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PREFACE

This report is the second of a sequence of two reports dealing with the study
of possible inertial navigation systems for submarine use. The first report,
entitled "' Theoretical Background of Inertial Navigation for Submarines”, was
issued in March 1951 and dealt with the fundamental problem of inertial navi-
gation with the diccussion restricted to idealized systems. The present report,
the second of this sequence, entitled ""Characteristics of Systems Feasible for
Inertial Navigation of Submarines' considers characteristics of nonideal equi;:
ment that must be used in any practical system. On this basis, one system out o1
the many theuretically possible types has been chosen as most nearly meeting
the requirements for submarine operation.

This work has been carried out under Contract N50ri-07850 for the Office
of Naval Research. The principal respsusibility and supervision of the report
has been carried out by Mr. Forrest E. Houston, Assistant Director of the
Instrumentation Laboratory, with the assistance of Mr. John Hovorka. Acknowl-
edgment is also due the Technical Publications Division of Jackson & Moreland
for the preparation of the report.

Walter Wrigley

Cambridge, Massachusetts
QOctober, 1951
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ABSTRACT

This report is the result of a study of possible submarine inertial navigation
methods. Prior investigation has narrowed the field of inquiry to gravity-field
navigation, and pointed to a system design based on a stable vertical element
which is essentially an equivalent pendulum with eighty-four-minute-period
characteristics, a so-called Schuler-tuned system. The equivalent pendulum is
represented by a controlled member which is oriented by accelerometer-monitored
gYro units to indicate the vertical. The accelerometer units furnish data, which,
after processing, are used to precess the gyro units and drive the controlled
member so that it responds to changes in the vertical direction as the ship moves
along its course over the surface of the Earth. The gyro units also, in conjunc-
tion with the same controlled member drives, simultaneously isolate motions of
the base from the controlled member. This kind of vertical indicator is described
in detail in the report, with the discussion including such problems as the effects
of damping, uncertainties in component outputs, and inaccuracies in inputs from
external sources. With this system, Schuler tuning eliminates the requirement
for precise external compensation. The optimization of system parameters is
discussed, and numerical values are given for optimum parameters.

When the indicated vertical has been established by a controlled

tember, the
problem of position indication can be solved by two general classes of sy\tems.

open-chain configuration to indicate position change from a known point of orfgin.
The accelerometer itself may be doubly-integrating in character, in which case
position change is indicated by utiliziug its output directly. This class of position
indicators, deriving position information from integrators appended to the verti-
cal-indication loops or by direct double integration of acceleration, is characterized
by simplicity of concept and geometry, i.e., only three concentric gimbals are re-
quired, no more than are required for vertical indication alone. However, the
integrators, being open chain in nature, also integrate false ground-speed compo-
nents assoclated particularly with gyro-unit drift and with inaccuracy in Earth-
rate compensation. This leads to errors in indicated position which are cumulative,
depending on, among other things, the time of operation of the system.

In view of the long operating intervals probably required of a submarine navi-
gation system, methods for avoiding such cumulative errors are important. In
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this report, it iz shown that position-indication systems of this class, weluding
these using a doubly-integrating accelerometer, have intrinsic cumulative errors
in their output, which are reducible only by strumentation sufficiently precise

to keep these errors within preassigned limits during the long operating intervals.,

The second class of position indicators discussed requires the use of two
additional gimbals, a disadvantage that is at once offset by the absence of cuma-
lative error in latitude indication, and by efficient mimmization of cumulative
error in tongitude, using a longitude indicator which operutes in conjunction with
the latitude indicator. (Longitude, because of its arbitrary nature, has an inherent
possibility for cumulative error in its indication: this is not true of latitude.)

This class of systems consists of two general types: the prealigned system and
the self-erecting system. Prealignment »f incrtial gyro unit axes, so that they
serve as "star-lines,” presents some problems in a submarine installation, par-
ticularly in the requirement for an azimuth reference. A self-erecting system
avoids these ditficulties.

The self-erecting latitude indicator discussed in this report operates in con-
junction with an azimuth indicator {an inherent gyrocompass) and with the verti-
cal indicator, as a closed-i0op system which causes a reference direction on a
fourth gimba:, mounted concentrically with the controtled member, to track the
Earth polar axis. A fifth, and innermost gimbal, mounted within the latitude gim-
bal, carries an integrating gyro unit which serves, with the innermost gimhal
drive, to integrate celestial longitude rate. Indicated longitude is derived from
this integrated rate, while latitude is indicated by the orienta‘ion of the polar-
axis-tracking gimpal relative to the controlled member. This position-indication
method is examined from the point of view of practical instrumentation and accu-
racy of indication. The problem of ground-speed indication with this system is
also discussed, and it is shown that ground speed can be obtained with few addi-
tional components.

A balancing of the advantages and disadvantages of these systems, while keep-
ing in view the praciicalities of instrument design and the demands of shipboard
operation, permits the recommendation of the last-mentioned position indicator
as the most promising. The study of this position indicator has been sufficiently
nxhaustive to permit the  signment of numerical values to the important system
parameters. These are xiven in the report. In addition, potentially profivable
further research concerning certain specified aspects of the problem s sugpested,

Xit
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INTRODUCTION

Inertial guidance of submarines i a method for deriving escential navigation
information - latitude, longitude, heading and speed - froni a cystem that obtains
its data entirely within the submarine. Once initial conditions have been inserted
into the system, 1t must operate as nearly independently of external information
as possible, indicating the above quantities with sufficient precision and continuity
for the successful navigation of the submarine, ,

The preceding report in this group, Report R-9, Part I‘”*, contains a discus-
sion of fundamental approaches to this problem. The basic method discussed
there involves a stabilized platform as an essential feature. A stabilization servo
system receives specific force data from accelerometers or pendulums, and de-
livers these data to gyro units and platform drives, which cause the platform to
indicate the vertical. Two basic methods of utilizing the indicated vertical are
then available to obtain the submarine's essentially geocentric angle of travel,
One method, referred to as analytical integratio. «n Part I, involves the integra-
tion of accelerometer outputs or of gyro inputs, with the accelerometers and gyro
units mounted on the stable platform. The other method, called geometric inte-
gration, involves the direct compariscn of the indicated vertical with a reference
vertical. The conclusion arrived at in Part | was that, within the submarine, a
servo-driven platform on which were niounted two accelerometers (or pendulums)
and two gyroscopes could be used to indicate the vertical, and, with the addition of
a third gyroscope, to indicate heading. The vertical indicator serves to show the
direction of the Earth's gravity field, and the azimuth indicator shows the projec-
tion of the Earth's polar axis in the horizontal plane. This three-axis stabilized
platform is the basis for various methods of position indication described in the
preceding report, and in addition inherently provides data on heading, roll, pitch
and speed.

It is the function of this report, first, to examine the practicalities of instry-
mertation of 2 platform stabilized about the vertical and in azimuth, and second,
to re-examine the position-indication methods in the light of necessarily imper-
fect instrumentation and imperfect external compensations. This discussion
serves for the rejection of systems which, while they appeared theoretically

* Report R-9, Part 4, will heremafter be referrad to as Part 1, Superscnpt numbers in patentheses refet to the bibliography,

\
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feasible as described in Part I, present engineering difficulties in execution.

It is thus possible to apply certain principles ui selection and compromise,
which are discussed in the following, to arrive at what appears to be the most
practical submarine ineriial navigation system. The discussion of this system
makes up the largest part of the report. Appended to the report is a series of
derivations which render the textual discussion in mathematical terms.,

—|




GENERAL CONSIDERATIONS CONCERNING SUBMARINE
INERTIAL NAVIGATION

The essential problem to be discussed is the determination of the present
position of the submarine on the Earth, from data obtained within the submarine,
The position is defined in terms of astroromical latitude and longitude, and these
are in turn defined as two geocentric angles. Astronomical latitude is defined as
the angle, in the meridian plane, between the local vertical and the vertical at the
equator. Astronomical longitude is defined as the angle between the meridian
plane containing the local vertical and a reference meridian plane. [t is to be
noted that astronomical position and map data are not necessarily identical.*
Position determination thus reduces to

1) determination of the local vertical

2) determination of the angle between the local vertical and two Earth refer-

ence directions.

The two Earth reference directions mentioned above may be, respectively, a
line parallel to the Earth polar axis as indicated by the navigation system, and a
longitude reference direction set into the system (latitude and longitude are then
derived directly from angles between the indicated directions); or, alternatively,
the original vertical and azimuth at the start of the navigation problem may serve
as references (as in cases where rate or acceleration integration methods are
used to give the geocentric angle of travel of the submarine from the starting
point).

In Part I, ideal components formed the navigation systems considered. These
components could of themselves introduce no errors into a system. Practical en-
gineering will require the consideration of nonideal behavior of components. This
nonideal behavior can be characterized in various ways: for example, the over-all
sensitivity of the component can be regarded as uncertain, i.e,, there is an uncer-
tainty in the relation of the output to the input. Or, as will be assumed in this re-
port, the component sensitivities may be regarded as pre-set with negligible error,
although some uncertainty may nevertheless occur in the output of a component.

* Astronomical position data are detived from a knowledge of the local vertical, while map data, which are in effect smoofhed astro-
nomical data, are oerived from geodetic triangulation techniques.(z)-m-m The cotrections requiredto bring the two sets of position data
info coincidence are in general quite small; but if desited, they may be apniied in a manner simitar to that used to make variation cor
rections to a magnetic compass reading.
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In any case, the nonideal character of a component will be displayed ultimutely (in
the performance equation) by an uncertiinty term appropriute to the nature of the
component and to its role in the system, The word uncet tinty here refers speci-
fically to the indicated output ot the component, und the indicated quantity uncer-
tainty is defined as the indicated quantity minus some statistical average of thic
quantity. Similarly, the indicated quantity error i defined s the averape mdica-
ed quaatity minus the correct value of the quantity, The negative of the error i
defined as the correction to the indicated quantity., Finally, the tadicated quantity
imecuracy is defined as the indicated quantity minuws the correct value of the quan-
tity. Therefore, at any instant, the inaccuracy is equil to the evror plus the un-
certainty as here defined, These distinctions are profitable hecause, in the case
of a component within the system, during the "transient” stige of the motion the
component output error due to the transient regime is ultimately correctible by
the system itself, and only the uncertainty in the component output i= importint,
But, in the case of quantities brought into the system in open-chiin configurations
from external sources, the system can influence neither the error nor the uncer-
tainty, and the sum of these, the inaccuracy, becomes the important determinant
of system behavior.

DETERMINATION OF THE LOCAL VERTICAL

The definition of astronomical position given above requires that the vertical
at the present position of the submarine be indicated by the navigation system. On
a stationary hase the vertical is, by definition, the direction along which a plumb
line settles. On an accelerating base, a plumb line no longer indicates the truc
vertical; instead, it tends to indicate the direction of the apparent vertical, which
is a function of the acceleration of the base. It was pointed out in Part I that a
useful vertical indicator on a moving base can be conceived of as an accelero-
meter-monitored servo-controlled platform which aets as a lone period equiva-
lent pendulum. The dynamics of this system would be adjusicd by Schuler tuning,

This tuning consists in selecting an undamped natural resonant frequency for the
equivalent pendulum, consisting of the platform with its control systems, such
that the error in the indication of the vertical by the platform is substantially in-
dependent of horizontal accelerations of the base.

There is a subtle, basic difference between this kind of vertical indicator and
conventional stabte verticals and artificial horizons, The Iatter two mavigational
aids represent a philosoply in which gravity and accelerations are congidered ag
essentially different physical factors., They require precise compensation inputs.
that is, ship-motion data must be available independently and of the same aorder of
precision as that desired in the indication of the vertical direction. This 15 due to
the fact that the vertical is associated with gravity alone, and accelerations are




considered as interferences., However, the Schuler-tuned vertical indicator dis-
cussed above does not require precise compensation inputs to assure small steady -
stiate errors. Fundamentally, this is because in a Schuler-tuned system the indi-
cated vertical is not associated with gravity alone, nor are aceelerations of the
base to be regarded as interferences; instead, the vertical and accelerations of
the base ure interrelated through the geometry and kinematics of motion over the
essentiilly spherieal earth, with the resultunt minimization of the importance of
external compensatlon data, 1t is true that compensation inputs will be required
by a practical vertical indicutor of the Schuler-tuned type, but their requived pre-
cision Is such that complete failure of compensations should not zeriously impair
the system performuance; they act as a factor of safety, On the other hand, sys-
tems without Schuler tuning cannot achieve required performance urless the com-
pensation is of a high order of precision.

The essontial operating components of the vertical indicator under discussion
are shown in Fig, 1. Two single-axis accelerometers {or pendulum units) and
three single-axis* integrating gyro units are shown. This system is described on
p. 22 of Part I. In terms of the component functions, the system is described there
from the standpoint of three subsystems:

1) a system for obtaining data on the resultant specific force on the platform

(controlled member) by means of either accelerometers or pendulums;

2) a system for orienting the controlled member in response to data from (1},
so that the controlled member indicates the vertical; this involves gyro
units and servo drives;

3) a system for modifying data from (1) before they are applied to (2}, to con-
trol the dynamic performance of the whole system.

A gyro unit is characterized by an ability to maintain a fixed direction in tner-
tial space, when n> torques are applied tc *t, In this system, torques applied by
the roll and pitch of the ship are removed oy fast gyro-monitored servo drives,
which orient the controlled member and the gyro units mounted on it with respect
to the outer gimbals; and at the same time, torques applied by the processed ac-
celerometer data, acting to precess the gyro units more slowly, cause the control-
led member to rotate approximately geocentrically at the angular velocity of the
indicated vertical. A second kind of system is conceivable, in which the gyro units
are mounted on a gimbal separiate from the controlled member carrvying the ac-
celerometer units, in which case the controlled member can be oriented with re-
spect to the giinbal carrying the gyro units., This gimbal then remiing fixed in in-
ertial spuce, serving ultimately as a source of reference directions, or “star lines”,

* The chotce of single-axis gyro and accelerometer units, as compared with two-axis unifs, has been made on {ne hasis of eatlier
studies’>),
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carried within the system, for position indication. Interferenre isnlation against
deck motion is then ohtained by the gyro-monitared pimbal drives, and the con
irolled member drives need no gyro units, The practicability of {his scheme in
submarine navigation will be discussed later in this report. in both this system
and that shown in Fig. 1, the principal function of the gyro units is to obtain base
motion isolation, and the angles between the gimbuals external to the controiled
member indicate roll and piteh of the base, and therefore of the submarine, inci-
dental to the indication of the vertical by the controlled member,

DETERMINATION OF POSITION

Once the problem of the indication of the local vertical has been solved, an
attempt can be made to indicate position with the data implicit in the vertical \n-
dicator. For example, suppose it is desired to indicate latitude by integrating,
with respect to time, the input signal to the y-gyro unit,i.e., the unit controlling
motion about the east-west axis. This signal is proportional to the y-component
of the angular velocity of the indicated vertical, and its first integral is approxi-
mately proportional to the angular displucement of the indicated vertical in the
meridian plane, from some starting position which serves as a reference. The ap-
proximation, however, depends strongly on the insirumentation, and can lead to
serious difficultles in maintaining correct position indication at all points on the
course,

It was mentioned before that two classes of torques act to precess the gyro
units; those due to base motion, l.e,, roll and pitch of the ship, and those due to
processed accelerometer data, A thlrd source of torques on a gyro unit lies in
such phenomena as mass-unbalance and friction wlthln the gyro unit itself. These
wiil be referred to as uncertainty torques. They give rise to an uncertainiy in the
gyro unit gimbal angular velocity called gyro unit drift. This drift is indistinguish-
able in the gyro unit output from the true angular veiocity of the indicated vertical;
i.e., gyro drift produces the effect of a false ground speed component.

There is a similar additional source of false ground speed which comes about
in the following way: Suppose that, by means of a gyro compass operating in con-
junction with the z-gyro in Fig. I, the controlled member is oriented with the x-
axis tracklng true north, so that the y-axis is polnted approximately east. Then
the x-axis gyro unit will sense the horizontal projection of the sidereal rotation of
the Earth (hereinafter referred to as horizontal Earth raie), while the y-axis gyro
unit will not. The x-axis gyro unit, if the controlled member is to be kept in the
horizontal plane, must be compensated for horizontal Earih rate, i.e., this parti-
cular input angular veloclty component must be canceiled in some way. One pos-
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sibility is to precess the gyro umt with a stgnal proportienst to horizontal Earth
rate. This results in a compensation torque on the gyro unit which exists i ad-
dition to the torques discussed previously, Lack of precision in this Earth-rate
compensation put will result in a reswdual gyro unit gimbal angular velocity in-
accuracy, This iniceuntey s functiomidly identicsl with the aforementioned gyro
unit dritt in its effect; combined, these constitute a false pround speed componeat,

Note that, since these errors are essentally dynamic, they leave the steady -
stite indicated vertical unatiected, This is 5o because the system is accelerometer-
monitored, and e integrator between the accelerometer and the gyro sutomativally
acquires the proper bius to null this fulse pround speed component; the indicated
vertical i= unaltered. These phenoment are conumnon to all systems which use ac-
celerometers or pendulums to track the apparent vertical and which use precessed
gyro units to effect base motion isolation,

The aforementioned fulse ground speed compunents are necessarily included
in the integration of rate or acceleration data to indicate position, and lead to an
error in position which increases with time. Further cexamination will show that
such cumuliative errors are unavoidable with this method of indicating either lati-
tude or longitude,

Similarly, the direct double integration of the ungular acceleration of the in-
dicated vertical, by whatever method — e.p., i doubly-integrating accelerometer —
involves again a cumulative error in the indicated position, A false acceleration
component, corresponding to the lalse ground spced component in another part of
the vertical indicator loop, is responsible for the cumulative error in this cace,
Thus, these "open-chain integration” and direct double -integration methods of
indicating position, while having the virtue of relative simplicity, simultancously
present serious drawbacks in praetice.

A further diffic .ity enters this problem when the possibility of integrator drift,
a common characteristic of such devices, is considered. In the accelerometer daw
processirg, drift in the integrators used will affect the indicated ground speed,
while in open-chuin integrators used to determine position, integrator drift will
lead to cumulative errors in the indicated position, The eniire problem of
cumulative errors is traceable to the fact that only indicated, not true, motions
are available as duta from the vertical indiciitor; more generally, aboard the ship.
motiong of the various parts of the system with respect to each other and to the
ship are the only motions from which the position of the ship can be deduced.

It is therefore of interest to consider the possibility of establishing an dnertial
reference, fixed in space, and relatively independent of the accelerometer -ioni-
tored controlled member. As was mentioned in the discussion of vertical indica-
tion, the accelerometers of Fig, 1 might be niounted on the controlled member as
shown, but with the three gyro units mounted on a separate platform, which re-




R

mains fixed in inertial spice; then the controlled member can be rotated with re-
spect to the platform by a sidereal time drive, about a "polar axis” established on
the gyro untt platform, Evidently, lititude and longitude can, with cuttable initial
gyro unit ulignment, be indicated directly as angles between gimbals, Only two
cumulative errors are then possible: thuat due to gyro unit drift, .ind that due to
imiccuracy in the sidereal time drive. At the present time accuracies of the
order of one part in one hundred thousand appear attainable in matching =i-
dereal time driwve angulur velocity to Earth rute. It may, therefore, be expected
that the gyro unit drift will be the major source of error 1n a system of this
type.

This situation appeirs to be unavoidable in the case of longitude indication.
Astronomical longitude is not a unique quantity; only longitude difference with re-
spect to a present reference can be indicated. The indicated longitude wili in no
case be more precise than this reference setting. Furthermore, it must be ob-
tained by some form of integration (as in the case just described, where the gyros
and drives act as integrators), with the concomitant cumulative error.

Latitude indication is not necessarily bound by these restrictions, A self-

erecting latitude system is conceivabie, with a gimbal which moves with respoct

to the controlled member until the gimbal is parallel to the Earth polar axis.
Thereafter the gimbal moves at the indicated latitude rite, about the east-west
axis, with respect to the controlled member; it ix monitored by the azimuth stabi-
lizer, and ultimately by the y-axis accelerometer. The angle between this gimbal
and the indicated horizontal is then the indicated latitude.

These matters will each be discussed in more detail on the pages following.
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THE DAMPED YERTICAL INDICATOR

An undamped vertical indicator of the type considercd in Part 1, pp. 28 {f,, 18
necessarily subject to a fixed-amplitude continuous oscillation with an 84-minute
period. Such a system might be practical under the following conditions:

1) The time of operation is sufficiently short, i.e,, of the order of one period.

2) The initial conditions are set into the sys<tem with sufficient precision, 1.e,,
such that the amplitude of oscillation plus the steady-state error, where it
occurs, will not exceed the preassigued error in the indication of the verti-
cal.

In submarine operation, an operation time of the order of at least eight Schuler
periods must be allowed for, and in addition the precision of the initial =ettings is
likely, for practical reasons, to be somewhat poorer than the ultimate accuracy
desired In vertical indication. The long operating time allows a large probability
for the system to be disturbed during a run, making it possible to incur errors
larger than thocse associated with uncaging of the instrument. Insufficient preci-
sion in initial-condition settings requires that the system reduce its amplitude of
osclllation after the submarine is set in motion.

Evidently, an undamped system satisfies neither requirement. On the other
hand, a damped -ystem suffers from two serious limitations:

1) Insofar as da:mping suppresses high input frequencies, it lengthens the
solution time.* This effect is important both when the system is initially
uncaged, and when it suffers transient disturbances while the submarine
is in motion.

2) The delay in achieving a solution is operative at other times also; effec-
tively, a damped system responds to values of the input averaged over a
time of the order of the solution tinmie, rather than to instantaneous input
values, The result is manifested as errors which depend on the rapidity
of the inpuls. These are called forced dynamic errors (cf. Part 1, p. 17).

* Solution time 15 defined tor these reports as the ime tequired for a systen, 1 achieve ninety-fiva percent of the changr a—  ateq
with a given input change,

10
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This unavoidable compromise between short solution time and small forced dyna-
mic errors confronts the designer of any practical system.

Consider the vertical indicator of Fig. 1. The simplest damiping method might
involve putting a direct by-pass around the integrator, between the accelerometer
and the gyro unit, However, this corresponds to a high-pass filter, ind would re-
sult in a system that is excessively responsive to high* frequencies, some of which,
in view of the practicalities of instrumentation, can be expected to be spurious,
The resultant system is analogous to a pendulum with frictional damping, and is
describable by a second-order differential equatinn,

High-frequency suppression cin be obtained by combining the integrator and
by -pass with & low-pass filter, which can be represented as an integrator with
direct feedback. This kind of system is shown in Fig. 2. [Its performance equation
is derived in Derivation 1A. (Derivations are included in the Appendix, beginning
on page 52). Thedifferential performance equation, Eq. (1-16}, 1= of third order in
time derivatives of the correction to the indicated vertical. The tuning of the sys-
tem to an approximate 84-minute period (Schuler tuning) is thereiore possible in
alternative ways. In terms of the physical inputs to the system, Schuler tuning
may be accomplished by:

1) minimizing the acceleration error, or

2) minimizing the jerk (acceleration derivative) error,

The result of each method is displayed in the two aranlitude-ratio vs fre-
quency-ratio logarithr:ic plots, Fig. 3. It should be noted that, were the damping
sufficiently reduced in either system, the system would approach un equivalent
Schuler pendulum with a natural frequency corresponding to a frequency ratio of
unity (since the reference frequency is the Schuler frequency). But the frequency
ratio for maximum amplitude ratio is higher for acceleration-error minimization
and lower for jerk-error minimization, the departure of the frequency ratio from
unity being determined in both cases by the damping.** The relative heights of
the peaks in the curve are also determined by the damping.

The choice between the two response iunctions can then be based on whether it
is desirable, relatively, to suppress low frequencies or high frequencies; i.e.,
whether the expected forced errors due to necessarily imperfect compensation in-
puts will be primarily of a high- ur low-frequency character. (Instrumentation er-
ror «ill presumably be sufficiently reducible to give the desired over-all accuracy).
The assumption iz here made that these uncontrolled forced errors will be short.
period, compared with 84 minutes, and in Deriviiiion 1A, the jerk error is minimized

* It 15 assumed that the system in this discussion witl ce Schulertuned, so that the teterence fequency corresponds to a penod of
84 minutes.

** Specifically, by the dumping ratio, which 18 defined as the 1atio of the actuai dampiag to crebycal damping.
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Fig. 3. Amplitude ratio (carrection to indicated verticol/ioccurocy in water-speed

compensation) vs. frequency rotio (input frequency/Schuler frequency) far two vertical

indicators: (1) with jerk error minimized by Schuler tuning,acceleratian errar minimized

by choice of undomped naturol frequency, ond (2) with acceleratiar error minimized by

Schuler tuning, jerk error minimized by choice of undamped notural frequercy. Damping
ratio is 0.3 in both coses.

by an adjustment of the system narameterc,which corresponds to Schuler tuning
(Eq. (1-13)).

The acceleration error, however, remains. It is proposed to minimize this
with a signal representing the appropriate ship velocity component. In the case of
the x-system, this component is the longitude rate; in the y-system, the latitude
rate. This velocity cominorent, hereinafter referred to as the water-speed com-
Igg_n_sa_tip_g,mis fed from (he ship pitometer log, through the azimuth resoclver, to the
high-frequency integrator; the effect of this treatment of the ship velocity signal
is to minimize the acceleration error, if the signal is suitably adjusted (Egs. {1-14)
and (1-15)). Actually, the error could be made more nearly zero it the ship velo-
city with respect to the Earth were available as a datum; even a perfect pitometer
log can give only the water speed. Therefore, ocean current gradients (although
not the ocean current itself) are included along with uncertainties in the water-
speed indication in the velocity -compensation inaccuricy (see Eq. (1-14)}
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The differential performance equation, Eq. (1-16), is,as observed, third order,
with the following principal forcing terms, shown on the right-hand side of the
equation in the order given:

1) A term proportional to the rate of change of the inaccuracy of the water-

speed corapensation with respect to true ground speed.

2) A term proportional to the rate of change, ard second rate of change, of

T

the inaccuracy in the Earth-rate compensation current, and a gyro drift
error term proportional to the rate of change, and cecond rate of change,
of the gyro gimbal angular velocity uncertainty.

3} A term proportional to the accelerometer output uncertainty und to its

rate of change, and a term proportional to the difference hetween the rate
of change of the uncertainty in the output of the low-frequency integruator
by-pass andthe rate of change of the uncertainty in the feedback channel
vutput. These constitute an acceleration error.

The left-hand side of £q. (1-16) is concerned with the system dynamic char-
acteristics, Derivation 1B deals with the assignment of numerical values to these
characteristics, The dynamic performance can be described in terms of the dumyp-
ing ratio and the undamped natural frequency of the quadratic term, and the char-
arteristic time of the first-order term. The numerical values of these three quan-
tities ultimately determine the actual vialues of component sensitivities (Eq. (1-17}3.
These three parameters are chosen for convenience in the system design, since
they are universally applicable to linear systems of this general nature. In Deri-
vation 1B, the numerical values are assigned according to the following procedures:

1} The damping ratio, as has been observed, has an optimum value of zero,

but the resulting undamped system would be cbjectionable for the reasons
given. The chosen damping ratio is therefore a compromise. The smallest
damping ratio consistent with a reasonable solution time is considered to
be about 0.3.
2) The resonant frequency for the undamped system is selected to minimize
the acceleration error in Eq. (1-12), before the water-speed compensation
is applied. 1t is desirable to do this because of the aforementioned ex-
pected difficulty in providing a perfect velocity-input in making the com-
- pensation. The resonant frequency thus found is determined by the chosen
damping ratin. and is 95.4 percent of the Schuler {requency.

3) Civen the damping ratio and the resonant frequency for the undamped sys-

tem, the characteristic time is determined by Eq. (1-24) to be 1.43 hours.

The transient behavior of the system is studied in Derivation 1C by consider-
ing the homogeneous equation, Eq. (1-27), derived from Eq. (1-16). As in Deriva-
tion 1B, it is assumed that the left-hand side of Eq. (1-16) is factorable into a first-
order term, containing the characteristic time, and a second-order term, containing

14




the damping ratio and the naturzl frequency. Laplace transform methods then
furnish the solution (Eq. (1-30)). The correction to the indicated vertical contains
the following two important groups of terms:

1) A damped exponential, controlled by the characteristic time.

2) A damped sinusoid, with @ maximum-amptitude frequency dependent on the
damping, as has been observed; the frequency ratio at the frequency of
maximum amplitude is equal to unity minus the square of the damping
ratio. The damping of the sinus sidal term is controlled by the damping-
ratio-natur:l-frequency product.

Refer again to Eq. (1-16) of Derivation 1. On the right-hand side of the equa-
tion are several forced-error terms, which will be discussed in terms of a method
to be outlined below. The most important forced errors are caused by the follow-
ing:

1) velocity compensation inaccuracy,

2) gyro unit drift,

3) accelerometer output uncertainty.

The functional form of these errors is not precisely known; this obviates the pos-
sibility of obtaining a particular solution to Eq. (1-16) by such means as Laplace
transform methods. However, it is possible to exclude certain regions from the
frequency spectrum of each of these forced errors as being highly improbable.
This fact, coupled with the frequency response of the system to sinusoidal varia-
tions in each of the forced errors taken individually, permits some statements to
be made concerning the effect of these errors on the over-all acruracy in the in.
dication of the vertical,

Thus, since the exact frequency spectrum for each error is unknown, it can
first be assumed that all frequencies occur with equal amplitudes, i.e., that the
input to the system consists of "white noise”. A harmonic analysis of the output
then gives the normalized frequency response. Figure 4 shows the result of such
an analysis applied to the velocity -compensation inaccuracy. The curve exhibits

a peak near the Schuler frequency. At high and low {requencies the response is
much attenuated. The conclusion is that velocity -compensation-inaccuracy oscil-
lations having frequency components near the Schuler frequency will be most im-
portant, and that other frequencies will be less so. To cvaluate the net effect of
the velocity-compensation inaccuracy on the over-all error, then, it must be
known whether or not frequency components in this forced error are near the
Schuler frequency. Little data are available on this subject, but the presence of
84 -minute period forcing functions for an appreciable tergth of time does not ap-
pear lik~ly.

15
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Similar constderations apply to Figures 5 and 6, which apply to the gyro driit
and accelerometer uncertainty errors, respectively,

Since this is a single-axis system, and two such systems, geometrically ortho-
goml, are required for vertical indication, the coupling between two simular sys-
tems was investigated, as follows: An equivalent complete vertical indicator, rep-
resented by Eqs. {1-39) and {1-40) in Derivation 1D, was set up on a Reeves
Electroni¢ Analogue Computer (REAC) in the Instrumentation Laboratory.

The simulated vertical indicator was effectively uncaged with equal errors
in the vertical about both the x- and y-axes. The system came to restin the
manner of a damped Foueault 1)el)duluxll(6)(th(> damping ratio chosen was 0.3, Fig-
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ure Tb shows a plot of x- vs y- displacements from the true vertical as a solution
wus reached. It is zeen that the projections of the two-dimensional oscillations on
the x- and y- input planes are practically the same, a situation that would occur
for decoupled x- and y- systems (Fig, Ta). The conclusion is that this two-dimen-
slonil pendulum effect can be neglected, and single -axis results are immediately
extensible to the three-dimensional case, These remarks are impurtant because
in subsequent discussions it will be assumed that as a good approximation, the x-
and y-systems are independent,
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POSITION INDICATION

FOSITION INDICATION BY ANALYTICAL INTEGRATION GF RATES

A distinction was made in Part 1 (p. 27) between two general methads of posy
tion indication: analytic integration of the accelerometer output datiy, and geiie-
tric integration of the accelerometer output ditta, These methods will be defined
again here in the same way, Amlytic.] integration s charactorized by o modidi-
cation of the accelerometer output datia by means of two inteyrators, <o that the
output of the second integrator is a signal proporttonal 1o the essentially peoven-
tric angular displacement, Gevmetric integration, on the other hand, i= character-
ized by a physical comparison of the indicated verticul with a reference vertical;
the angle between these two verticals gives the indicated position,

First, analytical-integrating systems will be discussed. They will be treated
in terms of single-uxis damped systems, with vertical indication provided 1in each

case by a system similar to that of Fig. 2.

Open-chain integration oi the angular velocity of the indicited vertical

This system is shown in Fig. 8. A performuance eguution, Eq. (2-91 1= derived
in Derivation 2A, to aszess the effeet of component uncertaintics and input inie.
curacies (which are treated ag in Derivation 1), The carrection to the indicated
position as given by Eq. (2-9) is equil te the followiny sum:

1) the initial position correction,

2) the change in the correction to the indicated vertical,

3) anindicated ground speed integral with the time of aperation as it houts,
The most serious souree of error is the last term, in which Earth-rate compen-a-
tion inaccuracy, gyro drift, and the position-integrator drift, which appear as falze
ground-speed components, are tntegrated with respect .o time. This cumulative
error, unlimited except by the time of operation, 18 the divect re=ult of the open.
chain nature of the last integration giving the position. Note that a :mc-n;mlw;il‘-
mile-per-hour false ground speed component gives rise toa minute of are error
in the indicated position for each hour of operation time. A false ground-speed
component of this magnitude weuld correspond to a gyro drift of about 0.015 de-
gree per hour, or to an Earth-rate compensation signal whreh failed to be constunt
to within less thau 0,1 pereent or to a position-integrator drift of one minute of

arc per hour. Several hours' operation time can thus be expected to pive rise to
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excessive errors, unless thix kilve pround speed coniponent can be kept suffictently
small, The relative sumplicity of eonception of thes methid ol postion indication
1= thas offset by 4 disadvantage i the high precision of the instrumentanion re-
quired to mininitze the {al=e pround speed consponent. The mupnitude of the op-
eration tume 1= 4 sirong determining factor in judping the practicabihity of thi
system, and i w be balanced against possible mstrumentation problems, whicl:
mustinclude stability and maintenance conswderations i the inttud despn proce -
dure. In submarine navigation, operation timne intervale of the order of several
hours are required; morcover, the operation tume 15 necessurily somewlat indefi-
nite in any case, 4 situation to be contrasted, for example, with the pudance of o
vehicle over a preselected course between a given starting pownt and destination,
Systems of this type, i1.e,, those subject to cumulitive errors, are thereiore to be

regarded with disfavor as solutions to the submarine navigation problem,

Open-chain double antegration of the angular acceleration of the indicated ve riveal

Thisz system is shown in Fig, 9, and a4 performance equation, Eq. i2-87:, 1
derived in Derivation 2B, The most important elfect of component uncertitnties
and tuput inaccuracies 1g to ereate two cumulitive error terme, In view of the
previous disrcussion, these terms will now be examined, One of the terms 1= 4
single integration, with respect to the time of operution, of @ fulre ground speed
component; the other iz a double intepration of a false aceeteration component,
The presence of a term of this form is traceable to the open-chain double integra-
tion peculiar to thix method of position indication, In connection with the false
ground speed component, nnte that there are four principal sources of error:

1) a term proportional to the initial value of the correction to the indicated

vertical,

2) gvrodrift,

3) Earth-rate compensation inaccuracy,

4) velocity compensation inaccuracy.

A false ground speed component of one nautical mile per hour, giving rise to an
error of one minute of arc in the indicated pozition for each hour of sperati »n time,
corresponds to an initial eorrection to the indicated vertical of 0.03 minute ol arc,
or to a gyro drift of 0,003 degree per hour. Evidently, the difficulties wn accurate
position indication associited with cumulative error in the previous case discussed
are here even more serious, Further examination of the errors mncurred in using
an npen-chain double-integration method confirms this, Therefore, the considera.
tions of the effect of cumulative errors on a submarine navigation svstem given 1n

the previous case warrant reiection of the present method as infeasible,
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This system is shown in Fi, 10, The aceelerometer here 1o inherently doubly -
integrating (Part I, p. 34, and therelore i anm unmediate source of position data,

A moaification of the vertweal indicator of kg, 2 is used; this 1= discusted ot the
pepinning of Derivetion 2C. In Derwation 2C a perlormance equation (kFy, (2-67
for position indication is also derived, The most cignificant errors are cumulstive,
4 in the two previous cises, L6, proportionad to g Lilve pround =peed component
integrated over the time of operation, The inteprand contan:s the tsliowing twa
principal sources of error:

1} gyrodritt,

2} Earth-rate compensation inaccuracey.

The sume conclusions regarding indicated position errors apply to this cuacce as
apply to the case of the single open-chain integration method already discussed,
That s, a false ground speed component of one nautical mile, creating 4 minute of
arc error in the indicated position for each hour of operating time, corresponds to
a gyro drift of about 0.0t5 deygree per hour, or to an Earth-rate compensiation ¢r-
ror of 0.1 percent.

Again, although the method appears superficiatly simple and theretiore of po-
tential applicability, the long time of operation eneountered in subrrarine naviga-
tion wovld probably make instrumentition problems difficult.

Note that there is a duplication of effort, so to speak, involved in difterentiat-
ing the already-integrated position data to obtain the velocity signal required to
precess the integrating gyro unit., This situation can be avoided by using 4 rate.
gyro unit and omitting the differentiating network, but this would involve poorer
drift characteristics in the gyro unit than can be obt..tned with au integrating gyro.
Retention of the differentiating network, on the other hand, involves accentuated
system response to high frequencies, Tt is possible that this problem might be
resolved by further study. However, the cumulative errors would «till be pre=ent,
and appear to be unavoidable. For this reason this system is rejected as not being
applicable to the submarine problem,

AZIMUTH STABILIZATION

All of the foregoing systems require some form of azimuth stabilization, 1,e..
orientation of the controlled member in the borizontal plane about the z-axis. so
that the x-axis indicates north. This problem is diccussed tn Part I, pp, 43 . and
83 If. The bhasic stabilization method will be reviewed brietly here, after which
the problem wiil be considered in detail, since the self-erceting Latituae indicator

to be discussed below, operates in conjunction with the azimuth stabilizer.
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The y-pyvro umt in the vertical indicator, that i-, the one whose input axis
coincides with the y-axis, senses two anpulior velocity components: the y-uxis
component of the angular velocity of the indicated vertical{normal to the indicated
weridian planel, and the eomponent of Eiarth-ruate projected on the y-axis (see
Fig, 11). The y-axis Barth-vate component is 4 medsure of azimuth misahignment,
i.e., the departure of the indicated cast axis (the y-axis) trom true east (the Y-axico,
Specifically, thi= anpular velocity component s proportional to the sine of the cor-
rection th_'l_ndic'nm_d ‘n_‘lf.gl‘ defined as the angle between true north (the X -axis; and
indicated north {the x-uxis). (Since the correction is Kept snual by the system, the
sine of the correction s tuken us equal to the correction itselt in the azimuth =tabi-
Hzer synthesis given in Derivation 3.) The y-axis Earth-rate angular velocity

component ean be nulled by rotuting the controlled member in the indicated hori.

A
.
2

zontal plane about the z-axis until the v.axis pointe east and the x-axis points
north, This is accomplished in the mamer described in Part 1. Consider the

special case where the angular velocity of the indicated vertical is zero, and an
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Fig. 11. Horizontal Earth-rote componant projection on y-ixis due to ozimuth misalignment.
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azumuth error 1s present, with the y-axis pointed somewhat north ot cast, As

TR

stated, the y-pyro will sense the component ot Eurth-rute projected on the y-axis,
The y-gyro unit then sends a sigmil to the controlled member drive which rotates
the controlled member about the y-uxis, 1,e,, causes the x-axis to dip This in
turn will cause the y-axiz accelerometor umt to send an orientational control
signial to both the y- and z-pyro umits, The signal to the y-pyro and it ascociated
drive will tend to level the controlled member, while the =ipnal to the z-pyro uuit
will produce a simultaneous rotation of the controlled member ubout the indicated
vertieal until the angular velocity sensed by the y-pyro unit is substantially zero,
with the y-axis puinted east {ive,, perpendicular to the vector representing the
horizonta! component of Earth rate). If, removing the restriction above, the base
has a velocity component in a northward direetion, the y-gyro will be nulled when
it is pointed slightly north of east {and south of east {or southwurd velocity), That
iz, the y-axis will tend to align itself in ihe diveciion of 4 vecior perpendiculur to
the vector resultant of the horizontal component oi the angular velocity of the
Earth {in the direeiion of (rue north) and the northward angular veloeity of the
base (in the direction of trc west), The steady -state indication of cast (and north;
will be in error Ly an angle whose sine is the ratio of the aorthward angular velo-
city of the base to the horizontal component of Earth rate. This error will be dis-
cussed later in more detail.

An additional angular velocity component that is censed by the z-pyro umit is
3 the vertical component of Earth rate. To prevent the controlled member from
being rotiated about the z-axis at this angular velocity, an Earth-rate compensition
signal must be provided. The effect of the compensation i to maintain the yyro-
unit axes in a coordinate system fixed with respect to the Earth rather than with
respect to inertial space. The compensation sighal which precesses the z-gyro is
proportional to Earth-rate multiplied by the sine of true latitude. In the practical
case, as given in Derivation 3, this compensation signal is derived from the »-
orientational control signal which contains Earth rate multiplied by the cosine of
true latitude. This signal is multiplied by the tangent of indicated latitude, derived
from the latitude indicator, to furnish the z-gyro unit Earth-rate compensation,

The y-gyro unit is thus the signal cource for the azimuth drive as well as one
of two signal sources for the y-vertical indicator drive, the second source in the
latter case being the y-accelerometer. In this sense the y-gyro unit may be refer-
red to as the east-seeking gyro unit, since, with the aid of the yv-accelerometer and
= y- and z-controlled member drives, its irput axis tracks true east,
] As indicated above, the y- and z-systems are coupled, and their dynamic chiarac-
teristics are interrelated, Part | which treats undamped systems exchusively,
shows (pp. 83 ff.) the nature of the interdependence when the z-system is w second-

order system (i.e., reprezentable by a second-order differential performance

27




equation. When the y-vertical indicator is damped, in the manner shown in Fig. 2,
the coupling becomes more complex. 1t has been found leasible, in the latter ease,
to represent the z-system by a first-order equation, Eq. (3-21), in Derivation 3.
This equition is applicable to the z-system shown ur Fig. 12,

The eharacteristie time of the z-system is an important adjustable parameter,
Stability considerations® place u lower limit on its value when the y- and z-systems
are combined into 4 single fourth-order system.** Fipure 13 shows a series of
transient-response curves for the coupled y- und z-systems, taken with the REAC.
The following asrumptions were used in simulating the problem on the analogue
computer:

1} The y-system is Schuler-tuned and has a dawmping ratio of 0.3, when de-
coupled {from the z-system. (It is assumed, incidentally, that in the practi-
cal ease the x-system would hiave similar charaeteristics.)

2) Component uncertainties and input inaccuraeies are ignored, since they do
not primarily affect stability.

3) The system is supposed 10 be ou a stationary base, so that the osciliations
shown in Fig. 13 occur about the fixed directions of the true vertical and
true north, respectively.

It wiil be seen from Fig. 13 that the general effect of decreasing the character-

istic time is to decrecase the system damping. The general effect of increasing

the characteristic time is to inerease the solution time, The entire system re-
sponse is in addition a function of the true latitude, Neither latitude variations

from zero to 80 degrees, nor z-channei char-cteristic-time variations of compar-
able effect,have much influence on over-all stability for a characteristic time of
about 1.3 hours; and this value allows a solutinon time in azimuth of about four hours,
or threc Schuler periods. The value 1.3 hours is therefore chosen tentatively as

an optimum z-channel characterisgtic time,

The effects of errors due to imperfect components and external inputs to the
system deserve examination, Equation (3-25). the last equation in Derivation 3,
displays these sources of error when the y-system, z-system, and the self-erect-
ing-latitude -system (to be discussed in the pages following) are regarded as a
single system having a [ifth-order performance equation in time-derivatives, As
far as errors are concerned, those associated with the steady-state behavior of
the system are of greatest significance, since the other errors are zero except
under transient conditions. There are two such sources of steady-state error:

* Speatfically, of Routh's stabilily crfenon 1s apphieit to the v and /- comiined systems, and the -system 15 Schuler tuneg and hat
adamping ratio of 0.3 when dacoup!ed from the 2 svstem, the charactenstic ime of the 2-syster has 4 lower hmit of approxmately 0,472
hour,

** The x-system wiil not enler these considetations, hecause of the aforemeationed Foucauld pendolim Stugy.
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i Atern: proportioml to the wnaccaracy i the lattude-rate iwanel - = pees

i

compensation. Thrs term varies s the secant of latitude. At Latitude
35 deprees an tuwccuiacy i the latitude -rate compensanion of 0.7 knot will
Credte an error of one ankt v indieated azonuth,

21 Aternmn proportionl o vepyroumt drilt, This tertn also varie: de the se
cant of Latitude. At bhapitude 45 depree:s ) wodrit of G001 depree per hour will
credate an error of one mtl omandicated azunuth,

The hirst of these Wwo errors would involve the aforementioned rans of tie Latitude

rate 1o the harvowtal component of Earth rate. The uie of 4 northerly water-s peed

Tompensatios stgnal reduces thig error to the reswdual one grven above, which i

due to the inaccuracy inthe water -speed compensution, Note that ho cumulialive

vrrors are incurred in azimuath indication,

SITION INDICATION [y CLOME TRIC INTEGKATION USING A Plef AL LI D INF R THAL

The position indreation system is shown in Fig, 14, and 1= frscuseed m Part |,
pp. 38 . and 101 if, The major obiction to thre system 1= the requirement {or
prealignment of the gyro axes with tle direetions of astrononncad ~tar-hnes=, daa
which are not readily available with sufficient aceuraey ona system e tiiled i
submarine, In parvticuliar, the required azimuth reference waould be difireult 1o esta-
blizh, & <ituatinn to be contrasted with, for exumple, the problem of aireraft guid-
ance, where the reference can be established on the ground before tike-off, In
submarine mavigation systems, in general, self-erecting systems are 10 he re-
garded as preferable to pre-aligned systems, Therefore, prealipned syvetems
are not discussed further here, However, it will be chown subsequently that 1f a
self-erecting system is usad to orient an inertial pyro unit o that 1= senzitive
only to angular velocity components effectively parallel ty the BEarth polar axis,

the gyro unit will be a4 source of dati on longitude,

A SEUF-ERECTING GEOMETRIC LATITUDE INDICATOR

The indication of latitude by geometric integration was discusced in Part 1,
pp. 37 {f. The intepration is accomplished by mounting a pyvro umt ona latitude
gimbal,which caures a line on the pimbal to trick a line parallel 1o the Earth polar
axis, therehy furnishing a reference vertical; i,e,. the perpendicular to the Farth
polar axis = a vertical at the equator.

The andicated Jatitude is required in the svstem nself, e, for vector com-
ponent resolution of Barth-rate compensation in the x-svetens, {or resalution of

the x-current when used for compensation in the 2-ch nnel, and for sensitivity

* The med witl he dafined fo tnn tepar! At s comnsdy wsoe B fiperanteed appti abona a0 weans goe T odaaman o L O

af a rdian,
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control throuph the secant ot lititwle o the z-channel, This supgpests an inevitable
feedback from the latitude vrmbal to the vertieal and szimuth andicators. This feed
biack etiect mav be utibized o erect the lattude punbal us 1= subs cquently shown,
thereby making the latitade pyro st mentioned s Part b ubticcessary, The meche
antzation of =y-ha device will now be desernbed, The Lititude syvetens performatio
equition, Eqg. (4-11, s derved m Derivation 4. The essential operating congon-
ents of the Ltitude indicator are shown in Fig, 15,

The Kind of synad inpur to the ltitude pumbsid drive 1= determinable from the
principal requirement for indwiated ftitude unposed by the rest of the system:
namely, the multiplication of the x-ortentational -control s ignal by the tangent of
indicated latitude, o that the product can be used to compensiate the 2-pyvro uny
for the vertical component of Earth-rate plus tongitude change . Av ndicated in
Derivation 4, the latitude drive signal chosen consists of the v- orntentationsl- con-
trol signal, with true latitude rate partly compensated by water speed, and,
addition, the water-speed compensation itself.

Consider first the case where the hiase is stationary with respect to the Farth,
and azsume that originaly no errors are present in the verucal and azmmuth sye -
tems, Then the input axas of the z-pyro umt 1= verucal and the input axi- of the
Y-p¥ro unit points east, Assume that the Iatitude gimbal 1« not positioned cor-
rectly. Under these conditions the Latitude resolver ¢ve Fig, 16 will not receive
the correct angle as an input. This in turn witl produce an imcorrect resolution of
the X-gyro unit current, which ts used to compensate the z-gyro amt for the verti-
cal componont of Earth rate, The z-pyro unit will then <ensc the uncompensated
portion of vertical Farth rate, and, through the azimuth drive, will produce @ rot-
tion of the controlled member about the indicated vertical. When this rotation oc -
curs, the input axis of the y-gyro unit will be moved from its eastward position,
and the unit will sense a component of horizontal Farth rate. From this point the
action i= similar to that deseribed previously in connection with azimuth ~tabil.

zation except that there are now involved three coupied =ystem= instead of two,

The y-pyro unit, by means of it= drive, will produce 4 rotation of the controlled

member about the y-axis, This in turn will cause the voaxis pendulum ta sond

simultanesus orentational cantrol signals to the vopvro. the 7-evea and the latitude
: Al \

tdrive. The sipnal to the v-gyro unit will tend to level the controlled member, the
signal to the Z-gyro unit will produce a rotation of the contvotted memhber about the
Indicated vertical until the angular velocity senszed by the v-gvro unit 12 cubstin.
tially zero, and the signal to the latitude drive will rotate the itttude gimbal (see
Fig. 16) until the uncompensated angular velocity cenced by the 7z-pvro umt i« 7ero
The Last condition will exist only when the latitude pimbal 1s correctly positioned
and the latitude resolver receives the particular input angle necescary s produce

accurate compensation for vertical Earth rate in the z-gvro umt,
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The operatton of the =ve fems o base with @ non-zero Lititude gate 10 ersen

tially the same except or ibe etfec e on the dymomie pertoimance of the aznnuth

stabiltzation sy=fem Moted previously ) aad the Letitade @y tenn The dvianan
the Lattude sy=tem under discusston, when 1t 6 not compeniated B lilitude rate,
are such as toomake the system subject ty error o there s tunte velneity mput,
The disadvantiges of such anarranpesent are apparent, Pwo possable s olutions
appeiar to be tewsible: viz,, to change the system dynanies and therehy pi oduce o
laititude systems with zero veloeity error, or to ascan external neans for Latitude
rite conpetion so that the latitude pimbal e driven at the approsinete latitude
riete at all timer. The first method 15 suoperior tor the subniarine problem. since

it minimizes the effect ot compensation inaceuracy and 1o the one whivh ofters

most promise for further development. However, it does mntroduce o stalnhity
problem which, because ot the coupling between the Intitude, azomuth, wnd y-svetemes,
s difficult to solve, This problem is being studied. For the purpose of the present
report, it will be shown to what extent a sy=tem utilizing water -s peed compelisidion
is practeal. Derivation 4 i< theretore baced on the Jatter approach.

In accordance with the foregoing discussion, the ltitud - drive current 1= m e
up of the foilowing component signals {(see Eq. (4-11)

1) The azimuth orientationa] control signal, minus Farth rate compen:ation,
Tiris sigml consists of the y-orientational control =gl plur lutinude - rate
eompensation,

2} Tn» rate of change of Ltitude, based on pitometer -log mformation,

Taes  ignals are sent to the latitude gimbal drive svstem, mounted on the
coatrnlled iember. Equation (4-11), tae performance cquation {or the jatitude
Inop, is of first order in time derivatives of the correction to indicated latitude;
the equation for the three systems menuored, taker as a sinple svstem. i@ there-
fore 4 quintic {Eq. (4-12)}). Routh's criterion, when applred to the latter equation,
with y- and z-paramreters chosen as already indicated. shows that for stabihity the

lower limit for the characteristic time in the ntitude system s about (.6 hour,
Firure 17 shows the response to step-tnputs in yv-. z-, and latitude -channels for g
simulated* sy=tem. it is assumed in the simulation that the system base = =lition-
ary with respect to the Earth dod that the maccuracies and uncertainties in the
quantities upon which the sysiem operates are zero; this suimplification i con-
sistent with stability deterniination as an izolated problem. A practical Tower Limat
on the latitude -characteristic time is zeen from Fip. 17 to be about 1.3 hours, and
this is the recommended vaiue,

The latitude syedem is subject to sle ddy-stte erpors; this is shown by Eq.
14-12) when the time derivative: of correction termes are cquited to zern, The

v The yystem was suvubaled e the REAL
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magnitude of these errors can be estunaded for typleal operaing conditions by con-

sidering the submarme to be moving at a =peed ol 20 knots o a merdian course

at latitude 45 degrees. The steady-state error woandicated lahtude under these

conditions 1= pusde up prmeipally of the tollowing terms:

b Resolver uncertanty: about 1.5 minutes ofurc error aondrcated latitude,
i the resolver s aecurate to LD percent,

2) Cyvroumt drift: about 1.6 minutes of are error inondicated Latitude {or
either x-pyvro unit drift or z-gyvro umt dmtt of 0,01 degree per hour,

31 Latitude rate compensiation imecarrey: about 1.3 nanutes of are error i
indhicated latrtude for cach knot of maccuracey in Latitude riate compenlsation,

4 Accelerometer uncertainty: about 0.25 minute of are error i indicated
Latitude,

531 Orentaticnal control sipnal uncertinty: about 0.2 minute of 4re error i
indiciited Lititude for 4 noise level i the zoortentationsd control Spnad
gencrator of 0.3 percent,

Cenerally speaking, in terms of the pertormunce ot these components a= they

are used in current applications, the principal serious sources of error ¢on be o

pected to be the resolver, the lutitude rate compensation, and the gyvro unmts, i

that order.

LONGITUDE INDICATION BY CELESTIAL-LONGITUDE-RATE TRACKING

The indication of longitude necessiurily involves the integration of longitude
rate, A straightforward method of accomplishiig this involves the use of a gyro
unit, coupled to a servo drive, as the integrator; this at once mimmizes the eftect
of integrator drift {in this cuse, drift effects are confined to the gyro! and wllow s
the use of the latitude gimbal just described to orient the longitude gyro mput axis,
The mounting of the longitude gyro on the Latitude gimbal is shown schematically in
Fig. 15, The input axis of the gvro unit s oriented by the latitude gimbil in cuch
a way that the gyro unit is sensitive only to angular velocity caomponenty that ure
effectively parallel to the Earth polar axis (sce Part 1o pp. 38 and 97 {1,

These components include the Earth riate, and since the gvro unit is sensitive
to motion with respect to inertiul space, the signal {rom the gyro umt to the longi-
tude gimbal drive will cause the drive to operate ot the celestial longitude rate, A
separate time drive can be used to <ubtract Farth rate from this motion, o that
the longitude gimbal rotates at the indiciated longitude rate, and the angle betweon
the longitude gimbal and a preset reference direction an the latitude gimbal 1 n-
dicated longitude, 1t appears preferable to mount the time drive in a console off

the gimbal and carry out the above cubtraction in the console, This pornits a re-

ducti.n in the =ize of the gimbal and more convenient syetem packaping.
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This method 1= discusced i detnd i Derwvation b, The followinge conclusions
may be drawn from Derwvation o, Fy, £6-24
i The transtent bediovior of the Iongitade —ve ten v somew bt intiaenced by
the rest ol the indication systens, particubary the 2o il 2o stens o How
ever, there 1 no teedback troms the Tongatude oo 1o the 1ot of the oy stenn,

2i The steady -=tate avcuracy of the syvatens v dependent snothee ooy tude veds-
ety unless the onpitude system characters: e e e udtion atdy smadl,

31 The fongitude gyro umt contributes 4 drift term o the poeriornance vaus
uon (g, 5-24). The aintepral of thys ardt term With o pect o thime s
pedars=; this means that w cumulstive error can be expected, dete rmned by
the drift rate and unie of oper oo ol the sy e,

4 Toa lesser extent, the ineccuraey i the deread tane drnve contributes to
the above cumubtiive crror in the =dme manner we pyro antt dritft,

2 The error an selling reference lonpitude on the indicator dud e oot cunu-
Lative and appears an the same form i vach bongitude yeading,

oarzess the eltect of these erroars on lonpiiade indication, conssder Foy, i5-24
m Derwviatton 5 under steady-state condition: | e, atter transients huve settied
out, =0 that the time derivatives of corrcetnn terms are Zero, Ao unic it the
CRATAC IO e time Tor the ongiuae sy=ten: e 10 s econdsand Uit e subnuir i
s at lntitude 45 deprees, travebing northward at 30 knote, Under thee o conditiomes
4 one-mil crror in azimuth, or w one-mil error i the s-component of the eorrec.
ton to the indicated vertical, will produce approximately 0,02 nonate of ore error
in indicated longitude for cach hour of aperatinp time, A longitude geyvro umt drift
of 0,015 degree per hour will be a source . f about one minute of are error inin-
Jdicated tongitude for cach hour of operating time, 1 the sidereal tune deve 1o
err~r by 0.01 percent there will be an error from this source of about 0.1 minute
of urc inandicated longitude for each hour of operating time,

A= stated initially, the indication of Inngitude requires that fonpitude rate be
integrated. The consequence appeiar:s to be an unavoidable cumulative error ac-
sociated with the integration, The wmevitabihity of the inteeration requirement
stems ultimately from the non-unique quality of longitade and the cymmetry of the
Earth about its polar axis, Thereloie, the engineering procedure in bonpitude in-
dicator design must be direeted at the reduction of cumulative error:, throuph of-

ficient disposition of component: and =ufficiently precice mnstrumentation,
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GROURD-SPEED INUICATIOR

AL of the position-indicati g systeins described fave outputs i the torm uf
dnpular, rathor than hoear, deplacements of Gie submarine Hote 1o be expeted,
theretore, that ground Specid obitned ron the type ot navigation syvstem wili be
dertved from the cosentudly veoventrie anpular velooity of the tdcateu vertical
with respeet to the barth The product ob this quanty ans the Tadias vl the
Foarth then pives the crousd s peed. Thuy the chief prablem i ndienting yround
speed s the extraction of the aneular velooity of the aicated veracesl with reo

peet to the Barth from the navigation system

This angular veloeity nuy be obtatned vather from 1i the vertical tndicator
Weell or 2 the latitude and boogiteae yubieators These methods are derer bea
I Derrvation 5. Ground-speced tdication by cach of these two methods will now

be diseysved

THE YERTICAL INQICATOR AS A SCUKCE OF CROUND.SPECD DATA

In method (1) where the vertical indicator s the il source of sround-
speed datia, the quantities ob importance are the X- and yousis orentati m con-
trol sienals. These signals are respectively proportional to the x- and y-com-
porents of the anuular velocity of the mdicated vertieal with respeet to mertial
space. The y-component of the angular veloeity of the indicated vertieal with re-
speet to the Parth is equal to that with respect to mertinl =pace except far ~mal!
correction terms, 1t s therefore at once u-abie teanaicate the northe rly ground
peed component. The x-eomponeat, however, contains 4n Farth-rate term,
whieh must be removed hefore ea-t-west cround speed - avatluole {rom ths
sonree. Spectfically, a sipnal proportional to karth-rate compen-anon muitijiies
by tae cosine of indicated latitude (the lutter derived from the latitude mdeator)
15 cubtracted {rom the x-axt- ortentational control symal. The re-ultant ~ynal
1+ approximately proportional to the x-companent of the ancular velooty of the
indieated vertical with recpect tathe Farth The indieated-latitude funetion and
Earth-rate compensation term catse the x-component to he influenced to =ome
extem by Earth-rate compensation inaceuracy and latitude-rate compensation in
acenracy. sSimilarty, the vocomponent of the angular velooty of the indicated
vertical with respect ta the Farth i affected by the correction toandicatea nerth

These orrors are cubmequently diccussed; for the precent, note that two signal
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can be divided trom the verttead indicacor, each eosentially proportional te
compunent of ground speed.

Uy necessary that these components be added o guadiyature by a4 resolver
set atan angie of 50 degrees, o that the resolver output will be propurionsl 1o
the mugnitude of the vector angular velocaity of the indicated vertical with respect
to the Earth. The result of such addition s gaven for the case ot @ system i
cquthbriwin by Eq. 76-131 of Derivation 6 The andicated ground speed s oqual to
the true ground speed plus an joaccuracy whieh depends on the direction of mo-
tion over the Fuarth, 1e., on the cosine or sine of true uzimiuth, The importay
tnfluences on the inaccuracy term ure due 1o

Ly The x-gyvro and y-ryro doft terms: for each .01 degvee per hour of

drift, the contributory errvor in the eastward ad northward indicated

pround-speed components respectively will be approximately 0.6 knot

[3%4

The termn contuining the correction to indicated northy ot lalitude 45 -
grees, cuch mil ot error inindicated azimuth contnibutes approximately
9.6 knot of error to the eastward mdicated ground-speed component Tia
contrtbution to the northward rround-speed component error from ths
source 15 much smatler, bewny only about 0.02 knot for each mil of az-
muth error, at a ship speed of 20 knots )
3 T'he Rarth-rate compensation maceuracy term; il the compensation sipnal
ts constant to within an accuracy of 0.01 peveent, the contnbutory error
i the eastward indicated ground-specd component witl be about 6.0% kot
4} The term containing the correction to indicated latitude: ot Latitude 45 de-
grees, cach iinute of are error in Intitude idication contributes about
0.2 knot of error to the northward component of indicated pround specd
The y-axis correction to the indicated vertical contnbutes the same rela-
tive error to thiz ground-speed component and the x-iaxis correction to
the indicated vertical contributes the came relative errur to the castwara

component of indicated ground spesdd,

THE LA TITUDE AND LONGITUDE INCICATORS AS SOURTES OF GROUND-SPEED DATA

If ground-speed information is obtamed from the Jatitude and longitude indi
cator= {method (23 aheve), 1t is necessary to add, an quadrature, ssgnals propor-
tional to the indicated longitnde rate, multiplied by the cocine of indicated tattude
and the indicated latitude rate. One of the signals suitable for this purpose is
that {urmshed to the tatitude drive: this Sicnal 1= proportienal to indicated lat
tude rate. The indicated longitude can be obtained from a tachometer attached to
a <haft whose rotation rate iz proportional to indicated longitude rate. The indi-

cated tatitutle 15 obtained as before {rorm the latitude cvitem, The indicated ground
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speed s then diven by Eq 16-20: of Dernvanon & The anpular veloelty of the
indicated vertical 15 equal o the angular vetocity of the ‘rue vertical plus an in-
Aceulacy term us betore, the amportance ainfluences on the tnsccuracy in this
cane being as tollows:

1) The lomgitude gyro drft tern ot latitude 45 degrees, tor cach 0 01 de-
grec per hour of drnft, the contributory error an the northward ground-
speed compotent will be approximately U4 Knot,

27 The lopgitude-rate Gichumeter uncertuinty term: this contributes an error
t the northward udicated ground-specd component, at latitude 35 degrees
and with a component of 20 kuots magnitude, of ahout 0.1 knot for a one
pereent ancertainty 1o the tackometer

3

31 The Earth-rate conmpensation (stdercal ime drive) inaccuraey term: al
latitude 45 degrees, when the error i the ime-drive rotational rate s
0.01 prreent, the contnibutory error an the northward indicated ground-
spred component will be about U096 kKnot. Note that the sidereal Bime-ddrive
maceuraey appears in the mnaccuracy 1 the mdicated ground speed, a
compared with the Earth-rate compensation signal inaccuracy an the pre-
Vious case. At present, a tme-drive can be engineered, 1n general, as an
inherently more accurate deviee than a constant-level signal pencrator

4

Terms contaiming the correction to mdicated laatude, the correction ta
indicated north, and the x-axts correction ty the indicated vertical, at
tatitude 45 degrees, and  northward and castward ship velocity compo-
nents of 20 knots each, one mil of error yn azimuth places the northward
ground-speed component 1 error by about 0,01 knot, white one minute

of arc error in Latitude or x-vertical indication contnibutes approximately
0.005 knot to the indicated ground-~peed error northward component  Note
that at equihibrium, 1.0, when the system s not suffering a transient
shock, the eastward ground-speed component 15 without errors of the tvpe
discussed above.

One advantage of this method over the first one diccussed s that the gyro
drift is here multiphed by the cusine of tatitude. Furthermore, the azimuth error,
which is finite In the steady state. makes a tess serious contribution here. It
may te concluded that the method of ground-speed indication discuszed imme-
diately above is preferable to the first method. The principal hmitation would

derive {rom the requirement for a precise tachometer for the measurement of

longitude rate.
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RECOMMENDED SUBMARIRE INERTIAL RAVIGATION SYSTEM

GENERAL CONSIDERATIONS

Report B-9, Parts 1 and 11, represents the result of o study of several
methorts of yertical- and posttion-tndication, of whieh the most promising have
heen discussed  The basie theory hias been presented, along with supges-tions ax
to how presently avaniable components could be asnembled into a workable sve -
tent.

The nature of he mmsirumentation art as reflected in the precision of compo-
nents curreatly under development, rather than any busic theoreticad reason. de
termtines the cholee of the best pavigation syetent from the crgiineerning point of
view . Four classes of compoenents of particular siemificance in their etfect on the
performance of an inertial position indicating system are!

1} gyro units,

21 accelerometer units,

37 latitude resolvers,

4) sidereal time drives.

The present precision of these units may be specifiea a- follows: 4 gyro
drift of 0.01 degree per hour is within the goal of current system development,
accelerometers, used in a vertical indicator of the type dizcussedn this report,
can be expected to contribute about 0.25 minute of are error in indication of the
vertical: a resolver accuracy of 0.05 percentisattainable anda ~.aerealtime drive,
such as 1s required in a longitude indicator using a gyro unit as anantegrator,
¢z n be constructed as a crystal-controlled clock, with a =haft rotation that 1= pro-
portionai to Earth rate to within one part in 100,000,

it has been shown in this report that in certain respects, some position in-
dicators are superior to others. The selection of the best position-indication
method necessarily involves a compromis~, because no single method iz entirely
free from faults. ana even the bhest svetems described here are susceptible to

improvement through further study. .

VERTICAL INDICATION, Roll and Pitch
As a result of this study it appears practical to make each component sub-

system of the vertical indicator similar to that shown in Fig. 2. The optimum

system parameters are given on page 14, and the theory (s based on Derivation |
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i thie Appendix. The controlicd member, or azinunth ghmlaad, oo to e mounted
inside g piteh gunhal, and thie i turn anstde a roil gambal. Such an ascombly 1

sketehed 1o detarl s By 1HE

HLR A

Phe dynamics of thrs verttcal mdicstor are adjusted so that 1t Selhi
tuned, Lo, the vighty -toud -minute pelisd charai ters Hes ale incolporated 1.
perlormatce depends ol this property rather than on precine external conipensa-
ot tnputs, Brrors atil be of an essentially dvaadnle fatule, antd o ol gecuttiv-
hate with tune The ehief source of error, due 1o the secelerometer, b eaptdbed
to produce about 525 minute of are error i vertical indication alter the tran
stent stege bt over The solutton time (the e regquired to settie ault associated
with the transient stage 15 about three houts.

By medns of the grmbat system, the verticat, v e, the aznnuth gimbal ovtenti-
on, 15 compared with the ro'l- and pach-cimbal ovientations to indieutc fo-
spretively the rotl wnd prreh of the shap
AJIMUTH STARLIGATION, teuiding

Phe systemy o P 12 00 recommended for azinath statnbization. The fundii-
mental operation wivolved 15 the nubhnge of the anpular velocuy 1nput to the va: L
SeCeRIng gyro il cased by the vertteas) andicators on the aztmuth simbid. 1he
vperation = oamlogow: W nat ol g standard gyvrocanipas, orenting the asnmath
simbal o that 4 reference hne on the vnmbal, perpenaicuatar to the st axis of
the easteseeking gyro umt, willb aziek true north when latitude - rate compensation
ts provided from an external source. The wmaceuraey i this compensution 1= g
source of steady-state error, to the extent of aboul one-mil error in mdreated
azimuth for a 6.7-knot crror m latitude-rate compensation, wt atitude 45 degrees,
The drift of the east-cecking gyro unit under similar condition: wili result inan
error of one mil i indicated azimuth for o gyro umt drift of 0 01 deyree per hour,
The solution time of the azimuth syatem s about four hour:. The optimum =ys
tem parameters are given on pare 28 and the theoretical considerations are
miven o Denvation 3 Puoure T8 shows this azimuth system sdded 1o the ammmuth
mimbat., The angsie between the worth-reference hne on the azimuth gymbai and

the fore-aft line of the <hip 1= andieated Ship heading

PATITUDE INDICATION

The ~eH-erecting tatitude mdicator desevibed on page 32 v recommoended.
The theary s given i Derivatton 4. It anvolves the rotation of a resolver whos
output 15 fed hack into the asbmuth svaten. Sinee the gzimuth and vertieal aind -
catars are coupled, aro mentioned above, Latitude andication 1= utumately monitored
by the acceterometer unit associated with the cast-west axis- on the vertical ind

cxtor. The fatitade, azimuath, and cast-west vertical indicators make ujr a

A4
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Closed-i00p - yS e, and ditude indication, along witi e rteal and a2 imuthndication,
1 not satze st W cuinuiat!ve orrors. The rotalion of the lalitude rezofver s an-
soviated wath the rotation of the latitude gimbai, wheh effectively trucks the
Earth polar axis, aud 1 skeiched ys Fizo 1% This systens t5 such that the Jatitude
gimbal 1s seif-erevninz, and rotates anti! g reference hine on the gimibal mdicates
the porar axis without mtial setting or preatignment Latitude-rate compensu-
tion from an external source is required to minimize o servo velocity error
Indicated tutitade will be o error by approximately one minote of wre for vack
’i0t of error in the Latitude-rate compensation, and by spproximately 1.5 minutes
ol are for a dnft of 8.01 degree per hour of the twa 2yro untts whose input aXes
are i the indicated mendian plane. A 0.05 pereent uncertanty i the output of
the Letitude resolver will also crecte an error of about 1.5 misutes of ure an -
dicated atitude  These are steady-state ertvors, alter the transient stage has
passed  The solutton tine 15 about four hours. The optimuim latitude system
paraimeters are ven an paged3s The angle between the indicate d horizontal
tndicated by the azimuth gimball and the mdicated polar ux:: {furmshed by the

latitude pumbab gives the indicated fatttude,

LONGITUDE nDICATION

The most practival method for indicating longitude 15 o track celestial tong-
tude rate with an integrating ¢yro unit mounted to rotate within the Jatituge g -
hal, as shownan Fig. 200 This gyro unit responds Lo the angular velocity parallel
to the indicated Farth polar axi=. The mimbad on which the longitude gyro umt is
mounted, rotating about the indicatea polar axis within the latitude gimbal, forms
the innermost of the five concentrie mimbals of the navigation system. The pim-
bal rotates at the indicated celestial longitude rate. This information ts carned
to a mechanical differential remote from the gimbal system, where Earth rate,
penerated as a shaft rotation by a saderend cladk, is subiracted from indicated
celestial longitude rate. The differential output pives indicated longitude differ.
ence. This output is read as indicated longiude relative to a longitude reference
index setting on the indicator. The chief errors in longitude indication are cumu-
lative  Under fypical operating conditionz, a longitude gvro unit drift of 0.015
. tlegrree per hour will be a source of about one minute of are error in indicaled
tongitude lor each hour of operating time. The sidereal time drive may be ox-
pected to contribute an error in indicated longitude of about 1.5 minutes of arce in
a week of opera ng time. The jongitude sysfem is discussed on page 38 and in

Derivation 5.
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GROUND-SPEED INDICATION
It is recommended that ground speed be compated hy utilizing sicnals pro-

portional to indicated longitude rate (from a tachometer geared to the longitude
indicator) and to indicated latitude rate (the latitade gimbal drive input signal).
The indicated longitude-rate signal is then multiplied by the cosine of the indi-
cated latitude, obtained {rom a resolver on the latitude gimbal. This gnantity is
then added in quadrature to the indicated latitude-rate signal, by means of another
resolver, to obtain the magnitude of the essentially geocentric angular velocity of
the indicated vertical. This last quantity, multiplied by the Earth radius, is the
indicated ground speed. The chief error in the indicated ground speed is in the
northward component, to which a 0.01 degree per hour longitude gyro unit drift
will contribute an error of about 0.4 knot. This method of ground-speed indica-
tion is discussed on page 41and in Derivation 6.

GENERAL DATA

The following tabulation summarizes the over-all characteristics of the pro-
posed system:

Approximate outer dimensions of gimbal 42 in. high, 42 in. wide, and
system, including cover 46 in. long
] Radius of largest gimbal (to go through 36 in.
i a standard 20 in. by 39 in. hatch, during
L installation)
Number of self-contained single-axis in- 4 (3 inertial gyros, 1 used
2 tegrating gyro units required as an integrator)
Number of accelerometers required 2
Number of integrators required* 4
Estimated input power required from ship 5 kilowatts
E power supplies
Estimated dimensions of console mount- 5 {t high, 5 ft long, and 3 ft
ing electronic components deep

* The rumber of integrators might be reduced lo three by using the 7-system n its entirety as one of the y-system integtators. This
line of attack 1s being investigated.
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SUMMARY AND RECOMMENDATIONS

The submarine navigation system discussed in the preceding section and pic-
tured in the sketches, Figs. 18 and 19, is chown as a wooden mock-up in the
photograph, Fig. 20. While this system is regarded at present as most suitable
for the application, its recommendation is also described as tentative because it
is based on a time-limited study. Nevertheless, it is possible to suggest the di-
rection in which subsequent work might best proceed in order to improve on the
proposed system.

Four gyro units are required in the proposed system: three of these are

inertial gyro units, used to set up a three-axis coordinate system, while the

fourth (the longitude gyro unit) is used as an integrator. The first three gyro
units represent an irreducible minimum number if single-axis gyro units are
used. It may be possible to combine the function of the longitude gyro unit with
that of the other units, and reduce the total number of single-axis gyro units to
three. This would require a somewhat different gimbal configuration from that of
the system proposed in this report.

Another field for future work based on the present study is in the problem of
the adequate use of external compensations. Particular reference is made to the
water-speed compensation, a signal derivable, for example, from the ship pi-
tometer-log. The eastward and northward components of the water speed are
used by the two component systems of the vertical indicator. The specific appli-
cation here is the minimization of acceleration, not velocity, error; the vertical-
indicating system, in effect, serves to differentiate external water-speed informa-

tion in using it to compensate for dynamic errors. The result of this particular
application of water-speed data is to leave residual errors in the vertical indica-
tion that are proportional to the rate of change of the inaccuracy in the water-
speed compensation signal rather than to the inaccuracy itself, i.e., no steady-
state velocity error stems [rom this source. Furthermore, since the compensa-
tion is dynamic in character, its effects are strongly dependent upon frequency;
only oscillations near the Schuler frequency are of consequence, and for {requen-
cies ouislde this region, the compensation is not important,

In the proposed navigation system, these considerations do not hold for the
azimuth and latitude indicators. Water-spend compensation signals are used in
these cases essentlally to eliminate effectively geocentric angular velocity
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components of the indicated vertica! in the process of determining the direction
of the Earth-rate vector. The result of this app'ication of water-speed compen-
sation is steady-state errors in indicated azimuth ana latitude that are propor-
tional to the inaccuracy in the water-speed compensation, not to its rate of change.
1t is therefore desirahble to investigate other means to remove this source of
steady-state error, and thereb; relieve the present dependence of the azimuth
and latitude systems on data external to the navigation sy:item. A possible ap-
proach is to feed tndicated latitude rate from the latitude system back into the
azimuth indicator. This involves auditional cowmplexity in the concept of the sys-
tem as a wtoie, and possibly raises stability problems. This approach 15 a sub-
ject of preseat studies, and appears promising.




APPENDIX

The mathematical derivations on the following pages are
referred to by number in the foregoing text. The self-defining
notation used in the equations is based on a formulation given

by Draperm.
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DERIVATION 1. DAMPED SINGLE-AXIS YERTICAL INDICATOR.

A, DERIVATION OF DIFFERENTIAL PERFORMANCE FQUATION.
It ;(C)V‘([‘i) is defined as the correction to the indicatad vertical,
PUCIVI sy = Wievie ~ Wewi fi=1}

Wievsi 7 Scemdsitiwyicheny * (”wm‘:m) U2/ {i-2:

Reter to Fig. [-1.

I B , o
‘s T e oo T Sty T Sep Tt Y g Wiktivan * intio (1=

€ 4in © S(dir';(e,e) e ¢ (Uegy, (-2
] 1 . |
i) T ifive,d) o %aw ;(Uk(mxdn * ®afiro (1-5)
ity

ey T (PF)(cpx\x',e) w([i\’)(cp)

where w(E\’)(cp) is the equivalent angular velocity of the true vertical derived from pitometer-log data,

and (PF)( g, e) is tobe determined.
) = Sxi,e infiy) * (Ulegy (1=
aw * Sauka,e) (GUCIVIsy ¢ RpWyy b+ (Uler,, (1-%)
Substitute the foregoing in Fq. (1=2). The result is

Sthtixe.)

Cw I 4 Sy S g Qw1 .
(cmdsXi, %) p+ S(hfi)(e,;)sffb)(i,c) (dir)(e,e) auXa,e) (.4}

=

YEvi

l roor <
* Re¥evyd * Sdige,erWeawy * (Weiny * Sugixe,o) Saunia,er p 8 UV iy

1 ]
+ w + o 5 A
RP¥eev! * Sufixe,o) p(u)'-‘(au)’;w)‘-'(mxdn * e * PPcoxw oW

S ,
(emds)i,%) s
= (U)Q(fb)} == = (U)'(hﬁ)(df) ¢ (I)w(lF,)(cp) i (U)w(

P * SthtiXe,i) Svxi,e) gu)

(1-9)
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Define

Stemasii 11 ¥mt)e, DN dinte,e)aupa ) = AViKa, i)

S(di.')(c.c)

S 5 (CT)“(;.)
(1fi¥e,e)

1

{CT)
.0 g}
s(hml.e,i)"{ib){i,e) ¥

Substitute these definitions and Fa. (1-9) tnto Kq. (1=1). There tesults

: 1
PUCIY Iy = Wpvn - (; 1

+

rc'T)(,g,

Sll)(‘!“) ]
(CT)(m P

S
(\ :)(a ‘X)
(U)e( au) &

(azXa,e)

-(\1Xa.\i) 1 Srm(a )

Bl ] R W,
(CT)(ld) p Re ¥y

* Stemasyi,m) Shtiee )y (Wi

1
* Semds)i, 1) Abfixe,]) ;““'uﬁxdf)

) Siva g 9 HOIV T

(CT)(ld)s(auXa e) P

—

> (1-10)

* Stvirad >Rp'(}‘.\'}:

g OV

(L)e(au}

- (U)e({b)f

* Stemdsiti, 0 neixe, He(i0

* Stemdsitihtike, HP Fepyw,eWirvyep

S(cmds)(n )

(u)'(hfx)(df)
(p+ —)

Operate on Eq. (1-11) with [p(p +
pW thete results (CT)( ig)
(EV)e?
gs(v'ix_a,\i-)

TR

1
P e oy P ¢ Syiyady 9P ¢
€T '

MWy — UMW, (1-1D

]collcct terms in ((C)V Heiy pwu‘\)t and

VHCIV g

1 ) S(n)(a \X)

T { [' i S(Vn)(a,“.’\R]
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- S{cmds)(i,W)S(,Mi)(e,iJ(PF)(q'x)(".e")pw(i"‘-’){cp)

i S!vi'xa.\t) . 1
S, P e,

aula,e)

b - < 3 g .
’ (U)e(au) '(('mds){i,“)sf,.‘ifi)‘:c.i)p "‘U)e(dl!)

(U)e(fh) (‘ mdsXi, ‘-'.)S'hfn)fc x)(u)eflh)(dn

.. H - {p? 3
Sicmasii i PWighgixan — 07 €n p) W, yepr * ¥, c
(e 11-12)
The jerk error is mimimized through Schuler tuning, 1.¢., the coetficient of pzw“_- Vit is ecuated tc zero.
There results ‘
1
Sctlan BLooo 1i~13)
(ViXa, %) g
RS

where R,‘ ts a set value for the Farth radins,

Assume R_ T R int“e following. The acceleration efror is minimized, in part, by usinz the pitometer-

log data, as follews. Define

MWevyer = Yeviep ™ Wavi Ci=1)
and set
b LI
HCT) oy ~ 8’
(PF)(CF)(T,E) » ____([),) (CT)(M) (1=1%)

(crﬁds)(i,‘l')s(hfi)(e,i)
The differential performance equation is then

1 g 1 g P o
{(p? o —p? v p v = {CYVi,, .
€Ty, R Ty Ry =

1 1 | 1
r- - - i " = gl . 1YW
ey €Ty, P even = 1% ey P WM

1 1
+ (U)W + . -3
U ¥ ? "R, 5,,_.“,(.. ) i (CT1gy W

" Stemdsii, % dhfixe,nP {U) ey~ Weggy |

= Stemdsxi, 1y Sntivge,d (U &rivan

-5 {(1-16)

(cmdsY

v ,.\n(U)l,L, Xdf
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B, OPTIMIZATION OF UNDAMPED RFSONANT

Considering only the wuter-speed compensation ctror term in bq, (1= 14), the cquation

1

3

p

' (CT)Hg,"' ‘R PR

FREOUENCY

DE LI

9 1
(CT)(H,

o eV,

] 5

1 1
ety G W (3 1 (-1-
€cn,, (€1, (I )ep) =37
{1z} (1)
The ptoblem is to select that value for the resorant frequency ascociated with a selected dampiny “atio of

the system tor which the right-hand side of the ecuation is a minimum. To do this, the following rotation

1s defined

w“ = undamped resonant frequency of the cuadratic term
{DR) damping ratio of the quadratic term
(CT) = chatacteristic time of fitst-otdet temm
. g -
- P = the Schuler natural frecuency
ns R : ’
s

‘Then in operator form

2
. . 1
Ve p? o WIog oo L [p 1 {p? e [ADRIW 1p ¢ W2 )
P (CT)“R) ns p (CT)(H) P (CT) p ) fi p n
; 2(DR)¥ 3 LK
: s i W o+ Jp? s [—mmoo— , WRg - 1-18
Pl ot L2DRM, ey IRt ey M TP e e
Define
1
= 00
(CT)(lg) (CT)(]d)
From Fq. (1-18}
1 L
=2DR)W + —— - - - =
F = 2(DR)W,_ €1 €Ty 1-10
and
2(DR)W_
€T ¥ b w; 2 w:s t1-20)
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Elimineting (CT) between Eq. (1-19) and (1-2C), there results

e .1 {Y“; . 2\'!;15 [ZDRITS N w:'s-) (1-21)
g Z(DR)W:S wn :
Differentiate with respect to wn , and cet the result equal to zero. The solution is
] 2 ‘. o Vo,
1-20R)? +2 (OR)* - (OR} + 1, .

Wo-wW (- 5

Expaasion of the square rnot by the binomial theorem gives as the positive root, to first aprroximation,
W2 = (1 - (DR)?*] W2, (1-23)

For (DR} = 0.3
Ft

g =322
e
Rs = 3437.7 nautical miles

Rod

the value of wn iz 0.954 wns or 0.00118 -g;:

From Fq. (1-18),

2(0R)Wu \
-TT)— « W w:s (1-24)

Therefore, utilizing Eq. (1-23),

2[1 - (DR)) .

(€T) - ¥_(DR)

(DR), wn and (CT) are tt=refore chosen as follows:

(DR) = 0.3

W = 000118 R?:% {1=26)

(CT) = 5140 sec = 1.43 hrs.
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The solution is

C. TRANS!'NT RESPONSE,

The homogeneous equation derivable from Lq, (1-16) is

1
{p* + - proed p e d IOV, <0 (1-27)
This is of the form
1 ADRIW. W
(p* + [2(DRIW_ + a] p? + (Wl » "“ET“}p + CT} eVl ;=0 -2

L
. St
[(cmm,-(l(C)V]u.i))o{( i 2R

e en Y

1

_20RY,
€T (€N "

i
" €T AT - (DR): (]

| S

x e TORIWE <in(W AT - (DR)? 1t + Aph)1 }

2(DR)W, -t
e (CT)
([(C)V]([,l))o {( 1 _ 2(DR)Wn . wz)e
€T (€T o
1 Z(DR)wn 1
. P W23
+ L ( c1y (6T - ) )
W V1 -0OR?| 1 -2(DR)W_ W2
(CT)? '—(E})
x @ _(DR)wn[ Siﬂ(wn V’]m:"(_D_R.P' £ A(Ph)z}

.
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5 . (€T
(Wb 6y qop, W)
(e SRR S
wii om | T
W (1 -(DR)? T Z(DR)‘Yn \ w:
€12 (€T
re TOR%E oW N1 - (DR)*Y - Ay ) (1-29)
whete . T
 NTRE VPR
Ay =t "' T (DR) = e
CT f
W, N1 - (DR)? W, N1 - (DR)?
A = tan ! 1 - tn” 1
(ph)2 e LN
(DR} W, ‘CT cT (DR)W_
E W N1 - (DR)?
A = tan ! -
(ph)3 1
— - (DR)W
T, (DR)W,
E P:iactical values for (DR), wn, and (CT) ate given in part B, Eq. (1~26). If these are substituted in
Eq. (1-29), the result gives the transient response:
; (CIV sy = (HOIVI 1), (1078 ¢~ 19507 107" tig 48 ¢ =354x 107 tgiey og1126y
3 - 0430 } + (OIV] ), (549 & 15501070 s

2976 e~ 354x107° t g oon126t - 0.594) )
(UOVI ), (775000 & 190 x 107 ¢

+ 78100 &= 3542107 ¢ o 00n26r - 170) ) .
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. EFFECT OF x AND y COUPLING.

fn part A if it is assumed that i(_int) = i(int)x and (U)W(gu) =0,

Weavsidy 1
i N - . = {w Y =P [(C)V} i }
G Stemdsi(i,Wx  NemdsKi,¥)x e (L

1 . .
- : {lwu: & (L“l')t} COS(Lﬂ')t ~-p :(C)VJ(t,l)l" (1-31)

S(cmds)(i,W)x

This applies to a single-axis system. In a two-axis system, the Farth rate couples the vertical indicators

as follows, Define
i(int)x = ix (1=32)
Then
, 1 . . :
|x = *g(;n:;s“)(l W)x‘ { {WIE 4 “-“'I)t}cos(l-ﬂf)t - {w]E * (Lm)t] [(C)V}(t,l)ys"' (Lm)[
where
(1-34)

(Lm)t COS(LM)t - (Lm)t {(C)V](t,i)y Si"(Lm)t = (EV)t x

An analogous situation exists for the y-system

i

1 . . ;
—{ - (Lﬂf)[ + rw]E + (Lm)1[ I(C)V](z,i)xsm(l‘m)t —p[(c)v‘(t,i)yj
(1=3%)

] -
H - e et

Y Stemds)i,wy

where
(I-3¢)

= (L'm)t + (l-h)[ {(C)“’}(t,i)x Si"(Lﬂf)[ 2 w(F.V)ty

The x-and y-systems are thus coupled through two terms, each proportional to
(Wi + (Lon), ] sin (Lat),. for purposes of the coupling effect analysis given in the text,

assume that
(Lon), = o . (1-37)
. i.e., the system base is stationaty on the Earth,
(Lat), = o (1-38)
(1=39

S(cmds)(i,W)x = S(cmds)(i,W)y




Insesting these values of i, and i, into the development in past A, the two performance equations in
x and y (ignoring uncertainties in component outputs as well as inaccuracies in system inputs) are

)(p* + 2DRIW.p + W2)((C)V] * 4 [2(DRIW,

'y '(CT) wiy * 1P

1
(CT) P)w”: s"‘a—“’) [(C vj(t i)x (1-40)

Y(p? + 2(DR)W_p + W}) {(C)Vl(t,i), *

L (cr)

]
- {p + [Z(DR)W (CT) p } le Siﬂ(Lﬂf)i [(C)v)(t,i)y (1-41)

It is on these two equations that Fip, 7 in the text is based.
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DERIVATION 2,

SINGLE-AXIS POSITION INDICATORS

A. OPEN-CHAIN INTEGRATION OF THE ANGULAR VELOCITY OF THE INDICATED VERTICAL

Refer to Figute 2—1, The indicated position is given by:

1

P(i) E S(Pi)(ii’) p‘i(hm

1
+

P
From Eq. (1-8) in Der. 1A,

(U)P(i)(df) + (Pi)o (2-1)

L G A T =
Wi = Weve ~ 0 UOIYI ) (1=
set
Spii,B) * Stemdsiti,w (2-3)
(This constitutes an arbitrary adjustment of system parameters.)
Note that
‘I‘w(EV): ’P: - (P)o (2=-4)
P
and
-;—p W]y * LWy = OV, (2-5)
From the foregoing, Eq. (2~1) mey be expressed as follows:
P, « B = (P), - (©V], + LIV o,
Wy < W)+ P 3 W (2-6
Define the correction to the indicated position as follows:
UC)PY(y =P~ P (-7
At the start of the navigation problem, this becomes
(OPY o = (P, - (P), (2-8)
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Substitute Fq. (2-7) and (2-8) ia (2-6). The result is

(ORI = UCIP iy » HOIVI ;- HOIVI o

1 : .
o UG ¥ ~ U0 Prygy (2-9

B, OPEN=CHAIN INTEGRATION OF THF ANGULAR ACCELFRATION OF THE INDICATED
VERTICAL

Refer to Fig. 2=2. The vertical-indicating function of this system has been analvzed in Derivation L
The position—indicating function is analyzed as fallows. From Fig, 2~2, (as in Derivadon ], Fa. (1=-33)

1, I I ,
Yhfi) = (m.')(e,i)“p‘ ‘diny *afi) Cep)” &yl * ';‘”"(hfixdo *Hnfido (2-19)
i U W (2=11)
Hhfiyo * ¢~ WEv) fa=
D0 S mdsiy TV

where w(F\’)s is the initial setting, in the second integrator in the vertical indicator, of the angular

velocity of the indicated vertical with respect to the earth. Also, from the figure,

e Smieiney ¢+ (Ulen, (2-1)
therefore
4 S e N U o
S+ Sniye,d Smiti,e) LU S(hfch,i)”p" &din * i)
1 . 1
*ecpy Weey + ~Whnayan * s %ew Ll
{¢p) (fb) P {hfi){d) S(cmds)(i,W) {EV)s

Also,from Fig. 3=2,

edin * Stdirxe,e)®awy * (U)erqin) (2-14)

1 1

&ty = Nifixe.é) ;e(au) ¢ P (U)é(lfide) * i) (2-1%)

The constant & fi)o €an be evaluated from Eq. {2-10), with initial conditions inserted such that the

input to hfi (high frequency integrator) is nulled:
Stbie)

o =~ WEv)s ™ Ndinte,eauo ~ (Ui~ ecp Uepy,  (2-10)
s(cmds)(i,n”)
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Substituting Fq. (2-14) and (2~19) into (2=13) there results
F] S . I R - . I {
SLA (hﬁ)(e,i)s(fb)(i,c) F}'(hﬁ) - Sl,hﬁ)(c,i) ;‘ (dit)e,e)
11 B I .
" Satived) 3%t Snine 3 (e T (e ]
i N L
* SthfiXe,i) r Wegyry o )& 1ixdn
3 S(fb)(i.e)
E ¢ e Wy~ Sdinke.e) Aawo ~ (Ueing ™ Sepio
s(cmds)(i,\l’)
. . Ul 1
u i(U)P(be } ""(U)i Gydf * - wFV'
oik) e p {RERdD s(cmdf;)(i,W) e
Define
_I.______ x -
€Ty e Suvxive
1 = s(lﬁ)(e.é)
CT
(CTq) Stdixe,e)
The gyto input is (cf.Fq. (1-2) and (1--3))
1
Wiy "‘“‘“““S “"(EV):’P“CW](:,;) - (U)w(gu) ‘“"(mmp)‘
(cmdsXi, W)
Selving for € a0 Eq (2-17) becomes
R
E S(hﬁ)(e,i) S(clir)(e.e) [; 4 (CT)(ld) p ]e(au)
S R A N (S L L
Stemdsxi, %) (CT)(lg) p ’ '
1
i WMaryicr) 1 Sntixe,dy 5 Oep™ epro ~Wegmy
3 ¢ (U)'(fb)n +(U) '(dir) - (U)e(dir)o il S(dir)(e,c) '(au)o
i LT ) ! Ly
— . . - e EV =
p (1fiXdf) (c-r)“g) S(cmds)(i,W) P (EV)
1. .. 1
- =Wiggyan ~g——— Wy
. p XD S i
E
E 67
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(2-18)

(2-19)

{2-20)

i
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From Fiu. (2-2), the indicated position is

] 3 ] P2 ] =] -
Pi = Stedixe.d) 52 %aw (PP, WP ivan ';(U)P(d;xm (2-22)
where (P‘) is the initial setting in the position integrator of the rate of change of position,
1 1 | P .
“7 ®aw § T ‘P '-(P) "(p) e "(U”’(di}fdf) hq(U)P(diXd() (2=23;
P (PdiXe,P) p
1 1 ) . ] - . . s
_p—e(au) b g(Pd')( iy ‘P(Pi>—(Pi)s '; (U)P(di)(dﬂ_ (U)P(di){df‘) )i (2«24}
iXe,
11 l
S(hfi)(e,i)s(dir)(‘e.e) {p (CT)(H) p (au)
] S(hﬁ)(e,i)f(dh)_(ii) U + 1 P - - 1 )
Stpdike.) (CTag €Ty
1 1 "
(B) - (B4 ~(p+ =) (3 WP,
s Ty A ATG s
(2-2%)

1 0

Yrom Fq. (2-21),

i 1 N s

R RILITT J S
¥ (CT)(ld))l Pz( ) (di)(df) p (U)P(di)(df) :

S
(PdiXe,P) (P "(P) )

+

{WEvy (CT’u )

StnfiXe,i) SdirXe,e) s(cmds)(;,w)

( [(C)V‘(, oy - 1OV )

-plOV]py - (CT)
|
(CT)UR)
11 S(pdixe,B) 1

= e [ w} e —{e " ®
(EV)s (ep)  “leplo
(CThp P Sicke.e) ©

- ) U)W, () * OLATIrs P WeEns

(e, + Weggry, + Wegginy™ Weggine™ Stdirxe,e) Savro
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1 ) S(Pdi)(c,P) | .
°5 Uepiyan * ~ — N WUiengiyan Kl
(hitXe,i) S(dir)(c,r)
le will he assumed that the systen be initially aligned under conditions of zero acceleration: then
e(zm)n ’ S(au)(a,c)g "(C)V}(r,i'po ¥ (U)e(au)n (2-27)
l.et
S(Cmﬁ'i)(i‘l') S(hii)(e ) e(cp) =K ; T !T B )w“:v)(cp) {2-2%)
o ! (CT)(‘E) (C )(!d)
The position indicator is caibrated by setting
Spdire,t) © Snsine,h Sdieke,e) Senmds)i, ) (2-29)
Substituting the above into Eq. (2-26), there resules
(b + ke WPy =P - e (P, (P, = (o L e, -py)
p+ - al -
1 : 1 .
W e W e (B ¢ ).t
(FV)s (CT)UK-‘ (EV)s i's (CT)(ld) i's

L) 11

1
= e )= Weues ~MEviemo 1 P ¢ e VOV
(CN1g) (CT)(ld))P Meviepy ~MEviepo 17 P (CT)(m) AR

1
‘((CT)“g) StpdiXe,i) S(au)(“)g OV 1o

L

) U)Wy * M¥ieyep !

1 \
~ Sthfirce,d Nemds)i, ®) Doge (U)eggipy~ (Ve )
1] ] e
* Stpdixe,B) (U)e(au)o Snfise,h Hemds)i,m) p(u)e(mxdf)

1
= Stemds)i, W) (U)‘(hfs)(df) (P’(CT)(,d) {"Z(U)P(dx)mf)

il b
* o WPinan] (2-30)
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Define

UCPl(y = P, P (-3

1 1 1 1 1
P) . P) L =T YW
o (CT)(nd))[(C) e (CT)(m P {(CT)U@ (CT)(ld)]P( e

1

Mervien! (C_'.')ug) "

(Evis! “YMEVI(epro?

S

(Ci‘j(T‘ s(au)(a e)S\hfn)(e l)S(du'\(e e) S(r:n‘fds)(t W)g L(C)v](t i)o
g/

1
(CT)(lg) ) (U W) * “)w(lF)(cP)]

]
* S(hﬁxe,i)s(cmdsxi,m b (Wersiry~ (Ueiryo ~ (Ulep,
+{U)e(g), * - - (Winsivan~ Spdixe,B) 1 (U)eauyo
Staixe,d e
f s(hh)(e 1) s(cmds)(l W) (U )é(lh)(df)

1
e (CT’(xa) [ Z(U)P““xdf) ' _(U)P(dnxaf)] 2-32)

Since w(EV)s and (Pi)s both represent the best information on the initinl velocity of the base at zero
time,

Wievys * (Pi)s

(2-33)
Define the inaccuracy in the initial position rate setting as follows :
M¥evys = Wevs ~ Mevido (2-34)
and the inaccuracy in the velo. 'y compensation as
O¥eviep = Meviep ~ MEvn (2-3%)
Ftom Eq. (1--9) and (1-13), note that
S HS S ]
5(auXa,e) (heiX e,i) 2(dirXe,e) YemdsXi,¥) © §~ (2-38)
s
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foa e
G Y A

(CP) '

1
(P o ) UOPY oy o Y (o), OV,
(€T)) (& (€T Lo (CT)(IB) e

+ YUOIVT iy + (UIW gy« ¥y

]
Pt o
(CT)“g)

: 1., 1 1 .
(WP gyt Tl — e W
dirdn’ p (CT)(lp,) (CT)(Id) (EViep)
M) - SOV e U)W
(EV)s Rs {t,ido (CT)(lg) 2 (gu)

’“)w(lﬁ)(cp)] ¢ s(hﬁ)(e,i) S(cmds)(i.v.') {(U)e(dir)
_(U)e(dir)o‘(u)'(fb) ‘(U)e(fb)o] * S(cmds)(i,‘l')(u)i(hﬁ)(df)

1 .
o (Wer,0a ~ (WP,
Rss(au)(a,e) (au)a (di)df)

1 . 1 A
(€T (UPainan * 73 Stnsine,s Semasici, o Uecrsinan

] . -
(€T (OPraao o

0}

Mt
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C. APPLICATION OF DOUBLY~INTEGRATING ACCELEROME™ 'R TO POSITION

INDICATION.

Refer to Fig. 2=3. The vertical-indicating function of this system can be analyzed by a method similar to
that of Drtivation 1 to arrive at a differential performance equation in [(C)V}(t 0 when Schuler tuning

is used to minimize the jerk etror. The position-indicating function of this syster’n is analyzed as foliows.
From Fig. 2-3,

Define

iding © Sinxe,n®dint * Wdinz
idighy = S(diff)(é,i)pe(dir)l * (U)i(diff)
1 1
®ine) = Sine)e,8) o ol ! ;(U)'(imxdf) * ®int)o

®int = Sdinl(e,e) &(dia) ~ Sine)) * (U) e
1
* Sdinle,e) 8dia)  ~ Sdinyi(e,e) SineXe ) 5 Cint

1A
- S(dir)l(e,e) ;‘U)"(idef) - S(dir)l(e,e) ®int)o ¢ (U)‘(dir)z

iep) = (PF)cpxw,y WEviep)

e S { ] + ‘ ]
di = S, K - — 1 ey
(dia) = iaXe®) ©§ i ee Sinke,sy P !
] 1
v = Wy ey * @~ (Ul
p (int)Xdf) (int)o S(dir)l(e,e) (dir)1

1
(CT)yy =
e S(dir)l(e.c) S(int)(e,é)
S
(diffXe,i)
o
(di)2(e,i)

(2-38)

(2-39)

(2~-40)

(2-41)

(2-42)

(2-43)

2~-44)

(2-4%)

Operating on Eq, (2-43) with {1 + (CT)(ld) p) and substituting Eq. (2—~44) and (2-45), the result is

1 1
[‘ + (CT)(ld)p]°(dia) = S(int)(e,é) [(CT)UE) v ;‘] {'S‘ j—— )
(dir)2{e,1)

*igin ~ Wiging = Wigien 1+ Sgnexe,e) €Ty (8ginil o

1
C O CTg el Whingan + 11 (CTagpl Legan,

]
s Wiy )
S(clir)l (e,e) ()

72
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(2-46)
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R St N

P

From Eq. (2-41)

3
®(dia)o T g (leginilo = Wl * einno 2=l
(dir}l{e,e)
Multiplying Eq. (2—-46) by (c:rl)“dg and substituting Fq. (2-47), there results
o + 1 ) 1 o | 1 \
< ~) @ 1 = - @ v - - ——— ) &,
P lCTgy T (€T e T CT )y (€T,
1 1 1
b e (1 ¢ o ) iy,
S(dir)l(e,e)S(diff)(é,i) (CT)(lg) p. (2
i Wiggina = i) * 6+ o))
(JifD (dir)2 (diff) (CT)(ld) P (int)(JfY
f— ) S (W) eginy) 2-49)
S eain1 * NintXe,d) U &dinT o (B
(dir)1 (e,e)
At t = 0,
s o 1 1 1 ( 1 1 :
] N - TR = hyrperannn i el asumasnntt { J3
(dia)o (CT)(ld) (CT)UB) (dia)o (CT)(Id) (CT)(Ig) (int)o
1
+ { [id. 2] + id.“‘ = {(U)i di ',}
S iniee SHie D |l e - e 0
e . 1 .
Wigginot * Wegaano 5 (Wewinde * Beinoie,e)
(dir)1 (e,e)
] ) ({(U) ] (2-49)
= ®(din1 =i
(€4 Sdiny1 (eye) e
The gyro input is
igu) = B2 ¢ iy * e (2-50)
. 1
fawy "¢ ""(w(ljv)g ) ‘((c)\”(t';) - (U)w(gu) - (”w(lm(cp)) (2-51
(cmds)i, W)
At zero time, it is desited that
. Wikvys
bgyn = {2-52
S(cmds)(i,\l')
and
i(cp) =0 (2-53)




Here, W EV)s iS the best estimate of the velocity of che base with respect to theFanthar that instant,
Eq. (2«49) now becomes

[-‘]_.._] le ,rw!_, 1 0
CT)gy  (CThy,y (e ‘(CT)(M) (CT)(,) ®(diaJo " ®(dia)o

w(l V)s

1
_ ) e
S(du‘)l(e e) S(dlff)(c i) S(cmds)(l ) (CT)(H)

1 1 )
] (U)e & e ( (U)é .. )
(CT) m) S(dn)l(e ) (d"” S(dim(m) it o
1
“Wégayane * ¢ e (Wigginglo « Whiggige)  (2-359)

S(d:r)l(c e) S(dlff)(e i)

Substituting the above into Eq. (2—48), there results,

1 i X
Pt ey J%dia) T jery . 8(dia)o * ®(dia)o
( (CT)“d)) (dia) (CT)(ld) (dia) (dia)

i i

el e By e
Stdin 1 (e,e) Scdiftié,iy CTlggy p B P

W
(EV)s 1
i - - {P(U)e dir)}
S(din1 (e,0) S(ditt)é, i demds)i,®)  Sdini(e,e) )

[{Wé(gin o (Wewginr - UWegin !, !

(CT)(,d)
] - |
(CT)(ld) p [(U)e(lntxdf)] + ‘e(int)(df) = (U)e(im)(df)o
U V' dan : ,
( Wiz Wiaign} Wigin,

Sdinnt (e,0) Saitne,y  (CTag

[(U)i(dir)l]o Y (U)i(diff) = (u)i(diff)o] (2-5%)

From Fig. 2-3, the indicated position is

P, - S(ind)(c.P) ®dia) * (U)P; (2=56)

b+ IP, = i

—= (P.) ¢+ P.
€M, T T ey, Bl ¢ P
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I

jtsudiiu it

S,. ,
(md)(e P) 1 ]
R g QL i e ‘) (VI(H, [(C)vl( i)
S(d:r)l(e e)S(dnff)(c i emds)i, b (CT)(lg 2 o
' S(md)(e P)
“ WU = WWexen  Semas) fepy ~ Wavas? T g pU)ecginyy
(dir) 1 (e,e)

1
h :(U)é di 10
(dinl (CT)(ld)

1 ! . .
* Sinde ) {(é:l')(ld) ;(U)e(im)(df) * Wégagnan = W eginenano

Wewin1! ~ Weyinils!

S,
(ind)(e,P) 1 i
{ (U)'(du)2 ¢ Whiggin? + Wigginya

S(dir)l(e,e) S(diff)(é,i) (CT)(I )

= Wiginalo * Wiggiey ~ Wiggieno ! (2-57)

The best available estimate of the velocity of the base with respect to the Earth is w(EV)s‘ Thetefore
set

(Fe = Wews * Pigoo (£208)
set
1 1 1 1
i (€T, P) Hemds)iu® er) ((C?)ﬁ(l_g) - (CT)(ld));w(F'VXCP) e g8
The position indicating system is calibrated by setting
Stind)e,py = Stdin)l (e,e) it i) SemdsXi,®) (2-60)
then
(p + ____.l_———)P = —————-] P.) + W + (P) ne * WEw
(CT)yg i (CT)g io  ~EVIs - Tildhe = HEV
vl Ly -0 Yo, -
(CT)(lg) P (FEV) (CT)(lg) P (t,1) (gu)
1 1 1
+ W - . -W..
M) (lF)(cp)) (CT)(lg) (CT)(ld)) p (EVY(cp) (EV)s

“ Saitee i) Scemdsxi,my (P (Weging = UWégm T,

1 : L
' cf—);;d—)‘[(U)e(dir)l = UWeginlol b+ Stinde,p) {(CT)(H);(U)"“"'X‘*”
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A

STUR R

1 .
¢ (U)‘(imxdn - ‘U)*(imxdf)o) - S(cmdsxi,w) ((CT)(lg) {‘U)'(du)z

Define

t i
Eq. (2-61) may then be expressed in terms of [(C)P)((‘i):
1 1 1

= ¢+ —)P =~ -
¢ (CT)(ld)) P - o (CT)(ld)) l (CT)(ld)

1 1 1
- " ~———— —W + {1
W(E\)t (CT)(lg) p (EVx { (CT)(lg)

), - w(F.\’)s _(ﬁi)(df)o
)(p {ov! P

+ W

1 1 1
b/ (EV)s

Y (U)w(gu) % ")w(IE)(Cp)) + (Zci.il—;) i (CT)(I;;) ; (EVXcp)

1
* Scaittne.iy Semdsxi,wy (P Wiy — (WG], (Cf"—(_l‘ ;)“ (Wi

1 1 .
- UU)e(ging1lo? } = S(indye,p) ((Eﬂ;;‘) ;(U)e(inz)(df) + (U)e(;nexan

: 1
- (U)e(inl)(df)o } s(cmds)(x %) {(CT)“ [(U)'(d“)z 2 (U)l(dxﬂ)}

¢ Whigiz = Whigingal * Whiggien = Wiggigno ) (2-63)

In the equation above,

1

;w(F.V)t = P - (P, (2-64)
1
;w(EV)(cp) =P - (P, (2-65)

PP = Wy (2-66)

Thus Eq. (2-63) nay be written:
L

i 1

(K

Wit




S

il

1
{1 (CT)ug) p)(P {(C)V](t‘.‘) + (U)W(Ku) . “)w(IE)(cp))

* Sdittne.n Stemdsii,m P Weggyy = Wy,

] 1
T (€T Wiy ~ (Wein ol P = Sindyesn (CT)yy P Udeinycan
|

WG ™ Wlgingano * * Stemdsii b {'("(_'.:r—)(*l*);{(U)i(d;_,)2
&

* Wigy! + Wiz — Wigginolo + Wiy — Wigggene =67
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DERIVATION 3. AZIMUTH STABILIZATION SYSTEM

Refer to Fig. 3—1, The angular velocity of indicated north with respect to inertial space, about the

Z~axts, is:

Winn * Semdsitiymyz 12 ¢ U W0,

This is related to the angular velozity of indicated north with respect to the Farth as follows:

Weenyi * Wi ¢ Wap) sinlbat) + ((Q)V] W, cos{Lat),

At,idy

From these equations,

W

Define [(C)N](t jy @s the correction to indicated north. Then

pUCINT ;) - w([«\’)t—w(EN)i FB) ()N](«,N

At marine speeds, [Wpp x [(CIN] ;)] = 0. (See Part |, pp. 85-86). Therefore,
PUCINI iy = Weeny ~ Weenni

Fromsthe fosegoing, thisimey be whitzen;
PUCINT iy = Wy ~Stemdsii, izt 2 ~ U Wigay,

~Wie sin(Lat), - [(C)V](('i)ywm cos(Lat),

From Fig. 3-1,
z {s(dir)(i,i)z(iy * i(cP)z) "(U)i(dir)z
=i (sin(Lat), +(U)Res) } (sec(Lat); +(U)Res)

where (U)Res is the uncertainty in the resolver generating sin (Lm)i and sec (Lo')i. From

geometrical considerations, iy and ix are given by:

S ! - {—' (LO') + Lw": *(Lm) ) [(C)V](t Dx SIH(LO')
{emds)i, W)y

+ (Wi + (Lon), ] [(CIN], ;ycosLat),~p [(CI V], = (U W,

xu)y
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(EN)i S(cn‘ds)(a W)z z '(U)w(gu)z IE s'"“‘"') (C)V {,i)y F.W"{Lu’)(

(3-1)

(3=-2)

(3-3)

{(3-4)

(3=%)

(3=6)

(3=-7)

(3-8)
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Rl it e

1

S(cmdS)(i,!‘)x

- W+ (Lén) ] [CIVY o sin(Lat),

‘s

{ [ + (Lon),] cos(Lat),

+(Lat), {((CIN];,-p HCO)V! (U)W (3-9)

(t,i)x gulx

S(cmdsi)(i,W)x = S(cmds)(i,ﬁ')y 3 S(cmds)(i,‘l’)z 3-10

Combination of Eqs. (3=7), (3-8), (3=9} ~nd (3= 10) with (3-6)gives the following:

PUCINT oy = Woponye ™ Stainciine ™ (H0, *+ Stcrmasyinyi(cpyz ) [seclLat); « (U)Res)
~Suing.ie M +(Lon)] LCIWV1 ;) [sinlLat),] (sec(Lot) + (U)Res)
"S(dir)(i,i)z['u{ #(Lbn)ll [(C)N](,'i)[cos(Lar)z] [sec(La.l; +(U)Res]

+ (di,)(i’“z(soc(Lct)iO(U)Rcs]p [(C)V](t,i)'v

* Stdinyiyipz (sec{lot); +(U)Res) (U)W,
+ (W +(Lon),] [cos(Lat),] [sin(Lat); ¢(U)Res] [sec(Lat), +(U}Res’
=¥y sin(Lath, ~ (W «(Lon) ] [(C)V](, ;. (sirlLat)] [sin(Lot);
+(U)Res] (sec(Lat); +(U)Res] + {(Lat), ([CIN], s -p L(CIVI, 1y,

-(U)W( } [sin(Lat); +(U)Res] [sec(Lot); +(U)Res]

RUIX

= LIV (¢, i eos(Lat) - (U Weoy), = Stcmasii,m (Wicdin: (3-10)

Define the latitude rate compensatiorn: iraccuracy as follows:

“)(La')cp H S(cmds)(i,\f) i(crs)z_““:")t (3=12)

De ine the cofrection to indicazed latitude as follows:

(Cilat] ;) = (Lav) - (Lat); (A-13)
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sin{Lat), = sin(Lat), - [(C)Lar] ;) cos (Lat), f3-14)

(Lof) = ,}A,..,.
= i cos(Lat),

* sec(Lat), - (C)Lat]( ;) tan(Lat), sec(Lot), (1-1%

.
Since the time variations in (Lén)( and (Lot)t are small when compated with the variations in

[(C)V]((’i)x, [(C)V](t.i)y and [(C)N}(t.i)' it will be assumed that (Lé;f‘.)t and (Lh') are

t
quasi-static. This simplifies the subsequent analysis. Note that

Winye = - (Lon), sin(Lat), ~(Lat), (C) VD¢ iy
~(Lon), cas(Lat), UCIV]( 5, r3-16)
From the foregoing, the performance equation is, ignoring second=order terms,
(p * Sidiryi iz (Wi *(Lon)] - (Lat), tan(Lat), ] LCINT( 5,
= {Saingipsec(latp ~ Mg +(Lon),] [tan(Lat), sm(Lat),
+ cos(Lat) 1} UCIV] (e iy - {tan(Lat),p * (LoY),

* Staintiuiz (Wi *+ (Lo ran(Lath > UCYV (i),

+ S(dir)(l’i)zsec(Lm)t(U)W(gu)y i ( U ) W(gu)x ten ('ﬂf)t
= (U ¥gu): ~Syainti, o M (Lot oy sec(Lat),

=S cmasy(i,w) Lsee(La JWicginy,

- [WIF *(Lbﬂ)t] [SEC(LQ'):] [(C)Lct]((.l)

+ [(U)Res)(1 +sin(Lot), cos(Lat) ) (W +(Lon), 1 (3-17)

The following assumptions are warranted if the maximum ship speed is taken as 40 xnets
(Lon), << W (1)
(Lat), << W (1-19)

Define

]
Siniz MiE 7 ey (1-20)
7
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The performance equation then simplifies to

f ! 1 ! -
pr (c_:r); k(c)N,(['i)

1 T (C
& [sec(Lat), Ip LC)VT(,

"w”: 5&C(Lﬂ')t { ;(C)VE(L;)‘. M ‘iC)LG'E(t'“

+ [tan(Lat), | OV i

]
d p + (CT)Z

[sec(lot) 1(UIW .

]
(T, W,
-mn(l.m)t (U)yw

1
(CT). W

- (U)W,

(pulx gu}z

(Lot ) ! sec(Lat),

“Stemdsyi, vy (seclbatl 1 Uy,
+ {1 +sin(Lat), cos(Lat) ] W, [(U)Res’ (3-21)

Ignoring x —coupling, the y = current is

] o
v = S '{" (LL"*)‘* [(C)N](‘ l)leCOS(Lﬂ')t "p[(c)v:(t iy -{U)w(nu)\' } (3=22)
T T (emds)(i, W) ! W12 LEY

By a procedure similar to that of Derivation 1, Purt A, the y — performance equation including
z=-coupling can be shown to be

) 1 9 ¢ 1 :
pd+; S DI 5 e (C) VI
P (cn(,g,}," R.P'R, (CThay LENE Gy

]
= [p?+ o p] W [(CINI ;) cos(Lat)
(CT)(X.F.)}’ IE (t,1) t
-{- e JplD(La .,

€Ty (CNaay F

1 ;
p](U) Wy (Ve

u[p2§..!__ = _{p”._‘m_
(€T 1)y RoSGuxaer (€T

" Stemds)(i, ) Sentixe,h (Wegginy ~(Uegq,)

bl G

= Stemdsyti. ) Senfixte, iy (Watan

= Stemasyi,w PWithiyan (3-23)
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tidi

(Cﬂ(lg)y R, R, (CT)(ld)y

5

Operate on Fq. (3~21) with [p.s + i, utilizing Eq. (3=23) to

eliminate [(C)V](t iyy: The tesult is, ignoring x — coupling except for x- gyro unit drifr,

i g 7 2
+ prv -+ W 1E Ip

w;

1 i g
g ¢ - ) ) P {CIND

R, (CT)(M)y CT),” (CT)(lg)\ P'R (CT)(H)‘\CT) i)

1 4 9 i .
=W Lat), (pd # - 2, 302 7 (C)Lat],, .
(1 see(Lot) [p +(CThm»p Rsp R, (CT)yq), =

sec(Lat), : 2 1
e=ur 1 [i03+ -
(CT) Wi (CT)(lg)y (CT)(ld)y

vl

)p?

1
+ —+ 2
(€l g ((CT)(M)V (€T,

R

8

__)':p

g 1 | ;
= 7= 1 ((Lat),__y -tan(Lat), (p3 + —p
Rs (CT)(ld)y (cp) (CT’(lg)y

+

g g | Co 2

+—pt-a——0 JUIW +sec(iat), (W, p
R, Pt R, (CT)(ld) ( (gu)x L § &

v 1E i 1 (U)w(gu)y

ety RN P RETIgn CTIW,

1
- (3 + 2 9 )( )w
® Tl ” R, R T T

.'iec(Lm)l

gulz

[P2 "((CT)zwle Y

S i )p
RySau(a, el €T ¥ 15 - (CT)gg),

(C ) Scrnd w S(hfl)(el)sec“'a’)
W2 1, ”(——Sl((ié-)f e (p
(CT)ayy LTS

”(CT)zw 2 i ]D [(U)e(dil) = (U)e(ﬂ’\)}

S 6.0 S sec(Lat)
(cmd )i, W) “(hfi)(e, 1) - o -(C r) w . (U)e(m)(df)
(CT) w”_
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S(Cmds)(x “) sec (Lm)

e (p -
(CTIW

ts derived,
resulta:

P en,, R, P

Loyp o 3¢

3 1 q
= Semdsxi,w secllat) (o ¢ (Ef)u;)—y ) 'ﬁ;

+ (1 + sin(Lat) cos(Lat) )W

In Detivation 1, which follows, an expression for (C)Lat’ Wi in terms of [(C)V
1

Solving Egs. (i=11), (3~-23), and {3-21) simultaneously and ignoring

B —]—— 4 g 3 + ‘g.. (7, .
Rq (CT)(ld)

2 e,
(CT), Wik ) P Wighiyan

2
+

9
R(CT(Mh(U)M"u

2 9

1
o e U)R
(CT)“g)\p R p* R (CT)”d)\)( ) es

3
e

3-24)

fr,i

(i and {C)N

cmall terms, there

R ]_)2‘9 .,?m/ml..ﬁ
(CT), R, (CT), (CT),y,

. o,
) HONTy = p

"en '’

1 2

$ 1
R, (€T, (CT) (CT),

(CT), W

TCT N ((cr)(lg)

2

) (CT)“d)

L IV T T
cn,* Tien.v, R

] 9 1

TEDLCT gy

1

v 1 pl (U)W

€N R

(€T (€T,

- W) | sec(Lat), T(1)Lat
(gu)x

R_(CT), Wy, "(CT)y,, tien,’?

~[p‘ + ] - p? 29

s

) p? o+

R, [T, (CTi, W,

1 1

“Wie s 2 (

R, (CT) g (CT)5(CT), W,

’ 1 q
- tan(Lat), {p* + —— p? « . p?
an(Lat), Cp (€T, PRSP

1
v sec(Lat) (W p' +-0 " pt
sec(Lot) W p R, (CT). W, P

1 g 1
- U
L TS ST STl X LA
g 1 :
U)W
CRICTI P YV e

2
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sec(Lat), : 1 . ]

" RSparae €T, W, P ((?T)L(cr)zwm (€T (CT), M,

1
- o - L - o U
WIE) P ((CT)(ld)(CT)l(CT)gw[} (CT)(H)) pP. ( )Q(au)

1 , L
" Stemtsiiom s se<ba Ly 1 E (em), €T
N 0 L " e 3
1

+ S — 21 . .
((CT)L(CT)zwm W) (Wiggiyan

A D
" Stemasitin Soeincesds et ey P ey e,

- W‘p)pil [(u)e(dir)y - (u)e(fb)} = S(Cmds)(i,w) SeC(LOf)( (p* + (CT)” - pt

9 , 9 1

TR R ey Wi ¢ 1+ sl costLa Wyt

+ ____I___— p.! +__g_ pz *__9_ 1
€Ny = Ry~ Ry (CT)yy

p] (U)Res (329
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TR

CERIVATION 4. LATITUDE INDICATION
Refer to Fig, $—1. The iatitude drive signal is
i = S(dir)(i,i)L(iy ' i(cp)z) ~ ez
* Saina.on iy * Saing,ioe =V iepye
Since the drive rotawes at the indicated latitude rate, but in the opposite direction,

P(L"')i =7 skus)(i.\!)il_

From Der. 3, Eq. (3=6)

i, = L — { - (Lo,
’ (cmdsXi, %)

¢ [w[E L (l‘&‘)[] [(C)v}((,l)x siﬂ(w)t
+ [w”_: + (l‘&‘)t] [(C)N](l,i) COS(Lﬂ)t

=P UCIVI iy — UV, )

and Eq. (4-1) into Eq. (4=2). The resule is

pllat) = - § S(Lds)(i,W)

L (LU Y
(dieX1,1)L S(cmds)(i,W) ( )

t

4 s(cmds)(i,!') i(cp)z + w[E [(C)N}(t,l) COS(LD')t

=P UGy ~ U0y b+ Sttasyim fepre

Define

(Dathcpy = Stemdsximiepz ~ Lotk
and

(C)Lat] ;) = (Lat) - (Lot
set

S(Lds)(i,\!’) ’ S(cmdin,W)

(4-1

(4=2)

(4-3)

Assume as in Der, 3 that w[E >> (Lan)! , and that x-coupling may be neglected, Substitute Eq. (4-3)

(4=4)

(4-9)

(4=6)

(4=7)




YT ¢

Then
pUCIa] (i = Spaingi,pr (INLa) )

« W [CINT, ;j cos(Lat), - p {C)v!

i)y

- (U)W e )(L&')(cp) {4=8)

(guly

Transposing terms in Eq. (3210 (ignoring x-coupling, except for x-gyro drift), solving for
{{CIN] (i) in terms of p {(C)N’“'i), and multiplying through by (CT)zwlF.' gives the following:

t

Wi (CT), secllat) < {CIV ;) + (C)laly )0

-

sec(Lat), (U)W, = Wy, (CT), [tan(Lat) (U)W

guly (gu}r

- w”(CT)?(U)w - )(Lh')(cp) SEC(Ld)(

(gu)z

= W (CT), Scmasyi uy [seclbat) /Wiy,

+ 11+ sinllat), cos(Lat) ) Wy, (CT), [(U)Res] (4-9)

Define
St ¢ o o
S(dir)(i,i)z 1E (dir)(i,i)L "z CIF (CT)L {4=10)

Substitute Eq. (4=7) in Fq. (4=6), utilizing Eq. (§~8). There results,

1 o 1
¥ o el ] .
lp €T, Oty €T, HOWV e iy
1
. 1
- (I)(Lm)(cp) T CTI W sin(Lm)[(U)W(gu)x
LL7IE
S A,
(cmds)i,¥) \
[
. , 1
+ (1 + sin{Lat), cos(Lat),] [(U)Res’ (CT)L cos(Lat),

R8




“em, wl—l ccos(Lat), " (U)W,

To eliminate (C)VT“'”)’ and r(C)N (t.0 B (3215 and (3=231 are utilized, Theu simultancous

solution is {omttmg small quantities):

ot - 1 L g( 1 ] )
A (CT)([g) Rg (CT)(I 4 (CT)7
9, 1 1

R, Ty €m, * T em),’?
g ] ® L ‘! e *

1 | .,
emem, )t e, T e
e ], 2 [_, ) ngé.__
R, (CT), (€T, P " liem), (€T €™,

_ 9 1 ‘_l__ ‘*g*Al ,_],1 .
R ((CT)(M) (€T), e R, ((CT)(|d'~ (CT.),_)" (hLethcp

S

g 1 1
=0 ‘ , .
R, (CT), (€T), W, T,y ) s e W ¥

8 1 L]
TR, (CT), (CT), (W)’ ple (CT),m)(U) L

g 1 1

R, (CT) (€T, W, e (CT)(M))COS(LG')‘(U)W

(pu)z

] ] 1 ] 2
TS SN ST LA (e SN TS EIL A

1 1

T RS iayay

(au¥a,c)

1 1
¢ S(cmds)u,\nsrhnxc,i)((CT)L(Eﬂ:)(('Wll:)? P P)[(U)emmy - (U)'um]

89

=11




1 1 . .

* S(cmls")(l.\l') (CT)l(CT)I ((W”_.))‘ P p) (U)'(hh)(dﬂ
1 1 1. 1
( e p

" Semtsiity €T), W, (€T, €T, " TR, (€T,

g 1 e
+ - x Y .
R, (CT)g (CT), O)icain

;3 _swlla),
R, (CT)(CT),

S

{1+ sin(Lat), cos(Llat) ] (p ) "J)Res  ti-12i

1
€T

In Denvation 9 of Part | it was shown that
L(C)Lm‘(“l) = Y(C)V].((’i)y - :(C)PA‘(l,l) (4=-13)

where [(C)PA]((.“ = correction to the indicared polar axis. [(C)V]((,ny becomes of interest
in the discussion of roll and may also be obtained through the simultaneous solution of
Eq. (3-21), (3-23), and (4-11), as follows:
'i R

(

4 g 3 g ( ] ] 2

1 g
& $ b — 4 —— & — ) ¢ —
fp (CTgy R, "R €Ty €T, P TR,

1 g 1 PP
e Y p e e} HCIV ]y
€T, €0, PR, €T En, Ve
'(.__L___ e _“l__) a,___]_ (. ! - .ﬁl*) 2
BNToR 3PN ToS § NN (oh § LN (e D (e s R () SV
R 1
(CT)a(CTCT),

R . . , 2
YD ety - Wi sin(Lat), (p* + ((C”T)—L”

o 2 2 |
PPNV B oUW, -t (B Ty
€Ty ? T CT)y P Mo = ey, emy,, P

2 1 1
= (____;,_._ 2

1
+ + ~ - + — . U)W ‘
€, e, €Ty T €T e, (em, PO M

a0




Rl ooyt

Rl S B S LS

G es SR Ul

¥

bt (hh oo e ot DR i T il i i

T

o

g e R R T

2 | 2
< W, L oy e — —Yp? s

nestel fen, ey, enjien,, 1O
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DERIVATION 5. LONGITUDE INDICATION
Refer to Fig. S—1. The longitude dtive (upper right-hand corner of the figure) rotates at the indicated

celestinl longitude rate:

pllonkeenyi = Stigsye,v) ® 5 (5=1)

where (L"’)(cd)i is the indicated celestial longitude and e ) is the output of the integrating gyro

unit mounted on the lungitude gimbal,

(Lomd oy = Wpy + (Lon), (5=2)

= <_3
®(sr) S(ngA.e) Ag =3
where AS is the gyvro gimbal angle, Define w(PA)i as the angular velocity with respect to inertial
space sensed by the longitudinal gyro. Then the torque balance for the gyro unit is
H¥Mpai ¢ WW - pllonk,)), ] = oA, =4

From the fotegoing

2 H
P (Lol censi = Stidaxe, ) Sopna,er () My« UIW - pllonk )] o

L/

(PA)i ™ay be evaluated as follows. From geometrica! considerations

Wipay = W), cosllan; - W sin(la), (5-6)

From Derivation 3, Eq. (3~1),

w(lN)i : S(cmds)(i,W)iz ¢ (U)w(gu)z (3-1)

Substitution of Fq. (3-16) into {3~6) and solving fnr S(cmds)(i Y)i , fesults in the tollowing

Wisyi = = (Lon) sin(Lat) - (Lan), ((C)V], 1~ (L), LeoslLat)] [(C)V],

)y
“p {(C)N] (t,i) - w";- Sin(Lm)( - {(C)v} (l,l)& wlF Cos(l.ﬂ)‘ (S~7)
Wavide = Stemasiimic * W)Wy, s-8)
Solving F:q- (%—Q) for S(cmds)(i.W)ix + (U)w(xu)z' there results
Mirviide = (W ¢ (Lon) ] cos(Lat), ~ (W, + (Lan) ) LCIV]  , sin(Law),

« (L), [CIN];, = p UOIV)

(l,i)l ("Q)
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From Egs. (5-7) and (5=9), (5—6) becomes
Wpns = Wy + (Lin) ) (coslLat) cos(Lat) + sinlLee} siniian) ]
+ {Lat), [(C)N](m) cos(Lat), + {(Low), sin(Lat), - [cos(Ld)i]pf{(C)Vl(('n,
+ [sin(Lat)] p ((CINT, (5-10)

Define

(C)Lat] ;) = (Lat), -~ {iat); (5-11)

(t,1) t

Thea in the first term on the right in Eq. {(5~10), assuming [(C)Lat] ) is a small angle,

(t,1

cos(Lu!)t cos(Lat), + sin(Lat), sin(Lat),
c cos [{Lat), - (Lath] = cos ((C)(Lat] ;) 2 1 (5-12)
ignoring second-order terms, Eq. (5-10) now becomes
Weuai = Wi * (Lon), + (Lat), [(C)N](t,i) cos(Lat),
+ ((Lat), sin(Lot), - [cos(Lat) ] p] ((C)V](, ;)
+ [sin(Lat) ] p [(ZIND (5-13)
Eq. (5~3) may now be written
[P+ Stiasxe, 1) Ssgxare) (g) I plLon) e y;

H . .
= S(lds)(e,W)S(sg)(A.e) (:){ wlF. ¢ (Lnn)t * (u)t [(C)N](r’i)cos(l.d)t

+

{(Lat), sin(Lat), - [cos(Lat) ] p} [(C)V]

(t,i)x
_ - | fH)
' ‘s'"(‘-"')r“”(C)N](:,i)} * Sttaske,m Searae)t ) U ¥igu (5=14)
Define
1 H
€y, ~ Sasxem Sspxan Q) (5=1%)
Note that
(Lonkcerye = Wip + (Lon), (3-16)
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e

gAY

1
fp + (CT)I] P(Lm)(c,_.m

T

1
l_ p(Lm)(cv:l)r

‘ (), {(Lat), cos(is),
1 .
¢ LainLa,Jp) LCIN] gy o (Lt silLen
1
- ool 1o IOy« gy Wy -1
1

Define the sidereal time drive angular velocity w(tds-) as follows

Wiasy ® pllon)ceyy; = pllon) = Wpy,

(5—~18)
Substitute Eq. (5~18) into Eq. (5-17) and multiply by (CT),

[0+ (CT)pl pllon); + (1 + (CT)pMWegyy = pllon), + Wi « (U)W,

+ (L), cos(Lat), + (sin(Lot)) p] [(CIN]( ;) ¢ ((Lot) sin(Lat),
- (cos(Lat),) p] [(C)V](:,i)x

(5~19)
Define the inaccuracy in the time drive angular velocity

(')w(:ds) 2 s ~ MiE

(5--20)
Define the correction to indicated longitude:

[(C)lm]((,l) 2 (LM)I = (La‘)'

(5-21)
then
[] + (CT)[P] P[(C)LMJ((,U = (CT)[ pi(Lﬂ'l)t + “ + (CT)l P)(')w(tds)

+ (CT) W ~ (U)W(gu)l ((Lat), coslLat) + (sin(Lat),)p) (CINT(, iy

= {{tar), sinlla), - (cos(Lat)) p) (V] ;1. (s-22
The variation in Earth rate is very small; therefore,

pWy =0 (5-23)

Integrating Eq. (5~22), there results

(1 + (CT)lP] [(C)L"“](:,i) = [(C)Lm]((,ﬁ)o v (CT)l [(C)Ll.m]

(t,)o
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+ (CT), [pl(Lon), - (plLlom)), ] + (€T, UDW 4500
1
+ ; [(l)w(,ds) = (U)W(g_u)l} “'P'{ ((Lan), cos(Lat) + (sin(Lar),) p! UCINY
= [(Lot), sin(Lat), - (cos(Lat),)p] i(C)V’:((,,)x } (5~24)
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DERIVATION 6. GROUND-SPEED INDICATION

I'he true ground speed is R W, ..., | where R is a set value of the Fartheradius and W, .., is
P AU N tFvn

given in terms of its components hy:

Wipvy =V (Lén), cas(Lat), ? + (Lot te-1)

From the above, the true ground speed, which 1s the magnitude of the true velocity of the base with respect
to the Farth, is:

Yoemy C R, 'v‘/:(Lan)( c-us(Lm‘)t’;‘;r + (L?n)f (G

Clase I, The vertical indicator as a source of ground-speed data.

“he quantities in Fq. (6=2) are, in part, implicit in the »and y-gyro units’ orientational contro}
signals, as follows:

Wy
XU awy )] cos(Lal,
s(cmds)(i,W) S(cmds)(i,\l')
- W+ (Lan) ] Tsin(Lan), ] (Q)V] ., + (Lat), QN
- pf(C)Vf(['i)x - (U)w(gu)x } (63
W .
. (IV)(i)y 1 , .
i, - § (1)y . ¢ - (Lm)t
' (cmds)(i,¥) (cmd s)(i, W)
¢ g+ (Lon)] Csin(Lat),] [C)V] 0
¢ W+ (Lbn)? Teos(Lan),] JOINT () = pI(CIV] (0 = (UIW b (6t

Define the gyro-unit signal compensating for the horizontal projection of the Farth’s daily rotation with
respect to inertial space as foilows:

~ —_w(lF.)(cp)

iy ~
S(cmds)(i,W)

cas (Lut)i (6=

The quantities i , i, and iy may be combined as follows to obtain the indicated ground speed, in a

y
vray analogous to Fq. (6=2):

- N .2 A1
YV T emdoi,» Rs \ﬁlx g+ 0y {8
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From Fy. (6=3), (A—4) and (6=G},

viemy = R, @ iLén) cos(Lat) - Wy, cos(Lat), - w(]i~.}(cp;‘°5(L°')n

- wlF M (Léﬂ)ti’ r,*)iﬂ(Ll!’n)!-" (C)v“'“\ ¢ (Laf)( (C)N“’t,xf
IOV i - (W, e T (L, e W

(pu)x

« (n), TsinlLat), [(CIV (¢ Wy @ (Lom), Teos(Lat, QN )

- p(C)V (t,ih - (U)w{é{ul\' 1 2 : ="

Define

OV¥exep  Yaree ™ i fe-t
and

(C)Lat] ;- (Lan), - (Lab), (6=0)
From Eq. (6=9),

cos(Lat), = cos(Lat), + “(C)Lat], ;, sin(Lat), (e-10
Substitute the last three relationships inte Eq. (6=7), and expand the square root by the binominal

thearem, utilizing Fq. (6=2) for YER) Note also th. -

RS(LE)n)t cos(Lat),
= C‘-"S(Al)t e
YiEB)
and
- R, (La),
— . E sin(Az)( (= i)
Y(EB)X

The expansion of the square root, ignoring second-order quantities, then results in the following:

v © Yempe * R (0 DWqpyey - Wy {C)Lat],  sin(Lat),

- Wyt (Lan),” [sin{Lat), '?(C)V‘(,.H.‘, + (Lat), HOINT G

- o[(C)V] ] cos (Az)t + (fw”,l . (Lén)t‘_’ "sin(Lot)t"‘ :(C)V’(

e, 1)x

= (U)w{gu\x Liix
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b

+ Wy o (Lon) Ccos(Let),l ((CINT, |, - pI(C)V

fr,im

= (U)W{ru ) sin(Az)( ; {Fo1y

Ca~e Il Selt-erecting latitude indicator and celestial-Fanh-ratestraching lonpitude mdicator as sources of

ground-speed data.

These indicators are discussed in Derivations 3 and Srespectivels. By differentiation of Fa, (4=03in

Derivation i, the indicated latitude rare can be given by:

pllat), - (Lat) - p.(Chlat (i) = Sy oy iy (6= 14)

From equations {S=19) and (S=20) of Derivation €, if (CT)I 15 suffictently small,

#{Lon) cos(Lat),

" {Len), - (W, < (U, (Lo, HHOND

{t,1)
+ sin(Lat),’ p -'(C)N:((,i) + (Lat), '(C)V}.“'i),K sin(Lat),
= teosllat) 1o OV o0 7 S | t6mis)

For ground speed indication using the foregoing, consider the following expression for YER);

vieny ¢ R, ’\/— {p(Lan),: cos(Lat). % + p(lat),’? (6=16)

These quantities are obtained from the system as follows. Longitude rate is obtained as a current derived
from the output of a tachometer geared to the lonzitude indicator. If the sensitivity of the tachometer and
its assoctared circuits s S,—,'l H and the output is iT‘

2y

1
pllon), =« — i (6=37)

St
Indicated latitude ts proportional to wur iatitude gimbal drive signal, from Fq. (4=2) of Derivation 4:

plLat); = = Sugg i i (4-2)

From the foregoing,

) ] . : . : - .
V(Eﬂ)i " R< \/':ST(I ‘) ‘T COS(Lat)iE 4.4 S(lds‘\(l',W) '!” 2 {G~18)
N

The squate root maw he evaluated as follows, From I'q. (6-10)

cas{Lat). * cos(Lat), + f(C)Laﬂ([.-l) sin(Lat), (6=10)
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so that, from ey, (A=1%)

‘plLon);" cas{Lat); = (Lon), cas(Lat), « {Lon) [(C)Lat’, . sin(Lat),

O cos*(Lot),

s

cas{lot) - (U)wlxu)l cos{blot), - {Lot), {CIN

(1,12

+ "sin{Lat), cas(Lat) . p (CIN. + {Lan), {CIV ., o) sin{Lat), cos{Lat),

fitga’}

s 3¢
{Eami®y

From Eqg. (¢=23,
o+ R\, colLon, < (Lo

(herefore, ignoring small quantities in the binominal expansion of the scuare mof,

Yiemyi T VrEnu
R, ¢ (Len), (C)Lar ,  sin(Lot), - ()W, cos(Lan,
+ (U)W, cosLat) « (Lat), [{CINZ, ; cas*(Lot),
+ [sin{Lat), cos(Lat), ] p{(CIN'/
o (Lat), (O)V1, ;) sinlLat), cos(Lot), | cas (Az),

= 'p;'(C)Loﬂ({’;)’ sin (Az), (5
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