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FOREWORD

This technical summary report by the Research Department of the Allison Division of General
Moters Corporation. The work reported was accomplished under Contract Nonr-4104(00) and
Amendment No, 1 thereto,

The program was sponsored by the Advanced Research and Project Agency through the Power
Branch of the Office of Naval Research under the direction of ARPA and Mr, J. A, Satkowski
of ONR.

The report was written by H. E. Wilhelm,
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I. INTRODUCTION

This report describes the progress achieved on Contract ONR Nonr-4104(00) from 1 February
through 30 April 1965,

Experimental effort during the report period was directed toward compietion of the new test
section, magnet, and heater. In the theoretical portion of the progrant, Onm's law was derived

for nonisothermal plasma with thermal diffuston. This derivotion is presented herein.



1. EXPERIMENTAL INVESTIGATIONS

The magnet was operated with the test section in place. The highest magnetic field obtzinable
in the steady-state condition for extended time periods was 20, 000 gauss. A calibration curve
was established showing magret current versus magnetic field, The estimated error was less

than 5%.

Vacuum checking of the completed system was accomplished, A vacuum of 100 microns can be
maintained with a mechanical pump whern pumping the entire system. The system is completed

and the first helium checkout runs are scheduled for the near future.
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[II, THEORETICAL INVESTIGATIONS
OHM'S LAW FOR NONISOTHERMAL PLASMA WITH THERMAL DIFFUSION

In a plasma, two types of thermal diffusion forces ean be distinguishedl * —those conditioned
by conduction heat currents and those conditioned b. barodiffusion heat carrents {radiation heat
currents are disregarded).z Thermal diffusion forees are of importance for these processes
which are based on momentam transfer between piasma components,  In this contribution, the
transport of electrical current in nonisothermal plasmas is treated for an arbitrary degree of
ionization. It is shown, among other things, that the thermal barodiffusion effect (TBDE)
changes gquantitativelv the electrical conductivity parailel and transrerse to the magnetic field
and the Hall coefficient. Concerning the kinetic theory of the TBDE, it is demot strated that
inclusion of the effect of intercomponent momentum transfer on the relaxation of the individual

heat currents in the components is indispensabie.
The following considerations apply strictly only to infrasonie barodiffusion velocities:
i
H

= < 2
9 sr (\‘S 'Vp) << kTSl‘

This condition is satisfied for most applications— pgp = (mg mr)/(mﬁ. + m_} = reduced mass
b Iy 1

and Tgp. = By, [(TS/mS) + (Tr/mr)] = reduced temperature of the s- and r-compcnents,

#Superscripts refer to references in Section 1V,




THERMAL DIFFUSION EFFECT AND ELECTRICAL CONDUCTION

Consider a plasma composed ~f electrons {e), single charged jons (i), and neutrals (a) contain-
ing an electromagnetic fieid E, E’ The components 8 = e, 1, a are separately assumed to be

in approximate local statistical *,,-cmihl_n'ium_,3 but relative to each other in thermal nonequilibrium,
Ty $ T,. The condition for the iatter is E ¢ ?__ Ep, where Eeff is the effective electrical field

acting on the electron comp ‘nent and Ep is the eritical plasma ficld, Under these conditions

the transport of linear momentum of the s-component, interacting via friction forces ~ (V;, = -\78)
and thermal disfusion forces ~ [{g,/n, my) - (a‘,/nq mg)] with the remaining components r,
. . 58,7 R
is described by:
a — — — . — — _
n, mg [—a—{ Ve . ¥ vs+v. PS—nSeS (E+ws, B) =
. - - (1)
o . . q
T g Mg Z 1's;rl' (V%’vr)+n5r - e )
P 5 kTgp \ng Mg R mg

The designations are standard. The possible combinations of interactions between the charged
and neutral particles in plasma are treated as Coulomb interactions, C.I. {Debye - radius D =
2\-1/2 2

4 Ng eg . . wfeg e
-—-Z__— as maximum impact parameter; transport cross section Q__ = — A

k Tg ST 2\k T4

= .8
InAgr, A . = P (]eq er'/3k Tsr)’l] and elastic spherc interactions, S.1. [interaction radii
N ]
ey and r,.; transport cross section Qgp = ﬂ(rS + r'r)2 . The coefficients are taken throughout
. q . 119 aq - 2 d

from the 13-moment approximation.”’ According to the latter, the coefficients of the thermal

diffusion forces are
a =-3/5..,.C.1.; a =+1/5 ....S.L <l
sr

The characteristic reciprocal times determining the relaxation of the velocity fields are:

f o

T -1_
sr

2 kT .
/_ ST %S_r np Qgp +».- C.I., S.LL (3)
YT Pgy s

[+

If radiation heat currents are negligible, the heat flux in the s-component is determined by the

mechanisms of conduction ~¥ 'I‘S and barodiffusion (Dufour effect) ~(75 - ;;.);




(4)

The influence of the magnetic field on the heat conduction process is represented by the opera-
— —
tor (B° = B / Bk

< ° U “0 ‘—‘O 4 2 o
f, -0, +Q, B (B ) -7 (BOX),

(3)
: -1
o L ez 1 _H -.2.20° 1 | ]
ﬂﬂ (11&951'5) 'QS : msfsﬂS‘Qs_usfsﬂs
Note that the gyration frequency is defined as dependent on the sign of the par.acle, eslw, ©
eg B/m,. The coefficients of the Dufour effect are:
-E-[aﬁ-2+ 2 (1-TS")J ... C. I,
5 Tsr 3 In ASF \ TS
€ . ; {6)
1 Tl T |
+—{16__b£f3 S-lBJ ....5.1.
5 3 Th,.

Evaluation of the relaxation times, r _, for the heat fluxes in the components nccording to the

13-moment mothod yields, considering intercomponent as well as viscous momentum transfer:*

- 4 i9
T 1:—1"11‘—7'.1+31"1 [A]
5 Aaa g ai ae a
- 4 13 13
- lsz 1+._1-'1 +y—1-1 4+ IA , (M
5 e 10 ea 10 el =
- 4 19
P AP BN PR BN [A-].
i 5 il g ia ie i

szl~ are given in Equation (3). The expressions A,, A,, and A; stand for terms

-1
where Tss and T

14 L (1 -A;é) (2 inAss)-l ¥ 1 arising

from the Coulomb interactions, are omitted for reasons of simplieity.

*In Equation (7), quantitatively unimportant factors, f
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associated with higher approximations not considered here.“x Physically, the appearance of the
| . \ . . .

cross term:<i o (s # r) follows from the interrelation of conductive and barodiffusion heat

fluxes, Equation (4).

In contrast to the relations established in Equation (7), it was assumed in Reference 7 that only

oy 3 . . . -1 -
collisions between like particles are relevant for uie considered relaxation (*g ?? *‘ss 1).

This approximation, however, is insufficient as is proved later,

Assuming the Debye-radius, D, to be small compared to the dimension of the plusma system,
to which the results shall apply, space charge effects can be neglected throughout, n, = n;, and
an ionization degree defined by « = n,/(n, + ny) = n;/{n; + n,) . Equation (1), taken for s = e
and s = i, vields two independent equatious. From these, one readily obtains after elimination

- - .
of -‘-;e and v; by means of the relations: *

AR AN ARSI S R A (8)
and

~ -

Vv + (1 -x) (v] - V) (9)

which follow immediately from the definition for the plazma velocity, v= Ens mg ?slzn%. mg,
b - 2

and of (v, - v,) by means of

- - -

V.

—p
{ve - ¥} - (ve " Va

<
1]

)+ &y - V) (10)

-—
two equations for the conduction current density, j, and ion slip current density, T,defined by:

- — - —
j En, e (ve - “f;) and I = n; ¢; (vi - _V’a) (11)

These equations are:
- - .. - = Tt —p - —»
[er]+Re(J'BO)BO+SeJXB0]+0'c [E-fv)(B-Ee]:

(12)
T

i

+

+ 7

ei L d —4 — -8 —
- |- KeT+L, {l+ B9 B + M, T X BO
T ea

ei

A . , 13 . L. .
*The corresponding equations used by Cowling are applicable only for small ionization degrees,
x<<],




and

I S T - = == =y
-Qj tR G- BB +b~3kBJ+a‘i E+v>xB-E |-=

i B )
7 (13)
T;. . —t nd hony
-l [. K 1+L @G- B2y 7o+ M, 1 XBO}
T,
13

In Equations {12) and (13), the diffusion ficlds, caused by the inhomogeneities in the plasma
L o
components, ave in nonviscous apuroXimation |¥¢ * Py = ¥pg, and because of m, <<my; ,

=4 e -t - R
dvg/dt = (-¥p+j> B)/Ens ms] given by {s = e, ik

m
[K“b vp - VPS
E( = o mi

3
8 —
HS ES eg

¥ T o {"sﬁs"fs Afn"ﬂ“] (14)

i ni. n,m
r#s ST 8 rr

Further, o, and o, designate the common conductivity coefficients of the partially and fully

ionized plasma, respectively,

™~ £ =i L, H 5
o, =N, e, _}'me (Tf‘.i : ’rea) {13}
2 -1 .
o; = njeg )‘mi T e {16}
The expressions K, ... S;. {s = e, i) are given by, if one makes the convention that for s = ¢,
vZEiandfor s =1, ¥=e;
= 9 o 0 P (s ) N - - i T ['e) .
Q, CIRODAR S AR K= 1-©@,22-h Q0% 1)
i i i
= Hi = ¢} -
Ry 359.5 +b_{] o 3 Lg dsns hSQv‘ s
1 i , (17
Mg = d D - hsﬂ pds T ilmRle v
. 1. 1. -1 -1,-1 4 i
5 = . o= as . ., = -
o 38‘05 N be‘n'i " g T 7)) S; =aifd thifde - Kwy T
9
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for an application, note that some of the coefficients in Equations (18) and {19) are small

)2

where [

x i = : I
of order {mé'fmi’ a and {mé;ml_‘ n

y1
-1

-1

{r i

T "l)‘l
R ¥ on’

m 2 5 T.
a: = e —_,_1 a: €
i . ie €ic — :
my 2 Tie Tie “Mg lig
97T Te [; . %ea Tei
hi e @, £ 1+
i 757 %ie fei T
ie Tei ei Tea
31 T
= mEi ?Tﬁ a ie
c. = - . a. ¢
2m 2 A ia ae g
a ia ia " ae
{1y
3T . ; . T,
@ = e 25 i i . 2 Tie %ia Tie
i~ 2 * 2 T. “ie ia — 2 T a
my ie Tie Mo Ya %e Tia
57T T .
h :—iq_e a & € 13
i 57, Tie feay
ie e ea
5 € E
A 5 Ty Ta 2mg €50 Tai
5 ) -~ ®i0 CaiF 1+
&7 €
4 < ia 4 m, ¢:i Tae
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Equations {12) and (13} are readily solvable for the ion zlip density, 1. Elimination of the

latter and introduction of the operators {5 = ¢, i),

Y. Kk U BB - M (BOx ) @20)

and the abbreviations (s = e, 1)

Uy = (K, L+ MY /R, - 1) 21)
.2 2
] m, L l\';_, + Mo 22)
my eyt Ta, K9 Miz
lead to a generalized Ohm's law in the form:
Partially Ionized Plasma, 0<K <.
[Qe (KC + UQ) + Y Qi (Ki + Ui) 3]
= " _ e =
- {RP (K, + U+ YR, K, + Ui)} G y R®
= [(Ke S, - Qe My) + YUK 5 - Q; My} i¥ B° {23)

- !-(Me S, - Q, U + 7 (M S, - @ U)

= 4+ oz - T e a. -+ 4 - 900
' [EZ v X B z.ﬁ} rio L [E -V*B - E|

Equation (23) indicates that the TBDE modifies, besides the npnrators.zg, all current terms,

12
in particular those assoic:latcd with the Hall effect of importance at free electron spiraling—
- 1 - 13
ie,, l“’e a[{fpz‘ + rp;) % 1]and the ion-slip effect [of importance at free electron and ion
-1 - -1
’;(fei *Tea) - @i T3a

thermal barodiffusion. For explanation, it is referred to the siructure of the opcratnf,}:s,

- ——t —a
spiraling—i,e., [o %1 , while the term ~ (j . B® B® is due alone to
determing the heat fluxes and, thus, the thermal diffusion forces in magnetic field, The various
expressions ~Yare not negligible for strong nonisothermal plasmas, T, T, (s, r $ ), [in

1 2 = 3 = i e )
Equation (22), 7 ia! Tca \,(n.ilz m,) (Tea/Tia) Qea/Qia and 'iai T8 \{(mi/2me) (T, /T

n; Q) /{n, Qia)]ospc‘pially if the ionization is appreciable {ion slip effect),
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In most experimental situations the inhomogeneities in the compenents are sufficiently small

B -—
to allow regarding the diffusion fields, Eg, as unessential compared to the applied fields, E,
» ﬁ = = i3 I3 x T q, 4 P
and induced fields v X B. In this quasihomogeneous approximation, Eg = 0, one can deduce

from Equation (23) simple relations for the current density parallel (41) and transverse (L} to
—_ e

the magnetic field by splitting the field vectors in 1t and 1 components, jy = (- BY) BY,
=iy = BO X (j X BO), ete. Thus, one finds for the current transport along the B field lines

_.:. —h
iy® “uEy (24)

where the "parallel conductivity' is given by [see also Equations (21) and (22)] :

ve Ko t Ug) +70; K + Uy

F.= — = -
i (Qe - Re) (Ke + I}e) + 7 (Qi - Ri) (K + Ui)

(25)
Because Qg - R_ = Qg (B = 0) and K, + U, = (K2 + M2)/K_ (B = 0),

r.. K. (B=0 . (B- -0 1t
o o Tel o MeTia K BT me f 7y \K, (BOQ B0 |7,
o Q, (B=0)’ m; . K; (B=0) m, \r_ T K (B=0) Q  (B=0)

1]

Consequently, o, is independent of the magnetic field. Under conditions where £~ 1, itis

o > g _, as0 <Q. (B=0) =1 - (a, *b_ Tc,) < 1. Note, however, thatfor strong nonisothermy,

Tes >21g, {s,r # e) and appreciable ionization, f £ 1., Inthe same way, one finds for the current
-—

transport transverse to the B field lines:

-

- — b - - —t ——
jL;O’i[(E-'rvXB) -BE+vXB XBO] @7

where the transverse conductivity is given by sece alsn Equations (21} and (22) :

w, oKt VKX (@ M+ Yo, M) Y b
X% +ye

with

b
a0y

(Ko Q. ¥+ M, 5) + 7Y (K; @ +M; 8)
29

1]

Y 2 (Ko Se - My Q) + 7 (K S; - M; Q))

i2



The quantity Bhas the meaning of an effective Hal coefficient given by

(0, Ko ¥ Yo K) Y +{o, M, + Yo, M) X

>0 (30

B -

The complexity of the expressions for ¢ and 8 is caused primarily by the 7terms discussed

previously. Suppressing the latter resulis in;

3 -1 -
G’J.i :(o-p/Qp_} {1 +B'2) .B' = 'SQ/QE'

. _1 -1
Suppressing in these relations the TBDE—QE—'L Kn—d, S, s {7 1 + T 1)

—1leads o ‘he
e1 eg

expressions of the elementary theory:
o o . g + 5 i - -1,-1
1o 0 BT B e (T T

i 13 s - a 21~ :
Comparisen indicates that%' > o, and B'>B" for small magnetic fields with ‘Q'e = 1, while

for large magnetic fields with .Q,: &<, % Toy” and B8 TBY (reductinn of the transverse TBDE

by strong magnetic fieldsj,

From the selected collisional interactions, the elastic sphere model is much less favorable for
the TBDE {e, g., it can be shown that for predomin: ting electron neutral interaction, the TBDE
affects the conductivity by less than 7. 7%) than the Coulomb interactions. For a more quantita-
tive illustration, the electrical conduction law, Egquation (23), is now discussed for the im-
portant case of a plasma with Coulomb interactions [Ks =1, LS = Ms =0 =0,7= G]:

P

Fully Ionized Plasma, x=1;

ES 3
— R__, - — S_-a Y
j‘;g('BQ)BO’_EJ}"BO
e QC
—_ G
L, ® Yon By
——?[E+‘&AB- Ee]
e

The coefficients o':, Q:, R:, g: and the diffusion field, —52*, are obtained from the correspond-
ing o .. cssions without asterisk by sotting in them terms ~7 ;}1 and T;é—intcractions with
neutrals a—identical with zero, Egquation {31) exhibits, besides the conductive thermal diffu-
sion effect, the TBDE and the Hall effect, where because oft: = 1, a scalar, the effective
electrical field acts directly on the plasma. It follows for the current transport along the B

field lines:




o o |@ . pae
I [E"F«‘e] (32)

where the paraller conductivity is independent of the magnetic field and given by:

0’* a,-‘f!
(7$= 2 - [&] (?3}

WoQl-rl Qf (B:=D)

Under consideration of Equations (7) and (17) and (18), one has explicitly

2
i m ~ - ¥ . = .
[bé ..(_e;) <<l, Tgi ¥ Tpp * '1,3} o, Tel (13 + 4V /41 +V2.

myg

: * g " . . s . .
Accordingly, Ty T1i.92 0:; this, about twice as high a conductivity value in comparison to

agrees well with that derived by Spitzer by taking into account the "electron-electron-in-

ci

teraction. "® One finds for the current transport transverse to the B field lines:
— > Y -~ > —b —f End
i1=% [(E+\YB ED, ﬁ*(mvxe-Eg)lxs‘?] (34)

The transverse eonductivity and the effective Hall cocfficient are given by:

& *
(rl*:ﬂ'eIQe‘,B#:_Ee__>0 (35)
1 r B 72 A

Under consideration of Equations (7) and (17) and (18}, one has explicitly

- , 2
* me\ ~ . . * ;o J . 4 .: *2 -1
{be ~(Tn—1'l <L T(?i Tef‘ Te]' ol 7e g[l 13 v 442 (e Te " ]

04

s f -1
%92 % _ 2 £ B
. (1 +8 )% ,and B¥ = +] o | 7o {1 (13 + 4V2)2 " “’ 91“} 1]

I* is seen that the TBDE produces an increase of the Hall coeffir'iont This effect is, however,

the smaller, the larger the mngnotxc field intensity —e, g, ,ﬂ = 2.52 l @, , E for wez T :2<<1,
while B = l @, l T for "’e 7(:2 >>1, The transverse conductivity is mcreased by the TBDE

for small magnetic ﬁnlds m *2 <<1 whxle for large magnctic {ields, m; 7*2 >>1, it has

T 2} lformg fe*2<<l__ wh;locrl ?oe* {1 4 @QZ r 2)-1

no mflueme—e . »".L =1, 92 T ¥+ we L

e

for w? 2 *2 >>1.

14



FURTHER REMARKS

It is noticeable that by approximating the relaxation times of the heat fluxes, Equation {7), by

— in the absence of strong magnetic ficlds, Q, becomes

smaller and smaller when approaching the region of predominating Coulomb interations—

the self-collision terms, 14 = 25
4

finally zero—and is negative throughout the region of full ionization. Completely analogous
aspecis are exhibited by Qp when the electron density becomes smaller and smalier., As Q.
compares the opposing effects of intercomponent {riction and thermal barodiffusion, this
approximation would lead to physically unacceptable conductivity values (e~ _1 !) and is,

consequently, quuntitatively and qualitatively unacceptable, N

As the TBDE and the intercomponent friction effect are opposing each other and are for certain
collision models of the same order of magnitude, their comparative consideration allows ina
simple way checking the sufficiency or insufficiency of any kinetie approximation made. For
example, such comparisons might be useful in validating the higher approximations of the

Chapman-Enshog and 13-moment methods,

*Corresponding to the first approximation of Chapman-Fnshog.
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