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ABSTRACT

The purpose of this paper is to search for empirical rela-

tUons among various quantitative aspects of ground combat

suggested by Lanchester's square law model. The motivation

for considerl•g this problem is discussed at some length in ,be

introductory section. Thaoretical and methodological issues

bearing on the problem are discussed. Data on 92 historical

battles are studied for information bearing on the problem.

The principal results are contained in several tables and figures

and are exhaustively evaluated. Areas where these results

might be applied are indicated.7
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FOREWORD

"War is a science replete with shadows in whose obscurity one can-

not move with an assured step. Routine and prejudice, the natural re-

sult of ignorance, are its fouidation and kiupport.

All sciences have principles and rules. War has none. The great

captains who have written of it give us none. Extreme cleverness is

required even to understand them. And it is impossible to base any

judgment on the relations of the historians, for they only speak of war

as their Imaginations paint it. As for the great captains who have writ-

ten of it, they have attempted rather to be interesting than instructive,

since the mechanics of war is dry and tedious."

(Marshal Maurice De Saxe, Reveries on the Art of War- 1757)

"Trhe principles of war do exist; but our present concepts of them

are inadequate, misleading, and of exaiggerated pracical use ....

The study of history is only of use when we can convert the hind-

sight of past analysis into foresight for future action; otherwise this

study is merely pedantic. To develop this foresight the chain of causes

and effects must be discovered. This is exactly what scientific princi-

ples enunciate ....

As the principles of war stand they do not show the relationship be-

tween cause and effect, between their application and victory in battle.

For instance, we cannot say that if offensive action is applied victory

will rpult. We cannwt even say that victory will be probable, because

offensive action may not be the right principle to emphasize under the

circumstances. Further it may even be that the applicatiou of this prin-

ciple will contribute to defeat. So much for the practical value of the

pr~nciples ot war as Lhuy stand today

COitG-SP- 12v



ir.:e (scvlntilic) principles of war can be discovered but have not yet
: II' S •i ovcr'(d."

tLM.jor J. Nazareth, Two Viewe on the Principlos of War Militarny
Review, February 1961, published by the United 0t3s Army com-
mand and Ceneral Staff CoLlege)

" Waapons change, but the principles of war and our geographical

situation remain constant. ' One has seen a statement similar to the

above many times. Such dogmatic statements are common in military

journals, and before being acoepted at thsir face value should be exam-

ined very critically.

In the first place, it le difficult to discover what these principles

are.

A glance at the accompanying ohart shows that at various times in

the last hundred years or so. at least 24 orlnciples of war have been ptt-

forward; and of the lists shown on the chart, no two are the same. Fur-

ther research would no doubt reveal many more lists, all different. The

exponents of most of these lists have stated quite categorically that 'this

is the list of the principles of war. I One wishes at least that they had

the modesty of the writers of %he Holy Gospel, who did not state that

theirs was The Gospel but only the Gospel according to the writer."

(Major M. J. W. Wright, Two Views on the Principles of War
Military Review, February 1961, published by the United States
Army Command and General Staff College)

"The growing complexity of modern warfare has led some students
.o tkAe i freli lot k " '.ec p)rinciples that have traditionally guidett mili-

Ltry strategists in war ....

In nurmber, the stated principles have varied from writer to writer,

-- ,w .. - t and I r . tnon toii~f l n l;tikn

Tlhc inoividual authors of the lists have almost uniformly clkimed
' ';;rl.1 'in, s t.,i ' llti niuukt)le . .

CO RG-,-; P- I
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Other authorities have argf'ed that the claim of immutability cannot

be accepted literally; that there is little agreement as to what the pria-

ciples arc and mean; that they overlap; that they are fluid and require

cow-gant re-examination; that they are not comparable with scientific

laws since no two milUtary situations are ever completely alike; that the

so-called principles are not really principles at all, but merely methods

and common-sense procedures adopted by great commanders of the past;

and that changes in the conditions of war alter their relative importance.

The debate over principles has been renewed with the coming of the

atomic era. Some theorists argue that the new weapons have destroyed

whatever infallibility still remain; others contend that the principles are

as valid as ever, even more so. To some extent this is a debate over

semantics. Defenders point out that eaoh age must make its own appli-

cations of the 'fundamental truths' of strategy. Opponents argu6 that

there can be no set rules for the art; the so-called principles must by

no means be Interpreted as pat formulae for victory to be followed

blindly and rigidly; the only sound guide in war and strategy is flexi-

bility."

(Maurice Matloff, Article on Strato w, Encyclopedia BrIttanicaM

"To the statistically-minded these scraps of evidence are provoca-

tive rather than convincing. What is needed is a comprehensive survey

by. counting, for counting is an antiseptic againgt prejudic6 . . .

& fundamental rule of scientific method is Ockham's so-called

'Razor,' to the effect that. 'Entitles are not to be postulated without

necessity. ' For shaving off the superabundant growth of mathematical

uncertainties and difficulties I have made frequent appeal to an analo-

gus rule- 'Formulae ar" not to be complicated without good evidence.

This is a dilficult an.1 groping empiricism

COlIG-SP-128 Vil



\•,,-,-,•'er says that these results aro rough should compare them

wi-,h our previous blank ignorance."

(Lesl6 Fry Richardson, Statistics of Deadly Quarrels)
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HISTORICAL DATA

AND

LANCHESTER'S THEORY OF COMBAT

INTRODUCTION

Purpose

To search for empirical relations among various quantitative as-

pects of ground combat.

BackgTound

Military Aspects

Th-ough the ageg much has boon written concerning the nature of

war and the manner in which it should be conducted. Nevertheless,

among modern practitioners of the military art, there is a division of

opinion regarding the interpretation and relative importance of the

various so-called "principles of war." (See Ref. 1.) This division of

opinion wn the resultant uncertainty concerning the fundamental ele-

ments of ground combat can hardly fail to have an adverse effect on

many U. S. Army activities, including (and perhaps, especially) those

of concern to the Combat Developments system. Therefore, it is con-

sidered important to try to elucidate the relationships among various

aspects of -ground combat.

Technical Aspects

The past few years have seen the growth of operatiowi research

and similar activities devoted to the application of formal or

"scientific" techniques to a wide variety of military problems. At

ivasl ont facet of this work represents a significant departure from

classical methods -- namely, the introduction and use of relatively

CORG-SP-128



simple mattwmatical equatlona which purport to describe the salient

features of ground combat. I Many of these combat models consist of

modifications or extensions of Lanehester's model, 2 a detailed discus-

sion of which, emphasizing those features of Interest to this study, iW"

contained in the sequel. Here it suffices to note that most of these

models are based on the so-called "square law," or its Analogues.

In effect this states that the combat power of a military organization is

proportional to the square of the number of combatants in that organi-

zation.

Despite the frequency with which such "square law" models are

proposed, only one detailed comparison of theoretical predictions with

observed combat data is known to this writer. 3 This comparison

showed that the theory orig!nally given by Lanchester (save for a

straight-forward modification to represent the landing rate of fresh

troops) is in good agreement with data available on the World Wax UI

battle of Iwo Jima (Ref. 9). Therefore, the relation cl such models to

observed combat phenomena is an important area of Investigation. 4,

'Her. J, in the following we refer to such mathematical theories
us "models," in accord with prevailing operations rusearch jargon.
The reader is cautioned that in other contexts the term "model" may
include any or all of a wide variety of representations of combat or
miher phenomena.

z See Reference 2. jvarts of Reference 2 containing the devel-
opment of Lanchester' dal are reproduced in Reference 3. Refer-
ence 4 also discusse, tester's theory. For exampl'.. A theories
inspired by Lanchee work, see References 4, 5, 6, 9.

3 Referenc. A. les "etailed comparison of the square law model
with! combat dat -3 61 -r. ._j Reference 5, where it is shown that the
data lends s- tion to tOe square law.

I-. .t data is the body, and theory the soul, of
scientific endeavor. It then follows that without adequate data, though
tbu. spirit is willing, t.e flesh is weak.

2 COItG-SP-128



Scope

Presumctbly, difficulties i.n collecting the necessary detailed data

have hampered further attempts to validate the square law, I although

Engel (Ref. 9) clearly recognizes the potential value of additional effort

along these iines. In p~rticulari, Engel notes that when a sufficiently

large number of specific comabat situations have been investigated, it

may be possible to determine ýhe parameter values characteristic of

various classes of combat situations and to discover re.ationshlps be-

tween flies i parameters and other factors associated with the various

classes of situations. Engel pointedly remarks that "such relation-

ships will be of particular value if it is possible to measure these other

factors prior to the inception of a pa.•,icular engagement." The

5Tbhe amount of detail required for model validation is Indicated by
the following list of information used in Reference 9:

(a) The total number of friendly troops put ashore each day (no
friendly troops ashore prior to the beginning of the engagement)

(b) The total number of friendly casualties each day and, sepa-
rately, those killed in action

(c) The number of enemy troops ashore at the begtnning of the
engagement

(d) The time the island was declared ý-zecure (after this time, al-
though the battle continued, it may have done so at a different rate)

(e) The time the engagement ended (after the island was declared
secure)

(f) The number of enemy troops at the ead of the engagement
(zero if all were destroyed)

(g) To which we adid: The number of enemy troops put ashore.
each day (in this case, none).

The recurring phrase "each day" in the above list indicates
the degree of detailed required for a test of square-law validity. (If
-Pt.cmv reinforceme~nts anti frio-ndly or enemy non-battle losses are non-
negligible, then the time history ,'f enemy casualties and, se2parately,
non-battle losses must also be kncwn in order to test model validity.)

COIIG-SP-128 3



crucxal first step in carrying out this program has alao been clearly

id(entified by Engel -- a determination of the range of validity of alter-

native forms of Lanchester-type models. Unfortunately, as indicated

earlier, successful execution of this important first step is directly

dependent on the availability of a large body of sufficiently detailed data

which do not seem to be readily available.

Although not emphasized by Engel, a certain amourt of progress on

other phases of the indicated program may be possible, even in the ab-

sence oi detailed data, provided we tentatively assume, as a working

hypothesis, the validity of some form of Lanchester-type model. It is

the purpose of this study to attempt just such a prrogram: adopting the

validity of the Lancliester square law as a working hypothesis and point

of departure. Reasons for adopting the square law hypothesis rather

than some other are as follows:

I. It is relatively easy to deal with mathematically. (Con-

sideratior of analytoial simpLicity are not viewed &a f-nal. in explora-

tory studies, such as this, easily handled models are used to expedite

the work.)

ii. At least one battle (Iwo Jima, mentioned aboveý has been

shown to follow the square law predictions.

Iii. The square law might be viewed as an approximation, ob-

tained by replacing in the correct model, discrete by continuous varia-

bles (or random variables by their average values), and linearizing the

result. If there is any truth in this view, then the square law represents

at least a first approximation to the correct model.

iv, The complexity of the square law, as reflected in the nurn-
ber of parameters, does not exceed the amoumt of detail obtainable from

more-or-less roadily available sources of data. That is, the number

of unknown constants is small enough that we can determine all of them

from such data as is available.

-4 COItG-SP-128



v. Even if the square law is not a valid model, if the features

of combat represented by the square law are in fact related to other fac-

to':s which can be determined prior to the initiation of combat, then we

may be able to at least define predictors which permit a forecast of those

featuras once the appropriate factors are known. In other words we may

be able to make assertions such as, "If you are going to use the square

law for predictions, then by measuring certain factors and performing

certain operations you will obtain a prediction of such-and-such an as-

pect of combat." (Note that we may not understand why such predictors

work unless and until additional theoretical insight becomes available.)

Discussions of other factors influencing the scope of the study are con-

tained in pp. 10 -17 below.

METHIOD

Exposition of Method

Theory

The available data consists, for the most part, of information on

a nunber ,f historical battles. The sources from which these data

were assembled usually confined discussion to the following:

a. Date and place of occurrence of a battle.

b. Forces present on or in the immediate vicinity of the

battlefield during the engagement.

c. A narrative account of the salient features of the action,

normally including:

(1) An identification of one side as attacker and the other

as u fender.

CORLG-SP-128



(2) Duration of the engagement.

d. A statement of the outcome, including:

(1) Identification of one side as victorious and the other

as defeated.

(2) Losses to each side.

For the most part, uo detailed information regarding the rate of rein-

forcew ant is available. Since most of the data assembled by the author

to date involve battles of short duration, the process of reinforcement

will be neglected. Operational attrition will also be neglected.

It is then possible to write Lanchester's equations as:

d x/d t ax - -Dy
(I)

d y/d t = y = -Ax

which is the form adopted for study in this paper. These eqritions

assert that the instantaneous rate of attrition to attacking troops (x) is

proportional to the number of defending (y) troops, and the instantaneous

rate of attrition to defending troops (y) is proportional to the number of

attacking troops (x). The proportionality parameter D and A respec-

tively represent the rate of attacker (defender) attrition per defender

(attacker) per unit time. For convenierce in the following discussion,

these and other important parameters are given (more or less whimsi-

cal) names. Thus, D will be known as "defender's activity" and A

will be termed "attacker's activity." With this terminology, for exam-

ple, the first member of Equation (1) may be read as "The instantaneous

rate of attrition to the attacker is jointly proportional to defender activity

and the number of defending troops."

CORG SP-128



Let x0 and y0 be (respectively) the attacker's and defender's pro-

battle or "initial" strengths. Then Equations (1) may be rewritten as:

d-6d

where we have set:

x/x0 = a (surviving fraction of attacker)

y/yo = d (surviving fraction of defender)

then,

D Y0 /x 0 = 6

A x0 /Y0 = of

In addition to the parameter names indicated above, x0/y 0 will be called

the (initial. "force ratio" of attacker to defe.,der. Since, at the initia-

tion of combat, a = d = 1, the parameters a and 6 represent the initial

fractional attrition rates to defender andattacker respectively.

Dividing the first member of Equation (2) by the second, separating

variables, and integrating, we obtain:

2 1_-_a2

S= I 2 a (3)
1 -d2

where we have set g 2 = 6 In this form we see tOat us is related to

the relative advantage of the two sides. In particular, if p > 1, then

the surviving fraction of attackers goes to zero before the surviving

fraction of defenders; if p < 1, then the survtving defender fraction is

the first to reach zero. This suggests that we define the (defender's)

, '.mtcr'", V, by:

V = In u& (4)

re "In" denotes "natural logarithm of.

CORf- SP-128 7



Then it can be shown6 that a poaisive defender advantage means that

the attacker's fractional attrition rate is greater than the defender's; a

negative defender advantage means that the defender's fractional attri-

tion rate is greater than the attacker's; a zero advantage denotes

equality of attacker's and defender's fractional attrition rates.

By referring to the definitions of a, 6, and &, we may write Equa-

tion (3) as:

1 a2 qx / 02D/A 2 2 (5)

thus determining D/A, the "activity ratio," in terms of the surviving

fractions and the force ratio.

The complete solution of Equations (2) may be written as:

a = cosh e -i sinh c
-1 (6)

d = coshe -e sinh E

where I is defined by Equation (3), and e = X t; where X = A _C, 7and

t is the duration of the engagement. Referring to the definition of ot

and 6, we see that

I. e., A is the geometric mean of defender and attacker activity. Since

it represents an average activity, It seems reasonable to call x the

"intenmity" parameter and to interpret it as, in some sense, a measure

of the average intensity of battle. With this interpretation of A,, c may

be interpreted as the product of battle duration and average battle inten-

sity. As such, it see~ns appropriate to call E the "bitterness" para-

njater and interpret it as, in some sense, a measure of the bitterness

E. g. , by inspecting the time derivatives of a and d calculated
I r)'. LuiuuonI (6).



By writing the hyperbolic functions in Equations (6) as exponentials,

it is possible 7 to derive the following expression for the bitterness para-

meter in terms of surviving fractions and Au:

SIn I (7)

Summarizing the results obtained, we see that if the historical data

includes items b. cl, and d2 of those given earlier, then it is pnssible

to use this data to estimate the following parameters:

1. Force ratio (x 0 /YI0

2. Surviving fractions (a and d)

3. Advantage ( V or p)

4. Activity ratio (1D/A)

5. BittJmrness ( e).

If the data alao give the duration of the engagement, then the follow-

ing additionai parameters may be estimated: S

6. Intensity (A)

7. Initial fractional attrition rates (c and 6)

8. Attacker and defender activities (A and D respective-

ly).

7See Appendix A.

8This comes about as follows:

A = E/t by definition of e. By definition of A and I, we then
can estimate *v N and 6 k P . D and A may tIhen br-- estjiated,

: • •.c':nition of a and 6 we must have:

D I I I Iand A I I I 0 /x 0

CORG-SP-1289



Methodological Principles

The general features of the method are easy to state. We collect a

sizable body of data dealing with historic battles, use this data to esti-

mate the parameter associated with each battle, and search the results

for regularities. Unfortunately, this program, in the form given above,

ignores several important methodological Isaues.

First, practical considerations limit the search for data to battles

in a restricted area of space and time, and, even in a restricted area of

space and time, data on some battles may be either incomplete or in

error. As a result, it may be that the detected regularities are spuri-

ous, i. e., could be due to accidental circumstances influencing the

selection of and errors in the data. In other words, the regularities

supposedly "detected" might disappear or be altered in some way if the

data included all battles and/or if the data contained no errors or other

random fluctuations.

Second, even if we detect some regularities, we may not have found

all of the regularities lurking in the data.

Third, information on past battles may not be applicable to future

battles, in which case extrapolation on the basis of detected regularities

would be improper.

The author is Incapable of r.solving these difficulties to the satis-

faction of all possible readers. In fact, considerable scientific and

philosophical debate still revolves around the methodological issues

raised above. The author will state 1-_s views on these problems as con-

cisely as possible, but the reader will have to determine for himself

whether or not these views are acceptable to him. We will take up these

issues in reverse order.

If information on past battle.s is not applicable to future battles,
then extrapolation of detected regularities is impioper. This is admit-

ted. Nvverthelc;s, we have no way to judge the future save by our

10 CORG-SP-I2-



present widerstanding of the past. While opinions may differ with re-

gard to Lhe meaning assigned to the term "understanding, " there Is

general agreement that increased understanding of the past has bWin

and will continue to be useful.

Whetiher the data and our understanding of it are sufficiently com-

prehensive to justify extrapolation into the future is largely a matter of

inaividual Judgment as to the nature and degree of change in future con-

c•itions as compared to past conditions. Nevertheless, a relation which

holds for the past, over a wide range of conditions, or which shows a

constant trend for an extended period of time, is more likely to hold in

the future than one which is unpredictably dependent on circumBtances.

If we can detect some regularities in the data, then we have probably

achieved a certain amount of understanding of the past. If we could

detect all regularities, then our under"ata"ndig cf the dtIa would MIQ ve

nothing more to be discovered, and would, In that sense, be perfect.

The work presented hero is not to be viewed as the acme of perfection

or completeness. Far from being finished, the work is hardly begun.

If it is of value for some aspects of practical problems or if it smoo'lis

the way for a deeper understanding of some of the problems of warfare,

then it has achieved all that could reasonably be expected of it. The

position taken in the above discussion is hardly distinguishable from that

adopted by Clausewitz (Ref. 12).

"If theory investigates the things that make up war, If it septrates

more diitinctly that which at first sight seems confused, if it explains

fuMly the properties of the means, if it shows their prob.ble effects, if

it clearly defines the nature of the ends in view, if it sheds the light of

a deliberate, critical observation over the whole field of war -- then it

has achieved the main oiject of its task. It then becomes a guide to

%- ver. .w•hs to ••ecome familiar wuith war from boka; it everyuh•:e

l:ghts Lip for him the rt.ad, facilitates his progress, educates his judg-

.meit, and keeps him from going astray .
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So it turns to experience and directs its attention to those precedents

which military history already has to show. In this way It will certainly

be a limited theory, which only fits the circumstances as military his-

tory present them. But this limitation is from the first inevitable, be-

cause, in every case, what theory says of things, It must either have

abstracted from military history, or at all events compared with that

history. Besides, such limitation is in any case more theoretical than

real.

Ono great advantage of this method is that theory cannot lose itself

in subleties, hair-splittings and chimeras, but must remain practi-

Cal ....

Examples from history make everything clear, and in addition, they

afford the most convincing kind of proof in the ompirioal fields of knowl-

edge. This applies to the art of war more than to anything else."

With regard to the roosllt o- orron.cum or epuricns r-gularities. -

we will make use of Richardson's principle of historical data samples

(Ref. 10).

"Let us assume, as a working hypothesis, that every finite set of

historical events is only a sample of what might have happened. Any

quantitative theory of history is therefore not required to agree pro-

cisely with actual historical events, but to agree only within the range

of tiucertainty ascribable to sampling. "

Adoption of this principle, in eff-ect, arms us with all the tools and

techniques of modern statistical theory. Use of these techniques will

not, to be sure, eliminate all possibility e1 spurious regularitit,, but

their application does prmvide a framework within which these problems

can be discussed, together with methods for ectimating the probability

ui-,t A boa rgui,,-ty ib spurious. Further testlrit of possible rt:uul.r-

ities by independent invesugators ansi the study of furtheA data in thu

form of .additional inihependent historicl s'rmples will •Iso help to

c vA-,v the Ikkuhlhhon of spurious resr larities.
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To summarize our discussion of methodological principles, we may

say that the proposed procedure amounts to neither more nor less than

an application of the so-called "scientific method," the author

understands it, using military history as a source of data and aided by

modern statistical techniques. As such, the proposed procedure

carries with it the same advantages and disadvantages as any otner

application of the "scientific method."

Limitations of the Method

Several limitations have been discussed in the Introduction (Pp. 3 -

5) and in the paragraphs immediately above (pp. 10 - 13 ). These

include the limitations imposed by 'he inability to consider more than a

limited sample of battles, the inability to detect all regularities con-

tained in even a limited sample, and the uncertainties involved in eotra-

nolating to the future such regularitios as may be discovered. Also

incluwed is the self-imposed restriction to discussing the data in terms

of the classical Lanchester square -law model, including the neglect of

detailed consideration of reinforcements and operational attrition.

The reader is cautioned that this study in no sense provides a test

of the validity of Lanohester's square-law model of combat. As noted

in the Introduction (pp. 3 - 5), such a validity test requires highly de-

tailed information on the casualty experience of each combatant. Other

than the data used in ieferenco 9, the author is not aware that any such

data exists in the unclassified literature. 9

The author considers that the quality of the data used is a possible

limitation on the results obtainable by the method, and therefore will

briefly discuss some of the difficulties encountered in the collection and

SFor sorne data available from classified eourcea, see Reference
14
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use of data. " Four categories of data appear to merit discussion.

These are (1) identification of attacker and defender, (2) initial strength,

(3) casualty estimates, and (4) duration of engagement.

Identification of Attacker and Defender

In some battles (e.g., Bunker Hill) it seems to be quite clear which

side is the attacker and which the defender. In others, it is considerably

less clear. In reviewing narrative accounts of action, the author found

that in some instances a force attacked the enemy but, finding them-

selves 3ut numbered, '"were immediately thrown on the defensive. "

Also, for engagements over extended intervals of time, a pattern of

attack, counter-attack, counter-counter-attack, etc., is common. In

cases like these, identification of one side or the other as attacker must

be nominal at best. The identifications given in Table I are based either

on the identifications given in the sources consulted or on the author's

impression, based, on the narrative accounts, of which side behaved

most aggressively. When allied nations participate on the attacking or

on the defending side, an attempt was made to present identifications

which correspond either to the nationality of the largest body of troops

or to the nationality of the commander of the allied forces.

Initial Strength

To some extent, an attempt was made to include in Table I only the

number of personnel "engaged" on each side, although not all of the

sources consulted unambiguously indicate how many were entaged as

opposed to the number present somewhere in the general battle area.

The narrative accounts of some battles indicate that sizable bodies of

troops, though not greatly distant from the battlefield, were not engaged

for one reason or another. In addition, it is sometimes difficult to

decide how to count the influence of reserves and maneuvering elements.

Discussion of data in relation to specific sources is contained in
Appendix B.
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For example, in the battle of Chancelloisville, Jackson took a large

force (about 26, 000 men) and marched westward on a 15-mile detour to

envelop the Federal right flank. In this, as in similar cases, maneu-

vering elknents and an unknown fraction of reserve troops are counted

as part of the initial force strength. (See Table 1.)

As might be expected, the trustworthiness of much of the data is

questionable. For example, Reference 11 states that in the battle of

Bunker Hill "about 1, 200 men" were defending and were attacked by

"between 2,000 and 3, 000" British. In the bat'le of Palo Alto, Taylor

estimated his opponent's strength as 6, 000 (Ref. 15). Reference 11

merely states that Arista's strength has been "variously estimated at

between 4, 000 and 6,000. " Reference 15 says that Arista gave his

strength as about 3, 000 and adds that. ths is "probably about right."

With regard to the data on American Civil War battles, Reference 15

repeatedly remarks that the number engaged is difficult to determine.

A third possible source of error in estimated initial strengths

arises from the relatively superficial treatment of reinforcement. As

mentioned before, we have included the total number of troops ou or

near the battlefield at any time with the initial strength figures, which

is tantamount to assuming that the ,einforcements were engaged from

the beginning. However, in nearly all cases, examination of the influ-
ence of reinforcements, detachments, maneuver elements, reserves,

etc., in greater detail than is undertaken here would require more pre-

cise data than can be found in readily accessible historical treatments

of battles.

Casualty Estimates

In addition to participating in some of the sources of error de-

scribed above for initial strength data, other errors or confusions are
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Since, as we have seen, bifrial strength values are often fa error,

and since, kn some instances, casualties rmay have been estimated by

subtracting "strength after battle" from "strength bexore battle, " the

casualty values i.ay in some cases represent the result of subtracting

one large inaccurate number irom another large Inaccurate (but approx-

imately equal) number. It is well-known that this sort of procedure can

result in extremely large errors.

Although perhais not a source of error as such. coniusion can

readily be created (and the difficulty of data interpretation increased)

by variations in the criteri- .iopted for a "casualty." The following

criteria, or combinations thereof, seem to be generally used:

a. Operational attrition -- inclhding llMnesses, accidents, admin-

istrative transfers, desertion, confusion, etc.

b. Missing in action -- MIA

1-. 1-isoner of war -- POW

d. Wounded in action -- WIA (including died'of wounds -- DOW) -

e. Killed in action -- KIA

Although an atempt has been made to include in the casualty data only

the estimated value corresponding to the combined category WIA + ICIA,

in some instances only the MIA + WIA + KIA figure was available

from the data sources consulted. In nome cases the number MIA may

be small so tLat lumping it with KIA + WIA does not appreciably alter

the estimated cas,.-alty value. In somne instances the references gave

only a figure labelled as "losses," and it would seem from the context

that "losses" were Wo be interpreted as MIA + POW + WIA + KIA,

although exactly what the author had in mind is often unclear. Webster's

New Cz[lleliate Dictionary defines "Loss, (mil.); The losing of soldiers

in battle or by surrender; also, chiefly in plural, killed, wounded, or

captured soldiers. " The term "losses" is not defined in AR-320-5
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Dictionary of U.S. Army Terms although "battle casualty" is, and

includes those "killed, wounded, missing, captured, or intorned. "

Duration of Engagement

In general, the duration of an engagement is difficult to determine.

For example, should the time occupied by the skirmishes and minor

fights preceding the main battle of Gettysburg be counted as part of the

duration of the battle or not? In rare instances (e.g., the account of
the battle of Austerlitz in Reference 11), the reference asserts that the

stated number of casualties occured in a certain period of time. Usu-

ally, only vague indications are given, such as 'tLe battle opened on

the morning of . " and was "over before nightfall on. . . ." In

some cases (e. g., the Pacific Island amphibious operations) the begin-

ning of the land battle is quite clear-out, although the effects of the

preceding Naval and Air operations may not be adequately represented

if the occasion of landing troops is taken as the initiation of the battle.

Moreover, it is notoriously difficult to select a time 'dcih represents

the end of these island campaigns.

The estimates of battle durz.tion used here. represent, for the most

part, this author's best guesses, on the 'asis of limited study of the
narrative accounts, as to the initial and terminal times. The leader

is cautioned that, for some of the older battles, the duration has been

adjusted under the assumption of no night fighting. Thus, for example,

the Seven Day 's Battles are assigned a duration of 70 hours (7 days

with 10 hours of usable daylight each day). A like procedure was not

adopted for the World War H data, nor in other cases when a reading of

the narrative account did not seem to clearly Justify the assumption of

negligible night fighting.
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RESULTS

Data

Data on the historical battles treated in this report were assembled

from References 9, 11, 15, 16, 17, 18, and 19. The principal quan-

titative components of this data, together with the identifications of

attacker and of victor, are presented In Table L (Except for the data

used in the comparison of sources, for which see Appendix B. Further

discussion of data and treatment refers to that in Table I, unless a spe-

cific assertion to the contrary is made.)

1. Population and Sample' Z

In accord with Richardson's "Principle of Historical Data

Samples," we consider this collection of data as a sample from some

population. As often happens, the exact nature of the population is vir-

tually impossible to determine. We will describe certain features of

the sample which raight be of n---nastance in judging the ature of the pop-

ulation.

a. Sample Size

Table I contains data on a total of 92 distinct historical

battles. For each of these battles we list the name or designation of the

battle, the year in which it occured, the source of data used, the

'Reference 17 does not provide either narrative accounts or an
identification of attacker and defender. Where necessary, this lack is
supplied from either Reference 11 or 18. In this report, the only use
made of Reference 18 is in supplying identifications of attacker and
defender to be used with other battle data obtained from Reference 17,
and as a source of data for the comparison of data sources given in
Appendix B. Also in this report. Reference 19 is used only for the
comparison of sources in Appendix B.

Iz See Reference 13 for a discussion of the concepts involved in the
terms "population" and "sample."

CORG-SP-128



//

identificotions of attacker and defender, the estimated initial troop

stcength on each side, the estimated casualties suffered by each sidL-

(together with a uotation approximately identifying the casualty criterion

involved), and an identificatiron of the victor. For 82 of these battles, an

estimate of the time duration is also supplied.

b. DistributioA of Sample Data in Time

Although battle dates vary from 1741 A. D. to 1945 A. D.,

all but 5 of the 92 battles occured between 1757 and 1677, inclusive

Figure I shows the distribution of battles in time by twenty-year Inter-

vals. The high degree of clustering reflects the occurrence of certain

periods of general military activity, such as the Napoleonic Wars, the

Wars of Frederick the Great, etc. /

c. Distribution of Sample. Data in Space ,

Of the 92 sample battles, 68 were fought in the Eurasian

area, 20 in North America, and 4 on Pacific Ocean islands. These

battles took place on terrain of varitus types, including the open Plains

of Abraham near Quebec, the wooded thickets of the Wilderness battles,

the hills and caves of Iwo Jima, and the cultivated fields near Waterloo.

d. Distribution Among Countries

The governments which participated in these battles and

the approximate frequency of participationl 3 in numbers of battles,

were:

France 40 battles

Prussia. or Germany 36 •'

Austria 30 "

United States of
America 23 "

1' I !. OaL:&ult to know huw much weight to give to participa,,i0n
wit e :dlies unr a Urited Command.
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Russia 14 battles

Confederate States 12
of America

Britain 7 "

Turkey 5

Mexico 4 "

Japan 4

Piedmont 3

Hungary I

Spain I

Sardinia I

Denmark I "

Hanover 1 "

e. Magnitude of the Sample Battles

In terms of X, the total number of troops involved

(X x0 + y0 ), the smallest of the 92 battles is Cowpena with X = 2, 000,

and the largest is Leipzig with X - 472,500. The overall total forces

(the sum of X's for all 92 battles) amounts to 19, 784,873, and the aver-

age total force (average of X's over 92 battles) is about 117,227.

In terms of C, the total number of casualties

(C = CX + Cy), the smallest of the 92 battles is Cowpens with C = 303,

and the largest is Leipzig with 93, 000. The overall total casualties (t-e

sum of C's for all 92 battles) amounts to 1, 431, 898, and the average

total casualties (average of C's over 92 ba.tles) is about 15, 564.

In terms of F, the total casualty fraction (F = C/X). the

smallest of the 92 battles is Temesvar with F - 0. 007, and the largest

is Iwo Jima with F = 0. 448. The average total casualty fraction (aver-

age of F's over 92 battles) is about 0. 138.

In tirir.s of t, the duration of battle, the shortest of the 82

iuttles for which this datum is recorded are Rossbach and the break-out
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at Picvna, each with a duration of 2 hours, and the longest is Iwo Jima

with 864 hours (36 days). The overall total battle duration (the sum of

t's for all 82 battles) amounts to 3.651. 5 hours, and the average battle

duration (average of t's over 82 battles) is about 44.5 hours.

In terms of K, the number of battle man-hours (M r- Xt),
the largest of the 82 battles for which this datum is available is Iwo

Jima with M = 81,648, 000, and the smallest is Lundy's Lane with

M = 25,000. The overall total battle man-hours (the sum of M's for all

82 battles) amounts to 377,308, 000, and the average number of battle

man-hours (average of M's over 82 battles) is 4, 601,000.

f. Numerical Superiority

Of the 92 battles the one with the greateat force ratio

(KO / y0 ) is Iwo Jima with x0 / Y0  3. 395, and the one with the least

force ratio is Plevna with x0 / y0 f 0. 250. The average force ratio

(over 92 battles) is 1.323.

g. Victorious Side

In 47 of the 92 battles the attacker is given credit for the

victory. In the remaining 45 battles the defending side is counted as

victorious.

2. Errors in the Data

In order to obtain an estimate of the variability attributable to

differences between sources, data from a few more-or-less indeperdent

sources was obtained for each of 7 separate battles. These data and the

Lanchester parameters estimated from them are discussed in detail in

Appendix B. It is sufficient to note here that the sample data consists

of estimates of the combat situation rather than the situation itself. As

such, different sources present different estimates.

Although t.e variability between e;timnates could presumably bi-

reduced by reference to primary, rather than secorndary, sources of
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information, it seems likely that some variability and uncertainty would

always remain. Consequently, it is necessary to estimate the amount of

this variability and to consider its implications on various aspects of the

program being pursued. This is done in the development and discussion

of results.

3. Combat Parameters

Lanchester parameters for each battle were estimated from the

data of Table I by the procedures outlined in Chapter U, Method, and are

tabuiated in Table II.

Other combat param-3ters are introduced and defined as needed

in a manner similar to that adopted above for the discussion of battle

magnitude.

Findings

As noted in Chapter II, Method, we neither claim nor expect that

we have uncovered all the relktionships and regularities concealed in the

data. It is appropriate to note here that many of the findings presented

in the sequel are negative in nature, i.e.. we assert that certain regu-

larities or relationships are not supported by the data under investiga-

tion. These negative findings are often as important as the positive

findings in contributing to an understanding of combat and constitate an

essential part of the findings. In addition, some of our findings will be

uncertain or indefinite, 1. e., we assert that certain regularities are

neither clearly supported o denied by the data under investigation. Re-

sults of this nature constitute problems for further study.

1. Correspondence Between Parameters and Phenomena

In Chapter 1, Method, names were given to the theoretical

I~anchester parameters (e. g. , bitterness for t and advantage for In p ).

ThN names assigned suggest a correspondence between the theoretical

symbols appearing in Lanchester's theory ano certain phenomena
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occuring in the real world. It is important to determine whether the

implied correspondences are valid or whether they are merely fictitious

and misleading. We will investigate the situation for the bitterness =d

advantage parameters.

a. Bitterness

We begin by investigating whether the Lanchester para-

meter, c , can legitimately be considered as an index of battle bitter-

ness. Figure 2 shows a scatter diagram (See Ref. 13 for definition. ) of

e versus F (in other words, of bitterness versus total casualty frac-

tion), together with a graph of the flmcion 1 4 e F - 1. The data points

closely follow the plotted curve for total casualty fractions less than

0. 4, but apparently tend to diverge from it for larger total casualty

fractions. Some divergence is expected, since we learn from Appendix

A that

1 0 c1sh-1 + ad -
d J+

which implies that when a and d are both small (in which case F must

be close to unity) c must be large. In fact, as a and d both approach

zero, F appoaches unity but ( approaches infinity. As F approaches

unity, however, e7 - 1 approaches e - 1. or approximately 1.7,

rather then infinity. Hence, on theoretical grounds, we expect the data

points to diverge from the curve eF _ I when F is large.

Since the total casualty fraction may reasonably be taken as a

measure of battle bitterness, we conclude that, at least for a wide

rang, of total casualty fraction values, the Lanchester bitterness para-

meter, c , adequately reflects the more usual, intuitive concept of

combat bloodiness, bitterness, and the like. We may thf.n also conclude

''tere and in the following, e will represent the base of the system
of natural logarithms and is approximately equal to 2. 718d15b2S
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th.t tlhe Lanchlester intensity parameter, reflects the more usual concept

of coinbat intensi:y, activity, and the like, since by definition we have

X = / t., where t is the duration of battle.

b. Advantage

Our problem here is to decide whether the so-called "ad-

vantage" parameter, In u , can legitimately be considered as an index

of defender's relative advantage. Table lilsa shows the result3 of a tabu-

lation of the number of battles won by side and by the sign of In A (if

In )A > 0, then the defending side theoretically has the advantage; if

In jA < 0, the attacking side theoretically has the advantage). Table Ilb

displays the same information expressed as a percentage of the number

of victories by the respective sides.

We say that the Lanchester advantage parameter, In 1_

"follows the victor" in a battle if the sign of In u is "right" (i. e., posi-

tive when defender wins; negative when attacker wins). Thus, Table liMa.

shows that the Lanchester advantage parameter follows the victor in 68

(73. 9%) of the 92 battles and does not follow the victor in 24 (26. 1%) of

the battles.

it is important to ask whether It is likely that these results

are spurious or not. Table li1a, especially when put in the form of

Table 113b, appears to indicate that In I is more lilcely to be positive

than negative when the defending side wins, and more likely to be nega-

tive than positive when the attacking side wins, but how sure are we that

this interpretation is Justifled? To answer questions of this nature,

statisticians frequently use the so-called Chi-square test. (See Refer-

ence 13. Note that we are dealing with what is technically known as a

2 x 2 contingency table, so Yates's correction will be applied.) On the

basis of the data in Table lla, the value of Cni-square (calculated using

".• . coZructontl) turns out to be 20. 32, with I degree of freedom.

This large a valhe of Chi-squ•re would occur, if chance were the only

CORG-SP- 128



fictor affecting the data, considerably loss than j of one p.rcen' of the

tinme. We muat conclude that, beyond any reasonable e,•ubt, 1 some

factor other than or in addition tc pure chance has given rise to the data

of Table Illa. Essentially, this amounts to saying that the sign of th'ý

Lanchester advantage parameter is indeed somehow associated with the

victorious side, so in this case our less formal interpretation of Tables

Uila and MIb is supported by the statistical computations.

The above does not entirely resolve the issue, however,

for if In IA is to be interpreted as an index of advantage we need to show

that the greater victories tend to be associated with extreme values of

the advantage parameter. To investigate this question, a list of the ad-

vantage parameter, in At , values for all 92 battles, ordered from the

most extreme negative value to the most extreme positive value, was

prepared and the corresponding victorious side was listed beside each

advantage -arametor value. Table MV exh1bits this arra"gemset. Note

that, in reading down the columns in order from the algebraically

smallest value of In 1A to the algebraically largest value, the victor is
first exclusively the attacking side, then predominantly the attacking

side, then neither side predominates; and then gradually, the victor

becomes predominately the defending side, and finally becomes exclu-

sively the defonding side. From Table IV, we obtain Table Va, which

"tThe usual statistical convention is to consider that the occurrence
of a resu!t which would have, if chance were the only factor affecting the
data, an 0. 05 or smaller probability of occurrence constitutes "proof
beyond i ,,,nable doubt" that chance is not the only factor atfecting the
data. T•,,. occurrence of a result which would ocicur more than 5% of
.hr time by -hancee is not usually taken to demonstratel beyond reason-
able doubt tl~qt some factor other than chance is operating. We will
follow these conventions here and in the following discussions, but will
usually indicate the probability of occurrence which a result under dis-
cussion would have if chance were the only factor affecting the data.
B3V - dinTr[r, tQ•, rTeader will bt, better :i)lt to jud•ge for h}ins,.If kh, '",-o"
ýcre are' or are not grounds for "reasonable doubt" that chance alone

is affecting thee uata.
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cxhib~ts the number of victories by side with Laechester advantage para-

meters either greater than 0. 3, between + 0. 3 and - 0.3, or less than

- 0. 3. Table Vb presents the same information expressed as a percent-

age of the number of victories by the respective sides. From Table Va

we see that, for values of In p numerically greater than or equal to

0. 3, the Lanchester advantage parameter follows the victor in 28

(84. 8%) of 33 battles, and does not follow the victor In 5 (15. 2%) of the

33 battles.

Treating Table Va as a 2 x 3 contingency table, we com-

pute a value for Chi-square of 16. 80, with 2 degrees of freedom. This

large a value of Chi-square would occur, by chance alone, less than j

of one percent of the time, so again we must conclude that the associa-

tion between victory and the Lanchester advantage parameter is not

spurlous.

In sum, the Lanchoster advantage parameter seems to

adequately reflect the more usual, iL-..L-ve ooncept of probably victory.

c. Other Lanchester Parameters

The remaining Lanchester parameters have been defined

in such a way (See Chapter 1, Method. ) that they clearly reflect a large

part of the more usual concepts iUdicated by the names aAigned to

them.

We have presented evidence, which the author believes is

highly convincing, in support of the proposition that the names given to

the various Lanchester parameters are meaningful and may rightly be

taken as numerical indicators of the associated phenomena.

2. Behavior of Individual Parameters

Having identified the various parameters with relevant and im-

portnt aspects of combat phenomena, we begin thq investigation of these

I :;.miitcrs. ke first consider individual parameters and later consider

relatiuns among two or more parameters.

,, CORtG-SP-126



a. Force Ratio

Tahle VI shows the theoretical frequency of battles for
ranges of logpcithmic force ratio, In (x 0 /y 0 ), computed on the basis of

a theoretical normal distribution. (With the same mean and standard

deviation as the observed values of logarithmic force ratio. See Rlefer-

once 13 for definitions and discussion of "normal distribution, " "mean",

and "standard deviation. ") The observed frequency of battles Is shown

for comparison. Ftgure 3 exhibits the theoretical cumulative normal

distribution and the observed cumulative distribution of logarithmic force

ratio, and Figure 4 displays the theoretical normal frequency distribu-

tion and observed frequency distribution of logarithmic force ratio.

The degree of agreement between the theoretical normal

distribution and the observed distribution has been tested using the Chi-
square goodness-of-fit test (Ref. 13). Since this test is an approxima-

tion whose accura.,y is poor if any of the theoretical frequencies are less
than 5, frequencles were grouped prior to the Chti-square calculation as

indicated in the last two columns of Table VI. (This accords with the

procedure recommended in Reference 13.) The value of Chi-square

obtained was 10. 56 at 10 degrees of freedom. This value of Chi-squaro
inUlcates that random sampling would produce a poorer fit to the theo-

retical distribution more than 25% of the time. Hence, the data under

discussion do not "prove beyond a reasonable doubt" that the logarith-
mic force ratio is not normally distributed. In statistical terminology,
we say that the data under discussion are consistent with the hypothesis

that the logarithmic force ratio Is normally distributed. 6

1$ This is not the same as asserting that Lne data proves the hypoth-
esis, since the data may be consistent with other hypotbeses. The view
normally adopted in this type of situation is to suspend final judgement
pending the analysis of additional data, but to use a hypothesis consis't -
,'t ýA 'h It- !:'j Lnd ,,thur UaillbIb•, inlormation on ;A tentatv l • " .•iz
until :UwtLionUl data b•come available.
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A hypothesis that, on theoretical grounds, is not expected

to hold exactly is that the force ratio, x0 /y 0 , (not its logarithm) is

approximately normally distributed. The theoretical grounds for re-

jecting this hypothesis is that it would ascribe a non-zero probahility of

occurrence to negative values of force ratio, which is known to be false

3ince negative force ratios are impossible. Testing the fit between ob-

served force ratio data and the normal distribution, the author obtained

a Chi-square of 17. 3 at 5 degrees of freedom. A quality of fit this bad

would obtain, in random samples, less than 0. 5 percent of the time. In

other words, the data is inconsistent with the hypothesis that the force

ratio is normally distributed.

Estimated mean and standard deviation (See 1sf. 13 for

definitions.) for the logarithmic force ratio, In (x0 / y0 ) , are 0. 156 and

0. 512, rccpectively.

b. Advantage

Table VII shows the theoretical frequency of battles for

ranges of defender advantage, In g , computed on the basis of a theoret-

ical normal distribution. The observed frequeucy of battles is shown

for comparison. Figure 5 exhibits the theoretical cumulative normal

distribution of defender advantage.

The Chi-square goodness-of-fit test was applied to the data

(grou- _ as indicated by the last two columns of Tabie VII), yielding a
p

value tor Chi-square of 9.39 at 8 degrees of freedon. This value of

Chi-square indicates that random sampling would produce a poorer fit to

the theoretical distribution about 33% of the time. Hence, the data are

consistent with the hypothesis that defender advantage, In p , is nor-

mally distributed. The author has not attempted to fit other theoretical

distributions to these data.

Estimated mean and standard deviation for defender advan-

Laggc arc 0. 0-57 wid U. 350, respectively.
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c. BýRtcrness

Table VIII shows the theoretical frequency of battles for

ranges of logarithmic bitterness, In f , computed on the basis of a theo-

retical normal distribution. The observed frequency of battles is shown

for comparison. Figure 6 exhibits the theoretical cumulative normal

distribution and the observed cumulative distribution of logarithmic

bitterness.

The Chi-square goodness-of-fit test was applied to the data

(grouped as indicated in the last two columns of Table VIII), yielding a

value for Chi-square of 5.46 at 7 degrees of freedom. This value of Chi-
square indicates that a random sampling would produce a poorer fit to

the theoretical distribution more than 50% of the time. Hence, the data

are consistent with the hypothesis that logarithmic bitterness, In e , is

normally distributed. No attempt has been made to fit other theoretical

distributions to these data.

Estimated mean and standard deviation of logarithmic bit-

terness, In c , are - 2. 157 and 0.834, respectively.

d. Surviving Fraction

The average surviving fraction of attacker (averaged over

92 battles) is 0.850; the correaponding value for the defending side is

0. 855. As indicated in Table IX, there may be a tendency for the victo-

rious side to have a larger and less variable fraction than the defeated

side. The author has not subjected these diffeeences to careful statisti-

cal analysis, and will leave this area to future investigations. The

statistically-trrained reader will note that in additioii to the question of

the proper form of distributions for' surviving fractions on each side,

additional difficulties may arise if attacker and defender surviving frac-

tions are not statistically independent.
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Table X is presented to provide the reader with a more

readily comprehended picture of the distribution of surviving fractions

than that afforded by Table II.

3. Relations Between Selected Pairs of Parameters

The principal tools used in this study to examine relations be-

tween two or more parameters are scatter diagramns and linear regres-

sion analyses of data or transformed data. (See Ref. 13 for definitions.)

Other techniques are introduced as necessary or convenient. In the fol-

lowing, some of the seemingly more important parameters are selected

and their relation to other parameters is examined. Parameters which

appear to be less important are studied in less detail,

a. Victory and Force Ratio

Table Xla gives the number of battles won by side &nd by

numerical superiority or inferiority (i.e., force ratio). Table XIb

shows the same information as a percentage of the bottom row. Applying

the Chi-square test for independence in continguency tables (using Yates's

correction), we find a value for Chi-square of 0. 35 at one (1) degree of

freedom. This value would be exceeded in random sampling more than

50% of the time, so the data of Table XMa is consistent with the hypothe-

sis that victory is not dependent on numerical superiority.

It might be objected that grouping battles with both a small

and a large degree of numerical superiority, as Is done in Table Xla,

might tend to mask the effect of force ratio on victory. In an attempt to

reduce any such masking effect, values of force ratto were chosen so as

to divide the 92 battles into three approximately equal groups, as indi-

cated in Table XII. The Chl-square value computed from Table XII is

3. 56 at 2 degrees of freedom, which would be exceeded by randomi sam-

ples less thin 25%, but more than 10%, of the time. In this case, as

formerly, the data are consistent with the hypothesis that victory is in-

dependent of numerical superiority.
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It may still be objected that the force ratio values are not

extreme enough to adequately determine whether the sought-for effect is

present or absent. In this connection, a 2-to-i numerical superiority is

often mentioned as critical. Of the 92 battles, 12 have a force ratio of

2. 000 or greater. The defender is credited with the victory in 6 of these

battles, the attacker is credited with the victory in the remaining 6 bat-

ties. Of the 92 battles, 5 have a force ratio of 0. 500 or less. The de-

fender is credited with victory in 3, the attacker In 2, of these b.ttles.

These results do not necessarily mean that force ratio and

victory are entirely unrelated, but they do indicate that any such sup-

posed relation is too weak and tenuous to be detected in the data under

analysis, where by "detected" we mean "1distinguished, beyond reason-

able doubt. from a chance or accidental effect."

b. Activity Ratio and Force Ratio

Aklgure 7 shows a Unear' 7 scatter diagram of activity ratio,

D/A, against force ratio, x0 /y0" Note that the data points appear to

scatter more widely for greater values of the force ratio than for small

values of force ratio. Before statistical analysis Is attempted, it is

desirable (for technical reasons) to transform the data (See Ref. 13.) in

such a way as to make the amount of scatter more nearly uniform. This

can be illustrated by plotting the data points on non-linear graph paper,

as shown by Figure 8, which presents a logarithmic scatter diagram of

activity ratio against oi'cto ratio. An approximate straight-line fit, or

trend line, to the data is also indicated, the origin of which will be ex-

plained below.

17 It will be convenient when discussing figures to indicate the type
of graphical scale employed. We do this by prefacing the description of
the figure by an appropriate adjective. Thus, we refer to linear figures
(linear scale for each coordinate axis), logarithmic figures (logarithmic
-,,'ciI f,,r eaý-h axis), and scni-logairithmlc figures (linuar valc on one
_Lx6, iuganithm-c scale on the other).
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Note that the activity ratio (defender relative to attacker)

tends to increase with force ratio (attacker relative to defender). In

other words, the more the attacking side outnumbers the defending side

the lower the attacking side's activity relative to the defending side's

activity.

In order to obtain a brief quantitative summary of the activ-

ity ratio trend exhibited by Figure 8, we might try a straight-line fit.

Algebraically, such an attempt takes the form:

In (D/A) b* + c* In (x0 /y 0 )

where b* and c* are constants to be determined, from the data, to pro-

vide a good fit. From Equations (3) and (5) of Section U, Method, how-

ever, we may write:

D/A up A2 (X0 / Y0)2

Substituting this expression for the activity ratio into the equation ex-

pressing the straight-line fit and solving the result for In p , we find:

Inp tb +c In (x0 /y 0 )

where

b * b*/2

c -(c* -2)/2

In other words, a straight-line fit to the data of Figure 8 can be obtained

from a straight-line fit to a logarithmic scatter diagram of I& against

force ratio; in fact, the trend line of Figure 8 was obtained In just this

way. The details are given in the following paragraph.

c. Defender Relative Advantage

Because of its importance, we give in this section a fairly

enniprehensive dl.(cscision of tOe results obtained for the relations he-

tween the advantage parameter, In i , and other parameters of interest.
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Since the issue was raised in the preceding paragraph, we first examine

the relation of advantage to force ratio.

(1) Advantage and Force Ratio

Figure 9 exhibits a logarithmic scatter diagram of 14

against force ratio, together with the regression line of advantage, In 1s,

on logarithmic force ratio, In (x0 / y 0 ). I a Table XiiI displays the detailed

results of the regression of In IA on In (x0 /y 0). These results show

that defender's advantage, beyond reasonable doubt, tends to decrease

with increasing (attacker's) force ratio (since, for example, a degree of

correlation numerically as large as that in Table XMi would arise, if

chance alone were operating, considerably less than one percent of the

time).

Note that the values of In (x0 /y 0 ) used in the regres-

sion analysis include a "measurement error" (a;s shown in Appendix B)

as well as an "inherent variability." (See Ref. 13 for definitions.) The

regression technique used to analyze the data does not rigorously take

into account the influence of these measurement error but assumes that

the values of logarithmic force ratio, In (x0 /y 0 ), reflect only inherent

variability. No attempt has been made to examine the amount of error

introduced by neglecting the effects of these measurement errors (e. g.,

by comparing the results given in this report with results obtained using

more sophisticated analysis tecuhniques) either here or in the following,

partly because of lack of time and partly because the author feels that

the approximate analysis methods do not lead to serious errors.

The analysis technique is predicated on the linearity

of the rtgression function and on a normal distribution of the data about

"8 ,Regression line" is the technical term for the expressions
...-..•i ..," T. or "s aight, - lire fit" used earlier. From now on we ',i!l

Lte tri nore explicit technical terminology. (See Ref. 13 for a discuF-
sion of rugression analysis techniques and interpretation.)
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the regression line (as well as precisely known abcissa values for the

data points). 1 9 In order to investigate the degree to which these assump-

tions of linearity and normality are satisfied, we introduce the concept

of residual advantage, which is the deviation of a data point from the

estimated, or sample regression line and may be analytically expressed

as:

Residual Advantage = In I - b - c In (x0 /yo)

where b and c are the estimated regression coefficients. (See Table

XIIL.) In other words, the residual advantage is that portion of the de-

fender's relative advantage which remains after the average effect of

force ratio is eliminated. As such, the residual advantage provides an

index of the absolute amount of defender's relative advantage, where by

"absolute" we mean that the "contaminating" effect of force ratio has

been (approximately) eliminated. Thus, residual advantage presumably

arises from factors other than those directly dependent on force ratio.

It might be supposed that the residual advantage reflects the i pact of

advancing weapon technology; of superior organization, training, or ex-

perience; of relative tactical ukill and similar factors in addition to

acci lent and luck. We will attempt to examine some of the factors af-

fecting residual advantage after discussing the linearity and normalfty

Figure 10 shows the observed cumulative distribution

of residual advantage together with a theoretical normal distribution.

Table XIV shows the theoretical and observed frequency of battles with

various residual advantages. Grouping as indicated in Table XIV, we

find a value for Chi-square of 9.90 at 5 degrees of freedom. This poor

19 It is known, however, that regression techniques do not usually
lead to serious errors when the distribution of the data about the regres-
sio:n line exhibits a moderate deviation from normality.
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a fit could be expected to arise by chance alone about 8% of the time, so

the data is consistent with the hypothesis that residual advantage is nor-

mally distributed.

Reference 13 suggests using a run test as a rough check

on linearity, This involves, for the case in hand, considering the se-

quence of signs of the residual advantage values in order of increasing

force ratio. If the "truee" (i. e., populatioi$ regression curve is non-

linear, the number of runs in this sequence of signs usually tends to be

less than if it were linear. A count shows Laat 42 of th" data points Hie

above, and 50 below, the sample regression line, and that 4V. %uns occu'

in the sample of 92 residual advantage values (in order of increasing

force ratio). Chance fluctuations about a linear regression curve would

produce fewer than 46 runs much more than 5% of the time, so the data

is consistent with the hypothesis of a linear population regression curve.

Despite this test for linear-ty, however, ýhe semi-

logarithmic scatter diagram of residual advantage against force ratio

given by Figure 11 appears to show a tendency fvr residual advantage to

increase with increasing force ratio below a force ratio of about 1. 3,

and to decrease witht increasing force ratio above 1.3. On the other

hand, a reversal in the sign of residua. advantoge for 4 or 5 deliberately

selected data points could easily change the entire appearance of the

scatter diagram and cause the supposed non-linear effect to vanish. It
should be noted that a reversal in sign corresponds to interchanging

attacker and defender identifications, and that improper identifications

may occur.

Considering the facti developed above, the author eon-

cludes that neither non-lineanity nor non-normali:y hypotheses are ade-

quately supported by the data consocLred in this report, and that the

linearity and normality hypotheses should be tentatively adopted pendirg
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(2) Advw.antage and Sitter•'ess

Fl;are .. shows a logarithmic scatter diagram of bit-

terness, , against IA . No trend is discernible by eye. Nevertheless,

a regression awilysis of the data was performed in order to see whether

any trmnd &iight be ditected by quantitative analysis, the results of which

are presented iA Tbble XV. The data are consistent with the hypothesis

that logarithmic bitt7 cness is not correlated with advantage (and since

both variables are apprtximately normal, the data is also consistent

uith the hypothesis that bitterness and advaatage are statistically inde-

petitent, of each other), since, fo: example, a degree of correlation

larer th.n that of Table XV would arise from the action of chance alone

much more than 5% of the time.

Since the advantage, In A , is not correlated with loga-

Athmic bitterness, e , it is not likely to be correlated with either the

total c&suaity fraotion, F, or the survivin fractions, a and d. If the

advantage is aiso not correlated'with battle duration, t, then It is also

not likeiv to be correlated with Intensity, A, since A = I/t.

(3ý Advantage and Battle Duration

FIgure 13 shows a logarithmic scatter diagram of p ,

aga•et battle duration, t. Although no trend is discernible to the eye,

a regreision analysis of this data was performed, the results of which

are given in Table XVI. The analytical results are consistent with the

hypothesis that advwa'age is not correlated with logarithmic battle dura-

tion.

As noted above, when taken with other results this seg-

gests that advantage is not correlated with intensity, X . This suggestion

is not investigated in detail.

(4) Residual Advantage and Various Other Parameters

i. Bitterness
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Figure 14 gives a semi- logarithmic scatter dia-

gr-am of residual advantage against bitterness, e . No correlation is

apparent to the eye.

iU. total Fo rce

Figure 15 gives a semi- logartlhn~ic scatter dia-

gram of residual advantage against total force, X. No correlation is

apparent to the eye.

III. Total Casualties

Figure 16 gives a semi -logarithmic scatter dia-

gram of residual advantage against total casualties, C. No correlation

is apparent to the eye.

None of the above cases have been subjected to

formal statistical analysis, principally because the results seem to be

predicta ble from simple Inspection of the scatter diagrams.

(5) Residual Advantage and Battle Date

Figure 17 shows a linear scatter diagr~am of residual

advantage against battle date. Although no consistent trend Is apparent,

the battles occurring between 1757 And 1760 appear to exhibit a tendency

to greater ittacker superiority than would be expected. For example,

9 of these 11 battles have a negative reoidual advantage. If population

residual advantage is assumed to be siymmetrically distributed about

zero residual advantage, then chance alone would produce a result like

the one observed (J. e. , 2 battles out of 11 with one sign of residual ad-

vantage and 9 with the opposite sign) about 5. 4% of the time. z 0

A better analysis is obtained If Student's t test (See

Ref. 13.) is used to compare the mean residual advantage of the 11

2 0Foot~note on bottom of next page.
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ba't:Ace in question with that of the other 81 battles in the sample. The
valuexStludent's t obtained is about 2. 22 at 90 degrees of freedom. A

more ex+rLrTe value of Student's t would arise, by chance alone, only

about 3% of the-*.ime, so the data are not consistent with the hypothesis

that mean residual advantage for these 11 battles Is the same as that for

the other 81 bat 'es. \

Mowever>Ue author is inclined to reject the implica-

tion that non-random factors afýe(%ed the outcome of the 11 battles, even

though the consequence of such reje tion involves accepting the proposi-

tion that between 1757 and 1760 the attacking side enjoyed a run of good
luck so remarkable that a greater deviation from average conditions

would occur only about 3% of the time. Certainly, the data of Figure 17

give no indication that either the attacking or defending side has been
able to consistently turn any supposed non-random factors to its advan-

tage, the period between 1757 and 1760 being excepted. The author finds

belief in such a short-lived and unduplicated set of non-random factors
favoring one side or the other at least as repugnant as belief In an
extraordinary series of accidents.

200ne way of demonstrating t~his is ao follows:

The probability that a particular battle will have a given sign of
residual advantage is J. The probability that 9 of il battles will have a
given sign of residual advantage and the other 2 the opposite sign is:

But the given sign for the 9 battles may be independently chosen in two
possible ways. Thus, the probability of 9 battles of one (unspecified)
sign and 2 of the opposite sign out of It battles is:

") ()'O a5 0.0536

a-!,%% • •v• obtainud the desired result.
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(6) Residual Advantage, Data Errors, and Unexplained

Variability

Since all attempts to date to find correlations between

advantage and other paraameters have been unsuccessful, with the excep-

tion of that with force ratio and perhaps (in a very limited sense) with

battle date, it is necessary to determine whether it is likely that any such

correlations exist, and how important they might be. We consider the

first of these problems in this section, and the secohd problem in the

next section.

We begin by considering the amount of varJability in

the advantage parameter and our current understanding of this variabil-

ity. (Clearly, if we could explain or somehow account for all of the

variability in advantage, then our understanding of the advantage param-

eter wouild be essentially complete, in the sense that we would have ob-

tained all the information contained in the sample, except for that

masked by data inaccuracies.) In order to deal in quantitative terms,

the amount of variability will be measured by the variance (I. e., square

of the standard deviation -- see Reference 13) of the appropriate param-

eter. z 1

From Table XHI we find that the total sample variance

of advantage is 0. 122. The variance remaining after the "contaminating"

effects of force ratio are eliminated is the same as the variance of re-2
sidual advantage (and also the same as s In IA I In (x0 /y)), or 0. 088.

The difference between these variances, 0. 034, it is the amount of ad-

vantage variance which is attributable to force ratio. In other words,

the regression of advantage on logarithmic force ratio accounts for a

z This is often done In statistical work. The variance is better
suited than the standard deviation to prohlems like thosse connmi.ler.,d in

S". -,Cuul (t'. g., varlances .nay be cLmbtned by simple addition or
.suotraction while standard deviations cannot).
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var-iance of 1). 034 out of a total of 0. 122, or about 27. 9% of the advantage

variance.

A part of the advantage variance is caused by inaccu-
racies in the strength and casualty data, The amount of advantage vari-

ance attributable to data lnae~curacies is estimated In Appendix B22 to be

about 0. 034.

We now consider whether the hypothesis, that popula-

tioni residual advantage variance is equal to population data inaccuracy

variance, is supported by the data. Application of the F test for com-

paring variances, taking sample residual advantage variance (90 degrew.
of freedom), divided by sample data inaccuracy variance (19 degrees of

freedom) produces an F value of 2. 59 at 90 andl 19 degrees of freedom.

If the hypothesis of equal population variances wore correct, this large

an F-value would occur by chance alone only a little more than 1% of the

time, so the data are not consistent with the hypothesis. In other words,
even after removing the "contaminating" effeots of force ratio, more
variability of advantage remains tha can res-sennbly he ascribed to dama
inaccuracies. (Note, however, that this procedure ansumes that the

estimate of data Inaccuracy variance obtained in Appendix B is adequate

and that it may be validly extrapolated to cover data inaccuracies for

other battles and other sources than those specifically considered In

Appendix B. It would be desirable to check those assumptions against

additional data. )

S~ubtracting from advantage variance the variability

explained by correlation with farce ratio and also the estimated

z This estimate uses some of the same data as is used in estimating
total sample advantage variance, ao thc two estimated are not strictly
independent -an the statistical sense. However, since thie author believes
that only negligible errors result from treating these estimates as though
tJhev were independent, nnd strev ic, doing consi lerably stz.1Jlifite '.he

t sint~v ares treated as iixdepundent in the~ following discussion.
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variability caused by data inaccuracies leaves an unexplained variance of

o. 054, or about 44. 2% of the totai variance in advantage. Our current

understanding of the variability in the advantage parameter may be sum-

marized as follows: about 28% of the variability is accounted for by the

correlation of advantage and force ratio, an estimated additional 28% Is

accounted for by data inaccuracy, and an estimated 44% is at present un-

ehplainod. In the following paragraphs, some of the not as yet fully In-

vestigated factors which might contribute to this unexplained 44% of total

variance in advantage are examined to provide guidance for further study.

I. The fact that the 11 battles discussed in a

previous paragraph deviate noticably from the average has an effect on

the variance of residual advantage, but the effect is small. By droppir~g

the residual advantage values of these 11 battles from consideration, the

author estimated a residual advantage variance (based on the remaining

81 battles) of .jout 0. 083, while the value computed for all 92 battles is

P.. 088. In principle, new valuoa for the regressioa coefficients should

have been computed and a new residual advantage variance about this re-

gression line should have been obtained, all based on 81 battles. Actu-

ally, the simpler procedure of using the old regression coefficients and

residual advantages wit.4 respect to the old regression line was used, be-

cause the resulting error for the situation in hand is negligible.

I1. Presamably a part of the variability in advan-

tage results from the gross treatment of reliforcement and ron-battlo

losses. Even If insufficient historical data are available to support a de-

tailed analysis, some feel for the efiects of these factors might be gained

by generating artificial or synthetic data from a general Lanchester-type

rn',I.I kit~h a variable reinforeemnent/noa-battle-loss term, and then

using this syntheUc data to calculate the advantage (and other parameters)

on the basis of the square-law model as outlined in Section II, Method.

It might be possible to devise (at least for special cages) an analyth 2

I7);JrL..•.(n relating the parameters of the square-law model to those (l
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tŽ.e general model and thereby reduce the computational effort required.

The author has not yet attempted any work along the above lines, but is

currently of the opirion that in many cases the effect will be small. (For

ev'ample, compare the parameters in Table II for the battle of Iwo Jima

with those obtained in Reference 9. ) If the effects should turn out to be

large enough to account for residual advantage variance, less data inac-

curacy variance, then use of square-law model should be reconsidered.

iii. Note that a part of the unexplained 44% of total

variability in advantage is almost certain to be caused by random and

unforseeable events, i. e., by the operation of chance and luck. The

author is not able at present to form any clear conception of the amount

of variability which might reasonably be interpreted as occasioned by

random factors, but is reluctant to assume that all of the unexplained

44% is due to the operation of chance and luck until many more attempts

to determine causative factors have been made and found to be unaccept-

able as explanations.

iv. In an effort.to determine whether non-

quantitative causative factors might give rise to some of the unexplained

variance of advantage, narrative accounts of eight battles with the most

extreme values of residual advantage were selected for further study --

four battles for the most extreme residual advantage favoring the attack-

ing side and four favoring the defending side. In order of descending

value of residual advantage, ttese eight battles are Palo Altk (0. 662), z

Lisaine (0. 601), Tschernaja (0. 577), Plevna (0. o14), Cerro Gordo

(- 0 569), Mortara 1- 0. 583), Rossbach (- 0. 821), and Contreras

(- 1. 064). The narrative accounts for these battles are contained in

Appendix C, more than one narrative for each battle being included when-

ever available from the sources consulted. No pretense of completeness

-! Numbers in parcnttesis give the value of residual advantage.
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is made, and time was not available for a wider search for narrati-ie

accounts. Unfortunately, little can be gained from such a small Dumber

of narratives, some of which are very sketchy (descriptionE' of events

immediately preceeding the battle, to include the grand tactical situation

and information bearing on the condition of the troops on each side, are

given in some of the sources, although this material is not included in

Appendix C). There seems to be a suggestion that (1) extreme negative-

residual advantage values are associated with success by the attacking

side in achieving surprise, accompanied by a successful envelopment,

and 12) extreme positive residual advantage values are associated with

failure of the attacking side to achieve surprise, accompanied by an un-

successful enveloping maneuver. It would be interesting to pursue these

speculations, but that pursuit will be deferred to another time.

(7) Residual Advantage and Victory

The importance, in terms of its Influence ou victory in

battle, of the unexplained variance in advantage will now be considered.

In previous sections the relation between advantage and victory has been

investigated fSee pp. 24 - 26.) The prin•ipal results of that investigation

are contained in Tables III, IV, and V. In order to determine the impor-

tance of the unexplained variance in advantage, similar tables have been

prepared using residual advantage. This results in Tables XVII, XVIII,

and XIX.

From Table XVIIa we see that residual advantage fol-

lows the victor in 65, or 70.6% of the 92 battles and does not follow the

victor in 27, or 29.4% of the battles. z 4 To test the observed data against

chance, we use the Chi-square test as before, applying Yates's cori ection

and consi.bering Table XVIla as a 2 x 2 contingency table. This yields

a Chi-square of 14.06 of 1 degree of freedom, a value which would be

' 4Adv.int.g' loilows the victor in 73.9A of the battles.
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exccedud less Lhan - of one percent of the time if chance were the only

factor affect;ng the data.

Table XVIII gives a list of residual advantage values

in order of increasing (algebraic) value, together with the corresponding

victorious side.

From Table XIXa we see that, for values of residual

advantage numerically greater than 0.2. the residual advantage follows

the victor in 32 (78%) of 41 battles and does not follow the victor in 9

(22%) of 41 battles. Treating Table XIXa as a 2 x 3 contingency table,

we compute a Chi-square value of 16. 06 with 2 degrees of freedom. A

larger value for Chi-square would arise by chance alone less than I of

one percent of the time.

In view of the immediately preceeding reaults it is

evident that the principal determinants of victory are contained in resid-

ual advantage. This is consistent with the earlier findings to the effect

(1) that the data was consistent with the hypothesis that victory was not

correlated with force ratio, and (2) that the advantage purameter is be-

yond reasonEable doubt correlated with force ratio. We conclude that an

elucidation of the factors contributing to the variability of residual ad-

vantage are critically important to an understanding of the causes of

victory in battle. The negative findings in the foregoing Sections now

take on an enhanced importance, for they mark off areas which offer

little promise of contributing significantly to an understanding of the

causes of victory in battle.

d. The Effects of Battle Date

The relation between battl4r date and residual advantage has

been examined in previous par,.graphs. The relation between battle date

anO. some of the other parameters will be conuidered in this section.
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(1) Force Ratio and Battle Date

Figure 18 gives a linear scatter diagram of logarithmic

force ratio against battle date. No correlanon is apparent to the eye.

(2) Duration and Battle Date

Figure 19 givep a semi-logarithmic scatter diagram of

duration in hours agalmt battle date. The most remarkable feature of

this scatter diagram is the increase in duration of World War 11 battles

over that of earlier battles. There may also be a tendency for duration

to gradually increase with battle date between 1741 and 1877.

(3) Bitterness and Battle Date

Figure 20 shows a semi-logarithmic scatter diagram

of bitterness E , against battle date. Bitterness does not seem to show

any consistent trend, although it may have been somewhat lower than

average in the decade 1840 - 1849 and somewhat higher than average

during World War I1.

In this connection, it is interesting to note one of

Richardson's conclusions (Ref. 10) even though it applies tL a bistorical

sample of wars rather than of battles:

"In contrast with the enormous increase in deadlines

from the sword and arrow of the Middle Ages to the rifle and shell of the

nineteenth century, it may be said that the percentage of casualties has

remained relatively constant. The explanation presumably is that human

endurance to suffering has changed mruch less than weapons. Ove side

admitted defeat when it could not bear any more suffering. The chief

form of suffering wa8 casualties. To a side that was debating within it-

self whether or not to admit deieat, the weapons were usually of only

secondary interest."
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(4) Intensity and Battle Date

Figure 21 gives a semi-logarithmic scatter diagram of

intensity, X, against battle date. Despite all efforts to improve weapon

design, the average casualty-production rate per man per day e;pressed

by intensity seems to have gradually declined betweezi 1740 and 1880 and

to have been markedly lower during World War II than formerly. This

decline in intensity may be due in part to an increasing proportion of non-

combatant support personne!, but it hardly seems likely that this could

cause the order of magnitude decrease found for the World War U battles.

Besides, the motive fo" an increased proportion of support personnel is

presumably to increase the average combat power per man per day ex-

pressed by the activity parameters D or, as the case may be, A. Yet

recalling thAt intensity is the geometric mean of A and D, we doduce

from Figure 21 that the activity of each side must have been much lower

for the World War U battles than formerly, a deduction which is con-

firmed by an inspection of Table II. Moreover, a conjecture that an in-

creased proportion of combat support personnel ha-s led to a dec!'le in

intensity appears inconsistent with the finding that bitterness is much

less sensiti-ie than intensity to battle date.

e. Bitterness, Intensity, and Duration

The finding that duration, t, and intensity, A, vary in oU-

posite senses when each is plotted against battle date suggests that there

may be an inverse relation between intensity and duration. We will ex-

plore this possibility by studying the relation between bitterness, c ,

and duration, t, since intensity, A = E /t, is determined once bitterness

anu duration are known.

Figure 22 gives a logarithmic scatter diagram of bitterness,

e, against duration, t, together with the regresuion line of logarithmic

bitterness, In c , on logarithmic dkizaoien, In t. Table XX gives tthe re-

sults of the regression of In E on In t.

CORG-bP-li.8



(1) Residutal Logarithmic Bitterness, Data Errors, and
Unexplained Variability

From Table XX we find that the total sample variance
of logarithmic bitterness, in e , is 0. 704. The variance remaining after

the regression of logarithmic bitterness, In D, on logarithmic duration,

In t, is s2 In C j in t = 0. 557. The difference between these two vari-

ances, 0.,147, is the amount of logarithmic bitterness variance which is

attributable to the effects of duration. The amount of logarithmic bitter-

ness variance attributable to data inaccuracies is estimated in Appendix

B2 5 to be about 0.409. We now consider whether the hypothesis, that

population residual logarithmic bitterness variance is equal to population

data inaccuracy variance, is supported by the data. Application of the

F test for comparing variances, taking sample residual logarithmic

bitterness variance (80 degrees of freedom) divided by sample data in-

accuracy variance (19 degrees of frcedom.), produces an F value of

1. 3i62 at 80 and 19 degrees of freedom. If the population variances were

equal, larger F-values wcold arise, by the action of chance alone, about

24% of the time, so the data are consistenM with the hypothesis of equal

population variances. In other words, the variability in logarithmic

bitterness which is not accounted for by regression an duration may rea-

sonably be ascribed to inaccuracies in the basic data.

In view of the above, our understanding of the variability

in logarithmic bitterness may be summarized as follows: of a total vari-

ance of 0. 704 a variance of 0. 147, or 21%, is accounted for by the corre-

lation of logarithmic bitterness and logarithmic duration; the remaining

variance of 0 557, or 79% of total !egarithmic bitterness variance, mlTy

reasonably be ascribed to data inaccuracies.

2 See footnote 22.
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Table XXI shows the theoretical frequency of battles

for various ranges of residual logarithmic bitterness, computed on the

basis of theoretical normal distribution. The observed frequency of

battles is shown tor comparison. Application of the Chi-square goodness-

of-fit test to these data (grouped as indicated in the last two columns of

Table XXI) yields a Chi-square value of 14.00 at 7 degrees of freedom,

a value which would be exceeded, by chance alone, only 5% of the time.

On this basis, the data do not appear to be consistent with the hypothesis

that residual logarithmic bitterness is normally distributed. Inspection

of Figure 23, which gives the observed and theoretical cumulative distri-

bution of residuml logarithmic bitterness, indicates that the departure

from normality arises chiefly from a greater frequency of battles wi%% i

extremely low values of residual logarithmic bitterness than would be

expected from the theoretical normal distribution.

In an attempt to isolate the battles with extraordinarily

low values of residual logarithmic bitterness, the author has prepared

Figure 24, which is a linear scatter diagram of residual logarithmic

bitterness against battle date. Inspection of Figure 24 indicates that

sample battles with unusually low values of residual logarithmic bitter-

ness tend to be concentrated in the decade 1840 - 1849. Application of

-tudent's t test on the difference between mean residual logarithmic

bitterness for the 3 battles in the decade 1640 - 1849 and mean residual

logarithmic bitterness for the other 74 battles for which duration data is

available yields a t value of about 5. 27 at 80 degrees of freedom. This

t value would be exceeded by chance alone less than -L of one percent
20

of the time, s,) the data are not consistent with the hypothesis that the

corresponding population means are equal.

The variance of residual logarithmic bitterness, esti-

mated on the basis of the 8 battles in decade 1840 - 1849, is 1. 143.

Application of the F test for con.paring this variance estimate with the

ustimated variance in residual logarithmic bitterness attributable to
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data inaccuracy (See Appendix B.) yields an F value of 1. 143/0. 409

2. 79 at 7 and 19 degrees of freedom, which would be exceeded, by

chance alone, only about 3% of the time. Thus, the data are not connsist-

ent with the hypothesis that the corresponding population variances are

equal. z 6

The author is not sure what position shoild be taken on

the basis of the facts out!ined above. The possibilities seem to be as

follows: Either (1) there is a real difference in residual logarithmic

bitterness for the sample battles which occurred in the 1840 - 184b dec-

ade, or (2) data errors for these battles are sigrifleantly greater than

for the other sample battles. Considering the participants engaged in

these 8 battlea, the authror feels that the latter hypothesis is more likely.

aud will assume its validity in the following discussions, otherwise with-

holdin final judgmeut pending the analysis of additional information.

(2) Intensity aswi Duration

Figure 25 gives a logarithmic scatter diagram of inten-

sity, A, against duration, t. Although A clearly tends to decrease with

increasing t, presumably the causative factor here is intensity, i. e., a

battle which is being conducted at a low level of intensity tends to require

a greater battle duration before a decision is reached. Taking this with

the fact that bitterness (and hence total casualty fraction) tends to in-

crease with duration sugbebC2 that greater casualty fractions tend to be

more readily withstood when the casualties occur at a low rate. This

Z 6 This suggests that %ident's t test, as used in the preceding para-
granph, iq not strictly applicable (since the test assumes equality of popu-
iatrou vIariances). The author has not estimated the amount of error
introduced into this aopLcation of Student's t test by the apparent ine-
,aai'. rof pPop,'lt lon variances. Note that the nun-noruiality of rv-sw.-cal
logaithimic bitterness probably does nrt introduce serious errors int.o
the regression of logaritbrilc bitterness on logarithmic duration. (See
footnote 19.)
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may be due in part to the shock effect of high casualty rates and in part

to the ability to rehabilitate and re-commit forces to battle when the

time necessary for recovery of effectiveness is available, although these

speculations can at present be considered only as suggestions for further

investigation.

f. Total Casualties and Total Force

Figure 26 presents a logarithmic scatter diagram of total

casualties, C, against total force, X. Also shown for comparison is the

line C u 0. 15 X, where the constant 0. 15 was selected to agree approx-

imately with the average total casualty fraction (averaged over 92 battles).

With the exception of a relatively small number of data

points, all representing fewer casualties than average, the line

C - 0.15 X appears to be a reasonable fit to the data. No formal statis-

Ucal evaluation of the data presented in Figure 26 has as yet been at-

tempted. For an informal comparison with variability attributable to

data iaccuracy, compare Figure 26 with the analogous scatter diagram
in Appendix B.

g. Force Ratio and Total Force

Figure 27 exhibits a logarithmic scatter diagram of force

ratio, x0 /y 0, against total force, X. Also shown for comparison is the

line corresponding to the average logarithmic force ratio.

No trend in force ratio with total force is apparent to tho

eye (this data has not been formally analyzed).

h. Duration. Total Force, and Force Ratio

Figure 28 shows a logarithmic scatter diagram of duration,

t, against total force, X, and Figure 29 shows a logarithmic scatter

diagram of durat.ion against force ratio, x o/y 0 . These data have not

be.•n subjected to iorinal analysis, and th,.ý author has not been able to
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,,:',e \an sigrnificwnt conclusions from an informal inspection of these

(Other scatter diagrams which involve duration and which

have been discussed in previous sections are displayed in Fcures 13,

19, ''2, and 25.)

I. Participating Nation and Victory

It has been argued in an earlier section that the data should

not be interpreted as indicating a correlation of residual advantage with

battle date. The evidence see'ms to the author to indicate that neither

the attacking nor the defending side has been able to consistently main-

tain an advantage over the other. However, even if the abov6 arguments

are accepted, no evidence hai as yet been presented which could be used

to indicate whether or not a particular nation might concistently maintain

an advantage over its opponents. Since a nation may participate in one

battle on the attacking side, in another on the defending side, etc., any

tactical superiority enjoyed by that nation may not be adequately refleacted

in a:guments based solely on the superiority of the attacking or defending

side.

In an attempt to obtain some information relevant to these

Issues, residual advantage data was arranged to represent the residual

advantage favorable to each of the five most frequently participating

nations. z 7 Figures 30 - 34 preient the results for the respective nations

in the form of linear scatter diagrams of residual advantage favorable to

each nation against battle date. Since residual advantage does not always

follow the victor, a table showing victories and delaats for each nation

Z 7 The residual advantage favorable to a nation participating in a
b'ittle on the defending side is the same as the residual advantage defined
in ;)p. I- ý, F. r a I.LiUOU painicpatung on the attacking i•ie, .t is
numerically the same as the residual advantage previously defined but
taken with the oppusite algebraic sign.
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and side was also prepared and is presented as Table XXII. Table XXIII

exhibits the number of victories for each participating nation as a frac-

tion of that nation's total participation and gives approximate 95% confi-

dence limits for the probability of victory.

It must be remembered in interpreting these figures and

tables that the information given for a particular nation is not independent

of that given for other nations, since e.g., a victory by Prussia is simul-

taneously a defeat for France, Austria, Russia, or some other nation,

and a residual advantage favorable (positive) to one participating nation

is unfavorable (negative) for another. It must also be remembered that

the identification of'attacker and defender is subject to error and be-

comes rather arbitrary when allied forces participate on one or both

sides.

Since the circumstances outlined above make rigorous sta-

tistical analysis difficult (and, perhaps, of little value for the rather

small samples inv-olve¢d), no formal analysis of these data, other th=n

that involved in estimating the approximate confidence intervals for

probability of victory given in Table XXni, has been attempted. Infor-

mally, it appears that uo one nation has cons:stently been tactically

superior to its opponents. For example, Table XXk appears to indicate

that the data are consistent with the hypothesis that Lhe probability of

victory is about 0.50. That one 0. e. , a little more than 6%) of the 16

95% confidence intervals listed in Table XXIII does not include the 0. 50

probability value may be of no significance, since 5% of such confidence

intervals will exclude the true probability value by the action of chance

alone. Moreover, Figure 31 does not appear to support the hypothesis

of Prussian or German tactical superiority, except possibly during the

decade 1860 - 1869.
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4 Recapitulation of Findings

a. For the range of total casualty fraction, F, values repre-

ented by the sample of 92 battles considered In tWis study, the Lanches-

ter bitterness parameter, c, is a good index of total casualty fraction.

b. The Lancheater advantage parameter, In I , is closely

connected with probability of victory.

c. The other Lanchester parameters are valid indices of the

real-world phenomena identified by the names of the respective param-

eters.

d. Logarithmic force ratio. In (x0 /y 0 ), is approximately nor-

mally distributed with mean 0.156 and standard deviation 0.512.

e. Advantage, In p , is approximately normally distributed

with mean 0. 057 and standard deviation 0. 350.

f. Logarithmic bitterness, In £ , is approximately normally

distributed with mean - 2. 157 and standard deviation 0. 834.

g. There may be a tendency for the victorous side to have a

larger and less variable suzrviving fraction, a or d, than the defeated

side.

h. For the range of values represented in thu sample battles,

victory is, at best, only weakly related to force ratio, x0 /yO.

i. Logarithmic activity ratio, In (D/A), tends to increase with

increasing logarithmic force ratio, In (x0 /Y 0 ).

J. Advantage, In p , tends to decrease with logarithmic fo-ce

ratio. in (x0/Y0).

k. Advantage. In p , and logarithmic bitterness, In c , are

uncorrelated.

I. Ad,,antage, In A , and logarithmic duration, In t, are un-

correlated.
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M. Residual advantageZS and logarithnaic bitterness, In c

.appear to be uncorrelated.

n. Residual advantage and logarithmic total force, In X, ap-

pear to be uncorrelated.

o, Residual advantAge ana logarithmic total casualties, In C.

appear to be uncorrelated.

p. With the possible exception of 11 sample battles which oc-

curred between 1757 and 1760, average residual advantage appears to

be independent of battle date.

q. Data inaccuracies do not account for all of the observed

variability in residual advantage.

r. Comparison of narrative accounts for battles with unusually

large and unusually small residual advantage suggests that surprise ac-

companied by a successful enveloping maneuver may be highly advanta-

geous to an attacker, but that failure to achieve surprise and to execute

an enveloping maneuver may be highly disadvantageous to the attacki-ig

side.

s. The principal determinants of victory in battle are contained

in the residual advantage parameter.

t. Logarithmic force ratio, In (xo/yo), exhibits no tendency

to increase or decrease with battle date.

u. Logarithmic duration, In t, appears to be much larger for

World War II battles than formerly. In addition, for the other battles

z flesiduwl advantage is the difference between observed advantnge,

In j4 , ani that represented by the regreision line of advantage on loga-
rithmic force ratio, In (x0 /yo). It represents, in a sense, the amount

of aui,,ntage rcmp"ning alter the "contaminating" effects of force ratio
have been chimin.,', d
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considcrct) in this sturly, thore may be a tendency for duration to grad-

kially inerease with battle date.

v. Logarithmic bitternoss, In e , does not appear to show any

conlistent trend with respect to battle date, although it may have been

somewhat lower than average for sample battles in the decade 1840 -

1849 and somewhat hLgher than average for World War II sample battles.

w. Logarithinic intensity, In X , appears to have gradually

declined between 1740 and 1880 and to have been markedly lower during

World War 1U than formerly. The activity parameters, A and D, gener-

ally follow the same trend as the intensity parameter does.

x. Logarithmic bitterness, in c , tends to Increase with loga-

rithmic duration, In t.

y. Data Inaccuracies are large enough to aocount for all of the

observed variability in residual logarithmic bitterness. z

z. RoesiduAl logarithmic bitterness does not appear to be nor-

mally distributed. In particular, It appears that the sample contains

more battles wit!• small values of residual logarithmic bitterness than

would be expeoted on the basis of a normal distribution.

aa. During the decade 1840 - 49, mean residual logarithmic

bitterness may have been lower, and the variability in residual logarlth-

milc bitterness greater, than for the other battles conaiderea in this

study.

ab. Logarithmic intensity, In A, tends to decrease with in-

creasing logarithmic duration, In t.

"Residual logarithmic bitterness is the difference between observed
logarithmic bitterness, In c , and tat represented by the regression line
of logarithmic bitterness on logarl'hmlc durntion. In t. It i,,r,,..
.I X, L : ." :*- -All 0 1, I TL.LUC bttt.rnLMC2i renmaining aitivr the "con-

tanrir..t,ng" v:..cts ul ,iuration Lave been eliminated.



ac. Logarithmic total casualties, In C, tends to increase with

logarithmic total force, In X.

ad. Logarithmic force ratio, In (x0 /y 0 ), appears to be uncor-

related with logarithmic total force, In X.

ae. It appears that no one nation has consistently been tactically

superior to its opponents.

DISCUSSION

Range of Applicability of the Findings

In technical terms, what is to be understood here is the problem of

identifying the population from which tho sample battles were selected.

As noted earlier, this is a difficult problem. The author will state his

views for the guidance of the rader, although it should be borne in mind

that interpretations may differ.

In general terms, the author feels that the population sampled con-

sists of the large (in terms of number of troops involved) battles which

occurred under reasonably average conditions between the years 1740 -

1950.

Certain features of the sampling protese (eserve additional discus-

elon, partIcularly the possibiiity of censoring effects.

1. Censoring may act to eliminate from the sample battles charac-

terized by extremely large or extremely small values of force ratio, as

such battles would not normalhy Le considered as significant from the

standpoint of the whole campaign. Thus, it is possible that more such

battles actually occurred than Is indicated by the sample data.

2. Battles with extremely large or extremely small values of ad-

vantage rnay be less well documented than those with moderate values of
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,,a:v~i:t.e. "Tlus would be the case if extreme advantage values imply

disorder, confusion, and the Like on the defeated side.

On the other hand, battles with extreme advantage values are

frequently of great interest to the military scholar, and such battles may

have been more thoroughly studied than th4.se with moderate advantage

values. The combination of lack of data and the desire for definitive

historical analysis could, unfortunately, result in sharply conflicting

battle descriptions.

3. For battles with extremely large bitterness values, the destruc-

tion of records may have been considerable. If this actualPy occurred,

then data for battles of great bitterness could be less reliable than for

battles of little bitterness. Intensity may also affect records and data

reliability it this manner.

Whether or not any or all uf the above censoring effects are in--

volved Is not known to the author. A more extensive survey might help

to solve or eliminate some of the problems associated with censoring

and its effects.

Unsolved Problems

1. The unexplained variability in residual advantage is a problem

that has been earlier discussed in great detail. It is a problem that con-

tinues to elude our grasp.

2. Another unsolved problem is that of battle duration. What is it

that termdnates a battle? Why doesn't the defeated side fight to the last

man? This last did occur on occasion, though principally in circum-

!tanct's where either no retreat was possible or where retreat wa6 pos-

sibie only by breaking out of an encirclement. But why is it exceptional

rather than common?

The author h.is no ansv r *hese questtons, save ,r 1.- c

ra'htir ineffiectual P*)servation tb ,, presumably, the defeated side usually



has better things to do than merely stand and fight. This observation, in

its present form, does not permit us to say why any given battle Lasted,

e. g., 6 hours rather than 3 hours or 12 hours, and therefore does not

renresent an effective solution to the problem of predicting battle dura-

tion.

3. Similarly, we know very little about what determines battle in-

tensity. Nor do we have any clue to the causes of the decline of battle

intensity in recent times. In particular, we are unable to say whether

the introduction of tactical nuclear weapons will reverse or continue the

downward trend of battle intensity. To the extent that war games are a

reliable imitation of combat, they may provide data on which to base an

answer to this last problem, but it is important to recognize that this,

alone, would not necessarily improve our fundamental understanding of

the factors affecting intcnsity.

4. Lastly, there is the problem of victory. Advantage is closely

associated with victory, but advantage does not always follow the victor.

It is not clear why this should be, nor is it Clear what factors operate

to create exceptions to the general trend.

Findings of Value

1. Possibly ._e most important finding obtained to date is that of
a general correspondence between the theoretical Lanchester parameters

and real-world phenomena, since in the absence of such a correspondence

attempts at prediction would be doomed to failure. The fact of such cor-

respondence encourages the hope that fitting the theoretical parameters

to past data will provide an empirical first approximation to some of the

essentially important aspects of ground combat.

2. Possibly the second most important finding is that for Lanchus-

tMr's squ.Lrc-law mu•jei thle activity ratiu and tWe advantage paraii..t& -

depend on the initial force ratio. Formerly, investigators involved wx-Uh

tle use of Lanchester's square-law modeO have usually assumed that.
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activity ratio and advantage were independent of force ratio, and it is

now clear that modifications to these views are necessary.

3. Possibly of lesser importance are the findings indicating some

of the factors which do not significantly influence the advantage param-

eter; since these findings are of greatest value to further investigations.

4. Possibly last in importance are the miscellaneous findings of

connections, or lack of connection, among various other parameters

(e. g., the connection between intensity and duration, and the lack of

connection between force ratio and total force. ) Although these results

are often interesting and sometimes suggestive, we lack a unifying theo-

retical foundation which would place these elements in satisfying per-

"spective.

APP11CATIONS

We here consider the question whether the findings in their present

incomplete and tentative form can be put to use. The author will list

some areas in which he believes that immediate application would be of

value.

Applications to War Gaming

1. The findings can be used as a rough, general check on the va-

lidiity of a ground combat war game by computing the parameter values

from game results and comparing them with the parameter values esti-

mated from the historical sample battles.

2. Since the Lanchester parameter provide a useful scheme for

comparing battles conducted under different conditions, the Lanhester

niodel and the findings of this study could be of considerable value to

Lhuse invoivcd in the analysis of ground combat war game resul!s
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3. The close associaUon between the theoretical parameteri and

real-world phenomena suggests thatithe Lanchester square-law model,

together with empirical measures of the variability of certain parameters,

can provide a simple, approximate, aggregated ground combat model for

war games which emphasize command, control, communications, or

strategic aspects rather than detailed combat interactions.

Provide Guidance

1. The findings presented in this study can provide useful back-

ground information and guidance to various studies of large-unit ground

combat, and can serve as general background information for military

planners and atudents of military history.

2. From one point of view, the most important application of this

study, is as a point of departtare and as a source of information and guid-

ance for futture studies and theories of ground combat.
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APPENDIX A

CALCULATION OFe

FIRST METHOD

We use Equation (6) as a point of .emrturo, writing the hyper-

bolic functions in thdr exponential form and writing g - aý for

brevity. Multiplying both equations Sy g to clear fractions, we obtain

after transposition and reduction the simultaneous quadratic equations:

4 1) g2+ 2ag- (u +i) - 0 (A-I)

1t ) g* 2 + * . (u-1 + 1) = 0 (A-2)

A -1Dividing Equatiou (A-i) by i - 1) and Equadon (A-2) by Oa - I) and

subtracting the results yields

-1 )A~ 1 0±.. (A-3)

which can be solved for g as

-1A + I -A+I

g 2a 2d (A-4)

A - I A- I1S - I

Cloarln fractions in Equat!in (A-4), expanding products and

regroupinrg tefai.i yields

-g (A-5)
a• 1 ) - d• .- 1)
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Multiplying the numerator and denominator of the RHS of Equation

(A-5) by A and factoring yields

=- 2 2 (1+a) (1-n) Y

a (1-p)-dVJL -IA) a (I -A)+ dpA(I-,p)

+PA A-6)
a +-d-d

Taking nRaural legarlthms of both sides of Equation (A-6) and

recalling the definition of g yields

c(A-7)

which is the desired reset.

SECOND METHOD

We again start from Equation (6), this time solving equation (6a)
-.1

for ;t and Equation (6b) for 1 . We obtain

a - coshc (A-8)
alnhc

-1 d - cosh c (A-9)
sinth c

Eliminating p between (A-8) and (A-9) yields:

a - cosh c *sinhE (A-10)

sinh f d- cosh c

".rr•""",, ll,,-n, and•L rt•')•): crm. yield~s;

(A -Il )

ad-(a + d) cosh c + cosh 2c -s inh.- t 0

COIiG-S P- 12.
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But since we have Identically

cosh2 e - sinh2 C = 1

Equation (A-il) reduces identically to

- (a + d) cosh c + I + ad= 0 (A-12)

from which we immediately conclude

1 1 + ad (A-13)(a +d

which is the desired result.

REMARKS

Either method leads to two values of c , one positive and the other

negative in sign. Only the positive sign leads to a reasonable result,

however, as may be shown by Equation (6). Thus, for c > 0, a < 1

and d <1. But for E < 0, a > cosha ic1> ! andd > cosh 1-E 1, -
which is impossible in terms of the real-world interpretttion of a and

d. For this reason, only the positive values oW c are indicated in the

foregoing developments.
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APPENDIX B

DISCUSSION OF SPECIFIC SOURCES AND THEIR DATA

PURP(OE

To investigate the quality of qutantitative historical combat data Rud to

estimate the amount of varial. ty in acme of the, Lanchester square-law

parameters which arises froo iscrepancies between data sources.

METHOD

Individuai Sources

Each source consulted in the preparation of this report was examined

for statements relevant to the quality of the data contained in that source.

Such statewenta might include Information regarding the author's qualifi-

catoaz, the aowrce; which he used, and his own evalu,-tion of the quality

of the data presented.

Variability Between Sources

Seven battles which occurred during the American Civil War were

selected for study. Four sources were consulted for data on initial

strengths and casualties for each battle. For each battle and for each

source, the Lanchester parameters, a, d, A. A)/A. E, and x0 / YO were

computed as explained in the body of the report (Section If, Method).

Total casualty, C , and total force, X , paramneters were also obtained.

The sample variance between sources for the parameters Inj , In ( ,

and In (x0/ y0 ) was obtained separately for each battle, and a pooled esti-

mate of the variance between oources was then obtained for the separate

sample variances. In addition, logaritbmic scatter diagrams were
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prepared for ),A against xo/Yo, 1 against x 0 iYO, c against xo/Yo,

and fur C against X.

RESULTS

Individual Sources

Statements from each source relevant to the quality of the data con-

tained in each are quoted below to the extent applicable, and additional

notes are appended if necessary.

1. Reference 9

a. When this paper was written, Engel was employed by

the Operations Evaluation Group.

b. The chief source of data used by the above reference is

The Iwo Jima Operation prepared by Capt. Clifford P. Morebouse,

Historical Division, United States Marize Corps, undated.

o. No evaluation of the data is given in Roferenco 9. Tho

hIvo Jima Operation describes itself in its Foreword as follows:

"The information has been compiled from official

records, from observations and motes made by the writer during the

progress of the operation, and from a few supplementary sources noted

in the text. "

"In its present version, this monograph is tentative

ajd subject to correction. "

"It is huptd Jhat 4 reviseo vt-rsion. possibly wilh illus-

trations and additional maps, may be published in more permanent form

at a later date."

Ti, writer does not know whether or not the ant,'c-

,. vi-'e version has bcten published.
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2. Reference 11

a. Various authors have contributed to the separate

articles and hays not always listed all the source documents used.

b. No general statement can be made regarding self-

evaluation by the authors of the data which they present. In several

articles there is an implied self-evaluation to the extent that ranges

of values are given for strengths or losses rather than a fixed figure,

or more than one source Is quoted to Illustrate the lack of consensus

regarding strength and loss figures. ID some articles, a phrae s

such as "It has been variously estimated at" Is inserted, presum-

ably to warn the reader that precise data is not available.

3. Reference 15

a. S ele states that this work represents a part of his

three years' experienoo as a lecturer in military history at the Army

Service Schools at Fort Leavenworth.

b. Eighteen principle sources are listed by Steele in

his Preface, and appear to include the major historical works on

American campaigns from the French and Indian War to the Spanish-

American War, inclusive. Additional sources are indicated by the

footnote references contained in the main part of the book.

c. The data given is frequently prefaced by a remark

such as "it Is difficult to determine how many were engaged (or lost)"

in this battle. In some cases, more than one source is quoted to

illustrate lack of agreement. In a few cases, Steele gives his own

analysis of conflicting reports, together with his conclusions.

4. Reference 16

a. Morison and his series on World War IT Novel

Operations are well-known to most readurs. The stries hLd Iocen
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d1 ,,ribed ai tw x.sion aF "seni-official. " In preparing his history,

.Morison wkis fre•quntly in the area of operation, has made extensive

use of interviews with commanding officers of both sides and of

official reports, and nas in several Instances visited the battlefield

Itivolved (though not always at the time the fighting *,vas c-,nducted).

b. Morison includes practically nothing in thi way of

data evaluation and criticism.

5. Reference 17

a. As of the time of writing, Berndt was a Captain

(Hauptmann) in the German Imperial General Staff.

b. Forty-eight sources are listed as consulted, of

which five are German Imperial General Staff works.

c. The following is a free translation of the explana-
tory preface to Berndt's battle data and describes the type of infor-

mation given. (Only that information pertaining to "battle" was used

in this report.)

"The following Tables 27-63 depict the strength of

the opponents, as well as their losses, for the most important bat-

tles of the Silesian Wax and of the 19th century, the most significant

sea battles, and f-nally for some of the most important seiges and

investments of fortresses.

"In addition to the stated scope of this book, the

most remarkable battles of Frederick I1 will be presented as well

• .tt•lIe of Lhc 15th comtury, since ihese batties -- typical of their

era -- provide valuablo material for comparison with campaigns of

a later dato.

"T"e z, ale uf area of gr:aphic 1'epresemanti. '-'

S..:aix:'i.'U, .- Lht. • o'-n within a gl.'en section.
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"1BLu• color always designates the victor, -ed

color the vanquished; ue former is always placed on the left, the

latter on the right.

"In a•nbiguous cases, the victor is always taken

as the one who in battle generally achieved his objectives, or gained

possession of the field. Selges and investments are assigned colors

on the sante basis.

-rhe heavy boldface strength numbers, whose

magnitude Is graphically displayed by the area of the corresponding

color rectangle (or, as the case may be, circle), identify the total

number of troops which -vere present on or near the battlefield,

whether they were in fact engaged or not.

"For each battle, If a zonsiderabte portion of the

total strength was not engaged and If this portion can be measured

with some claim to correctness, these facts are cited In the dia-

grams.

"Whenever possible, the strength of the cavalry

(in horsemen) and artillery (in guns) Is set forth in parentheses

below the total strength values; note that the number of horsemen

Is included in total strength values.

"For the representation of sea battles (Table 54-

55), the quantity of effective troops (I. e. , the manning of the fleet)

will .not be used as in the above battles, but the number of ships,

Shicb is without doubt appropriate in such cases.

"In representLg the losses, the Lilcody losses

(killed and wounded) correspond to darker shading, the unbloody

losses (captured, misAing, straggJers, deserters, etc.) are re-

pre•rFAnted by !ighter shading.
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"To count the missing with the unbloody losses may

not wholly accord with the facts, since a larger or smaller portion of

them should properly be counted with the killed. Since the number of

these cannot be estimated in each case, the missing are coanted with

the unbloody losses throughout.

"The bloody and unbloody together give the totality of

losses, which is entered in heavier type beside the appropriate chart.

"The absolute number of losses can provide no scale

for comparative evaluation, but the relative number of losses in pro-

portion to the number of personnel is often employed for this purpose.

Thus, the lossis in percent of total strength have also been ascer-

tained and are printed in boldface on either side of the word '.

Verluste - '. These percentage values indicate how many men of

each hundred of tota' strength were lost on the average.

""In addition, the percent of bloody losses was

calculated and appears in smaller type either enclosed in parentheses

near the corresponding absolute aumber or, V . -gne permits, in a

separate row beneath tie lose-diagram. The. *..ccentages indicate

fhow many of each hundred men were killed or wounded.

"It may easily occur that the loss percentage will
be calculated from total strength and not, as is proper in certain

cases and for many purposes, from the number actually participa-
ting in the battle. This occurs, on the one hand, because it is --

especially for battles of early date -- often quite impossible to say

w,u~h troops atctually fought and which not; un thu otiher hand, be-

cause it is uot at all clear what influence was exerted on the develop-

ment of the action by the mere arrival or presence of a force dot
.'! . ¢'r(fna,-,d, .anrd it v. ,-.ld ther,-fnrc be ,most objectionahle if

v... ,_ , "re .trviply dropped from the c'alcuiations, Morc,)ver,

Nltter would tora, - wholly unstable basis, while a solid foundaztin

';i:.aI be ,•,etmed v YLt for the comparisons to lie miade tatcr oil.
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"If halfway tolerably reliable sources are avuilable,

the losses in officers (already incluued in total losses) will be sepa-

rately listed (in parentheses), and also the losses of battle standards

and war materiel.

"A central circle and concentric annulus will be used

to represent 'sieges and investments, ' where the area of the inner

circle represents the strength of the defenders (tho besieged), that of

the annulus the strength of the sitgers.

"The last great investment, namely that of Plevna

1877, will not make use ol this rep'resentation since Plevna was

defended by field fortifications rather than by a fortress, and it is

therefore a case of a'battle. I"

d. Additional Notes

The reader will no doubt wish that Berndt had done

some things differently. While adirntting the controversial nature of

some aspects of Berndt's treatment, tahs author wishes only that the

other worl, which he consulted had been half as conscientiou& in

their description and their display oil the data.

Curiously enough, and despite the completeness

with which other data are given, Beindt does not include any informa-

tion which would identify the participants as to attacker or defender,

seemingly considering either that thls was of little consequence or

that the information was general knowledge. As noted in the body of

the report, this lack was supplied by appeel to Reference 18.

6. Reference 18

a. The following Preface appears in this work:

"The sad drath of %Mr. Ifarho~ttlr. just as this work

was go.ing to press, has thrown upon ne the onus of ,'orrecting tlwt

proofs and preparing the index. The iiecesalty for hurrying the work
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through Lhe press has precluded comparison of the references in every

instance with the original sources from which the Author had taken

them; if therefore some few printer's errors or varieties of spelling

still remain, they may, I hope, be attributed to the imperfections of

one, wlao had to step suddenly into the breach caused by the loss of a

valued friend avid collaborator, whose patience in research, depth of

knowledge and a( curacy in compilation, he could never hope to equal.

P. H. Dalbiac"

b. Sources consalted in preparation of the dictionary

are not specified.

c. Additional Notes

This dictionary is one of a series (Dutton's Diction-

aries of Quotations) with six other, analogous works. Harbottle is

crodlmtd with aa•thorship of three of these seven dictionaries - ' Dic-

tionary of Spanish Quotations, and Dictionary o' Historical Allusions

and Dictionary of Battles (Ref. 18). This writer estimates that

Reference 18 above contains between 1500 and 2000 entries, all of

which are quite brief.

On the whol, dt's author has 'lttle confidence in

the accur*cy of the quantitative data contained in this work, and has

as far as possible made use of it only when no otaer source was ade-

quate.

7. Reference 19

a. No author is credited with tdis arti4-e, and thiq

writer presumes that it was prepared by WLe ý,'Wa~f of LYFE magziue.

b. LIFE notes that all casualty figures given for the

war are approximiate. No Indication is given o& th, ;otj.rrF, us'd 11v

LISE.



Variability Between Sources

The seven American Civil War Battles and the dsta collected on

each battle from the four separate sources is presented in Tab" c B-1.

Note that (1) not all of the sources give complete data, and (2) that wa

here allow the description "indecisive" for victorious side, provided

the reference consulted gives no better indication of the victor.

The parameter values estimated from the data of Table B-I are

given in Table B-IL together with the sample variance betwueen sources

for each battle separately and the variance estimate obtainel by pooling

.hose for the separate battles according to the formula (See Ref. .3.):

2 k2

Pooled eatimate = S Z2  ( 1 ) Sk

k
; (na - 1)

Here n, is the number of parameter values obtained for the ith battle

and s8 is the estimated between-sources variance for the ith battle.

Figures B-I through B-4 present loprlthmic scatter diagrams of

D/A against x0 /y 0 ,gI agaiat x 0/Y 0 , C against x0/y0, Sri C

against X. The data are plotted on these figures as numbers in ot der

to identify the battle to which the plotted values refer. For example,

battle number 2 (Antietam) la represented on each figure by four small

numeral 21s, one for each of the four sources involved. Regression

lines, average values, etc., as determined in the body of the report,

are indicated on these figures to facilitate comparison with the corre-

sponding figures developed in the body of the report.
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APPENDIX C

SOME NARRATIVE ACCOUNTS FOR BATTLES WITH
EXTREME VALUES RESIDUAL ADVANTAGE

BATTLE OF CONTRERAS, MEXICAN WAR, 1847 A. D.,
RESIDUAL ADVANTAGE - - 1.064

Narrative from Reference 11, Article on "Contreras,,

A hamlet about eight miles S. W. of Mexico City. It was in the

vicinity of this small town that Maj. Gen. Winfield Scott, with about

4, 200 U.S. troops of his column in the southern campaign of the war

between Mexico and the United States (1846-48) encountered first,

the difficult barriers of pedregal (lava beds) and lakes surrounding

his adversary's captial. In this particular defense, Gen. A. L.

deSanta Anna employed about 7,000 Meidcans, although possibly

hree titmes that- number occupied forts ti'd redoubts at critical

points elsewhere about the city. Scott, having eircloa to the south

of his goal, found, upon determined reconnaissance, -hat San Antonio

directly in his front was so heavily doeended that an assault might

cripple him. He decided to build a road over the pedregal toward the

west, thereby pinching out Santa Anna's strong position. Accordingly,

on August 19, 1847, Maj. Gen. G. J. Pillow's division was ordered

to supply working parties and push forward the road the engineers

were building and to brush aside any small resistance without bringing

on a general engagement. Pillow, however, after bein, i. .pped,

decided to attack. In the premature struggle only the natural teamwork

of the trained leaders, such as Riley. Smith, and Magnrder, saved

defeat until Scott, comirg upon the field, ordered a concentration of

his forces at San Geronimo, the key position. Darkness, aggravated

hv a strm, cut Scott off from the knowledge of the whereabouts of his

troops.

C'OILG-s 5P- 1h8 n7
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in Vie early morning of Augrust 20, Capt. Robert E. Lee, after a vcl-

un.ary desperate ride acrvss the pedregal, bore Scott the intelligence tOat
Brig. Gen. P. F. Smith had found a way to the enemy's rear and would

attack at dawn. Scott prepared Brig. Gen. D. E. Tw1~gs to cooperate

in front, and as a result, San Geronimo was taken in front, flank, and

reverse in less than 20 minutes. San Antonio was evacuated and the

battle of Churubusco began the eame day. The cannon and ammunition

captured from the Mexicans aided Scott materially. The Mexican

losses were about 1,500 as against fewer than 100 Americans.

Narrative from Reference 15, pp. 112-123, passim

Valencia marched first to San Angel, and then, contrary to Santa

Anna's orders, put his command into an isolated position upon an open

ridge Just north of Contreras and west of the southern end of the Pedre-

11,--.'• a !a."go spaca covorod "h volciO rooka. 1-1 placed a part of his

troops several hundred yards in front of hi main position at the ranch

of Padierna. Valencia was planning to fall upon the flank and rear of
(lie Americans as they moved on the capital by way of San Antonio.

The American army reached San Augustin on the 17th of August,

and occupied it without serious opposition. This place then became the
base of operations. The engineers dicovered the position of Valencia's

OL army; they also ascertained by rftonna!asanco that a road could be made,--
IL' over the Pedregal by whtch Valencia's poslton could be turned, his rear

"attacked, and lilt line of retreat to the ma.n army ar I the capital cut off.

On t'o 18d, of August W'rth's div'sion moved forward to &in Antonio.

and on t 1-9I•lth niasktld t'at place. on fis day tho d'%, 4:,;, oi

and Pillow advanced against Valenca's position. While part o th'.i. t,',,.

attocked and captured the advanced post at Pad'erna driprng back the

i.,1th*i; •,k ac'rtP.'," 't' I'edrtu1rgal to the uI- 1 :tr'ou •,u I :- t.w:u.1.i.

I".'; 'h:1'n 2, to10 v:r ,Is t-t1 If'fleti and ru.ir %.% ' t, IC ' j x it



Here Smith's detachment was wholly separated from the r'-st of the

American Army, and his rear was exposed to attack from the direction

of San Angel. Santa Anna, in fact, hurried forward a brigade, which

appeared on the Hill of Toro, 1,500 yards north of Geronimo, at 5 P M. ;

but before it made any movement of attack, It received orders from

Santa Anna to retire to San Angel, where he himself spent the night with

other troops. The only assault upon Smith at San Gerenimo was made

by Valencia's cavalry, which was easily repulsed.

That evening the Americans vacated the ranch of Padierna, which

was reoccupied by the Mexicans. During the night General Scott sent

Shield's br!gade to reinforce Smith. Santa Anna sent an order to

Valencia directing him to vIthdraw to Coyoa'an., Valencia refused to

obey the order, and held his position.

Leaving Shields to hold Geronimno, protect his rear and cut off the

enemy's retreat, Smnuth moved forward the rest of his detachment before

daybreak on the 20th, and fell upon the rear of Valoncla's position. Scott

had ordered Worth and Quitman to support this attack by assaulting the

front of the position. This "secondary attack" was quite unnecessary.

for Smith's assault took the enemy by "surprise-and put him to flight.

The victory was complete.

While the Americans were thus rcutlng Valencia's command, Santa

Anna was at San Angel, less than three miles distance from the battle-

field, with three brigades. He started forward with part of his force,

but was almost Immodiately inet by Valencia's flying troops. Thereupon

he turned about and hastened toward the city, sending orders for all the

Mertcan troupe to concentrate upon the inner line of defense at the garttas

of the capital.

III thlib,..tlL', whiuh Americans call the battle of Contreras,

and the Mexlcanb call the battle of Padlerna, the Americans engage

nunbher',d 4, 500, Lhe Mecxlane 4, 000. The Americans lost fewer thar.

1(•0 men, the Mexicans lost 700 killed, 813 prison,.n'.
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Genral Valencia's division was ordered to hold San Angel; but

this gcneral moved forwr,.rd and occupied the advanced position at Con-

treras. The position was from every point of view untenable. Not cnly

could it be turn easily, and attacked in rear (as was done), but

Valencia would have been just as bad off, if Scott had only left a con-

taining force to occupy his attention in frort, while he forced a way for-

ward over the San Antonio cause way, and from there crossed over to

the San Angel road. This would have cut Valencia off from his commun-

ications. Taking position, then, at Contreras was Valencia's strategic

nxistake. He made an equally bad tactical blunder, in putting a part of

his force in front at Padierna - an advanced post beyond the support

of his main position.

BATTLE OF ROSSBACH, SEVEN YEARS' WAR, 1757 A. D.,
RESMUAL ADVANTAGE = - 0. 821

Narrative from Reference 11, Article on "Rosebach"

A village in the Land of Sacony, Germany, in the district of
Meraeburg, 8 miles S.W. of that place and N.W. of Weissenfels,

farious as the scene of Frederick the Great's victory over the allied

French and the army of the Empire on November 5, 1757. For the

preceding events, see Seven Years' War. The Prussian camp on the

morning of tle 5th lay between Rossbach (left) and Bedra (right),facing

the Allies, who, commanded by the French General, Charles de Rohan,

prince de Soubise, and Joseph Frederxck Wtlliam, duke of Saxe-

Ili 'thzi rrh:its-or, General Fr.lzumneister of this Empire, had mnm(,uvord

in the preceding days without giving Frederick an opportunity to bring

them to actior, and now lay to tle westward with their right near

•":ideroda and their left at Muche~n (see Sketch). The advanced Posts

L t.. P:- V i Or.' ;•. t r. i t 'ilti24 .ges rncmdiltd.Y west of" fhfi i r c . i'i,

ol. the Ailies on the Schortau hill and the Galgenberg.



The Allies possessed a numerical superiority of two to one in the

battte itself, irrespect.ve of detachments,. and their advanced port

overlooked all parts of Frederick's camp. They had had the best of it

in the maneuvers of the previous days, and Hlldburghausen determined

to take the offensive. He had some difficulty, however, in inducing

Soubise to risk a battle, and the Allies did not begin to move off their

camping-ground until after eleven o'clock op the' 5th, Souhise's inten-

tion being probably to eng~e as late In the- day as possible with the idea

of gaining what ad-,Antages he could in a partial action. The plea was to

march the Allied army by Zeuchfeld, round Frederick's left (which was

covered by no serious natural obstacle), and to deploy in battle array,

facing north, between Raichardtswerben (right) and Pettsta" (left). The

duke's proposed battle and the more limited aiw of Soubise were equally

likely to be attained by taking this position, which threatened to cut off

Frederick from the towns on the Saale, This position, equally, could

only be gained by marchlin round the Prussian flank, i.e., by a flank

march before the eenemy. The obvious risk of interfoerece on the ex-

posed flank was provided against by a considerable flank guard, and in

fact it was not in the execution of their original design but In hastily

modifying it to suit unfounded assumptions that the Allies met with dis-

aster.

Frederick spent the morning watching them from a house top in

Rosebach, The initial stages of their movement convinced him that the

Allies were retreating southward towards their magailnes, and about

noon he went to dinner, leaving Captain Von Gaudi oa the watch. This

officer formed a different impression of the Allies' intentions, for the

columns which from time to Lime became visible in the undulations of

tV. der Goltz (Rossbach bls Jena, 1906 edition) gives 41, 000 Allies
:ind 21, 000 Pru.sianti as the crmbatant strenrths. Berndt's statisti,-'-l

• -orzK, Z:.il Im KrEvgto, gives the reapective torces engaged as Allie's

C;, 000, Pru IInIS .21, 000. Other accounts give the Allies total strength
as 64, JOG and the Prussians as 24, 000.
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the ground were seen to turn eastwards from Zeuchfeld. Gaudi's excited

:-cport ai first served only to confirm Frederick in his error. But when

the kiig saw for himself that hostile cavalry and infantry were already

near Pettstadt, he realized the enemy's intentions. The battle for which

he had maneuvered in vain was offered to him, aud he took it without

hesitation. Leaving a handful of light troops to oppose the French ad-

vanced post (or flank guard) on the Schortau hill, the Prussian army

broke camp and moved -- half an hour after the kIng gave the order --

to attack the enemy. The latter were marching in the normal order in

two main columns, the first line on the ,eft, the second line on the right;

farther to the right whs a column consisting of the reserve of foot, and

between the first and second lines was the reserve artillery on the road.

The right-wing cavalry was of course at tha head, the left wing cavalry

at the tail of the two main columns. At first regulation distaUnces were

preserved, but when wheeling eastward at Zeuchfeld there was much

confusion, part of the resere infantry getting in between the two main

columns and hampering the movements cf the reserve artUllery, and the

rest, on the outer flank of the wheel, being unable to keep up with the

over-rapid movement of the wheeling pivot. A weak flank guard was

thrown out towards Rossbach. When it was seen that the Pruesians were

moving, as far as could be Judged, eastward, it was presumed that they
were aboUt to retreat in 'order to avoid being taken in flank and rear;

and the Allied generals thereupon hurr~ed the march, sending the cavalry

on ahead.

Frederick had no intention either of forming up parrallel to the

enemy or of retreating. As hAs army could move as a unit twice as fast

as tý.e eorecy's, he in't-uded to nrtke a dletour, s:recined by the Janui

Hugel arnd the Pulzen Hugel, and to fall upon them suddenly from the

east. If at the moment of contact the Allies had already formed their

line of battle facing north, the a:tack would strike their right flank. If

'.. It bt~iI '1 Uw In Clmin cOIait.ard- o; iaitr-stwarki-,



the heads of their columns would be crushed before the rest could deploy

in the new direction -- deployment in auose days being a lengthy affair.

To this end General Von Seydlitz, with every availlble squadron, hurried

eastward from Rosabach, behind the Janus Hugel. to the Polzen Hugel;

Colonel Von Moiler, with eighteen heavy guns, came into action on the

Janus Hugel at 3:15 against the advancing columns of the Allied cavalry;

and the infantry followed as fast as possible. When they came under the

fire of Moller's guns, the Allied squadrons, which were now north of

Reichardtswerben and well ahead of their own Infantry, suffered some-

what heavily, but it was usual to employ heavy guns to protect a retreat,

and they contented themselves with bringing some fleldguns into action.

They were, however, amazed when Seydlitz 's thirty-eight squadrons

suddenly rode down upon the head and right flank of their columns from

the Polzen Hugel "avec une incroyable vitesse." Gallantly as the leading

German regiments deployed io meet him, the result was scarcely in

doubt for a moment. Sydltitz threw in his last squadron, and then

himself fought like a trooper, receiving a severe wouxd. The melee

drifted rapidly southward, past the Allied infantry, and Seydlitz finally

ratlied his horsemen In a hollow near Tagewerben, ready for fresh

service. This first episode was ovcr in halt an hour, and by that time

the Prussian infantry, in echelon from the left, was desoending the

Janus Hugel to meet the already confused and disheartened infantry of

the Allies. The latter, as their cavalry had done, managed to deploy

some regiments on the head of the column, and the French in particular

formed one or two columns of attack -- then peculiar to the French

army -- and rushed forward with the bayonet. But Moller's guns. which

had advanced with the iniantry, tore gaps in the closie masses, and,

when it arrived within effective musketry range, the attack died out

before the rapid and methodical volleys of the Prussian line. Mean-

whl'e the Allies were trying in vain to form a line of battle. The two

main columnn had got too close together in the advance from Pk-ttttadit. part
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ot the rc.crvv' which had become entangled between the main columns

was extricating itself by degrees and endeavoring to catch up with the

rcst of the reserve column away to the right, and the reserve artillery

was useless in the middle of the infantry. The Prussian infantry was

still in echelon from the left, and the left-most battalions that had re-

pulsed the French columns were quickly within musket-shot of this

helpless maus. A few volleys directed against the head and left flank of

the column sufficed to create disorder, and then from the Tagewerben

hollow Seydlitz's rallied squadrons charged, wholly unexpectedly, upon

its right flank. The Allied infantry thereupon broke and fled. Soubise

and t-he duke, who was wounded, succeeded In keeping one or two regi-

monte together, but the rest scattered over the countryside. The battle

had lasted less than an hour and a half, and the last episode of the infantry

fight no more than fifteen minutes. Seven Prussian battalions only were

engaged, and these expended five to fifteen rounds per man. Seydlltz and

Prince Henry of Prussia, the cavalry and the Infantry leaders engaged,

were both ',ounded, but the total loss of the king's army was under 550

officers and men as compared with 7, 700 on the part of the Allies.

Narrative from Reference 18, Article on "Rossbach"

Fought November 5, 1757, between 80, 000 French and Austrians

under Marshal Soubise, and 30, 000 Prussians, under Fruderick the

Great. Frederick. who occupied the heights of Rossbach was attacked

by the allies. The Prussian cavalry, however, under Seydlitz, charged

down upon the Austrians, and threw thenr, into disorder, and the infantry

fall'ng upon the broken columns utterly routed them, with a loss of 4, 000

k~lcis ,wi %-a uundcd, 7, o0u pr sone.rt, including 11 gereriLd and 63 guns.

The Prussians Lost 3,000 only.
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BATTLE OF MORTARA, WAR OF THE ITALIAN RISING, 1849 A. D.,
RES•IUAL ADVANTAGE - 0.583

Narrative from Reference 18, Article on "Mortara"

Fought March 21, 1849, between the Piedmontese, under the Duke

of Savoy (Victor Emmanuel) and General Darando, and the main Aus-

trian army, under Radetsky. No steps had been taken by the Pledmon-

tess to reader Mortara defensible, and little guard was keptl, with the

result that they were surprised by Radetsky, and driven out of the town

in confusion, with a loss of 500 killed and wounded, 2, 000 prisoners

and 5 guns. The Austrians lost 300 only.

BATTLE OF CERRO GORDO, MEXICAN WAR, 1847 A. D.,
RESIDUAL ADVANTAGE - - 0.569

Narrative from Reference 15, pp. 108-121, prn

After his defeat at Buena Vista (February 22-23), Santa Anna fell

back with his army to San Lula Potose, where he arrived after a march

of great hardship with less than 10, 000 effective@. After resting here

four days, he resumed the march to the capital with two brigades.

A new revolution had meantime, broken out in the City of Mexico,

and, when Santa Anna arrived there, he found armed partisans con-

fronting each other in tWe streets. He managed to compose the dis-

sensions, and on the 2nd of April set out for Cerro Gordo, a strong

position on the road to Vera Cruz, where he purposed stopping the

progress of Scott's army. A part of the troops he had commanded at

Buena Vista, some 5, 600, had already turned toward the same point;

the rest remained for the present at San Luis Potose. From the capi-

tal Santa Anna took the National Guards of that city. Cerro Gordo (Big

,.a •,• i s P at th,. w,,it ul , biezrra Madre. -- the IdAzt stcp tr•cnt
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Cie great P!ateau of Anahuac to the Tierra Callente.

Here Le road from Ve.a Cruz crosses a small river anr4 a

narrow stretch of lcvel ground, the Plan del Rio; then it zigzags up-

wards and t,) the west, following the easiest grade from one bench to

,he next. To the right of the road, as one goes west, are first rugged

c Is and then an impassable ravine. Between the ravine and the road
a , two prominent wooded knolls, Atalaya and Telegrafo, a few hun-

dred yards beyond which the road passes the Cerro Gordo Ranch.

From the Plan del Rio to this ranch, and probably farther westward,

the stream flows in an impassable gorge; aud about midway of the dis-

tance is a commanding table. On this table the right of the Mexican

line rested The left was on Telegrafo, and the XX reserve was at the

ranch.

The position as occupied was strengthened with parapets, trenches,
palijades, and abatis, and the trees were cleared away from the fiold in6-

front. Artillery was so placed as to command the road and sweep all

the approaches to the position.

owing to the ferocious heat and deep sand, the march of Scott's
army across the Tierra Caliente, from Vera Cruz to Plan del Rio,

was very hard and trying. Tw:.ggIs divIsion, which started on the 8th

of April, did not reach Plan del Rio until the evening of the i1th.

Twiggs had been informed on the way that Santa Anna was at Jalapa

witI troops, and ne expected to meet him at Cerro Gordo.

As soon as General Scott received report that the divisions of
Twigga and Patterson had found the enemy in force at Cerro Gordo, be

hastened forward from Vora Cruz himself, and Joinod the trou,,., at vie

front on April 14. tIaving gotten more transportation, General Worth,

also marched his division forward, and bad reached the camp of the
other divislons at P!-v del Rio, by the evening of April 17.
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Meantime the American engineer officer& had been reconnoitering

the Mexican position. They reported that thq position, though fortified

and very strong in front, could be turned by its loft and struck in rear;

and that the intrenchments on Telegrafo could be carried by assault.

Telegrafo was the key to the position.

On the 17th Twigg's divisiou followed the route picked out by the

engineers; and, after an action in which At lost ninety-seven officers

and men, it got possession of Atalava. General Scotm there upon

issued an order for a general attack, for the morning of the 18th.

Worth's division of regulars with Shield's brigade of volunteers was to

follow up and support the "muadn attack" against the Mexican left and,

rear; and Pillow's brigade of volunteers was to make the "secondary

attack" against the front. The main attack carried Telegrafo, put the

left of the Mexican line to flight, and got possession of the Jalapa road.

Seeing escape impossible, the entire right of the Mexican line then sur-

rendered. The American cavalry pursued the routed Mexicans, but

was not fleet erouc% to do them much damage.

General Scott reported his strength at this battle as 8,500, and his

idlled and wounded, thirty-three officers and 398 enlisted men. lie es-

timated the Mexluan strength at 12,000, and the losses 1, 000 to ., 200

killed and wounded, and 3,000 captured. The prisonc:rs, like those

taken at Vera Cruz, were, for lack of moans to care for them, paroled.

Lieutenant - General Robles, the Meoxcan engineer that fortified

Cerro Gordo, gave it as his opinion, that the Ivsition was only suitable

for '•Iarassing an Invading army, " -- that is, for fighting a delaying

action, a rear-guard action - and not for fighting a defensive battle

with die hope cf winning a decisive victory, lit reported that the post-

Lion could be turned precisely as it was afterwards turned by the Amer-

icans. Ile "advised that the maindefense be made at Corral Falso, six

or eight miles in rear. " But Santa Anna Insi.-it", ulon fortil,-rig Cerro

Gordo. It waa htro that the patrlots hao niade a famou8 stand araunst
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thic ziI ih i n the War of Independence. Nor did Santa Anna make any

diro., sion ag.ainst tihe turning movement. Even after the Americans had got

posses'ioi. of the hill. Atalaya, on the first day of the Battle, he per-

sisted in believing that the main attack would be made against his right

and front, and he made his dispositions accordingly.

BATTLE OF PLEVNA, RUSSO-TURKISH WAR, 1877 A. D.,
RESIDUAL ADVANTAGE - - 0.515

Narrative from Reference 11, Article on "Plevna, "c aes

Investment and Fall of Plevna

This was the last open-force attack on Osman's lines. (Third

Battle of Plevna) General Todleben, the defender of Sevastopol, was

now entrusted with the conduct of the seige, he determined to complete

the investment, which was accomplished by October 24, Osman's

request to retire from Plevna having been refused by Constan'tinoplo.

Supplies eventually gave out and a sortie on the night of December 9-

10 failed, with the result that he and his army capitulated.

Plovna is a atriking example of the futility of the purely passive

deLense, which is doomed to failure however, tenaciously carried out.

Osman Pasha repelled three Russian attacks and practically held the

whole Russian army. It remained f(,& the other Turkish forces In the

Held to take the offons!ve and by a vigorous counter-stroke to reap the

fruits of his su 'esses. Victories which are not followed up are use-

less.

Narrative Irom Relerence 1t•, Artl'..lo on "Plcvna. " passhin

On D~cember 10, Osman Pasha, at the head of 25, 000 Turks,

v ; !::i tarm Uit .,'ilfl .usy. now ICu, uCo strung. undc r

i... . {•~l~~lt ;' \wid) f"'•]!tv|!, ! i Chlit-f of ,SLtil. The att,,m pt



was made on the east of Plovna, and was directed against the Imper-al

Gr•nadlere, unwer General Ganetzke. Having successfully crossud

the Vid, Osmoan charged down upon the Russians, on a line two nules

in length, and carried the first line of entrenchments. Todlobon, how-.

ever, hurric-d up reinforcements, and the Turks were in turn attacked,

and driven back ID n'onfusion across the river, Osman being severely

wounded. Here they nmade their last stand, but were overpowered, and

driven into Plevna, which bof,,re oveaing capitulated, after a defense

lasting 143 days. In thua engagemet, the Turks lost 5, 000, and the

Russians 2,000 killed and wounded.

BATTLE OF TSCHEIRNAJA, CRIMEAN WAR, 1855 A. D.,
RESIDUAL ADVANTAGE a 0. F77

Na'rative from Refer nive 18, Article on tlschornaja"

Fought August 16, 1855, between three Russian divislons, under

General Gortachakoff, and three French and one Sardinian division,

under Gnoeral Marmora. The Russians attacked the allies' position

on the Techornaja, and after severe fighting, were repulsed with a

loss of 5, 000 killee and wounded. The allies lost 1, 200.

BATTLE OF LISAINE, FRANCO-GERMAN WAR, 1871 A. D.,
RESIDUAL ADVANTAGE * 0.601

Narrative from Reference 11, Article on "Franco-Gorman'# War, p.taiLLm

The last episode is Bourbaki's campaign in the east, with its

mournful close at Pontarlier. Before the crisis of the last week of

November, the Frer.ch forces under General Cremer, Cambrilt 's

successor, had been so far successful if minor enterprises that, as

mint1n,,al u ih,ve. tlhe right wing (if Z.e Luire armni , ac•.,,. r-d i 1oi 1 th.



It It hy the battlt of Orleans and subsequently held inactive at Bourges

and Nevers, was ordered to Franch Comte to take the offensive against

tde XNV corps and other German troops there, to relieve Belfort and to

strike a blow across the invader's line of communications. But there

"were many delays in execution. The staff work, which was at no Lime

Matisfactory in the French armies of 1870, was complicated by the

snow, the bad state of the rords, and the mountainous nature of the

country., and Bourbaid, a brave general of division in action, but irreso-

lute and pretentious as a commander-in-chief, was not the man to cope

with the situatiou. Only the furious courage and patient endurance of

hardsh:ps of the rank and file, and the good qualities of some of the gon-

erals, such as Clinchart, Cromer, and Billot, and junior staff officers

such as Major Brugere (afterwards generalissimo of the French army),

secured what success was attained. -

Werder, the German commander, warned of the imposing concen-

v. tration of the French, evacuated Dijon and Dole just in time to avoid the

"blow and rapidly dr'•w together his forces behind the Ognion above Vesoul.

A furious attack on one of his divisions at Villersexel (Jan. 9) cost himn
2. 000 prisonera, as well as his killed and woutded, and Bourbaki, heaJing
Ino" B•lfort, was actually noa.-er to the fortress than the Germans, but at

SLie crisis more timt was wasted, Werder (who had almost lost hope of
maintaining himself and had received both encouragement and stringent

instrections to do so) slipped In front of the French, and took up a long

: wt.ak line o' defense on the river Lisaine. Edlniost within cannon shot of

S"I',*If fr�- "',tt ,'lih m'um Frentfh 'trrnv in, vv'd up and a.tic'kedtl hi n hwr,

i ith IAO, 000 _.,.n.t 60, 000 (Jan. 15•-17, 1871). It %at; last re'pul .,,d

rhanks clielly to Bourhajita tI abllity to h!andlo his forces, and. to the

hitter i-.lrt nt merit o" tff cers atnid m(n al ikt, he ordort-d ak r't.'--At,

,'.4ii' "1' .4 _"



BATTLE OF PALO ALTO, MEflCAN WAR. 1846 A. D.,
RESIDUAL ADVANTAGE = 0.662

Narrative from Reference 11, Article on "Palo Alte"

A battlefield in Cameron County, Texas, between Point Isabel and

Mutmoras, about nine miles-hortheast of the latter. There on May 8,

1846, took place the first battle of the war between Mexico and the

United States (1846-48). Brigadier General Zachary Taylor's forces

of alout 2, 200 regulars, in au effort to Join with beleaguered troops at

Fort Brown, came upon a superior number of Mexicans (variously.,

estimated between 4, 000 and 6, 000) under General Mariano Arista. Be-

tween the chaparral and the marshes the two lines were drawn up oppo-

site each other, the Mexicans astride the road to Fort Brown. Tayior's

artillery, better handled than the Mexican heavy piecea, out great swaths

in the enemy's linee in process of forming. An attempt to turn the U. S.

right by a superior force of Mexican cavalry was met by a hollow square

of the 5th Infantry. The grass was set on fire by the shells, so that a

dens. smoke screen kept the two armies from seeing each other well.

In this haze, the trained and disciplined subordinate leaders of the U. S.

forces met the Mexican attempt to encircle the left. Samuel Ringgold's

and James luncant s batteries moved and fired handily in spite of the

smoke. When darkness closed t4e issue for the day the Mexican loss was,

according to estimate, about seven times that of the U. &. The engage-

ment waij the first instance where superiority of training against an

organized enemy rested with the Americans.

Narrative from Reference 15, pP. 85-101, passim

At about Loon on May 8, Taylor found Artsta's army in line of battle
near Palo Alto. The right of the Mexican line rested on a sort of low

ridge, about 3, G00 yards to the east of TAiylor's rend, Ahl;h puz.s.!(; al,:rj,

the edge of a swampy chaparral. The right of the line was covercd by a
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squadron of cavalry, and the left by eight squadrons. The guvau were in

the iiit:rvals between the infantry regiments. The line faced nearly

north and had a clear field of fire over a stretch of prairie with several

swampy places in it. The left of the line rested on a marsh, and there

were two large marshes immediat6ly in rear of the line. The left of the

Mexican lines was the weaker, and the chaparral on that flank offered

3ome cover for the Americans, So General Taylor made his main attack

against that flank. Captain May's squadron covered the left of Taylor's

line, while Captain Ker's squadron guarded the exposed right. and the

rear where the train was parking. As with the Mexican line, the artil-

lery was posted between the infantry regiments.

Taylor's line advanced in regimental columns until the Mexican

artillery opened upon it. Thereupon it deployed. The Mexican cavalry

under General Torrejon now moved through the chaparral to attack the

-ight and rear of the American line; but it was repulsed by the 5th

Infantry, which has on the right flank, and a section of artillery. The

Mexican left was now drawn back. Taytor changed the di-ection of his

line to conform to the new position of the enemy. There was now about

an hour Is cessation of the battle.

May's squadron was sent round against the Mexican left flank; but

finding itself greatly outnumbered it did not charge, but withdrew to the

rear.

Just before dark Arista massed his-troops in his right wing and

moved them against the American left flank and rear, sending Torrejon

again with his cavalry against the American right. The main attack was

rcimilsvI. by L.Owiciui'b battery, supporled bý the 8th Infantry and Ker's

squadron of cavalry. The cavalry'attack was also repulsed. At this

moment there was great confusion in the Mexican line, and, if the

Amrricvas had followed up their success by a vigorous rounttr-azTtt k.

!t: •,':xiani wLou]hl probatly have been routed. It was novw dark wn.:

th,. Mexicans retired into the chaparral in rear of their position. the

Ame::irwwi' a hiwV, maVkL'4 on Ihe battlmfis-d.
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Although General Taylor took the offensive in this battJe and

advanced to the attack, he found himseli outftunbered by Artstats

ai my, especially in cavalry, and was immediately thrown upon the

defensive, General Wilcox in his accowit says: "The action of

May 8 ort the plains of Palo Alto was, on the part of the United States

forces, defensive and mainly of artillery against Mexican artillery

and cavalry supported by infantry. "

One incident occurred in the combat that might happened, with

like effects, even in our day of long-range magaatne fire: the prairie
grass was set on fire by bursting shells, and the smoke for a time

concealed the movements of the hostile armies from each other,

At Palo Alto the Americans numbered 2,288, aud the Mexicans
were estimated at about 6,000. The Mexican account of the combat

gives the number oi the Mexicans as cn1y 3, 000.

At dawn t•n next or-•ung .6e hosttle oarmies were in sight. ofP
each other, but by sunrise the Mexicans had begun a retreat for

Matamroros. 7%e American army, with its front well covered by

scouts, took up wae pirsult. About three miles from the battlofield

of the day before, Arlu. in his retreat came upon what he conceived
to be a very strong position. Here he decided to halt his army. He

placed his linv in a reaca., or narrow shallow hwale, which creased
the road In the madst of a thick chaparr -%ad ended in a pool of water

at each t.l. Arloa appears not to Leleved that the Americans

would seriously attack him in this on; he had his tent pitched ane

was roisy writing, when Geaeral vw, opened fire on his line, mid

began the battle of Reoasca c i PIm-.a Some Mexican artillery in

and near the road on both sj' " - . ,qale could not be driven back;

so Captain May was orE a - it with his squadron. On ac-
ru-ot ni the denge PrrG ... A " d ordy move in the road, ard ha. to

charge in column o•f fours. fie capturnd seven gwus and a Mexicar gin-

cral. He was driven from the battery by Mexican Infantry, but the
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guns uere soon retaken by American infantry. The action in the chap-

arral lasted for some tiwe, but the Mexicans vere finally routed. They

dispersed and fled, never stopping till they had crossed the Rio Grande.

Ker's dragoons, Duncansa. battery, and the )rd Infantry followed in
pursuit. The Mexican accoitt states. that if Taylor had pursued with his

whole available force, and followed the fugitives across the river, "it

is undoubted that he would have completely destroyed thezm and taken

Matamoros without opposition.." But Taylor had no means of crossing

the river. Mexican batteries at Matamoros opened on the pursuers, and

the American guns in Fort Brown (as the fort buit opposite Matamoros

was afterwards named, L honor of Major Jacob Brown, who was killed

there during the siege and attack by the Mexicanu) "were directed upon

the mass of fleeing Mexicans while crossing at the upper ferry."

The losses of the American- in the two enggomg-tsw "ere 170

killedi and woucded, and the estimated loss of the Mexicdans, 1, 000.

Arista's baggage and all sorts of plunder were abandoned to the Ameri-

cans.

At Palo Alto Taylor's line of battle was formed nearly parallel to

the road he was marching on - - his lIhme of comwuaication with his base

at Point Isabel. Could the Mexicans have driven him back, or turned

his left flank, they might have captured his wagon-train and cut him off

from hOt base. Of course, with so small a force, this was not as seri-

ous a consideration as It would be with a great army. Taylor undoubted-

ly fought the battle in that way, becaeuse the chaparral west of the road

gave him some cover through which to approach the Mexican left flank.

An attack directly from the front, or against Ehe Mexican right, would

have had to be made over the open prairie without any sort of cover.

Had Taylor been defeated in this combat, heowould probably have lost

. '..' :!t P.:nt ".,t,.l. and hiti ,ihl,.-wktwk Uld garri stn ad ko t 1;r. n.
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At Resaca do la Palma Arista.'s army fought with the Rio Grande

at its back; under like conditions a large army would have been captured.

This little force, with no impedimenta, was able to scatter and cross

wherever the men could firnd boats. i Many were drowned. We have

seen that Taylor could not cross the river and complete the route and

dispersion of his enemy for lack of a pontoon-train.

In the Combat of Palo Alto, also, there was the appearance of

over-caution on the part of the American commander -- it is evident

that he believed himself greatly outnumbered. The Mexican account

gives Arista only 3, 000 men in the engagement; this number is probably

nearly right. Taylor had 2, 288. U our troops had not been content with

repulsing the enemy and holding their ground, but had made a counter-

attack at the right moment, they would have routed the enemy. After
defeating the Mexicans at Resaca de la Palma all available troops ought

to have taken part in the pursuit. But only a regiment of infantry, a

squadron and a battery iollowed the fizgitives; the rest of the American

army bivouacked on the battlefield. Judged by the sum of their success,
however, General T.,,lar'a operations in those few days were well-nigh
faultless. They could hardly have achieved more.

Narrative from Reference 18, Article on Palo Alto

Fought May 8, 1846, between the Amoricar.s, under General Taylor,
and the Mexicans, under Arista. The Mexicans were completely routed.

at very small cost Le the victors.

C Uj((- Spl- I,-,



APPENDIX D

TABLES



LIST OF TABLES

Page

I Basic Data For The Sample Battles. ........ 111

II. Estimated Lanchester Square-Law Parameters For The
Sample Battle 14...................14

lia. Number of Battles Won by Side and by Sign of Advan-
tage, InjI . .............. . . 116

I1Ib. Percent of Victorious Battles by Sign of Advantage,
inp, for Victories by Each Side ...... ........... 116

IV, Advantage Parameter, In p, and Victorious Side. 117

Va. Number of Battles Won by Side and by Magnitude of
Advantage, In #& .................. .............. 118

Vb. Percent of Victorious Battles by Magnitude of Advan-
tage, In IA, for Victories by Each Side ........... ... 118

VI. Theoretical (Normal Distribution) and Observed Fre-
quency of Battles With Various Logarithmic Force
Rates, In x0 /Y 0 . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . .  119

VIIa Theoretical (Normal Distribution) and Observed Fre-
quency of Battles for Various Ranges of Defender Advan-
tage, In. ........................ 120

VI1. The,-,:•aen (Normal DiatributionP and Observed Fre-
quency of Battles for Various Ranges of Logarithmic
Bitterness. In 4 ................... 121

IX. Some Statistics of Surviving Fractions ..... . 121

X. Observed Distribution of Surviving Fractions ..... .. 122

XIa. Number of Battles Won by Side and by Value of Force
lRtio. 1........................ 23

XIb. Percent of Battles Won by Side for Numerical Superi-
ority ..................... 123

XII. Number of Battles Won by Side and by Thr-ee Levels of
Force Ratio 1..................... 24

XIII. Rtvsults of liegrestiion of Advantage, ini or Logarith-
mic For-Ce HtAUo, In X/y 0 . . . . . . . . .. . . . . . .. . . . . . . . . . 125

XIV. Tbeoretical (Wornmal Diatribution) and Observed Fre-
quency of Battletj With Various Residual Advantages 126

-',tG-SP- 1 28 1



LIST OF TABLES (Continued)

Page

XV. Results of Regression of Logarithmic Bitteruess, In r,
on Advantage, Ing p..... ................. .... 127

XVI. Results of Regression of Advantage, Ing• on Logarith-
mic Battle Duration, In t ..... .............. ... 128

XVIla. Number of Battles Won by Side and by Sign of Residual
Advantage ........ ..................... ... 129

XVIIb. Percent of Victorious Battles by Sign of Residual Advan-
tage for Victories by Each Side .... ........... ... 129

XVIII. Residual Advantage and Victorious Side . ........ 130

XIXa. Number of Battles Won by Side and by Magnitude of
Residual Advantage ...... ................... 131

XIXb. Percent of Victorious Battles by Magnitude of Residual
Advantage for Victories by Each Side .......... 131

XX. Results of Regression of Logarithmic Bitterness, In c,
on Logarithmic Duration, In t, for "t" in Hours . ... 132

XXI. Theo--tic1al (Normal Distribution? and Observed Fre-
quency of Battles for Various Ranges of Residual Loga-
rithmic Bitterness .................. 133

XXII. Numbers of Victories and Defeats by Participating
Nation and by Side ..... ................. .... 134

XXIII. Number and Fraction of Victories by Participating
Nation ......... ................ ......... 135

l CbiG-.LP-1-,



-~~~-- It -C -- 4: a a O- .t a Col aJ a -C Q a -- -I a a• lil a ai aI Q Ia I-I Q a -C i ii i • -

'1

.0 0 . ma .06..00.0 a. . b a j 6 *I

M a -I ,

;3 A ) l pe -E ': * .. 014 F bblk PSil I ball. I btbs Iap -- I

,..i.

( r.A.. .

-1 C -

I Mom - I, II i

. A z S3 :A i zJ

CC '1R( -'U'- I 'N,



- -I

2 <
-. . . -. ...- . ,• -.

- -- -- -- - -- -- -- --- - - -

C t.



t p I ,' <,, ,

--
•)ml

.!§ QS

n, I ! I

S '+ • "'++

0 _
1!!

,-, ):g.gp +

I ,,,,+ 'a., -( , . ....1+
SJ / RP;V", -ea



6 ........ .....

. . . -. . -.--.-

. . .- . . . . . @. . .

~~I o a. JQ, s @• e o

Sti• a ..... .0 .q **° .. .. . " . . ........

-,. -.P't +, .+ . . . .. . . -- ..
-t ~ .....

,a• _______________. ___________________________________ II • i

•-

.- Va 4. . . . . . . ..-.

-• "• .'- •,. : . .• ,, ,, I. .i - , '



---- • i i~i | . I i. ! !I ! . ................ .. .......... i

- u • •• - .. w -t -.

I l l

-.-

.. . . ... .. . . . .

'4'

I :

I ii . Il l ~ i i- • -

S; t

St _- .+ - ' '

C C ** *

'a.

I q1'!



TABLE I11a

.U.'f'ERl OF BATTLES WON BY SIDE AND BY
SIGN OF AD17ANTAGE, Inp

Ing > 0; In I < 0;

Positive Negative Total
doi ender defender
advantage advantage

Victor D D; Battle won 38 7 45
by defending aide I

Victor m A; Battle won 17 30 47
by a'tacldng side

Total 56 37 93_ I Total _ _j
Chi-square 20.32 at 1 degree of freedom

TABLE I"=

PERCENT OF VICTORIOUS BATTLES BY SIGN OP
ADVANTAGE, In p, FOR VICTORIES BY EACH SIDE

Inm A> 0; In A < 0;
Positive Negative Total

defender defender
advantage advantage

Victor * D; Battlc won 84.4 15.6 100
by defending side

Victor tsA; Battle won 36.2 63.8 800
hV attacking bide ___ ____ .

It~ ~(



TABLE IV

ADVANTAGE PARAMETER,, 1nA, AND ViCTromouIs SDEa

lnu I V'ctor In"i Viutor Inp Victor

-0.992 A -0.014 A 0.281 A
-0.693 A 0.003 D 0.299 D
-0.693 A 0.009 A 0.303 D
-0.531 A 0.010 D 0.339 D
-0.460 A 0.015 D 0.331 A
-0.420 A 0.046 A 0.399 A
-0.416 A 0.049 A 0.439 D
--0.399 A 0.067 D 0.443 D
-0.387 D 0.070 D 0.483 D
-0.375 A 0.076 D 0.491 D
-0.357 A 0.076 D 0.519 D
-0.348 A 0.077 A 0.558 A
-0.327 A 0.083 D 0.560 D
-0.326 A 0.083 A 0.592 A
-0.300 A 0.091 D 0.596 D
-0.280 A 0.094 D 0.608 D
-0.264 D 0.096 A 0.642 D
-0.222 A 0.111! D 0. 678 D -

-0.213 A 0.112 0 0.824 D
-0.200 D 0.112 D 1.138 D
-0.198 A 0.153 D
-0.176 A 0.157 A
-0.164 A 0.161 A
-0.140 A 0.161 D
-0.1.27 A 0.170 D
-0.124 D 0.171 A
-0.120 A 0.17"9 D
-0.119 D 0.196 A
--0.097 A 0.204 D
-. 075 A 0.233 A
-0.068 A 0.219 A
-0. of A 0.226 D
-0.059 D 0.236 D
-0.029 A 0.24, D.
-0.01• D 0.272 D
-0. 018 A 0.274 D

Atftatk:ng ý',JtQ v-k or.-w

D Deferding sidp v'cter:ou!

CO) t('S- s I- I=



TABLE Va

N\U-MEBER OF BATTLES WON BY SIDE AND BY"
MAGNITUDE OF ADVANTAGE, In o

Inp > 0.3 0.3 ?- > -0.3 -0.3 -np Total

Victor = D 14 30 1 45

Victor = A 4 29 14 47

Total 18 59 15 92

Chi-square t" 16. 80 at 2 degrees of freedom

TABLF Vb

PERCENT OF VICTORIOU8 BATTLES BY MAGNITUDE OF
ADVANTAGE, Ing, FOR VICTORIES BY EACH SIDE

Ing > 0.3 0,3 P In' > -0.3 -0.3 a- In IA Total

Victor = D 31.2 66.6 2.2 100

Victor - A 8.4- 61.7 29.8 100

CORlG-SI,' 12-



TABLE VI

THEORETICAL (NORMAL DISTRIBUTION) AND OBSERV-D FREQUENCY OF
D3ATTLFS WITH VARIOUS LOGARITHNI1VC FORCE RATES, In x0/Y0

Thaoretical Grouped Groupd
In (X0/Yo) Frequency Obnerved lheoretical Obser, ed

From To WNorrmal Distribi.tion) Frequency Frequency Frequency

-0 -0.8 2.85 &2S

-0.8 --0.7 1.47
9.19 11

-•0.7 -0.6 2.02 5

-0.6 -0.5 2.85 3

-0.5 -0.4 3.50 2 8.01 7

-0.4 -0.3 4.51 5

-0.3 -0.2 5.06 4 5.06 4

-0.2 -0.1 6.07 7 6.07 7

-0.1 J 0.0 6.81 6 6.81

0.0 0.8 60.a 6 0.81
0.1 0.2 7.27 57.27 5

0.2 0.3 7.18 6 7.18 6

0.3 0.4 5.81 8 6.81 6

0.4 0.5 5.98 7 5.98 7

0.5 0.6 5.43 12 5.43 12

0,8 0.7 4.32 5

0,7 0.3 3,77 2

0.8 0.9 2,76 0

0.9 1.0 2.30 3

1.0 i.1 1.47 3 9.56

1.1 1.2 1.10 1

L.1.2 1 + 1.93 1

Chi-s iluare -z 20 56 at 10 degrm(, of fri,,dnr

COI((,i-S It .z



TABLE VII

C:,.FO!'iETICAL (NORMAL DISTRIBUTION) AND OBSERVED FREQUENCY OF
B.A rTLs FOR VARIOUS RANGES OF DEFENDER ADVANTAGE, In A

Tieoretical Grouped Groupedir; 0 rqec Observed
.Frequency F eTheoretical Observed

Frum To (Normal Distribution) Frequency Frequency Frequency

- .10.6 2.76 3

-0. 6 -052.76 1 8.74 7

-0.5 -0.4 3.22 3
-0.4 -0.3 5.06 8 5.06 8

-0.3 -0.2 7.36 5 7.36 5

-0.2 -0.1 9.20 8 9.20 8

-0.1 0,0 10.12 9 10.12 9

0.0 0.1 10.12 16 10.12 16

0.1 0.2 9.20 11 9.20 11

0.2 u.3 8.74 10 8.74 10

0.3 0.4 7.82 4 7.82 4

0.4 0.5 5.52 4 5.52 4

0,5 0.6 3.68 5
069.20 10

0.6 + 5.52 5
_ _ . .. __ _ _.__

Total 91.08 92

Chi-square 9. 39 at 8 degrees of frdom

•. (ORW., P I2'



TABLE VIII
TifEOETICAL (NORMAI DISTRIBUTION) AND OBSERVeD FREQUENCY

OF BATTLES FOR VARIOUS RANGES OF LOGAIIT1i1C
BITTERNESS, In c

Theoretical Observed Grouped GroupedFrqunc Frequency Theoret''cal Observed

From To (Normal Distribution) Frequency Frequency

o -3.70 2.76 6 6.44 7

-3.70j -3.40 3.68 1

-3.40 -3.10 5.52 3 5.52 3

-3.10 -2.80 8.28 5 8.28 5

-2.80 -2.50 11.04 13 11.04 13

-2.50 -2.20 12.88 12 12.88 12

-2.20 -1. 90 12.88 16 12.88 16

-1.90 -1.60 11.96 16 11.96 16

-1.60 -1.30 9.20 8 9.20 8

-1.30 -1.00 6.44 6 6.44 6

-1.00 + 40 7.36 6 7.36 6

Total 92.00 [ 92

Chi-square * 5. 46 at 7 degrees of freedom

TABLE IX

SOME STATISTICS OF SURVIVING FRACTIONS

Vicorou Average Average

VINorIOus N.. of AVrvivI Standard A Standard-. t ates Btlvn Rur~vtvtng deau
Sf Cie Battles o deviation Srvin devoo

fractionffraction of o d
I �ttacker, a of__ defender, d

I I; ______ i. 1L •19 t) :
i . . 827 O 117 .893.

LIi• -D-,g ".



TABLE X

'3SERVED DISTRIBUTION OF SURVIVING FRACTIONS

1,4age of Number f Battles in Stated Range

Surv' VI Attacking Side Victorious Defending Side Victoriousfractionva'c.tei (47 Battles) (45 battles)
.Strviving Surviving Surviving Surviving
fraction of fraction of fraction of fraction of
attacker, a defender, d attacker, a defender, d

0.95 - 1.00 8 5 5 14

0.90 - 0.95 12 15 8 9

0.85- 0.90 13 8 12 9

0.80 - 0.85 5 7 5 5

0.75 - 0.80 6 3 7 7

0.70 - 0.75 1 4 2 1

0.65 -0.70 1 1 2 0

0.60 -0.65 0 0 1 0 1
0.55 -0.60 1 1 0

0.50 - 0.55 0 0 2 0

0.00 - 0.50 0 2 0 0

(OliG-s lo.. I_-



TABLE Ma

NUMBER Or BATTLES WON BY SIDE AND BY
VALUE OF FORCE RATIO

Defender Attacker
Numerically Numerically Total

Superior Superior
(X0 ,/Y0 < 1) (xo/Y 0 > 1)

Victor D 19 26 45

Victor = A 16 31 47

Total 35 57 92

Chi-square 0.35 at 1 degree of freedom

TABLE Xab

PERCENT OF BATTLES WON BY SIDE FOR
NUMERICAL SI IPELIORITY

Defender Attacker
Numerically Numerically

Superior Superioi'
(x 0 /y 0 C A) (Xo/y 0 > 1)

Victor = D 54.3 45,6.

Victor A 45.7 54.5

Total 100.0 100.0

C') G IM I -1 ,.' PZ'



TABLE XII

XNUMBER OF BATTLES WON BY SIDE AND BY
THREE LEVELS OF FORCE RATIO

Force Ratio

Level I Level 2 Level 3
Totalto. 000 < Xo/y0 < O. 900) (0. 900 < xo/y0 < 1. 500) (1. 500 < xoiY0 < 0,0)

S. ,

Nictor= D 14 18 13 45

VN' tor A 15 11 21 47

29 29 34 9:

Chi-square 3.56 at 2 degrees of freedom

121 C.OltG ", -



TABLE XIUU

RESULTS OF REGRESSION OF ADVANTAGE, InmM ON
LOGAIRITHMIC FORCE RATIO, In x01Y0

Regression iUne: InA = b + c In (xo/yo)

Number of Data Points: 92

Estimated Value of Regreasion Coefficients * 951, Confidence Limits:

b 0.115 *0.064

c 0.367 *0. 122

Standard Error of Estimate: aIn ji I in (xg /y0) 0.297

Correlation Coefficient: r - -0. 537

Sample Mean:

ofln p = 0.058

of In (X3/yO) 0 0. 156

Sample Varianrce:

of InlnA L 0.122

of In (x0 /Y0 ) 0.262



TABLE YJV

T'.IMORETICAL (NORMAL DISTRIBUTION) AND OBSERVED FREQUENCY
OF BATTLES WITH VARIOUS R-"SIDITAL ADVANTAGES

Residual Theoretical Observed Grouped Grouped
lwvaituge Frequoncy Theoretical Observed
\dvantago (Normal Distribution) Frequency Fretency Frequency

From1 To

- .0 -0.5 4.140 414.260 9

-0.5 -0.3 10.120 5

-0.3 -0.2 8.649 11 8.648 11

-0.2 -0.1. 10.856 9 10.856 9

-0.1 0.0 12.236 21 12.236 21

0.0 0.1 12.236 10 12.236 10

0.1 0.2 10.856 11 10.856 11

0. 0.3 8.648 7 8.648 7

0. 3 0.5 10.120 9 i4

0.5 + 00 4.140 5

Chi-square 9.90 at 5 degrees of freedom

i 26 CORG-SP-12.q
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TABLE XV

RESULTS OF REGRESSION OF LOGAIUTHMaC
BITTERNESS, In c, on ADVANTAGE, In i

Regression Line: Inc m b + c In p

Number of Data Points: 92

Estimated Value of Regression Coefficients : 95% Confidence Limits:

b t- -2.152 *0.177

o 2 -0.076 0.502

Standard Error of EsUmate: eln Ing ,, 0.838

Correlation Coefficient: r - -0.032

Sample Mean:

of In c = -2.167

of ln4ta 0.058

Sample VWrance:

of Inc m 0.6 96

of ln A 0.122

CORG-SP-128 127



TABLE XVI

REZ:ULTS OF REGRESION OF ADVANTAGE, Ilng ON
LOGARITIMIC BATTLE DURATION, In t

Regresaion Line: Inj I- b + c In T

Number of Data Points: 82

Estimated Value of Regressic. Coefficients ± 95% Confidence Limits:

b = 0.135 *0.173
c = -0.027 * 0.222

Standard Error of Estimate: aInp I in t 0.341

Correlation Coefficient: r = -0. 092

Sample Mean:

oflnMA - 0.070

ofInt 2.391

Sample Variance:

of In 0.116

of In t 1.345

1 2q CORG-SP-1-2s



TABLE XVIIa

N'.BIR OF BATTLES WON BY SIDE AND BY SIGN OF RESIDUAL ADVANTAGE

Res'dual Residual
Advantage Advantakge Total
Positive Negative

Victor -D so 15 45

Victor A 12 33 47

Total 42 50 92

-Chi-square - 14. 06 at 1 degrees of freedom

TABLE XVIIb

PERCENT OF VICTORIOUS BATTLES BY SIGN OF RFSIDCAL
ADVANTAGE FOR VICTORTES BY EACH SIDE

Residual Residual Ii
-Advantage Advantage Total

Positive Negatvo 1

Victor = D 30.7 33.h3 lu0

Victor - A 25.6 74.4 100

COR(-S P-12S8
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iAL B .'Ini

. ,L.\L ADV.ANTAGE AND vic rOnIoL'ý, ba)La

i..t •%. .-,tor I eid a Victor R'aIltl Victor
I nIA:. --•I Atvlntego Advantage

-1.064 A -0,08 A o. i01 A

-0.821 A -0.043 A 0.234 A

-0.683 A -0.049 0 0.243 0

-0.360 A -0.631 A 0.n40 A

-0.448 A -0.038 D 0.167 A

-0.431 A -0.038 D 0.284 D

-0.374 A -0.034 D 0.300 A

-0.307 A -0.033 D 0.336 0

-0. 304 A 0.0311 D 0.358 D

-0.290 A -0.03: D 0.397 D

-0.I -0.010 A 0.414 A

-0.27S A -0.02o D 0.413 D

-0.374 A -0.024 A 0.425 D

S.26. 2A -0.018 A 0.430 0

-0.247 A 0.001 A 0.4&S D
-0.247 A 0,004 A 0.:13 I

-0.1234 A 0.005 D 0.614 0

"A 0.016 0 0-577

-0.224 D 0.016 A 0.601 0

-. 221 A 0o•03 D 0.662 0

-0. :as A 0.031 D

-0.106 A 0.037 D

"-0. 13 A 0.061 D

-0.158 A 0. 087 A

-0.151 D 0.119 A

-),129 A 0.122 D

-4.126 A 0.133 0

-0,125 D 0.139 0

-•1,|02 0 0.146 D

-0.o98 A 0.154 D
098 A J. 154 D

- A 0.157 D
- A 0. :19 1

-oU:t. D D.•

-4j. u6J A 0.101I D

.D o.09 A

1) L-'w *l . tvl ý. " ,torwd!

S~CORG-SP- 1"-'



TABLE XXa

NUMBER OF BATTLES WON BY SIDE AND BY MAGNITUDE
OF RESIDUAL ADVANTAGE

Residual 0. 2 ;-Residual 0. 2 -" Residual
Advantage Advantage Advantage Total

> 0.2 > -0.2

Victor = D 14 29 2 45

Victor-= A 7 22 18 47

Total 21 51 20 92

Chi-square = 16. 06 at 2 degrees of freedom

TABLE IM

PERCENT OF VICTORTIOUS BATTLES BY MIAGN!TUDE OF
RESIDUAL ADVANTAGE FOR VICTORIES BY EACH SIDE

Residual 0. 2 a Res.dual -0. 2 - Residual
Advantage Advantage Adva!tage Total

> 0.2 > -0,2

Victor = D 31.1 64.5 4.4 130

Victor = A 14.9 4.. 8 3S.3 Too

COIIC-SP-129 131



TABLE XX

IL 'S OF RikGFl ESSION OF LOGARITHMIC BITTERNESS, In s,
ON LOGARITHMIC DURATION, in t, for "t" IN HOURS

Regression Line: Inc w b + c In t

Number of Data Points: 82

Estimated Value of Regression Coefficients * 95% Confidence LimIts:

b -2.,944 * 0. 380

c 0. 338 * ..144

Standard Error of Estimate: sIn in t 0.747

Correlation Coefficient: r - 0.468

Sample Mean:

of Inc -2.135

oflnt 2.391

Sample Variance:

of In c 0. 704

oflnt 1.345

!1Z2 CORG-SP-1228



TABLE I C

THEORETICAL (NORMAL DISTRIBUTION) AND OBSERVED
FREQUENCY OF BATTLES FOR VARIOUS RANGES OF RESIDUAL

LOGARITHMIC BITTERNESS

Residual Theoretical Grouped, Grouped
Logarithmic Frequency Obseerved Theoretical Observed
Bitterness (Normal Distribution) Frequency Frequency

From TO

-0 } -2.000 0.23 2

-2.000 -1.500 1.48 3 7.38 7

-1.500 -1.200 2.62 1

-1.2C0 -1.000 2.95 1

-1.00 -0.800 4.26 0 10.00 5

-0.800 -0.600 5.74 5

-0.600 -0.400 6.80 5 6.80 5

-0.400 -0.200 8.11 11 8.11 11

-0,200 0000 8.70 !0 8.70 10

0.000 0.200 8.70 8 8.70 8

0.200 0.400 8.11 10 8.11 10

0.400 0.600 6.80 14 6.80 14

0,600 0.800 5.74 2 110.00 7
0.800 1o000 4.26 5

1.000 1.200 2.95 2

1.200 1.500 2.62 3 7.38 5.

1.500 2.000 1.48 0

2.000 + 00 0.33 0

Chi-square 14. 00 at 7 degrees of freedom

CORG-SP-128 133



TABLE =1I

S.... MLL.•S OF VICTORIES AND DEFEATS BY PARTICIPATING
NATION AND BY SIDE

,Side on Which Nation Patticipated

Attacking Side Defending Side

Participatlng1uo Total Tota, J
SNumber Number Nurtwf- Number Number partial- Total

oof f pIutlnn of of patnon rtici-

victories defeats a n victories defeats e pation
attackling defending

side side

France t0 17 27 5 8 13 40

Prussia 'or 11 1 12 16 8 24 36
Germany)

Austria 8 8 18 6 9 14 30

United States 8 3 11 6 6 1
of America 12 23

Russia 3 6 9 2 3 5 14

Confederate 
I 5

States of 5 L 7 2 3 5 12
America

Britain (or 1 1 2 5 0 5 7

England)

Turkey 0 1 1 3 4 5

Mexico 0 2 2 0 2 2 4

J.pan 0 1 1 0 3 3 4

Piedmont 0 1 1 0 2 2 3

I1hngary 0 1 1 0 1 1 2

3pain 0 0 0 1 0 I 1

Sardinia 0 1 1 0 0 0 1
Denmark 0 0 0 0 1 i 1 •-.'

1 0 1 0 0 0 1

;: I '47 4 92 45 47 92 184

CORG-SP-12-



TABLE XX.cii

NUIBER AND FRACTION OF VICTORIES BY PARTICIPATING NATION

Victories as Appr-.2mate,

I Participating Number of Total a fraction of 95% confidence
Nation victories participation total particl- irterval for prob-pt otion ability of victory

France 15 40 0.38 0.2-0.5

Prutssia (or 27 36 0.75 0.6 -0.9
Giermany) •

Austria 13 30 0.43 0.2 -0.6

United States 14 23 0.61 0.4- 0.8
of America

Russia 5 14 0.36 0.2-0.6

Confederate
States of 7 12 0.58 0.3-0.8
America

Britain (or 7 0.86 0.4-1.0
England)

Turkey 3 5 0.60 0.2-0.9

Mexico 0 4 0.00 0.0-0.5

Japan 0 4 0.00 0.0-0.5

Piedmont 0 3 0.00 0.0 -0.6

Hungary 0 2 0.00 0,0-0.8

Spain 1 1 1.00 0.0- 1.0

Sardinia 0 1 0.00 0,0 - 1.0

Dcnxnark 0 1 0.00 C.0 - 1.0

Hanover 1 1 1.00 0.0- 1.0

a Estimates given are based on 95% confidence limits for binomial probability para.-
meter, equating observed fraction of victories to observed proportion of success and tuta!
participation to sample size. Confidence intervals for each nation were independently de-
termined and the interval limits were rounded totlhenearest tenth prior to incorporation

CORG-SP-128 135
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