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NOTE ON REPEATED SELECTION IN THE NORMAL CASE

BU-166-M D. S. Robson April, 1964

ABSTRACT

A kx-cycle selection model is specified by a (k+l)-veriate vormal distri-
bution of the variables X,Y,=X+te,,¢°¢,Y, =X+e with selection at the 18 gtage

removing o frection
Pi = P(Yi > yi l Yl > yl’...,Yi-l > yi-l)

The distribution of X in this selected fraction is then convolved with the

2
N(0,€7,,) aistribution of e,,, to foram the distribution of Y, ...

sion is given for the characveristic function of X in the k'® selected

An expres-

fraction.

Biometrics Unit, Plant Breeding Department, Cornell University



NCTE ON REPEATED SELECTION IN THE NORMAL CASE

D. S. Robson
BU-166~M April, 1964

Selection for & quentitative trait often continues for several cycles,
as in the successive annuel screening of e plant population in the process
of developing new varieties. With pleant selection, &5 with most othef;sélec~
tion problems, the treit x being selected for cannot be measured without error,
and actuel selections are bsed on the observetion y, = x + e, in the 1** cycle
of the process. We shall assume here that the error charnce variable ey is
N(O,eﬁ) (normally distributed with mean O and variance Bi) and that the error
e; attaching to x in the 1*® stage is independent of the error e attaching to
that seme x (or any other x) in the j'® stage. Further, we suppose that in the
unselected population the chance varieble x 1s N(E,0%), 8o that yléx+el is
N(E,wi = 0% + Bi).

The population available at the k'® stage is assumed to be of infinite
size, and selection consists of removing the upper frection Rk of the aveail-
able y-population for further selection atstage k+l. The firaction of the
original population avallable for selection at stage k+l is therefore PlPZ---gk,
and our concern here shall lie with the distribution of x in this remaining

fraction. These fractions are defined by

P, = P(Yl > yl)

4

PP, = PlP(Y2 > ¥, | Y, > yl)

PP, *B = PPy oB (P(Y >y LYy > 3,%, > 5,00 ) >y )

and our results are based upon the observation that this remmining fraction is



simply the tail probability in a k-variate normel distribution,
ByPp* Py = P(Y) > ¥3,¥p > ¥ttt o Y > ¥y)

Since the joint distribution of X,Yy,¥p,°%,Y, 1is the (k+1)-variate
normal distribution with mesn { and covariance matrix

T 02 g2 eees g2

o® wi  ceer o®
A= | . . = [°13]

02 az s0 00 wa

then the distribution of x fqr fixed values of Yl,'" ’Yk is normel with meen

E(X|y s 0oy ) = E - rA°l (y,-g) = *°° - rA°k (v, <€)
1 k 00 1 E 00 k
and

A
ver(X|y,,  *,y) = x—
= 00

where A is the deter~ .nant of A and AiJ is the cofactor of the 13j'® element of A.

The joint distribution of Y,,*¢*,Y 1is normel with mean = (E,°+*,%) and
covariance matrix Aoo‘ Using the expansion

k
A= 000ta0 = 2°1o"o.1"oo- 1)
i,J=1

where Aoo- 13 is the cofeactor of au in Aoo’ we may then express the conditional



moment genereting function of X as

tX
E(e ,yl!“.)yk)

k
£2 1
+ =(0_ - £ oo, 0 N L) L oo, (y,=E)A_ .
= e 2 oo Koo 1,3=1 10703 o001} l\ 00 1,3=1 io*Y) oor1)
and then
2
tEt =~ o
tX 2 “oo0 -1
(™Y, > yy,°00Y >y ) =e (7,B,**°P,)
1l 1’ 7k k 1 2 k
(2m) f‘ o
1 -
- “é',{;; . ?,E(u -E)(u g)- 2t°'1°(u -E)+t%q, o o3 ]Aoo-
e ul".dt,l_k
{u; > y,1

The exponent in the integra.l reduces to

Z(u -E~0, t)\u ~E-0, t) 00013
i,3=1

hence, transforming to the standard normel z, = (y.i--,g)/.,/ai1 , .we obtain

¥, Y, -
1 tx —-}-— aes e nsemcgmass
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The meen value of X in this selected fraction of the population 1s obteined

by differentiating once with respect to ¢, first. writing

Y,-§ ~E
E(etxl 'Z)];l"' > 20,°% E—:;— > zk)

o? o? .o
= c&(t)PROO(vl > Zl" a)-; t,"‘,vk S zk- m-)—; t)/Pleo Pk

80 that the derivative becomes

1 {4 0 oo ® 02
m {%( .J)PROO(VJ- > zl- (-"I ‘b, )Vk > zk- — t)
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Setting t=0, we obtain the mean value

22
.2 i J
E+ VN P""'...P e Pr (Vl > zl’”.’v‘j-l > zj-l’v.j"‘l > 24195000
172 ﬁ 00
Vi > zklv’j = z‘j)
or
2
E+—m z © PR(J) (1'11>zl'w1mJ ZJ’“"u,j-1>zJ 1
3=1 "} 00
9% _ 92 _ o
- 5 259054y > 2y 9= T g0ttty > 2 5 o zj)
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