiles have no analytical expressioa, as menticred
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in the introduction.

Sowe useful computations may be performed if a particular iomized

lgyer is assumed to be of the Chapman-Layer type, i.ee

NA) - /i{ex/;’(/—l *“‘(‘3-21 (3.12)

where /V, 1is the peak electron density when the sum is at the zenith,

A-4,
1 is the zenith angle and Z = —4~ o The collision freguency

-z
is assumed to have the profile y=)e where J, is the collision

frequency at 4= 4o o

It ML) and py(A) are substituted in eguation (3.10) then

-z
£

e? A exp 5{[/-,&’-—&8’6{8'2)}4
?/: é,(h/ [{‘éz. /_)‘{le-iz]

-Z
e M%e;jp(j--f-z-sec{e )
Y
Cem  [wis e 2t/

/l(::
(3.13)

Since /{ is now explicitly & function of £ , there should be a

. 4-4
change of variable from A to Z in equation (3.4)e Simce <= 7/—'

then JA:H#ez o Therefore

eMNnH [exp G- 22 - Lsecqe™2) e
Gem ] Tt e 3k o2 (3.14)

,','.-4.33/[/1(: £33

71

A Y gt HAGER AVEA v Tt

8 Mgy

R I RSB S R e

T;



i
#
|

SP/PH/65-1

The operating frequency «&’, 1is a coastant if the gyrofrequency is

In the following steps it will be assumed constant,

constant .
/"'6_% is made the integral

I? the substitution vy = (3hsecy/
~

can be simplifiod considerably. 4 is then

. BH| [ -viesin cos iy 52
#.33 € Cm // JV / 4

(& +pt )t
where
3 = w,secz
/ 23
oY
P2 "j
. K [ e g ) JoE
4.33 conz J o {@‘V"J/BJ}ZI,;T‘{V {3.15)

Since 2z goes from —oo t0 ov y goee from o tO o o

Therefors eguation (3.15) can te written as

A -3
A= 4,33 *;a-)—e;—‘(:ftc_‘?’) )__f (3.16)
Where
Y,
y‘eZ ay
7= /62"2’7’(') [ ]Vf/f
It € =]2
oo, s -€
F € e
72
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7= /”/{z’_ & (p) _ (3.18)

where (f (*) is defined as in the second chapter. It is one of
the semi-conductor integrals. These have been tabulated by Burke
and Hara (Ref 23). For some of the f; integrals (the ores with

P = 1.5 and 2,5) polynominal approximations have been derived
empirically by means of computers. The author, however, has not
seen one for p = .5 The usual thing in this case is to express
€4 ( 8) as a function of the Frespel integrals (for details see
Jaeger (Sef 27) and to evaluate these numerically. The advantage of
the polymomial expressions, apart from their ease in computation, is

that they allow the frequency dependence of absorption to be examined

more clearly. At first sight :

A€ 3 (3.19)

Where @, is the effective opsrating frequency, but in reality, of

course,

A o L I (w
&, e) (3.20)

According to Jasger's.tabulation of e (;6)

_[(/g) = ”7(32-‘—555(/ - constant (3.21) -

73

\
!fm SO e 4. STNREEE: SRR o GG R
;

!

IR T

WEV PESRTA

b i e,

e b HERC

ML




SP/PH/65-1
%04,
when Y- 320 + Therefore, when &), ° Secq » thep
A <5

but before that condition is met equation (3.20} is the one that

is valid. Interestingly enough, in terus of (; (/8) » equation (2.:20)
is

oy

The differential cbsarption would be proportional to the difference
of the €4 integrals for the corresponding 4 .

For other profiles, it is convenient to calculate A (4)  and
then multiply it by the particular A/(4)at the height involved.

From (3.11)

-Z
et ML

Ao Brene] (3:200

Differentiation shows that this function X has a maximum when

W, =V (3.25)

%
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Since u) = W75, equation (3.25) reveals that at the heights at which

K is maximum for the two magnetoioric components,

Cf/, = )5 e (3026)

a)‘ z ){! +5 (3.27)

which means that 2/ >)J), o This implies that the maximum of K is
higher for the extraordinary ray then for the ordinary since it requires
a lower collition frequency than the ordinary ray to satigfy condition
(3426)

Another very interesting fact can be obtained from equation (3.10).
If the absorption coefficients for the extraordinary and ordinary rays

are denoted by {x and 1*0 respectively by denoting the respective

operating frequencies by «j, and &), , then

TO [a)e:‘ 4 )Ii/ (3.28)

which is independent of /' . When 'f" and 1’, are plotted on logarithmic
scale

/OJ 7" _/‘é’f' = /7/:%:‘-/)/%' - /o; [4: ? y‘z_/ (3.29)

and, furtherwmore, when )/<<&j then Ay?} -/'2; f. is nearly constant,
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It should be stressed that the previous equations ere strictly valid
only under the specific conditions under which they were derived, In
the ionosphere they will not always be valid but there are certain

ranges of heights in which they can be used to simplify the analysis.

C - Some Specigl Cages jn the Sep-Wyller Theory
For longitudinal propagation, the Sen~Wyller magneto-ionic formula

reduces to

/‘723 /- 14)2(19'*5)(@/3 (ﬂ_:‘/z / &/2 %::-.;// (3.30)

If the frequencies « are higzh, then _«x~/ , and

wrtSs
2{ 2i}l' ‘o’ ( b (3.31)
lfao l"f.’
(I 2o sy, ( (3.32)
. . se? wES / ,
The specific absorption function « = JE?.—T» A, %0 3., s which

is again independent of N, Another fact which should be stressed is

that P
Ax G V,../ :
(3.33)
fe Co (52 ) >
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&,

Css (:?:‘)

e in terms of the effectivs operating frequencies.
('0‘72- {7,: )

So that judging from Burke and Hara (Ref 23) for high altitudes where

or

is very low, JZE should be nearly a constant. (See Fig 2). There

are other valuable approximations which can be made but they are

not useful in this case. For a list of this approximations Ratcliffe

(Ref 45) can be consulted along with the original paperse

D - Seleg¢licn of Profiles

Perhaps the previous sections have given an indication of two way s
that one can proceed to compute absorption in the ionosphere. One can
either select several profiles for electron density and a collision
frequency profile or one can compute the specific absorption function
and then multiply by the particular profile. The second procedures has
the advantage that the oace the.K“function hias been obtained one can
multiply it by any desired profile and obtain a quick idea of the
variation of the absorption cosefficient but thsn, for complicated
ionospheric conditions there is no guar;ntee that K is independent of
The previous sections indicate that K is certainly independent of N for
longitudinal propagation but one has %o be careful that this condition
obtains to use it for any particular interpretation.

Both procedures were followed in this paper. F¥irst the selection
of the profiless used will be described, and in a later sectisn some

mention will be made of the other procsdure.

The profiles cf electron density and collision frequency selected
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for computation are nacessarily of a representative nature. Among
ths reasons for this are the inaccuracies present in the actual
measurements of these parameters in the ionosphers, the compiex set
of conditions that determines these parareters, and dsily, monthly,
and other variatione which result in a large spread of values for iN
and YV, Furthermore, in addition to being merely representative they
are also necessarily extrapclated in cevtain cases; the author, for
example, knows of no single experiment which has measured N through-
out the whole ionosphere. Thorefore several groups of data from
different experiacenters were tied together by appropriate extrapolation
to fcram a composite profile which is assumed representative throughout
the icnosphere.

For the daytime profile, the lower heights were covered by a
profile derived by Thrane and Piggott®* at Kjeller, Norway on the
basis of cross-modulation experiments. The profile expecially applies
+0 noon-equinax conditions at sunspot maximum. Values from this profile
were plotted up to a height of 100 km, From haights bstween 100 and
200 a.profile by A. K, Paul and J. W. Wright (Ref [3) obtained at
Eglin Air Force Buse, Florida, was used. These authors have calculated
several profiles for different hours of the day. The one suiactel was
a noon profile which -most smoothly fitted the one at Kjeller; the range
of electron density in the heights where there was ovsrlappirg vas

N
snoothed out by a very small change in %{ at the end point in the

* Unpublished pupers
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curve of Thrane. The rest of the daytime profile is obtained from
a profiie by Shkarofsky (Ref 50) up to a height of 34%y: o Beyond
340 Km wmﬁgecrea.se of N is assumed. This assumption is
corroborated by topside sounder data for dip angles of approximately
80° (See LeGalley) (Ref 33:192).

The results of two authors were used for collision frequency
during the day: those of Nicholet (Ref 39) and Shkarofsky (Ref 50},
Those of Nicolst wers used for the lower heights {up to about 100Kw)
and for the rest of the heights thcse values given by Shkarofsky.

A word of caviichn shcould be added: the curves given for e¢ollision
freyuency of the slectrons inciude collisions with ions whica hecame

of importauce in the F-region; the Applaton-Hartree and the Sen-Wyller
formuls, however, include only electron-neutral collisions; since in

the lower ionosphzre the electron-ion collision frsquency is negligible
camparsd to ths eleciron-peutral collision freguency, tae Appleton-
Hartree and the Sen-Wyller eguations are valid {with refererce to
Sollision frequency comnsidsrations) for the lower ionosphere, is

the beight increasss, they become less valid, Obvisusly, the variations
of ¥; and Y with height are partly a result of the varyinz degrec

of ionizaticn of the ionosphere as the height varies. 4 derivation

of the magneto-ionic formulas which would recognize this fact would be
preferable. This agiroach has been tried by Sukarofsky (Ref 50) {(See
note included in this paper). :

The night-time N(h) profile was selected from an KBS Technical

Wy T AR At 4

Note (Ref 56)s The profils was derived for the momth of January 1960
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st Puerto Rico. The values of N(h) are provided ir the Note in
tabular form for the 24 hours of the day. Of these, the 0400 o'claock
profile was selected as it was that one with the smullest peak in
electron density and so deviated the mcst from a daytime profile, The
tabular values were ploited and joined by straight line segments. With
this approximation in mind, a new {table of valuss was madz for N(k)
vhich filled the gaps the other had.

The night-time collision requency was mecre difficult to get.
Night~time collision freguency profiles are, in fact, not readily
zvailatle in the literature. 4 profile had toc be assumed w@ich would
provide a reasonable besis for night-time calculations of the indcx‘of
refraction. For heights below 200 km the same axporential decrease
was used. Above 200 Km the night-time Nfh)prcfile was usad to recelculate
collision frequency vaslues according to formulas given by Shkarcfsky
(Ref 50). The two curves were joined by extrapolatior following, tc
a certain extent, the shape of ths day time profile,

a3 can be seen, the selection of thes® moiels was to a cervain
extent a Jsitrary. They serve, howaver, a purpose, i.e. to bring out of
the formulas certain regularities or features vhich are independent of
the model cheosen. The comclusions ere then relative things, comparisions,

freguency dependence relations, etc.

E - The Calcgiations

The calculations are based on the folliowing two formulas derived

in the fivst and second chapteurs, the Appieton-Bartree formula:
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and the Sen-Wyller nameto-ionic formula:

L AFBsin*@Z JB3%, %y (R cosi

- —— ———
-

Dt Esint &

It was previously stated that if #/° was written as A-¢Z yhere

K and -/ are tho real and imaginacy parta of 47 % then

/
f"f’,?f//«:+ JREs 12

7= 7% J-R ¢ JRT?

K and 7 ars in general complicated functions of /¥ and }/ through
which they depend on the height, except, of courss, in cases as simple

as the ope presented in the beginning sections of this chapter. Numerical
calculations had, therefore, to be undertaksn. Two diffarent programs
were used (one for the AppletoneHartrea and the other for the Sen-Wyller
formula) to separate A binto its real and imaginary part. Given a
certain geographical lccation the angle of propagation batween a vertically
incident wave and the magnetic fisld can be determined, whith, if there

is no deviation, is constant for & dipole field (See Appendix D); = 5‘
can be determined at any height :f the varistion of gyrofreguency for

a dipole field is included. i.se

Te
5:55<?¢+h g

82




SB/%/65-1

Whers s, is the electron gyrofrsguency at ground level, 7, the

h 5
radius of the earth and for the height,l; , X and Z can be determined,
from the collision frequsucy and eliectron density profilss respsctively,

as functions of height, F

)

or the Sen-dWyller formula the same is true; although Ddrevious

@ p €
tabulation of the semi-conductor inlegrals (Z[X): ( [ €le /e is
/

-

!p'l é {_L*}:c‘
pecessary. 7Theso can be tabulated from formulas given by Burke and

with ithe purpcse of allowing the fregusncy depeundence of certain

usntities to be brought out more explicitiy, a wide raage of frequencies
q

was used ror computation., These freguencies were 2, 5, 3. 5. 7« 10, 14,
. rol; - - N <

20, 46, 8¢ 9; « Some of thase were exsmined under both day~tiwme and

night-time conditions.

Once 4t
I

~

are computed as functionz of height then numericel

integrations msy be parformed oo them ic cazlculate guaniities defined

2
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raphical icsation used {Sagamore Hill, Mass) is
ecnsistent with 9 = 73° and S = 1.57 "% , and 63 Y. are computed

) F

{rom thase for any {rsjuency ead hei.bt.

¥ - Lote op rossible DSources of Inaccuragcies

Ths calculationz done by the 3imple method explained sbove, involwve
ao approximations 80 far &8  44A) andl 4 {4} are concernsd. But it

i
will “e recalled that io evalunaie the intsgrais the approximation was

male tnat the patk of the wave could bz set equal 3o the height, this

(e2]
A&y

Fcxr esch height then, A and 7 can be computed.
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approximation is used throughout the literature and is valid rfor
hizh-freguency waves. ‘Without going irto much detzil, hovever, it

may be wentioned that there oczurs zlways sowe dzviatior ir the guth

5f the ray. This deviation becowma2s particularly imzortant whnag e~

becomes waich less than unity (i.e. for low freguancies), Since the

intersst of the present paper is c¢ao waves vhich penetraiz the

ioncsphere (see Int,), it should te stresssd that the curves computed &
for 2.5 ™Y , 3 ““/3 .7 Y can not be integrated

throvghout the whole ionosphere zince these are reflected somewhere

in the ionosphere. It was a2izo assumed in these calculations that
the Tield of the 2zrth was a dipole field. This is only approximately
true, a first order approximation as extensive investigations (Ref 33:

Ch. 9) of ths geomagnetic field show. 4 third faclor which hinders
the accuracy of the computations is the accuracy of the electron
density and collision frejuency profiles, which are Jetermined by several
different metheds under varyipg conditions. The besti cne czn hope to do
is to use profiles for average represaniative cornditions such as mean noon
glectron density profiis, etc.
a foarth factor which iz implicit in the zbove czleulations and
which also sffectus the accuracy is the Sen~Wvller approach itself., As
25 alrzady menticned, the Sen~fHyller approsch iz strietly velid for a
51ightly ionized lorentz gas. The lonosphere will safisfy this condition

Y

at the lower heighis bui probably not 2t the F-region. &hkarofsky's
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generalization consider ionization. Unfortunately certsin
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V. RESULTTNG HEIGHT 2l0FILES OF « , {' and ASS0CIATED ABESULI>

The results of the different computations performed are presented
in this Chapter. They represent, in the tirst place, height profiles
for the integrands for ordinary and extraordipary absorption. Also
some profiles for.z(x have been presented. The ccoputed profiles
were graphed automatically, and are presented in Appendix F, 4 stands
tor M), B for y(k) , Y for 4, , and )’;,j 7., i the log to

(
the base 10 of each of thewm has been plotted against height. The main
purpose for includinpg them is because they are necessary for the celculetion
of the absorption integrals, but the hs _ht profilss of 4, and 1 are
of interest in themselves. The interpretation of the shape of these
curves is not a simple matter, and it, being not strictly germane to
the present calculations, has not been dore extensively, but in the
main has been restricted to several general statements.

In the second place, the curves have been also grouped intoc
significant pattermito permit easier discussion. These are presented
in Appendix G.

Fipally, scme curves of absorption coefficients, exploring its
proportionality to A(4) , if it exists, have been presented in Appendix

H,

A « Ceperal Description

The values of 4 eand z'(a—f T} computed by using the Sen-¥yller
program were plotted as functions of height for both day and night-time
conditions. Not all of the possible 4: 4, f’x have been plotted.

J ) S, /To

The frequencies used were 2,5, 5, 7, 10, 14 and 20 ~% . See Appendix Fe
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Of the curves plotted, several bread features may be noted., For
night-time conditions, and for fregusacies above the cvritical frequency
of the F-layer, (5.6 me/s) X+ and X~ are sesn to follow, in general,
the snape of the electron density profile, It is also seen that it is
the exiraordinary ray vhich Tirst departs from this simple behaviour
as the grephs for 4+, xZ- at § me/s show: while X+ still has a variation

similar t: the one pointed out above while 2~ has 8 fairly "thick" and

(33

éistinc cr

k1

ety

ive p:~K. reque:scies belo the ceritical frequency they

[s

£a0w merzed behaviour with height, the behaviour of Z. being the more

complicated,

Correspondingly, the curves for Mt show a distinct behaviour at

th

-
%

freguency changes. For fregueicies above the criticsl fregueney

s
%

they are very neacly constant (approximetely 1) but as the freguency
of tre wave cecreases, u 3light depression beging to appear in the
curves cof M+ near 300 km until, for frequencies as low as 2.5 mc/s

this derressicn has turnsd itself into a valley of low M+ values, The
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icste recions of deviative absorption.

der usay-time coniitions the benaviour of ihe plotted curves is
miich mere compliicetec, tui again broad feetures may be noted, For
eovneiss apove toe 2ritical frzguezncy of ihe lonosphere as determired
frem the day~time profile, (2bous $.5 me/s). the vehaviour of i+ and X-

{:;ith e szception of X- for 1€ me/s) above 300 km is similar to thzt

of tfLe elecirun density profile, oselow that height they show two
snaller prexs at low heights. Tor f{rejuencies below the critical

P . N _ - - - 2o s -~ 12 a
frejuency, the Lehaviour of X+, X~ is much too compliczted to be
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described by worids, but again ?Q is the more complicated curve and is
characterized by extrewely sharp peaks ut certain heights.

The &, curves séow, in day-time conditions: the &% for the hign
freguencies are fairly constant, while for decreasing freguencies they
tend to dip at the region of maxiwum slectron dsasity.

A limited ccaparison of these features may be foupri in Appendix G,
where ?;’ZC//Y‘ and «, have been plotted together for freguencies
pear the critical frequency and above for both sets of data. The
reasons for using only these is that the integrations for absorption
were going to be performed only for frejuencies which are able to

renetrate the whole ionosphere.

B « Absorpticn Per Zlectron

Another calculation for which results have been obtained is the
investigation of the relation between the absorptiorn per electron and
the electron density. In a previous chapter, it was argued that if
T: KN , where K  was a function only of frequency and c¢ollision
frequency, then the calculation of absorption became all the easisr. For
lengitudinal propagetion, this was shown to be true but for general
directions this may not be true. Therefore, & start was undertsken
towards investigating this problem.

In particular {(}j N/ = {(/J /) s {(,5 0% were calculated

and these were examinsd to see whether 7{1;%’,’ was squal to a;SK/V s iea

if T(J/JM}:K/V » then 1’(}5 /)= kK , so that for any fixed frequency 7/(5”):7’0”/)”

provided ?’()/’/V)= KN .
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In general, one may formally define a function 4 such that 1= av ,
where & ~ 4 (0, #) . Under cesrtain circumstances § should be identical
to K ; it is these circumstances which were started to e investigated
at the end of the coop period,

Sope of the curves obtained can be seen in Appendix H. They cover
a w.la range of frequencies: 80, 4O, 20, 10, 5, 3, 2.5 and 1,5 "/s

zor the angle of propagation d = 1.27 radians.

C - Freguency Depandence of Absorption

It has beep ipndicated previously that because no analytical profiles
existed for N and Y the ebsorption had to be calculsated numericaliy.
The plots presented in Appendix F are for ,f,, and 7; but these are merely
the respective integzrands for ordinary and extraordinary absorption
divided by -f:’-’ e Since the present paper is only interested in the absorp-
tion undergone by a wave which comes from ocuter space, the absorption
integrals were calculated only for those frequencies which cculd penetrate

the ionosphers under the assumed conditions.

These integrations were done using what amounts essentially to the

trapezoid rule. This rule of integration, according to books in

numerical analysis, gives, for sufficiently asmall size of the interwval

h of integration, that
%, 44

- o _Z’,
‘é ;/x:é[yo*if‘dj°]:4/‘22_+ 2'/ (5.1)

Where 4 }0 - y (X +4 / - J( X;) « In this peper the integration was

merely approximately by & sum; thus::
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Where the sum is carried between the appropriate limits and A h =5 km,
Ko+ h
From (5.1) above, it may be seen that when /x. )'a/x is
Nt
n |
extended to a large range for dx then /3//1 = A2 y“ fj*:_ © %_/

«r7

The difference between this and (5.2) is merely %% f"%? which in
the present case is j;—¢--€f and this is very small for any fregquency
judging by the profiles presented in Appendices F and G.

The trapezoidal rule itself is a curde approximation, but first,

Ah may be considered to be smaldl enough, this is strikingly
demonstrated by the graphs in Appendix G, and second, the mein interest
in performing these integrations is in bringing cut the frequency
dependence of ebsorption, it is therefore felt, that given the inaccuracies
present in the data itcelf any more specialized rule such as Simpson's
rule will not bring out any new fact about the frequency dependencee

It was estimated that the contributions to the integral from heights
above 700 Xm were less than 1% ofithe total integral, hence the integrals
were carried out to 700 km,

It should, at this point, be emphﬁsizeq that these integrals include
deviative absorption that might be present since no particular assumpt-
tion was made about & , although no attempt was made to separate the
contributions from both components, and, as was mentioned previously,
no attempt wac made either to estimate rigorously the path of the waves,
something which constitutes a problem unto itself,

As a matter of convenience the integrai: were calculated up to 375
km and from 375 km upward for night-time conditions, This made it

possitle to tall: about contributions from different purts of the

90
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ionosphere to the toial sbsorption. ror tne day-time, the following
scgments were integratec sesparately: us to 1G5 km, from 105 to 2060 km,
2C0~310 km, enc 35)0-~-T0C mu, BRach of these regionz includes a cersain

r

iopaspheric region of interest =s may bLe seen, Irom the plots in Appendix

e

G. The rcsulis eve presented belcw, where Ay derotes ordinary ebsortion

ard A, extracrdinary (in the sense of the magreto-ionic components):

Table I
Night-Time Absorption in 4b for 3everal Irec¢uc.cles

5 75) Ag(> 375) Total Ax(<375) 4. (> 275) Total
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Table IIX

Dgy-Time Extraordissry Absorption in db for Seversl Freguencies

2(§%)  ag(>105)  A.(105-200) a,(200-310) A,(310-700) Total
80 «26 19 .2 220 <50
L0 1,05 .80 1.06 .79 3470
20 4.08 3,32 472 3.58 15,70

The frequency dependence of sbsorption may be demonstrated visually
by plots of the Qata presented in the Tables. Alsc, plots for
differential absorption have been included (See Figures 3, 4. 5» 6Je

The dsteréination of polynominalrrelations is relatively easy,
though labourious, once given a set of points, but these formulas would
obviously be merely a best fit for the data and would have to be changad
any time a naw point is added to the data, so for the curves given in
the log-log graphs, no attempt has beer made of doing this.

Yet, it can be seen that the plot for total absorption for the
ordiasary ray at night is a fairly straight line. S¢ that [:; Az ‘”{”jf/ .
A determination of this ¥ leads to K = 2,0. Ior the axtraordinary ray,
the first three points form also approximately a straight lips with a
slopeof n= 1.4. For differentisl absorption, although there is more
spread in the roints, a straight line can also be drawa tO connsct the
soints. The éloyg of tris line 18 b = }je3e For dsy-time conditions,
no such determination is possible)for the curve joining the points has

a slight curvajure. XIn this case, A is a more complicated function of
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2
frequency than £- - .

{n

] . o . &
Therefore, for vight-time conditions as assumed bare, A,- ;{

and A, - ?%3 s in the most genera) forms. That the exponents are
different ﬁas to be expected since differential absorptica goes to

0y or at least approaches undetvectable differsnces, when the freguency
increases. This ic confirmed by the fact that the slope determined
for different:ial absorpiion was /A = .3, which means that it decreases

faste

H

than =ither ordinary or extraordinary abscrption.

The situation is somewhat more complicated under day~-time conditions.
The curve for ordinary anid extraordinary absorption are not straight
lines because of the deviation of the lower poirnts from a straight iine,
Tnis is due, no doubt, to the presence of deviative sbsorption which
for longitudinal propagation does not follow the inverse square law
for the freguency and would be expected to depart unw.esx generzl conditiouns
from any such simple behaviour. In fact, the upper points of ordinary
absorption for day-time conditicns azlso follow an inverse square law.

The differsntisl absorption follows a s+raight line desrite some scatter

.

in points wiin sn ¥ = 2.2, which shows a slower decrease with frequency
toan that occuring under nizht-time conditions.

It should slsc be notea that the ratio of the absorption at night
below 375 km to that over 375 km is fairly comstant for all fregusncies

for both the ordinary and the extraordinsry ray (See figure 7). This

ratio is about .hl. It was expscted vhat it would be constani, given

Goyx
{2

tae ferm for absorption A, = « Xt is also seen that this ratio is
3
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about the same as the ratio of the electron content belew 375 kuw to
that above 375 km, an observation which is confirmed by Faraday

rotation determinations of the electron content in the ionosphere,

D - On the Height Profiles of & and ?’

The day-time attenustion curves show that there are three main
absorption components, ope at about 300 km and the other two at
approximetely 80 km and 105 km. The unper peak corresponds to F-region
absorption, ths other two to D and E region absorption, These compoients
were detecred by Mitra and Shain (Ref 35) in measurements of ionosphsric
sbsorption at 18,3 me/s, although they separave these comporents into
only two: CF-reg.on sbsorption zmd the rest of the svsorption which
they say is mainly D-region zbscrption. The results presented in
Appendix G and Table II guggest that E-regior absorption is also important,

For night~time absorption, there is only a broad maximum of absorp-
tion corresponding to the F-layer.

At high altitudes the differsnce between %; and 2@ becomes nearly
constant. It was shown in previous chapters, that for longitudinal
propagation and high Ireguencies, this was to be expected. The fact
tiat it also occurs for a case of general propagation sugegests that it
has a more general range of validity. If /f}? ?,} - /0/ 7’0 is constant,
then ?; - 5{; or ﬁ; :g;?; + So that for ranges whexre this has been
determined 1o Ye true only ons integration nesd be performed to calculate

absorption.
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at low frequenciss (less than the critical frequency of the layer)
the behaviour of {( and %’ is very cowmplicated. Absorption for these
frequencies zould also be dstermined but they require more advanced
methods of computation based on contour integrals, (See Budden, Ch. 20)}.

The 4¢ profiles suggest that under certain conditions waves may
be trapped at s certain height. For example, at the conditions assumed
in this paper fer day-time, a wave of freguency l0 mc/s and ordinary
polarization, if it orginates at an altituds of about 30C km on an
oblique peth, will, on going tc¢ higher altitudes, find a higher value
of 4 and hence will be refracted down, on traveling down, however,
it will again encounter higher values of . sand hence will be refracted
upward. It will stay thus withip the limits imposed by the _« profile
until it is absorbed,

Thus by these brief comments, one may sse that the height profi.ies
of ¢ and 7( alone merit some interest. These curves have beea
investigated extensively as a function of // and )’ , mot of A , in
Budden's and Hatcliffe's book,

It may be added that the profiles presented in thnis paper were
those computed by using the Sen-Wyller magneto-iomi¢ formula, but that
gomparison computations were wade using the classiesal Appleton-Hartree
formula. It was mentioned previously thet Shkarot@.qr had showed that
the classical Appleton-Hartree eguation could be dgad in the high

ionosphere provided one used the appropriate coliigion frequency. it is
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also shown in tae Sen-Wyller paper that in the limit Y <.s/4& the
Ap ‘aton-Hertree could be retained provided one used a collision V
f.equency yﬁ P equal to 5/2 )/;,., (that used in the Sen-Wyller
formula) and in the limit >34/ the appleton-Hartree could be
retained if ), was set equel to 3/2 Y ., 1t was found that

/Y—W :2,.;%” for zil the height range, where 1;”, and ,f;,” are the
absorption coefficients as computed by the Sen-Wyller and the Apnleton-

Hartree formulatiorns respectively. If the Sen-iyller coeffic’ents are

used to compute the total absorption then a certain error results which,

e A MRSt SRR i sVl o okl 0

using Shkarofsky's remarks and the resuits mentioned above, may be easily

LR AT RN

°o had .

seen to be f:/._r'/ A 5//{ where ‘4 {JW. 0/4 is the sbsorption as

/O 2

3

computed from the Appleton-Hartree formuletion in the f:z region,
which may be assumed to be from 310 km up. That is, the [ error

ag /170

__{‘ N . /_-' : L

would be e é ’fsw z;//f where i ’5,5"’ ;/4 is the 4 region absorption
as coaputed from the Sen-wyller formuletvion. f5uis errer ia an over-
estimation of the absorption since in the 4 region sbsorption coefficients
which are 2,5 higher than the more appropriate ones, then /j?‘//?ff) - /ﬂ; A

renresents the sbift in log coordinates where A is the correct

o s RS AL, %Wm?wmwwww w

sbsorpiion, or 7es P-/ 00;‘ (P-£) where /7~ is the piotted absorption.

e

But f? 7- fg (P‘E):‘/{’;(";é/ where—;-'::- <</ . Hence

o5 = iy (7-E) % - £)=£
where terms of order two or higher have been neglected. This ratio is
aot only snall, .13 for extrazordinery day-time absorption and .12 for

tne ordinary ou the average, but, perhaps surprisingly independent of

S

ﬂ.
:
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frequency, heonce, the expressions determiued for frequency depsndence

are not affected because the shift is constant for each ordinate. It

theresore, appears to justify the use of Sen-Wyller onily, although, it
is realized that in sowe other future study both should Ve used.

The fact that 1‘;” = 245 T"” in the present computations is by no
means a general relationship but the conditions under which it is
obtzined should be investigated. Time precluded its investigation in
the present paper. Because in most of the ionosphere »«4) for the
present computations, then if ), = Z-" v, ~as mentioned previously,
the Appleton-Hartree eguation can be retained; in general cases, it is
not readily possible io say what this implies because of the complicated
algebraic formula but in & simple and useful case one can derive certain
requirements, i.e. the longitudinal case: in that case anéd for A~/ ,
{‘4 4 Wwritten in terms of the frequencies is:

ZJO'Z Yaw
o [Tw5)*4 Yy ]

while f’ " is

2 PAR S
~co . e
--.9__- ’ gS/Z ))h/
$wW Fm

L Y
then if ))A”; f’/rr-

Tan = Ly Twss) ™+ % 2]

4
, W2 Im L e (ﬁf— /
2 ~
<< W = z 28 40V
and since )},,, ’f,w 4w ¥, / y/

e AP LI, T 1O ARSI S 3o

[
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Lul4S ¥
so that (g {5~/ ¥V ;5  within the limits of error obteined

5

by Sen and Wyller (Hef 49). If ./ were 24, as was assumed for

AH

the Appleton-Hartree compuietions thst were made, then

W, =
/f"'"" e [‘:";’—,’1;5-)2.:7

and S/ "(,1;; = ,F” than
swr
’?’su‘ = 460)’)»,[(01‘5) ’,,,‘]
so that .sf = 2. J-,YA _4 would imply for longitudinal
propagation that s, (_ﬁ"__‘ff L

oot
(. / *

2 - 0n K or &bsorption Per Electron

Some aspects of K may be explained gualitatively if use iz made

of several results developed in Chapter 3, Equation (3.24) gave K as a

function of frequency and it was shown that £ has a maximum at Y=4e ,

and it was therefore explainsd that this result implied that the maximum
for K was higher for the extraordinsry ray than for the ordinary. The
graphs in Appendix H show the same type of varistion. That is,their waximum
is fregusncy dependent and the higher the freguency the lower the maximum;
also Ky is generslly higner thas X, althcugh for low frequencies the
behaviour of both of these becomes erreiic and they cross over,

The main question asked about '?' was whetbher it was proportinnal to
//or pot, i.s. whether { = AV where A~ depshds only on the frequency uand
the collision frequency profile. The cowmputed results saow thal for the

Sen-Wyller approach {and hence for the Appleton-Hartree formulation
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according to the ccmments made befcre) and under the conditions assumed
in this specific problem (dip angle of 73° and gyrofreguency of 1.57 mc/s
corresponding to Sagamors Eill Observatory, Mass. and the assumed p-ofiles)
the linearity <.. ition for the ordinary ray holds within certain limits.
It is good en..gh for rrequencies sbove 2 me/s at low heights where the
collisiou freguency is .igh and the electron density is low. As N
increases the linearity condition becomes less valid. It may be seid
that the linearity condition way be tzken to be valid up to about

for frequenciss down to 2 mc/s and up to 106 Tor frequenzies down to

10 me/s. Tor high frequencies such as 10, 40, ard BO me/s it wey be
taken to be valid at densities of 106 /c¢ which are densities which
vecur in Polar Cap absorption events. Outside thesze limits deviations
from linearity may be considerablee.

As & side result, it may be ncted that the height st which
differential absorptior appears is dependent on the collision freguency
and the frequeicy of the wave, 30 that if a rocket probe with a traasmitter
at a coertain frequency wave sert into th; ionosphere, then that height
at which the powers received in the two wave wodes begin to differ
appreciably is characteristic of a certain collisiop frequency. If the
tranamitter were a multifrequency one, some mapping of the collisior
fregquency profile at iow heights could be done. Th2 idea is worthk

considering.

A Method for [Measuring Cosmic lNioise levely and Total Absorption

It has been mentioned before that the /7 K - /OJ £, was largely
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especially, in the high ionosphere as was shown by the plots in Appendix

G. This iwvlies that, since .Tx = (K » then

I &

Where the constant £, depends only on freqiency. Therefore, this
eonstant once theoretically known permits the assertion that D= }5(]().4,
where 54(.// is a percentage. Now, since D it measurable by riometers,
then /lo can be Airectly calculated and hence the ¢osmic noise level. By
way of illustration, if }5(1’= ol and it is determined that pg= /28 ,
then 4 is 10 ®8 and from /4, = P-7 , where /P 1is the cosmic noige
level and ;:, the power receiver in the ordinary component above a certain
reference level, ther 7 = /0 # 75 « Thia method is close to that of
Little, etal (Ref Jo Although they determine 7 by extrapolation of
a plot of £ vs.,-fx . For more details, the original paper should be
consulted.

Io the Appleton-Hariree formulation and for longitudinal propagation,
for non~-deviative absorption, <, = f,:; } s 80 thet it is very
simple tc compute }/(’f/’ for any frequency. It is of interest to see
whether propagation in any general direction woulld alter this situation
very wuch. In the case presented bere, Appendiz ¢ and A tend to indicaie
that it does not, for graph 3 in Appendix B, indicate that for a given ?\i »

toe differential absorption once it appears is largely insensitive to the

collisi v “requency since it remains constant for the heights examined,
Appendix G, as wentiored before, shcws /o J / [/? fa- for the high
105
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ionosphere is constant. Lastly, sc does the linearity of T at low
heights. This fact makes the selection of the profiles esxplained in

Chapter IV less arbitrary than would seem.
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VI. CONCLUSIONS AND HECOMMENDATION

The main point that this paper tries to make is that differsntial
absorption may serve to calculate total absorption and cosmic noise
Jevels., For example, differential absorption is directly measursble
and if theoretically one estimates thet for a certain freguency the
differential absorption represents 10% of the cxtracrdinary absorption
then for, say, /2?8 differentisl absorption, the extrsordinary absorp-
+ion for such a fregquency is /428 , then as mentioned previously, the
cospic noise level is the sum of /028 and the power in 28 ahove a
sertain reference level received in the extraordiaasry wode,

Also, the frequency dependence of absorption ¢49 Ax and differential
Ry <

&
absorption was determined to be: ;Tf ;7¢' ;2&3 , Tespectively at night-
! )

rd

time.

suring day-time conditions, no fermulz appears to £it the data,

but the upper points of the ordinary absorption curve appears to obey
Gy 4

14
the law. ;;: s differential absorption was proportional to J{z,z .
The approximation T:KVV used often in ionospheric physics is showed
1o be valid under gereral itornditions at low heights and high frequeancies

203 for low A . Outside those limits considerable departures can OCCUre

It is recummended that a systematic study be undertaken of the

Ax=-Ao . -
X~ as the angle of propagation varies for
A

»

7arisiions undergone by
iifferent typisal profiles, with the intention of telling how much independence
from the profiles actually exist and how they affect the percentage differential
avscrption., rfurthermore, the absorptiorn caleculations should be combined
«#ith a ray path anglysis to take :into account deviative losses with more

aCCUTACY.
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An experiment should be perforwed after better calculations are
done of E%;lf} to determine total absorption from percent
)
differential absorption and also cosmic noise levels outside the
ionosphere., Lastly, rocket measurements as low freguencies could be

used to determine collision frequency profiles,
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APPENDIX A

The Wave Mapnetic Field

* wave traveling in the 2 direction and linearly polarized with
its electric vector in the x-direction, will produce a force on &

electron in the x-direction

m i = eE, coswl

(4.1)
mw

from equation (1.15), and taking K = -?-Mg » where M is the

refractive index (in general, complex) and n is a unit vector in the

A

directiorn of propagation, Z (_!!_ =K , c is the velocity of light,

the following is obtained::
Y _
‘{'7“' xf’/*/“"""?

ME, = /‘acﬁ

-x

Hy = ~———
7 - . .
N .

Therefore, the magnetic force experienced by the electron in the direction y

= LM, (——-——)tha)f{ % / .Sw%

&
‘zf._‘l,_.” sinw? ces w?
mwc

iss:

Cu . H, ¥

¢
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This force is a maximum when  S/» d?‘a.:a){= %

r's

7 A
' Fy = b M

P

Amwe

, £
The ratio of the magnstic force to the maximum electric force, '%{ is:
3
e2LM
A = /
M/‘; 2malc Cf.

e[.M
2mwc

\

"The value of £, at 100 Km from a transmitter radiating 106\1 is of the
order 0,08 /A4, and the magnetic field of the wave is about 2,7 x 10'6
oersted. The magnetic and electric fields encountered in the ionosphere
from man-made radio transmitters will rarzly reach these values, and the
fregquency is always greate: 10 kc/s. The refractive index is of the
order of unity. Hence the ratio will not cxceed 347 x 104", As can
be seen this is a small ratic in the "worst" of ciz;cumsta.nces. This

justifies it bteinz neglected in the equations of motion.
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APFENDIX B 3
Determination of the Appleton-Hartree Form
The dispersion relation (111) in the Appleton-Hartrese formylstion ‘
iss §
o B o & a ‘
Sin’e Sin "8 4 2C05°0 !
— o z 0 X
A3 IL!-- -L L.t :
€, M s Y M 'f, M‘ (111) '
where ’E;%
4 X
£: : / - — - /- \d "“ ;g =
B0 14 V-¢2 1) i
£ = @ .o -_X (B.2)
a - { /3"‘0' P V.(Z
= I~ g7 Tz :
Equation (111) may be recast in the form
. 3 Y §
e sinfe | bsh’ 2650, (B4
The summation of these leads to
MY[(EtE)sin0 £2€, o5 ] 4 MYz, sin*0 (6-6) +
N -
€.3m'0(6-¢)-26(¢,+6, )]+ 266 € = 0 (8.5)

£
£
:
g
=
%
g
*
2
2
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A series of redefipitions is useful at this point':‘:‘

-
;. B =28, i (8.7

D = BA : (3.9)

so that equation (B,5) then becomess

' . 2ap. I, ’
m*[Asin?8 + Beos*8] + > [sin’aC o+ Esf . s

If use is made of the formula for determining th? g’tlblutions for &

LTI A Pl

quadratic equation, then

o 1 2[(Asin?6 + Beos’0 )+ Csint@- 3+E] ' -
= p (ASM‘O 4-3(9330)-D + [(“mza ) ,4“5‘.:,: 36&'&)5 (5,12

The terms inside the radical may be sean to be: -

. ) . “ .- L ¥ - .‘ 3
Csinth - 20D+ D - 4ACHASQODINE-ABE) S ez
But by the definitions of &, B, C, D, E e

B 200 4AE' 0 B
and 20DAT-LER iy b6 wesa 1o be 4(€3) (e,—é,}j, | ;‘-:’ Phite Lst
&nu e .

expresaion is set squel £9 .¥2, 3o that ths torms &M‘t t&s rdicsi
beccme . ) "l.‘a".. .:

Cx s g > 2 3:;1, ] . - .
Smff'i’ cas2e S ®.15)

FR e P
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The use of ll, B and !3 is no longer useful, so from here on the

ioncspheric parameters X, Y, 2 are used. With this in wind,

PR . zZ/ [ 2 :
£ Cos6= (7 ¢z (- y—th-fY—(Z)] A (B,16)
Also
2«
< 5”’ Z;l-'LZ}(I— ocZXl{-,—cZMIY
7 (8.17)

So that the terms inside the radical divided by I can be expressed as

1-X- z X vt Y
[ i-iZ ] [(1-Y-5= [1sY- '»)J {4(s-x42)" * “} (B.18)

The term in the numerator of the fraction may bve written ass

2G~-iZ~ X) ['xz} .
(s- «Z- Y;(l-az'l-v}(l“z) (2.19)

and the other term in the denocinator is

xY : 2X-iz=X) |
[a Y—aZ}(uy.Jx:-‘z)]"” 8+ a1 (8.20)

So that, finally,
. 2(-iz-X)z?
M=z |~ a-tzwxa.ezwx.-tzi

zx(:-:l\x) g F-__
u-;z-yim.m «-‘gx.,r-‘zvm..z) -iZ

Tmm%mmmWﬁfwwmmwmm"“’w*

T TP T I

YRR ¥

IO RS e o4

o
iﬁ“ﬂ*?\v’
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It follows immediately from (B.21) that
X
: 3 | - .. Y. — .
M= 17 iz, e o
2(-X-iZ) T Vg1-¥-iZ)"" '
This is the Appleton-Hartree equation, -
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ACTENDIX C

Determination of &a, Aa §a Y, )1/ R

Boltzmann's equation bscomes, when reduced by the simplifications

made in Chapter IX:

gg J[r coswl + _:i (Vs xy,)]. V,,.-f; = U [ (4,1 44, )j bdbdedv ,

Furthermore in the Chapmar-Enskog metbod of solution
(0) M ’
f. =£% 1, -V, (4 cosw‘hf,.:mdf).;. (ﬁ‘,x_!_’,).\_(, (§uswt+?,3,”u)‘t)

TRICEIANIE t+5,sinwt)
+ CH X (R xTa) Loy, (1 cosw (2.7)

In principle one substitutes eguation {2.7) in Boltzmann's egquation
and eguates the coefficients of 1“':’ f‘. Va (H. ;(g, Yo 1, and
(He x (4, x_l_'a)] *Va on both sides of the eguation to each other, It
is easizr to do it term by term instead of just outright substitution.

It should be rewembered that for any function £{r),

v, §Cr) = fé v.r

(C.l)
Therefore
a2 [ ¥
‘7.,‘4;‘-’ i (_'::.} (C.2)
o Vv

As a help in differentiating dots products of \L. with some other vector,
. can be wri 2fr  hich perel nat 3
V." .. Can be written also as YA which merely means tha T_V}

is the vector operator whose {1h component is fé‘ s+ SO that when it
<
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opzrates on a dot product A; U;* whera the "’ $  imply svmmation,

then W’ (A V.. ) A « Jith thesc considerations in mind then

7,4 = b3 {33_“) . v,( 57, % coswl + —;& srn«ﬂ‘)f (&, cwﬂp simat) 0,
* A 2
+ ‘%{(35- sw‘t + —}smaft (H xy’ , V‘) + /§z<°5“{*'l smu)'t)(ﬂ xi‘)

+ V‘{(‘r‘ sw'l‘+ = smw’()[u x(Hox13)]- VS«‘(“ coswl

u
+ é,sihw‘“fﬂ,x(ﬂ.%‘}ﬂ
1C.3)
Therefore

el
Y (,—";c‘""t*’ i’siu&i)

-Sfco,mt + i}-snnwtyu Xl") -’—'—'fcoswtf a:‘s"'“’t)

>

( v wl )‘f‘.)
n c:os«J‘t-\Z,j‘3 = -{__;_‘_‘f’_.-{)_u-:- + _[;

x[(;_l.)X(E.tfg)-v,}+ 1 coswt(acoswl +p,Sinwt) —

(% goswf +3,5m wt)H:' r}_asin"t; cos wt

(c.4)
and also
%l (Voxto)-¥, £ = ;Z (% co,swff/e, sinwlfftxfl). v, .
Tii (%. coswl A sinddt JfH x(p 203 )] v -
';efi;z 4 (4 coswl+ &5in wz‘}[('_/{, Xl }.-,t 7
(c.5)
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and finally

’_’_f = B, (sl + wp, coswl) « (B, x5 ) ¥ (<0 52 Sinwt 4
wp, cas,,,z’j+[g XU, x )] v /(_wr sinwt) +

ws, coswf] {C.6)

So that to pick the coefficients of /] zl -t y (Boxl> ). ¥a

and [ ¥ X(élo/?:'_;/] V2 one has to look in (C.4), (C.5), and

(C.6). In this fashion the eguations obtained are:
A {coswi’f’_é +wty (o sinwt +P;cosw‘t)£ _
f(( [£(=, coswl+ pasin wf)([_;.. ¥ )-
£ (@ycoswl +B,5in ot !3)}3 bdbde dv,

Ge7)

(HD xr'z).v;[.-e—‘. (-(,.casw't-,-P Sihlot) e H (v, casu).t+5,_8m“"t)

+ w(~§35mw‘t+ ‘;C°$“’t)] Hf f (gcmtulzsmwf)fmx") v‘]

_ 4 (gacoswl + qzsmu‘t)[(ﬂ.x WA ! 3"‘“"16‘1"' (.8
Hox(Hoxt)]-v {m (§2 coswl + 7,,:,mw't) +w(-r‘sm4dt +3, costot)]
= [ {5/ (rcoswl s 5, sinat ) [TH x (B x12)) 07 —

£, (1, cos wt 4§, sinart) U x (B, x0))- !»Zyé/la’écﬁc (¢.9)

and
l’f‘cwaftﬂd,coswt+’agsi" wt M+ 5(’ sw't-# #- .smaof)

~ H 5,,,*:/{(:' casil +$, .smwt‘} # -"zr(i)‘a“swz' 4

s simut)}] = e % - z::“iywmg (c.20)
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The formidable integrals on the right have been evaluated by
Chapman and Cowling (Refis ) using several approximations. First
of all, V4 :\_I_,’—_j {the relative velocity). This is equivalent to
tha assumption of infinite mass for the heavy neutral particles
{anologous to Rutberford scattering)e. Secondly, f, is assur d to be
Maxwellian as was pointed ovt in Ch. II, Section A, Thuis considerably

simplifies the integ.als; for example, the one in (C.7) reduces 1o

(ocoswl # , sinal 1% - . ) ( 1" 1) ¢ 6dbeke Ats (c.11)
- _
The last integral is equal to é_ g—é = '/f‘ according %o
2

Chapman and Cowling. (Ce3) and (C.9) can be treated the seme way.
In equation (C.10) a different procsdure is followed: each side is
multiplied by '/V,.. = 4y (/0" ; the resulting integral on

the right has also been evalue.ted by Chapman and Cowiing and is

(3]
i35 1)yt (5555 P o

(C.12)

All these egquations lecad to a system of l.iear eguations for “'7 s wr
%)

The system iss
7((0) . —ols U;Z-
i, T 2P * p) (C.13)

-

- ”-2
u,(/;o(z_ = ﬁ;:—ri-

(Cely
6 _ g 42 R E P9
m, 7_"‘;//' nA&hs =2 (C.15)
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(C.16)

e 4
7,,"; §2 # Wo = ‘7"' (C.17)
h-wl oz -4

4 A

Solution of this system gives the equations presented in Chapter II.
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Thae Sen-iwyller Formula

In Caapter II the dispzrsion relation for the index of refraction

of the medium was given as:.

- (61 +€mr Cos‘Q) €x Co$¢ €r sing cn.sé
- €g Cosd M. (eg +63) ex 3in¢ - o
€m Simf cos¢ 3 sing M- (&g +€m sin’y)
(2.57)

Bvaluation of the determinant leads to:

- (&7 +&r cosd) {[NZ- (fx*ém.\]["t (e +€msin®d)] + egsin®dl 4
€z C°S<§{f€ncos¢]fmz- (g tém s d)] ¢ e e sin*beosd | 4

. 2 -
€ singcosd {6_; sincosd - €gr singcosp M- (&-&ég)}} =0

Alpebraic Manipulation of the previous eguation leads to:

b (-2 Eaoid) s wasBr) -2 (3] L

vhere &, B, C, Dy E are as defined in Chapter II, If the gquadratic

ejuation for 12 is solved by the usual formula, then

_(ABeos*$)t [A2+2ABcos’d +B%os*$ - D(8D+BEcos I+ AP 4 Asc;s‘é

M —
- (D+Ecost$)
( P+E ) )
If the fact that 2AB -2¥D(~ =0 is used along with the
agquality ¢*: BN~ e'iE} then the quantity under the radical

radures to: ) .
B2eos ¢ - ("sin%d
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Therefore

A+ Bcos®$ T /B‘ cos’ﬁ - ¢2sm*é
Dt Feost

nwe

M

And since the angle of rotation ¢ - ¢- ’Z, s Where ¢ is the angle

tetween the propagation vecior and the mugnetic field, then

2 A+Bsn¥p ¥ /32:/» ¢ - Cos?
O+ Esin*y

\

This is the Sen«Vyller magneto-ionic formula,
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APPENDIX E

A Dipole Field Deviation

It is desired to prove that for a dipole field the angle between

the radial direction and the lines of force is constant.
If a spherical coordinate system is used with origin at the center

of the earth then a line of force for a dipole field is given by

r=Lsin%e (513

Where » is the distance from the center of the earth, & is the
colatitude and / is a. parameter which characterizes each line of force.

A functior ¥ is defined such that
Y= r-L srn%8 (E.2)

Since the gradient of a function ¥ in a spherical coordinate system

iz given by
¥ 7 ;’_'g L 2%
vt = (o7, 7 I8, rsind )& (E.3)
Then
245
v¢ = (1 —2 coz’a} 0)= (/) 255mocod ”":‘“"j o) (E.4y)

or using (E.1)
V¥ = (/j —2(0?.‘6’} o)

The vector F¥ is normel to # = constant, in particuler, it is normal
to ¥ =0, that is, orwal to the lines of force.

For spherical surfaces, i.e. ¢=r

v@ = (1.0 0
(,9,0) (£.5)
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3
Hence V}é- V/ =1 = a constant. Any vector _,_{ parallel to the
lines of force at a point satisfies the condition £ - V¥= 0 . i
In particular, _»{ can be the wmagnetis field, since
LaMces8 - Msing
ﬂ.v¢ 4 /"—,_‘3 ) ~’3 , a/o (/’—JC'ny 0) (E.é)
_f/, vf.. - g_Mc:se 4 z.r:.c:sa
4 (2.7)
H-7¢=z0
Therefores K x (prxvy) _—:(‘/_/. vi)or- (4 -vr)vt (2.8)
or by (E.7) %
Hx(@rxVe) = ek gr) 74 (E.9) §
3
but ﬂ-Vl‘s_ Hr and erV# =(o) o)—zccfl Ye ?
Therefore
i
(//,J- He,0]% (0,0, zc:?’d/ = # 7Y
¢ i
£ - v
Two eguations result
2cotoly = + Hr (E.11)
”r z ”f (3012)
The second one is trivial, but from the first ous, ¢ne can ses that L
since 4. = Hces§  where & 1is the angle that H§ makes with the
radial direction then
¥/ L
cos - 7, (3'13) .
5
or _ E
' | :
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- 2C050
(r+3ces%0) 7 B.14) .

C'ﬂ.s‘}' =

from which it is svident that § is independent of / which wes to )

be proved,
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APPENDIX ¥

Individual Height Profiles of M, X

Bocause thevy are so numerous, it was decided to place the results
in ap Appendixz. The fizures are almost seif-~explanatory once it is
Xaowp what Lhe symbeiz stand for, A stands for electircn density, B
for g¢ollision frequency, U, & for #4 =and 7 respectively while +
and - denote ordinary and sxtraordinery rav, respectively. The
fraguencies and the conditions (day-time or night~ we) for whick the
profile is computed are set down at the top of the graph., The crdinate
in all of these is the heizht. The graphs are arranged in blocks, one
for eaen abscissa, and written each ip a progression of fregueaciez from

the lower to the higher values.
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APPLNDIY G

Growped Helght Profiles of U, X

Paert of the graphs presented in the previous appendix are presented but
grouped together accoxding to their teing lo, Xx, Xo. Only those which
were uged in the determination of frequencv dependence ars plotied .are,
Thess are ciearly self-sxplanatery., The grouping makes their {requency

variation easier to see,
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aPrLbiDIX H

This appendix contains various graphs examining the relation between
N and is, i.e. under wnat conditions lincarity holds. The frequencies used

are stated in eech of the graphs. The first two present 20(logloe)1{_ for

TR E b ambde L

beth the extraordinary and the ordinary ray against height., They are pre-
sented for both almost longitudinal conditions (THETA = .02 racians) end
for almost iransverss prop=gzation (THETA = 1,56 radians). The third graph
shows for voth Kx, l{o, thelr veriation with height when 6 = 1,27 and N = 1,
The angle 6 = 1,27 was thc one used in the generzl calculations presented
befcre. 'The last ope shows a coxparison (for 8 = 1,27) between the attenua-

tions given when N = 1 and when N = loe/cc.
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