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INTRODUCTION

This study was performed in response to am ONR Contract No.
Nomr-3983(00) awsrded to Space Technology ILaboratories, Inc. in November
1962, The proposal for this study was motivated by a paper titled “A
Model for the Survival of Tacticel Units on the Bettlefield" that was pre-
sented at the Military Operations Research Symposia (MORS) at Ft. Monroe,
Virginia, in April 1962, by Paul D.. Chaiken3. This paper demonsirated
the use of analytical techniques to quantitstively describe the inter-
relationships between mobility, dispersion, surveillance, and fire power
as 1t affects the survival of taecticel units on the battlerield. 'The
Office of Naval Research indicasted interest in the methods utilized in the
paper and requested e repetition of the MORS presentation in Washington.
It wes after this briefing that tke proposel was generated. The resulting
study attempts to analyze significant problems from both Navy/llhrine Corpa
amphiblous operations and Marine Corps tacticel opera.tioné. In order to
help STL formuiate such problems, Mr. Irving Dow of the Navel Warfare
Research Center of Stanford Research Instltute (Pasadena) and the staff
members of the Office of Naval Research (Washington) were consulted.

The problems were formilated in game-theoretic terms in an attempt
to obtain basic mathematical structure rather than specific numerical
analyses. By mathematical structure, it is meant the Inherent strategies,
mixed or pure (in a geme-theoretic sense), which eppear in the course of
the anaiysis that allude to the decision nmeking events assoclated with the
military scenerio from which the problem waes defined. Hopefully, these
strategies can then be functionally releted to real world inputs in order
to obtain better insight into ‘the nature of the specific requirements to
be made of the limited werfare system used as a basis for the model. The
definitizing of tactical system requirements effecting survelll.nce,
commnications, command and control, loglstics, fire power, force size,

dispersion, defense, end ancillary support equipment, utili<sing mathe-~
matical models, J4ap the major objectlve of the approach described above.




The approach _ tgken _ . by this study will be to mathematically ebstract
specific problems (ece Figure 1) from the ares of Navy/Marine Corps amphiblous opera
tions and Marine Corps tactical operations. This opproach presents the analyst with
dilemma. IXf the problem sbstracted reflects too many real world variebles, a succed
ful solution to the problem cen become impossible. On the other hand, if the proble
is too wuch of a simplification of the resl world situation, the solution will ylell
resuiis thet are trivial. Significant snelyses, i.e., non-trival solvable
problems, can only be accomplished by a full understanding of the problem area. Thi
understanding sllows the analyst to determine the important parameters affecting +.»
structure of the solution and even wore lmportant allows him to pick measures of

effectiveness or criteria such that these parameters can be related.

There are many parameters or factors which have & great deal of importance .
the real world situation. However, the true test of their importance when abstract.
ing this real world situation into a mathematicel model depends upon how these
parameters, factors or variebles affect the structure of the solution. An example
of this was i1llustrated in the MORS3 paper where the parameters of mobility, dis4
persion end surveiliance completely defined the etructure of the mathematics develd;
whereas fire pover, a very important real world parameter, could not be introduced
except as a scaler quentity completely independent of the mathematical structure Or
the other hand, the same military situatibn utilizing the Lanchester Model completely
inverts the sbove parameter relationships to mathematical structure and yields an
entirely different spproach to the same problem. Which model formulation should be
used, can only be answered by asking what type of parameter trade-offs (outputs) is
the analyst interested in. The formulatlion that involves paremeters that define
sothematical structure usually (but not always) yiclds more hidden or less obvious
regults concerning these porameters than those formulations where the same parameter:
are independent of the mathematicnl otructure. Which model formulation is the best
is simply snswerad by stating that the model thot works the best is the best! By
estt 1% is meant the formulation which ylelds outputs or answers that more closely

correspond to the renl world outputs in o similar real world situation.
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I. BSUMMARY AND CONCLUSIONS

This study demonstrates the use of analytical technigues %o quantlta-
tively describe the interrelationships between mobility, dispersion; sur-
véillance, snd fire power as they affeet the survival of tacticel units on
the battlefield. The purpose of such & study was to emphasize the possible
use of apalytical models to explore areas of Marine Corps/ Navy advenced war-
faire millitary systems and operations in which outputs obtained from such
enalyses could lead, by lmplication, to recopmendations for requirements
for surveillance, fire power, force size, loglstivs, and command and control
subsystems.

The bagsic problem analyzed in this study can be summarized as follows:

An emphibious landing forece x, at sea, is to assault a
limited srea defended by a force y. The landing force

x 1s to be split up into an air mobile force x, and a
suriace mobile force x.. The defending force y, in turn,
commits its forces by allocatlng part of y, B ¥» in
defense of the beach and the remaining force, B ¥, to
defend agalngt the alr mobile attack.

Some pertinent questions based upon this amphibious operations
scenario were:

What strateglc allocation of forces{ﬁl, Bss ¥gs Xgpshould

each side use against the other during the ensu engage~
ment?

What 1s the watbematical siructure df the strategic
decisions made by both sid¥s (l.e., {3‘1_, Bss %gs Xg

as a function of initial conditions, siuch & force levels
(x,¥) available té each side at the beginnlng of the battle,
mbility of the assault and defense umlis on the battlefield,
fire pover available to each fighting unit, and the time
sequencing or staging of force units into battle?

How does the analysis relate back to the real world in
terms of logistics, equipment, forte levels, operatidnsl
plans, etc.?

The sbove amphibious operation problem wap presented mathematically in
a game theoretic context which attempts to relate the interplay of the many
perameters enumerated above as they affect the oubcome of the hattle. The
peyotf of the game was defined in terms of time dependent solutions of
eguations reflecting the above stenario. The significant rutpubs of the
mathematical model formilated in this study were:




« The nurber of survivors at the end of the battile.

. The duration of the battle for any threshold of
detf'eat of one side.

. The optimm allocation strategies aveilable to each
side. That i1s, what fraction of the total Porces
goes ucross the beach and/or is deployed alr wobile
as opposed to the defender's allocation when splitiing
his force in defense against the amphiblous operation?

+ The natural strategle discontinuity levels, That is,
the areas of the strategy domsin beyond which both
sides must play to obtain strategic optimslity.

+ BSub-optimal strategies (restricted within discontimuity

levels). That 1s, areas of the strategy domain in

vwhich strategic optimality cannot be achieved and sub-

optimal strategles become important.

The last two vutputs reflect the constraining nature of the real-

vorld situation In that mathematically optimel strategies may not alweys
be possible to achleve bsceuse of the physical constraints of the tactical
systems employed, e.g., landing craft and helicopter capacity, speed of
operation and duty cyele of the logistie support systems, ete. However, it
should be noted that the model does not delineate these constraints directly
but rather defines the mathematical structure of the decisions made in
terms of naturel discontimuity levels in the decision domain. These dis-
continuities in turn define the areas in which optimal strategies shifi
vicleatly 1f the resl world were for eny reason 80 constreined to operate
only in these areas. The resulting strategles derived fyom the shift from
optimality are sub-opbimal.

A pensitivity analysis of the mathematical model formulated using the
abtyve sreenario am a basls wus performed by taking the lfwportant input
parameters and perturbing “hem awyy from what was consldered a standsrd
moflel, configuration, Becw se of the multi-dimensional complexlty of the
mdel, it wes felt that ths best way to explore the structure of the problem
was to set up a slandard c 32, vhich would reprepent o typleal auphibious
operational exercise. Then, based upon the nature of the reslts obiained
from solving {this standard case, other input parameters we e perturbed
geaentially in order to test for their gensitivity to the overall measure
of mwerit defined by the mbddel.
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The results of the standard case indicated thet the lending force’s
optimel strategy is to send &ll of its forces air mobile, even though such
a gtrategy would represent a severe comsiraint upon the fire power availsh,
for an alr moblle operation. In other words, the value of quick deploymm
of landing forces via the air mobile mode more than compensates (in terms -
effectiveness) for the inherent fire power weskness aspocimted with the ai
moblle mode.

The disadvantege of the surfsce assault mode for the deployment of
attacking forces lles in the fact that the sssault wnits that contribute
moet o the heavy fire power characteristies of the amsault could not he
deployed until the beachhead was first secured by the rifle.and close-supg
artillery units, which have relabively the same fire power characteristics
a8 the air mobile mode. In other words, to deploy heeavy fire power via th
surface mobile mode reguires the asssult unlts to deploy sequentislly in
time, thus losing the effectivness derived from the quick deployment as
demonstrated by the alr mobile mode. OFf course, if all Pfire power bf botk
sldes In the standard case were substantially rveduced (by a factor of five
and kept in the same proportion), the op";iml strategy reverts to the sw -
Pace wh:u.e mode, which indica.tes that time sequencing of asgault units
relative +0 quick deployment is no longer detrimental to the overall optim
effectiveness of the gperation, Wore signiftcantly, however, the analysis
of the standard case alao reveals a natural strategic discontinuity in the
decision allocation domein, which severely limits the commender's ability °
meke an optimal decision.

The results.of this analysis indicate that the amphibious tagk force
commander 18 constrained to send greater than 90% of his forces via the ai:
mobile mode if his decipion is 0 remain optimal. If for eny reason such
percentage of total forces cannct be sent vie this wode, then optimality
reverts to a decision requiring 1004 of the commander's forces going acros:
the beath In the surface mobile mode.
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The natural discontinuity level of 90% is called the decision threshold
level for air mobile deployment and represents In the reel world the
amphiblous operation commender's ‘f£lip-flog' decision level in which, based
upon long years of experience in commend, he determines the mode of attack
during the planning stesge of the operation. The current vertical envelopment
doctrine deploya sbout 20% to 30% of the landing force via the air mobile
mode, which s considerably less than the threshpld level resulting from the
stanfaxi case.

Although our standsrd case model is not purparted to be an accurate
representation of the real world, it does yleld combat resulis in the range
Qf ‘alues characterlistic of the World War II Pacific Islamd Cewpalgns. Also,
this study does not attempt to develop absolute evaluations of smphibious
operations via exercising mathematicael models. What this study does attempt
to estabxyrsh funetional relationshipe hetween various Important parameters.
thet are characteristic of the amphiblous operstion, such ss mobility, fire
power, time dependent deployment of assault unite, and order of battle, with-
in the framework of optimizing an overall measure of merit for the operation.
Concerning the amphibicus commender's decision threshold of 90%, we can only
say that it is high, not only In 1ts renge of posgible values but alse with
respect to reality. The primary obJective of the sensitivity analysis per-
formed on the standard case wes to determine the paramiter or set of
parameters that will influence this threshold of 90% in such a way as to re-
duce its value go it conformes 1o present doctrine.

The results of the sensitivity analysis indicate that the air mobile
decision threshold can be reduced. The perturbation 6f the mobility factor
asslgned to assanlt unlts on the battlefield caused the decision threshbld
to approach values congistent with reality. That 18, it wss determined that
under conditions of amphibious landing force superiority (foree ratios of
four-to-one) the decision threshold would drop to zZero if the mdbility of
the assault units on the battlefield wes extremely large. The mathematical
model indilcated that disgtence between separate and distinet battle engage-
ments on' the battlefleld had to be traversed by the individual lending force
agsault units et infinite speed. In other words, if a finite perivd of time
wae necesgary for the smphidious ssseult unibte (ecompleting thelr local
battle engagement) to link up with other smphibious asgauli unite at a




.Qifferent geographical location on the batilefield, then the alr mobile
decision threshold remained high. Only infinite speed (a hysical im-

possibility) allowed for the alr mepile deployment of forces in percentage
of total forces consistent wlth cui:fént doctrine.,

Next, perturbations of verious fire powers assoclated with assault
and defensive units were tried. Increasing a1l the assault units' fire
power relaetlve to the defense did not seem to have any effect upon the aly
mobhile decision threshold level, However, Increasing the defender's fire
power relative to the amphiblous foree refuced the amphibious commander ‘s
decision threshold to 60% (equivelent to a four-fold increase in defendex
fire power). Unfortunately, the level of superlority of the amphibilous
operation (two-to-one order of battle ratio superiority) aver the deferse
wap insufficient in the Pace of heavier fire power to gain the objective
of the operation, that is, & successful. amphiblous landing. Increesing
the order of oattle ratlo superilority of the amphiblous operation to fouxr
to-one over the defense achieved victory for the landing force, but it ale
H4d the surprising effect of raising the air mobile tbreshold back to 9O*
Finally, only the amphibious operation's alr mobile force's Pire power wae
perturbed upward relative to the fire power of all other hattlefield units
For two-to-one superiority, it was possible to reduce the air mobile
decigion threshold to 70% - sStill not compatible with real-world doctrine.
Again, 1ncreaiing the order of battle ratio in favor of the landing force
to four-to-one causes the air mobile decision threshold to return to the

90% level.

Based upon these remults, one might ask whether the commander's low
air mobile decision threshold level of 20% to 30% 1s consistent with the
optimal achieving of the amphibious operation bbjective, that objectlve
being the winning of the battle? Whaet the mathematicel model indicates is
that the air mobile mede of quick deployment of troops is not as effective
as the time sequencing of the various surface asssult units, which in-
herently deploy greater fire power, unless: either elmost all of the
amphibious force cen go via the air mobile mode, or the agsault units can
move gbout the battlefleld with Infinite speed, or the merzin of victory
(overall superiority) of the amphibious operation is low or nonesistent.
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St111l another possible interpretation of the results is that the
mithematical mddel used in the completed study was too abstract a representa-
tion of the amphibiscus operstion and therefore did not adequately refilect all
the important parampters affecting the outcome of the batile. Thix presumes
that a mora realistic presentation ¢f the amphibious operation, taking into
consideration perametric effects omitted from the completed study becaune the
were considered of second order of effect, would yleld results more compatibl
with reelity. Such a study certainly bears consideration in view of the im-
portance of the information potentially availsble from the mathemntical
models and techniques demonstrated by the completed study.
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II. THR AMPHIBIOUS OFERATION

A. INTRODUCTION

A typical fleet/sir/amphibious operation 1s shown in Figure 2 illustrat
the complexity of a MEF landing operation envisioned for the early 1970 tim.
period, The geographic area of involvement is over a hundred thousend squer
milex, both on land and sea. The initial assault includes a beachhead land-
ing which cénteins the bulk of the total MEF and & vertical-envelopment in-
Jend landing designed elther to secure the beachhead or to achieve some
objective that will aid in successfully getting the total force ashore. Or.e
the beachhead is secure and control of the air accomplished, commend is tre-
ferred ashore anf inland objectives are pursued. The area of Involvment in
estatlishing the heachhead depends upon the nature of the threat and the greo
political environment. The beachhead and 1ts geographic neighborhood (éhowr
by the dashed area) can be as low as 600 square miles in srea for a non-
nuclear threat, and as high as 2500 square miles for a nuclear threat (or a
high probability of such a threat).

Alr warfare such as interdictien; eir-to-air/ground, surveillance, etr.
extend beyond the neighborhocd of the beachhead for at least a radius of
300 . mi. Alr-to-air detection, acquisltion, and kill extends another 150
Surface-to-air missile systems will be deployed on the beachhead with
effective ranges up to 50 n. mi. The MEF vertical envelopment activity ranget
are up to 25 n. mi. beyond the beachhead erea. This distance can be extende
t0 50 n. mi. under exceptional circumstances. The Naval ship-to-shore fire
support includes guns end missiles at ranges from 10, 20, 40 and even perhap:
to 15 n. mi. inland from the beachhead. Figure 3 summmrizes the geometry of
the battlefield as visualized in reference k4.

-

B. PROBLEM DEFIEITION, FORMULATION, AND SYNPOSIS
Based upon sé[iuple scenario derivable from Figure 2, the following
problem has been gbgtracted:
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Figure 2, A Typlcal Floet/Aly/Amphibiour Operation
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An emphibious landing force, X%, ot sea, is Lo asseult s limited area
defended by a force y. The landing force, x, ie to be split up into air
mobile, Xg) and a surface mobile, Xy The defending force y in turn commit
its defe'nse by allocating B3 1=1to 2 of its force to each element of x
vhere g‘

B = ). ’
=1 %

The quesitions to be asked are:

a) Whet allceation for forces should each side use agelnst the
other during the ensuing engagement?

b) VWhet is the mathematical structure of the tactical decisions
mede by both sides (as defined by a) as a function of initial
conditions {e.g., force levels (x, y) at time t = 0) and con-
strainis (e.g., spatial and temporal limitations when allocati-«
forces)?

¢) " How does the analysis relate back to the real world in termes of
logietics, equipment, force levels, operational plans, ete.?

. To 'abstra.ct the analytic nature of eowbet dwring an amphibious operat:
drom & scenario based upon the sbove descriptive onalysis, oune is tempted
at first to stert simply with & "Lanchester Equation" model approach. This
model is by far tﬁg oldest snalytic approash to lond warfare and has great
Tlexibility in its generaiizeq. i’orxu.'5

The form of the Lanchester Model which seems applicable is

dx
aa-by

& ..
at ax

X(O) =-.x°

¥(o) - ¥,




e — ____._-.&.'ﬁ—-—-

where xo, yn repregent the force levels of both sides at tlne: t = 0o and o, b
reflects cach side's normalized rate of ettrition of the opposing elde. Lanches
Square Law can be deduced from (1) by taking the ratio of the two differential
cquations and in'tegrating.

a b
- (2)
x Y
ax dx e / by dy (3)
xo yo '
2 .
alxl - x%) = b(yS - ¥ (&

At this point it might be useful to test the above square law relationship
with some of the available date on past battles. Weiss7 has indicated that
reasonable sgreement with Lanchester's Square Law exists for the Pacific Island
Campaign of World War II. In this paper eleven island campaigns were enalyzed
in terms of Unlted States and enemy strengths before the operation and total
losses after the islands were successfuliy taken. In each campaign the United
States initiated the action with superior forces and if Lanchester's Square Law
were applicable certain characteristicsof the outcome of the battle can be

deduced from eauation (4).  If one rewrites equation (%) as follows:

(v, = ¥) (5, +¥) 5)
(xo - x) (x6 + x) b v

for the factors on the left hand side can be definable in real world terms. For

example,

Yo © ¥ is the casuelty ratio at time ¢




is the average force ratio from the start of battle to time

3 1s a constant representing the average fire power ratio
b between sides.

If one converts the battle statisticsavallable in Teble I of reference 7
to the above ratios and inserts these ratios into the following logarithmic
version of equation (5)

log ”_'Q.:.,ﬁ '. + log 'i‘)—j——}: = constant (6)
X, - % X, +x

the plot shown in figure 1;1 results. The dispersion of ali the batile points does
reasonably ‘confirm the minus-one slope of the line defined in equation (6).
Asguming the validity of the square law in this plot, an estimate of the
superiority of the attacking forces fire power over the defending forces fire
power log (%} ¢&n be made by noting the ordinate-intercept of the band about

the dispersed bettle points. This intercept varies from 3 to 18 indicating the
extreme variance in fire power superiority .over the enemy for different axfrphibiouv
operations of the last war. This begs the question as to why the effective fire
power varies Bo much relative to the defender. Does the answer lie in the
differences in tactical systeéms employed or operational doctrine used, or the
eneny capabllities encountered etc? Certainly this wide dispersion of

relative fire power found in real world situations suggests to the enalyst the
importance of being able to f\mctiéna.lly relate the specific amphibious
operational characteristics of the campaign such as systems employed, military
docﬁriné used, and eneny capability encountered to an overall measure of effective-
ness of the clmpa.ig_n. This type of analysis is one.of the objective of this study.

In another plot of thegse sanme sta.tist‘icsw, United States lossxragiko(s have
been plotted (see Figure 5) against Order of Battle Ratios (B/P.)N( yo T
. ’ o
indicating the effect of superior forces in keeping the loss ratios low. In
fact for & constant defending force, the attackers avsolute logs goes down when
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order of battle rgtio (%’ goes up if the square law is applicable to the situ
Also shown in figure % as solid lines are some theoretical battles taken from o
study computer runs. These battles were defined analytically in terms of Lanch
Square Law and the results show an amazing similarity to the actuel island camp
The reason for the difference between the two runs is due to the fact that each
curve is based upon a different scenario defining the amphibious operation batt
Also the individual campaigns plotted from reference ‘.'6 represent different
scenarios, however, their scatter on this particular chart does conform to a

characteristic horn-shaped channel Sutlined by the:énvelope  1ines enclosing the
battles shown in figure 5.

Iet us now proceed with the development of the Lanchester Model,
Eqﬁation 4 indicetes that the normalized attrition rate varies inversely as
the square of the force level. This suggésts the following transformation wui-
will allow one to cigmsider a force level and its attritlon rate as an effectiv:
force luvel only.

l

al

ke

LR — T
(n
'an
This reduces equation (1) to
dx
& = v
a - X
x(o) = %,
yo) = ¥ (8,
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We are now in & poaition to relate this wodel formulation directly to the
scenario of the amphivious operation described ahove. However, before we deseribe
the mathematical model actually programpad, it might be ueeful, to glive a hrief
mathematical synopsis of this model utilizing the whove notation in order to
indicate the overall direction of the analysis.

Using the dot notation for time derivatives, the amphibious operation cma be
described mathematically by the followlng equations:

Xg = -BY
x, = - {1 -pk
B = X,
X =X b X
(1-p) ¥ = =,
x{a)
given &t t = o
y(o) (9)

vhere B; © <P < 1 is the allocaticn of that part of y's force to Xy and
(1 -p) to X 8nd X X j represents an allovation of all of the amphibious
landing force x to either the surfece or alr mobile mode of atiack.

If any of the units on either side are reduced to zero during the battle,
the opposing side's remaining allocation against the vanishing unit will be
assumed to be transfermble for combat against the other side's nonevanishing unit.
The winner will be the side that survives the battle. To relate force levels
end normalized attrition rates, the following scaling laws apply:

.___.__..\,f& X
x& a a

X __,-.‘\,B.
m'B g xB




y ,,'\/;.— Yy
i
t -\/;.,;b t; 1=z=a, 8

The model actually programmed caen be extended to include x's reserve for
x. which can be thrown into the action at some later time. The computerized m~
also takes Into consideration the differences in fire power available to x wheu
projec‘blied through a vertical envelopment assault or via a surface beachhead lax
That is, x's Regimental Landing Teams, RLT's, are projected ashore as quicki;y =
possible with the heavy ordnance coming after. In the above model it is assume:
X has many units, each with its own characteristic fire power. The greater nor
attrition rate 8, a8 associated with the surface force can only be projected san}
at a given rate. The vertical envelopment with the lower attrition rate, 8, ¥
assumed to be projected ashore instentaneously. Tn this way x is faced with er
alloeatlon choice of projecting into battle low fire power forces Xy at & higk .
(instanteneocusly)or a high fire power force x_ at a mch lower rate.

It 45 felt that these limi'ﬁt'c"r!ig assumptions are Justified in that we are .
cerned only with the essence of the problem at this stage of the study; that i:
the gross outcome of the battle as a function of input parameters { x(o); ylo) \l
decision parameters { xa(o) s xs(.o) 3 B }and constraints { &, a; b; time to ini
battle } Hopefully, this initiel analysis will develop useful insight into the

structure of amphibicus operations’“'su‘ch that more significant models can be deve
later on. '

7 Summarizing, equation. (9) represents a simple model of en amphibious ope
in 2 game theoretic ‘context which attempts to relate the interplay of force lev:
allocation decisiors, and constraints as they affect the outcome of the battle.
payoff of such & game will be defined by the solutions of the above equations as
function of time é.t the specific time wl;en one side's force level is: aithei’ redu
to .Zedo oy any fihtte level.s The refdéiningeidets force lbwel tépresents the va
the game, positive to blue if the winner and negative to blue ii the loser. Thi
celled a zero sum two perspn game.

Y




Another possible zero sum two person game based upon the above model
could be constructed by defining the payoff Functlon or value of the game
as the time t* it takes to gomplete the amphibious agsauli;.either.succegsfully or
successfully, That is, the time 1t takes to reduce the opposing\side either to
zero or any predetermined level. This tlme would be minimized by the attacker
{the amphibious lending force) while the defender would attempt to maximize
the same time. Strategies for both sides defined by this type of payoff
function could have a realistic interpretation in that one of the primary

purvoses of an amphibious operation is to secure a beachhead as quickly &s
possible such that the main body of atiacking forces can be placed ashore
2 safely. The defending forces will attempt to hinder the amphibious landing

force as long as possible,such that superior reserves deployed elsewhere can
be brought to bear upon the attécker while he is in the vulnerable position
of attempting to establish a beachhead. While it is true that the attacking
amphibious force would never knowingly go into an area under an cdverse force
posture, it is also true that if the defender knew the location of the beach-
head in advence and mertialled all his forces against this beachhead, the

’ attacker would be under an extreme disadventage in concluding the landing
successfully. Since the defending force is unaware of the lending point
because it is kept secret by the attacker and the attacking foree Further
hinders. the ebility of the defender to obtain this secret by employing
deception tactics, such as false lending starts, etc., the defending force
is forced to keep troops in reserves. This makes it possible for the
amphibious landing force to gain local superiority at a beachhead provided,,
the time between committing the attacking forces and securing of the beach-
head is less than the time necessary for the defender to eftectively deploy
his reserveé against the known landing point determined by the actual landing.
The outcome of such & battle using the above model can then define the
effectiveness of the deception techniques employed by the attacker. The model
could also determine the relationship and velue of fire power, mobility,

dispersion, reaction time, &nd surveillsnce to various proposed deception
techniques.




Up to now we have been describing the mathemstics and possible use of
the mbove model in extreme generality; however, before we get involved with
the actual use of the amphibious landing model, we should describe the model
as it was actually programmed. The next section describes the actuel model
from the mathematical point of view, and Appendix A gives the deteiled computer
program used to implement the mathematics.
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C. THE AMPHIBIOUS.OPERATION MODEL
1. Introduction

In the construction of & mcdel of an amphibindus operation the entire
operation is first trormuleted as a complicated abstract process in the
physlcal world., Certaln items, such as number of battle unlts, force lsvels,
firepower, etc., may be considered as inputs to the physical process while
other items such as casvalties, duration of the battle, etc., may be viewed as
ocutputs. In mathematical terms, the amphibious operation is an “operator”
with the physical input variables as its domain and the physical output
variables as its range. In view of the complexity of a general amphiblous
operation end the extresmely large number of contingent possibilities that can
arise during the execution of any individual operation, it would be exceedingly
difficult if not impossible to completely represent the operator mathemetically.
Our task then is to construct & mathematical operator thet is an approximation
to the physical process. The nature of the approximation is determined by the
uses to which the model will He put and the resultent simplfications that can be
tolerated without materially maffecting the significent results.

As the purpose of this study is to qualitatively determine the nature of
optimal battle strategies under very general conditions, no sattempt will be
mede to abstract the analytic nature of the amphibious operation via an all-
inclusive model: The basic unit of force for the protogonists, Blue and Red,
will be taken as & battle unit and the battle as a whole will be viewed as en
aggregation of local conflicts among Individuel battle units. Thus, &b any
one instant of time, we need only consider & series of relatively simple local
conflicts to determine the state of the battle as a whole. Since we will
asgsume that the dynamics of any local conflict are governed by Lanchester's
Bquations, the only pertinent information is the composnition of the local
confllets and the force levels and attrition constants for the individusl
battle units. This information may be summerized in & list of the following
torms ‘
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The composition of the local conflicts will be determined by giving an
Opponent Priority List (OPL) for each ba’h‘b‘le unit. In order to reduce the com-
plexity of the computer program thet inpfements this.model, the ‘decision was made t
1imit the OPL to two levels, the first. pr‘iority opponents and the gecond prionrthi:.
opponents. The following behsvior is theh postulated for the individual battle uni

/

RULE 1: A battle unit will seek to engage his firsiriariora.w opponents if they
have not been already eliminated from the ‘battle. T a."nn:l:b Is- errgagad
with e,n o:ppsg,xgm;,~ :that opponeht is termed a &irect opponent of the given.
unit. T ot

A il

" -
T hd

RULE 2: If a unit's first priority opponents have boen ellm:tna'bed, e will,

after a specified time delay, seek to engasge his second priority

opponents.

RULE 3: Any two units thet share a common diréct opponent are considered to be
battle allles.

RULE 4: ALl the direct opponents of a given unit's battle allies are taken to

be additional direct opponents of the unit ftself.

These rules offer & grest flexibility in the determinstion of the conflice
since a unit can be drawn into a given conflict in meny ways - by attacking an
opponent who is involved in that conflict, by beirg attacked by an opponent who is
involved in that conflict, or by sharing & common direct opponent with an ally vwhe
is invoived in thet conflict.

In general, the application of Rules Ll and 2 and the repeated appllcation
of Rules 3 and 4 will completely determine the composition of all the local conflic
(A formal proof can be constructed that shows that Rules 3 and 4 nkgd only be appli
& limited mmber of times and that & unique splitting up of the units into local
conflicts results. 'The proof, which will be omitted here, rests on the fact that t
shove rules define an equivalence relation on the set of all units end this relatio
completely partitions the s=t into equivalence clasges. )

Within each local conflict, the progress of the battle may be measured by
means of Lanchester's Equations. These differentisl equatione can be solved
snalytically end evaluated to determine the force levels of any unit in a glven loc




conflict at any time in the future, ss long as the basic composition of tha
confiict remains unchanged., Once the basic compos‘ition changes, the coeffi
of the differential e@mﬁons change apd the originsl analytic solution 18 1
valid, At thkis point we mist redetermine the composition of the locsal conf>
calculete the new coefficients for the differentisl equations, nnd begin & »
of anslytic solutions to contimue where the old sé;.i\ztiona left off.

The composition of a local conflict can be Eﬁange& one of two ways.:
P

l, & unit is added to the batiie
2, a ualt 1s elimineted

The specification of a time of arrival for each it determines the time at
unit ig added to the 'battle. A single time of arrivel is given since it is
that once a force is committed to the battle it will not be withdrawn ac® ==

at apother time. Once a unit is added, it of course geeks out its oppomew:¥
ing to Rules 1 and 2.

The elimination of a unit occurs when its force level drops below &
specified minimm force level. The time at which this takes place can be Ac
by inverting the aralytic solutions of the differential eduations and solvir.
time 28 & function of force levels. This inverse sclution has several possi
depending on the coefficients and initial values of the @ifferential equatio
These solutions are g:lven in detail in the nexi; section.,

Alter v.ll the first priority opponents of a given unit are eliminatc
specifies & time delay before that unit may engege its secont priority oppone
(The mile also spplies if the first priority opponents have been elimineted x
the unit's time of arrival.) This delay factor is intended to reflect the ge
graphical Iocation of the units and their relative mobllities.

In sumisry, the following items are the necessary input parsrmeters i

unit:
1. dnitial force level 5. ‘time delay factor
_*2, minimum force level 6. first priority opponents 1i
3. attrition constants 7. second priority opponents 1

4. time of arrival




The application of Rules 1, 2, 3 and 4, in conjunction with the
preceding items, detexmines the composition of the local conflicts
while Lanchester's equations give the force level of each of the
units as a function of time and indicatesithe 'time at vhich a unit
is eliminated.

As ima.lytic methods are used throughout and no ‘tiqe-step
simulation is utilized, this furnishes us with an extremely rapid
means of determining the expected qutcome {or "payoff") of the
battle determined by the given battle plans and initial force levelis.

If various elements of the battle plans and/or initial force
levels are considered as paramztérs we thus are in a position to
generate trade-off tables showing the effect of a varia.}-.ian in one
or more of the parameters, for example, the degradation of payoff
due to increased time spacing of the various landing gmupi.
Purthermore, game théoretic techniques may be used to simultaneously

optimize the choice or‘ parameters for both the attacker and defender,
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2. The Application of Lanchester's Equations to Yocal Conflicts

As outlined in the previous section, Lanchester's Equations are u
to weasure the force levels of any unit at any given time. ' It should
again noted that the appliecation of these equations dc':pends upon the
various coefficients of the differential equations remaining constants
To insure this, we have specifically assumed that the composition of
the local conflict remains unchanged during the time pericd to which

. we aré limiting ourselves.

For the sake of simplicity in the folloving discussion we will
begin by assuming that tﬁe local conflict occurs between two individus
battle units, A and B, on opposing sides and ther generalize to a
larger number of units. The force level of sach unit will be termed

' nA and n8 respectively and the attrition rate by a, and 5. .The

A B
familidr lanchester equations governing this simplified ccubat are:

) =-agng

dp= -8By

vhén the dot notation 1s used to denote differentiation with respect
to time. These simultaneous equations msy be solved to give n, and ny
as functions of time:

nA(t) = nA(to) cosh (mtt-t°9 - JJ:—-.-.-i- nn(to)n:lnh (m [t-tol)

nB(t) - gB(to) cosh (JTATB-[t-tO) - % n, (to)gm-(ﬂa-s [tnt°]>
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In general, however, a locel conflict may have more then a single unit
each side. If side A has k battle units involved end side b has g battle units
volved we may identify the forces levels as nAl, Byny eovy Bys Boly Booyeeny By
the attrition rates as 8pq3 Bposeres®py am, Bpog sy For simplicity seke,

o
may sssume without ary loss of generslity, that the subs:gipts are agsigned in ~
a manner that

Bay 2 8pp 2 000 28y
and

2 3 e 2%,

Under these circumstances it can be shown that optimm behavior on each
side demands that fire be concentrated ¢n units AL and Bl. (It is recognized tb
this type of behevior does not occur in practice. It dis felt, however, that t:
optimim behavior postulated here offers & sufficiently close approximation to z~
for our purposes. If subsequent Investigation should prove this not to be corre.

then an alternate scheme of behavior could easily be postulated.)

The differentisl equations, in this case, become:

) |

By = =8 Dy ") 8y Py !
s 1=2

’E‘:fo (for 3= 2,4) (
x

ﬂm'-.ﬂnﬂ-zaﬂanha (
o2

nBﬁ= 0 (for g =£2,k) l (1




Equatiéns (8) and (10) indicate that:
nM(t) = .nM(to) {Tor § = 2,8)
nn.(t) - nns(to) (tor s = 2,k)
and so equations (7) and (9) can be represented in the form:
ﬁAl = -8p D +Y
ﬂNl = -8y By +‘s

where r and s are both constants:
y

re 'Z 85t Py
122
X

& m -z 'l.mnm.
t

The gensral tiime solutions.foi ‘the :force levels becoms:
1) Irau>o;na.m>o

C mg(e) = L;n<eo) - ;E] cosh (ml(t-to))

[

J\I‘E—A{ En(to) - :‘-:;I] sinh ( rrr*u 81(*"‘*'0))

7




3.

2) If a,, oray =0

By () = = L a(tt ) = mp (6 )r (b6 + my(8) (b

The equations for nm(t) are identical in form to equations {13) and
(14) avove, with the subseripts, of course, being reversed.

For the purpose of destermining the "time to elimination", the
inverse solution of the above equations are necded. These ave:

1) Ifa, =0andr<O:

" - nAl(f‘o)

Tt + = (1
2) Ifa, =Oandrx0;
no solution exists; .., t = o«
’3) Ifl.u-(?undnu()mdr<gmnm(to):
a,, - n,.{t)
Al Ao
t=t + (1e
0 " agnp (Tyd-r

b) n;nnomlnom:'itnnm(fo):

no lol.\xl'dod axists; 1. t mw

5) e, ~0emdsx0:

e, )] + Jlagyrgy (v =) Er2agyalay (5 )-nyy) o
; .

lnl




6 Iay, =Oands<0ondr 2t g () wyfm Rog iy, (8 )en 0] 3

no solution existe; d.ws, t m »

T Ifmy =Oand s <0and » ¥ opyny (6) =\ 2ag 8(n, (5 )y, 3

(raapynp, (8)] # ﬁ;mnm(to)-r]a + 2amn[n.1(t°)~nml

nmd

t-to-l-

8) 1r[oy i‘-‘-;l- - nm(%_)-_l iy [x:xn(t'o) - fE]- 0 and :-:-1- <n,,t
| ()

h g
Y-‘r“!tll.a']x\. =

‘b-to-l-

AL

e ) 2 G e
L R e fea]

tato *

(

m)‘ n\r‘__n[:-___nn(t]+\!r'[:u(t)-——]>0;nd -;l--nm(to{]z

no solution exists; l.¢., t = »
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D. PROBLEM I
1. Introduction

To illustrate the methodological technigues for handling an amphibious
ing situation, a specific problem will be investigated (see Figure 6). An amp!
landing force B, at sea, is to assault & limited area defended by a force R, &
ing force is to be split up into three surface mobile elements Bl, B B3 end ¢
mobile element B,*, each of which is to initimte ection seduentislly in time. T

elements are projected ashore sequentially in time with the first wave consists
infantry battalion type units,designated B,, then & short time §t later more i
Plus close support artillery type units, designa,*fed By» end finally after anote
increment §t some yore infantry plus e tenk section dosigneted 133. The sir mot
_ elements consisting of a vertical. esivelopment team of infantry and close suppc,
artillery units, designsted as B,_‘_, which are projected instauianeously inlano ¢
tance d from the beach (see Figure §) at the same time B, arrives across the he
The reletive fire power of these four elements of blue are assumed to be in the
lowing ratio: Bl ZB th 1.0; 2.0: 4.0: 1.5. The red defending force I
turn, commits its rorces either to the beach (designated Rl) » to the alrigobdl
(designated R,), or to both at the same bime B, and B, are deployed. The relsi
Tirepower of these two elements of red are assumed to be equal to dblue's makimz
By: Ryt Ryt 1.0t 1:0: 1.0 Note (from Figure §) thet each element of blue and
has a predetermined battle commitment™ time which reflecte the amphibious lend: .
force logistic constraints (Reference 4), This time of commitment is symbolize:
the clock néxt to each element in Figure G, Also, teke note that the ensuiag b
takes place at two different locations, at the beach and at some islaend point.
model dGveloped for this problem reflects this spatial characteristic of the bat
by defining a set of time delays 't‘a‘i } vhich applies to each force element ¢
‘battle indicating the amount Of time yrequired for each elewment to travorse this
tance if required to do so during the course of the battle. Whether en element
veraes this distance dopendl upon vhether the force element hes an oyponeut o
during the initial allocation of.force& and sucressfully destroys the opponent ¢
that any new fighting opponents can only be reached by traversing the distance §
shown in Figure §. If a force element does not have an oppenent initially st it
particular point on the battlefield then the time delsy td will denote the tine
necessary to meet en opponent located at the other point on the battlefield. Na
this time delsy reflscts the mobility characteristics of the w 'ts involved and
sents an important trade-off paramoter.
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criterfa thet will be psed to determine the optimulity of the strategies will '
min max peyoff for red snd wax min payoft ;‘.or blueé. ¥hen min max egualy max %
pure solution exigts and the payoff corresponting to this pure sclution is cal
value of the game, If rno such equality exists, them it can be shown that mim
min and the only way to get equality is io redefine the payoff functiom as an

value of survivors with the players picking their strategic varisbles {i.e.,
tetal forces allocated to air mobile and defunding against air mobile) accords
probability distribution. Decisions made in this manner are called mixed strs
usually represent marginal strategies for the side having to employ them. Fx-
tactical system design or requirements point of view, one would never lnowing
&0 smphibious operation against a defending force which depended upon & -mixel,

4o gain the objectlve of the operation. This would be tantamount to having .
érgeg to achieve success. Whereas the logical plan for an amphibious operatic
10 land with overvhelming superiority and allow any advantage accrued by the »n
of secrecy in initiating the opera‘hion t0 compensate for faulty threat intel:

estimates, acts of God (e.g. bed weather that is unpredicteble), etc. To det.
Just whl.t constitutes overvhelming superiority in planning an amphibious oper:
Just how mich can one degrede this superiority and still achieve objectives w3
certainty is one of the objectives of this study. The techniques employed i~

these types of questions will beé the subject Ptter of thic section.

2. Discussion '’ ‘

' To obtain the game-theoretic solution to the amphibious operation desc
above (see Figire &) we first compute the msthematical surface representing tt
of all possible allocations for both sides (Figure $). Then we teg the minim
TOV and the maximum of éach column shown respectively as rectangles and elips:
Figure . Hlue, the attacker, vill select the maximm of the minimms tagged
rovs vhile red, the defender, will select the minimum of the maximums tagged :
colums. The point on thé grid (see Pigure §) in which the meximm of the mis
off and’the minimum of the maximum payoff occurs is the same point and the ve.
gtme is dafined ss the mumber of survivors of blue/red {positive for Blue, ne
for red) located at this point on the surface. The strategies associated witl
point are pure. In wost ceases thé min max = max min solution occurs at corne:
the matrix,
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Once the value of the game and associated fecision variables arc snuwu wit
constraints, the solutions determined from natursl discoatimuities of the surface
peonerated, This is accomplished bty piscing a corstraint rester first om blue's st
1ine starting fmnth.looimoc«mndneiuonlmlmdmmmurw
the 0f allocation. Yor each placement of the raster the metrix is solved for the
min mex = max min solution in the sume manner as outlined above on * for the parti
matrix (see Figure 9) consisting of blue's strategy lire from 0% allocatiom to the
rester and red's unrestricted strategy line. This asub-optimm solution to the g
is then related to the placement cf the raster by noting when the solution change -
sbruptly ea the raster moves frum 100% to 0% sllocation. Ior exsple, if blue's u
restricted strategy is to sllocate 100% of the fighting elements to the air mobdle
or vertical envelopment decision the raster is then placed under the 90% level re-
ing blue's strategy from 0% to 90% and the solution to this restricted game i not
If the optimum solutitn is the GOB allocation of the fighting elements via the ad-
mwbile mode decision, then this is considered to be no chanze in the baslc strace.
Mu,mmtneupnmmmtumammm-mngmnu
wobile even though blue is Testricted by the 90% allocution level. After this det
mination, the rastes is then moved to the 80% allocetion lavel an? the restric:a:
ga== agai= aolveds If the sclution yields the 80% allocetion Iewvel Gecislon the :
1s moved to the 70§ lavel, wtc. In most ceses during this prodeas of methodically
constraining hlue's decision level the geme thacretic solution will abruptly chang
10 yield s optimum decision othex tham the maximum possidle fighting unite goint
wr roidle. ‘tae poaition of Slue’s eonstraimt rester whwnm such an abrupt deciste
Yoburs 1s Ahai Yesordod Ak Eib asetrisded sui-ophimin sivebegy restricted within
his poriicioncl mekvix 1s vallod a nadwre) strabegie dissowtimuivy lavel, Tns
pliyriecl neaning of sush subeaphimmm shrabsiine 10 Ahak Lf for any phystesl resscn
Wlue camnet omiid 200K of hix foreds wix mobdia (b opdimal polivy), st what lewel
6f acision constraint mist Wlue Ahaage ain Sestien ssmpletely tonterning o glven
st OF hbask. Theoofore, Whe ucheral ¢icwkegie ddseontinuiny lavel represcota o
inresneld in Wlus's strwhegic thixiiag, aieve Waien hlue WLLL atteok in the vertie:
snwdogmenk ode WiOK all AW FigWlag Qlomeede Ja physioally sen get wir mibile,
at melev whieh he VELL wee She ovieoptiamm stredbegy Based upon the solution of iV
s ivioned Jekrin: A oviple of Shis Shreshold fron U rwal wrlA v uld be the
wislem of o scupamdor 2ot 0 sond n alr MAVELR StrAMe IR SuPPOXt i M ACTOBE-
o BT MPREMIAN 18 ke Ml that She sty wedile forses Woull - 4 be able t3 act
A figning weit durisg the sioe apsssenry for the nain %od;  forcex from
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b3,

The major inputs to the model are represented by the columns. Als
in this analysis 1s the fact that each fighting element has & second level opp
means that the surviving element after an engagement on the battlefield is cor
seek out a new opponent as opposed to staying put waiting for sn enemy element
from another section of the battlefield. In this vay mixed (or asymmetric; ob
will n-t be an influencing factor. In other wordc the payoff function, i.e.,
of survivors, will reflect active combat on both sides.

bd. The Standard Case

The standard case with inputs shown in Figure 10 was analyzed by

Computer Program No. AMLOLB titled, "Assault Tactics." A complete descriptior
computer program is contained in Appendix A of this report. The results of th
are displayed as & matrix of survivors Doy blue, red snd the time length of ¢
es defined by the particular allocation for each side. Examples of these outt
shovn in Appendix A. The game-theoretic analysés of these outputs were dune b
and displayed in the form of a series of graphs placed in columms, eeach colurs:
senting s different natural constrsint of the problem. '

Tigere 31; gives the game-theoretic snalysis of the standsrd case.
first column represents the unrestricted play of the game in that the strategic
aveilable ¢t0 Woth sides sncompasses the full peyoff matrix or decision surfuce.
independent is the oxder of battle retio (}/R) which reflects the degr
superiority at force initiates the amphidious operation. In the fir
1n the vpper 1eft hend corner the zttachsr's optimm payoff (B-R)" in terms of n
survivors (positive for dlue or attacking survivors, negative for red or defend
survivors) 1s plotted. The defending (red) force is kept constant at 5000 men
attroking (blue) force is allowed to vary from 5000 to 20,000 men. Note that ¢
both sides are reduced to 5070 at the same time for the optimsl allocation (mi.
max min criteris) of foroes om the battlefield. This rrder of battle ratio is :
attacker’s threshold for successfully completing the operation, i.e., the attaci
ducing the defender to no survivors. Novever, an inspection of the actual decit
surfaces (Pigures 12 to 1§) reveals that : % this threshold has nc mesning as s |
fector because meny of the nom~optimm choices for both sides will result in the
nttacker not achieving his ocbjectives. In other words, the optirua allocation 4
point is an unconservative criteria for use in determining the "evel of superior
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1D CASE B/R = 2.5
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. %
the attocker munt plan for in order to puarantce his objective, 1.c., & posit
of f value for the attucker. This unconservatism is due to the foct that in t
world situation intellipence for both sides would be less than perfect and op
decisions would have to be judged from u probabilintic busis. The model used
study ansumen both sides have perfeet intelllgence which is certainly not the
world care. However, it is poscible to use the results of this run to deternm
proper order of hattle ratio for the attacker which iz independent of the al.
declision made by either side, thus removing tue intelligence aspect of the pr
(1.e., attncker's ndvance knowledge as to the detenders allocation of forces'
can be done by determining the order of battle ratio wbove which the puyoff .
decision surfoce always stays positive. This occurs approximately at ﬁB/.'i) -
represents o measure of the mmount of intellipence indeterminuney the pet® -
bious operation sccnario (in this case the model of Figare 6) contains. The
can be defined in this case by the increment of tz_‘oops necessury to guarante.
success of the operation indecpendent of intelligence, i.e., from an order f
ratio of (B/R) = L.b to 2.3 representing the incrcment of forces necessucy . .
perfect intelligence to guarantec success of the operation with imperfect iu
gence.  One example of imperfect intelligence would be for the commander of -
nmphibious operation to err, based upon poor survelllaonce information in his
o” the defense’s ollocation of forces to the beach und/or reserves.

The next graph in the left hand column of Figure 1l represents the ti
duration of the battle t™ basced upon both sides optimizing thetr decision var
in the scnse defined in the graph above, e.g. (B/R)* = r(B/i). Two time solu
exist because red, the defender, has two different force allocatlons which yi
the same optimum payoff. Th following two charts in this column represent b
blue's and red's optimum strfe egles as a function of (B/R) for the unrestrict.
of the gome. Blue, the uttn.;cker, gends all his assault elements in the wirm
mode (R* = 1,0) und red, the defender, either defends the beach with all hi- .
at the time the battle is initiated, or stoys in the rcor with oll his foree.
attocks all of blue's air mobile unit: deployed. If no bluc alr mobile units
deploycd (n non-optimum play on bluc's part), red traverses the distance to t)
in time b, after the battle is initicted cnd atiock: blue's units landing on ¢
besch. If red defends the becach cnd blue pocu 100 wir moblle {optimua) then
battle is inltiuted ¢ d hours arter verticul envelepment touchdovm.  Depending
red's opiimu: cholce of strategy, the lenglh of tine of the battle will refle
not only the rate of wturltion of both sides, bubt wlso the possible transport:
tire betwecn bolh polnts of the battlefleld, l.e., between the beoch und the
llote that hen boll sldes reduce each other to rers force stren;th at the sam

the timn of Ye L% pcoes to Infinlty ('.:r:o flgwre 11). This 1z o consequence

Lenehenterts eyastlons vhleh represents aomebbewnsbice:d disconcionlily for Lhis




.ch
-

21,
culor solution. I% can be avolded by having a finite number or percentege of sur-
vivors determine the pey off surface.

Sumarizing the above, we can say the left-hand columm of Figure 1L re
the resulis cf the unrestricted optimal play of the geme between blue, the attacke
the defender (defined in Figure &) as a function of the order of battle ratio para
(B/R). The payoff function (B-R)* = £(B/R) indicates that an order of battle ra+.
at leas'b‘(B/R) > l.h} is necer.iry for blue to achieve ite objectives (reducing re:
zero survivors while blue survives) under opulmal decisions and perfect intelliger
both sides, It was also impled (Figures 312 to 1) that a (B/R) > 2.3 was necessa,,
guarantee the obJective independent of the strategic decisions made by either sld
perfect intelligence), It should be noted that both sides had complete freedom
decision cholce. That is, blue vould send any portion of its forces air mobile
to the fire power constraints of the air mobile mode. While red could defend the
and/or inlend aree without constreint. This is called the unrestricted play of t
We are now in & position to discuss the natural discontinuity levels of the gti«:
decision surface for both sides. These are indicated in the next three columms
in Figure 11,

¢. The Netural Strategic Discontinulty Levels
Based upon the above analysis, we would like to pose the following

question:

To whut extent does possible real world constraints affect tw» outpw
recorded by the standard case solution for the unrestiicted play ~*

the gane?
Fror the mathematiceal model point of view, real world constraints such as logist:
of the amphiblous operation have not been directly programmed. However, inheren:
payoff matrices of Figures X2 to 1§ lies mathematical ccastraints which indicate
sensitivity of optimum strategic decisions made by both sides to the velue of th
function. For example, in the second columm of Figure 11, blue’s (the attacker’
strategic discontinuity levels are recorded as a function of the order of battl.

(B/R).

The third grsph in this second column of Figure 11 illustrates the %
mathematici\l constraint we are talking sbout. This chart indicates dlue's perce
mobile allocation threshold above which blue must deploy to the air mobile mode
for the air mobile mode to remain the optimum force allocation or decision defir
unrestricted play of the game {the first columm of Figaure 11). If blue in atter
play optimally, cannot deploy & greater percent of his forces to the air mobile
this threshold percent indicates, then a radically different strategy is called




red

this case, blue, the attacker, is forcad to go 100% across the besch if his
to remain optimum vis-a-vis red, the defender. This abrupt changs in strete
threshold level indicated is caused by s discontinuity of the optimum decis
when solving for the min max = max min payoff point on the decision surface
limiting blue's capacity to fully allocate forces in the air mobile mode.

This threshold parameter is a significant output reflecting the
of the mathematical model exercised which was not obvious to the analyst du-
construction phase of this atudy. Also, the air mobile threshold represent
fication of a command decision made many timea in the peast by commanding o .
planning snd tactical phase of great battles. The question as to whether
to the rear vis the air mobile mode and in what percentage of the total for
deploy in this mode is usually answered at the highest levels of command whe
Judgment and experience are without peer. For the samphibious model to “e
this parameter quantitatively is a significant test of the model in that th
deploy air mobile troops is a relatively new concept. Also to relate such ¢
th- other inputs of the amphibious operation model such as fire power, mobi.
size, pricrity levels, etc. of both the attacker and defender should certsn’:
the novledge and experience necessiry to develop requirements, plan, and ¢_
aphibious exviromment. DNefore contimuing the analysis in this direction, 1

_ columns o Pigure 1f vill be defined.

The third colum represents red's, the defenders, threshold in s
forces to the beach and/or remain inland to attack the air mobile force if d
This same type of decision was made in tise Battle of Okinawa by the Japanese
they elected to 4ig in inland and let the United States amphibious lending p
opposed. Based upon the results of this battle, one can say the Japanese ce
played optimally if not successfully. Columns two and three of Figure I1 a
the nev paynff values (B-R). and the time t' based upon the constrained strs
sulting from the natural discontinuity effect inherent in the etrategic surf
ly, column four of Figure 31 illustretes the reaults of the play of the game
sides are forced into strategies constreined within their thresh:lds.

Suxmarizing we can say that the unrestricted play ol the game re
allocating completely to the air mobile mode while red defends cospletely el
beach or inland reserve (Figure 1, first oolumn), If blue is physically co




hand B/Mk 1s called the superiority case in that it represents the greata
relative to the defender, of bdlue forces used in the standard case. The t:
MtdilmwedtorunmnOstd‘hhaur-mdtheredoesmtm
any visidle effect on blue's air mobile threshold for the parity case (ses
third greph, second colum). However, in the superiority case shown in P
for 20190 time delay the air mobile threshold drops suddenly to zero. In o'
if each fighting element traverses the two points on the battlefield at i

(e yhysical impossibility) no air mobile threshold exists for the superior
and Blus vill send as many of his force elements via the air mobile mode e
vhile still keeping within the optimality criteria for both the restrict.:

restricted play of the game. It should be noted that only discrete t3 valr
coaputed and the curves shown in all these game runs are only valid at the
vhere computations were made. In other words td for zero and one were :..-
it is not Inown vhen the threshold value juxps from zero to one. However,

sake of simplicity, straight lines were drawn between computed points on t

‘he next variable that vas pertizbed vas the attacker's (blue,
Figure 1D indiontes the renge of values given to all four of blue's figh!

" The fire power of esch elemsnt Was incressed by a factor of helf in both {
and supericrity oase (see Figures 19 and 20). There vas no effect on blue
decision tireahold level vhich remained constant compared to the standaud ¢
JApparently increasing the relative strength of blue over red using additior
power indicates that the swrfeoe attack mode becomes more desirable vis-a-i

mohile mode, thus keeping the occmmander's decision threshold relatively hig
voale.

The next parturdation would be to weaken blue relative to red *
uas of fire power. This vas &wne for the parity and superiority cases in .
and 28 by raising red's fire power relative to blue {see Figure 10). Red's
was raised in incremsnts of 50% and & mirked decrease in the commnder'’s de
hold 1s cbserved in the parity case (Figure 21, third greph, second colum)
Uafortunately btlus, the attacker, does not achieve the obJective of the ope
cause Just Defore the threshold starts to decrease the payoff (B-R)" to blu
negative (that is, red wins). This is demonstrsted by the first graph in t
colusm of Mgure 21, This parity ocase could have represented too marginal
ordsr of battle ratio superiority for blue. FPossibly if blue used a B/R=k
Case, Figure 22), this would not only reduce the cormander's decision thres
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but also achieve for bdlue the obJectivé of the operation success. Figur
us by achieving only half the conjecture of the last sentence. That is,
operation objective is truly achieved, but the commeander's decision thre:
right back to the standard case level. It is only when red's fire powe:
csusing blue to lose the battle R > 1.2) that the commander's decigion t
turns down. At this point one might ask whether the commander's low thr
consistent with optimally gaining the objective of the amphibious opers’
threshold level is not consistent with the attacker's achieving a succet
landing operation in an optimum sense, why does the equivalent reai wor®
this saphidicus operation contain en air mobile mode of troop deploym:.:.
magnitude relative to the surface landing represented by the abstract w~
model seems to be saying is that the air mobile mode of deployment of tr
in this case represents instantanecus deployment is not as effective ..

ing (that is slower deployment) of the surface elements {Bl, B,, By }
have greater fire power. If this be the case, then let us increase the

air wobile elemsnts only and see vhat heppens to the commander's decis:.

Pigure 23 gives blue's air mobile element fire power pert. -
parity case. As expected for B,‘ 2 +3 the commander's decision threshol
reduced to TO% vhich is still in the upper range of possible values and
curreat doctrine. It is interesting to note that for B, 2 .225 not ialy
optima) strategy reduce to 100% allocation across the beach for the rest
e gme, Wt also red, the defender, optimal strategy reduces to defend
ouly as opposed to the multiple choice available to red for the unrestri
(Figure §), fowrth gregh, colwam one). This mild reduction in threshold
€0 be samsed by innreasing the desirability of the air mobile deployment
ereasing its fire power. What heppens if the order of battle ratio (3,
increaned?

Figure 2% gives these results for the superiority case and
the commander's decision threshold levei -ces back to the 90% level of t
case. This again illustrates that the commander's air mobile decision t

. LT T T, (TP ATHY Y




but also achieve for blue the objective of the operation success. Figur
us by achieving only balf the conjecture of the last sentence. That is,
operation objective 1s truly achieved, but the commander's decision thre:
right back to the standard case level. It is only vhen red's fire powe:
causing dlue to lose the battle R > 1.2) that the commander's dscision t
turns down. At this point one might ask whether the commander's low thr
consistent with optimally gaining the objective of the amphibious opers’
threshold level is not consistent with the attacker's achieving a succet
landing operation in an optimum sense, why does the equivalent resi wvor’
this axphibious operstion contain an air mobile mode of troop deploym:.:.
magnitude reletive to the surface landing represented by the abstract w~
model seems to be saying is that the air mobile mode of deployment of tr
in this case represents instantaneous deployment is not as effective ..

ing (that is slower deployment) of the surface elements {Bl, B, 33 }
have greater fire power. If this be the case, then let us increase the

air wobile slemsnts only and see vhat happens to the commander's decis:.

Figure 23 gives blue's air mobile element fire power pert: -
parity case. As expected for ’k ® +3 the commander's decision threshol
reduoed t0 TO% which is still in the upper range of possible values and
curreat doctrine. It is interesting to note that for Bh z 225 not only
optimal strategy retuce to 100% allocation across the beach for the rest
the gas, Wt also red, the defender, optimal strategy reduces to defend
ouly as oppesed t0 the miltiple choice available to red for the unrestri
(Pigure £, fourth gragh, column one). This mild reduction in threshold
to be samsed by inareasing the desirsdility of the air mobile deployment
ereasing its fire power. iWhat heppens if the order of battle ratio (3,
inareaned?

Pigare 24 gives these results for the superiority case and
the commander's decision threshold level oes back to the 90% level of t
case. This again illustrates that the commander's air mobile decision t
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is directly related to the success of the amphidbious cperation. That i, :
commander has overvhelming superiority of forces and fire power, optimum &:
in the air mobile mode infers most (greater then 90%) of bis forces lamd v:
sde. If the magnitude of such deployment is for soma reason (technically
.conomically) not feasible, then the optimum allocation of forces is made !
all forces across tne veacn.
e. Sumary
Justifying these model results to current doctrine is impossit!

amphibious operation as presently concelved is designed to overwhelm the *r
ing force such that a toe-hold can be achieved on the defender's territor:
size to support future major objectives. The planning of an amphibious op
definition presumes the fact that it represents an operstion based upon
vis the defender. Then why does current dustrine also reguire a vertical
or air mobile deployment mode of forces of insufficient magnitude to assur
results? Even if one assumes that the payoff is insensitive to the optima
for the unrestricted or restricted play of the game (wvhich may be truc i:
the economic and/or technical feasibility of the air mobile deployment mo
more severe then the surface mode of deployment of forces. Thus if one p?
emphibicus operation using the coste.effectiveness criteria instead of a pv
military payoff criteria, the Justifica:ion for the air mobile deployment
even more difficult.

Btil) another poasible interpretation of the results is ihat ¢
matical model used in the completed study wves too abstract a representatio:
smphibious operation and therefors did not adequately reflect all the impo
parameters affecting the outcome of the battle. This presumes that a more
presentation of the amphibious operation, taking into consideration parame
omitted from the completed study becmuse they were considered of second or
wuld yield results sore compatidble with reslity. Such a study certainly
sideration in viewv of the importance of the information potentially aveile
the mathematical models and techniques demonstrated by this study.

k. Ivo Jixa ~

J. H. Engel in his paper titled, "A Verification of Lanchester's L

the applicebility of the Square Luv in en actual combat situation where Un:
forces captured the island of Iwvo Jima. In this analysis of the capture o.
the Lanchester's equations, as defined by the 8quare Law, were found to be
The fire powers acredited to both sides as measured by the author were one.
the magnitude of the standard case used in this study. This factor of one.
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asoumes fighting vecurred predominately in Uhe doy time. This fire p
as an input to the amphilblous model of ibhic study to sce if any ucefu
would result. In Fijguen 4, the UlS. loss roetios as o function of ovd
rutio (B/R) ia ploltled og:insl qebunk dorld ¥ar 1§ duta.  The mothew
results for this cuse fell well vithin aclu dl deli.  Flgure &5 glves
the computer run in the swwe form o the previous senstilvity nnnlyst
delay ¢ d used wus ten hours. The llrat column, third greph, indicat-
optimum strategy of allocating all blue's forces wveross the beach. T
fire power strength available during the Ivo Jima Cumpalgn does not
upon the assumptions of the model) the sophistication of oir mobile

mode. Of interesct to the :nulyst would be the strutegy crossover pes
26 gives the results of the standurd case for one-fifth the fire powe
unrestricted blue strategy remeins wcross the beach. Figure 27 'ad.
strategy crossover for blue only at B/R=1 and k. Column two, thiid

the commander's decision thrcshold of 900, ihe same ng the stonderd -
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3. THE VALUE OF MORILITY, DISPERSION AND SURVEILLAKCE
IN ACHIEVING EFFECTIVE UTILIZATION OF FIRE POWER

The requirements consistent with limited and tactical warfare have pl
stress on the characteristics of mobility and dispers dn of units on the !
The Lanchester Equations Model used in the previous section does not des .
characteristics in a natural manner. This 1s due to the fact that the po
surveillance charscteristics of units on the battlefield are very importa
mathematical description of such action 1s not easily accomplished usi ng .
functional relationships. No longer is warfare necessarily characterized
attrition of the opposing sideg until one side predominates. The high 1-
modern weapons allows great advantage to the side pre-empting the attacr
the force size.

In 0o way is 1. possible to determine & tactical force's effectivenes:
enexty &8 & function of mobility, dispersion, surveillance, fire power cey.
deception, etc. by utilizing the Lanchester approach only! This is due !
the lanchester Model is only semsitive to the resultant attrition rate (e
and its effect over time and is not sensitive to how this attrition rate
the battlefield characteriitics of the units imwvolved. For example, one
firepower tactical unit such as a tank or artillery battalion against a 1
apd 1f circumetsnces are such that the high-firepower is never in vositior
enemy because of lack of surveillance, and/or mobility, then the choice of
rates { 8, 83 b } cannot be made on the basis of weapons capadbility slc
fore this device becomes arbitrary if ome resorts only to the Lanchester }»
is needed is a mathematical description of the hattleficld teking into cor
wobility, dispersion, surveillance, deception, etc. such that true tactics
ness can be dsrived subject to or ccnstrained by veapon systems and/or org
capability. BSuch a model will now be developed.

1. Dattlefield Surveillance and Mobility
a. Introduction

The dstection of enemy targets on the battlefield represents t
problen aresa in the successful employment of tactical units and associated
s,stems against such targets. In order for such units to de effective, s
tegrated tactical force comprised of sircraft (both reconnaissance and log
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supporting personnel, and equipment must be deployed. Since the enemy presums
aléo attempting to use its own tactical units and weapon systems in an effecti
the situation .everts to a 'red' and 'blue' type analysis because each opposir
unit represents a potential target to each other. The question then arises as
type of mobility and dispersion characteristics each side (red relative to blv
versa) would need to perform effectively. If either side was immobile, then .
only be a question cf time when the opposing sides would detect and destroy ec
The net effect of redversus blue would be & function cf the relative number c!
aircraft, weapon systems and supporting equipment opposing easch other and how
dispersed. Such a situation could effectively be described by the Lanchester
To increase survivablility, each side could either disperse into smaller unit..
periodicelly move about the battle ares, or incorporate into the tactical Bys
active defense, The latter is objectionable because it makes the tactical fo
cumbersome and there is serious technological doubt as to whether a defensc &,
ever be effective against the all out, use of offensive force in a battlef.ei’
ment (e.g. "The best defense is a good offense.”). It seems clear that peric
bility and unit dispersion are the onlyalternatives when attempti.g to susta!
tions op the battiefleld. Thie 18 true for a wide var: -ty of combat situatice
guerrilla warfare to tectical nuclear war. The key factor determining the & .
and importance of mobility and dispersion to insure survivebility is the effe
of the fire power utilized againat the tactical system. When the at.rit‘on ce
the threat of overvhelming fire power is present, then mobility/dispersion cor
tions are much more important that fire power/reaction time considerations 1
only when the latter predominates do we have a case for Lanchester's Model. ¢
are interested in the successful employment of tactical systems under all conc
ir2ivding the threat of a nuclear environment, we can assume that the importar
mobility and dispersion supersede fire power considerations and the mcdel dess
that foliows will have these assumptions in mind. Aiso please note that Appe
containg a different approach to the same model which will be developed below

b. The Effect of Intermittent Mobility on Detection

Let us suppose two opposing tectical forces (referred to ss the re
blues) operate in a battle area. Let capital 'R' be the total area red contre
searches to acquire the blue tactical. force and small 'r' the rate of search ¢
area per unit time red searches 2king for blue. Define capital 'B' and sma
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in a similsr manner for the blue tactical force. If both sides search for eas
systematically covering their controlled battle areas, and if the probability
being .n an area of the battlefield of size 'r'! equals r/R the question arises
is the probability Pr,b red detects blue first, assuming red moves perioiicall
time units and blue moves periodically every m time units, each move being i’
rendom. This question can be similurly phrased for . r The probability red
blue first is important because this indicates which side has the benefit of ¢
action against the other. Also if one assumes that the threat of firc power -
is sufficient tc overwhelm the tactical force unit, then the side trat is abl
empt his attack suffers negligible attrition. For this reason the determire .
detects first is all important with firepover attrition factors secondary ar.

a probability of kili conditional on the probability of detecting first. Figa
indicates in a time sequence one cycle of the periocdic mobllity considered f:
blue. Pr,b will be computed for one cyrle, i.e., the time period m that “.u-

statiovnary.

m time units (Blue's Stationary Time Cycle)

i
e
+
hi
H
Pod
13
{
+
<
=

2 —-

k time
h—
units

Red’ nd

ed’s y move
(Red's Stationary Time Cycle) relative to Blue
Stationary Time «

Figure 28. RED'S AND BLUE'S PERIODIC MOBIIITY AS A FUNCTIOR NF CNE OF B;
TIME CYCLE
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Uging Blue's move as the location of the origin of the time scale
(Mgure2y) end the rendom move of Red starting at time = J, we compute the
probability of red detecting blue first at time i, P 1.'1,(1).

let time run from 1=iX=m, then Pr,b(i) for m>k can be developed
inductively:

- - B - b T\ T
Pr'b{lfiﬁ"} = (l B)R for 1 1 (l-B)(l-l—i) ﬁ‘:r for i =

QIR RCES -SJe G gy ) 6P 0

Q- R-[ix-‘Z}r) R-[lfl]r for 4

The 13'-}-"- expression can be reduced to

b {1-_‘1:3} - G

The first term on the right indicates the probsbility bl
doss not detect red during the (0, i) time period and tbe eecond indicates
probability that red does mot dstect blue during the {0, 1+ - 1) time perio
but does datect at the 1D time period. Ancther vay of looking at this
probability model would be 40 assume that red and dlue, es~h swipling
sequentially in time aud in unison, an urn plsced before each, containing
vhite balls except one vhich is bdluck, The number of vhite balls in each
1s (R/r) = 1 for red and (B/d) - 1 for blue, Therefore the nhove cquation -
probsbility red pulls the black ball out of the urn before blue does 20
of his ura at the 128 time period conditional to 11 previcus balls puile

¢vom the urn not being replaced (i.e., sampling withou: replacement).
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