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Preface

Although this study was begun with the thought in mind of
providing an unbiased evaluation of various describing-function
generating schemes (unbiased, since I had no hand in any of them),
it has ended up as an introduction to a describing-function genera-
ting scheme of my own, as well. I should not really call the correc-
ted-conventional describing function my own, since it is really only
an unconventional, ''corrected" form of the conventional déscribing
function developed by Kochenburger and others, and its only theore-
tical justification is that it is based on the conventional tech-
nique. Let me assure you, however, that the basic linear functions,
used as being representative for the purpose of the study, were
chosen before the idea of correcting the conventional describing
function came to me, and therefore they in no way (intentionally,
at least) were chosen because they favor the corrected-conventional
technique. As a matter of fact, I first realized the possible ben-
efit of such a correction while trying %o improve on another uncon-
ventional technique presented by Gibson called the new rms describ-
ing function. And it was on his examples that I first had success.

I wish to express my appreciation for the encouragement, guid-
ance, and assistance that my Faculty Thesis Advisor, Professor J. J.
D'Azzo provided me, as well as for the original topic. I, further-
more, would like to thank Mr. R. O. Anderson of the Flight Control
Division (R&TD) for sponsoring my work and also providing guidance
and advice. OSome of the greatest tangible assistance, though, came

from Kr. H. E. Petersen of the Analysis Branch of the Digital Com-
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puter Division (R&TD) who programmed and ran the describing function
equations on the digital computer so that they could be plotted, and
Mr. David K. Bowser of the Control Criteria Branch of the Flight
Dynamics Laboratory, Flight Control Division (R&TD), who envisioned,
programmed, and ran the digital computer verification of the analog
computer results. Last, but not least, I thank ny wife for typing

this thesis.

Robvert R. Rﬂnkine, Jr.
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Abstract

A describing function is an amplitude-dependant generalized
transfer function of a nohlinearity which can be used to repre-
sent the nonlinearity when its input is approximately sinusoidal.
Trhe simpler and mere prominent or accurate describing-function
generating schemes include (1) the conventional, (2) the minimum

average error, (3) the eguivalent gain, (4) the new rms, and (5)

the corrected-conventional. An evaluation of these various schemes,
based on the accuracy with which the describing functions they pro-
duce can predict the amplitude and frequency of self-sustained
oscillations in a nonlinear system, reveals that the corrected-

conventional describing functions are more accurate for single-

valued nonlinearities.
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AN EVALUATION OF SELECTED DESCRIBING FUNCTIURS

OF CONTROL SYSTEM NONLINEZARITILS

I. Introduction

A "generalized transfer function" is an approximately eguiv-
alent linear transfer function of a nonlinearity. It is used to
represent the nonlinearity in control system analysis, but is appli-
cable only when the input to the nonlinearity is simusoidal. If the
nonlinearity is independent of the input frequency,w, and is solely
dependent on the input amplitude, X, the generalized transfer func-
tion is kmown as a "describing function" or more specifically, a
"sinusoidal describing function" (Ref 4:405). One derives the de-
scribing function of a particular nonlinearity by using some scheme
to choose a sinusoid that wiil closely represent the output of the
nonlinearity in some sense (Ref 7:153). The describing function then
becomes the ratio of the amplitude and phase of the chosen output

sinusoid to the amplitude and phase of the input sinusoid; that is,

Anmplitude and Phase of the Equivalent

. . Sinusoidal Output of the Nonlinearity

Describing Function = N = 4p 0 tude and Phase of the Simusoidal
Input to the Nonlinearity. (1)

The foregoing definition of "describing function™" is far more
general than that usually encountered in literature on the sudbject.
In the past, definitions of the function have usually encompassed

only the describing function scheme developed by Kochenburger

(W)
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(Ref 8:270ff) and others} based on the Fourier Series r.br‘sentation
of the output of the nonlinearity. Many other schemes for Tepre-
senting nonlinearities have been developed since Kochenburger's work,
however, and limiting the definition to this "conventional" descrid-
ing function is apt to cause confusion when one tries to define the
others. Thus, the term "describing function" will be used in its
most general sense in this paper, and the descridbing function orig-
in#tod by Kochenburger, which represents the output of the nomnlin-
earity by the first harmonic of the Fourier Series expansion of the
output waveform, will be referred to as the "conventional describ-
ing function."

Since there are many schemes for producing describing functionms,
the yuestion arises: "Which, if any, is best?" The purpose of this

paper is to answer that question.

The Problem

The problem is to evaluate comprehensively the accuracy with
which the various descriding functions can predict the amplitude and
fregquency of self-sustained oscillations in a nonlinear feedback con-
trol system. When this is done, it may be possible to choose a
describing~function generating scheme which produces describing func-
tions superior to all of the others, or it may be found that each type

of nonlinearity favors a different scheme. In either case, the con-

1 . . . .
Kochenburger in the United States, Dutilh in France, and Goldfarbd in
Russia are generally given ejual credit for having discovered the
method since their works were made knuwn adbout the sane tine.
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trol system engineer shall be able to obtain greater accuracy in
predicting the eftects of a nonlinearity in a feedback control sys-
tem as a result of this stuly. This paper is not intended to be a
srimer on the describing function method of analysis, but, ratker, a
comprehensive evaluation of a few of the describing functions which
may be used in that analysis. Therefore, if the reader is unfamil-
iar with the general describing function technigue for stability and
l1imit cycle determination by direct polar (i.e., Nyquist) plots, it
is recommended that he tirst consult the references (e.g., Ref 1l:442-

444).
Describing Function Generating Schemes to be Studied. Since it

would be difficult, if not impossible, to research and include every
scheme for generating describing functions ever invented, only the
zore simple and _romninent oxr accurate methods will be included. These
are (1) the conventional describing function originated by Kochen-
burger whick expands the output of the nonlinearity in a Fourier
series and uses the first Fourier harmonic a&s the eguivalent sinusoi-
dal output (Re:x 6:270ff); (2) the minimum average error describing
function originated by Gibson wkbich, a8 its name indicates, mini-
nizes the average error between the equivalent sinusoid and the out-
put ot the nonlinearity (Ref 2:361); (3) the egquivalent gein origi-
nated by rrince which uses the maximum amplitude of the output of the
nonlinearity as the amplitude of the equivalent sinusoid (Ref 10:217);
(4) tre new rms describing function originated dy Gibson which is

based on eguating the rms value of tke actual nonsinmusoidal output of

3
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tLe nonlinearity to the rms value of the equivalent sinusoidal out-
put (Ref 3:1321); and (5) the corrected-conventional describing func-
tion developed by the author which includes the effects of Fourier
bharmonios higher than the first by taking as the amplitude of thke
equivalent cutput sine wave, the square root of the sui' of the squares
of the amplitudes of the first and third Fourier harmonics,

One of the more prominent methods of improving the accuracy of
the conveniional describing function, the use of Johnson's correction
terms (Ref 6:169ff), will not be included. The calculation of the
amplitude correction term is too complex to be very practical to the
engineer. One important result obtained by Johnson, however, will be
urnderstood throughout this study: that the first correction term for
the fundamental frequency is zero, and that therefore the describing
function frequency prediction is generally quite accurate. Because
of this fact, this study will be primarily aimed at improving tte
accuracy of the amplitude prediction; nevertheless, variations in
the predicted frequencies will result when hysteresis is studied by
the different schemes.

Nonlinearities to be Studied. In order to study how well a

particular describing-function generating scheme can produce a
describing function which accurately predicts a system oscillation,
it is necessary to choose a number of nonlinearities to wkich to
apply the scheme. The most often encountereld nonlinearities are con-
sidered the most important, and the following nonlinearities are, in
the opinion of the author, the most ofter encountered: (3) dead
zone, (2) séturation, (3) dead zone combined with saturation, (4) the

4
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ideal relay, (5) the relay combined with hysteresis, (6) the relay
combined with dead zone, and (7) the relay combined with both dead
zone and hysteresis. rach of these nonlinearities has an output

which is both odd periodic and odd harmonic for sinusocidal inputs,

2

or at least can be considered so by phase-shifting the axes. Each

of the S describing-function generating schemes crosen will be
applied to each of the above 7 nonlinearities producing 35 different
describing functions to be studied.

Linear Systems to be Studied. It is also necessary to choose

some arbitirary, representative linear feedback systems into wxhich to
introduce the nonlinearities. These were ckhosen on the bases (1) that
the frequency at which the direct polar plot of the system forward
transiexr function crosses the negative real axis be within the limits
of the analog computer and iits recording devices, so that the predic-~
tions can be checked experimentally without a lot of time scaling,

and (2) that the system open loop transter function be of higher than
second order so that the describing function method is preferable over
the phase plane method of analysis.3 (Also, the system open loop

transfer functions must be of higher than second order before self-

2A function is said to be odd periodic if f(t)=—f(-t).

A function is said to be odd barmonic if f(t)a—f(t+T/2), where T is
the period.

3For a description of phase plane analysis see the references (Ref
12:65€fF).
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sustained oscillations can occur with nonlinearities that do not
introduce a phase shift.) Nine different linear forward transfer
functions to be used in unity feedbasck systems were chosen on these
bases. They are described qualitatively in Table I on the following
page. The table also indicates the nonlinearities with which each
was coupled. Since there are to be five describing functions inves-
tigated fo: each nonlinearity, the scope of the problem involves 220
amplitude and frequency predictions, and, since each system must be

checked on the analog computer as a basis for evaluation of the accu-

racy of the predictions, 44 analog computer runs.

Analysis of the Problem

Assumptions. The basic assumptions which one mist make in order

to use the describing function method of analysis to determine the
amplitude and frequency of self-sustained oscillations are (1) that

the system is unforced and does not vary with time, (2) that the non-
linearity is separable and is not frequency dependent,4 and (3) that
the linear transfer function provides sufficient low-pass filtering

to permit excluding the higher harmonics from consideration (Ref 2:348).
These assumptions are quite good for the nonlinearities and linear sys-
tems to be studied, and they are also generally true in practice.

Since these assumptions are well understcod by users of the desrrib-

ing function method, they will not be further belabored.

4Some authors extend the describing function to freguency dependent
nonlinearities as well; however, as indicated in the definition on
page 1, it would then be a "generalized transfer function™ not a
"describving function.™
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Table 1

Qualitative Description of the Nine Linear
Forward Transfer Functions to Be Studied.

Linear Forward Transfer Functions
Nonlinearities
Type* | Order** | Stability Approximate Applied
(Direct Polar
Plot) Real Axis
Crossingh#s
0 3 Unstable -3
1 3 Unstable -3
Saturation, Satura-
2 3 Unatable -3 tion with Dead Zone,
Ideal Relay, Relay
2 3 Unstable -10 with Hysteresis,
Relay with Dead Zone,
Relay with Dead Zone
0 5 Unstable ~10 and Hysteresis.
l 5 Unstable -10
2 5 Unstable -10
-~
Conditionally -
3 3 -3
Stable # Dead Zone
Conditionally
3 3 Stable # -10

*Type O, 1, and 2 systems are called position, velocity, and
acceleration control systems, respectively, by some authors. Tre
nunbers O, 1, and 2 refer to the power of the separadble s, the
Laplacian operator, in the denominator of the linear transfer
function.

#*The number of poles minus the number of zeros.

**%'he gain of each system was set for one of the two distinct
crossings listed in order to provide & wide wvariation in the anpli-
tudes of the sustained oscillations.

# It is necessary to use a conditionally stable system in oxrder to
reach & stable limit cycle witk a dead zone nonlinearity.
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The new rms describing function has not been extended, as yet,
to the analysis of nonlinearities with memoxy (Ref 2:384). In the
author's opinion, however, this scheme can be applied quite easily
to nonlinearities with memory that result in a phase shift of the
output wave that can be calculated algebraically, such as for the
hysteresis nonlinearities included in this paper. If the axes are
shifted through the proper phase, the output of the nonlinearity
becomes an odd-harmonic, odd-periodic function, and the new rums
describing function method can easily be applied to determine the
magnitude of the describing function. Furthermore, the shift in
phase becomes the phase angle of the resulting new rms describing
function.

The idea behind the corrected-conventional describing func-
tion is that perhaps the effect of harmonics higher than the first
in the Fourier Series expansion of the output of the nonlinearity,
each receiving a different degree of attenuation througk the linear
portion of the system, can be approximated by including the unat-

p)

tenmuated effect of the thixd harmonic only.” This effect is "aver-
aged in" by the same method one would use to obtain the combined
eifective rms value of two sine waves of different frequencies when
the rms value of each is known. The square roct of the sum of the
syuares of the first and third Fourier harmonics is therefore taken

as the amplitude of ithe equivelent sinusoidal cutput of the non-

linearity, rather than just the first hermonic ac in the conven-

sThis explanation assumes that the output of ihe nonlinearity is
0dd rarmonic in which case the third harmonic is the firs: har-
zmonic above the fundamental.
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tional describing function. It would seem that the corrected-
conventional describing function would tend te ovevrcompensate for

the error caused by higher barmonics, especially as the oxrder of the
system is increased. However, the magnitude of the corrected-conven-
tional describing function is Jenerally less than that of the new

Tms describing function, thus making it applicadle to a wider range
of intermediate-order systems than the new rms describing function
which tends to overcompensate (Ref 3:1321).

Criteria. It would be nice if the engineer couid be guaren-
teed that one of the describing function schemes could provide him
with predictions that were always within ten percent of the actual
value and generally within three percent of the actual value of the
amplitude and frequency of the self-sustained oscillations. To
prove rigorously that & certain describing function generating
scheme would 2lways provide describing functions which were within
ten percent of the true outcome would certainly be a complex and
difficult, if not impossible, task. It is possible to postulate,
however, based on the more or less arbitrary selection of linear sys—
tems for this experiment, that a particular method generally pro-
vides predictions which are within three percent of the true outcome,
and/or is generally better than the other methods of prediction.

Procedure. The preceding criteria intrinsically call for a
comparison of some kind beiween the various describing-function
generating schemes. This was done in the following manner: (1)

eack of the 35 describing functions previously mentioned was derived,

9
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(2) the direct polar plots of the linear cystems and the negative
inverse plots of the describing functions were coupared to determine
the intersection points, (3) ihe stable intersedtions were inter-
preted as predictions of the amplitude and freyuency of self-sus-
tained oscillations in the unforced, closed-loop system employing

the nenlinearity, (4) the predictions were tabulated along with
experimental data obtained by simulation of the actual nonlinear
system on the analog computer, and (5) the experimentel resulis were
used as 8 basis of comparison of the accuracy of the various describ-
ing functions so that a preferable describing-function generating

scheme could be selected.

By this procedure a "best" method of describing each of the
selected nonlinearities will be postulated. In this way some guide-
lines will be added to the describing function method of nonlinear
circuit analysis so that the control engineer may obtain juanti-
tative as well es qualitative results from his work. In addition,
the various methods of transient-response prediciion which depend

6

on the accuracy of the describing function may be improved.

For example, computing the closed-loop frequency response of non-
linear systems as described in the refcrences (Hef 12:195-208).
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II. Linear Systems

Table I in Chapter I qualitatively describes the forward trans-
fer functions of the linear systems selected as representative of
those often encountered in practice for the purpose of study. Since
the conclusions and recommendations postulated in the last chapter of
this paper are largely dependent on just how arbitrary and represent-

ative the linear systems are, this sntire chapter is devoted to their

description.

General Block Diagrams

The general block diagram of the linear systems discussed in

the introduction is shown in Figure 1(a) below. Figure 1(b) stows

the same system with & nonlinearity introduced. The nomenclature
indicated in Figure 1(b) will be used throughout the remainder of

tkis paper.

(a) (v)
Figure 1

Unity feedback systems: (&) linear, (b) nonlinear, where G = linear
forward transfer function, N = describing function which represents
the nonlinearity when x(t) = X sinwt.

11




GGC/EL/64-16

Linear [ranasfer Functions

Three third-oxder and three fifth~order linear forward transfer

functions were originally chosen to be used in this study.

Their

transfer functions are as follows, each written in two common forms:

Gl(s) =

Gz(a) =

03(5) -

G4(s) -

180

(o]

(s+1)(8+2)(8+3)

¢,(3%) = TIroy (a0

18
s(s+l)(8+2)

by

30

o

r

5@) (1+30.333w)

9
03 = ET5eiTT730:59

4.16§s+0.12

s2(s+1)2

G3( jw) =

4650 L]

o]

T

0.476(1+3j10w)

(30)2(1+59)2

(s+1)(8+2) (8+3)

3
(8+44)(8+5)
12

38.

or

G4(j“0 = (1+39){1+43j0. 50) (1+3j0. 333w) (1+30. 25w) (1+30. 2w)

GS(S) -

Gs(ju0 -

G6(a) -

301

s(s+l)(8+2)(8+3)(8+4)

12.54

Ju(1+3w) (1+30.5«) (1430 333w) (1+30.25%)

242.9(s+0.1)
32(s+1)2(8+5)2

12

or

(2)

(3)

(5)

(6)
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0.9717(1+j10w) 1)

) (10210200

In a block diagrem arrangement such as that of Figure 1(a), Xgs
(2), (3), and (4) become type O, 1, and 2 systems, respectively.
They are third order because their denominators are of order three
higher than their numerators. Furthermore, their gains have bezen
adjusted so that they cross the real axis of their direct polar plots
at approximately -3. (See Figures 2, 3, and 4 at the end of this
chapter.) Similarly, Eq= (5}, (6), and (7) become type O, 1, and 2
systems, resyectively. They are fifth ordier because their denomi-
nators are of order tive higher than their numerators. Their gzins
have been adjusted so that they cross the real axis of their direct
polar plots at approximately -10. (See Figures 5, 6, and 7 at the
end of this chapter.) These transfer functions are believed to be
somewhat representative, since they, as most well-designed control
systems, have no more than three to five dominant ( closed-loop)
roots, and also, the three types of systems generally encountered
in practice are included. Furthermore, by establisking two sep-
arate real axis crossing poinis for each order group, both "large"
and “small" (relatively speaking) limit cycle amplitudes can be
obtained when the nonlinearities are introduced. However, in order
10 determine 1f the difference in accuracy between the predictions
ior Gl(s), Gz(s), and G3(s) and the predictions fcr G4(s), GS(B)’
and Géis) was due 10 limit cycle amplitude or system order, the
gain ot G3(s) in Eq (4) was increased, allowing it to cross the real
axis of the direct polar plot at the same point as Gy(s) in Eq (7).

fhus a seventh linear transier function was introduced for stuiy:

13
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16.57(s+0.1)
32(s+1)2

or

1.657(1+410 w)
(30)2(145w)2

G3A(B) =

The direct polar plot of this function is similar to that of Figure
4, except that the real axis crossing occurs at -10.339 instead of
-2.975.

Eqs (2) through (8) comprise a set of representative linear
functione into which to introduce the nonlinearities. Upon analysis
of these systems, however, it was found tbhat none would produce
stable oscillations with a dead zone nonlinearity. Thereiore, in
order to study the accuracy with wxhich each type of dead zone de-
scribing function can predict the amplitude and fregquency of self-
sustained oscillations, it is necessary to first devise a linear
system which will produce stable oscillations when dead zone is
introduced. Egs (9) and (10) below are the forward transfer func-

tions of two such systems.

_ 248.626(8+1)%

G
7(5) 53(s+10)2 .
. 2.48626i1+1wf
G =
73%) (5@)2(1+30.1 w)? (9)
828.753(s+1)2
Sqal®) - 8> (8410)° or
. 8.28753(1+3 w)? (10)
G, (jw) =
A (30)3(1+30.1 w)?
14
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As can be seen from an analysis of Figures 8(a) and (b) at the
end of this chapter, these conditionally stable, type 3, third-order
linear systems will exhibit stable cscillations when coupled with a
dead zone nonlinearity. (The direct polar plot of G7A(s) is similar
to that in Figure 3(a), except that the real axis crossings ocaur at
-0.6060633 and -10, instead of at -0.20605 and -3 as shown for system
G,(5).)

Fqs (2) through (10) are the forward transfer functions of the
so-celled arbitrary, representative linear systems inte whick the
nonlinearities covered in this study were introduced, with tbe
exceptions noted. In future discussions in this paper, the linear
functions of Eqs (2) through (10) will often be referred to by their
subscripted symbols; i.e., Gl(s) or GBA(ju)), as has been done in
several places in this chapter. With the linear systems thus estab-
lished and understood, the next step is tc generate some describing
functions for ihe noniinearities mentioned in Chapter I. This will

be done in the next chapter.
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III. Describing Functions

The general definition of a descridbing function is given on
page one in the imtroduction of this paper. 1In this chapter that
definition ie expanded in order to define each of the specific
describing-function generating schemes included in the study: con-
ventional, minimum average error, equivalent gain, new rms, and
corrected-conventional. Then the describing function that each
scheme produces is listed for each of the nonlinearities included
in the study: dead zone, saturation, saturation with dead zone,
ideal relay, relay with hysteresis, relay with dead zone, and relay

with both dead zone and hysteresis.

Definitions

Since the describing-function generating schemes differ only in
the way the equivalent outjput sine wave from the nonlinearity is
chosen., the definition of each scheme can be placsd in 2 more or less
standardized format based on the gensral definition of the describ-
ing function. This procedure will facilitate comparison of the
methode. In each of the following definitions

x(t) = X sinwt = the input to the nonlinearity;
¥(t) = the actual nonsinusoidal output from the nonlinearity.

The Conventional Describing Function. The conventional describ—

ing function is equal to the amplitude and phase of an equivalent
output sine wave, chosen as the fundamental frequency term in the

Fourier series expansion of the actual nonsinusoidal output of the
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nonlinearity, divided by the amplitude and phase of the input sine
wave. In equation form (Ref 12:146)
2 2 -1
(Ll+B1 )* tan (Al )
¥ - e U (12)
x /°

where A -%. g:y(t) cos wt dwt
2 111
B, =7 goy(t) sin 0t d Wt

The Xinimum Average Erxror Describing Function. The minjimum

average error describing function is equal to the amplitude and phase
of an equivalent output sine wave, 30 chosen as to minimize the aver-
age error between itself and the actual nonsimusoidal output of the
nonlinearity, divided by the amplitude and phase of the input sine
wave (Ref 2:381). Let ¢ be the phase difference between the input
sine wave and the ocutput periodic waveform. (The phase of the out~
put is taken as the shift in axee necessary to make the ocutput wave odd
periodic.) 'fhe average error can be minimized by setting the dif-
ference of the area under a half cycle of the actual ocutput and a

half cycle of the equivalent sinusoidal output equal to zero. In

esquation form:

T+é T+ ¢
average e¢rror = 0 = s y(t) dwt-¢ T, sin(wt - ¢) d wt
T+
)¢ y(t) dwt -2y (12)
where Y, sin(wt -~ ¢) is the equivalent output sinusoid. From Eqs

1
.12) and (1) the describing function is, ther:“sre,

T+
%S¢¢y(t) dwt i—¢$
x A

N = (13)

24
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The kguivalent Gain Describing Function. The equivalent gain

describing function is egual to the amplitude and phame of an equiv-~
alent output sine wave, chosen to have an amplitude egual to the peak
value of the actual nonsinusoidal output of the nonlinearity, divided
by the amplitude and phase of the input sine wave (Ref 10:217). 1In

ecuation form

y(%) /.
peak - ¢
X /o° (14)

where ¢ is the phase difference between the input sine wave and the

N =

output periodic waveform. (The phase of the output is taken as the
shift in axes necessary to make the output wave odd periodic.)

The New EMS Describing Function. The new rms describing function

is equal to the amplitude and phase of an equivalent output sine
wave, 80 chosen as 1o have the same rms value as the rms value of the
actual nonsinusoidal output of the nonlinearity, divided by the

amplitude and phase of the input sine wave. In equation form (Ref

ﬁ :/‘2‘{-12; gz [v(+)]? dwt}% ﬁ
x 0%

or 4
NS
) x /o° (15)

where"is the phase ditierence between the input sine wave and the

2:382)

output periodic wavetorm. (The phase of the output is taken as the

in &xec necessary to make the output wave odd periodic.)

IR,
S DA

25
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The Corrected-Conventional Describing Function. The corrected-

conventional describing function is equal to the amplitude and phase
of an equivalent output sine wave, chosen to have an amplitude equal
to the ssuare root of the sum of the squares of the coefficients of
the fundamental and third harmonic in the Fourier series expansion of
the actual ﬁonsinusoidal output of the nonlinearity7 and a phase
equal to the phase of the fundamental frequency term in the expansion,

divided by the amplitude and phase of the input sine wave. In

equation form

(A12 + 312 + A32 + 332)% tanfl(_‘_i_.)
¥ - 5 ,
5 (16)
x [o°
o (T
where Ll - . y(3) coswt dwt

2 aty
By "?'rf y(%) sinwt @& wt
)

5 v
LN %ﬁ:)o ¥(t) cos 3wt dwt

3

2 v
By -T-T-fo ¥(t) sin 3wt dwi

7Only nonlinearities which produce odd-harmonic outputs sre considered
thus far in the definitionsy therefore, the third harmonic is the first

harmonic above the fundamental.
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The application of the 5 foregoing definitions to the 7 non-

linearities to be considered yields the 35 describing functions to

be studied.

Derivations

The 35 describing functions are listed in Tables II through VIII
on the following pages, with one table for esch nonlinearity to be
considered. The various describing functions listed are nondimen-
sionalized to the extent necessary to enable graphic presentation of
describing function by & single curve or family of curves. These
describing functions were derived by applying Eqs (11), (13), (14),
(15), and (16) to each nonlinearity. A list of where some of these
derivations can be found is given in Appendix E. The derivations of
the corrected-conventional describing functions, which are new, can
be found in Appendix A, and plots of these can be found in Appendix
D. Appendix B contains the derivations of the new rms describing
functions for a relay with hysteresis and a relay with both dead zone
and hysteresis. These describing functions had not heretofore been
derived since Gibson had not yet extended the new rms describing
function to nonlinearities which are not single-valued (Ref 2:384).

With the linear systems of Chapter II and the describing func-
tions of this chapter thus established, it is now possible to proceed
to the amplitude and frequency predictions and the comparison of

those predictions with experimental results.
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Tadle II

Desoribing Functions for Dead Zone as Derived by Various Desoribing-
Funotion QGenerating Schemes.

T
For each describing funotion in the table: output
_a L Blope
Definition of nonlinearity and parameterss 2 . =X _
l d input—
Definition of variable: «, = sin™
Conditions# 0< &, < e Input: x = X sinwt
Desoribing-Funotion ‘
Genersting Scheme Nondimenliogalizod Describing Funotion
Conventional ¥ 1
T -77(71‘.- 2«, - sin 2¢i)
Ninimum Average ¥ _T
Trror = (8g - Z)sinay + cos &y
Equivalent Gain ¥ _ 1.
X l - ssin oy
New EMS 2“‘ 3 sin 2x A Y
o122 2, (2 - =2)s1n®
X ™ T T a
Correoted-
Conventional 5 1 1
I .7?.[(—_77‘- 2xd - 8in 2!(d)2 + (-5 sin 4% +
8 2 3\
¥ sin 20 siney -4 sin 2«1)]

%This condition implies that d/2& X<oo. Also, if X< d/2,
there is no output and N/X = O.
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Table III

Descoribing Functions for Saturation as Derived by Various Describing-

Function Generating Schemes,

For each desoribing function in the table: putput
4 T
Definition of nonlinearity and parameterc: }Z émw:
Definition of Variable: n = sin™ '2s'i | 2
Conditionsf* O£ o < 2 Input: x = X sinwt

Desoribing-Funotion
Generating Schemne

Nondimensionaligzed Desoribing Function

Conventional ¥ 1
¥ = 22 + sin 24)

Minimum Average X _ o _

Error T =1+ (2 o&)aina' ~ cos X

Equivalent Gain X
X = sin d.

New RNS X 2% sin 2«5 40(' %+
-7 -+ (2 - P s

Correocted-

Conventionel

.%[gzo(. + 8in 2«.)2 + (-g sin 2o -

o] L]

% sin 4o, -% sin 2x einzog.)%]*

*This condition implies that S/2 £ X<oo. Also, if X< §/2,
there is a linear output and N/K = 1.
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Tadle IV

Desoribing Functions for Saturation with Dead Zone as Derived through
the Appliocation of Various Desoriding-Function Generating Schemes.

For each describing funotion in the tables t

rle

-3
2

output

Definition of nonlinearity and parameters;
slope
-1 4 = I"‘V’
Definition of variables: O(d = Bin =
-1 8
=

«.-sin

4
2

Nl

Conditions* 0<£ otdL ot.é 72 Inputs x = X sinwt

Desoribing-Funotion ‘
Generating Scheme Nondimensionalized Describing Funotion

Conventional - %(2‘,(- - 2« + ein 24 ~ sin 24,)

Ninimun Average
Exrror

Pl | mity

008 “d - 008 0('

- (dd - K')lin Kd + (zér- a(.)(sin “. - 8in “d.) +

Equivalent Gain x
" sin Xy = sin o(d
Few RKS
%-(%2(0(’-0(4) - sin 2% - 3 sin 2« +
8 Em Ky + (o(. -Lgsin «_Jam«d +
4(%-- K ¢1) sin?xd + 4({ - 0(') Binzx.})
Correoted-
Conventional % - }#Ea“' - 2“:1 + sin 2 - sin 20&)2 +
(% sin 24, -g oin 2« -% ein 4x, +
-?é- oin 4x, "'1376' -m3cx. cos o, +

}Sg sin30(d cos Kd)ﬂi

#These conditions imply that S/2 £ X< o0 and S>d. If X <S/2,

Table II applies.
30
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Table V

Describing Functions for an Ideal Relay as Derived through the
Application of Various Desoribing-Function Generating Schemes.

poutput
For each describing function in the table: KP
Definition of nonlinearity and parameters: -
input
Conditionsy 0Z£L X £ o Input: x = X sin wt -

Describing-function
Generating Scheme

| Nondimensionalized Describing Function

Conventional

_ 4 _1.213
7X "X

Minimum Average
Error

Equivalent Gain

BRI | Rt | R | R | i
| §

Rew EMS - -
X
Corrected- '77% 10 - 1.342
Conventional 9 X
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Table VI

Desoridbing Functions for a Relay with Hysteresis as Dorived through
the Application of Various Desoribing~Function Generating Schemes.

soutput
For each descoribing function in the tabdle: T o
h
Definition of nonlinearity and parameters: ' 2 o
» .,gl |  4input
Definition of variable: X, = sin " = —r 2 1y

Conditions: b/24£ XZ oo Input: x = X sin wt

Desocoribing-Function *
Generating Scheme Nondimensionalized Describing Function
Conventional I _1.2 :'jah
K X
Minimum Average ¥ _1l.571 ."j“h
Errox K X
Equivalent Gain o1,
K X
New ENS 51414 "%
K X
~J
Corrected- X _1l.342 o'
Conventional K X
* -J
° is complex number notation for 1/ %h.

32




GGC/EE/64-16

Table VII

Describing Funotions for a Relay with Dead Zone as Derived through
the Application of Various Descriding-Function Generating Schemes.

Mutput
For each desoribing function in the table: Kh-
d
Definition of nonlinearity and parameters: 2 1 i {
a §ol)
Definition of variables o, = sin™> -% 1 2
-X

Conditions: ¥ 0< & < /2 Input: x = X 8in wt

Desoribing-Function
QGenerating Scheme

Nondimensionalized Desoriding Funotion

Conventional H 4
X "7 sin Zatd
Ninimum Average .
Error T = (7=~ 2x;)ein o
Equivalent Gain P (-
X 2 sin %y
New RMS Ll )-m ]i
X '}
Corrected- .} 1 2 \2 3
Conventional K - %" sin. 2“4[5- + '§(1 - 4 sin acd)-:'

*This condition implies that d/2 £ X<oo. Also, if X< d/2,
there is no output and Nd/K = O.
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Table VIII

Tescribing Funotions for a Gsliay with Dead Zone and Hysteresis as
Derived through the Appliocation of Various Describing-Function
Generating Scheres,

*output
For each describing funotion in the table: 448 g|.
- &
fe—d ;'h—'T
Definition of nonlinearity and parameters: . {-
-1,d+h lh-h?‘ 3 :pu
Definition of Variables: i = sin ( ) ~-|-K =5~
d-h.
B = - sin™H (SR =)
Conditionss* 0L o LT]2 Input: x = X sinwt
Desoribing-Funcotion .
Generati Scheme Nondimensionalized Desoridbing Function
8 4. 3E - .:‘5..:@.)
Conventiocnal I‘d;h} -2 sinx sin (5=% d ) 2 2
X +
3([ - __ﬁ.)
¥inipum Lzerage H(dx.-c-h} - (13 —&)einX e 2 2
T «+8
i - )
Equivalent Gain Igd;h[ -2 8ind e 2 2
* 3(_7_7"_ .5.1_6..)
Hew EMS I(i—&h) ) 2%(5_ “)Bng JG >
Corrected- N(d+h) 8 é -A 1
Conventional X sink sin ( {1+ '9'[ =
T a+8
:S(- -=—=)
4 Qoaz( )]} 2 2

*This condition implies that (d+h)/2 £ X<oo. Also, if % £ (d+n)/2,

N )
here is no output and N (Kd+hz - o.
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IV. Amplitude and Fregquency Predictions

In order to preserve continuity in the discussion to follow,
only one nonlinezrity will be discussed at a time, That is, for
each nonlinearity the technique used to predict the amplitude and
frequency of the self-sustained oscillations will be preseated,
followed by a comparison with the experimental results and a dis-
cussion of a few conclusions which may be drawn from the comparison,
before moving on to another nonlinearity. Thus this chapter repre-
sents several small studies within a larger study, but this is a
necessary consequence of the nature of the problem. The answer to
the guestion "Which describing function is best?" may depend on the
particular nonlinsarity under consideration.

In the analysis to follow, the "gain," K, of the nonlinearity
is sometimes other than unity. However, this does not defeat the
purpose of having two separate axis crossings for the linear portion
of the system (See Figure 2 through 8 in Chapter II) by changing
the loop gain, as one might think. The main reason for having two
separate axis crossings for the linear transfer functions wes to
provide an adequate separation of the systems into two groups, so
that the "gain," K, of each nonlinearity could then be adjusted to
provide a "small" amplitude limit-cycle group and a "large" ampli-
tude limit~cycle group. That is, exactly where the "large" signal
and "small" signal portions of the describing function curve occur
depend on the nature of each individual nonlinearity. Therefore, the

value of K must be selected individually for each nonlinearity, so
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that the separation will actually provide what may be considered

"large" and "small" limit~cycle amplitudes for that nonlinearity.

Saturation.

If a saturation nonlinearity is introduced into one of the
linear systems, Gl(s) through 06(05, or G3A(e), in the manner shown
in Figure 1(b) on page 1ll, & stability analysis will Teveal that
stable, self-sustained oscillations will result. A normalized plot
of each of the five saturation describing functions listed in Table
III on page 29 is shown in Figure 9 on page 38. The values of tﬁn |
parameters of the saturation nonlinearity were chosen as S = 3 and
X = 0.5, The amplitude and frequency predictions by each of the
five describing functions for each of the seven systems were calcu-
lated in the following manner: |

(1) Use Eqs (2) through (8) or Figures 2 through 7 in Chapter
II to caloulate the negative real axis crossing point of Gn§jto) on.
the direct polar plot. The value of Gnﬁja)) &t the negative real
axis crossing is equal to -1/N, and the value of « at the negative
Teal axis crossing is the predicted frequency of the self-sustained
oscillations,.

(2) Calculate the value of —K/N and use Figure 9 to determiﬁe
the value of ZX/S for each system and each describing function.

(3) Calculate the value of X from the known values of ZX/S and
S, X is then the predicted amplitude of the self-sustained oscil-
lations for that particular describing function and system.

The resulis of the application of the foregoing procedure are

tabulated in Table IX on pﬁge 39. In oxder to determine the accu-~
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racy of the predictions, eaéh of the seven nonlinear systems was
simulated on an analog computer. (The circuits used in the simula-
tion are shown in Appendix C.) The analog computer experimental
results are also shown in Table IX, along with the percentage of
error of each prediction based on the experimental results.

Teble X on page 40 is a comparison, based on the error figures
in Table IX, of the various saturation doscribing functions. It
shows that the saturation nonlineariiy seems to favor the conven-
tional describing funciion, although it can be seen from an analysis
of Table IX that the accuracy of the corrected-conventional describ-
ing function becomes generally better as the amplitude of the limit
cycle is increased. The situation is somewhat different, however,

when dead zone is added to the saturation, which is the next non-

linearity to be discussed.
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Saturation Combined with Dead Zone

If a nonlinearity consisting of saturation combined with dead
zone is introduced into one of the linear systems, Gl(s) through
06(8), or G3A(s), in the manner shown in Figure 1(b) on page 11,

a stability analysis will reveal that stable, self-sustained oscil-
lations can exist., A normalized plot of each of the five satura-
tion describing functions listed in Table IV on page 30 is shown

in Figure 10 on page 43 for the case of S/d = 2. The values of the
parmeters of the nonlinearity were chosen as S =4, d = 2, and K = 1
ior the purpose of analysis. The predictions of the amplitude and
freguency of the self-sustained oscillations by each of thé five
describing functions for each of the seven systems mentioned were
calculated in & manner similar to that used for saturation:

(1) Use Egs (2) through (8) or Figures 2 through 7 in Chapter
II to calculate the negative real axis crossing point of Gn(ju)) on
the direct polar plot. The value of Gn(juJ) at the negative real
axis crossing is ezual to —l/N, and the value of W at the negative
real axis crossing is the predicted freguency of fhe self-sustained
oscillations. —

(2) Calculate the value of -K/N and use Figure 10 to determine
the value of 2X/d for each system and each describing function.

(3) Calculate the velue of X from the known values of 2X/d and
d. X is then the predicted amplitude ol the sell-sustained oscil-
lations for that particular describing function and system.

The resulis ol the application of the foregoing procedure are
tabulated in Table XI on page 44. In order to determine the accu-

racy oi the preiictions, each of the seven nonlinear systems was
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simulated on an analog computer. (The circuits used for the simla-
tion are shown in Appendix C.) The analog computer experirantal
results are also shown in Table XI, along with the percentage of
error of each prediction based on the experimental results.

Table XII on page 45 is a comparison, based on the error figures
in Table XI, of thg‘various saturation-plus-dead-zone describing
iunqtions. It shows that the saturation + dead zone nonlinearity
seems to travor the corrected-conventional describing function;

furthermore, analysis of Table XI shows that this is true for both

‘large and small limit-cycle amplitude. Thus, the addition of dead

zone to the saturation must have increased the harmonic content of
the output of the nonlinearity to the point that a correction was
needed for all amplitudes instead of just for bigh amplitudes. A

similaxr thing happens when the ideal relay is analyzed.
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Ideal Relay

If an ideal relay nonlinearity is introduced into one of the
linear systems, Gl(a) through G6(s), or G3A(°)’ in the manner shown
in Figure 1(b) on page 11, a stability analysis will reveal that
stable, self-sustained oscillations will result. A plot of each of
the five ideal relay describing functions listed in Table V on page
31 is shown in Figure 1l on page 48. The value of X was chosen to
be uhity for the analysis. 7The prediction= of the amplitude and
frecuency of the self-sustained oscillatiSns by each of the five
describing tunctions for each of the seven systems mentioned above
were calculated in the following manner:

(1) Use Ekqs (2) through (8) or Figures 2 through 7 in Chapter
II to calculate the negative real axis crossing point of Gn(ju9 on
the direct polar plot. The value of Gn(jw) at the negative real axis
crossing is equal to -l/K, and the value of @ at the negative real
axis crossing is the predicted frequency of the self-sustained
oscillations.

(2) Calculate the value of —K/N and use Figure 11 or the describ-
ing function equations ir Table V to determine the value of X, the
predicted amplitude of the self-sustained oscillations for that
particular describing function and system.

The results of the application of the fqregoing procedure are
tamilated in Table XIII on page 49. In order to determine the accu-~
racy of the predictions, each of the seven nonlinear systems was
sinmulated on an analog computer. (The circuits used for the simu-
lation are shown in Appendix C.) The analog computer experimental
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results are also shown in Table XIII, along with the percentage of
exrror of each prediction based on the experimental results.

Table XIV on page 50 is & comparison, based on the error figures
in Table XIII, of the various ideal relay describing functions. It
shows that the ideal relay nonlinearity strongly favors the corrected-
conventional describing function for the systems considered. The
same thing seems to be true of all the various relay nonlinearities,

insofar as amplitude accuracy is concerned, as will be seen in the

next three sections.

47




NI =
48

GGCAEE/64-16

& ! utep juaTBATNDLY o
& selesse TBUOT4USAUOD ¥ ,
e TBUOT}UBAUO)—PE308II0) € :
PR SWH ReN AN £33+
{ J0oXIy ©FeIGAY UMWTUTK 1 %%
et oweyog PUIjBIoUSD 40 °ON OAIN) ME
; ; R
: _un gEssy .w
+ H : $ w»
eguoTIOUN FUTqiIoOse(d 1 : 3 :
Ketey T®9PI oY} IoF (i NN
X °sa N/¥- Jo 301d it
TT em3Td RN
:
13 M
et ot 8 9 i 2z

X ‘opmyyTdwy UOTIETTYONO




, *(T¢ a%ed ‘A oIqmy ©95) T = s
Adawv anaw.ﬂuov .hunoﬁdzhogcnvuow.vohavoamwaano.ﬁ»ogwnﬂpwnowovonv.woa._ndm

0£0°€+| t¥65°0|1898°0| L2Lg O+ |Lg €T |L2E 9+ |29 YT |TQ Y2~ |6€C OT| TT "QT+| V2 9T|CLO"V—{6T €T| GL €T A3.nv<mo
696°€+] Y¥59°0]€629°0]26G€ 0~ [L8 €T|620°G+ |29 VYT |EL G2~ |6€E 01| L9 9T+| Y2 9T |¥te G-|6T €T| 26°¢€T aaﬂvmo
G69°2+1599€8° 0] L¥1g 0| ¥¥2S 0o+ |2V €T{QT6°G+ | YT ¥1|60°G2~]|000°0T 89°LT+|TL GTI|¥ho t—{cL2t] GE°€T1| (€ vmo
Gof*T+| 9Teg 1| 808°1| ¥16-2+|av-cr|ce g+ |vT-v1|1e-€e~|000 01| gv-ce+|TLecT|LLe-2-| €L et| voc| @)D
V66-2+| vP68°0|¥898°0|0EBL 0+ 166°C |OFC 9+ |12V |GR°¥2-|GL6°2 | 96°LT+|L9°V |692°P—|6L°C {6G6°E asnvmo
LLE€+| 2viveT| a9t 1|e8ve o+ [€0°v |eLv-G+|vz-v |L€-6z-|000°€ | r-LT+|TLt |SL6°t~|2e € [0z0v | (€)%

QT ¢+ | 991€°¢| 912°€| 96V0°0—|€0°b 66T G+{V2°Vy |09°G2-|000°€ | 2g°9T+|TL Y |g52°G-[28°€ |2€0°} osﬁvﬁo
O TR |~ g vy R R " R R L ! [
i pdiRiE| v | E| s Bl | E| v |E £ B8 Ex
20 o o P o + =] 3] = ¥ W Lo - = o o
- SN - [n - (e w - - m (e o A
(-3 J M [ - 2o} o e u. M o ﬂ P e N m. o+ < m. | ealic ]
siu |3B |gBR | & El 8 | E | £ | ™ "l E | EE | S
B o (=%
m < my (\a» P Py mo o ® ® [ ] ) ¢ W
®, | 1euotrjueAuo) SKH ute) XOXXT 8BBIQAY | TWUOTIUSAUO) 2
-Pe10aLIC) AN jueTvAINty L1 1489

SIOIIF PUB FUOTIOTPeId opn3TTduy uoyjouny PUTQIIOse(

%% SUOTIOUNY BurqiIome] sncrIep Lq Le[ey Teepl Uw U3 TA sme3skg
MEQPISY JUSISIIT( USASS UT BUOTIVIITION) PauTRIeng-J16g JO Lousnbexg puew epnyyIduy 9y3 JO UOTIOTPeId

ITIX e1quy

0GC/EL/64-16

49




GGC/Ex/64-16

*LeTax T®OPT We JoJ uwoTjoUNJ Burqraosep 3seq eyy L1qrssod 8T 383A JO UUWNTOO 843 81 & ,# 380T
Y3} YITH umnyoo 93 ‘exozersyy {mox jeqs ur xoxxe epn3yTdue yo epnjTufew wnwiuTm 8yYj 80380 TPUl #

*9dLy yowa 03 A{Tenbe ge17ddée s1gfTvUR JOXXE Kousndaxy
TSNPTATPUT ue Joj Louenbaxy

93 aJoyexayg pus ‘wmerqoxd
®wes 8Y} 30T1pexd peisyy suorjouny ButqrIosep LeIdI TBOPT 8y} JO 1TV »

1€6°2 . . . . . J0IIy 23nTOSqQY JO |
# L12g-0 L60°9 L6°¥2 vg-Lt ov-¥ S
[ ] . L 3 i Y ' Ol oHOlH.NMH .WO
686°¢+ # Vi6°e+ GEveg+ €L-Ge gh-oc+ 882§ opry TuSey wnmTxEy
oto-t+ . . G2 . . I0XIF
# ¥vesc-o+ 8I6°G+ 60°62 89°L1+ 14400 wBTPOK
L] . L) L) - - [ aHOlH'ﬂml g@w.m
1€6°2+ | # 6volL-o+ L6o*g+ | L6°¥2 g LT+ 0% * - 19074 OWY] Ty
# SJIOXXY. TeuoTIUeAUO) | SWH utep JOXXS 3FBIGAY | TBUOTIUBAUC)H
Louenbexy —Pe®3O8II0Y | noy JueeAInby MO Tt Uo1I9} LI
goyjouny LOXIY
SuiqrIoseq {p) SI0IXF opn3Irduy uoyjouny SuyqyIose(

~J{®8 Jo Louenbexy pue

¢*9°1) uworjouny Buyqixose
ae 0ATS 03 JePIO UT Ppeje
‘Ioxxe weypeu

*feTeX Twepy U Jo souegsrd sy3 UT SUOTIB[IIOSO POUTBLSNS
opnyyidue eqy 3o0ypexd uwo (*0%3® ‘xoxxe eFvresr mnuWiIUTW ‘TBUOTUBAUOD
P Jo odfy xuInoTiIed ® YOTYM YiTM LOBINOO® OU§ JO UOTEOTPUT T[BISAO
TOTed oq Uwo sUOTIOUNS JuUIqQTIOSIP LBW[SI TVIPT oY) JO YO®d JOJ *038
‘ToIxe weeuw TeOTieWY}II® oY} ‘sIOXIS pue suorjorpexd Jjo e1qe; Fuypecexd @g3 woIJ

‘suoTiouNy FUIqQIIOesq AVTeY TRePI SNOTIE, eq) JO 8X0IXY UOT3O0TPaXg oY} JO uostredmo)

AIX eTqey

50




GGC/EE/64-16

Relay with Hysteresis

If a nonlinearity such as & relay with hysteresis is introduced
into one of the linear systems, Gl(s) through Gs(s), or 03‘(8), in
the wanner shown in Figure 1(b) on page 11, a stapility analysis will
reveal that stable, self-sustisined oscillations will occur. A
comparison of Tables V and VI (pages 31 and 32) skows that the magni-
tude variations of the relay-with-hysteresis describing functions
are the same as those of their ideal relay counterparts; however,

the hysteresis introduces an amplitude-dependent phase skhift. Figure

11 on page 48 is thereiore a wvalid plot of -}% versus X for the
relay with Lysteresis. In order to analyze the relay-with-hystere-
sis describing functions, values of b = 6 and K = 1 were chosen,
and the tive describing functicns of Table VI were plotted in a
psuedo magnitude-angle diagram tashion as shown in Figure 12 on
page 54. (A magnitude rather than log-uwagnitude scale was used in
order to preserve accuracy.) On the same graph, the magnitude
versus angle relationskip of each or the seven previously mentioned
linear forward transter functions was plotted. The intersection of
a Gn(juJ) curve with a negative inverse describing function curve
is the operating point at which that particular type of descriting
1unction predicts a stable limit cycle. One can use Figure 12,
therefore, to makxe the amplitude and frequency predictions in the
following manner:

{1) Use the magnitude-angle condition at the intersection to
golve the appropriate Gn(jco) equation (Eqs (2) through (8) in

Crapter II) torw. This value of w is the predicted frequency cf
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the seli-sustained oscillations.

(2) The magnitude value at each intersection is equal tot%l
for that particular system and deecribing function. Therefore
Figure 11, or the magnitude portion of the describing function
defining eguation, can be used to determine X, the predicted ampli-
tude of the selt-sustained oscillations.

The results of the application of the foregoing procedure are
tabulated in Tables XV and XVII on pages 59 and 57. In order to
determine the accuracy of the predictions, each of the seven non-
linear systems was simulated on an analog computer. (The circuits
used for the simulation are shown in Appendix C.) The analog com-—
puter experimental results are also shown in Tables XV and XVII,
along with the percentage of error of each prediction based on the

experimental rerults.

Table XVI on page 56 is a comparison based on the amplitude
prediction error figures in Table XV, of the various relay + hys-—
teresis describing functions. It shows that the relay-plus-hystere-
sis nonlirearity seems to favor the corrected-conventional describ-
ing function insofar as amplitude accuracy is concerned. However,
Tabvle XVIII on page 538, which is a comparison based or the frequency
prediction error figures in Table XVII, shows that the relay-with-
bysteresis nonlinearity favors the equivalent gain describing Iunc-
tion tfor frequency prediction accuracy. And, from an anzlysis of
lable XVII, the irejuency prediction accuracy of the ejuivalent
gain method apparently increases as the limit-cycle amplitude is

increased. kls problem oI a variation in the ire uency oreliction
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does not arise in the next section, since a relay with dead zone

will not cause a phase shift.
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Relay with Dead Zone

If a nonlinearity such as a relay witk dead zone is introduced
into one of the linear systems, Gl(s) through G6(s), or GBL(B), in
the manner shown in Figure 1(b) on page 11, a stability analysis
will reveal that stable, self-sustained oscillations can exist. A
normalized plot of each of the five relay-with-dead-zone describing
functions listed in Table VII on page 33 is sktown in Figure 13 on
page 61. For the analysiz, the values of the parameters of the non-
linearity were chosen to be d = 3 and K = 1. The predictions of
the amplitude and frequency of the self-sustained oscillations by
each of the five describing functions for each of the seven systems
mentioned were calculated as follows:

(1) Use Eqs (2) through (8) or Figures 2 through 7 in Chapter
II to calculate the negative real axis crossing point of Gn(ju)) on
the direct polar plot. The value of Gn(jaJ) at the negative real
axis crossing is equal to - l/N, and the value of w at the negative
real axis crossing is the predicted frequency of the self-sustained
oscillations.

(2) Calculate the value of - K/Nd and use Figure 13 to deter—
mine the value of 2X/d for each system and each descridbing function.

(3) Calculate the value of X from the known values of 2X/d and
d. X is then the predicted amplitude of the =elf-sustained oscil-~
lations for that particular describing funciion and system.

The results of :he application of the foregoing procedure are
tabtulated in Table XIX on page 62. In order to determine the accu-~

racy of ithe srelictions, each of the seven nonlinear systems was
> ?
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simulaeted on an analog computer. (The circuits used for the simu-
lation are shown in Appendix C.) 'The analog computer experimental
results are also shown in Table XIX, along with the percentage of
error of each prediction based on the experimental results.

Table XX on page 63 is a comparison, based on the error figures
in Table XIX, of the various relay-plus-dead-zone describing func-
tions. It shows that the relay + dead zone nonlinearity seems to
favor the corrected-conventional describing function. This is true
because, as Table XIX shows, for small amplitude limit-cycles when
the harmonic content:is apparently smaller, the conventional and the
corrected-conventional describing functions are (nearly) the same;
whereas, when the limit-cycle amplitude is increased, the corrected-
conventional describing function automatically compensates for the
increase in harmonic content of the output of the nonlinearity.

When hysteresis is added to the relay with dead zone, the

prodblen of frejuency variation between the predictions again arises.
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Belay with Dead Zone and Hysteresis

If a nonlinearity such as a reley with both dead zone and hys-
teresis is introduced into one of the linear systenms, Gl(s) through
06(8), or 63‘(3), in the manner shown in Figure 1(b) on page 11, a
stability analysis will reveal that stable, self-sustained oscilla-
tions can occur. A normalized plot of the magnitude of each of the
five relay-with-dead-zone-—and-hysteresis describing functions listed
‘n Table VIII on page 34 is shown in Figure 14 on page 67 for the case
of d/h = 1. The negative magnitude is used as the ordinate to permit
comparison with the other descriding funcfion plots in this chaptex.
The angle variatiorn, which is the same for all of the describing
function schemes, is shown in Figure 15 on page 68. 1In oxder to ana-
lyze the relay-with—dead-zone-and-hysteresis describing functions,
values of d = h = 2 and X = 0.8 were chosen, and the five describing
functions of Table VIII were plotted in another psuedo magnitude-~
angle diagram shown in Figure 16 on page 69. On the szme graph, the
magnitule~versus—-angle relationship of each of the seven previously
mentioned linear forward transfer functions was plotted. The inter~
section of a Gn(jb)) curve with a negative inverse describing func-
tion curve is the operating point at which that particular type of
describing function predicts a stadle limit cycle. Ome can use Fig-
ure 16, therefore, to make the amplitude and frequency predictions in
the following manner:

(1) Use the msgnitude-angle condition at the intersection to
solve the appropriate Gn(ju)) equation (igs (2) through (8) in Chapter

II) for w. This value of & is tke predicted frequency of the self-
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sustained oscillations.

(2) The magnitude at the intersection is the predicted operating

% for that particular system and describing function.
Therefore, Figure 14 can be used to determine the value of 2%/d by

value of

calculating —|K/N(d+h)‘ and then picking 2X/d off of the proper curve.
Alternately, the angle value at the intersection is tke predicted
operating value of /~1/K, so Figure 15 can be used to find 2%/d
directly from ~1/B.

(3) Calculate the value of X from ike known values of 2X/d and
d. X is then the predicted amplitude of the self-sustained oscilla-
tions for that particular describing function and system.

The results of the application of the foregoing procedure are
tabulated in Tables {XI and XXIII on pages 70 and 72, Trespectively.
In orxder to determine the accuracy of these predictions, each of tke
seven nonlinear systeus was simulated on an aralog computer. (The
circuits used in the simulation are shown in Appendix C.) The analog
computer experimental results are also shown in Tables XXI and XXIII,
along with the percentage of error of eack predicticn basei on the
experimental results.

Table XXII on page 71 is & comparison, based on the ampliitu:e
preiiction error figures in lable XXI, of the various re¢lay-with-
deed-zone-and-hysteresis describing functionr. It shows that thé
relay + dead zone + hysteresis nonlinearity favors the corrected-
‘conventional describing function insofar as amplitude accuracy is
concerned. However, Table XXIV on .age 73, which is a comparison

based on the freguency prediction error figures in Table XXIII,
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shows that the relay + dead zone + hysteresis nonlinearity favors

the equivalent gain describing function for frequency prediction
accuracy. 4Again, as in the case of a relay with hysteresis, tke accu-
racy of the equivalent gain frequency prediction seems to incresse
with limit-cycle amplitude as Table XXIII illustrates.

The last nonlinearity to be appraised by the various describing
function schemes is dead 2zone. Since it does not provide a stable
limit cycle when coupled with systems Gl(a) through Gs(s), or 631(3),
as pointed out in Chapter II, it was only analyzed with two condi-
tionally stable systems, or rather, the same sysiem at two gains.
Therefore, the comparisons are less conclusive than for the other

nonlinearities, but they are still interesting and necessary for

completeness,
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If a dead zone nonlinearity is introduced into one of the
linear systems, G7(jua) or G7A(jco), in the wannex illustrated in
Figure 1(b) on page 11, a stability analysis will reveal that sta-
ble, self-sustained oscillations will result. (See Figure 8, page
22.) 4 normalized plot of each of the five dead zone describing
functions listed in Table II on page 28 is shcwn in Figure 17 on
page 77. Interestingly, the new rms describing function and the
corrected-conventional describing function for dead 2zone differ
by such a small amount that, in effect, they plot as the same curve.
For the analysis, the amount dead zone was set at d = 6 and the
gain of the nonlinearity at K = 0.5. The predictions of the ampli-
tude and frequency of the self-sustained oscillations by each of
the five describing functions for each of the two systems men-
tioned were calculated as follows:

(1) Use Egs (9) and (10) to calculate the negative real axis
crossing point of the direct polar plot of G7(jaJ) and GYA(jta),
respectively. (Again, see Figure 8, page 22. The pertinent cross-
ing of G7(j¢o) was set at - 3 and G7A(jto) at - 10, of course, as
discussed in Chapter II.) The value of qn(ja>) at the crossing
outside of the - 1 point is egqual to - l/N, and the value of w at
this crossing is the predicted frequency of the self-sustained
oscillations.

(2) Calculate the value of — K/N and use Figure 17 to deter—
mine the value of 2X/d for each system and describing funciion.

(3) Calculate the value of X from the known values of 2X/d

14
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and d. X is then the predicted amplitude ot the seli-sustained
oscillations for that particular describing (unction and syctem.

The results of the application of the foregoing srocedure are
tabulated in Table XXV on page 76. In order to determine the accu-
racy ot the predictions, both ol the nonlinear systems were simu-
lated on an analog computer. (The circuits used for the simula-
tion are shown in Appendix C.) The analog computer experimentzl
results are also shown in Table XXV, along witk the percentage of
error of each prediction based on the experimental results. The
frequency error for system G7A(ju)) was far greater than any other
frequency error in the entire study. This can probably be explained
with Figure 18 on page 78. As can be seen in Figure 18, the basic
describing function assumption that x(t) is épproximately sinus-
oidal is quite poor for system G7A(ju)) with dead zone, whereas
it was a good assumption in every other case. However, it is inter-
estiing to note that the amplitude predictions were rnoct seriously
affected by the failure otf this assumption.

Table‘XXVI on page 79 is & comparison, based on the error
Tigures of Table XXV, of the various dead zone describing functions.
It shows that the dead zone nonlinearity favors both the new rms and
the corrected conventional describing functions since they give
essentially the same results (to three or four place accuracy).

The describing funcition comparison tables at the end of each
section of this chapter have used four error criteria as a basis
for drawing conclusions about the accuracy of each type of describ-

ing function. These criteria were chosen because, :in the author's

15
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opinion, the "best" describing function should:

(1) have an arithmetical mean error (or average error) very
close to zero, indicating that the esrrors encountered with that
describing function will be randomly distributed about zero error,
rather than about some positive or negative error value, so that

chances of having an error of almost zero are maximumg

(2) have a median error close to the value of the arithmetical
mean error to indicate, to some extent, that the data gathered was
representative and not "lopsided™;

(3) have the smallest maximum magnitude of error possible in
orler to give an indication of iis maximum "tolerance®; and

(4) have the smallest arithmetical mean of absolute error as
an indication of the error magnitude that can usually be expected.

This concludes the analysis of the describing function schemes
as they apply to specific nonlinearities. In the next chapter an

overall, general comparison will be made.




R ”.w T e
B HHIREE R e R R TR
TR pad i 1 1 Y Rt beses DRCORRsEdssRss ] H s + ppass T
uv.w 23 . e +1H33 44331113 IS RN ﬁdm 15 T 11+ T
g i : w 11 1 » {1 u 3133133341 1T 3 butSe HH H i hoy
1 13 3 4 1L 33 1331 ﬂwix‘rf 131133113 -+ aoNg b + +4 13330 +
- o, > ] 14 3 B M 1 111 HiHH 1] H Aﬁnu H peweses -y ARES PUN
] ] T T 1 » seseens i asane 1 Ste! 1+ 14 T 33T
G HI33H SR R b Sasess i
. . 3 b35ha2Es o fHH T 1 H- ot Sy 1
11113811310 14t Hii1 sgeesssEes Q 11317 3T pe + } 364 St benns
3 age 1 e r 18§90 3
Vel 5 wahbe 1 HifH .M w T HE ] Sagieatsineapiase w EX RRRRS EESX: 1oE SerLe Eaene
1313 1. 1 {4434 3 4000y e ’ =
T 1 AT R e 45 ] Hiiniiiy 38 E0eR ) Ebesy
LHLA ® 115 -4 H 1 111 t .Mw [ " » Boas b 13 eﬂu .,rm‘. 6% PEBEN 8! -4
11411 1 1111 444 1111 » ase 11 Aﬂrniu “. 3333 - o8 pes =
: 13 1Y a8 : O 111 aORS SRS Ne Bhb! - SIUR FRAUN BB
1 SePeasatstetsssetssRis HHITHHETTH Wt & “,um.u« pume: 31 WHU&
1 : T HH fithiae H T
RIS o I ] S R ]
! - HEH I 11 oS W H T R R . seARsRS: sS3ieaacstss
it T R T ~ XS5 3t estnsusa beeacics ; T
1 B H3H $e - g - Sassnspuvs sensysnde H o Bha; +
atstuhiistecasded I aERsgasan 1 o s
3 HH 43114 T THE [ Iyl eessuases > P IR a] K o
AR e Lpaspsisnaste: o 4 HEH et paonamanesanRREn of
8 {4 HH 15 b o HH 11471 peinssi bk a H T
pEReRARS & 1 : - o o -H 1 4 + >
+ 1 i 111N +3 3 H [3} o] : T
besds iRy 1 H 1 = o i » mn! < x Fe 43353
3 111 331443141 . A HHH Mw W o] IR
Be 30 s il isettanas bEcagcratasnancasen H 8 I A P T rah
f HIHHA o H T = wu = o I T b
s 28 anes 1 : ] SuABaSES! 58 o) ..m_ 5 [ I8 3
- 4 11 B 411111119 4 & M - p++—4—4
I | % 8 , 38 9L EEE
< H s3isstiinces o Bl Y 988 SE fasstsses
111343 1+ 3 . trd O SSRTE AN DN
AN 11 e 3 o 0 PP o f 131 t
HHH S s 5 0ad
298 a, @ - et 53 m [ HE
o HEHHHEN H A of A & o PHHEHIT
Z 8 S % Mo o o on ~
3] : HT R & o oo o hihEh =
sEuny e HHH sasapiegisge T o) =B o vm RS S 8% 8¢ -+
184 T S99 H XIU “ t 2
T 13131 3143 1 - B 1
~ L 8 44 RRitoast tepsepngnntnny : nw Songasssasnn
1 -
H H Eospeeppganese = 2 pa!
HOM i R R Sasssessssmstasest:
J i ‘ i ® i
: SeSpeEsasE s +H W NN ﬂﬂ Sesesanad fades
hpPspnins agnysfoent pugs "ol
e SERES snié 11 pausd
H HHTHT T sess 1314+ NEPERERES DOV mw +444 jasasE wriri
N THHH Faa: aeesSpEazssvRsssnas s o S3sepazes
. & 133 HHE T o 1T - e s
~ 11T 1 |.quun THIE T Lv 1] y - + S 80
J + Gbune bidonbanas ink: » 4ALu1.ﬂ e guEES & -+ : 1 268 BRes
Hi TR : SR
1 +iud SEENEEINERs fnban Saoq pEus: H 1 T
T Soiaeessf BT gapnt ettt : HEEH ; eSeEEsee
petdd 1 t+1 —t e I 1
Ey T ReEIEe: S Seses raae)
O H I e e 83y + HA.LMM.T(.% + a8 AEst T 1 mrﬂww oas:
H+] H 23 - e 1 i 3 198
..u : T H L : 3 T THh
<3 - Tt i i + > : : ]
\O I H HHH b ad . SeRasi :
=~ 1.-. N ~” -+ e T t HH 3 o Sasausi <
m - — — ph—/ Iw — ) B0 b 1+ +
1 nnw o o
B _ 7
S : aley
<) !
e m,
e © - - .

77




GGC/EE/64-16

*dooy pesoro
v o1 ewos peep mzn (0 )Vip () wre e6)to (w) sweiele o wuoliwiTToso Peurwysne-sreg

8T em3Tg
(1)
oes |
e e
E=SSes==s===coa 2
i 3 3 e
f X =2
=+ = M =EEESE »IW».A] 5 m
= .W E = = hnw nO .n,
-3 h! :Iu.ll.nl = L § -3

*Aoteq (%) uy unoys Ivnc PUS SUOS PEeD BUTUTRIUCO me3als oqy eXTT é{wprostuys
A1s3vwrzoxdde sea ¢x ‘anduy eqys ‘syseqy syqy Ul POPIOOSI TAre Deypras swojelg
dooT PesoTo 18730 ey jo ITY UT  *se3woTpuy ao18q (q) =% ‘{wpyosmuys LTeyws
~Fxoxdde ze¥207 ou s} ‘x ‘ynduy 43 39qY 10w oqy 0} enp L{snoyaqo sy ?.316 puaw
suos pwep Fuiuywidoo wesnls 073 X0J uoT30TPexd Lowenbexy eyy UL XOXIe wIIVI Oqlas

(#swp teupdrag) *Lousnbexs ewss eu3 307Pexd Pe3syl suopjouny SujqiIomep eq3 30 1Tvs
wI? T2+ 7862°Y) 690°T| S¥9°2~|9T°¥ [S¥9°2~9T°¥ | vz 2t-|ogL ¢ [c2e°g +[S9°F |s0z-C+| Th ¥ |ciz-b o)
BEY°T +1¥862°1) 082°T| ST 2—|26 01| 16T 2~ |26 01| S 61> 000°6| YLoLT+{¥PT°CT|6TH "2+ E¥ tT| 9T 1T ?BJ
W |~ o~ n w k) w N
Uy 1) v | £ : £ £ Y|k
FISSEEEl BT By [E|y By |E|EY |
W a8 § H " m " m " m 5 " W m )
mb pleq4hieds o e |
m TeR0FITeARO) ¢ urep X01XY eSeleAy| TeuOTIReAROD M
~Pejoeriop neg $UoTvATNYY bl 33

$I0IIY YUV SUCTIOTPEXJ eynyTTdwy woysoung Puyqrroseq

(52 SOTTT BTqeY Be8 150 =Y =)
‘suoriou IulqIIoseq snotIwp £y euoz pesq YA suoyssg
FOWPOSS JUSIOIIT] OA] UT SUOTIRTITIOND POUTMIING-JTOS Jo Lousnbaxgy Puv epnyyIdwy eg3 JO UOTAOTpeXd

AXX etawm

78




/6 4-16

GGC/FL

’8U0Z PEEP J0F UOTIOUNI BUTqTIOSIP 489q @
®93 Y3 TH UunTOd Y3 “BI0JAIIYF £MOX 9EH) UT IOIID ©

*9d£3 yoee o0g Lirenbes ge
TBNPTATRUT Ue X0J Louanbaxl euwes eyj

93 £1q1ssod ST 3BUM JO UUMTOO °Yyy BT 8 ,# 3sou
P31Tdue Jo epnitufew wnmIUIm eYj S93BWOTPUT #

I1dde sT9l{Bur J0XI8 Louenbexy sy3 os ‘wmeTqoxd
30Tpaad P98I suorjoumy 3UTqIIOSeD eUOZ PeeP euj Jo 1TV »

S . . . e . JOIXy 83nfosqy Jo
eYY 1T # 86€°2 # 86€°2 08°6T 282 ¢t t1g°e weey T®0T3eWqLTIY
'3 L3 S [ 3 . - . LY thm JHO
ot -T2+ # 6vy-2 # 6v9°c Ser61 YLe-LT+ 902 * £+ oy TUSBY WNmTXEY
o i [ 3 P L P . - . L4 hOl.HhHm
6vy 11+ # 86%°2 # 86¢°¢ 08°61 2ge e+ £1ge+ weTPOK
L3 [ 3 P [ 2 PRy 3 - [ ) .u HO.H.HM goz
6Yv 11+ # 86t°c # 86€°2 08°ST 2ge LT+ t1g°c+ 180 T3 0Uq4 TIY
» BIOIXT TBLOTIUSAUOD oI uyen I0IXY ©FBIGAY | TBUOTSUSAUOC)H
Lousnbaxy -P9303130) MON juarsaTnby UNUTUT UOTISLTID
uotjouny I0XXY
JurqrIoseq Aﬁv 81oxxg opn3iTdwy uotgouny FuiqrIose(

=F198 Jo Louenbaxy pue spny 11due
‘*9°1) uorsoung JutqrIogep Jo edfy

ue ®ATIZ 03 JIOPIO U
‘Zoxxe ustpew ‘xoxxe

‘eUoZz PeIP Jo 9ouesexd eU3 UT SUOTILBIITOSO peutelsns

U3 307paxd ueo (039 ‘I0XIO ©8BIGA® WNUTUTU *TBUOTIUSAUOD
8O 13xed ® YOIUM Y3 TM LOBINOO® OU} JO TOT3BOTPUT [1BIOAO
T PO3BINOT®O oQ UB0 SUOTIOUNI FUTQIIOSSD SUOZ PeepP 943 JO yoeo I0J €039
ueen Te0T30W(jlIIe oY) ‘gIorie pus Suoi3oTpPeaId Jo e1qw} Juypeoexd eyl woxy

‘suotjouny 3utqIIO8e[ eUOZ PEVe( STOTIBA o7 ) JO BIOXXY UOTIOTPOXJ U3 Jo uosixedwad

IAXX eTawy

19




GGC/EE/64~-16

V. Conclusions

Some readers may feel that, while attempting to find which
describing runction is more accurate, the éuthor has only compli-
cated the problem by adding still another scheme to the field.
However, ag this chapter attempts to show, although the corrected-
conventional describing function may be more empirical than theo-
retical, it does remove some of the restraints and add a lot of
accuracy to the analysis of a wide range of intermediate-order non-

linear feedback control systems.

Oversll Comparison of the Describing-Function Generating Schemes

‘Table XXVII on the following page is an overall comparison of
the amplitude prediction errors of the various types of describing
functions included in this study. It shows guite conclusively that
in general, to obtain amplitude prediction accuracy when using the
describing function technique of stability analysis, one should
use the corrected-conventional describing-function generating scheme
to derive the describing function. Table XXVII shows that the cor-
rected-conventional describing function is gencrally about two
percent more accurate than the conventional describing function
ior intermediate-~order nonlinear systems such as those included in
this study. It also shows thaty in general, no advantage is gained
by using the new rms describing function instead of the conventional
describing>iunction. (However, the new rms describing function ﬁro_

vided a slight improvement for the wvarious reley nonlinearities
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discussed in Chapter IV, but the improvement was not nearly as
significant as that provided by the correcsed-conventional desorib-
ing function.) In summary, the corrected-conventional describing
function provides certain advantages over the other descriding
function schemes for every type of nonlinearity tested ari, in
general, it has a mean and & median closer to zero than aay other,

& maximuw magnitudo of erroxr less than any other, and an average
absolute error less than any other describing funoction tested, inso-

far sy amplitude prediction accuracy is concerned.

Trends in Describing Functiion Prediccions

Since there are an infinile number of nonlinearities which
could be introduced into an infinite number of feedback systems,
the 44 varieties analyzed in this paper certainly do not constitute
a conoclusive proof of the corrected-conventional describing func-
tion's superior accuracy. But on the basis of this study, it cer-
tainly seems permissible to postulate that the corrected—conventionalv
describing function can usually give the control engineer a more
quantitative answer to his stability problem than he was able to
previously obtain from the conventional desoribing function, except
perbhaps in a very complex system which provides almost perfect low
pass filtering. The reason for this can be gleaned to some extent
from the prediction tables in Chapter IV. A close analysig of the
prediction tables in Chapter IV shows that the amplitude accuracy
of the con&entional describing function decreases as the limit-
cycle emplitude, X, increases. This is so because, as Thaler and

Pastel point out (Ref 12:172), the conventional describing func-
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iion becomes less dependable as the signal level increases, In
addition, the amplitude accuracy of the conventional describing
function decreases as the order of the system decreases, since less
filtering of the higher harmonics occurs. And, as the tables show,
the amplitude accuracy of the conventional describing function alse
seeme to depend on system type, decreasing as the system type is
increased. The corrected-conventional describing functions, on the
other hand, Seem to be relatively unaffected by changes in limit-~
cycle amplitude, system type, or sysiem order for the intermediate
order systems of the study. This seems to come about from the
inherent correcticn in the variation afforded by the third harmonic.
Thus, by using the corrected-conventional de;cribing function, the
engineer can remove the small-signal limitation and relax somewhat
the sine-wave input assumption, thus providing a more quantitative
analysis tool for his real-life problems.

The amplitude accuracy of the new rms descridbing function is
also relatively insensitive to limit-cycle amplitude and system
orier changes in the intermediate-order system range. However, it
is not as accurate as the corrected-conventional describing func-
tion, and it seems to be quite sensitive to chanrges in system type.

For the purpose of attaining accurate amplitude predictions
with the describing function etability analysis technique, it
appears that the mininum average error and equivalent gain schemes
are completely out o! the question. This is to be expected, how-
ever, since Gibson introlduced the winimum average error technique

only as an example, and Prince's equivalent gain technique is
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intended primarily for analytical-graphical, closed-loop frequency
response analysis. Graphical methods for producing the closed-
loop freguency response from any describing function scheme do
exist, however, (Ref 12:195-210) and the corrected-conventional
describing function applied in this manner might produce more accu-
rate Tresults than Prince's method, at least for nonlinearities
which do not produce a phase shift.

All five types of describing functions presented in this paper
predict the same frequency of oscillation, except when the nonlin-
earity produces a phase shift, as the relay + hysteresis and relay
+ dead zone + hysteresis nonlinearities in this study do. In those
cases it seems that the equivalent gain describing function is more
accurate for trequency prediction, with ‘he accuracy increasing as
the limit-cycle amplitude is increased. This increase in accuracy
with emplitude may be due in part to the same sort of phenomenon
explained by Johnson for the conventional describing fﬁnction (Ref
6:175); that is, as the limit-cycle amplitude is increased, the inter-
soction of the negative inverse describing function locus and the
direct polar plot locus become more orthogonal (see Figures 12 and
16, pages 54 and 69), and it is the nearly tangential intersections
#hich give misleading results.

It the corrected-conventional describing function is to be
acceptable to the control system engineer, it must be shown why, in
fact, this new technique should produce more accurate amnplitude pre-

dictions than the conventional describing funciion, or any of the

others.
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'he Case for the Corrected-Conventional Describing Function.

The only two methods of generating describing functions which
have met with much success prior to this study, insofar as predic-
ting accurate limit~cycle amplitudes is concerned, are the conven—
tional and new rms technigues (Ref 3:1321). In order for the con-
ventional technique to be completely accurate, it is necessary for
the linear portion of the loop to act as a perfect low--puss filter.
However, for intermediate order systems, the linear portion of the
loop is far from being a pertect low-pass filter. Consequently,
some higher harmonics, although attenuated, are fed back to the
input of the nonlinearity along with the fundamental. For inter-
mediate order systems, the conventional describing function will,

thereiore, underestimate the amplitude, X, of the signal returning

to the nonlinearity.

The new rms describing function, on the other bhand, assumes
that their is no 1iltering of the higher harmonics by the linear
portion of the loop, but rather, that the output sinusoid is just
reshaped intc & fundamental frequency eine wave of equal energy
(Ret 2:3¢1), Appendix F shows that the new rms describing function,
in etfect, takes as the amplitude of the equivalent output sine wave
irom the nonlinearity, the square root of the sum of the squares of
all the Fourier coeificients in the Fourier «~spansion of the actual
output of the nonlinearity. Obviously, some :iltering of harmonics
higher than the fundamental will Tresult in en intermediate order
system, S0 the new rms describing iunciion will, therefore, over~

c¢stimate the amplitude, X, ot the signal returning to the non-
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linearity.

What actually happenshto the higher harmonics lies between what
the conventional and new rms methods assume. The real case for the
corrected-conventional deecribing funoction is, therefore, that it
conziders only the most prominent higher harmonic, in addition to
the fundamental, by taking as the amplitude of the equivalent output
sine wave, the =quare root‘of the sum of the squares of the first
and third Fourier coefficients ip the Fourier Series expansion of the
actual output of the nonlinearity. The corrected-conventional method
theretore assumes that the joint effect of all of the higher harmon-
ics, each attenuated by a different amount through the linear portion
of the loop, can be adequately approximated by inocluding the unatten-
uated effect of the third harmmonic only. Thus, the prediction
afforded by the corrected-conventional describing function will lie
between that of the converntional and new rms techniques and will
therefore be more realistic than either. 'The rer.its of the exper-

imental portion of this study support this c¢-. . 3ion quite well.

Recommendations

Use of the third harmonic for amplitude prediction correction
of the conventional describing function by the technique of the
corrected-conventional describing function defined on page 26 has met
with much success, as attested by this paper. Perhaps by appiying
some sort of correction to the angle, as well &= to the magnitude of
the conventional describing function, the loss in frequency prediction
accuracy for nonlinearities which produce phase shifts could be
reclaimed, or even improved. That is, a suitable describing func-
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(17)

wheTe ‘1’ 13, Byy and B3 are defined as on page 26. This defini-
tion would give the same describing function as the corrected-
conventional definition when the nonlinearity cutput is naturally
odd periodic, tut would modify the angle of the corrected-conven-
tional describing function when the output of the nonlinearity is
not naturally odd periodic. Although the resulting describing
functions might appear very complex, they vould be tabulated easily
with the aid of a digital computer and plotted. Once an acourate
plot is obtained, it makes little difference how complex the rela-
tionship was from which it came.

The success of the corrected-conventional describing function
in improving the prediction of the amplitude of self-sustained
oscillations in a nonlinear feedback system perhaps warrants further
exploration. The corrected-conventional describing functions of
nonlinearities not included in this paper should be derived, cata-
logued, and tested for accuracy. Such additional nonlinearities
might include negative defficiency (Ref 12:150), backlash, nonlin-
earities described by algebraic equations such as y = x-[x[ or
y = 13, and nonlinearities described by differential equations.

Finally, it might be interesting to see which type of describ.
ing function can most accurately predict the closed loop frequency

response and jump resonance.
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A1l of the questions pomed by the preceeding recommendations
must be answered before the question "Which describing function is
best?" can be fully answered. However, based on the results of
this paper, it seems safe to recommend the following procedure for
treating the stability analysis of intermediate—-order systems:

(1) For dead zone, dead zone with saturation, ideal relay, and
relay with dead zone nonlinearities, use the corrected-conventional
desoribing function for the best results in both amplitude and
frequency prediction of limit cyocles.

(2) For relaj with hysteresis and relay with both hysteresis
and dead zone, use the oorrected~conventional descriding function
for the amplitude prediction and the equivalent gain describing
function for the frequency prediction.
| (3) For saturation nonlinearities, use the conventional de-
soribing function for smail-signal analysis and the corrected-
conventional describing function for large-signal analysissy although
not much will be lost by using the corrected-conventional describing

function exclusively.
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Appendix A

Derivations of the Corrected-Conventional

Describing Functions Used in this Study

The definition of the corrected-conventional desoribing function
given in Eq (16) on page 26 is quite general, but the definition can
often be simplified by taking advantage of certain symmetries in the
output yaveform. For odd~periodic, odd-bharmonic outputs from the

nonlinearity, Eq (16) becomes simply (nondimensionalized)

(x2+ 52)*

N
E" = (18)
where Y. = Fundamental amplitude = ( 2 + 32)i’_ B., since =0
1 Lh+3 s Y h=0s
. 2 2 .
Y, = 3rd harmonic amplitude = (13 + BB) = By, since A = 0

X « Amplitude of the sinusoidal input tc the nonlinearity;
K = Gain of the nonlinearity.
Obviously, the derivation of the corrected-conventional describing
function is similar to that of the conventional, except that the
amplitude of the third Fourier harronic must be determined as well
as the fundamental. 48 a first example, consider the case of

seturation combined with dead zone.

Saturation Combined with Dead Zone

As Figure 19 on the following page shows, the cutput of the non-
linearity is both odd periodic and odd harmonicy therefore, the coef-
ficients of the cosine terms in the Fourier exparnsior of the output

waveform are all zero, as are the coefficients of all the even sine
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Analysis of saturation combined with dead
sone. x(t) = input to the nonlinearity
and y(t) « output.

(Adapted from Ref 1:436)
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terms. Also, because of this symmetry, the expression for the coef-

ficient of the fundamental is (Ref 1:436-T)
m
4 2
Y, =3 o y(t) einf a6
g
Xy 2
=2\ (kx sinb --I-gl)sine d9+74r 3‘-5-82—‘2)- sin® a6  (19)
| Ag

which, when integrated, becomes

KX . \
I, = (2, -~ 20, + 8in 20 - sin 2a) (20)

1

Similarly, the coefficient of the third harmonic is

T
2
13 -w&,go y(t) sin 34 46 (21)
7
Ag 2
-# (kx ein 8 --%‘-)ain}@d9+% KSz-d sin 30 a6
X %

which, when integrated, becomes

KX 5 5 1 1
Y3=7T (3 sin 24, -4 sin 2&, -5 sin 4 + 5 sin 4a, -
16 3 16 . 3
3 sinTo cos X+ - sin“x, cos cxd) (22)

From Egs (18), (20), end (22) tre (nondimensional) corrected-
conventional describing function for saituration combined with dead

A
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zone is therefore

it

1 - - 2, (2 3 e
-WIEZus—de-i-eln 20(3-811'1 2ocd) «|~(3 sin 2DLB-3Sln Z«d-

1 1 16 .3
-2-sm 4us+281n4otd- 3 s:.n.a%i coaot.s-o-

%
-}56- sin3aLd cos md)Z:] (23)

The (nondimensional) corrected~conventional describing function

for saturation can be found by lettingo(, = O in Eq (23); that is,

..%_EZ% + Bin 201’5)2 + (-% sin 20 --]2-' sin 4«5 -

L] L

%— sin 2 3in2°‘s)€l% (24)

Similarly, by letting o «T/2 in Eq (23), one can find the (nondi-

mensional) corrected-conventional describing function for dead zone

to be
¥ 1 . 2 . 1l .
-K-,.;—r{:(w’- Za(d- 8in Zo(d) + (—-gsz.n 2ad+-2- sln40\d+
-% sin 2a, sinzqa)z (25)

Eqs (24) and (25) can also be obtained by & Fourier analysis of the

output wave of the nonlinearity as was done for saturation combined

with dead zone.

Relay with Dead Zone and Hysteresis

Using the same technique as in the preceding derivation, one

can derive the {nondimensional) corrected-conveniional describing
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function for a relay with dead zone and hysteres=is, and then simplify
the result for the specific cases of a relay with dead zone only, a
Telay with hysteresis only, and an ideal relay.

Figure 20 on the following page shows that the output of the
relay-dead zone-hystieresis nonlinearity is not symmetrical about the
origin. Eowever, odd-periodic and odd-harmonic symmetiry can be
recovered by a phase shift of the axis by the amount (77/2 -<££%4é—).
This angle is therefore the angle of any describing function which
is generated by a scheme which does not introduce a phase shift when
applied to an odd-periodic, odd-harmonic function. Since all of the
describing-function generating schemes studied in this paper meet
this requirement, the expression for the angle of the coxrected-

conventional describing function for a relay with dead zone and

hysteresis is

Li-fi- /R Tk g (26

After the axis is shifted, the output waveform is odd-periodic

and odd-harmonic. Therefore, all of the cosine coefficienis and te
even sine coefficients are zero, and the amplitude of the funde-

mental (integrating with the axis shifted to - /K) is

2
Y =;.4; o y{t) sin8 a6
iy
5
21-41' K sin@ d@ (273
oA +/K




GGC/LE/64-16

»
;
+
v 10
]
=
4
| o _
T
3
n
~
&
N

T o ¥ 8 6~
;}x ~—46, 2 v a7 ot
f
|
:: ()"
}
=1 d+b
; ol = 8in =
! -
| PRy
I
! 62..1jL.2%?i.Jg

I(t) = X sin ut
Figuro 20

Anglynis of a rolaq with dead sone
and hysteresis. t) @ input tc the
nonlinearity and t) = output.
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y/A
2
T, - #5 K sinf a6 (28)
I, =03

which, when integrated, becomes

1, - & o1n (£55 (29)

Similarly, the coefficient of the third harmonic is

T

2
1, = %SO y(t) =in 39 46

I
2
-;’}5 K 0 3026 (30)
s G
2+t T2

which, when integrated, becomes

1 = % s8in (6;“) E -4 cosa(—g-—'zlg-il (31)

From Eqs (18), (29), and (31) the magnitude of the (nondimen-
sional) corrected-conventional describing function for a relay with

dead zone and hysteresis is

3
2
!g!.,,.,éi sin ('3;“){1 +%{1 4 mz(xs;«)]} (32)

or, substituting X = —2—%%&-,

2 9 2

*
| 2
1___L__H' d+h ’._;re-' sina sin (é:‘g’)gl "'];E -4 wsz(é'd)J} (33)
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The (nondimensional) corrected-conventional descridbing function
for a relay with dead zone only can be determined by letting h = O

in the foregoing analysis; then,

o wind e, (o0
(B =T~ sin™t % -7T- & (35)

So Eq {2£) becomes
a._’g-dd+z-“d.o (36)

Therefore the describing function for a relay with dead zone is

determined from Eq (33) to be

3
-i—d -# sin 2« {1 + -;=(l -4 sinzd—d)z] (37)

Similarly, by letting d = O

-1

. b _
K= 8in ==a (38)
. _=1=h
/3 = - 8in 5 = T+&y (39)

And, by substituting these values of & and 8 into Eqs (26) and {32),
one can find the (nondimensional) corrected-conventional describing

function for a relay with hysteresis to be

Q-ﬁhﬁ (40)

lili - & (_19_02)‘1: (41)
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Furthermore, for an ideal relayah »« O, and therefore

,g - % (lg'o')* (42)

Eqs (37), (40), (41), and (42) can also be found by a Fourier
analysis of the output waveform of the respective nonlinearities as

was done for saturation combined with dead zone and the relay with

dead zone and hysteresis.
Plots oi all of the describing functions derived in this appen~

dix can be found in Appendix D.
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Appendix B

Derivations‘gg the New RMS

Describing Functions which Introduce Hysteresis

48 pointed out on pages 6 and 8 of the introduction, one way
of extending the new rms describing function to polar-symmetrical
nonlinearities which are not single-~valued is to let the angle of
the describing function be the angle of phase shift necessary to
make the output of the nonlinearity odd periodic. This, incidently,
is the same angle that is obtained for the conventional describing
function through a Fourier analysis. Again, as with the corrected-
conventional describing function derivations in Appendix A, one can
take advantage of the quarter-wave symmetry which occurs after the
shift in axes to modify Eq (15) on page 25 for simpler integration.
For example, after shifting the axes of the output of the relay +
dead zone + hysteresis nonlinearity shown in Figure 20 on page 96
to 90, the output becomes odd periodic, and the angle of iLe new

s describing function is, therefore,

T x+8
é-—@o-'z'--—z—' (43)

Then, the magnitude of the new rms describing function is

— €§ 1 %
S x° 46
S 12 sinzé)df9
/0 J
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btecause of the quarter wave symmetry.

i BL

x%0
zgg.—.i

oR

2

|N|' T
x2 @ £in 20,

2 3 o]

ol

- KE-'—;—Z- (C’:-aL)]i

So the (nondimensional) nev mms describing function, with angle

expressed in exponential form, is

T_A+b
%-[—im-a)]é G-z

7x°

. . d +h
Pt B ——
or. substituting X 5 sino’

% jI_E_té)
N(d+h) ek -2%(/8—0() sinax] e 2 2

Integrating, one will obtain

(45)

(46)

(47)

By letting d = O in Figure 20, one can find the (nondimenaional)

new

. -1 h
o« = sin 21-‘11

. =1 =h
B:Tr’—»;n 2X=7T+‘h

So trat, zrom Eg (46),
vz %
X

e

]
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Appendix C

txperimental Procedure and Analog Computer Circuits

In order to add credibility to the experimental results, as
well as to allow the reader to repéét the experiment, the experi-
mental procedure used by the author is explained in the following

i

discussion.

Procedure

Figure 21 on the following page shows the computer, plotter,
and test eguipment arrangement used in the experimental determina-
tion oif the amplitude and trequency of the self-sustained oscilla-
tions in the nonlinear feedback systems of the study. Figures 23
through 29 on pages 107 through 111 show general analog computer
circuits equivalent to the block diagram arrangement in Figure 22
for each of the linear forward iransfer functioms, Gl(s) through
G7(s). The general circuit for GBA(S) is the sane as ibhat of GS(S)
in Figure 25, but with the outer loop gain increased by a factor
of 3.475. Similarly, the general circuit for G7A(S) is the same
as that of GT(S) in Figure 29, but with the outer loop gain in-
creased by 3.333. Figures 30 through 36 on pages 111 through 115
contain tke diiferential relay mechanizations of the various non-
linearities studied. Ihese differential relay circuits were intro-
duceil 1n place o: the box labled "N" in each o* the general cir-
caites 1or itne specific tests required. The procedure for measure-

sent of the resulting oscillations was as rollows (See Figure 21):
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Figure 21

4dnalog computer test arrangement for the measurement of the anpli~
tude and frequency of self-sustained oscillations: (1) REAC Elec-
tronic Analogue Computer, Hodel C-~-101, Reeves Instrument Corpora-
tions (2) Differential Relay Unit; (35

¥odel 1100-E, Electronic Associates, Inc.; (4) Dynagraph Recorder,
Type MC, Offner Electronice, Inc.; (5) Digital Voltmeter, Model
4011~-4, Beckman Indusiries, Inc.

Variplotter Plotting Board,

{
i
)
)
t
i

o
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(1) The ditferential relay circuit and general circuit ftor a
particular case to be tested were wired together on the REAC patch-
panel, aiter proper amplitude scaling based on the predicted ampli-
tude. (Note that the figures in this appendix have been labled in
terms of k, the amplitude scale xacior, in order to facilitate
scaling each run.) The potentiometers on the RLAC were then set to
four-place accuracy with the digi;ai voltmeter.

(2) The REAC was switched to "Operate" ani the ensuing oscil-
lations were recorded on both the Variplotter and the Dynagraph.

An initial value o1 ¢ which was greater than the dead zone was
required to initiate oscillations in the systems that had nonlin-
earities with dead zone.

(3) After the oscillation had stabilized for a few cycles, the
REAC was switched back to "Reset.”

(4) The amplitude of the oscillation was then accurateiy deter-
mined by measuring the positive and negative initial condition vol-
tage (on the integrator from which X was being recoried) necessary
to move the pen oi the Variplotter precisely to the level o. ike
positive and negative peaks of the previously recorded seli-sus-
tained oscillation. Tkis initial condition voltage was measured
to tour-place accuracy with the digital voltmeter. The amplitude
of the oscillation was then taken as the ave::ge of the magnitude
of tke positive and negative peak so nmeasured. By using this
techni,ue, one can eliminate any variation in tne linrearity of

trhe Variplotter, and very accurate results can be obtained.
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(5) The 1requency of the oscillation was accurately deter-
mined by measuring the period of a previously recorded self-sus-
tained oscillation from a Dynagraph recording. Since the Dyne-
graph was run at one of its maximum speeds during the test (100
or 250 mm/sec) and tke frequency of oscillation was quite low (0.5
to 3.3 radians/sec), the measurement of the period of the oscil-
lation was also quite precise. The freguency in radians/sec is

then 2MWdivided by the period.

Verification

In order to verify the accuracy of this experimental procedure,
one of the runs, G4(s) plus saturation and dead zone, was programmed
and run on the digital computer. G4(a) was chosen as the linear
function to be checked because it was the worst of all of the aralog
circuit designs due to the high loop gains. The dead zone and
saturation nonlinearity was chosen because it was one of the more
complex nonlinearities studied irom a standpoint of simulation
difficulty, and it was felt that the sensitivity of the differer-
tial relays might introduce a small error in the simulations, and
this error would be most prominsnt in a nonlinearity with several
relays.

A nmumerical integration time increment of 0.004 seconds was
used for the digital computer study. The results indicated z limit
cycle at the output with an amplitude of 12.&32, and a frequency
of 1.822 rad/sec. The analog computer run gave an amplitude of

12.588 and a trequercy of 1.816 rad/sec for ihe same problex.

106




GGC/Ex/64-16

Since the diiilerence between the digital and analog results
was less than half a percent (see Table XXVIII below) in what is
considered to be one of the least accurate analog runs, it is felt
that the validity of the entire set of analog computer results is

suificient for a basis of comparison of the various describing

functions.
Table XAVIII
Comparison of Analog and Digital Simulations
Anplitude Frequency
Digital Computer Result 12.832 1.822
Analog Computer Result 12.88 1.816
% Difference in Results 0.3741 0.3293
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X | - S L
Nonlinear Linear
Elenment Element
Figure 22

General block diagram of a feedback system with 2 nonlinsari

x ° %
rx 2 e "fo°k‘ 10
10
.6
14 #16
<
#18
(19
7
kx = k¢
Figure 23

General analog computer circuit for the determination of the
amplitude and frequency of sustained oscillations in a closed
loop with linear systenm Gl(s) end a norlinearity.

180

Transfer function: Gl(s) =

(s+1)(s+2)(8+3) " Y(s®

Mecktanized differential equation: D30 = 180y - 60°%¢ -

C(s

11De - 6¢
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: /-—-o-kb-—ﬁ
Vs

=S L % 10 < =ke
1 # 4 # 1| #e>-Ree#1
4 X
14
15
6
~
kx = =-ko
Figure 24

General analog computer circuit for the determination of the
amplitude and frequency of sustained oscillations in a oclosed
loop with linear system Gz(l) and & nonlinearity.

Transfer function: 02(3) - '(.+i§(§+2) .~%{§}

Mechanized differential eguation: D30 = 18y - 3D20 - 2Do

—~—>ké = k%
s

kxr = -k¢

rigure 295

General analog oomputer circuit for the determination of the
amplitude and frequency of sustained oscillations in a closed
loop with linear system 03(1) and & nonlirzeerity.

Transfer functioni 03(l) - g “0';
5°(s+1)
Mechanised differential equation: D30 = 4.76y + 0.476 % -

ZD20 - Do

et
o
\O
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Figure 26

General analog computer circuit for the determination of the
anplitude and frequency of sustained oscillations in a closed
loop with linear system 04(8) and a nonlinearity.

Transfer functions 04(8) -(,+1)(,+2)%5223 8+4)(8+5) g :

Mechanized differential equation:

D26 = 4650.3y ~ 150%c - 85076 - 225020 - 274Do - 120¢
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x #12 ,—-»k&-—ki
5 ; .
— 1

{.6) 19
\_/ \\\\

kx = - k¢

rigure 27

Ceneral analog computer circuit for the determination of tke
amplitude and freguency of sustained oscillations in a closed
loop with linear system 05(3) and a nonlinearity.

. 301 C(s
Transfer function: Gs(s) o) (522) (553)(578) = i%;%
Xechanized differential equation:
D% = 301y - 100%0 - 350%¢ - 50p%c - 24Dc

kx = - ko

Figure 2%

Ceneral analog computer circuit for the determination of the
anmplitude and freguency of sustained oscillatione in a cloeged
loop with linear systez G (a) and a nonlirearity.

Transfer function: (8) 242. B8+0.
) - E e o

Mechanized differential equation:
0%¢ = 242.97 + 24.293/D - 120%e - 46D°¢c - 602°¢ ~ 25Dc
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N
<#F11 4 @

kx = -~ ko

Figure 29

General analog comrputer circuit for the determination of the
amplitude and frequency of sustained oscillations in a closed
loop with linear systex G7(a) and a nonlinearity.

248.626 (s+l)2 _C(s
-3( “10)2 I(s
Mechanized diffarential equation:

D30 = 248.626y + 497.252 L+ 28.626 L - 20026 - 100Dc
D

Transfer functions 07(5) -

slope *}?2%‘ii}‘ '
-3 =" kx =1

,/////’/, +3 x

rigure 30

Mechanization of dead zone {d = 6, X = 0.5) with differential

relays: (a) transfer characteristic, (b) analog computer circuit

i
i
1
H
!
y
!

(From Ref 5:192)
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kx
|y
slope =
. >
' 1.5 #
' -100 DR2 ’9\ #1
- T
(a) #5
(v)
Figure 31

Mechanization of saturation (8 = 3, X = 0.5) with differential
relays: (s) transfer ctaracteristioc, (b) analog computer circuit.

(Prom Ref 5 3188)
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+100
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= b Pl e by
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G X #16C — #9
-100 3 G'Dnz 4 100
#3 G K ™~
DR4| A #9
-100 A {
~100
figure 32

Mectarization of saturation with dead zone {d = 2, S = 4, K = 1) with
differential relays: (a) transfer characteristic, (b) analog cozputer

circuit.
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4
I I
kx 135
DR2
. e
—_—a =
b
(a) (v) +100

Figure 33

Mechanisation of an ideal relay (K = 1) with differential relays:
(a) transfer characteristic, (v) analog computor circuit.

(Prom Rer 5:190)

#1(%22}-0.100
) - 4 K
DR1| A 0-—m———
0 r) (30
(| ;.
+100

b 4
#3 i?51=!> 04100
1 KO/

fai e G
1 K'o-___\-~§‘

#7\ Olk}—0+100

-100 A2
(a) c»—{‘i§}~6 K9
DR3{ A 0—m—-——
G'
K'
#11(%22}—0.100

Mechanization of a relay with hysteresis (h = €, K = 1) with
differential relays: (a) transfer characteristic, (b) analog

computer circuit.

(v)

Figure 34
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Figure 35

Mechanization of a relay with dead zone (d = 3, K = 1) with

differential relays: (a) transfer characteristic, (b) anelog
conputer circuit.
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Figure 36

D

Mechanigation of & relay with dead zone ani hysteresis(d = h = 2,
K « 0.8) vith differential relays:
(b) enalog computer cirouit.

(a) transfer ctaracteristic,
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Appendix D

Plots of the Corrected-Conventional Uescribing Functions

Figures 37 through 44 on the following pages are plote of the
corrected-conventional describing functions derived in Appendix A
and listed in Tables II through VIII in Chapter III. Tke plots
are normalized as were those in Chapter IV, but the ordina’e and
the abscissa are the reciprocal of those in the graphs of Chapter
IV. This is done so tha: the entire graph can be plotted, witkout
baving onz scale or the other become infinite. ([ke ideal relay
plot is an exception, but it is merely & straight line xrelation-
ship.) Therefore each curve is a complete presentation of tke

corrected-~conventional describing function for that nonlinsarity.
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Figure 38

The non—dimensionalized corrected-conventional describing

function of saturation,

where
Yy, output
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x, input
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Figure 39

A family of curves for the non-dimensionalized corrected-
conventional describing function of dead zone combined with

saturation, where
Y, output
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Figure 40

The non-dimensicnalized corrected-—conventional descriting

function of an ideal relay, where

input

X,

Y, output
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Figure 41

Angle of the correcied-conventional descriving functicn of a ’
relay with hysteresis, (the magnitude variation of the describ-
ing function of a relay with hysteresis is the sBame a2t for an ;
ideal relay, and therefore the curve on the preceding page can
be used) where ¥, output

X -~

s ey, input
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Figure 42
The non—-dimensionalized corrected-cor~ . tional describing
function of an ideal relay (3 positior. .r a rTelay with dead
zone, where
¥, output
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Figure 43
A family of curvee for the magnitude of the non-dimensionalized
corrected-conventional describing function of a relay with dead
zone and hysteresis, where
Yy, ocutput
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Figure 44

A family of curves for the angle of the non-dimensionalized
corrected-conventional describing function of a relay witkh
dead zone and hysteresis, where
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Appendix E

Other Describing Function derivations

Although each of the 35 descriving functions listed in Tables
II tirough VIII in Chapter III was derived by tke autbor, only the
derivations of the important new describing functions are included
in this paper (Appendices A and B). The following tables are in-
cluled, therefore, for the scrutinizing reader who desires to check

the derivations of the other describing functions.

Table XXIX

References where Derivations of the Conventional
Describing Functions Used in this Study ¥ay Be Found.

Nonlinearity Reference
Dead Zone 1:434
Saturation 1:435
Jead Zone + Saturation 1:436
Ideal Relay 9:457
KRelay + Hysteresis 11:740
Relay + Deai Zone 9:458
Relay + Dead Zone + iiysterccis 9:459
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Table XAX

Referenices where Some of the Unconventional Describing
Functions Used in this Study >zy Be Found.

Describing Function Fonlinearity Eeference

New RMS Saturation 3:1371
Ideal Relay 2:3382
Relay + Dead Zone 2:382

Minimum Average Error Ideal Relay 2:381
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Appendix F

Analysis of the New EMS Describing Funciion

In Chapter III the new rms describing function is defined as

{g [y(t)] dw} L
x /0%

where X = the amplitude of the sinusoidal irnput to the nonlinearity

(15)

and y(t) = the actual output from the nonlinearity. By comparison
with Eq (1) in Chapter I, Eq (15) indicates tlrat tke amplitude of the

equivalent output sine wave from the nonlinearity has been chosen as

AL
|1l = g EQIN dwt? (49)

That is, the equivalent ocutyut sine wave bhas the same rms value as
the actual output of the nonlinearity. If y(t) is an odd-Larmonic.
odd-periodic function, as is often the case, and is expanded in a
Fourier Series, then Eq (49) becomes

Y = ?-rgo (yl sinwt + ’13 sin 3wt + Ys sin Swt + ee0.) duﬁ

e

sinwt sin 5t

-}- ZW(Yzainzwt-tZYI'ainwtein ot + 2Y.Y
R o 1 173 +ehls

4+ cee + Y32 sin23c‘t + 2Y,Y. sin Xt ein St +...

375
+ Y52 nin25wt 4 eeee) du;J (59)
A
butS sin mwt sin not dwt = O if m A n (51)
0
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2T 2
and sin“nwt dwt = W (52)
/0

—%
Therefore, ‘Y‘-[%r (Y121T+ YBZT\’ + Ys‘?ﬂ' + ....)5

2, 12+....)% (53)

2
- (Yl + Y3 5

Stating the above analysis in words, the new rz= describing function,
in effect, takes as the emplitude of the equivalent output sine wave
{rom the nonlinearity, the square root of the sum of the equares of
all the Fourier coefficients in the Fourier Series expansion of the

actual output of the nonlinearity.




