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ABSTRACT

UNCLASSIFIED

In previous work with our colleagues, we have
investigated some of the possibilities of proving mathe-
matical the2orems on a computer on a man-machine basis.
At the intermediate stages in a proof we are, in general,
trying to prove some formula from certa.n suppositions
and previously proved heorems. If such intermediatn
steps have "trivial" pr. ofs, we might hope to have the
machine verify this automatically. This report describes
some algorithms which verify certain "trivial" proofs.
These algorithms can be read off from the definition of
proof in the formal syste - 21 through 86 described
in this report. Algorithms concerning the propositional
connectives are explicated by systems Sl and 82 :
quantifiers by S3 and S4 ;  ‘wlorder predicate-
function calculus by SS ; and many sorted variables

and constants for W-order predicate~-function calculus

by Sg -
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"branéh;ng“ rules which correspond to
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izbles by cases.
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is the completion of 33 obtained by
cess. the completeness theorem for

Systen: §
¥ 5

SUMMARY

order to simplify the descriptions of SS and 85 . System 8§,

the later systems. Svstem 52 is the completion of §

order predicate~function calculus. In

matching to consider only reasonable Herbrand disjuncts.

Lz

This report defines and describes six formal systems of logic,
Sl through SG . for which proof procedures or partial proof procedures

are readily contrived. The systems S1 through S 4 are conscidered in

;ragrnent of the classical propositional calculus whose theorems are
those tautologies which can be shown tautologous by assuming them to
take on the value falsehood and arriving at an inconsistent assignment
to the variables by not using any "branchir}g" ‘rules. This»system sug-

gests an efficient means of handling the propositional connectives in

treating certain propositional var~
This differs from Gentzen's treatment by Sequenzen in
that Gentzen's "branching” rules consider the value of the antecedent or
consequent of a formula by cases. Svsiem 83 isa fragment of the first
formulas are croved by con-
tradiction. The quantifiers of the demal are stripped by cutting the denial
in miniscope form an¢ replacing them by Skolem functors. This is remin~

~ iscent of the Herbrand technique. However S5 uses a process called

System 34
carrving out the full Herbrand pro-
sutlined in an appendix.

is an & T-orger predicate-funcuon calculus nattorned after

i il
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S4. A method for handling types is included m 785 which allows us ,
tc rrove theorems at the 16west pcssible type and yet have instances

of these theorems involving higher types available by substitutio;x.

Function-like properties of predicates can also be obtained as instances

of more general theorems concerning functions by substiiution. System

Sg is an extension of SS to a many-sorted < _ order predicate-

function calculus. It is believed that many >f the problems attc?nderit

to mechanizing a many-sorted calculus are resolved by ‘SS . A ;areful
tre’atment' of the matching process has not howeveir as yet been carried

out for SG . Howéver no insurmountable obstacles are expected.

b
[




0. Introduction

M s -5, * oy B ,

It is the opinion of this writer and his colleagues (J. H. Bénnett,

W. B. Easton, and T. H. Mott, Jr.) at the Applied Logic Corporation,

R IR g

that no computers in the near future will be powerful enough to camry

out any non-trivial deductive mathematics. This does not preclude the

possibility of doing serious mathematics by real~time operator-mathe-

maiician intervention. Such a program we have dubbec semi-automated

#.athematics (SAM). The purpose of this report is to describe some

algorithms which are useful for the automated portion of GAM. These

aigorithms can be "read-off" from the definition of proof in the formal

systems 781 through S described in Sections 1-6,
" Some history is in order. We quickly realized that the method
of mathematical logic known as natural deduction by subordinate-proof

(cf. Fitch [ﬂ or Jaskowski (2] ) is a convenient way to display mathe-

CETTLRETEC TN

This convenience holds for both the man and the machine.

The

matical proofs.

Two programs were written for the IBM 1620 using this method.
first program, SAM 1 (cf. £3] ). handled the propositional calculus on a
semi-automated (man-machine) basis. The second program, SAM III
(cf. L4]), weated semi-automatic w=order predicate~function calculus
with equality and methods of definition.
A method called matching for efficiently applying (upon command
of the man) rules of inference, definitions, axioms, and previously

proved theorems was developed for another IBM 1620 program, SAM II.
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SAM 1II (cf. [5] ) was a systém for semi-automatic first-order, quan-
tifier-free, (ccnstam;) function, axiomatics with equality and methods

' of definition. Matching was also used in SAM III. In SAM III we added
some automatic techniqués of the following form. In the middle of an
incomplete subordinate proof we may be attempting to prove a formula B
from previously proved theorems and relevant hypotheses C;, CZ reess Cpe
The machine attempts to prove this automatically by creatin’g the set S

consisting of Cl' ..., €, and some denial of B, and then trying to

reduce S to a contradiction. Matching is used in the reductionof S .
_ " Also certain equality rules were automated for this reduction. The method
1 of handling the prapasiﬁonai connectives in this reduction is explicated
by the systems S; and 52 below. The method of stripping quantifiers,

called Skolemization, for the reduction of S , along with matching are

y ° described in S3 . Sé— is the completion of 83 to the full first

order predicate~function calculus without equality. Sg extends Sy
to the o - order predicate-function calculus and includes the rudiments
of type theory. The main difficulty in extending to Ss is in giving an

adequate definition of matching. If portions of matching in SS were

bt e 1, 0y
R s G s oo g I e,

restricted and somc equality rules were added to Ss . we would have
approximately the automatic portion of SAM III,

The system Sg 1s tendered as a solution of the "sorted-symbol”

problem. In intuitive mathematics we use certain personal conventions

concerning variables ranging over cerwain mathematical objects. For

By
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example, m, n, i, j frequently range over integers; p ., q
over primes; T . g_, t over raﬁonals_: X, Yy overreals;
G overgroups; H over sub=groups; etc. Also we connect various

related objects in a mathematic structure by the process of identication.

'E. g. if G is a group with composition £, then we might use H; to

range over subgroups of G . However with no qualms at all we call
the composition of each of these subgroups, { . After all, only a pur-
ist considers the restriction of a function to be a different function.

Unfortunately, computers are purists. Also we want theorems concern-

_ ing rational numbers to be available to integers without intervention by

the man. All these problems, at least theoretically, are resolved by
S¢ -

No attempt has been made to consider automatic equality rules
in this report. Hopefully, this can be the subject of a later report.
H;ndling the equality rules in a manner which allows us to do "trivial”
mathematics automatically may be the last serious theoretical hurdle
before some serious mathematics can be developed on a computer using

SAM.

Notation. Throughout this report we shall use the following notations
and conventions.

1) ‘i will denote provability in system Si .

2) B, C, D, B;. C . D ., By,... will be metamathe-

matical symbols ranging over the well-formed formulas {w ffs)




or well-formed terms (wits) of a given system.

3) Formulas such as B (Cj +...,Cp) will denote a wif where -

attention is drawn to all occurrences of the wifs CI" .ot Cn

: Y e
o AP o s N(u"‘!!ff"f{’m’:'f'if"f(f'f’!'ﬁ“lfﬂ%!ffwl“ﬁ!'"fﬂfm:!fm!'ﬂ’mn;m:ﬁ,(?mtvm,!mwmmﬂmwmqwnmm

which appear as subformulas of B.

f 4) Formulas such as B (... C ...) will denote a wff where atten-

tion is drawn to a particular single occurrence of a subformula
C of B.

5) The usuai rules for associating the connectives, dropping paren-
theses, or replacing pairs of parentheses by dots will be ob-
served. . -

F 6) Frequently we will not explicitly name certain variables but

only give names tczrngtamathematic symbols which range over

the variables of a given system.

7) After the final clause of an inductive definition in the meta-
language, consider as added a clause reading that an object is
& in the class defined if its being so follows from a finite number of
applications of the above clauses. E.g. in the definition of

wi: for S 1 we understand as present a fourth clause reading.

“4) A string of primitive symbols of 8, is a well-formed
formula of S} , only if its being so follows from finitely

many applications of 1), 2), and 3) above.”




1. The Formal System S

The system S; formalizes a fragment of the propositional cal-

o A i...:-4pl.x,.‘mwwmmwmmmmmmmﬂmmmmmmnmmmmmffﬁiﬂ!Ml,ﬁﬁlfflﬁlﬂlﬂllﬁﬁIM""lllﬁVIW

culus, By itself S; is of little interest, However S; lends itself

to efficient mechanization and is a sub-system of the more powerful

systems S; , S5, 84, Sg . and Sg.

| Primitive symbols of S, :

1) Propositional constants T F

2) Propositional connectives & v > =\ A~

3) Improper sﬁmbcls ) (

4) An infinite list of propositional variables. We shall use ;

P, 3. T¢, Pl+ .... @&s metamathematical namesranging =

over the propositional variables.

5) Weuse B, C, B;, C;, By, ... to range over wifs of 8, .

Well-formed formulas (wffs) of Sl :

A propositional variable standing alone is 1 wff.

1)
2} T and F are wifs, :
3) If B and C are wffs thensoare ~B, (Bv C), (R & C), ;
B = C), and B =C) . F
)
|
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Theorems of 8y . A finite sequence {Bgl) r ese s Bg')? ) eees 4

1

{-B({) roses s ng $ of finite sets of wifs of §; issaidtobea

proof of the theorem B if

1)
2)

3)

oy . (1)
nl—.‘;andB1 is ~B ,

some Bgr) is F , and

+ i+ 1
some ng) is p (resp. ~p ) and {B? 1), eees By (
+1
obtained from the previous set by deleting the Béj ) ‘s which

are p (resp. ~ p) and replacing all the occurrences of p

in the remaining set by T (resp. F) , or
j+1

LT
set by replacing one (or twgof the B

i- s8a»a8 g
3 , .
i 8 by wifs using one

of the reduction rules below.

Réductien rules for 8 1 ¢

1)
2)
3)

4)

5)

Replace B & C by B and C.

Replace ~(B 2 C) by B and ~C,

Replace ~(B v C) by ~B and AC,

Replace any of B (...~~C..,) , B(....T>C...),
B(...FvC...), B(L..CvF...), B(...T&C...),
B(...C&T...), Bl...T=C...), or B(...C=T...)
by B(...C...).

Replace any of B(...C2>F...) , B(...F=C...) , or

B(...C=®F...) by B(..~C...).

is obtained from the previous

is




6) Replace any of B (... F> C...), B(eo .C2T.uus)
(i T v GCads B(enC v Tad, of BLosF.L)
7 by B(...T...).

7) Replace anyof B(...F & C...), B(..C & F....,

or B(soo~ T...) by B(..F ...).

By way of example we prove some theorems in Sl :

¥
=3

Proof: $~ T3 ' f}"‘f

!; pa2p
Proof: §~.p’-’p}_». Sp.ﬂp?} {»;Tl '

{ F } . Alternatively we could use the proof

{mpopt . §p.~0% . $F1%.

kP> a>p
Proof: sa—.p:.q‘:p?. §p, ~-C1‘=P?,

fp., a.~p} . §F.a}.

1 p>(gqor) > p2q 2.p2r
Proof: {an.p>(qg>r) 2.Pp2a 2. p:r’}.....,
$p 2 (@>r), p2a ., P. ~r$ ., §TO(q>r), Toaq, ~r¥
$qar, Toq, ~rt , $avr ., g, ~r} . $T2r, ~r §

‘;r,, ~r.f ’ SPE R
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Pr-ccfzi {ﬁﬂ‘p a4 >.q 9 p}; ssse ¢4
fp> aa . a ., ~Pp}, fep 2~T, ~p},

§f~p o F , ~p 3, femp , -v—p?, ceeny e} .

Remark: As is well known, the last three theorems are frequently

taken as the axioms along with modus ponens and substitution for a
development of the propositional calculus in terms of only @ and ~ .
H@yeverAwe do not have modus ponens as a rule or as a derived rule of
S—li ;mce forﬂexample‘ p®p=>q ' D. PPpPOIr3wqg D~r is
tautologous but not a theorem of 8; . In fact substitution is not a

derived rule of §; since k p>p, while psq = pmq s

cC.

m

not a theorem. Notice that no wifs oftheforms B& C, B
.~(B2>2C) , and +~(B v C) are theorems of S1. While not

every tauiology is a theorem we have the converse:

Theorem. Every theorem of Sl is a tautology.

Proof:  Let {Bl,....., Bmi} be obtained from fCI ) oesves Cn}
by one application of the reduction rules. Then (By & ... &Bp ) &
(C1 &... & Cp) is tautologous as can be seen by examining each of

the reduction rules. Hence if B is a theorem of 8, we have B & F,

and therefore B , is tautologous.

H
H
H
:

A s

‘I‘“!‘!!W
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Remark,  Notice that the theorems of §, are exactly those tautologies

B which can be proved tautologous by assigning F to B and arriving

IR e R S Nt

‘at a contradiction using only the uniquely determined lines of the truth-
tables of the connectives and not treating any propositional variables or

subformulas by cases,

Wm-—
" , T 0 Y © 0 I 0 S
:
.
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y 2. The Formal System SZ

R A

The system Sg is obtained from 5; by modifying the

definition of proof of a theorem.

Theorems of Sp A finite sequence By , ...., B, of wifs
of 8) issaidtobeaproofof B, inthe system 8, if for each
i (i =1,2,...., n By isatneoremof Sy or there are j
and k (1 j§ < i and 1 k % i) suchthat

BJ. is p > B and By is ~p D Bi .

Examples:

/ Kk PE=EP
! Proof: R P2 p=®p., by f-»-bvﬁi-s-io?.
) {p, ~p=p} , f~TET |, $ ~T}, §FPY.
| Also k ~p2psp , by fenmp 2 p= pt
f ~p,~pspl ., { ~ F=r} , i ~~rt,
i rt. Hence p 2 pP®pP , ~P2.DEP , D= P

isaproofof p= p in SZ .

]

i $-1 P2 pP>q q
Proof: It is easily checked that first four wifs of the following
sequence are theorems of Sl

P > g > p>p>g q . ~bP>2qap22p>2q =q ,

]

P 3= P> P> =T q , ~P 2. ago.p2? po2gq=4q ,

- 10 -
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gq2.p=p2qeq , ~Qq>p2 poq q.

e

-——r..
oy

P2pr2q=4q . Hence this sequence is a proof of

PP. pP2gdq=4gq in 82 .

o

This proof is unnecessarily long., Suppose we attempt to prove

this wif inS; . Wehave S$apo.pog=a} , {p ,~poa=aqf,

i~.T9qEq}: ihrng?'

but we can proceed no further., However, we observe that we need only
treat this last set by cases on q. This suggests the following shorter

proof of the original wiff in Sz : g>.p2.p>2qgq=4g ,
~Qq>pJpoqEg, P >2.p>q = where indeed the first two
wifs are theorems of S, as can be easily checked.

) The longer, "canonical" proof of the example immediately above

o suggests the following completeness theorem for Sy :

Theoreri. The theorems of S, coincide with the tautologous wifs
of S .
Proof: That every theorem of 52 is tautologous is easily observed
' from the facts that the theorems of S; are tautologous andif p 2 B
and ~ p 2B are tcutologous then sois B ,

F On the other hand suppose B ( Pp s+ seee P

{ . Pyl is

tautologous and contains only the propositional variables pj ,ee¢s, Pp »

G ¢ ¢

Then 51 2. Pp 2. ... d. P, ® B where B is either

"

Pi or =~ pj , will be provabl? ia 8 with the proof

iavvgi D . e 7- ;n-“B}, --v-,fgl, pyz,ia.-,gn,*’g} ’

P g

SBz; LI IR IR B ] gn, "B(’cli pz o ® ®E & g pn)}, I 2 2

- 11 -




§~B(Tl, ?2;i-oon‘rn).§ r sses g ;"’Tz ¢ §P§;
where T; is' T or F according as ;51 is pf or ~pj.
Now combining the 2% differen* theorems of S 1 of the form

L _ -

P 2¢ By P eeeee 2 P, 2 B weobtain B astheorem of §,

1. 1 wifs in the obvious fashiun.

+
from a proof with 2"
The shorterproofof p 2 . p 2 @ = q sugrests that fre-
quently we can find a proof of a tautology with n propos:ticnal variables,

n+l_ 1 steps needed

which has a length considerably shorter than the 2
in the "canonical® proof. This.is @ ¢common occurrence in mathematics;

but all too often some collection of heuristic shortcuts that a mathematician
uses can not be formalized. However, in this.case we have constructed

Sl and .‘32 so that the shortcut is easily mechanized. This is de~

scribed by the following definition, theorems, and examples:

Definition. Let B* be the last set of a finite sequence of finite sets
of wifs satistying 1), 3) , and 4) of the definition of a theorem of S1
and such that B* either contains F or, it contains_ no formulas of

the forms p or « p and no reduction rule is applicable to B* .,

For definiteness let us suppose further that in this sequence of sets,

3) was applied where possible before 4) ; and where more than one
application of 3) (resn. 4) ) was possible the application first effected
was the one which eliminated the left-most p- or ~p (respectively, con-

nective), considering the sets as ordered sets in the natural way.




B e ——

Theorem. Let 3 be a tautology. Let m be the number of dis-

tinct variables in B* . Then there is a proof of B in 8y of lengin

Ml

Then clearly  §; 2, R "c"{m > B isprovable in §;

where Ex is g or agq;. Nowproceed as in the preceding

theorem.,

Examples.

B P2P2q=4q (B)
Proof: NowB* is §~q=q} sothat q2p=2p>q ®4q ,

~d > p2po25g=4q, p=po>gq = q is the proof of

length 2 1+1_ 1 ;m.?: indicated by the last theorem. From a compu-
tational standpoint it is much more efficient to combine the proofs of
g2 p2 pasqwq and ~d=2 P pod®qg=4g in S1

along with the proof of length 3 in S2 into the following computa~-

tional scheme:

f&P’-p:qsq}
i B
fp wp>aq=q}
I
is-‘l“:qsq}
7~

i»-T:SET} f~T>F=TFt%
f~. T=Tt fa P‘?-F}
f:-ﬂ S.,-:F”i

$r3 S r3

0 A ot




As is frequently the case with branching structures, this display can

be efficiently mechanized by a push-down list arrangement.

—

Proof: This tautology generates the following computational
scheme:

$a. pmlged)= p= g
7

J W

{~T=m(g=1 = T=q=r? §~

|
S~ lgzr) 2 Te g= r§

F =

"

)

"
<

. Psqsr?

.y 0T mm—— “l

P ~
§».T=r§.Tir—f g-v.FEranr_f
\
4 ‘{H,r?_’l‘zr.f l

Note that in this case no rules from S1 are applicable so that our

computational scheme degenerates into the truth-table procedure. This
is, however, preferable to proving eight longer theorems in S1 and

combining them to make a proof in 52 with fifteen steps.




a

} ) Comparison with Gentzen's algorithms for the propositional calculus.

One of the most efficient algorithms for the propositional cal-

culus arises from Gentzen's system of natural deduction (cf. Kleene's
[GJ system G1, p. 442). The reduction rules 1) , 2) , and 3) corre-
spond respectivelyte & —% , ~=» D , and —sv .
The special case of B (...C...) replacing B (...~~C...) where
B(...C...) isjust C comesponds to —w»a~ followedby ~—p» .,
Notice that all of these rules are non~branching rules of Gl1., Also
certain applications of the branching rules of Gl are essentially non-
&ancMng. Eg D, wﬁere the antecedent of the implicafion to
be eliminated is also a hypotheses could be replaced by a special non-
pranching rule (for §D, D>C%t s equivalentto §D, C}).
This corresponds roughly to the reduction rule:

"replace B(...T>C...) by B(...C...) ."
On one hand our reduction rule is more general since C may be buried.
quite deeply in B (...C...) , while on the other hand we may have
1 the formulas D and D2 C andnotbe abletoget T > C from this
in 8; (e.g. p»p and p>p >C) . We do not choose to
modify $; to include some rule which would get us from fD , D9 ct
to D, T>C? for reasons of computational efficiency.

In éssehce then 3; does almost all possible non-branching in-
ferences thué eliminating much of the branching necessary in Gl.

Only as a last resort -~ thus invoking S, ~=- are branching-type rules

-15 -
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‘ used. And in fact the branching used in S2 tends to eliminate further

branching. Of course for some examples our method corresponds almost

exactly to the truth-table method. E.g. see the proof of

P (g=r) €. p=qsr inthe example above. However the natural
deduction method is similarly a disaster in thess freak cases. In gen-
eral our method seems to be more efficient than natural deduction which
in general is considerably more efficient than the direct truth-table

method. And further, the method of S, lends itself very nicely to ex-

2
tension to the higher order calculi.
Considering again the remark at the end of ection 1, the method

of S, comresponds exactly to the method of assigning F to a tautology

7]
i and using the uniquely determined lines of the truth-tables and then by
cases on the propositional variables when necessary, in order to derive
{ a contradiction. On the other hand, the cut-free version of Gl corre~
sponds exactly to the method of assigning F to a tautology and using the
{ uniquely determined lines of the truth-tables and then by cases on the

two halves of a subformula using the other lines of the truth-table.
(E.g., A o B is T is contradictory, if andonly if, A is F is con-

i tradictory and B is T is contradictory.)




3. The Formal System 83 .

The system 83 is a fragment of the first order predicate cal-
culus with symbols for both predicates and functions but without
equality. This system is introduced so that the techniques for handling
quantifiers and the instantiating of hypotheses can be explained in the
simplest possible setting. The propositional portion of 83 is an evi-
dent generalization of Sl . Techniques for handling the equality rules

will be discussed later.

Primitive symbols of 83 :

1) - 3) Asin 8; , with the comma as an additional improper symbol.

4) Quantifiers A E

5) An infinite list of individual variables.

6) An infinite list of individual constants.

7) An infinite list of predicate constants of each d- “ree n

(n = 1 rs 2 Fl 3 g === ) .
8) An infinite list of function constants of each dueyves n

{n"-'l, 2,; 3;ii')i

Remark: We use the following symbols in the metalanguage of 83 :
1) individual variables X Y 2 X Y] eees

2} individual constants a b c d e 3, ...

3) n-ary predicate constants P(ﬁ) Q(n) R(n) Plhj Q,(n) cven

-17 -




4) n-ary function constants gln) g 4n) Gl(n) Hl(ﬂ)

5) well-formed terms M N Ml Nl M2 cese
When no ambiguity arises we will drop the superscripts on the predi-

cates and functions,

Well-formed expressions of 83 :

1) Individual variables and individual constants are well-formed
terms  (wfts).
2) f My.,..., M, arewits and G is an n-ary function

constant then G(n) (£ M, ) isa wft.

3) I My,...., M

(n) - :
n are wits then PYV(M, , ..., Mn) is

a (atomic) well-formed formula (wif).

T and F are (atomic) wifs,

The variables occurring in atomic wifs are said to occur free.

' If B and C are wifs thensoare (B>C) , (B & C) ,
(BvC), (BEC), and ~B. The varia.::s which
freein B and C arefreein (B2 C) , (B & C; ,
(BvC), and (B E C) . The variables free in B are
freein ~B. If B isawff, sois (Ax)B and (Ex)B .
Occurmrences of x in (Ax) B ar? called bound occurrences

] of x and those occurrences of ® which are freein B are

said to be bound by the initial quantifierof (Ax) B or (Ex) B.

Free variables of B other than x are free variables of

- 18 -




(Ax)B and (Ex)B whichare said to be in the scope of

the initial quantifier.

In 8, we proved a wif B by attempting to derive F from
~B . In 83 we proceed analogcusly~-- however, in place of the

negation of a wif weusea quantifier-free wiff which contains the

intent of the denial of the wif., To this end we define a quantifier-

free form of a wif .

Definition. Let B® -- called the Skolemization of B (where B is

a wff containing no free variables) -- be the formula obtained from B,
by successively applying the following reduction rules (the applicable

rule appearing earliest in the list is applied first):

1) Replace subformulas of the form ~~C, ~(C2D),

~(C v D), ~(C&D), Co2>2D, c=D,

~ (C= D , ~ (Ax) B , and ~ (Ex) B respectively

by C , C& ~D, ~aC & ~D, ~Cv ~D,
~Cv D, (~CvD) & (Cv ~aD), (CvD) &
(~ C v ~D), (Ex) ~ B, and ( Ax B

2) Replace subformulas of the form (Ax)B and (Ex)B by
B if x isnotfreein B.

3) Replace subformulas of the form (Ax) . B (x) & C (x) and

(Ex). B(x) v C(x) respectively by (Ax) B {x} & fAy) C(y)

and (Ex)E(x) v (Ey)Cly) where y 1s

-13 =
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4)

5)

6)

7)

8)

tae first variable in alphabetic ordering not previously appear-
ing.
Replace subformulas of the form (Ex) . C& D, (Ex). D& C,
(Ax). CvD , and (Ax). D v C respectively by
(Ex) C&D, D &(Ex)C, (Ax)CvD , and
D v (Ax)C where x isnotfreein D .,
Replace subformulas of the form (Ax) B (x) by (Ay) B (v)
if some quantifier binding x appears to the left of (Ax) B (x) ,
where y is the first variable in alphabetic order not pre-~
viously appearing.
(Here and below the x's displayed in B (x) are all the free
occurrences of x . )
Replace subformulas of the form ( Ex ) B (x) which is not in
the scope of a universal quantifierby B(a), where a is
the first individual constant in alphabetic order not previously
appearing.
Replace subformulas of the foorm (Ex)B(x) by B (G(n) (yl ,
«e.sYy) ) where y;, .., y, areall and only the variables
bound by'universal quantifiers in whose scope this particular
occurrence of (Ex) B (x) appears, where G(n) is the first
n-ary function constant not previously appearing.

Replace subformulas of the form (Ax)B by B

A




Example, Let us compute the Skolemization of

(Ex) (Ay) . (&) P(y,x) 3 (E2) Q (2, x,y). The steps are
a) (Ex) (Ay) . (Ex) ~P(y, x} v (E2) Q(z, x, ¥) , by l) twice;

il U 1
&

b) (Ay) . (Ex) ~ Py, x) v(Ez) Q(z, a,y), by 6);

c) (Ay) ~P(y, GY)) v Q(H(y), a,v), by 7) twice; and

d) ~ P(y,G(Y)) v Q(H(y) , a, y) , by 8),

where d) is the required Skolemization. Here and below let us assume
that the symbols represented comply with the requirements of alphabetic
ordering. Note that a) is equivalent to the original formula using the
usual meaningof 2, v , ~ , (Ex) and (Ax) .

In b) we have replaced the initially existentially quantified variable
by a previously unused constant-- a device in common use in informal
mathematics. In ¢) we have repl:;aéed "x ‘ inm ” a~P(y,x) by G(y)
where G (y) is to be the name of the object x which is said to exist
for each choice of y . Since (G did not appear previously, G (y)
gives us no additional information beyond the existence the object for
each y . Similar statements hold conciérning H(y) . In d) we
simply delete the universal quantifier. By this informal reasoning we see
that a contradiction can be obtained from the original wff if and only
if it can be obtained from its Skolemization d) ., Examination of the

definition of Skolemization leads us to make this assertion for general

closed (no free variablas) wifs.
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In modifying the definition of a theorem for 8, to serve for

1
83 we can modify clause 1) so that Bgl) is the Skolemization of
""'(Axl)‘ see (Axn) B where x;, ...., x, are all the free variables

of B . Clauses 2) and 4) canremain the same. Of course the re-

duction rules involving > and = are not needed. In clause 3)

we use atomic wiffs in the role of the propositional variable p .

Since the free variables occurring in the subformulas of the Skolemized

wif were previously bound by the deleted universal quantifiers, we

must allow ourselves all substitution instances of these quantifier-free
- . wifs in our attempt to derive F . However, it is much too inefficient

to blindly generate instances of these wiffs. Suppose B and C

are atomic formulas, Note that an instance of ~Bv C, call it

~ B' v C' , will be of use only if there is some previously gener-

ated wif D (or ~ D) anddninstance D' of D (or ~ D' of ~D)

such that D' is either B' or C' . So that rather than generate

all possible «~B'v C' 's and D' 's itis much more efficient to
‘ consider ~BvC and D (or ~D) toseeif D and B (or
D and C) have a common substitution instance (called a matching
formula below). Further, 1t is important that this common instance be

as general as possible. These ideas lead us to the notion of matching,

which was developed for SAM II .
Definition. Two wiffs of 53 are said to match if they have some

substitution instance (called a matching formula) in common. A matching
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formula from which every other matching formula can be obtained by

supstitution is called a general matching formula.

Examples:

1) Q(a, x) and Q (x, H(x)) match and have Q (a, H(a) ) as
a general metching formula.

2) P(G (a, x)) and P (G(b, y) ) do not match since the con-
stants a and b do not match.

3) Q (x, x) and Q(y, H(y)) do not match since Yy and
H(y) cannot be made identical by replacing y by the same
wft inboth y and H(Y) .

) Q (g{,-y)_:__'a_x}d Q (y, x) match and have Q (x, x) asa
matching formula. Q (x, x) is not a general matching formula
since, for example, Q (x, y) is a matching formula which is
not an instance of Q (x, x) . Note that in this case Q (x,y)

and O (y, x) are both general matching formulas.

Definition. The following algorithm which is to be applied to two

atomic wifs B and C of S3 is called matching:

Step 1: Consider B and C as being stored at lines (1) and (2)

respectively. Reletter the variables of line (2) so that it has no

variables in common with line (1),




T
"y

Step 2: Let us denote tie n-th symbol -~ ignoring parentheses and

commas ~- of line i(l) by (1), . Similarly we define (2) .

Case a): If lines (1) and (2) are identical, the algorithm outputs
(1) and stops.

Case b): Suppose n is the smallest integer such that (1), is dif-

ferent from (2) . Since wifs are involved and case a) does not hold,

neither (1), or (2), can be vacuous. We consider four subcases:

n

i) Suppose (2), is a variable, say x , while (1), is
a function or individual constant. Then call D the
unique subformula of (1) starting at (1)n . I D
contains x , output DOES NOT MATCH and stop.
If D does not contain x , substitute ‘D fer x
everywhere in (1) and (2) . Go back and repeat
step 2.

ii) Proceed as in i) if the roles of (1) and (2) are inter- ‘
changed.

iii) If (1), and (2), are different variables, replace

(2), everywheren (1) and (2) by (1),.

iv) If (1), and (2), are different constants, output

DOES NOT MATCH and stop.

Examples. Let us apply matching to P(G(G(x, Gly,x)), z)) and

P(G(G(x,v), Gx,v))) .
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(1)

PGGxGyxz
) PGG uvG uu

(1) PGG xGyx 2z

(2) PGGxvGxx
(1) PGGxGyxz

(2) PGExGyxGxx
(1) PGG xGyx G xx
2) PGGXxCyxGxx

Then P(G(G({X, G(y,.x)) ,

G(x, x)))

is the output of the algorithm and

is in fact a general matching formula for the two wifs.

Let us apply matching to Q (x,x) and Qf(y,H(y)) .

(1) Qxx
(2) QyHy
(1) Qxx
(2) Qx Hx
(1)

DOES NOT MATCH

The variable x cannot be replaced by H(x) .
example of a subtle way in which two

This is a very simple

wffs can fail to match. The
more usual case of not matching arises from subcase iv) .




e

e pu

Theorem. If matching is applied to two atomic wffs B and C
of 33 , then in a finite number of steps the algorithm outputs a gen-
eral matching formula if a matching formula exists and outputs DOES

NOT MATCH if no matching formula exists.

Proof: First we note that the process stops in a finite number of steps
since each application of step 2 which does not stop the procedure elim~
inates a variable from (1) and (2). Let H(R) for a formula R be the
hypothesis that there is a simultaneous substitution in (1) and (2)
Whicix yields two copies of R and further R is & general matching

formula for (1) and (2).

Claim: H(R) holds before an application of step 2, case b) if and
only if H(r) holds after step 2, case b).

Suppose subcase iii) is about to be applied and H(R) holds.
Then the same formula must be substituted for the variables which occur
at (1) and (2),; in order to obtain two copies of R, Hence H(R)
holds after one of these variables is replaced everywhere by the other.
Conversely if H(R) holds after an application of subcase iii) then
H(R} must have held before.

Suppose subcase i) or ii) is about to be applied and H(R)
holds. If in the simultaneous substitution D is translated into D'
then v must be replaced by D' by the substitution. Note that if D
properly contains v then the simultaneous substitution cannot possibly

vield identical iormulas at (1) and (2) and hence H(R) would not
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have held. if A does not contain v then H(R} will still hold after
applying the subcése. The converse is similarly true.

If subcase iv) holds it is clear that H(R) for any R could
not hold before or after applying iv).

Hence the claim is verified. If some formula R is outputed by
step 2, case a) then using our claim R must be a general matching
formula for B and C. Let H(R)' be the wypothesis H(R) with the
word “"general" deleted. By examining the proof of the claim we see
that the modified claim ~- H(R)' holds before step 2, case b) if and
only if it holds after -- is similarly true. Now suppose DOES NOT

MATCH is outputed. Then for no R does H(R)' hold for (1) and (2).

_ By 635{ modified claim H(R)' holds for no R for (1) and (2) immediately

after step 1. But in this situation (1) and (2) have no variables in

common so that we can conclude that B and C do not match. Q-E.D.

Theorem. If in the matching algorithm atomic wff B is written in (1)
and atomic wiff C is written in (2), then the algorithm outputs B if

and only if B is an instance of C.
Proof: This is easily checked from the definition of matching.

Definition: We use matching to define a rule we call matching reduction:
Let B and C be atomic formulas, If B is an instance of C then re~
place C (resp. ~ C) and D(...B...) by C (resp. ~ ) and D{...T...)

(resp. D(...T...})J. If B matches C with the general matching
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formula B' butis not an instance of C , thenadd to C (resp. ~C)
and D(...B...), the formula D'(...T...), where D'(...B'...) is
obtained from D(...B...) by making the same simultaneous substitu-

tion required to get B' from B ({(resp., add D'(...F...)).
We are finally ready to define the class of theorems of 83.

Definition. A finite sequence of finite sets of quantifier-free wiffs of

33 is said to be a proof of the theorem B if

1) first set contains only the Skolemization of (Exl). .e .(Exn) ~ B
where L R are all and only the free variables of B ,
2) the final set contains the wff F ,

3) every set but the first is obtained from its immediate predecessor

by a single application of malching reduction or one of the re~

duction rules 1), 4), 6) and 7) of Sl .

Examples:
¥ @M)Ply,x) > (Ex)P(x,2)
Proof: §Pl@a,x& ~Pxbn} ., [Pa,x, ~Pxnf,
Pa,x), ~Px.b), ~T% , §P@a.x, ~Px.b), F ¥}
‘é Ay)(P(x} > Q(y)) 2. Plx) @ (Ay) Qly)
Proof: §(Pla) @ Qly)) & (Pl@& ~QLN%t . ...,
{P@) 2 qly). P, ~amt , §ToQy . Pl), ~Qb T,

oy, P&y, ~omt, §F, Pa), ~Qb ¥.
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k (Ax) P (x) o P(y)
Proof: I Px) & ~P(a) t . Srw . ~Pat,

§F, ~Pa) }

Examples from Group Theory. Let GROUP be an abbreviation for the

formula (commas are dropped for compactness)
(Ax) (Ay)(Az)(Ru)(AV)(AW) .  Plexx) & P(I(x)xe) &
(Plxyu) = Pluzw) =. P(yzv) » P(xvw)) &
(P(yzv) =. P{xvw) =. P(xyu) 2 Pluzw)) .
Then ‘3 GROUP o P(xl(x)e)
Progf: Skolemization and several reductions gives us a set
containing the formulas
(B;)  Plexx)
(B2)  P(x)xe) |,
(83) ~ P(xyu) v. ~Pluzw) v. ~Plyzv) v. Plxuw) ,
(84) ~ P(yzv) v. ~Plxvw) v, ~Plxyu) v. Pluzw) , and
(Bs)  ~ P(al(a)e) .
Now by applying matching reduction and §; reductions we obtsin the
following additional formulas:
(Es} ~ PlyIl{a)v) V. ~ P(xve) v ~ Plxya) , by
applying (Bg) to (Bg) (written "By into B,") ,
(B,) ~Plx lfa)e) v. ~ P(xea) , by "B) into Bg, "
(Bg) +~ P(I{I{a))ea) by “Bz into B, .~
ngi ~ Pl{liadiyu) v. =~ - . ~Plyze) , by "Bg into By ."




]

(Byg) ~Pleza) v ~P(i(a) ze) , by "B, into By ,

Now (Bll) is reducedto ~T andthen F .

~ P{I{a)ae) , . by “B1 into BIO st

K GROUP 2 P (xea)
Proof: Skolemization and several reductions gives as

(C }) ~ Plaea)

Now we obtain

(C;) ~Playuw) v. ~Pluga) v «~Plyze) , by "C, into By, "
(C3)  ~Playe) v. ;P(yae) , by "B, into C,, "
(Cq) ~Plalla)e) , by "By into Cz . "

Now we can derive F-from (Bl) , (Bz) , {Bs) . (34) , and (Cé) as was

demonstrated in the previous proof.

The fact that one of the premisses of a matching reduction must

be an atomic formula limits the power of 33 though it greatly aids com-
putational efficiency. For example the set of wifs
~Pily) v ~Paly),

fPl(ﬂ & Prlx) v. Q) & Q, ¥,

~Qi(z) v ~Qz)}
is contradictory but we can not reduce this set to include F by our rules

Also 53 -~as did SI -~ lacks sufficient devices to handle

of 33 .
the propositional connectiv es. For example, no wiffs of the forms
B=2C., B &C, ~B2C, or ~BvC are theorems of 53 .

Hence with the relationship between §; and S; in mind we extend S3 to S

- 30 -
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4. The Formal System 84

The system S, is obtained from S3 by modifying the definition
of the prbcf of a theorem. S 4 is a complete system for the first order

predicate-function calculus.

Definition. Let B* be ~(Ay) .... (Ay,) ({~(Ax;) ... (AB)Y)
where Xj ., ..., X, are all the free variables of B and Yy v Y
are all the free variables of (a(Ax,) ... (Ax)B)? .

Le:t Jp, be the set of all variable-free terms which can be formed from
the constants in B* (if B* contains no individual constants, let J
be all the terms in the constants of B* and a -~ the first individual
constant in alphabetic order) .

Let Lb be the set of all variable-free atomic wifs obtained by instan-

tiating the y; 's in the atomic wffs of B* by elements of Iy

Example. Let B be ~(Ex)(Ay) . (A)Ply,x) » (E2) Q(z.x.y).
Then B® is ~P(y,Gly)) v Q(H(y), a,y) (see the first example
; of £3). Hence B* is = (Ay). ~ Ply.G(y)) v Q(H(Y), a, v} .
Now

T, = §a, G(a), H{a), GG(a), GH(@), .... }

and Lp = { PM,GM) : M6 1.} U §ommM,a M : Meg | .

Theorems of Sii : A finite sequence B; s, «»- s B_. of wifs of Sb

n
issaidtobeaproof of B in 54 if Eﬁ is B* and if foreach |
is a theorem of —33 or thereare j and k

€% ¢ i) suchthatforsome C in L, B




a

I

is C 2 B; and By is ~C 2 B

Example.
F, AP & Py v. Q) 0 & Qp ()
S (Ex). Pjx) & Pp(x) v. Q (¥ & Qpx) (B)

Proof: We find B* to be

~ (Ax){Ay)(Az) . (P,(x) & P2(x} v. Qi(x} & Q,(x)} &. (~Py(¥) v ~Py(y))
& ~Qy(2) v ~Qy(2) (B*)

Also J, is §at

and " Lp s fPI(a) . APz{a) . Q. Qyla) [

It is easily checked that

by P’I(a—) > p* ad o~ Pla) @ Ry

Hence ‘iPI(a) > B* , f»Pl(a) > B*, B* 1 is a proof of

B 1n 54.

In an appendix to this section we shall outline a proof of the
Sode: - Herbrand-Gentzen theorem for Sé (i.e., a wif of 54 is a
theorem if and only if it is valid in every (non-empty) model). Unlike
the usual formulations of the first order predicate calculus, the com-
pleteness theorem and the accompanying proof-procedure follows directly
from the definition of proof in Sé . This is not to suggest that this proof-
procedure can be mechanized to do any but the most trivial mathematics.
This author firmly believes that this procedure and all others developed

10 date are niot even remotely close to being useful as completely auto-




m. .icd procedures. However our program of Semi~-Automated Mathe~

matics 1s much less ambitious (and hence more realistic). And here

S4 is quite useful; for while the mathematician-operator directs the
over-all strategy of the proof, the machine can easily do some of the
numerous, trivial, and bothersome steps since the proof-means of S 4

coincide s0 closely with its related proof~procedure.

Y £L




Appendix to 4 ., The following steps sketch a proof of the fact

that

1)

2)

3)

4)

ky B iff B is valid.

i-‘;3 B implies B is valid since

a) the skolemization of the negation of the universal
closure of B is not satisfiable iff B is valid

b) a set of wifs of S3 is "satisfiable" iff it is after
an application of one of the reduction rules of S3 , and

c) no set containing F is "satisfiable."

}i B implies B is valid, by 1).

B. not provable in 84 implies that for every finite subset

i Civ vev Cn‘f of Jp there is a non-theorem of 85 of

the form

El 2. EZ CAR R "-En 2 B* , where Ei 1s Cy or ~Cl 7.

Let C;, Cz. C3z, .... beanenumerationof J,. By 3)

there is a sequence of non-thecrems of 83 of the form

2) |
c(ll) > B*, C, o C(ZZ) > e, cf¥a cf¥ s c:g?’) > B8Y,

where C(.l) is C, or ~(. . Let D
j 3 j 1

(i) .

1 s are Cl . Let I.')1

be ~ C1 otherwise, Of the infinitely many i's such that

(i) i ‘
Cl is Dl' if infinitely many have Cg) being Cz tuen let

DZ be (.'3z ;,  otherwise let Dz be “"02 . And so on,

be C, if infinitely many of the C

In this way we have picked Dl' Dy, D3, -~ so that for each

finite n , infinite many of the non-theorems in the sequence




5)

above start with D, 2. Dz: . D D e

Hence foreach n, D; 2. °*-- . D, 2 B* isnot
provable in Ss .
From 4) we can define a model whose elements are Ib in

which B* does not hold. The values of the functions of B*

(n)

are given by the rule: the valueof G when applied to the

elements M., ... , M

1 of Ib is to be the element

n

c™ M M_) of

1 feemet n Ib . The values of the predicates
of B* are given by: the value ofy p(n) when applied to the

elements Ml' eeee, M_ of Ib is to be T if some Di is

n
p(n) (l\.rI'l Jees ,Mn) and F otherwise.
B does not hold in the model defined in 5). This follows

easily from the definition of B* and 5).




5. The Formal System S5

H

The system Sg is to be an W-order predicate~function calculus
patterned after S 4 Enough type mechanism is included in SS to dif-
ferentiate between predicates and general functions while allowing cer-
tain function-like properties of predicates to be obtained as instances of
more general theorems about functions. Again we postpone to a later

report, the discussion of equality.

Primitive symbols of S5

1) Improper symbols < % | ) € 1 ,

2) Logical symbols D ~ v & ® A E A T F
3) Type constants U Vv

4) An infinite list of variables of each type.

5) An infinite list of constants of each type.

Type formalism:

1) V is a type (~— the truth-value type).
2) U 1is a type (- the type of the universe).
3) ¥ % . %, .....7T, and T are types, then

(‘t’l, v, ’tn , T is a type (- the type of all n-ary

functions whose n arguments have the types T RER ‘t'n

respectively and whose value is type 7T .




Meta-language for SS :

D T ., o ., & f ’ Tl- "’1 + »+.. torange over
types.
2) Lower case roman letters with integer subscripts and type super-

scripts to range over variables of that type.

> >~
» 6L H', MY, N°, G&F . ®m ... to

range over constants of type T .

T T L 4 T

'3
4) B . ¢ , D , By, C; ,.... torange over

terms of type T .

Type containment : Type T is said to be contained in type o ,

written T & 0 a5 defined by the following inductive definition:

; 1) vV <
|
2) T Cc 7T
2 T o . . - .
3) Tl c ) and TZ Cc "1'3 implies Tl c 15
L 4) If o C T (i=1, ..., n) and T C T

then (T, ..-.% .17 C Lo vony, 0>

We define max (T, ) andmin( T, o) by

1) max (V , U) = max(U, V) = U ,

2) min (V,U) = min(U, V) = VvV ,

3) if min(T,, 6,) and max (T, ) have been defined
then
max (< Ty, ..., T ,T Y, {ry, ..., , %)

=¢{ min (T, T ee, mn( T, T max (T, &) 2

4

n) 1




J——

4)

5)

if max (T; . ¢3) and min (T, ) have been
defined then .
min ( {T,.-ees T ) (a', veees T L))

= (max("f‘l, 1)y een s max (T, o),

min (T, 6 )

min(T , o) and max (7 , 07) are left undefined un~
less their being defined follow from 1) - 4).
Notice that min (T , o) is the most general common tyre of

T and o , if T and @ have a common type.

Well-formed expressions of E'>5

1)
2)
3)
4)

5)

6)

T and F are well-formed terms (wfts) of type V.

2, &, v, = are wits oftype ¢V, V, VY.

~ isa wit oftype < V,V Y.
A constant or vanable of type T isa wit oftype T .

¥ o, & T, (i=1,.,..,n) then

i o (i
{B <1-1, ..-.Inv Tv] (Bl l,...e, Bn n) isa

wit of type T .

(™A x?l,....,ann) Bf isa wift of type

{t, ,...., Tn, TY.  The occurrences of x in this
wit are said to be bound, The free occurrences of x'l'i in
BY are sajd to be bound by the initial occurrence of A in
(3 x bk 8T




B e ve e e e

7) Aax¥) BV  and (ExT) BY are wifts of type V.
The definitions of bound and free are analogous with 53 .

8) A wit of type V is called a well-formed formula (wif) .

Substitution, We use the following substitution notaticn ir the
meta-language of Sg: If o¢ T , then

x &

STt
stands for the result of replacing all the free occurrences of xT in
C‘ by 87 and relettering (in some canonical fashion) those

bound variables of C‘ which would otherwise capture some free

variables of BY .

Lambda-conversion. In forming the Skolemizations and as a reduction

rule for S5 we use the following rule of _A -conversion: A wft of

the form [(?\xl poeees o X)) Bl (Cy, .. . C,) can be replaced

by S X oeeee Xy B ( A wit is said to be :’*-ccnverted
Cy cees G

if A -conversion is not applicable to any sub-wfts of the wft.

Special-conversion. A wift of the form (> Xipoeos Xq )([B] (‘K, . ))
wiere the X; 's do not appear free in B , can be

replaced by B , and conversely.

Matching. Any wft C obtained from a wift B by finitely many applica~

tions of substitution, relettering bound variables, A -conversions, and




‘ special-conversions is called an instance of B . Two wits B1 and
4

B, are said to match if they have a common instance ({(called a match-

ing term for By and By ) . A matching term for B, and B, , from

which every other matching term can be obtained, is called a general

matching term.

Example: Unlike 34 , two wfts of Sg can match without having

a general matching term. For example G (f(x), f, x) and

G (H (M), f, x) have as matching terms G(H (M), H, M) ,

GHM) , (A2 ) HM) , x) , and G(H(M), (22)2, H(M)),
Hc&ever G(f(x),f, x) and G(H(l\;), f, x) have no general match-

/ ing term as can easily be seen. Still we notice that G(H(M) ,

. (a2 ) H(M), x) is a more general term than G(H(M) , ( 2z ) H(M) , N)
though both are matching terms for the original two formulas. This leads

us to the following:

Definition. A general matching set for wfts B, and B, isa set

7 of matching terms for B1 and B2 such that every other A =-converted
matching term is an instance of some member of the set and no mem-

] ber of the set is an instance of another member. Two terms for which

neither is an instance of the other are called independent,

In order (o describe an algorithm for matching in SS we first

define some concepts.
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Definition, We define the character of a sub-wft of a wift B

as follows:

1) A constant has constant character.

2) A free variable of B has variable character.

3) A bound variable of B has constant character,

4) (Ax) B and (Ex) B have constant character.

5) (sl (By seeees By) and (A%} ouee, x,)E have the same character as B.

Definition. Two A -converted wfts are said to rough-match
under the following inductive definition:

1) Two wfts Bt and Cf of variable character rough-match

if their types contain a common type; i.e. ifmin( T, &) is
defined,
i [ T
2) A wift Bt of constant character rough-matches a wit C

of variable characterif =T ¢ o .

3) Two identical constants rough-match.
4) Two bound variables rough-match if they have the same type.
5) Two wfts of constant character {BO] (By,..... By) and

CCOJ {CI'“‘"cn) rough-match if B; and C; rough-
match (¢ = 0,1, ve... ).

6) Two wfts (AxY) B and {(Ay¥ ) C of constant character rough-

matchif T = &€ andif B and C rough-match. Similarly

for (Ex} and ( > Xy voes xn) . (Special=conversion may have




)

to first be applied to a wit of constant character which corre-
sponds to @ wft of constant character whose first proper

symbol is A .)

Remark: If two wfts do not rough-match then they do not match.
Two wits without free variables or quantifiers rough-match if they

match.

We shall use a series of examples to describe the matching

algorithm for S. . Once the matching élgorithm has been defined, we

)

can define the concept of proof in 35 analogously tc that in § 4 {going

’

5

Of course the theorems of S5 will be valid in every non-empty model,

but the converse of this result (The Henkin Completeness Theorem) has

first to an intermediate system S which corresponds to S3 ).

no known proof which corresponds to the Godel-Herbrand-Gentzen
method. Hence we have no appendix for this section corresponding to

the appendix of Section 4.

Example: Let x,v, 2, X, M XN be objects of type 7T ;

let f, f; . G be objects of type £T, (‘t , oYY  where o ?5‘ T:
{ andlet g and h be objects of type T, V? . Remember that
the lower case letters are variables and the upper case letters are con~

stants, Let us match
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() HlHeI(2), 2z, £ , (A1) h(x)) , and

(2) HIcml v) ., M, £, (Aggly)). -

If necessary we would reletter the free and bound variables of (1) and

(2) so that no free variable occurs in both (1) and (2) and such that

no variable appears both bound and free in (1) and (2). Now we proceed
from left=to-right making the more routine matches, For example we
by-pass the corresponding sub-wfts [f, 7 (z) and [ G(N)] (y)
since f ; is a free function variable with arguments and hence it is

not necessary that x match N or T match y. We do the routine
matches first‘ so that the matching of free functi;n variables with arguments
will be as simple as possible. In this spirit we match z with M

" and f; with f

resulting in

(1.1) H( [l M), M, £, (B h(x)) .

and (2.1) = (2) . In general when we are matching variables £
and fir which appear without arguments, wé substitute f t for
£ i zee .t for i u ecr , g mnET)
for flr and f °© (where fzmin (r,7) has not previously

appeared) if min (9,T) is defined, and finally ve do not get a
matchif ¢ and T have incompatible types -- i.e. min (¢, T ) not
defined. Now we consider the corresponding sub-wfts (Ah) h{x) and

{Ag) g (y) . If the corresponding bound variables g and h were not

|
£
H
H
E
H
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the same type we would not have a match. We reletier the bound var-

iables so that the corresponding bound variables are the same. This

results in (2.2) = (2.1) and

(1.2) H L]l v, M, £, Ao ).

Interior bound variables are considered as constants so that x and y

in (Ag) g (x) and (Ag)g (y) must match resulting in (1.3) = (1.2) and
2.9 HGWMI® ., M, f, (A gix).

Now we have to match  [f(x)] (M) and [G(N)] () .
Notice that this should be considerably easier than attempting to match

these sub-wits initially -- for we have identified two variables and re-

placed a third variable by a co:;starst: We;vish to consider every sub-
stitution for f of the form (2u) ( Av) B (u, v) where

[[( Aut (M v) B (u, v}j (%) ] (M) , or equivalently after two appli~-
cations of lambda-conversion, B(x, M) , matches [G(N)j ) .
However we consider all substitutions of this form so that B(x, M)
rough-matches [ o, using the algorithm itself to eliminate
later any substitutions which lead to non-ma:ching. The B(u, v)'s ,
which we call candidates, are defined inductively by
1) [ G 1(x) is a candidate ; and
2) if B' is a candidate and some sub-wft B" of B' rough-

matches x (respectively M) , then the result of replacing




B* in B' by u (respectively v ) isalsoa candidate.
Hence we have the six candidates Temwd = . el .
tewd o . [cwlw . [Gwlw ., ad [ewlm .
After substitution and lambda~conversion we obtain the six matching

problems

a-1) H (el . M, QAW (av [cl®, By g )

(2-1) = ((1-1)

1-2)0 H((emMI ., M, (2u (Au) letn] @ . (Ag) g 0 )

(2-2) = (1-2) .

1-3 HLemIm ., M. OCw (v ] ® . Ko )
2-3 H(LeMIw . M, (2w (M) el v , Bg)g )

-9 H([Gwl . M, Aw v lewlx , (g ¢ )
2-9) H([eMlm® , M, (A0 (V) ([cwl ., (A g®)

1-s) H(6wIx) .M ., Odwavyicwlw . (kg g)
@2-5) H((eMlm ., M, Ow(a [cwlw ., (g )

1-60 H([G1mn ., M, (Aw (av) [Gu] (v . (A9 g (x) )
2-6) H([eMIm. M, OO lcwlw . B g )

We consider these problems to be in a push~down list., Let us
treat the top problem, (1-6) and (2-6). We must match x and N.

This results in replacing x everywhere in (1-6) and {(2-8) by N.
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But then we must match M with N , which is impossible. Hence
we delete (1-6) and (2-6) from our list. Now we again treat the top
problem, (1-5) and {2-~5) . Here x must be replaced everywhere

by N vyielding
(1-5.1) H(emIm, M, Ow Owlcwlw ., Bg gt )

and (2-5.1) = (1-5.1) . Now we let our general matching set con~
tain the term (1-5.1). Let us write this as GMS = 5(1-5.1) ¢ .
Now we delete (1-5,1) and (2-5.1) from our list of problems. Next

we obtain
(1-4.1) H({amlm) , M, (M) (v [cwlm . aggm )

and (2-4.1) = (1-4.1) . Since (Mu) (Av) [cw] (N) isin-
dependent of (2 u) ( Av) Lew) (), (1-4.1) is independent of (1-5.1) .
Hence we add (1-4.1) to GMS getting GMS = §(1-5.1) , (1-4.1)f .-

Similarly we add (1-3.1), (1-2), (1-1) to GMS where
(1-3.1) B({emIm , M, OOu(xv) LT, (Ag) g (M) ),

Thus our final result is

GMS = f(1-1 . (1-2), (1-3.1) , (1-4.1) , (1-5.1)3

Notice that if the third argument of H were deleted that GMS

would contain only HI[GMI x) , M, (Ag) g (x) )
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This result could be obtainted very quickly by noticing that

Hw" , M, (A)g(® ) and

H [ 1, M, () g(x))

are instances of one another (using (Au) (Aw) w”  for f, ).

This suggests the following rule: If every occurrence of a variable
< T 1' T n' T>

» o8}

f throughout the two terms .> be matched is with

the same arguments and is never in the scope of a quantifier or A,

T T

then f with its arguments can be replaced by w where w
has not previously appeared. As an application of this rule, consider

the following.
Example. We wish to generate GMS for the wifts

(1) G( fx), gly. . x)

20 G( f&x) ., & . x)

Then using the rule, g (y, f) and f{; (x;) can be replaced
by variables. Notice that we could not replace f (x) by a variable

at first, since f appears without arguments in g (y, f) . We then

arrive at
(1.1) G (wj . Wy . x)
(2.1) G (wy , 1 ;XY

These can 10w be matched 1n a straight-forward manner, the ultimate

result depending on tne *'n-s of the variables present.,

-

- 47 -

o o e

"l T

I




If Up v eee 0 U do not occur free in D , then we can
interchange ( Auj ,... ., uy) [.D] (ug, «.. s up) with D
using special-conversion. This raises a problem when (Au}, .., u,) C
must match D and the first proper symbol of D isnot A . For C
may have the form [D] (ul, oo 4 Up ) , or may be put in that form by
making certain substitutions for free function variables with arguments.
This situation is easily resolved by replacing D in these instances by
(Muy . eees u ) LD ] (u;., ..., up) and carrying on with the match-
ing. For when we match C and [D] (u1 ves 4 Ug )  we will find
if C can be put in the approp_riate form.

We have not encountered the situation in the examples consid-
ered thus far, where we are matchii. ; two sub-wits whnose first proper
symbols are free function variables with arguments. We consider first

an example where the first symbols are the same. In the second example

we show how the general case can be reduced to the current case.

Example, Suppose after the beginning stages of matching we arrive

at the situation;

(1) H(f(x,y.M), f,4q9,x,vy, Z)

(2) H(f(x,2,N), f, g, x,v,2)

Now we attempt to match  f(x, y, M) and f(x, z, N).
We keep the corresponding arguments which are identical; we delete

the corresponding arguments which don't rough-match; and then we
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delete all 2" possible combinations of the remeining n arguments

" (in this example n = 1) , obtaining 7AL matching problems in

place of the previous one. In this case we obtain

(1-1) H(f & v , (Au, v, whi)(u, v), %, v, 2)

(2-1) H(f'l (x, 20 ., (Au, v, wi (v, x v, z)
(1-2) H('f'2 (), (Au,v,w £, (W, x, y,2)

and (2-2) = (1-2) . The tildas ( ~ ) above the f, and f2
indicate that this process has already been performed to this occurrence
of the variable. For the purposes of matching the arguments inside the

f 's, we consider the f's as constants. Hence from (1-1) and

(2-1) we obtain

(1-1.1)  H({ &, y),  Qu, v, w f v, %y, v)
and (2-1.1) = (1-1.1) . Then
GMS = §(1-2) , (1-1.1) § .

Example. Consider the intermediate stage

(1) G(fM, H , f, g)

(2) G(g(F, M , f, g)

Considering { as a constant, we get the following trial substitutions

for g by the method of our first matching example:
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(Au,v)f (M, H) and (24, v)f(v,H).

1

These yield

(1-1) GUEMW, H , £, (Au, v) (M, H))
(2-1) = (i-1)

(1-2) G(f(M,H , f, (Au, v)f (v, H)
(2-2) = (1-2)

Considering ¢ as a constani, we get the following trial substitu-

=

tions for f : (Au, v)g(F, M) and (Au, v) g(F, u) . These
yield

(1-3) G(g(F, M) , (Au,v)g(F, M) , g)

(2-3) = (1-3)

(1-4) G(g(F, M) , (Mu,v)g(F,u),q)

(2-4) = (1-4)

Hence GMS is one element from each of these pairs, since they are
independent. In general we would not be done this quickly, but we
would be able now to apply the method of the previous example to com-

plete the matching.

These examples suggest in an obvious way (we hope) an algorithm
for yenerating a general matching set for two wfts. It 1s clear that the

terms in GMS are matching terms for *he two wfts., A detailed proof
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that GMS is actually a general matching set, has not been carried

out. There seems little point to that task until methods for handling

substitutivity of equality have been added.

Remark. The following derived rule holds for Sg : If we consider the

types of the atomic symbo’s as being appended as superscripts, then the
result of simultaneously replacing every cccurrence of U in a theorem
of S5 by some fixed type expression, is again a theorem of S5 . As
an application cf this rule we can obtain, for example, from the group

theory concerning individuals, the group theory of other mathematical

entities such as transformations, permutations, etc.
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6. The Formal System SG

The system 56 is an -.r-order predicate calculus which 1s

more powerful than SS in that a mechanism for defining sorted var-

iables is included within the formation of 86 . This system suggests

solutions to many of the problems which arise 1n considering the auto-

mation of a "many-sorted"” system.

Primitive Symbols of 86 . The primitive symbols of 86 are

> ,~ , v, &, =,A,E, » , T , & |,

v,v,t r, Y ., 0 ., 7,5, < ., ), ( , 6 and

an infinite list of vanable and constant forms.

Well-formed expressions of SB' . o

1) Types and type containment are defined as in Ss .

2) U isasortoftype U .

3) V 1s asort of type V .

4) If t"l,... s T T are sorts of type
& R $,. 8 respectively, then (o ;, ..., o
1s a sort of type <Sl I £>

5) If x 1is a variable form and o 1s a sort, then x/o 1S
a variable of sort & ,

6) If G 1saconstant foormand © 1s a sort, then G/o
1s a co..stant of sort o .

7) T and F are well-formed terms (wfts) of sort V
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8) The variables and constants of sort 0 are wfts of sort 0° .

9) If B 1sa wft ofsort V and 0 1sasortoftype §
then (T x/ o )B isasortoftype § . (In the intended
interpretation, this sort, for fixed values of the other free variables
of B besides x/ oo , is to be the sort--or set-- of all elements
of sort 9 which satisfy B(x/ o ) . )

10) If By....,B ,B are wits of the respective sorts

nl

o-l, O‘O'C-n' ‘“1' e s 3 *n,d) WhiCh

have the respective types Sl,..., Sn' ((91,...,

bn. 6> . andit §;, ¢ @B, ten [8] (5,

y ... By) isa wft of sort & .

11) If B isa wft ofsort o0 , then (% x3,/9 1, ..., %x,/7)B

isa wit ofsort (o}, ..., 9,,9Y . If B isa wift

of sort V , thensoare (Cx/e )B and (Ax/ o) B . (Free

occurrences of x/o 1n the sorts within B are considered
& to be bound by the i1nitial occurrencesof AN , A, E ,and T .)
1 12) If o and & are sorts, then o0 & $ isa wft of

sort V .
i 13) If B and C are wfts of sort V , then so are ~ B,

B > Cc), (B v C), (B & C), and (B= C).

We shall use a metalanguage for S,. which i1s analogous to that of S¢ .
6 5

Jl We develop 86 in @ more standard fashion than the previous

five systems 1n that we proceed from axioms by rules of inference. We
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only sketch this development.

Axioms and Rules of SG . In addition to the usual rules and

aliipanio

axioms needed to handle the logic,

stitution:

Al) o & § o .Aax/ ¢
C isa wit of sort o ;

A2) (Ay/(Tx/e )D(x/

B (C) , where here and

SG has two axiom schema for sub-~

)B(x/ §) o BI(C) , where
and
o)) B(y/-) =. D(C) 2

below y /- stands for y/ &

if £ is the last sort which appeared with y ; hence in

this instance y /-~ stand

s for y/(‘tx/d‘)b(x/r).

Also 8g has six axiom schema concerning sort containment:

A3) v

c U
A4) o & o ;
A5) criESlD.‘Dﬂ'ng §, > § E o
rREEE 8, .8Y ¢ (o, . , Tn, TV
A6) (Ex/7)B > (Tx/s)B ¢ 5
A7) o, € ¢, S 0, g T3 2 7)) g % ;
(Ax/5 ) (B > C) 5. (Ex/-) B

> (Ttx/5) B ¢ (tx/r)C; and

A9) (Ey/4u)B (y/a&) 2. B(x/(7y/e )B(y/ea))

Analogous to the situation 1

most general sort contained in both

n SS , we will need to have the

o and § -- abbreviated
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ST S

by glb(e ,8) --- inordertomatch x/¢  and v/ &

We define the abbreviations glb( &, $) and lub (e, § )

simultaneously by

1) glb(er, U) =glb(U,e) = o ,
2) lub(e, U =lub(U,¢) = U .
3) if the apbreviations lub ( T 4;' i) and glb (o , $ )

have been defined, then define

glb (Lrl, L B B rn ,r) 7 (‘l,oou, ‘

L5
= Club(o7), $y), ..., lub(oy, 8,), glb(o,§)Y,
) if the abbreviations glb (@, ,§;) and lub( ¢, § ) have
been defined, then define
Wb (& o |, o, &, &Y, LSy, .. S,. 8% )
= (olb(wy, $ 1), ..., glb(e, $,), Wwb(o",85) > ,
5) if glbb( e, § ) has been defined, then let
glb({Tx/e~)B x/ o), (Ty/$)C (y/§))
= (T 2/ glbl ¢ ,§)) . B(z/-)& C(z/-), and
6) iflub( & , 8§ ) has been defined, then let
lub ((€ x/ & )B(x/),(Ty/ S )Cly/ §))
=(TtTz/lub(e, §)).((Ex/¢) . .Bix/o)&x/C = z/-)

vV((Ey/8).C(y/§8) & y/§ =2z/-)

In order to demonstrate some of the advantages of Sg for semi-

automated mathematics, let us develop group theory in 86 . To facilitate




this 'et us use s with integer subscripts and free variables displayed,
to ahbreviate certain sorts. We use S (=) to stand for s; with the
arguments displayed in its last occurrence. Let S) + Sy, and S3
stand for <Uu,v Yy, {U,U.,U Y, and U, UY
respectively. Then let
GROUP (g/s; , h/s; , e/U, 1/s3) standfor the wift
(9/593 (e/U) & Ax/U) (Ay/U) (Az/U).

$la/511 /v & [o/sy] w/0) 2 [o/sd([n/s,3 (x/U, y/U))

& fo/s 3 (lirsy]

& flb/s,1 /v, x/u) = x/U}

&$In/sp) ([1/537 (/U) , x/U) = e/U }

& §[h/s,1 ([n/s,1 /U, y/u), z/0)

= [n/s, 1 /v, Lo/l wu. z/7u)) 3

Now we let s, (h/sz , /U, i/s3) stand for (T g/sl) GROUP
(a/sy . h/sz , e/U, 1/s3) . Then for example, sq (H, E, 1)
1s the sort of all sets which are a group under the composition H , the
identity E , and the inverse I . The sort of all elements of a group g
belonging to s, (h/s; , e/U, e/s3) 1s writtenas sg (g/s, (- ))

and is defined by (T x/U) [ g/ -1 (x/U)

In order to state theorems compactly we let *B stand for
(Exl/o'l)Bl &...& (Exp/ o) By 2 B where (T x; /0o |)B)

v eee o (Txy/0 o) B, are all and only the distinct sort expressions
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in B oftheform (T ....). We are now ready to sketch the
proof that the left identity of the group axioms 1is also a right identity.

Notice that the group axioms do not have to be explicity stated.

Fo * [n/sp] /sy 0, e/U) = w/- .

Proof: The antecedent of this alleged theorem is
(Ey/U) g/sy () (x/U) & (Ef/s;) GROUP ({/sy, h/sy , /U, i/s3) .
Now using the deduction theorem which holds in Sg we have
1) ante., +» GROUP (g /-, -h/sz , e/ U, 1/s3) by axiom A9,
2) ante. ¥ [g /-3 x/ sg (=) ) by axiom A9.
Now by standard techniques, the proof can easily be completed using

1) and 2) .

Now we are in a pesition to appreciate one of the advantages of
Sg . Suppose we wish to replace x/- in the theorem just proved by
a constant M/ S (G/sq(H,E, 1)) . Before this substitution
can be made, we have to firstreplace h, e, i, and g by
H, E, 1, and G respectively. When 86 is (semi-) automated
these four 1nitial substitutions would be carried out automatically.

Henze Sg suggests a very straight-forward way of handling a very

sticky problem of automating many-sorted =wr-order calculi.

Using sorted variables, 1t 1s quite convenient to define new

sorts. E.g. welet sg(g/sq(h/sy,e/U, i/s4)) stand
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for (€ 1/s, (-Dax/sg (i/-) [a/s, ()] (x/~) . Hence sg (g/-)
is the sort of all subgroups of g . As a final example we s2e that
COSET ( x/sg (9/-) f/56 (=) ) can be abbrev iated by

(% y/ss ()) [ /56 )3 ( [w/s3] (Livsgd /), y/-) ).

Semi-automation of SG :  We close this report with some comments and

ideas bearing on the mechanization of 86 .

1) By using Skolemization, matching, and various reduction rules,
a contradiction will be sought from the denial of 3 wift of SG and
previously assumed steps, theorems, and axioms 1n a manner analogous

to Ss o

2) In matching we might make a concession to practicality by not

using glb(e*,¥) inmatching x/8 and y/d . Rather we

might attempt to find instances $  and o' of & and o
' ' - {

respectively such that S T o or o & §

3) Each distinct sort will be stored in a location and only the

address of this location will be attached to the various symbols. The
variables in @ which are free in ¢ but bound in the occurrence of
o in some wft, are storedfreein ¢ . The vanablesin o
which are bound 1n o are canonicalized to reduce the number of
sorts stored. When substitutions are made or bound variables are re-

lettered 1n  wfts , new sorts may be generated,
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4) A library of sort containments might be kept to increase the
power of substitution and matching. Sort containments arising from
implications being proved (see axiom A8 ) might be catalogued.
Alternatively 1t might be simpler to search the theorem library for suit-

able implications.
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