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SUMMARY

Two proofs are presented of an inequality

due to Bergstrdm.



NOTES ON NATRIX THEORY--lV
(An Inequality due to Bergstrom)

Richard Bellman

81. Introduction.

In a recent note.. Bergstrom proved the following interesting
inequality:

"Let A and B be positive definite matrices and let A,,, B,
denote the sub-matrices obtained by deleting the lth row and

column. Then

a (A +8l 5 dal \B|
PiiBial = Ml (Bi)

where| | represents the determinant,”
Bergstrom's proof is essentially a verification, We present
two proofs below, the second of which lays bare the origin of

the result,

82, First Proof:

The first proof is an immediate consequence of the result:

Lemma 1: If A is positive delfinite, then

N
(1) *(A) = 1AL - Min 2 B, XX,
|,\iil : X i,j=1 ij 1)

where x is constrajned by

.
H., Bergstrom, "A Triangle Inequality for Matrices,” Den llte
okandinaviske Matematikerkonqress, Trondheim, 1949: 0Oslo, 1952;
pp. 264-267.
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crrom this it is clear that ¢(A+B) 2 ¢(A) + ¢(B).
We shall not present the proof, which is easily obtained by
the use oi a Lagrange multiplier, since Lemma 1 is u special case

of the more generul result established in the next section,

§3. Second Proof:

We begin by establishing

Lemma 2: I1f A is positive definite, then

(1) (x,Ax)(y.A'ly)‘Z (x.y)z.

for all x and vy,

llere (x,y) denotes the inner product of x and y and (x,Ax)

A =
the quadratic form a, . x,x,. A 1 is the inverse of A,
g W

Proof of l.emma 2: Reduce A to diagonal form by an orthogonal matrix

T, i.e., T'AT =1L, T' = T-l. Let x = Tu, y =

Tv. Then (1) Lecomes

N TP R YN
(2) ( ug) () vi/a) =) u, v,
o VU NPT 2 N
which is the Cauchy=-Schwarz inequality,
sSince the inequality becomes an equality for <uitauble choice

of x, we have

) (x,Ax) 1 "
M - —— = = A).
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‘'rom this it is immediate that

(1) Y(aeB) 2 WA) + Y(B).

The case y, =1, yj=0, J#i ylelds Bergstrom's result,

The RAND Corporation
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