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POWER FLOW FROM A PLASMA HAVING COMPLEX
ELECTROACOUSTIC WAVE IMPEDANCE

Robert L. Gallawa

The complex ¢lectroacoustic wave impedance is
examined and is related to power coupling at a plasma-«
vacuum boundary via the plane wave sclution of Maxwell's
equations. The reactive component of impedance is found
to be important at frequencies less than the plasma {re-
quency, where it contributes a significant amount to power
flow. Thus at those frequencies serious errors can be
introduced by assuming that the electroacoustic power is
made up of the powers in the incident and reflected waves
only.

Key words: Electroacoustic, electromagnetic, impecance,
plasma, power coupiing, wave propagation.

1. Introduction

The problem of understanding the coupling mechanism which governs -

the conversion of alectromagnetic energy at a plasma density discontinuity
has received considerable attention in recent years. Work has been done
on the problem: of reflection from and transmission into a plasma half-
space [ Wait, 1964<a, b; Hessel, et al., 1962; Kritz and Mintzser, 1960],
as well as the reciprocal problem that is sncountered when the wave is
incident from the plasma onto the plasma-vacuum boundary [ Field, 1956;
Jchler, 1964; Gallawa, 1965]. In the latter problem one may consider
incident longitudinal (or transverse) waves onto the boundary, there being
coupling to the transverse {or longitudinal) wave by the boundary. In
pnrti?ular an incident longitudinal wave generates reflected and trans-

mitted transverse waves, as well as a reflected longitudinal wave. The




problem is complicated by coupling between the two types of waves if a
magneto-static field permeates the ‘egicn.

The r.achanism by which a compresaion (longitudinal) wave establishes
an slectromagnetic wava at a bouadary is now fairly well understood.
The problem of power conversion introduces an insight which is not readily
available when work is restricted to the wave magnitudes. The purpcse
of this paper is to study the coupling at a plasma-vacuum boundary by
introducing the complex intrinsic wave impedance. The reactive com-
ponent therzof will be shown to contribute to power transmitted by virtue
of an interaction of incident and reflected waves. The problem is believed
to be particularly important in view of the recent work by Chen [ 1965)
in which he showed that a space vehicle illuminated by an slectromagnetic
wave can excite an electroacoustic wave which may enhance the radar
return considerably.

2. Equations for the Unbounded Homogeneous Plasma

To introduce important concepts and equations consideration is given
firet to the case of an unbounded homogensous plasma. The medium will
be taken to be & one-component, uniform slectron fluid: i.e¢. heavy jonic
motion will be neglected. Collisions between electrons and neutral
particles will be accounted for by introducing a constant collision fre-
quency, v. In additi?p finite compressibility will be considered. The

wave magnitudes to be introduced will be assumed to be very small,

-z.




permitting the use of linearized hydrodynamic equations [ Oster, 1960),

which ars given by

%P . (1)
u'mn,v.\’vf.%f, (2)
v‘ii-ug%?‘. ‘,’

- aE -
v:}lac,-&-§u,cvo (4)

where ¢ and m are the charge and mass of the electron, respecively;
Mo and ¢, are thu permeability and permittivity of free spacs, respec-
tively; u is the speed of sound in the electron gas, u ey ‘l;l.

K = Boltzamann's constant, T = abeolute iemperature; p is the deviatio.
of the electron pressure from the mean, and V is the mean electron
velocity; ng is the constant electron number density; Y ic the ratio of

specific heats; E and Hare, as usval, the electric and magnetic {ields.

For now the steady magnetic induction is assumed to be zero; that addi-
tional generality can be introduced by replacing Evy E+ V x B in (1).
Without loss of generality a time factor exp(izt) will subsequantly be
assumed and suppressed. The value of %. where c is the velocity of
light, is taken to be 10”? throughout this paper. This corresponds to a

temperature of about 16* degrees Kelvin,

Q,.




It v convenient (o study the propagation parameters by splitting E
into longitudinal and transverse componerts [ Hessel and Shmoys, 1961;

Hessel, Marcuvits, and Shmoys, 1962; Chen, i964; Field, 1956].

Thus let
E 3 E‘ 4 E' . (")
where
ox E‘ L 0. (‘J)
v. E, 20. (7)
Thea by (2), (4), and (7),
v. Et “ :r:.'_m' P. (8)
In addition,
o E,‘ T e itu,ﬁ. 9)

From these equations, it is evident that E‘ is in the direction of propa-
gation (and hence is longitudinal) while E, is entirely transverse to the
direction of propagation. Clearly there is no magnetic field associated

with the longitudinal wave.

There is no difficulty to show { Gai'awa i+h-i the pertinent equa-

tions satisfied by E' and p, as

o




- rod 16
v’:..;—,[x-ﬂwm]m,ao \ (10)
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where the (angular) plasma frequency is given by

o[ 7

m‘o

The usual Cartesian coordinate interpretation of the ¥* operator is appli-

cable in (10). The pressure wave has an associated longitudinal electric

field by virtue of (8).

The waves defined by (10) and (11) have propagation constants k,

and k, given respectively by

. . of
ke az[l-lﬁm“ =R, (12)
" : v‘ c v.} v
S [1-K ] salaadtaal (1%
where *
vs -“-‘;;-{‘-:-] . (14

The square roots are to be chosen so that Im ky <0 and Im k < 0.
3. The Electroacoustic Complex Wave Impedance
The complex wave impedance for electromagnetic waves has been

used recently [ Barlow, 1963) to illustrate power transmission under
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standing -wave conditions. Concentration here is on the extension of
that concept to include longitudinal waves. To define the necessary

jm.pedance break V into components:

VI ‘*v' .

where -V" and '\7, are associated with the longitudinal and transverse

waves respectively. In fact, it is convenient to let

ma, (V¢ i0) V, 2 neeE, - vp, (15)

mag (Ve i) ?. = noeZy. (16)

if p. V‘ and ‘i‘ are taken to be plane waves, varying as exp (- ik, x),

the intrinsic impedance of the electroacoustic (longitudinal) wave can be

defined as

-V
z--:- . (17)

where V, is the x directed component oz'v" . In the case of a pure

longitudinal wave, there will be no other components of V. In particular,

we may take

E «&E, expl-ik x) , (18)
W’me, |
p= ik Y E, exp(- ik, x) (19)




Then,

where

(20)

21)

v

p, =, m .

In the case of a collisionless noninnized gas, the impedance reduces to

PR

that of the usual acoustic wave [ Morse, 1948; Moore, 1960]. In the case

of a pure transverse wave,

is [ Barlow, 1963)

Z= .

where

the corresponding expresusion for impedance

Z,

(22)

, v
l1-h-ihg

Z = -?' ,
h T—v-g-...
=z Y -

In this case, the impedance is associated with the electromagnetic wave.

Barlow has treated the ramifications of this impedance extensively, and

-7-




s0 attention will be restricted here to the treatment of longitudinal wave
propagation.
In the case of a pressure wave impinging on a density discontinuity,

the total wave will be made up of an incident and a geflected component;
that {s
¢ -
PP ¢tp .,
where the superscripts + and - refer to the incident and reflected com-

ponents, respectively. Associated with these waves are the corresponding

v.'. V,". Thus, for example,

pre-y S2% g, expl-ikx)

9'--&;-":-";'5‘-&.“?(&&) .

vt* = -:: E,. exp{- ik, x) .

VU BRE, apigx) .

In these expressions, V, + and V, " are componants in the positive x

direction. Clearly,

L 2 -
- VY \ A
< - odyge o
FY

-




The expressions for V, and p have been related to the corresponding
slectric fields. E,, is the reflected longitudinal electric field.

In order to establish meaningful power relations, it is convenient
to examine the Pcynting vector associated with these waves. If atten-

tion is restricted to the longitudinal waves, we have
- + *. - - @
P=iRe[pV, ) =dRelp (V') +p7(V,D)
+, =® o 40
+tp(Vi ) +p (V)] . (23)

where Re indicates the real part and the astezisk denotes complex con-

Jugate. By introducing the reflection coefficient, p,

1§ 14

{23) becomes
Ped{lp'I" (R0 - o¥42X [o] sine]} , (24)

at x = 0, the plane of density discontinuity. The terms introduced in
(24) are deficed as follows:

Z=R+iX , (25)

p= ol expliv) . (26)

B —

v
. b PR g e g g1 e et

B A R, S s s F ot o W

"'y




. amav e

The first term ia (24) clearly represents the difference between the
powers carried by the two oppositely directed waves acting independently.
The second term represents an interaction between the storage fields of
the oppositely directed waves. The latter term is zero if either the
impedance, Z. or reflection coefficient, p. is real,

Equation (24) shows the inadequacy of calculating power by neglecting
the interaction between incident and reflected fields. In some instances
the error introduced s negligible, but in general is nonsero.

4. Power Coupling at a Plasma -Vacuum Boundary

An analysis analogous to that carried out above may be made for a
longitudinal wave incident on a boundary at cblique incidence. In that
case a directiomal impedance may be defined whick is dependent on the
angle of incidence and the characteristics of the medium. If considera-
tion is then given to the flow of power across a boundary, an expression
similar to (24) can be obtained.

In establishing the equations for the latter study, a magnetostatic
field may be included and set equal to zero if conditions dictate.

The equation satisfied by E is [Gallawa, 1965)

Vx@xE -nE--‘?"*EO-;,‘-Elt

,i:-;;i(vxvlﬁ)!"o . 27)

oloo
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The angular electron gyrofrequency, a, = - ¢B,/m, has been introduced,
where B = & B, is the magnetic induction vector and & is a unit vector.

The dispersicn relation can be obtained by assuming a plane-wave
solution which is proportional to exp({- ik A - #), where & is a unit vector
in the direction of propagation and ¥ is the vector to the variable point

of interest. Under these conditions,
v=-ikih
and (25) reduces to

G- B [- k’+k’-:-;-]¢i[k' -]

2 - . .
sExi[En, .t g Baxn SR .o 28)

This equation is quite complex when considered in its most general form.
A tractable form can be deduced by restricting attention to the case
whereby § is perpendicular to hand is such that B x X = . Then®, &, T
form a right-handed triad and the basis of a rectangular coordinate

system. Then

E=nE +3E +1{E,

ard (25) reduces to three simultanecus equations:

elle
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OO 3 SN
E, [x* -x*)=0, (28b)
B[22 ] K- )00, (28¢)

U the magnetostatic field vanishes the medium can support three waves,
each propsgating independently. In general, however, E, and E, are

coupled and purely transverse or longitudinal waves cannot be supported.

The set of equations (28a) and (28¢) leads to solutions for k by

equating the determinant of the coefficients to sero. This leads to

2 »
e u'gy--ri—-.-‘:—-
K2 v vilve in)
w

2T

RS o’
R e R
k4

24
¥

where the upper sign is associated with the quasi-longitudinal wave (k, )
and the lower sign with the quasi-transverse wave (k,).

The way in which the complex directional impedance contributes
to power coupling at a density discontinuity can be studied by examining
the mechanism of reflection and transmission at a boundary. Here the
boundary is taken as a plane surface, separating vacuum and plasma

half-spaces. Attention is restricted to the case of ccupling from an

]l
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eleciroacoustic (longitudinal or quasi-longitudinal) wave. In order to do
this, a longitudinal wave is assumed to be incident on the boundary from

the plasma (see fig. 1). Thus it is supposed that the incident wave is
iu s E, [i, cos 0 + 3, sin @

+R(-8,0in0 + 3, cooa)]up[-ih. (x cos @ 0::!1:0)]. (30)

where
e
R Ly

The reflected quasi-longitudinal and quasi-transverse wavss are, respec-
tively,
£, sE., [-i. cos 0 +13, sin 0
+R(-2,8in® -& cos @ )]cxp[- ik, (~xcos 0 + 2 sin Ol](32)

i" .z"[. ‘. .i'.] “. (-2 ] .‘

+T(-8%, cos 9, ¢+ 3, sin 0,)]0:@ [. ikyy (~-xcos @ ¢ 2 oin 0;)].(33)

where

E. - ‘!'O
Ts .‘..' . (“’

-130
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The tranzsmitted wave is

En 2 Ky [!, oin ¥y - E; cos a.]cxp [- ike g{x cos @, ¢+ 2 8in O.)].

(33)
where 0 and 9 are used in association with longitudinal and transverse

waves, respectively. The subscript lor 2 is used to designate plasma
or vacuum, respectively,

The boundary conditions used to determine the amplitudes are
continuous (sero) normal electron velocity and continuous tangential
electric and magnetic fields.

Using (8) and (15), expressions for p and -V" can be obtained in
terms of the electric field. Expressions for the directional impedance
may then be defined in terms of these expressions. To do so, super-
script + or - will be attached to designate incidert and reflected waves,

respectively. Thus, with the magnetostatic field taken to be zero,

p’ = -:-&.-3.—'“—‘-' E, exp[- ik (xcos 8 +ssinB)] . (36)

L
praiil M g expl-ik(-xcos84aein®)] . (37

'\7" = -'-E—E-l- E, [, cos 8+, sin8] exp{- ik (xcos 8 +3 sin 8] .

(38}
- - jz¢

v":—“-.-.-' E, (-5 cos & +a, sinf] exp{ - ik (- x cos 8 + 3 8in 0)] .

(39)

ol‘o
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The reflection coefficient may be dafined as before:
° K
=t 40
o= ] - 5 (40)
f ¢t 1
Directional slectroscoustic wavs impedance may then be defined in a

method anaicgous to that previously discussed. Thus, we take

+ -

2 agia.u (41)

where

Then the directional impsdance, i' s is given by

i'.%—-niccaa . (42)
1-3p - iv/e

Ti- thna-&icugo x-component of the Poynting vector associated with

the slectroacoustic wave then bacomes
P, = ilp’l' {ﬁ.(l - lol®)+2 5(, o g"(u sin yx ¢+ B cos v:)} . (43)

where

e} 8

R e

L,JL - E_—




i.ti‘flg. ’
p=atis ,
2k cosb=y-18 .

Equation (43), which ia valid for x £ 0, {llustrates that
the Poynting vector has an exponentially dacaying standing wave com-
ponent. This component of the vactor is established by the reactive

componant of the directional impedance. At x = 0, (43) becomes

P, = 4’1 (R0 - oI s 2k0 8} (48)

which is entirely analogous to (24) with directional impedanr~ replacing

impedance.

Attention has been, up to now, restricted to the power flow due to
the electroacoustic wave. A contribution due to the electromagnetic
waves will also be present. If a magnetostatic fisld permeates the region,
an electromagnetic wave neceasarily accompanies the electroacoustic

wave. Inany case a reflected and a tranemitted electromagnetic wave

are generated at the boundary, as in (30)-(33).

«bb-
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The power flow described in (24) and (14) ies quite analogous to that
described by Earlow [ 1963] for the transverse electromagnetic waves.

In order to describe the powar coupling mechanism at the boundary,
we chooss here to axamine the magnitudes of the Poynting vectors in the
vacuum and that associated with the incident wave. The ratio of the

formor to the latter will be termed the power conversion factor (see

fige. 6 - 13). With this dsfinitior, the power conversion factor s not
physically meaningful except that it illustrates phenomera specifically
related to the complex electroacoustic wave impedance. In particular,

it is evident from figure 6 that the interaction of the incident and reflecied
waves is significant at the lower frequencies, where the last term in (44)
predominates. For example, if @&, >> @, v >>ware both satisfied and

in addition (%,%/wv) >> 1, it is not difficult to show that (see (44))

l%_g.‘gholn'ﬁ

C Vv cos

This exceeds unity when ¢, exceeds about 80° and (n,/v) > 20 (u/c is

10~® throughout).

The power conversion factor, as herein defined, is useful in illus.
trating the effects of a complex wave impedance; at the same time, it is
somewhat superficizl because it attempts to separate power contained in

the incident wave from the total incident power when in {act the interactinn

«}7-
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of Jhe incident and reflected waves precludes this separation. There is,
then, a distinct difference between the power in the incident wave and the
total incident power. Indeed. the total incident electroacoustic power
can be consideradly greater than the power contained in the incident wave
(see fig. 6). Thus, for the electroacoustic mode, the total power
through a given cross-section may be obtained by integrating the power
density, as given in (44). With the normalization chosen here, attention
is restricted to an examination of the power density in the vacuum due to
an incident longitudinal wave maintained at unity magnitude (E, = 1).

In the plasma, the time average Poynting vector is [Chen, 1964;
Field, 1956]

S. a3 Re(ExE’4pV"] . (45)

where Re indicates the real part, and the asterisk specifies the com-
plex conjugate. Using (2), (3), and (4), along with the assumed field

variation. the Poynting vector for the incident quasi-longitudinal wave

becomes

-l‘-
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]
C R -lz-t-.t-l- lal' (3, Re (k: cos 0) - &, Re (l: sin 0)]
»
+ 'Ez:‘:'L [l. Re (R.k: sin @) - &, Re (R‘k: cos 8))
s
- :’-;; lE. L [5, Re (- we, (con 0 )+8, Re(- K we,(sin s)’)

+3 no(u;a-‘i—”: {- (k:)‘+ o c.})

|
+%, Re( "l“_f:“ o {o) -y, e })] (46)

In the vacuum

li.l-hmfxﬁ'hﬂ%ﬂ IE,, l'i-' : (47)

" In the absence of a magnetostatic field, (46) reduces to

5, --lf:,&'- S |3, Re (K tcon 01" ) +3, Ra(k, (oin 0) ] -4}

5. Discussion
The electroaccustic wave impedance is generally complex unless
collisions are neglected. The associated x-directed component of the
Poynting vector at the boundary is therefore made up of two parts. The

first part consists of the diffsrence in the magnitudes of the forward and

-19.
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backward traveling waves. The second part is due to the interaction of
the reactive components. Conceivably, the latter portion of the Poynting
component can exceed the former, if the imaginary parts of the various
terms are of sufficient magnitude. This is gersrally the case forw < u,.
The imaginary part of the wave impedance exceeds or is less than
the real part depending on whether e <@, ore>g,. Ate zu,, the two
components are equal. The manner in which the imaginary part changes
with frequency for @ > &, depends on the electron density and the collision
(tequehcy. For ths higher collision frequencies, the imaginary and
real parts of the impedance tend to remain almost equal for w S w,. For
lower collision frequencies, this tendency does not prevail, and the
imaginary part drops off quite rapidly with frequency for frequencies
greater than the plasma frequency. These factors are illustrated
graphically in {igures 2 - 5. The value of %. .vhcro ¢ is the velocity of

light, is taken to be 10”2 throughout. This corresponds to a tempera-

ture of about 10* degrees Kelvin.

The variation of the power conversion factor, as earlier defined,
is given in figures 6-13. For v s 10° the power conversion factor
exceeds unity for frequencies somewhat less than the plasma frequency.
This is not surprising in view of the earlier discussion. The curves
are parametric in electron density and are given as functions of fre-

quency and (real) angle @3. The results are given for the case of zero

-zo-
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magnatostatic field (figs. 6 - 9) and also (figs. 10 - 13) for the case
of a magnetostatic {ield having a magnitude of 5 x 10°* Webers/m®
(0. 5 Gauss). In the latter case there is necessarily a nonzero (trans-
verse) electromagnetic field associated with the incident wave. There
will therefore be a wave interaction of the type described by Barlow
[1963] as well. This interaction will be due to the complex wave
impedance seen by that wave. The graphs showing the E-field conver-
sion factor corresponding to figures 6 - 13 have been given in an sarlier
report [Gallawa, 1965).

6. Conclusions

ngzgw;gluud in this paper indicate that the reactive com-

ponent of the vavo‘ impedarce, as seen by an electroacoustic wave, may
play an important role in the power coupling at a plasma -vacuum
boundary. ‘nu results show that the storage fields of oppositely
directed waves may interact to produce a significant flow of power.
Thus, the total flow of power may differ appreciably from that due to
the incident and reflected waves acting independently. This is generally
the éuc for frequencies lesc than the plasma frequency.

An important question which remains to be answered pertains to
the effectiveness of the boundary as a power coupling device for the two
modes of incident waves; i.e., one should examine the effectiveness

for incident electromagnstic and electroacoustic waves. Because of

-zl -
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the importance of the complex wave impedance, it is probable that one
mode provides more power flow across the boundary than the other for

the same incident power. This possibility has its corollary in the problem
of evanescent fields in hollow metallic guides. In that case Bariow { 1963])
found that the E mode can provide a rauch larger flow of power than the

H mode for the same applied field and terminal impedance. The ques-
tion as it applied to plane waves in a plasma will be examined ina

future report.
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7. Glossary
o /(s® + V)
mass of an electron
eslectron number density
time
velocity vector
electronic charge
electric field vector
electric field magnitude
static magnetic flux density vector

magnstic field vector

thermodynamic perturbation pressure

speed of sound in electron gas
J- 1
a term defined in equation (14)

a term defined in equation (31)

real part of electroacoustic wave impedance

imaginary part of electroacoustic wave impedance

ReiX
accustic wave impedance
a term defined in equation (34)

g, M, t unit vectors

-23-
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vector to a variable point

wave number

velocity of light

exponential function

the Cartesian coordinate variables
collision frequency

permeability of space

permittivity of space

radian frequency

plasma frequency

electron cyclotron frequency

a term defined in equation (12)
index of refraction

direction angles associated with electroacoustic waves

direction angles associated with (transverse) electro-
magnetic waves

volume mass density

reflection coefficient

phase angle of p
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Figure 1. Coordinate system showing the two media and illustrating
the angles of incidence, reflection, and transmission.

-21 -




REAL COMPONENT OF WAVE IMPEDANCE

\
\

no*10 ELECTRONS/cm®
—=e—e= ot 102 ELECTRONS/cm®
o=t 10° ELECTRONS/cm®

| L

% —=war ng+ 104 ELECTRONS/Cm®
!

| |
10 W o w0t w0
FREQUENCY, M2
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Figure 4. Real component of electroacoustic wave impedance.
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Figure 5. lmaginary component of electroacoustic wave imped-
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Figure 7. Dimensiouless power conversion factor. By = 0;
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