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PREFACE

A basic problem in radiative transfer is the estimation of the
physical parameters of a srattering and absorbing medium based on
measurements of the diffusely reflected light. 1In this series of
papers we shall show how such tasks may be viewed.as nonlinear
boundary-value problems which may be solved computationally using
the technique of quasilinearization.

In this Memorandum we consider a stratified medium consisting
of two layers. Our aim is to determine the optical depth and the
albedo for single scattering nf each layer based on measurements of
the angular dependence of the light diffusely reflected {rom the slab,
The results of some numerical experiments are presented, and FORTRAN
IV listings are provided.

The results will be of interest to meteorclogists, experimental

physicists, and control engineers.




SUMMARY

Conrider a slab which consists of two layers which absotb and
scatter light. First the basic differential-integral equation for
the intensity of the diffusely reflected light is given, the source
being uniform parallel rays. Then we show how to determine the
nature of each layer using measurements of the light diffusely re-
flected from the slab, We view this as a nonlinear boundary-value
problem and show theat it may be resolved computationally using the
technique of quasilinearization. Numerical examples and FORTRAN

programs are provided.




1. INTRODUCTION

Problems of radiative transfer in planetary and stellsar atmos-

pheres have been extensively treated by many investigators.(l’z’B)

Much of this work hag dealt wi. 1 what we may call direct problems,

i.e., the determination of the intensities of radiation produced by
certain light incident on a medium with known scattering and absorbing
properties, Recently, though, as a growing list of papers attests,

there has been increasing interest in inverse problems. In these,

the 2im is to deduce the nature of the medium (and often the source)
on the basis of measurements of the radiation field produced by in-
cident radiation.(4’5’6)

With this Memorandum we initiate the study of inverse problems
in radiative transfer via the method of quasilinearization.(7’8) We
wish to show that such problems can be viewed as multipoint boundary-
value problems for large systems of nonlinear ordinary differential
equations., These equations can then be resolved numerically using
current digital computers and the method of quasilinearization.

We consider a slah which consists of two layers of isotropically
scattering material of unknown optical thickness and albedo for single
scattering. Given the measured intensity of the light diffusely re-
flected from the slab, we wish to determine the optical thickness of
the two layers and their albedos for single scattering.

Ir subsequent papers we shall consider more complex processes

involving anisotropic scattering, time-dependence, and noncoherent

scattering.

it
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II. BASIC EQUATIONS

We consider an inhomogeneous, plane-parallel, non-emitting and
isotropically scattering atmosphere of finite optical thickness T
whose optical properties depend only upon T, the optical height above
the bottom (0 < 7 < 71). Let parallel rays of lignt of ne- flux m
per unit area no'mal to their direction of propagation be incident
on the upper surface in the directicn characterized by the number
Ko (0 < o < 1), where by is the cosine of the angle measured from
the normal to the surface. The bottom surface is a completely ab-
sorbing barrier, so that no light is reflected from it. This is not

an essential requirement., See Fig. 1.
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Fig. 1—Incident and reflected rays for 2 slab of thickness T,




The intensity oI the diffusely reflected light in the direction

cos  u ig ru, by Tl). We define a related function R(, by Tl),

sytmetric in g and b by writing

R(p, U'os 71) :
r(u, By 11) - 7 . (1)

(1,9}

The function R satisfies the integro-differential equation

ORGL,1 5 7y) F1,1
—-———aTl A E ) R(usbgs1y)
(2)
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where 1(71) is the albedo for single scattering, and R is subject to

the condition

R(#-MO,U) = 0. (3

This equation is obtained by means of the theory of invariant imbed-
ding. A discrete versicn of Eqs. (2) and (3) is obtained by replacing
the integrals by finite sums using a Gaussian quadrature formula of

order N. Let us introduce new functions R (11),

1]

Rij(Tl) = R(uis“jsTI); i,§ = 1,2,...,N, (4)

where {ui} is the set of N roots of the shifted Legendre polynomial
*

PN(u) = PN(l-Zu). The values of by and the corresponding Christoffel

weights are tabulated in Ref. 10 for N = 3,4,.,.,15. The functions

Rij(Tl) satisfy the system of ordinary nonlinear differential equation:
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with the initigl conditiona

R0 =0,

for i = 1,2,...,N; j - 1,2,.0.,“.

wk]
]
e

(5)

(6)




III. AN INVERSE PROBLEM

Let us now consider a medium composed of two layers, with albedo
for single scattering Kl in the lower layer aid albedo KZ in the upper
layer (Al = 12). The total optical thickness of this slab is T and
the thickness of the lower layer is c. See Fig. 2. We wish to de-

termine ¢, T, and the parameters Kl and xz.

b” er(T)

A> (Layer 2) UG
™ > Ty = T
X, (Layer 1) ¢

Fig.2—A stratified medium

Let us assume that we have obtained N2 (noisy) measurements of

the diffugely reflected light, bij’ whewe b, , is the intengity of the

1}
light diffusely reflected in the direction by caused by incident

parallel rays of net flux 7 in the direction u The constants which

j.
characterize this medium, xl,xz,c, and T are to be determined so that
the theoretical diffuse reflection pattern produced by using the

estimated values in the differential Eqs. (5) will agree as closely




as possible, in the least squares sense, with the observed field

{bij}’ i.e., we wish to minimize the expression

N N 2
IRRACER N E ™

o1 sl

Let us assume that the albedo function has the form

A(t) = a+b tanh 10 (1 - ¢) (8)
so that
11 ~a-=-b in Layer 1,
(9
12 >~a +b in Layer 2,

and ¢ is the position of the boundary between Layer 1 and Layer 2.

See Fig. 3.

The "observations" {bij} are produced computationally wich the

use of Eq. (8) for the albedo function, where we set
a=0.5 b=0.1, c = 0.5, (10)

and with the use of the differential cqs. (5), integrating out to a

thickness

T=1.0.

The obgervations which this produces are given in Table 1.
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Fig. 3—The albedo function

Table 1

THE MEASUREMENTS (b, j}

()

~1

5

6

0.079914
0.143038
0.167000
0.178898
0.185284

0.188723

7 “0.190354

0.028164

0.091522

0.134331

0.157955

0.170817

0.177733

0.180898

0.014304
0.058437
0.099653
0.126408
0,142072
0.150791

0.154995

0.009104

0.040826

0.0751G6

0.099392

0.114229

0.122665

0.126773

0.006707
0.031405
0.060044
0.081253
0.094495
0.102104

0.105829

0.005515

0.026378

0.051445

0.070435

0.082423

0.089349

C.092748

0.004970

0.023989

0.047248

0.065042

0.076332

0.082870

0.086083




IV, NUMERICAL =C.LiuT10N VIA QEASILINEARIZATIUN(7’8’11’12)

Let us consider the problem posed above in more general and
flexible terms. An R-dimensional column vector x(t) is a solution

of the differential equation
x=f(x), O0stsT. (11)

The value of T 78 assumed known, This again represents no essential
restriction as we shall see. We wish to determine the initial vector
C,

x(0) = ¢ , (12)

in such a manner that we minimize the quadratic form
(x(T) - b, x(T) - b) =Q, (13)

where x(T) is the solution of Eq. (1) for t = T. 'The first s com-
ponents of ¢ are required to be zero and the remaining ones are
variables to be determined.

Our computational formalism proceeds as follows: First an initial
approximation to the desired initial vector is selected. We ther
proceed inductively. Suppose that we have obtained a kth approxima-
tion to c, which we denote by ck, and a kth approximation to the
solution function x(t), which we denote by xk(t). Note that the
superscripts refer to the order of the approximation and not to the
components of ¢ and x. ke obtain the vectors ck+1 and xk+1(t) in
this manner. The vector xk+1{t) is a solution of the linear system

in xk+1

N YU 100 N AR S (14)




where J(xk) is the Jacobian matrix with elements

Ji = (afi/ax ) . (15)

3 ]

We produce a particular solution p(t) of the system (14) by numerically

integrating the system

. P k k

p=f(x)+Jx) (p-x), (16)
where p(t) is subject to the initial condition

p(0) =0 . (17)

Then we produce numericallv R-s independent solutions of the homoge-

neous system

: k
h, = J(xDh, (18)
where the vector hi(t) is subject to the initial condition

(jth component of hi(O)) = 6i i=s+1, ..., R, (19)

j H
6ij being the Kronecker delta function. These integrations are readily

carried out on the interval 0 £ t £ T, since complete sets of initial

conditions are given. From general theory we know that the vector

k+1

X is representable in the fomm
R
k+1 '
ey =p + ) mn o, (20)
i=g+1

where the numbers m, are arbitrary constants. In view of the way we

have chosen the initial conditions in Eqs. (17) and (19), we see that
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o, represents the initial value of the e component of the vector

k+1
x . 1In particular, when the integrations are completed, we shall

have, in numerical form, the values of the vectors p(T), hs+1(T)’ cee,

hR(T).

We now wish to minimize the fom

R R
(b + ) mh(D-b, p(M+ ) mh(D-b)
i=s+l i=g+1

(21)

(ot )

over the values of m,, 1 = s+l, s+2, ..., R, where b is known experi-

i’
mentally and p(T), and hs+1(T)’ h9+2(T), ey hR(T) are known com-
putationally. This minimization is done by solving, numerically,

the lirear algebraic system of equations
BF/ami = 0, i = s+1, s+2, ..., R . (22)

The values of LIRE M 42 soe> Mp 80 obtained are the values of the
k+1 k+1 .
last R-8 components of the vector c , and x (t) can be determined

from Eq. (20) using the values of m > eens My and the stored

8+1’ “s+2
values of p(t) and hi(t)’ i = s+1, s+2, ..., R. The entire process
is then repeated to cbtain the (k+2)nd approximations.

To simplify the procedure of finding the m's, let us observe

that the relation

L () e b (23)

can be written in the fomrm
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hi(T)mi =b - p(T) (26)
i=s+]

If we let H be the matrix whose ith column is hi(T)’ i = 841, 9+2,

+e+5 R, y be th column vector b - p(T), and m be the column vector

.th
whose 1 component is mi, then the above relaticn can be rewritten

Hon ==y , (25)

where H is a matrix with R rows and R-s columns, and m and y are Res
dimensional column vectors. According to the theory of the method

of leact squares the vector m which minimizes the fomm

(fm - y, Hm ~ y) = G (26)
is

mo= (H) taYy (27)

where H’ is the transpose of H.

A few general comments on the procedure are now in order. The se-
lection of a good initial appro-:imation is important, since in this
case the method is rapidly convergent, with the number of correct digits
approximately doubling with each additional step; if, however, the ini-
tial approximation is too poor, the method may be divergent, At each
s%cp we must integrate R(R-s+l) first order differential equations with
given initial conditions to produce the R-s homogeneous solutions and
the one particu”ir solution. In addition we must solve 8 system cf R-s
linear algebraic equ-tions. This may be a sizable computing load, and
the solving of the iinear algebraic equations can be a source of great

difficulty.(a)
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V. NUMERICAL EXPERIMENTS TO DETERMIMNE c,
THE THICKNESS OF THE LOWER LAYER

In the first series of experiments we wish to determine only
the thickness of the lower layer, assuming that all of the other
parameters of the medium are known. Wwe use a seven-point Gaussian
quadrature, so that N = 7, We consider ¢ to be a function of " for
which dc/d‘r1 = (b, Following the mzthod prescribed in the preceding

k+1

section, we obtain N2 = 49 linear differential equations for Rij

and one equation for ck+1. Thus there are 50 linear differential

equations
k+1 y 5 ) N, Y W
el 165 j>"13”(°)<“izlkuij>"
1 %k " + L) /gkHl gk
x(l +E;—_‘1R” u£>}+{- )( RU>
1 k 1 g k+1 k Y_&
4-2)\(<:)[<1+2";1 uu) Z( ‘”)“’L
(28)
W
(e i a8
{k+l )<1+ Zlil“><1+zzkﬂﬂ X
x (- 10b sech? 10 (ry - ck))} ’




13

where

A(cX) = a + b tach 10(r, - &5

(ne may reduce the number of differential equations in the
system (28) by using the symmetr: property

k+1

k+1
Rij (71) - Rji (Tl) : i=1,2,...,N,

(29)
j=1,2,...,N.

Thus instead of Nz + 1 = 50 differential equations for Rt}l and ck+1,

we have (N(MW1)/2) + 1 = 79 differential equations plus the finite
Eqs. (29) to fill in the missing values of R. However, we will still
speak of the matrix {Btgl} as having 7 rows and 7 columns.

Now let the 50-dimensional vector xk+1(71) represent the 49

elements R k+1(Tl) taken in some order,

1]

k+1 o pk+l,

for { = 1,2,...,49 a8 {1 = 1,2,,..,7, and § = 1,2,...,7, and

xeal(r)) = )y (31)

We express xk+1(71) as a sum of a particular solution p(t) and a

homogeneous solution h(t) of the Eqs. (28),
) = p(r) +mnir) (32)

We require that the multiplier m be chosen to minimize the expression
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49 2

21 [pz(l) +mh (1) - bg] , (33)
I=

where the singly subscripted set {bz} (L = 1,2,...,49) represents
the doubly subscripted set of constants {4uibij} 4 =1,2,...,7,
j=1,2,...,7) taken in the same order as the transformation (30).

The value of m which minimizes (33) is that for which

49 \

L-I-:l hz(l)[b‘ - pL(I.J

m = 29 - ’ (34)
i

T [h.b(l)]

L=1

as we see from a simple differentiation. With the proper choice of

initial values p(0) and h(0), this constant m is the initial value

= Koy

and hence gives directly the thickness of Layer 1.

The results of three experiments with different initial guesses
of the thickness ¢ are shown in Table 2. Tr itial approximation
is generated in each run by integrating the nonlinear Eqs. (5) with
the value of ¢ listed as approximation zero.

Table 2

SUCCESSIVE APPROXIMATIONS OF ¢

Approximation Run | Run 2 Run 3
0 0.2 0.8 0.0
1 0.62 0.57
2 0.5187 0.5024 No
3 0. 500089 C.499970 converge ice
4 0.499990 0.499991

True Value 0.5 0.5 0.5
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Even with 60 per cent errors in the initial approximations, the
value of ¢ is determired to one rart in fifty thousand or 0.002 per
cent in four iteratiors. The time recuired on the IBM 7044 1s 1%
minutes per run, using an integration step size of 0.01 and the Adams-
Moulton methoa. Making use of the symmetry of R, 58 linear differen-
tial equations have to be integrated for the particular and homogeneouis
solutions for each approximation. In Run 3 the solution diverges be-

cauge the initial guess is not good enough.
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VI. NUMERICAL EXPERIMENTS TC DETERMINE T,
THE OPTICAL THICKNESS

Next we consider the estimation of the total optical thickness T
when all of the other system cuonstants are known and 49 measurements
{b} are given. The formulation of the linear boundary=value problem
proceeds as for the previous case with one major difference. The
terminal boundary for the interval of integration is unknown. 1In
order that the interval be fixed, e define a new independent vari-

able o,

oT= Ty

with 0 £ 0 < 1 as the range of integration. The constant T is a

solution of the equation dT/do = 0. Then one may obtain the linear

equations which correspond to (28), with independent variable ¢

instead of T
Three trials are made to determine T, with initial guesses

T° = 0.9, 1.5 and 0.5 respectively. Recall that the true value is

T = 1.0. Within four minutes of computing time, four iterations are

carried out per trial, and the results obtainea are correct to one

part in 1CZ3,;000.
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ViI. NUMERICAL EXPERIMENTS TO DET’:‘IRMINE)xl“__zx,“l and ¢,
THE ALBEDOS AND OPTICAL THICKNESS

In the final experiment, on the basis of the 49 observations,
we try to detemmine Xl’ 12, and ¢ assuming T = 1,0 is known. Again
we use N = 7, This time there are three homogeneous soluticns and
a particular solution to compute, each with N(N+1)/2 + 3 = 31 com-
ponents, so that 4 x 31 = 124 linear differential equations are to
be integrated during each stage of the successive approximation
calculations. A standard (Gaussian elimination) matrix inversion
procedure is used to invert the 3 x 3 matrix of the linear algebraic
system. The results in Table 3 are obtained in three iterations

which consume 2 minutes of computing time on the IBM 7044 machine.

Table 3

SUCCESSIVE APPROXDMATIONS OF Al’ AZ’ AND ¢
Approximation Xl AZ c

0 0.51 0.69 0.4

1 0.4200 0.6052 0.5038

2 0.399929 0.599995 0.499602

3 0.399938 0.599994 0.499878
True Values 0.4 0.6 0.5
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VIII. DISCUSSION

The ».neral conceptual and computational approach to inverse
problems which we have discussed here is by no means .imited to the
simple phys’cal model considered, At the expense of additional com-
puting time we may treat atmospheres having anisotropic scattering,
time-dependent sources, and so on, We may also wisii to consider
wave rather than particle processes. Applications to orbit deter-
min&tion,(11> (12,13) (14)

system identification,

cardiology and other

areas(ls) have been made, Of particular importance is the question
of the effect of errors in the observations on the accuracy of the
estimates of the parameters. In this comnection it appeers that
the use of the min-max criterjon rather than that of least squares
may be efficacious. These and other matter- will be discussed in

later papers.
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APPENDIX

This Appendia lists the FORTRAN IV programs which were written
for (I) The Estimation of ¢, (II) The Estimation of T, and (III) The
Estimation of x}, K2’ and ¢, The major difference in the three
programs lies in the subroutine DAUX, in which the right-hand sides
of the differential equations bzing integrated must be evaluated in
the sarme order as the dependent variables ther selves and both sets
stored in the array called "T'". T(2) contains the current value of
the independent variable, T(3) contains the integration step length,
the next M locations from T{4) through T(M+3) contain the M variables
which are being integrated, followed by the M derivatives in locations
TM+4, through T(2M+3). The integration routine used (RAND 7044
Library Routine Number WO31) is called upon with the statements
CALL INT3 (T,M,2,0,0,0,0,0,0) and CALIL, INIM, and these in turn call
upon subroutine DAUX.

In program (III), the matrix inversion and linear algebraic
equation solving subroutine MATINV (RAND Library Routine Number
W019) is used. The matrix of coefficients in the program is IMAT,

the number of unknowns is three, and the right-hand vector is FVEC.

DY YYD



PROGRAM FOR THE ESTIMATION OF c, THE THICKNESS GF THE LOWER LAYER
20

$I8FTC RTINV
COMMON NoRTITYsWT{T)sWRIT)IARIT27) s NPPNT  ,MIMAXIKMAXsDELTAWXTAUY
1 ZERLAMSXLAMI2)9B2(T7+7)sR2( 79712 IFLAGIR(28+101}sT{1491)951G)
2 PU28+9101)9HI28+3+1011sPTAUYPLAM(2)oHTAUI3)sHLAM(293)sP2( 797}
3 H2(7+7+3)+sCONST(3)NEQ

C
C PHASF 1
C
1 READ1DO0D0ON
PRINTBSS
PRINTSOO N
READICO1(RT(I)sI=1+N)
PRINTOOIMIRT(I}v]1=1N)
READICO1+(WT(I)sI=1sN)
PRINTOO1»(WT(I)el=1N)
DO 2 I=14N
WRII)=WT(I)Y/RT(I])
DO 2 J=1+N
2 AR(IwJ)= 1.0/RT(I) 4 1.0/RT(U)
c

899 FCRMAT(1H146X36HRADIATIVE TRANSFER - INVERSE PROSLEM / )
1000 FORMAT(6112)
900 FORMATI(6120)
1001 FORMAT(6E12.8)
901 FORMAT(6E20.8)
READ1ICOO+NPRNT ysMIMAX s KMAX
PRINTGOO 4 NPRINT ¢ MIMAX s KMAX
READ10Q1:DELTA
PRINT901,DELTA
READICO1 s XTAUSZERLAMs XLAMI1) s XLAMI(2)
PRINTS02
PRINT9034XTAU»ZERLAMs XLAM{ 1) s XLAM(2)
902 FORMAT(1H123HPHASE I = TRUE SOLUTION /)
903 FORMAT(1HO/
i 1X11HTHICKNESS =9 Fl044 /
2 1X11HALBEDO(X) =+ 20HA + B*TANH(10%(X-C)) //
3 1X3HA =4 E1648y 10X3HB =y E16e8s 10X3HC =y E16.8 //)
CALL NONLIN

DO 3 I=1,N
DO 3 Js1+N
3 B2(1sJ)=R2(10J)
C
C\
C PHASE 11
c
4 READICOI +XTAUZERLAMsXLAMI1 )Y XLAM(2)
K=C
PRINTO04 XK
PRINTOO03XTAUSZERLAMsXLAMI1 )Y e XLAM(2)
C
CALL NONLIN
C
904 FORMATI(1H] 13HAPPROXIMATIONY 13/ )
C

C QUASILINEARIZATION ITERATIONS




C
DO 5 Kl=1»KMAX
PRINTO04,4K]
CALL PANDH
CALL LINEAR

5 CONTINUE

C

C

C

READ1COC,1GO
GO TO (14+6)51G0O
END
$IBFTC DAUX
SUBROUTINE DAUX
DIMENSION V2{(T737)9X(3)sF(T7)9G(T)
COMMON NyRT{UT)IoWT(T)sWR(T)sAR{( 797 ) s NPRNTyMIMAXIKMAXsDELTAWXTAUY
1 ZERLAMIXLAM(2)9B2(T97)9R2(79T7)sIFLAGIYR(289101)9T(1491)+51Gy
2 P(2823101)9H(28339101)sPTAUIPLAMI2YyHTAU(3) yHLAM(293)sP2(TsT)
3 H2(07+7+3)9sCONST(3)sNEQ
GO TO (1+2)9IFLAG
C
CNONL INEAR
C
1 L=3
0O 4 I=1N
DO 4 J=1,1
L=0L+]
4 V2(led)=TIL)
DO 5 I=14N
DC % J=1sN
8 W2(lsd)=Vv2(Jsrl)
L=0L+1
VLAM2=T (L)
S1G6=T(2)
Y=XTAU*S]IG
X(1)=ZERLAM
X{2)=XLAM(1)
X(3)=VLAaM?
CALL ALBEDO{(YsX»2)
ZLAMDA=Z

]
) + WR(K)I®v2(],yK)
*F(Il) + 1.0

-~

m

—
[

L=L+]

DR=-AR(T9J)%V211,J) + ZLAMDA®F (1 )*F(J)
8 T{(L)=DR

00 9 I=1,1

L=L+1
9 T(L)=0.0




R R R O E————————— T ——

RETURN 22
C
C
CLINEAR
C

2 SIG=T(2)
Y=XTAU#*SIG
X({1)=ZERLAM
X(2)=XLAM(])
X(3)=XLAM(2)

CALL ALBEDCIYsX»s2Z)
ZLAMDA=2

A

QO 16 I=1sN

F(l)=0-0

DO 17 K=1N
17 F(I)=F({]) + WR(K)*R2(],4K)
16 F(I)=0.5#F(I) + 1.0

C

CP'S

C
L=3
DO 14 I=14N
DO 14 J=z1.,1!
L=L+1

14 V2{lsJ)=T(L)

DO 15 I=14N

DO 15 J=lN

15 V2(l+J1=V2(Jsl)
L=L+1
VLAMZ2=T(L)

DO 10 I=1sN
GI1)=04C
DO 10 K=14N
10 GUIN1=Gl]) + (V219K )=R2{T»K))*WR(K)
ARG=10.CH*(Y=XLAM(2))
XTANX=-10s0XLAM{1)# (] 0= TANH{ARG) )®»2)
Mz3+NEQ
n0 12 I=14N
CO 12 J=l1,1
FlJsF(I)#F (W)
CAPF==AR(Is»J)¥R2(]IsJ) + ZLAMDARF],
T1= ~AR(T o J)®{V2({]IsJ)=R2(1+4))
T2= D SHZLAMDAR(F (I )%G(UY+F(UI®G(]))
Ta= CAPF
T4= (V_AM2=XLAM(2) ) #XTANX#F1J
Mz M+ ] )
12 Ti(M)IsT1+T2+T3+T4
DO 19 I=141
MzM+1
19 T(v)y=C,0

CH'S



24

25

mn

20

22

23
DO 100 K=1,1

DO 24 I=1,.N

DO 24 J=1,y1
L=L+1}
VE(I'J)=T(L)

DO 25 I=1,N

DO 25 J=T N
VZ(I'J)=V2(JQI)
L=L+)
VLAM2=T(L)

DO 20 1=1,N
G(I)=0,0

V0 20 J=1,N

Gltir=G(l) + V2UIsJ)#WR(.))

DO 22 I=1,N
DO 22 J=1,1
FIJ=F(!)*F(J)
Tl= -AR(IQJ)*VZ(I’J)
T2= CzS'ZLAMDA*(F(I)*G(J)*F(J)'G(I))
T3=0.0
T4=VLAM2*XTANX'FIJ
MzM+)
T(M)-TI+72+T3+T4

Do 29 Is1,1
M=M+]

T(M)=O;O

CONTINUE

RETURN

END

$IBFTC NONLIN

[ala)

SUBROUTZNE NONLiIN
COMMON N,RT(?)'WT(T)'WR(7)'AR(7!7)'NPRNTOMIMAX'KMAX}DELTA'XTAU’
1 ZERLAM’XLAM(2)552(7y7)yR?(?!?)'XFLAGrR(ZB!]OI)!7(1491)'516'
2 p(28'101)’H(28'3!101)'pTAU'pLAM(Z)'HTAU(3)’HLAM(2'3)!p2(7v7)v
3 H2(7y7y3)!CONST(3)'NEQ

NONL INEAR DeEe FOP TRUE SOLUTIoN OR FOR INITIAL APPRCOX.,

1IFLAG=]
T(2)=0,0
T(3)=DELTA
M=)

R2(1yJ)20,0
R(leM)=R2(l'J)
T{L3)=R2(],u)
L3=L3+)




2
C
C
C
)
4
5
C

TIL3)=XLAM(2)

NEQ=(N®*(N+1))/2 + 1
CALL INTSU{TeNEGs2+0+0+0+0+0,+0)

S51G6=T1(2)
CALL OUTPU:

DO 5 Ml=],M]IMAX
DO & MZ2=1,NPRNTY

CALL INTHM
M=M+]
L1=0
L3=3

R2{1+J)=T{L3)

RILIsM)I=R2(1sJ)

SI1G=T(2)
CALL OuTPUT

RETURN
FND

$IBFTC PANDH

C P'sS

1
2
2

SUBROUTINE PANDH
COMMON NsRTET)yWT(T)sWRIT)ARIT 7 s NPONT yMIMAXyKMAKX,

24

ELTAWXTAUY

ZERLAMWXLAM(2)9B2(T+7)sR2(T97) o IFLAGWR(Z85101)sT(1491)9S1Gy
P(28s101)19H(28+30101)sPTAUSPLAMIZ)IvHTAUI3) vHLAMI243)19P2( 797 )

H2({T+7+¢3)+CONST(3)NEQ

IFLAG=?
T(2)=0.0
T(3)=DELTA
M=1

L1=0
L3=3
DO 1 1
Do 1 J
Ll=L1+1
L3=0L3+]
P(L1+M)=0.0
TL3Y=P (L1 WM)
L3=L3+]
PLAM(2)=0,0
TIL3)=PLAM(2)

DO 7 K=1,1
L1=0

DO > I=1sN
DO 3 J=1,1




25
Ll=L1l~1
L3=l3+1
HI{L1sKsM)I=0ae 0
3 TIL3)=H(L]1sKsM)

L3=L3+1
HLAM(2+K) =140
T(L3)=HLAM(2:K)

~ On

L=0
DO 8 I=1.N
DO 8 J=1,1
L=L+]

8 RZ(1sJ)=R(L M)
DO 9 I=1sN
DO 9 J=1sN

9 R2(lsJ)=R2(Js 1)

NEQ=2%{(N®#(N+1))/72 + 1)

CALL INTS({TsNEQs2-03s0+0+0,0+0)

LMAX=(N®({N+1)1}/2

PRINTS52sT{2)s(P{LsMIsH(LsloM)slL=1sLMAX)
52 FORMAT(]1HOF944+5E208/7/(10X5E20.8))

OC 51 Ml=]1,MIMAX
DO 5C M2=14NPRNT
CALL INTM
M=M+1
CPREV.APPROXs RilI9J)
L1=3
DO 10 I=14N
DO 10 J=1,!
Li=L1+1
18 R2(1+J)=R{L1M)
DO 11 I=1,4N
DO 11 J=]sN
11 R2(isJ)=R2(Js])
L1=0
L3=3
DO 12 I=1sN
DO 12 J=1ll
Li=0L1+]
L3=L2+]
12 P{L1sM)=T(L3!
L3=L3+]
0O 13 K=x1l,}
L1=C
DO 14 I=1sN
DO 14 J=1»!
Ll=L1+1]
L3=L3+]
16 HIL1sKsM)=T{L3)
13 L3=L3+]
50 CONTINUE
51 PRINTS52+T{2V 9 {(P(LsM)sHI{Ls1sM)sbLx]sLMAX)

|



TURN

n o
Z
2

H

$IBFTC LINEAR

b
e

1
i
2
3

SUBRROUTINE LINEAR
DIMENSION CHKI(2)

DIMENSION A(49+3)+B49)sEMATISC5D)

yIPIVOT(SC)sFVEC(50,1)

26

PIVOT(50)s INDEX(50+2)

COMMON NoRTI7)oWT(UT)YsWRITI1ARTI T o7 ) s NPRNT s MIMAX o KMAX»DELTAWXTAU,
ZERLAMGXLAMIU2) yB2 (T 97 )sR2( 7T o IFLAGRI284+10119T(16491)+S51Gy
P(28s101)9H(289391011sPTAUPLAMI2) sHTAU(2) yHLAM( 2331 9P2(T T}y

H2(T+7+23)sCONST(3)NEQ

CBOUNDARY CONDITIONS

i

L

MLAST=NPRNT*MIMAX + 1
DO 1 Ksisl

=0

DO 2 I=1sN

DG 2 J=1.,1

=L+

H2(lsJeK) =H{LsKsMLAST)
DO 1 I=1,N

DO 1 J=1sN
H2(ToeJeK)=sHZ2 Uy 14K}
L=C

P2(1sJ)=P(LIMLAST)
DO 4 I=1sN

DO 4 J=]1sN
P2(ls2)=P2(Jsr1)

CLEAST SQUARES

DO 5 K=1,1

L=C

DO 5 I=1sN

DO S5 J=1sN

L=z=L+1
ACLsKYZHI (T sdeX)
L="

DO 6 I=1,N

DO 6 J=1N

L=L+]
B(LY=B2(1+J) = P2(1sJ)

LMAXxN##2

PRINTSO

FORMAT (1HO)

DO 61 L=1sLMAX
PRINTBZ2y(A(LsK)IsK=191)B (L)

NN B 1=z1,1
DO 7 J=1,1}
SUM=0.0

DO 9 L=1ysLMAX
SUM=SUM + A(LsI)®RAILsJ}
EMAT(Iy0)=SUM
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5UM=0.0
DO 10 L=1sLMAX
10 SUM=SUM + AlL1)#B(L)
8 FVEC(Is1)=SUM

PRINTGEU

DO 81 I=1,1
81 PRINTB2+y(EMAT(I5J)sJd=131)sFVEC(Iy])
82 FCRMAT(10Xx6E20,.8)

C
FVEC(1s1Y=FVEC(1+1)/EMAT(1,1)
C
DO 11 I=1»
11 CONSTIUIV=FVECIT;1
C

XLAM{2)=CONST(])
PRINTS03sXTAUSZERLAMIXLAM(]1) 9 XLAM(2)
9C3 FORMAT(1HO/
1 1X1IHTHICKNESS =y F10+4 /
2 1x11HALBEDO(X) =y 20HA + B*TANH(lﬁ*(X-C)) /s
c 3 1X3HA =y E1648y 10X3HB =y E16e8y 10X3HC =9 F1648 //)

CNEW APPROXIMATION
P

-

rx

1
0
0O 12 I=1«N
DO 12 Jsil
L=L+]
SUMsP (L M)
DO 13 K=1,y1
13 SUM =SUM + CONSTI(K)*H{L K sM)
12 R{LsM)=SUM
L=0
DO 14 I=]sN
00 164 J=lsl
L=L+1
16 R2(IsJ)2R(L M)
S1G=040
CALL OUTPUT

DO 50 Ml=1,MIMAX
DO 18 M2=14NPONT
M=Me]
L=0
DO 15 I=1sM
DG 15 J=1»1
L=L+]
SUM=P (L M)
DO 16 K=1s1
16 SUM=SUM 4+ CONSTIX I #H(L K M)
15 RALM)=SUM
L=0
DO 17 I=1sN
DO 17 Js1s!
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Lel+1

17 R2(1rJy=R(LIM)

18 SI1G=5!G + DELTA

50 CALL OUTPUT

RETURN
END
$IBFTC CUTPUT
SURROUTINE OUTPUT
DIMENSION X(3)
COMMON NRTITIWWT(T)sWRITYSAR(Ts7) s NPRNT . MIMAX yKMAXsDELTAWXTAU
1 ZERLAMIXLAMIZ2)4B2(TeT)oR2(TsT) 0 1FLAGP(284101)9T(1491)+51G
2 P(2Bs101)9H(28939101)9sPTAUSPLAM(2) yHTAU(3) yHLAM(203)9P2(T97)»
3 H2{Ts793)sCONST(3)INEQ
DO 1 I=1,N
DO 1 J=IuN
1 R2(lsJ)=R2(Js 1)
Y=XTAU*SIG
X(11=ZERLAM
X(2)=XLAM(])
X(3)=XLAM(2)
CALL ALBEDO(Y X »2)
PRINT100, SIGsY»2
100 FORMAT(1HO THSIGMA =9F6ae2s 4XSHTAU =, Fh,29y 4XBHALBEDO =9F642/)
DO 2 J=1sN
2 PRINTIO0Y1sJs(R2(IsJ)sI=1sN)
101 FORMATI(I10s TF1C,.6)
RETURN
END
$IBFTC ALBEDO
SUBROUTINE ALBEDO(YsX»s2)
DIMENSICN Xx(3)
COMMON NIRTUT)oWT(T i sWRIT) AR T 7)) s NPRNT yMIMAX WKMAXSDELTASXTAU
1 ZERLAMIXLAM{2)9BZ(Ts7)sR2(Ts7T) s IFLAGIR(28+101)sT(1491)+S1G)
2 PU285101)sH(28+35101)1sPTAUIPLAMIZ2) yHTAUI(3) yHLAM(293)sP2(Ts7)
3 H2({T7s793)sCONST(2)NEQ
ARG=10.0%(Y=X(3))
2=X(1) + X(2)*TANH(ARG)
RETURN
END

480
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JI. PROGRAM FOR THE ESTIMATION OF T, THE THICKNESS OF THE MEDIUM
29

SIBFTC RTINV

a¥aNa!

aNaNa¥a)

C

899
1000
9C0
1001
901

902
903

COMMON NoRTUTIoWTIT)IIWRIT)I AR T2T7) s NPRNT yMIMAX SsKMAXsDELTASXTAUY
1 ZERLAMSXLAM{212B2(7sT)sR2(7sT7V s IFLAGsRII289101)sT{1491)951G,
2 P284+101)yH(2833»1011sPTAUSPLAMIZ2YoHTAUL3) yHLAM{ 2331 4P2(Ts7)
3 H2{(T7»7+3)«CONST(3)NEQ

PHASE |

READIOOOQO,N

PRINTS899

PRINTQ00 4N
READIOOLIw(RT(IVyiz=1sN)
PRINTGO1s(RT(I}si=19N)
READICOI»{WTLI)sI=1N)
PRINTONI s (WT!{I1sl=1sN)

DO 2 I=1yN
WRITI=WT(I)/RTLL)
DO 2 J=1,4N

AR(IsJ)= 1.0/RT(I) + 1.0/RT(J)

FORMAT(1H146X3-YRADIATIVE TRANSFER -~ [NVFRSE PROBLEM / )
FORMAT(6]12)

FORMAT(&]2O)

FORMAT(HE12.8)

FGRMAT(KE2048)

READIVOOWNPRNTsMIMAX s KMAX

PRINTS0C sNPRNTsMIMAX 2 KMAX

READ1CGO1,DELTA

PRINTO901+DELTA

READICOI W XTAUSZERLAMIXLAMI1) s XLAMI(2)

PRINTS0?

PRINTOO3XTAUSZERLAMsXLAM(1 )4 XLAM(2)
FORMAT(1H123HPHASE I = TRUE SOLUTION /)

FORMAT (1HO/

1 1X11IHTHICKNESS =y F10e4 7/
2 IX11IHALBEDO(X) =9 20HA + B¥TANH(IO®({X=C)) /7
3 1X3HA =, E16¢8y 10X3HB =9 E16e8y 10X3HC =y E1648 //)
CALL NONLIN

NO 3 1=1,N

OC 3 J=1sN

B2(IsJ)=R2(]+J)

PHASE 11
READIOOL1WXTAUWZERLAMsXLAMI1) s XLAMI(2)
K=C
PRINT904 K
PRINTO039yXTAUYZERLAMIXLAM(1) s XLAM{2)

CALL NONLIN

904 FORMAT(1H] 13HAPPROXIMATION, 137 )

QUASTLINEZRIZATION ITERATIONS
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Ty

DC 5 Kl=1y9KMAX
CRINTQ04K1
CALL PANDM
CALL LINEAR

5 CONTINUE

[a N aWa"

READ1G00»1GO
GO TO (194)s1GO
FND
$I8FTr DAUX
SUBROUTINE DAUX
DIMENSION V2{ T+ 71eX{3)9F(T7)GI(7)
COMMON NaRT(IT)sWT{T)sWR{IT7) AR 797 ) s NPPNT ,MIMAX s KMAXsDELTAWXTAU
1 ZERLAASXLAMU2)9B2(T797)sR2(To7) 2 iFLACIP{28s1C1)9T(1491)+51G
2 2(283101)9H{2B8933101)sPTAUSPLAM2) sHTAUL3) sHLAM(293)9P2( 797 )
2 H2(T7s7+3)sCONST(3)sNEQ
GO TO (1+2)9IFLAG
C
CNQULINEAR

r

. L=3
NC 4 [1=14N
DO 4 J=3isl
L=L+]

4 V2(il+)=THL)
DD % I=)1sN
DO 5 J=1sN

5 V2(lsJ)=2V2(Jel)
L=L+1
VTAay=sT(_
S1G=T(2)
Y=VTAU=S (G
X(11="ERLAM
X{2)sXLAM(])
X{2)=X{AM(?)
CALL ALBEDOIYsXs2)
JLAMDA=2

NO &6 I=1sN

Ftl1180.0

DO 7 K=1,N

FiI)=F (1) + WR(K)®*#V2(]yK)
F(i)mOs5#F (1) + 140

[+ IR |

1

"ﬂ

v 8 I=1y
DO 8 Js),
L=i+]

DRu=AR!T,J)I®V2(1yJ) ¢ ZLAMDA®:(])*F (U
8 T(L)=DR*VTAU

DO 9 I=1,1

Lsi+]
9 T(L)=0,0

N
1




C
C

RETURN 31

CLINEAR

C
2

17
15

cpP's

14

15

10

12

19

CH'S

SIG=T:2)
Y=XTAU®SIG
X{1)=ZERLAM
X(2)=XLAM( 1)
X{3)=eXLAM( 2}

CALL ALBEDO(VeXs2)
ILAMDA=2

DO 16 I=14N

F(ly=0,0

DO 17 K=1sN

FCIY=F(I) + WR(Ki®RZ(]4K)
F(X,SOCS'F‘I, + 1-0

L=3

DO 14 I=1sN

DO 14 Uxl,]
L=L+1
V2{lsJ)=T(L)

DO 15 J=1:N

DO 15 J=]lN
V2(IsJ1av2(Jds1)
L=L+1

VTAU=T (L)

DO 10 I=1sN

G(I)=0.0

DO 10 K=1sN

G(IN=G(I) + (V2(]1sK)=R2{1+K))I®WR(K)

ARG=1C 0% (Y~-XLAM(2)}

PARTL=10,0%#SIG#XLAM(1)#(1.0=-({TANHIARG) )#%2)
M=3+NEQ

DO 12 I=1sN

DO 12 JU=ls!

FlJsF (D) =F (U}

CAPF==aAR(IsJI®R2(14J) + ZLAMDA®F]J

T1z=XT, JRAR(IsJ)%(V2(14J)=R2(1+J))

T2=XTAU*O s SR ZLAMDA®(F(I)*G(JI+F{J)I*G{]}))

T3=XTAU#CAPF

Ta=(VTAU=XTAUI®(CAPF + XTAURFIJ®*PARTL)
M=M+1

TiIM)IeT14T72+T3+T4

DO 19 I=141
M=M+1

T(M)=z0.,0




L —

32
DO 100 K=1.1

DO 24 I=1sN
DO 24 J=l»l
L=l+l
24 V2(l+J)=T(L)
DO 25 I=1sN
DO 25 J=1sN
25 V2{1+Jd)1=V2(Jsl)
L=L+1
VTAU=T (L)

DO 20 I=1»N
G(I)=0.0
PO 20 J=1sN
20 GUI)=G(]) + V2(1:+J)I®WR(D)

00 22 I=1sN
DO 22 J=l:1
FIJ=sF(1)#F(J)
CAPF==AR(1,J)#R2(1+J) + ZLAMDAXFI1J
Tl==XTAURAR( T J)%V2(1,4J)
T2aXTAURO SHZLAMDAR(F (1) ®RG(J)+F(J)RG(]))
T3.0a0
T4=VTAUR{CAPF + XTAURFIJ*PARTL)
Mz=M+]
22 T(M)=T1+T24T3+74

DO 29 I=1s1
MeEM+]
29 T(M)=0,.0
100 CONTINUE
RETURN
END
$IBFTC NONLIN
SUBROUTINE NONLIN
COMMON NsRT{T7)sWT(T)sWR(T)»AR(797) yNPRNTyMIMAXKMAXyDELTAZXTAU
1 ZERLAMIXLAM(2)4B2(TsT7)9sR2(T797) s IFLAGIR(289101)9T(1491)9S1G,
2 P(28+101)92H(28+39101)sPTAUIPLAMI2)yHTAU(3) yHLAM(243V4sP2( 757 )
3 H2(T7+7+3)9sCONST(3)NEQ
NONL INEAR DeEs FOR TRUE SOLUTION OR FOR INITIAL APPROX.,

a ¥

IFLAG=]
T(2)2C.0
T(3)=sDELTA
Me]

L1=0

L3=3

DO 1 1=1,N
00 1 J=1»1
Ll1=L1+1
L3=L3+1
R2(1+J)=0.0
R(L1+M)=R2( 14}
T(L2)Y=R2{I )

>




2
C
C
C
3
4
5
C
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L3

=L 3+]
T(L3

)=XTAU

NEQ=(N=#(N+1)3i/2 + 1
CALL INTS(ToNFQ+2s09990s0+040)

SIG=T(2)
CALL OurtpPuT

DO 5 M1=1,M1MAX
DO &4 M2=14NPRNT
CALL INTM

M=M+1

L1=0

L3=3

DO 3 I=14N

DO 3 J=1.1
L1=L1+1

L3=L3+]
R2(I+J)=T(L3)
RIL1sMI=R2(IJ)
SIG=T(2)

CALL OUTPUT

RETURN
END

SIBFTC LINEAR

1

1
2
3

SUBROUTINE LINEAR
DIMENSION CHKI(3)

DIMENSION A(494+3)+B(491sEMATI50+50)

v IPIVOT(50)sFVEC(50s1)

PIVOT(50) s INDEX(5042)

COMMON NoRT(?)oWT(?).HR(?)oAR(?.?)oNPRNT,MlMAx9KMAXoDELTAoXTAUo
ZERLAMyXLAM{2)4B2(T797) 4R2(T737)sIFLAGIR(28+101)sT(1691)+S1Gs
P‘289101)oH(28930101)oPTAU'PLAM(Z)9HTAU(3)oHLAM(203)OPZ(7’7)0

H2(T7+753)sCONST(3)sNEQ

CBOUNDARY CONDITIONS

4

MLAST=NPRNT#MIMAX + 1
00 1 K=1,1

L=0

DO 2 I=14N

DO 2 J=1,1

L=L+]l

H2 (I sJdoeK)=eH{L oK sMLAST)
DO 1 I=1,N

00 1 J=lN
H2(TsJsK)=2H2(Js1,4K)
L=0

DO 3 I=]1.N

DO 3 J=1,1

L=L+]
P2(lsJ)=P{LoMLAST)

DO 4 I=]1,4N

DO 4 J=],N
P2(I»)=2P2{Js])

CLEAST SQUARES




34
DO 5 K=l
L=0
DO % I=1.N
DO 5 J=1sN
L=L+1
§ A{LsK)=H2(19JdsK)

6 BiLI=B2(IsJ) = P2(1»J)

LMAX=N*#>
PRINT6O
60 FORMATUIHO)
DO 61 L=1sLMAX
61 PRINTB82.(AlLsK)sK=191)sB(L)

Y

DC 8 I=1,1

DO 7 J=1s1

5UM=000

DO 9 L=1yLMAX

SUM=SUM + A(L»I112A(LsJ)
EMAT(LsJ)=SUM

SUM=OQO

DO 10 L=1sLMAX

10 SUM=SUM + AlL+1)#B(L)

8 FVEC(I»1)=SUM

-~ 0

PRINT6O

DO 81 I=z1l»1l
81 PRINTB2+(EMATIIsJ)sJ=lsl)sFVEC(Is1)
82 FORMAT(10X6E20,8)

C
FVEC(1+1)=FVEC(1+1)/EMAT (11}
C
DO 11 I=1s1
11 CONSTI(I)=FVEC(I»1)
C

XTAU =CONSTI(1)
PRINTS03 s XTAUSZERLAMIXLAM(1) s XLAMI(2)
9C3 FORMATI(1HO/
1 1X11HTHICKNESS =» E16+8 /
2 1X11HALBEDO(X) =+ 20HA + B*TANH(10%*(X-C)) //
3 1X3HA =y E1l6e8y 10X3HB =» E16+89 10X3HC =» E1648 //)

C
CNEW APPROXIMATION
C
M=]1
L=0
DO 12 I=1»N
DO 12 J=1»l
L=L+1

SUM=P (L M)
DO 13 K=1»1
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13 SUM =SUM + CONST(K)*H(LsKsM)
12 R{LsM)=SUM

L=0

DO 14 I=14N

DO 14 J=1l

L=L+1
14 R2(lsJ)=R(LWM)

516=0.0

CALL OQUTPUT

DO 50 M1=].MIMAX
DO 18 M2=1«NPRNT
M=M+]
L=0
DO 15 Is14N
DO 15 J=1.1
L=L+]
SUM=zP (L M)
DO 16 K=1»1
16 SUM=SUM + CONST(K)®#H(L K ¢M)
15 RIILWM)=SUM
L=0
DO 17 I=1N
DO 17 J=1,!
L=L+1
17 R2(1sJ)=R(L M)
18 SIG=SIG + DELTA
50 CALL ouTpPuUT

RETURN
END
S$IBFTC PANDH LIST
SUBROUTINE PANDH
COMMON NQRT‘7).WT(7)0NR(7)vAR(7'7)ONDPNT'MIMAXoKMAX'DELTA’XfAUo
1 ZERLAMoXLAM(Z)’BZ(7o7)0R2(7o7)vIFLAGoR(ZBoIOl)0T(1#9l)0$!50
2 p(280101)’H(2803’101)OPTAUOPLAM(Z’vHTAU(3)’HLAM(2’3)092(7v7)0
3 H2{7+7+3)1sCONST(3)sNEN
IFLAC=?
T(Z"Goo
T{3)1=DELTA
M=1
C Pt§

L1=0
L3=3
0O 1 1
DO 1 J
Li=L1+1
L2=L3+]
P{L1+M)=0,0

1 TU(L3)=P(L1sM)
L3=L3+]
pTAU’O-O

2 T(L3)=PTAU

19N
11




C H'S
C

3
C

6

7
C

8

9
C
C

DO 7 K=l,l
L1=0

DO 2 1=
DO 3 J=
Ll=i1+]
La=L3+]
HI{LI X sM3=20.0
TIL3Y=H{Ll K M)

1N
1el

L3=L3+]
HTAU(K}=1.0
TIL3)=HTAU(K)

L=9

DC 8 1=1aN

DC B J=191
L=L+1
R2{1+J)=RLL M)
DO 9 1=14N

DO 9 J=1,N
R2(19J0)1=R2(J 1N

NEQ=2%{(N®(N+1))/2 + 1)
CALL INTS(TsNEQs290+0+0+0:,0+0)
LMAX=(N®*({N+1))/2

DO 51 Ml=1yMIMAX
DO 50 M2=z1+NPRNT
CALL INTM

M=M4+)

CPREV.APPROXs R(19J)

10

11

12

L1=0C

DO 10 1=14N
DO 10 J=1losl
Li=L1+]
RZ2{1+J)=R{L1 M)
DO 11 I=1sN
D0 11 J=slsN
R2({1+J)=R2(J» 1)
L1=0

L3=2

DC 12 I=14N
DO 12 J=1.1
Ll1=L1+1
L3=L3+])
P(LIM)I=TILI)
L2=0L3+]

0O 13 K=1s1
L1=C

DO 14 1=1N
DO 14 J=141
Li=L1+1
L3=L3+]

36




37

16 HMILYsKaM)=T(L2)
17 L2={72+)]
50 CONTINUF
51 CONTINyUrF
RETURN
END
$I18FTC QUTPUT
SUBROUTINE OUTPUT
DIMENSION X133
COMMON NyRTUT)9sWT(T)sWRIT)sAR(T97) s NPRNT 4MIMAX yk™MAXsDELTA+XTAU
1 ZERLAMG X LAMI2)4B2(T797)9R2( 79719 IFLAGYR(285101)9T(1491)+SI1Gy
2 PU284101)9H{28535101)sPTAUWPLAMI2)WHTAUI3) +HLAM(293)9P2( 747 )
A H2(7+7+3)sCONST(3)NEQ
00 1 I=1;N
DO 1 J=1,N
1 R2(I+J0)¥=R2(Js 1)
Y=XTAU*SIG
X(1)=ZERLAM
X(2)=XLAMI(])
X(3)=XLAM(2)
CALL ALBEDO(Y X s2)
PRINT100y SIGsYs2
100 FORMAT(1HO THSIGMA =9F8e29 4XSHTAU =z, Fh.2s GXBHALBEDO =+F6+2/)
DO 2 J=1sN
2 PRINTIC1sJs(R2(IsJ)sI=1yN)
101 FORMATI(I10y 7F10,.6)
R&ETURN
END
$IBFTC ALBEDO
SUBROUTINE ALBEDO(YeXy2)
DIMENSION X(13)
COMMCN NoRTIT)YsWT(T)sWRIT)IsAR(Ts7) s NPRNTyMIMAX KMAXsDELTAXTAUY
1 ZERLAMIXLAM(2)9B2(T7:7)9R2(Ts7)9IFLAG,RIZ28B+101)sT(1491)+SIG,
2 Pi239101)sH(28+39101)sPTAUYPLAM(2)yHTAUI3) sHLAM(233)3P2(T+7)
3 HZ2(T7+7+3)sCONSTI(3)sNEQ
ARG=10.0#(Y=X(3))
Z=X(1) + X(2)#TANMH(ARG)
RETURN
END




AND ¢, THE TWO ALBEDO5 AND THE THICKNESS
OF THE LOWER LAYER

A

$IBFTC RTINY 38
COMMON MsRTUTIsWTIT)IaWRIT)sAR(7+7) NORNT 4MIMAX I KMAXsDELTAZXTAU
1 XLAMO) B2(T7+s7)sR2{T7 4TI s IFLAGR{28517119T7(1691)551G>»
2 PU2B5101)sH(28933101 1 sPLAMIT}sHLAM(3453)3P2( 797
3 H2(T797+2)sCONST(3)9NEQ

1I1. PROGRAM FOR THE ESTIMATION OF A

e ity 1!

2’

C
C PHASE 1
C
1 READICOO N
PRINTB99
PRINTSOOWN
READLIUGLIS(RTUIYsI=1+N)
PRINTODISIRTIINI=1+N)
READICOYIS(WT(I)sI=19N)
PRINTOOL+(WT{I)sI=1N)
N0 2 I=14N
WRIT1=WT(I)/RT(])
DC 2 J=1sN
2 AR({lsJ)= 1.0/RT(1) + 140/RT(J)
C

899 FORMAT(1H]66X26HRADIATIVE TRANSFER - INVERSE PROBLEM / )
1000 FORMAT(6112)
900 FORMAT{6120)
10C1 FORMATI(6F12.8)
991 FORMATI(6F20.8)
READIUNO yNPRNT yMIMAX s KMAX
PRINTSOC yNPRNT ¢ MIMAX s KMAX
READICCLI.DELTA
PRINT901,DFLTA
READICCL s XTAUS (XLAM(I) sl=11+3)
PRINTS02
PRINTGO03 s XTAUs (XLAM(I) 12143
902 FORMAT(1H123HPHASE 1 = TRUE SCLUTION /)
9C3 FORMAT(1HO/
i 1X11HTHICKNESS =y F10e6 /
2 IX11HALBEDO(X) =s 20HA + DB*TANHI10%(X-C)) //
9 IX2HA =y E1648y 10X3HB =3 F1648s 17X2HC =, E1648 //)
CALL NONLIN
DO 2 I=1.N
DO 3 J=1:N
3 B2(isJ)=R2(14J)

PHASE 11

aNaNaNa)

4 READICOI+XTAUW(XLAM(IYo1=2103)
k=0
PRINTGO4 K
PRINTSU3 4 XTAU (XLAM(]1)s]=21+3)

CALL NONLIN

N 0D

904 FORMATI(1H1 13HAPPROXIMATION. 13/ )

A XA

QUASTILINEARIZATION ITERATIONS
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C

DO & K1=1sKMAX

PRINTO904K1

CALL PANDH

CALL LINEAR

5 CONTINUE

C
C
C

READLIUOD,I1GO
GO TO (1+4)+1GO
END
$IBFTC DauUX LIST
SUBROUTINE DAuUX
DIMENSION V2{ 771 X(3)sF{TYsG(T)

1  sVLAMI(3)
COMMON NsRTUT)sWTIT)oWRIT)ISARITs7) s NPRNTyMIMAX I KMAXIDELTAXTAU
1 XLAM(3), B2(T797)eR2(TsT) s IFLAGR(289101)eT(1491)+SI1Gy

2 Pl2845101)eH(28+33101)sPLAM{3)sHLAM(243)3P2( 797 )
3 H2(7+7+3)+sCONST(3)sNEQ
GO TO (1+2)sIFLAG
C
CNONLINEAR
C
1 L=3

L=L+1

& V2(lesd)=T(L)
DO 5 I=1sN
DO & J=1,N

5 v2lled)=V2idsl)
DO 51 I=1+3
L=L+1

51 VLAMID)=T(L)
SI1G=T(2)
Y=XTAURSIG
DO 52 I=1+3

52 X{I)y=sV0LAMI(I)
CALL ALBEDO(YeXs2)
ZLAMDA=2

DO 6 I=1sN

F‘I,=0.0

D0 7 K=14N
T FUIy=F{1) + WRIK)®V2({]K)
6 F(I)1=2CB5%F (1) + 1.0

DO 8 I=14N

DO 8 J=]1»l

L=t+]

DR==AR(1sJ)*V2(1sJ) + ZLAMDARF(I)%*F ()
8 T(L)=DR

DO 9 I=1+3

L=L+1




9

a¥alaNa)

2

14

15

18

10

12

1

40

T(L)=C.0
RETURN

LINEAR

SIG=T(2)
Yy=XTAU*S]G

DC 21 I=1.3
X{1y=XLAM(])

CALL ALBEDO(YsX»2)
ZLAaMDA=?

DO 16 I[=1sN

F(1)=0,.0

DO 17 K=1sN

FII)=F(]) + WR(K)I*R2(1K)
F(I)=0.5#F (1) + 1.0

L=2

DO 14 I=1N
DC 14 J=1.1
L=L+1
V2(Tlsd)=T (LY
DO 15 I=14N
DO 15 J=1sN
V2(T1+J)=2V2(Js])
DO 18 12143
Lsl+1
VLAM(I)=aT(L)

DO 10 I=z1,N

G(I)’Oon

DO 10 K=1sN

GUIN=G(1) + (V2(1sK)=R2( 1K) )*WR(K)

ARG=10.,0*(Y=-XLAM(3))

TARG=TANH(ARG)

XTANX==10,0*XLAM(2)#(1.0=-TARGH*%*2)
M=3+NFEQ

DO 12 I=1sN

DC 12 J=1»1

FIJsFUlY#F ()

CAPF==AR(1+J)*R2(1»J)

T1=CAPF

T2==-AR(1+J)*(V2(1sJ)=-R2(1+0))
+ O«5#2LAMDA®(F (T IXG(U)

TA=(VLAM({1)=XLAM(1) )*FT1J

T4=(VLAM(2)=XLAM(2) ) *TARG*F[J

TS=(VLAM(2)=XLAM(3) ) *XTANX*F]J
M=M+]

TIMIeT1+4T2+T3+4T74+75

0O 19 I=1+3

+ ZLAMDA*FIJ

M=M+]

+ FOJy#G(IY)



25

26

20

22

29
100

T(M)=z0,0

8O 100 x= 3

DO 24 [=z14N
DO 24 J=1,1
L=L+1

V2(TeJ)=T(L)

DO 25 I=1sN
DO 25 J=1sN

V2(T1sJ)=V21Jsl)

DO 26
L=L+1

[=143

VLAMITY=T (L)

DO 20 I=1sN
G(1)=0,0

DC 20 JU=1sN
G(IV1=G(]) +

DO 22 I=1,4N
DO 22 J=141

FIJ=F(1)%F(J)

T1=000

V21 +JY*WR( )

41

T2==AR(I4J)¥V2(14J) + Q«S*ZLAMDAR(F()%#G(J) + FOJI#G(]))
T3=VLAM(1)®#F[J

TasVLAM(2 ) #TARG*F 1Y
TS5=VLAM(3) #XTANX*F1J

M=M+]

TIM)=T1+T2+4T34T4+T75

DO 29 I=1,3
M=M+]

T(M)=0,0

CONTINUE

RETURN

FND

SIBFTC NONLIN
SURROUTINE NONLIN
COMMON NvRT(7)'WT(7)'WR(7)vAR(7'7)vNPRNT’MIMAXvKMAX'DELTAQXTAUv
B2(T+s7)sR2(T+7) s IFLAGIR(28+101)+T(1491)+51G,
P(28+101)19H(28934101)9PLAM(3)sHLAM(3433)3P2(Ts7)

H2(T7+7+3)2CONST(3)9NEQ
NONLINEAR DeEs FOR TRUE SOLUTION OR FOR INITIAL APPROX.,

'ala!

1
2
3

XLAM(3),

IFLAG=]
T(Z)'Oco
T(3)=sDELTA
M=]

L1=0

L3=3

DO 1 I=]1,.N
DO 1 J=1,1]
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L1=L1+1
L3=L3+1]
r(2(I’~.})=0.0
RILIsM)=R2(1+4)
1 TUL3)=R2(1+J)
D0 ¢ I=143
L3=L3+1
2 T(L3)=XLAM(I}

NEQ=(N#(N+11})/2 + 3
CALL INTSU{TsNEQs230+0+0+0+0,0)

SIG=T(2)
CALL OUTPUT

NO S Mlz]yMIMAX
DO 4 M2=1sNPRNT
CALL INTM

M=M+]
L1=0
L3=3
DO 13 1
D0 3 J
Ll=L1+1

L3=03+]
R2(1sd)=T(L3)
RIL1sMIZR2(IsJ)
516=T:2)

5 CALL OUTPUT

no»

1N
1s1

D W

RETURN
FND
$IRFTE PANDH
SUBROUTINE °2ANL !
COMMON NsRT(T)sWT({T)sWR(T7)sAR( 797} s NPRNT yMIMAX yKMAXsDELTAsXTAU)
1 XLAM(3), E2(7+7)sR2(7+7)+IFLAGIR(28+101)+sT{1491)+51G,
2 F(28+101)9H(2B8+3+1C1)sPLAMII) sHLAMII43)sP2( 79 7)o
3 H2{T7+7+3)sCONST(2)NEQ
IFLAG=?
T(2)=0.0
T{3)=DELTA
M=)
C P§

L1=0
LaA=3
0O 1 I=1,N
DO 1 J=1,1
Lli=L1+2
L3=L3+]
PiLIsM)=0a40C
1 T(LI)=P{L1M)
DO 2 1=3+3
L3=L3+]
FLAM(]1)1=23,0




2
C
C H*S
C
3
C
6
"7
C
8
9
C
52
C

43

T(L3)=PLAM( )

DO 7 K=1,3
L1=0
DC 3 |
DO 3 J
Li=L1+1

L3=L3+]
H{LY1sKsM) =00
TIL3)=H(L]ly .o M)

it n

1N
191

CO 7 1=1.3
L3=L3+1]
HLAM(I,sx)=0,0
1IF{1=K)7:697
HLAM{TsK)=1.0
T(L3)=HLAM( ] ,yK]

L=0

DO 8 I=1,N

DO B8 J=1.1
L=tL+1
R2(T1sJ)=R{L M)
DO 9 1=1sN

DO 9 J=lsN

R2(T+J)=R2(Js 1)

NEQ=4* { (N*(N+1)1/2 + 3)

CALL INTS(TsNEQ»2+0+0+0+0+0+0)
LMAX=(N®¥(N+1))/2
PRINTS22sT{2)9{P(LoM)sH{Ly1sM)slL=1sLMAX)
FORMAT(1HOF9+495E208/(10X5E20.8))

DO 51 Ml=1,MIMAX
DO 50 M2=1 4 +NPRNT
CALL INTM

M=M+]

CPREV+APPROX. RI19J)

10

11

12

L1=0

DO 10 I=1lsN

DO 10 J=1s1
Ll=L1+]1
R2{(TsJ1aR(L1eM)
DO 11 I=1sN

DC 11 J=14N
R2i1s 11=R2(Js 1)
L1=0

L2=1

DO 12 I=1sN

DO 12 J=1»1
L1=L1+1

L3=L2+1
P(LYIMIZT(L3)

L



14
13
50
51

L3=L3+3

DO 13 K=1+3
L1=0

DO 14 1=1sN

DO 14 U=l
Li=L1+4]

L2=L3+]
Hi{LToKsM¥=TI(L3)
L23=0L3+3
CONTINUE

44

PRINTE2,sT(2)1s (PILsMIsH(Ls21sM)slL=1,LMAX)

RETURN
END

BIBFTC LINEAR

1

1
2
3

SUBROUTINE LINEAR
DIMENSION CHKI(3)

DIMENSION A{4943)9Bl49)sEMATI(50+50)

»yIPIVOT(50)sFVEC(50+1)

PIVOT(50) s INDEX(50+2)

COMMON NeRTUT7) o WTLT7)oWR{TIsAR( 797 ) s NPRNT I MIMAX oKMAXIDELTAWXTAU
XLAM(13), B2(T7+sT)YsR2(7s7) s IFLAGWRI(Z28+101)1sT11491)951Gy
P(268+10119sH(289253101)sPLAMI2)3HLAMI3,3)4P2(7+s7)

H2({T7+7+3)sCONST(3)NEQ

CBOUNDARY CONDITIONS

4

MLAST=NPRNTH*MIMAX + )
DO 1 K=1:3

L=0C

DC 2 I’lvN

DO 2 J=l,1

L=L+]

H2 (T oJdeK)=HIL K +MLAST)
DO 1 I=1sN

DO 1 J=isN
H2(TsJeK)=H2(Js [ 4K)
L=0C

00 3 i=]1,yN

DO 1 =141

L=L+1
P2(1sJ)=P(L+MLAST)

DO 4 -2lvN

DO 4 J=1,N
P2(l+J)=P2(Jry 1)

CLEAST SQUARES

DC 5 K=1,3

L=0

DC 5 1=1sN

DO 5 J=14N

L=L+1
AlLLsK)=H2{TsJyK)
L=0C

DO 6 1=1N

DU 6 J=1sN

L=L+1
BiL)1=sB2(1+J) = P2(1+J)

LMAX=N##2




60

61

~ O

81
82

11

20

13
12

14

PRINTSEC
FORMAT (1HO)

00 61

L=1sLMAX

PRINTB82s(A(LK)K=193)sBI(L)

0O 8

=143

DO 7 J=1,3

SUM=0

«0

DO 9 L=1yLMAX
SUM=SUM + AlL1)1%A(LsJ)

EMAT(
SUM:0
0o 10

TeJ)=SUM

o0

L=19sLMAX

SUM=SUM + Al(Ls1)#B(L)
FVECIIy1)aSUM

PRINT60

co 81

PRINTB2y (EMAT(19J)sJd=193)sFVEC/T41)

[=1+3

FORMAT(10X6E20.8)

45

CALL MATINVIEMAT 439sFVECs19DETERMyPIVOT,INDEX,IPIVOT)

0O 11

CONST(1)=FVEC(I+1)

12143

DC 20 I=1,3

XLAM(

[VyaCONSTII)

PRINTOO03sXTAU (XLAMII) »]=1+3)
903 FORMAT(1HO/

1 1X11IHTHICKNESS =)
2 1X11HALBEDO(X)

3 1X3HA =, E1648)

APPROX

Mx1
L=0

DO 12
DO 12
L=L+l

IMATION

I=1sN
Jxlsl

SUM=P (L +M)

0C 13

SUM aSUM + CONST(K)#H(LyK M)

K=z1l,3

R{L M) =SUM

L=0

DO 14 TalsN
DO 14 U=,

L=L+1

R2(T1sJ)=R(L M)
SIG=O-0
CALL QUTPUT

0O 50 Ml=],MIMAX

0o

Mz=1 NPRNT

El6.8 /

=y 20HA + B*TANH(10%(X~-C)) //

10X3HB =,

E1648,

10X3HC =y E16.8 /7))
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M=M+1]

£=0

DO 15 I=1sN

DC 15 J=1»1!

L=L+]

SUM=PR (L +M)

DO 16 K=143
16 SUM=SUM + CONSTIK)®RH LK M)
15 R((LsM)=SUM

L=0

DO 17 I=14N

DD 17 J=1sl

L=sL+]1
17 R2(19J)=R(LM)
18 SIG=S51G + DELTA
50 CALL OUTPUT

RETURN
END
$IBFTC OUTPUT
SUBRCQUTINE OUTPUT
DIMENSION X(3)
COMMON NyRT{T7)YsWT(T)sWR(T)sAR( 797 ) s NPRNT yMIMAX +KMAXIDELTAISXTAU
1 XLAM(3), B2(T7+7)sR2(T79T) s IFLAGHYR(28+101)9T(16491)951Gy
2 P(28+101)9sH(28+3+101)sPLAMIIY JHLAM(3,32)4P2( 797}
3 H2(7:+7+3)sCONST(3)sNEQ
DO 1 I=14N
DO 1 J=IN
1 R2(I»J)=R2(Js1])
Y=XTAU*SIG
DC 3 121,43
3 X(I)=XLAM(I)
CALL ALBEDO(YsXs2)
PRINT10Cs SIGyY:2
100 FORMAT(1HO THSIGMA =9Fbe2y 4XSHTAU =y Fbe2s GXBHALBEDO =3F6.2/)
DO 2 J=1sN
2 PRINTIOYI s Ja(R2(I9J)Ysl=1N)
101 FORMATI(I10s TF10,%)
RETURN
FND
$IBFTC ALBEDO
SUBROUTINE ALBEDO(Y Xy 2)
DIMENSION X1(113)
COMMON NsRTUT)sWT(T)YsWR(IT)sARI797) s NPRNT +MIMAXIKMAX»DELTAWXTAU
1 XLAM(3), B2(T797)9R2(T7+7) 9 IFLAGIR(28+101)sT(1491)+51G)
2 “PU28+101)9H(28+35101)sPLAMI3) sHLAM(343)9P2( 79 7) s
3 HZ(T+7+3)CONST(3)NEQ
ARG=10.0®(Y=X{13))
2=X(1) + X{(2})#TANH(ARG)
RETURN
END
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