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FOREWORD

This report swmmarizes research carried.ovut under . projoct
entiticd, "The Invesiigation 0f ibe rhysical rroper*iec of Icnt
Gases," MJO 9813, which is part of the Space Technology Labtoratories'
General Research Prcgram. The major part of this project was to be
the development of a technique for measuring the electrical conduc-
tivity of ionized gases in steady flow. There was particular inter-
est in the measurement of the conductivity in tiie exhaust of an arc

Jet.

Nominally, the project was to continue until December 21,
1960, having started on January 1, 1960. As a result of transfer
of personnel to the Aerospace Corporation, this work was discontinued
at the end of August 1960. The report, therefore, covers only the
work done up to that time, and the project must be considered incom-

plete,
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ABSTRACT

Two methods were used in attempts to measure the electrical con-
ductivity of various substances, in rarticular that of a plasma jet, 1In
the first set of experiments, transients flowing in a system of coupled
rtrouite were subtracted in such a way that the difference signal 1s due
only to the presence of the conducting materisl, The amplitude and time
decay of the signal are calculable functions of the conductivity. This
method worked well on graphite ( o ~ 1000 mho/em), but was too in-
sensitive for aqueous salt (NaCl) solutions ( o ~ 1 mho/cm). Therefore,
it cannot emsily be applied to the case of an air arc jet exhaust (ex-

pected value of o ~ 1 mho/cm).

The steady-state AC measurement technique was tried next., In these
experiments resonance properties of a coil coupled to the conducting
material were measured and compared to the corresponding properties of the
same coil in the absence of the conducting substance, This method was
used on salt water in the frequency range of 1-10 mec, It was found to be
sufficiently sensitive that the accuracy of the conductivity measurement
was expected to be about 10%., Two problems were encountered, however,
that were not solved in the time available for this prolect. First, the
salt water was found to have an appreciable capacitive reactance, which
made it unsuitable as a calibrating medium. Second, grounding of one end
of a tube filled with a sample of salt water cauvsed undesirable changes in
readings. It was necessary to ground one end of the sample in order tc
simulate properly the plasma jet which is grounded at the nozzle.
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SYMBOLS

radius of primary coil
coefficient in current transient
magnetic field

capacity

coefficient in current transient
electric field

coefficient in current transient

" " " "

ci rrent
Va1

coupling constant

- inductance

mutual inductance

reciprocal time constant
quality factor of coil = wL/R
radius

resistance

time

Jet velocity

battery voltage

reactance

impedance

defined by: p, = -7y - {l+r }
proragation constant in wave equation

=1 - (1 = % €) (1 + (-:)-l

=\/1 . hkznln )'2 -1

T, = 1%
3 ( 3 1
permittivity
permeability
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single ccil reciprocal time constant = R/L

conductivity

radian frequercy
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primary coil

search coil

plasma jet or sample

conductivity sample (salt water, plasma,...)
radial component

[T S ¢ N V'S B oV I o

axial component
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I. INTRODUCTION

There is currently a great interest in the spplication of magretchydro-
dyriamics to propulsion and power generation, In most cases the worklng fluid
in MHD devices is an jonized gas. It appears that the electrical conductivity
of such a gas is a parameter playing an important role in the performance of
such devices, For many pure gases the conductivity can be calculated (in
equilibrium) or measured using shock tube techniques,l but this is not presitle
for the arc Jet or the alkali-seeded gases of interest in magnetohydrodynamic
applications, It is difficult to calculate the effects of impuriti s and non-
equilibriyim on the conductivity of the arc Jet, and, similerly, it is diffionlt
to take Into account nonequilibrium effects in seeded gases. It 1s, therefore,
desirable to have available a method for measuring the conductivity of a plasma
Jet in steady flow. This report describes one such method in which appropriate

electrical measurements are made on a ¢oil coupled to the plasma jet,

The appliration of an inductive cousling technique to the measurenent
X &

of electrical conductivity is not rew. The stoaly state mcthod has been used

ty Blackman.z The results reported vy Blackman, however, are questionatle,
The transient method has been applied successfully to the measurement of the
conductivity of metals.3 This method canno® %Ze applied directly to our pur-
prse because the conductivity of ionized gases results in time constants that

are ton small to measure couveniently,

The otject of this project, then, was to develop a reliable method of
measuring the electrical conductivity of high temperature gases using the in-
ductive coupling technique. The gethod would either have to be capable of
yielding an a*s501v*e measurement or make use of calibrating substances whose
electrical rroperties are similar to those of the gases of interest., Both
the transient and steady state AC methods were considered and tried. The

following pages descrite these methods in some detall,
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11. DESCRIPTION OF EXPERIMENTS

1. The Transient Method

To Osc 1lloscope

el HW -

Cold air
reference coils

't

Figure 1. Circuit for Transient Measurement

Figure 1 represerts the circuit used in first attempts to
apply the transient method to a conductivity reasurement. The coils are
balanced as accurately as possible, They are connected in such a way that
the currents produzed by the two coils Lz tend to cancel each other. The
difference signal aprlied to the occilloscope terminals represents the
effect of the ionized Jet. The oscilloscope trace is the voltage across

the center resistor as a function of time after the closing of switch S.




STL/TR-60-0000-19414
Page 3

(a) Analysis
The behavior of the circuit of Figure 1 can be treated
by standard methods if one assumes an equivalent circuit for the plasma let,
consisting of an inductance and resistance in series, coupled to both Ll and
Lz. It is also possible to anelyze this circuit more rigorously by taking
into account the current distribution through the plasma. However, for the
present purpose the lumped circuit analysis will show the importént charac-

teristics of this method with sufficient accuracy.

It is assumed in the following that the circuit senses
no effect due to the motion of the plasma jet. For this to te true, the EMF
due to the radial magnetic field must be small compared to the field induced

by the rate of chanre of axial flux. Quantitatively,

Motional EMF = E_= vB

r
4B
1 dd 1 2 2z _r
Induced field = Eind * Tar at - Tor (nr®) 3 "z sz
vhere
v = jet velocity
p = typical inverse time constant

Thus the condition that the effects of the motion be negligible is that

E_ 2vB_
= < 1, (1)
Eipa FPB,

Formulas for Br/B as a function of r and z are not conveniently available
for multiturn coils.” But this information car be found in Smytheb for a
single turn coil. GQualitatively, cne can reason that applying such a result
to a multiturn coil is very likely conservative, Carrying out the calcula-

tions according to Smythe, one finds that the maximum value of - g is about

a-l, wherc a8 is the coil radius. Using a jet velocity of 5,000 ftfsec =

1.5 x 10° cm/sec, a radius of 1 cm for the coil L,, and a typical value for

*
At the time of writing it is learned that there is a machine program
available, developed by the Physical Research [aboratory of STL, which
computes the field of multiturn coils,
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p of 106 sec'l, Eq. (1) yields a ratio of 0.3. This shows that one has to
te careful in the choice of parameters. But it should not be forgotten

that the maximum value used above occurs only in a region defined by a narro
range of the variadbles r and z. £ nce one measures the integrated effect of
the currents f{lowing in the entire plasma, the errors introduced by ncglect-
ing the effect of the motlon must be negligible even for the values assumed

above.

The results of the transient analysis of the circuit shown in
Figure 2 are given below, This circuit is equivalent to that shown in Figure

except that L2 is shown open-circuited.

Figure 2. Equivalent Circuit for Transient Measurement

If switch S is closed at time t = O, tke currents flowing in the Lwo loops

are given by the following exprecsions:

t pLt
{1 - (1-8) &TF L o3 }

[y
H
|<

1l Rl

i

MV pt Pt
(e -

37 LlLB (ﬂ3-ﬂl) (1+¢) -e”) (z)

a2



The following defj:itions are used:

k2

Py

i

4

R

tof

€ (n3-n1) }

L. (n3-nl)}

1]
et
e,
A
w
+
ol
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] The derintives.are
di p.t p,t)
. _ Y . 1 3
Tl Rl{pl (1-8) e = + py be } (%)
ai. nt Pt
3 MV { 1 3 }
= > p. e - p.e (5)
dt L1L3\ n3-nl)(l+e) 1 73
The total output difference signal is
. P, t -nt Pot)
AV°=M12%{pl(l-5)el+xlenl+p35e3j‘
MV pt P3t
+ M, LlLB(r;B-rtl)(l+€) {ple - Ps° ©)

The part cf the voltage AVO due to the primary currents is
p,t p,(1-v)t p.t
- Y 1 1 3
AvOl =M, N { P, [(1-6) e - (1-y) e } Py de ,

which can be written, approximately

: p,t p.t
AVO]. EM].Z X— {Pl (1-8) - (l-T)(l-plYt)‘J e 1 + P3 Se 3 }

™ Pt p.t
~ A - 1 3
~M, g {pl r(l+plt) 5:] e + Py de }

r n p.t p.t
M, %{plr‘l+(l-k2)ﬂ—3%; + pyt et +133t'>e3 }

At t = O the amplitude of that part of the exponential, exp(plt), due to the

primary currents is

' o, T
A= M12 }_2; P, Y [1 + (1-x°) ——3——’!3_“1]

\')
=m12§'l'PlY;
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vhere N is a number between 1 and 2, since the second term in the brackets [ ]
can go from O to 1, depending on the ratio “3/“1' Similarly,
pt Pt
AWb3 = Fe + Ge .
The amplitude of that part of the exponential, exp(plt), due to the current 13
(the plasma current) is
MOM Vpl

F= LT (R, 7 (176

Making appropriate =ubstitutions thiscan be written

k 2
o] 1-k \'
F=-—‘_-%—T)- .....p r’
klzk l+¢ M12 Rl 1l

where the k's are the coupling coefficlients corresponding to the mutual
inductances of Filgure 2., Thus, the ratio of the two parts of the exponential

exp(plt) is approximately
z|=_‘_‘9.
Al ok -

Experimentally, klz represents loose coupling, ko fairly tight coupling, and

k again represents loose coupling, as implied by the approximations made above.
Thus, the ratio is of the order of 10; and the output (exp [blt] ) is deter-
mined mostly by the direct coupling between plasma and output coils. A similar
result can be obtained for the other exponential (exp [?3€] ).

Rewriting the significant part of the output signal once zgain,
i.e., the second term of Eq. (6), we obtain
Pt

_XVB =fzﬁVb3 = Fe + Ge

Pyt

k k L2

_ v Pt P3t
Yo F (1+¢) iI Zn3-xl$ Py€ - Ps* :
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Considering experimental values of

k ~ 0,01 - 0,10
ko ~o 005

L2

i-‘ ~ 0.01 - 0.10 »
1

Z&Vb can be written

P, Dt D, Pt
AV = (0.0005 - 0.015)V{—tee t - —d—e 3 b , %)
(o] ﬂ3‘ﬂl ﬂ3-ﬂl

where the first bracket reprccents the range of the numerical mmltiplier,

If p3 is too large for the oscilloscope to register the expo-
nential exp(p3t), and, if P> Py then Eq. (7) shows that the output is of
the order of millivolts or less if V 1s of the order of volts; and tle output
is proportional to the plasma conductivity. If exp(p3t) can be observed on
the oscilloscope, then the maximum value of the bracket { } (Eq. 7) is unity;
thus, the maximum observable _},vo is about 0.015V.

(v) Experimental Results

When a graphite rod was used in place of the plasma jet
in the circuit of Figure 1, a sizable signal was obtained., Thus, for a
material whose conductivity is of the order of that of graphite (~ 1,000 mho/c
this method is easily applied to the measurement of conductivity. On the
other hand, when a glass tube filled with salt water was used to simulate the
plasma, the difference signal was too small compared to the noise level and
compared to the signal due to0 the residual differences between the reference

and measurement circuits., In these experiments, 1, ‘s of the order cf 105,

1 (salt water) of the order of 108. It was reasoned from Ey. (7) that if n
vere increased the sensitivity should be materially improved. n) was increase
by using a smaller value of Ll' The output signal, however, was still too

small and too ncisy. The reason for this is probably twofold: first, the

switching was no longer fast enough compared to the exponential decay exp(pltf
gecond, the oscilloscope reproduced a signal which showed both sttenuation anc
distortion, because the increased p, nov corresponds ‘o frequencies (~ 10 me)

beyond the range of the instrument,
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It is probable that all of these experimental difficulties
could be overcome by sufficiently sophisticated techniques., It is clear,
however, that the desired information can be obtained with much simpler
techniques if the steady-state AC method Is used. It was therefore decided

to try this method,.
2. The Steady-State AC Method

A o-H
R L

B CJH |

Jet

Figure 3. Steady-State AC Measurement Circuit

The steady-state AC measurement is very simple in principle.
The circuit is shown in Figure 3. Appropriate measurements are made at the
terminale AB, comparing the coil in air with tue coil coupled to the plasma
Jet. Frequencies are used such that the expected "skin depth" of the plasma
is large compared to the radius of the plasma jet. The measured quantity
‘ould be elther RF impedance or the effective Q of the coil, In principle,
the impedance bridge has the same sensitivity as a Q-meter, But in practice
it was found that the impedance bridge was not sufficiently sensitive in the
required range of resistance and reactance, Most of the experiments were
therefore concerned with Q-meter measurements. It should be pointed out here
that attempts were made to use impedance bridge results as a check on Q-meter
measurements, In these attempts the circuit used in the bridge measurement
was modified so as to increase the sensitivity of the bridge in the range of
interest, Satisfactory results were not obtained, however, because of lack

of time. For reference, the principal features of a Q-meter circuit are

shown in Figr-e 4. ‘k)

s

5
9P N

Figure L. Q-Meter Circuit
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The unknown coil is connected at L. The voltmeter @ reads Q
directly if the generator output 1s adjusted such that Vl reads 1 volt, and
if C 1s adjusted for resonance, This can be seen by inspection, Q is de-

fined here as (wL/R)coil .

(a) Analysis

LI-M L3-M

AO—MY\—

Figure 5. Equivalent Circuit for AT Measurement

Figure 5 shows the simplest equivalent circuit for the
measurement. The notation is the same as that of Figure 2. It is an easy
matter to derive the impedance "coupled" or "reflected" into the primary,
i.e., the change in impedence ZAB due to the plasma

A

Z
2= -2 (8)
[ Z )

AT

where
Z = jJuM

Z, = ZL + jaLB = total secondary loop impedance.

The quantity measured by the Q-meter is:
l; A
2 -2 = [z = R+ JAX
JAS:
o

A

X

1l

o
'

e

[}

>

1
°><

where
resistance of coil coupled to plasma Jet

~<
]

= reartance of coil coupled to plasma Jet
R = resistance of coil in air
X

~ reactance of coil in air .
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Z\X is computed from the capacitance readings, and Z&R can be found from

measured quantities as follows:

Dk, +0x-q
iR - ()

where Q = Q,0 - Q
and Qb = Q of coil in air

Q = Q of coil coupled to plasms Jet

From Eq. (8)
Ar R
TR
where R3 = Re(ZB)
x3 = Im(z3)

In the simple case for which ZL represents Just the equivalent resistance
of the placma,

/'A R RQ

"3
‘75?«’55‘6"

To a first approximation n3 is the first order inverse time constant of the
plasma jet, and can be computed taking into account the distribution of the
current flow. x3 is a known function of the dimensions and the plasms con-

ductivity, as follows:

L o217 (r )0 x 107 (9)
n c
3
where r, = radius of sample, cm
O = conductivity, mho/cm
1
= time constant, sec,
3

Thus the Q-meter measurements could be used to calculate the plasma conduc-

tivity, through Eq. (9). It should also be possible to make a more precise
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calculation of n3 by a method analogous to that used by C. P, Bean et al.3

Ignoring the difficulties discussed below, it would be necessary to solve
the wave or eddy-current equation in cylindrical coordinates as follows:

Vir-Pe

3

Jau (0 + Jwe)

~ Jupo .

Using the fact that there is no variation with g, tke scalar wave equations
for the components are found to te

2 2 1
VBr rBr+:a-B

r

2
and ‘7232 = r“ Bz'
The solutions could be found by matching the well-known general solutions of
the eddy-current equation at the plasma-air boundary and at the coil boundary

(v)  Experimental Results

In order to verify the preceding theory, an aqueous salt
(NaCl) solution was used to simulate the plasma jet. Salt water was used (as
in the transient method) because its conductivity is known or can be measured
by other, simpler techniques, uarnd because *he conductivity of a saturated
solutlon is approximately that to be expected of the air jet used in this
laboratory. Solutions of various strengths were prepared, and their conduc-
tivities measured using an RF impedance bridge. The salt water was poured
into a channel which was cut to the shape of a rectangilar loop as shown in
Figure 6. 1In the frequency range of 1-10 mc, the measured resistive componen
agreed well with published conductivity tables (see Figure 7). An appreciabl
capacitive reactance component (series) was also measured. For a loop length

of approximately 3 ft the measured capacitance of the saturated salt solution

":i EL“SE’I}#W’ate r

.

was in the range 0.01-0.1 uf,

\Bridge
Figure 6. Salt Water Conductivity Measurement
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The presence of a capacitive reactance was observed in the Q-meter readings
as well, A;x turning out to be positive., If ZL (Figure 5) were purely resis-
tive, ZSX would be negative, Thus the capacitive reactance introduces a
problem into the conductivity measurement of the calibrating substance which
ie not erzacted to exist in the actual case of the plasma jet meesurement.
One could, therefore, proceed with the plasma jet measurement just on the
basis of the theory. If a check is desired, a substance would have to be
found which decs not exhitvit the capacitive effects, It is possible that
fused salt or some of the iron sulphides may have the required properties for
calibration of the instrument. But there was no time to pursue this matter.

Figures 8, 9 and 10 show the values of /\R/A X obtained
from Q-meter measurements for tutes of salt wster of various diameters and
conductivities at various frequencies, The graphs show that ZiR/‘ﬁx decreases
with increasing conductivity, as it should, but the slope is too small when
compared with the simple theory. The behavior with respect to T. the radius
of the salt waler tube, does not correspond everywhere to the theory, neither
does the variation with freguency. An attempt was made to take into account
the capacitive reactance by assuming a circuit for ZL consisting of a capacitor
and a resistance in series, the capacitance varying slowly with frequency.
When the measured reactance,_ﬁx, is plotted as a function of frequency, the
slope is found to be negative in some cases. This is not possible; and,
therefore, either this simple equivalent circuit is inadequate or the accuracy
of the measurerents may not be sufficient to draw significant conclusions con-
cerning the proper equivalent circuit. The second alternative is plausidble
since in the calculation of the equivalent capacitance it is necessary to

compute second differences of the data.

A second problem in the application of this method concerns
multiple grourding. The arc jet is, of necessity, grounded at the nozzle.
Parts of the coil are at relatively high RF potential with respect to the
ground of the (-meter. Thus, currents can flow through the plasma jet to
ground by way of the capacitance between the ~0l1l and the jet. Such currenis

have appreciatle effects on the Q-meter readings.
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SAMPLE |
0.250 - SATURATED SOLUTION AT ROOM TEMPERATURE
e y
0.245 |- \
0.240}-
AAA
AN
0.095 -
0.090 |- .
0.085 }-
0.080 |- SAMPLE 2
) UNSATURATED COLUTION AT ROOM TEMPERATURE
CONDUCTIVITY CALCULATED FROM RF
0.075 |- IMPEDANCE BRIDGE MEASUREMENTS OF
RESISTANCE BETWEEN ELECTRODES INSERTED AT TWO
ENDS OF CHANNEL FILLED WITH SOLUTON
0.070 -
o] 2 4 6 8 10 12

FREQUENCY, mc
26 s

Figure 7., Conductivity of Salt Water vs. Frequency
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Figure 8, Ratio of Reflected Fesistance to Réactance of Salt

Wwater Tube vs, Conductivity at Constant Freqiency
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One solution might be the use of an RF transformer at
the Q-meter (or bridge) inductance terminals. The measuring coil should
then be connected to the output coil of the transformer with coaxial cable;
the coils should be physically far enough apart to make direct coupling be-
tween transformer coils and measuring coil negligible. The measuring coil
should have a grounded tap which can be adjusted such that the measurement
is unaffected by whether or not one end of the plasma Jet or the salt water
tube is grounded. It is, of course, important that such ar adjustment should
not be sensitive to the particular way the grouni connection is made at one
end of the plasma jet., One should also be able to duplicate measurements
without having to change the adjustment. It is likely that these conditions
could be met since the plasma and coil are located inside the arc Jet test

chamber, and are therefore shielded from external influences,

Another solution suggested by E. Baines of the Telecommuni

cations Laboratory is the use of a balanced measuring coil as shown in Figure

ti.\\\\\@

~ \J \J VT

V¥ Nozzle Ac‘)
Figure 11, Balanced Measuring Technique

Arc Chamber

If a voltage is applied at AB which is balanced to ground, then currents flow.

ing to ground through capacitive coupling cancel out at terminals AB by
symmetry. One way of providing such a balanced voltage is to use a tuned
push-pull amplifier. Resonance would be indicated by a minimum reading of
an RF ammeter, It would also be necessary to read the RF voltage across the
tank circuit. On the other hand, it may be possible to use the Q-meter, as
before, with some arrangement of RF coils which transforms the unbalanced

Q-meter circuit into the required balanced circuit.

It is clear that without eliminating the effects of the
grounding of the plasma Jet or finding a way to take them into account the
measurements are without* meaning., The grounding problem therefore represents
an important aspect of ~he developrient of this technique for measuring con-

ductivity.
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I1I. ALTERRATE AFPROACHES

A simple, direct method of measuring conductivity was described
recently by C. P, Bean et 81.3 It consists of applying an axial DC mag-
netic field to a rod sample of the material of interest, and recording the
time decay of the voltage induced in a search ccil coupled symmetrically
to the rod after opening of the circuit which produces the magnetic field,
This method has the advantage over both methods discussed in (II) that one
measures directly the time constant of the sample, whereas in the methods
of (II) a difference measurement is required. Conductivity is computed

from the time constant measurement using Eq. (9).

In the application of this method to the measurement of the conduc-
tivity of an arc Jet, two technical difficulties arise: (1) since the time
constant for a plasma Jet whose diameter is of the order of one inch is
measured in millimicroseconds, the switching becomes a problem, since switch-
ing times should be small compared to the decay times of interest; (2) the
time decay has to be recorded on an oscilloscope whose time response 1is in
the millimicrosecond range, Such instruments using traveling wave amplifiers
can be cobtained, It remains to be seen what practical problems arise in the

use of a traveling vave cscilloscope,

Thus the application of this direct method to the conductivity measure-
ment of a plasma Jet requires extensions of laboratory techniques. The
grounding problem discussed in (II) is relatively easy to solve in this case,
since only a voltage difference is to be measured and the potential reference
is of no particular concern. However, the difficulties in calidbration are the

same as before (II) if salt water is uced.

A list of other methods follows:

Resonant Cavity5

The change in the cavity resonance curve due to a jet passed

through a microwave cavity can be used to measure the Jet conductivity.

Microwanve Beam

For wavelengths small compared to the jet diameter, the attenu-
ation of a microwave beam crossing the Jet can be used to measure the jet

conductivity,
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v X B Measurement

The magnetic field of the plasma currents due to both the
plasma motion and the transve:rse compeonent of an applied low freguency
magnetic field can be measured and related to the conductivity. A know-
ledge of the jet speed is necessary in this method.

RF Column Resistance

It should be possible to measure the resistance of a column
of the jet using an RF impedance bridge. The bridge terminals are connected
to two wide rings around the Jet, the distance between rings defining the
column length. The gap between ring and jet must be small enough so that
the gap capacitance can be balanced out by the bridge.
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Iv. SUMMARY AND CONCLUSIONS

Transient and steady-state AC methods were considered for the measure-
ment of electrical conductivity. The steady-state AC method was found to be
superior, One problem was encountered when an attempt was made to use a
saturated aqueous salt (NaCl) solution to calibrate the measurement in the
conductivity range expected of an arc Jet. It turned out that at the
measurement frequencies such a salt solution has capacitive reactance which
complicates the interpretation of the results. One possible solution to this
problem is to look for other substances in the pure liquid or solid states
that have the required conductivities and behave like pure resistors. Ex-
amples of such substances that may satisfy these conditions are fused salt
‘and one or more of the iron sulphides, Another approach would be to develop
measurement procedures that take into account the capacitive effects mentioned.
A second problem concerns multiple grounding. This problem has to be con-
sidered only when it is desired to apply this method to the conductivity
measurement of an arc jJet. Again, it may be possible to eliminate this
problem by appropriate circuit modifications or to solve it by making measure-
ments in such a way as to take into account the effects due to multiple

grounding.
There is no doubt that, given more time, the inductive coupling method
for measuring conductivity can be made to work, and that an instrument would

result which is reasonably accurate and relisble,
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