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ABSTRACT

The purpose of this paper is to search for empirical rela-
tions among various quantitative aspects of ground ~ombat -
suggested by Lanchester's square iaw modei, The motivation
for considering this problem is discuseed at some length in (he '
introductory section. Thooretical and methodoloﬁical issues
bearing on the problem are discussed. Data on 92 historical
battles are studied for information bearing on the problem.
The principal results are contained in several tables and figures
and are exhaustively evaluated. Arecas where these results
might be applied are indicated.

/
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FOREWORD

"War is a science replete with shadows in whose obsourity one can-
not move with an assured step. Routine and prejudice, the natural re-
sult of ignorance, are its foundation and wupport,

All sciences have principles and rules. War has none. The great
captains who have written of it give us none. Extreme cleverness is
required even to understand them. And it 18 impossible to base any
judgment on the relations of the historians, for they only speak of war
as their imaginations paint it, As for the great capdains who have writ-

“ten of it, they have attempted rather to be interesting than instructive,
since the mechanica of war 18 dry and tedious, "

(Marshal Maurice De Saxe, Reveries on the Art of War, 1757)

"The principles of war do exist; but our present concepts of them
are inadequate, misieading, and of exaggerated practicai use . . . .

The study of history is only of use when we can convert the hind-
sight of past analysis into foresight for future action; otherwise this
study is merely pedantic. To develop this foresight the chain of causes
and effects must be discovered. This is exactly what acientific princi-
ples enunciate . . . .

As the principtes of war stand they do not show the relationship be-
tween cause and effect, between their application and victory in battle.
For instance, we cannot say that if offensive action is applied victory
will reault, We cannnt even say that victory will be probazle, because
offensive action may not be the right principle to emphasize under the
circumstances, Further it may even be that the application of this prin-
ciple will contribute to defeat. So much for the practical value of the
priaciples of war as they stand today .

CORG-5P-128 v




fie (sawatine) principles of war can be discovered but have not yet
eol igeoveroed, !

(M jor J. Nazareth, Two Viewe on the Principles of War, Military o
Review, February 1961, published by the United Siates Army com-

mand and CGeneral Staff College)

" '‘Waoapons change, but the principles of war and our geographical
situation remain constant.' One has seen a statement similar to the
above many times. Such dogmatic statements are common in military
journals, and before being acoepted at thsir face value should be exam-
ined very critically.

In the first place, it ie difficult to discover what these principles
are.

A glanoe at the accompanying chart shows that at various times in
the last hundred yeara or sn. at least 24 princinles of war have heen nut
forward; and of the lists shown on the chart, no two are the sama. Fur- 9
ther research would no doubt reveal many more lists, all different. The '
exponents of most of theeo lists have stated quite categorically that 'this
is the list of the principles of war. ' One wishes at least that they had
the modesty of the writers of the Holy Gospel, who did not state that
theirs was The Gospei but only the Gospel according to the writer. "

(Major M. J. W, Wrigkt, Two Views on the Principles of War,

Military Review, February 1961, published by the United States
Army Command and General Staff College)

"The growing comploxity of modern warfare has led some students
to Whe a fresh lock ot the prinaples that have traditionaliy guided mali- s
Ly strategists tno war .

)

In number; the stated principles have varied from writer to writer!

and from natien o nation .

oo ceetad 1 ey,

The individual authors of the lists have almost uniformly cliumed

e pninaples ta he nnmuatable

o CORG-3P-12x 9




Other authorities bave argued that the claim of immutability cannot
be acceptad literally; that there is little agreement as to waat the prin-
ciples arc and mean; that they overlap: that they are fluid and require
conz.unt re-examination; that they ure not comparable with acieatific
lawa since no two milllary situations are aver completely alike; that the
so-called principles are not really principles at all, but morely methods
and common~sensé procedures adopted by great commanders of the past;
and that changes in tLo conditions of war alter their relative importance.

The debate over principles has been renswod with the coming of the
atomic era. Some theoriats argue that the new weapons have destroyed
whatever {nfallibility still remain; others contend that the principles are
as valid as ever, even more 80. To some extent this is a debate over
semantics, Defenders point out that each age must make its own appli-
cations of the 'fundamental truths' of strategy. Opponeats argus that
there can be no set rules for the art; the so-oalled principles must by
no means be interpreted as pat formulas for victory to be followed
blindly and rigidly; the only sound guide in war and strategy ie flexi-
bility. "

{(Maurice Matloff, Article on Stratogy, Encyclopedia Brittanica)

"To the statistically-minded these scraps of evidence are provoca-
tive rathor than convincing. What 18 needed 18 a comprehensive survey
hy counting, for counting {8 an antiseptic againgt prejudice ,

A fundamental rule of scientific method ia Ockham's so~called
'‘Razor,’ to the effect that: 'Entities are not o be postulated without
necessity. ' For shaving off the supevabundant growth of mathematical
uncertainties and difficultias { have made {requeat appea! to an analo-
gous rule: 'Formulue ar~ not to be complicated without good evidence. '
This 18 a ditficult ani groping empiricism .
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W Foever says that these results aro rough should compare them
with our previous blank tgnorance. "

(Lewis Fry Richardson, Statistics of Deadly Quarrels)
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HISTORICAL DATA
AND
LANCHESTER'S THEOQY OF COMBAT

INTRODUCTION

Purpose

To search for empirical relations among various quantitative as-
pects of ground combat.

- Background

Military Aspects

Through the ages much bas boon written concerning the nature of
war and the manner is which it skould be conducted. Nevertheless,
among mode:n practitioners of the military art, there is a division of
opinion regarding ike interpretation and relative importance of the
various so-~called "principles of war. ™ (See Ref, 1,) This division of
opinion and the resultant uncertainty conccrning the fundamontai ele-
ments of ground combat can hardly fail to have an adverse eifect on
many U, S. Arimy activities, including (and perhaps, especially) those
of concern to the Combat Developments system. Therefore, it is con-

sidered important to try to elucidate the relationships amorg various
aspects of ground combat.

Technical Aspects

The past few years have seen the growth of operations research
and similar activities devoted to the application of formal or
"gcientific” techniques to a wide variety of military problems. At
jeast one facet of this work represents a significant departure from

classical methods -- namely, the introduction and use of relatively
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simple mathematical equationa which purport to describe the salient
features of ground combat.! Many of these combat models consist of
modifications or extensions of Lanchester's model,? a detailed discus-
sion of which, emphasizing those features of interest to this study, is
contained in the sequel. Here it sutfices to note that most of these
models are based on the so-called "sguare law, " or its analoguss.

. In effect this states that the combat power of 3 military otganization is
proportional to the square of the nwnber of combatants in that organi-~

zation.

Despite the frequency with which such "square law*' models are
propused, only one detailed comparison of theoretical predictions with
observed combat data is known to this writer.? This comparison’
showed that the theory orig!nally givenr by Lanchester (save for-a
straight-forward modification to represent the landing rate of fresh
troops) is in good agreement with data available on the World War U
battie of Iwo Jima (Ref. 9). Therefore, the relation ¢ such models to
observed combat phenomena is an important area of investigation.®

| Hera - .4 in the foilowing we refer to such mathematical theories
a8 "models, " In accord with prevailing operations rusearch jargon.
The reader is cautioned that in other comtexts the term '"model” may
include any or all of a wide variety of representations of combat or
ovher pheromena.

2See Reference 2. ° = parts of Reference 2 containing the devel-

opment of Lanckester’ . Jel are reproduced in Reference 3. Refer-
ence 4 also discusser kester's theury., For exampl: . of theories
inspired by Lancher :. work, see References 4, 5, 6, . 9.
3Referanc. . A lear etailed comparison of the square law model
with combat dat= 3 .1 r. . Reference 5, where it is shown that the
data lenda s~ ‘ tion to the square law.
L = -+ _:at data is the body, and theory the soul, of

scientific endeavor, It then follows that without adeyuate data, though
the spirit is willing, t*e flesh is weak.

2 CORG-5P-128




Scope

Presumably, difficulties n collecting the neceésary detailed data
bave hampered further a‘tempts to validate the square law, 5 although
Engel (Ref, 9) clearly recognizes the potential value of additional efiort
along these iines. In pzarticular, Engel notes that when a sufficiently
large number of specific corshat situations have been investigated, it
may be possible to determinc the paramecter values characteristic of
various classes of combat situations and to discover re'ationships be-
tween thes~ parameters and other factors associated with the various
classes of situations, Engel pointedly remarks that "such relation-
ships will be of particular value if it ia possible to nieasure these other
factors prior to the inception of a particular engagement. " The

5The amount of detail required for iaodel validation is indicated by
the following list of information used ia Reference 9: :

(a) The total number of {riendly troops put ashore each day (no
friendly troops ashore prior to the beginaing of the engagement)

() The total number of firiendly casualties each day and, sepa-
rately, those killed in action

(c) The number of enemy troops ashore at the beginning of the
engagement

@) The time the island was declared secure (after thia time, al-
though the battle continued, it may have done so at a different rate)

{e) The time the engagement ended (afier the island was declared
secure)

() The number of enemy trcops at the ead of the engagement
(zero if all were destroyed)

) To which we add: The number of enemy troops put ashore .
each day (in this case, none).

The recurring phrase '‘each day" in the above list indicates
the degree of detailed required for 2 test of square-law validity. {f
»remy reinforcements and fricndly or enemy non-battle losses are non-
neghgible, then the time histery of enemy casualties and, separately,
non-battle losses must also be kncwn in order to test model validity.)

CORG-SP-128 ' _ : _ 3




crucial firs't.step in carrying out this program has alae been clearly
identified by Engei -- a determinaiion of the range of validity of alter-
native forms of ianchester-type models. Unfortunately, as indicated
earlier, successful execution of this important first step is directly
dependent on the availability of a large bddy of rufficiently detailed data
which do rot seem to be readily available.

Although not emphasized by Engel, a certain amount of progress on
other phases of the indicated program may be possible, even in the ab-
sence of detailed data, provided we tentatively assume, a8 a working
hypothesis, the validity of some form of Lanchester-type model. It is
the purpose of this study to attempt just such a program: adopting the

validity of the Lancuasater square law as a working hypothesis and point
of departure, Heasons for adopting the square law hypothesis rather

than some other are as follows:

i. Itis relatively easy to deal with mathematically. {(Con-
siderstions of aualytical simplicity are not viewed as fnal. I oxplors-
tory studies, such as this, easily ha.ﬁdled maodels are used to expedite
the work.)

ii. At least one battle (fwo Jima, mentioned above) has been
shown to follow tte square law predictions.

ili. The square law might be viewed as an approximation, ob-
tained by replacing in the correct model, discrete by continuous varia~
bles (or random variables by their average values), and linearizing the
result, If there is any truth in this view, then the square law represents
at least a first approximation to the correct model.

iv. = The complexity of the square law, as reflected in the nurn-
ber of parameters, does not exceed the amo:unt of detail obtainable from
more-or-less readily available sources of data. That is, the aumber
of unknown constauis is small enough that we can determine all of them

from such data as is available.
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v.. Even if the square law is not a valid model, if the features
of combat represented by the square law are in fact related to other fac-
toos which can be determined prior to the initiation of combat, then we

.may be able to at least define nredictors which permit a forecast of thoge

featur 28 once the appropriate factors are known. In other words we may
be able to make assertions such as, “If you are going to use the square
iaw for predictions, then by measuring certain factors and performing
certain operations you will obtain a prediction of such-and-such an as-
pect of combat. " (Note that we may not understand why such predictors
work unless and until acditional theoretical ingight becomes availahle.)
Discussions of other factors influencing the scope of the study are con-
tained in pp. 10 -17 below.

'METHOD

Exposition of Method
Theory

The available data consists, for the most part, of information on
a number of historical battles, The sources from which these data
were assembled usually confined discussion to the following:

a. Date and place of occurrence of a battle.

b. Forces present on or in the immediate vicinity of the
battlefield during the engagement.

¢. A narrative account of the salient features of the action,

normally including:

(1) An identification of one side as attacker and the other

as avfender,

CORG-5P-128
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'(2) Duration of the engagement,
d. A statement of the outcome, including:

(i) ' Identification of one side as victortous and the other
as defeated.

(2) Losses to each-side.

For the most part, uo detailed information regarding the rate of rein-
forcer ent is available. Since most of the data assembled by the author
to date involve battles of short duration, the process of reinforcement
will be neglected. Operational attrition will also be neglected.

It is then posgsible to write Lanchester's equations as:

dx/dt=x=-Dy
. 1)

dy/dt=y = -Ax
which is the form adopted for study in this paper. These equations
assert that the instantanecus rate of attrition to attacking trcops (x) is
proportionai to the number of defending (y) troops, and the ingtantaneous
rate of attrition to defending troops (y) is proportional to the number of
attacking troops (x). The proportionality parameter D and A respec-
tively represent the rate of attacker (defender) attrition per defender ‘
(attacker) per unit time. For convenierce in the following discussion,
these and other important parameters are given (more or less whimsi-
cal) names. Thus, D will be known as "defender's activity" and A
will be termed "attacker's activity." With this terminology, for exam-
ple, the first member of Equation (1) may be read as "The instantaneous
rate of attrition to the attacker is jointly proportional to defender activity
and the number of defending troops."

6 ' CORG SP-128




Let X0 and Yo be (respectively) the attacker's and defender's pre-

battle or "initial" strengths. Then Equations (1} may be rewritten as:

a=-4d
. 2)
d = - qa

where we have set:

x/x0 a (surviving fraction of attacker)

"

y/y0 d (surviving fraction of defender)

then,

D y()/x0 =6
A xo/y0 = .

In addition to the parameter names indicated above, xo/yo will be called
the (initial} “'force ratio" of attacker to defe.der. Since, at the initia-
tion of combat, a = d =1, the parameters o and 6 represent the initial
fracticnal attrition rates to defenrder and attacker respectively.

Dividing the first member of Equation (2) by ithe second, separatihg
variables, and integrating, we obtain:

2
2 1 ~2a
pt ===, @
1 -4d
where we have set u 2. % . Inthis form we see that u is related to

the relative advantage of the two sides. In particular, if g > 1, then
the surviving fraction of attackers goes to zero before the surviving
fraction of defenders; if p < 1, then the surviving defender fraction is
the first to reach zero. This suggests that we define the (defender's)

asivartuge parameter™, 'V, by:
V =1lnu “)

whore “in" denotes “natural logarithm of, "

COR1;~SP-128 7




Toen it can be skown® that a positive defender advantage means that
the attacker's {ractional attrition rate is greater than the defender's; a
negative defender advantage means that the defender's fractional attri-
tion rate is greater than the attacker's; a zero advantage denotes
equality of attacker's and defender's fractional attrition rates.

By referring to the definitions of «, 6, and g, we may write Equa-

tion (3) as:

2
1-3a 2
L & w7/ ¥ ®)

D/A =

thus determining D/A, the “activity ratio, " ia terms of the surviving
fractions and the force ratio,

The complete solution of Equations (2) may be written as:

a = cosh € -# ginh ¢

-1 {6)
d = cosh ¢ - ginh ¢

where u is defined by Equation (3), and ¢ = At; where A= /a4, and

t is the duration of the engagement. Referring to the definition of «

and 8, we seée that '

A= ‘/AD
f.e., A is the geometric mean of defender and attacker activity. Since
it represents an average activity, it seems reasonable to call A the
“intensity" parameter and to interpret it as, in some sense, a measure
of the average intensity of battle, With this interpretation of A, ¢ may

be interpreted as the product of battle duration and average battle inten-
sity, As such, it see.ns appropriate to cail € the "bitterness" para-
mzater and interpret it as, in some sense, a measure of the bitterness

VIR SR AR N

E.¢., by inspecting the time derivatives of a and d calculated
from kguations (8).
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By writing the hyperbolic functions in Equations (6) as exponentials,
it is possible? to derive the following expression for the bitterness psra-
meter in terms of surviving fractions anc 4 :

- L4y
€~ln<a+dy N

- Summarizing the results obtained, we see that if the historical data
includes items b, ¢1, and d2 of those given earlier, then it is pnssible
to use this data to estimate the following parameters:

1. Force ratio ( X /yo).

2. Surviving fractions (a and d)
3. Advantage (V or u)

4. Activity ratio (D/A)

5. Bittbrness (¢).

If the data also give the duration of the engagement, then the follow-
ing additionzi parameters may be estimated:®

6. Intemsity (A)
7. Initial fractional aitrition rates ( o and §)

8. Attacker and defender activities ( A and D respective-
ly).

TSee Appendix A,

8This comes about as follows:

A = €/t by definition of €. By definition of A and x, we then
can estimate v = Ay and 6 = Ay . D and A may then be esturated,
siice oy ouciantion of o and 6 we must have:

D= 6x0/y0 and A = ay(}/xo.

CORG-5P-128




Methodological Principles

The general features of the method are easy to state, We collect a
sizable body of data dealing with historic battles, use this datd to esti-
mate the parameter associated with each battle, and search the results
for regularities, Unfortunately, this program, in the form given above,
ignores several important methodological issues.

First, practical considerations limit the search for data to battles
in a restricted area of space and time, and, even in a restricted area of
space abd time, data oh soms battles may be either incomplete or in
error. As a result, it may be that the detected regularities are spuri-
ous, 1.e., could be due to accidental circumstances influencing the
selection of and errors in the data. In other words, the regularities
supposedly "detected" might disappear or be altered in some way if the
data included all battles and/or if the data contained no errors oy other
random fluctuations. ‘ :

Second, oven if we detect some regularities, we may not have found
all of the regularities iurking in the data.

Third, Information on past battles mnay not be applicable to future
battles, in which case extrapo.ation on the hasis of detected regularities
would be improper.

The author is incapable of rraolving these ifficulties to the satis-
faction of all possible readers. In fact, considerable scientific and
philosophical debate still revolves around the methodological issues
raised above. The guthor will state ris views on these problems as con-
cisely as possible, but the reader will have to determine for himaself
whether or not these views are acceptable to him. We will take up these

igssues in reverse order.

If information on past battles is not applicable to future battles,
then extrapolation of detected regularities is improper, This is admit-

ted. Nevertheless, we have no way to judge the future save by our
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present understanding of the past, While oplnlonfa may differ with re-
gard to the meaning assigned to the term 'understanding, ' there is
general agreement that increased unaerstanding of the past has besn
and will continue to be useful.

Whetaer the data and our understanding of it are sufficiently com-
prehensive to justify extrapolation into thte future is largely a matter of
inalvidual judgment as to the nature and degree of change in future con-
diticns as compared to past conditions. Nevertheless, a relation which
holds for the past, over a wide range of conditions, or whick shows a
constant trend for an extended period of time, 18 more likely to hold in
the future than one which {s unpredictably dependent on circumstances.

If we can detect sgome regularities in the data, then we have probably
achisved a certain amount of understanding of the past. If we could
detect all regularitiea, then our underatandine cof the dalz would lsavs
nothing more to be discovered, and would, in that sense, be perfect.
The work presented here is not to be viewed as the acme of perfection
or completeness. Far from being finished, the work is hardly begun.

If it is of value for some aspects of practical problems or if it samoo.hs
the way for a deeper understanding of some of the problems of warfare,
then it has achieved all that could reasonably be expected of it. The
position taken in the above discussion is hardly dietinguishable from that
adopted by Clausewitz {(Ref, 12). ‘

"If theory investigates the things that make up war, if it sepurates
more distinctly that which at first sight seems confused, if it explains
fu'ly the properties of the means, if it shows their probuble effects, if
1t clearly defines the nature of the ends in view, if it sheds the light of
a deliberate, critical observation over the whole 'ﬂeld of war -- then it
has achieved the main ouject of its task. It then becomes a guide to
whaever wishes to become familiar with war from bouks; it everywhore

l:ghts up for bam the road, facilitates bis progress, educates his judg-

ment, and keeps hum (rom going astray . . .




So it turns to experience and directs its attention to those precedents
which military history already has to show. In this way it will certainly
be a limited theory, which only [its the circumstances as military bis-
tory present them. But this limitation is from the firat inevitable, be-
cause, in every caee, what theory says of things, it must either have
abstracted from military history, or at all events cdmpnred with that
history. Besidea, such limitation i8 in any case more theoretical than
real,

Ono greai advantage of this method is that theory cannot loss itself
in subleties, hair-splittings and chimeras, but must remain practi-
cal . . . .

Examples from history make everything clear, aod in addition, they
afford the most convincing kind of proof in the empirioal {ielda of knowl-
edse. This applies to the art of war more than to enything else."

/ith regard o the posaibility of arronscus or spuricue ragularvities,
we will mako use of Richardson's principie of histoxical data samples
(Ref, 10).

"Let us agsume, as a working hypothesis, that every finite set of
historical events is only a sample of what might have happened, Any
quantitative theory of history is therefore not required to agroo pro-
cisely with actual historical events, but to agree only within tho range
of uncertaiaty ascribable to sampling. "

Adoption of this principle, {n effrct, arma us with all the tools and
tecl:niques of modern statistical theory, Use of these techniques will
not, to be sure, eliminate all possibility ot spurious regularitivs, but
their application does pravide a framework within which these problems
can be discussed, togother with methods for ectimating the probability
Uil 4 vt Peguiarty 1o spurious.  Further testing of possible regular-
ities by indepeadent 1nvestigators ama the study of furthe, data ia tho
form of additional independent historicnl sampies will uiso help to

tecreasy the hkelthood of spurious reg larities.
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To summarize our discussion of methodological principles, we may
say that the proposed procedure amounts to neither more nor less than
an application of the so-called “sclentific method, " 22 the author
understands it, using military history as a souroe of data and aided by
modern statistical techniques. As guch, the proposed procedure
carries with it the same advantages and dlaaﬂvantnges as apy otner
spplication of tho "scientific method. "

l
Limitations of the Mothod

Several limitations have boen diacussed in the Introducticn (pp. 3 -
5) and in the paragraphs immediately above (pp. 10 - 13). These
include the limitations imposed by *he inability to consider more than e
limited sample of battles, the inability to detect all regularities con-
tained in even a limited sample, and the uncertuinties involved in eotra-
polating to the future such reqularities as may be discovared. Also
inolurted is the self-imposed restriction to discussing tho data in terms
of the classical Lanchester square-law model, including the neglect of
dotailed consideration of reiaforcemonts and oporational attrition.

The reader ia cautioned that this study in no aense provides a tost
of the validity of Lanchester's square-law model of combat, As noted
in the Introduction (pp. 3 - 5), such a validity tust requires highly de-
tailed information on the casualty experieace of each combatant. Other
than the data used in fieference 9, the author {s no' aware that any such
data exists in the unclassified literature.?’

The author considers that the quality of the data used is a possible
limitation on the results obtainable by the method, and therefore witl
briefly discuss some of the difficulties encountered in the collection and

9 For some data avallable rom classified sources, see Relerence
14
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uge of data. 13 Four categories of data appear to merit discussion,
These are (1) identification of attacker and defender, (2) initial strength,
(3) casualty estimates, and (4) duration of engagement.

ldentiﬁcation of Attacker and Defender

In some battles (e.g., Bunker Hill) it seems to be quite clear which
side ig the attacker and which the defender. In others, it is considerably
less clear. In reviewing narrative accounts of action, the author found
that in some instances a force attacked the enemy but, finding them-
sclves Jut numbered, "were immediately thrown on the defensive. "
Also, for engagements over extended intervals of time, a pattern of
attack, counter-attack, counter-counter-attack, etc., is common. In
cases like these, identification of one side or the other as attacker must
be nominal at best. The identifications given in Table I are based either
on the identifications given in the sources consulted or on the author's
impression, based, on the narrative accounts, of which side behaved .
most aggressively, When allied nations participate on the attacking or
on the defending side, an attempt was made to present identificationa
which correspond either to the nationality of the largest body of ircops
or to the nationality of the commander of the ailied forces.

Initial Strength ‘

To some extent, an attempt was made to include in Table I only the
number of personnel “engaged' on each side, although not all of the
sources consulted unambiguously indicate how many were en, aged as
opposed to the number present somewhere in the general battle area.
The narrative accounts of some battles indicate that sizable bodies of
troops, though not greatly distant from the battlefield, were not engaged
"for one reason or another. In addition, it is sometimes difficult to

decide how to count the influence of reserves and maneuvering elements.

19 Discussion of data in relation to specific sources is contained in
Anpendix B.
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For example, in the battle of Chancellorsville, Jackson took a large
force {about 26, 000 men) and marched westward on a 15-mile detour to
enveiop the Federal right flank. In this, as in similar cases, maneu-

 vering el¢ments and an unknown fraction of reserve troops are counted

as part of the initial force strength. (See Tablz L.)

As might be expected, the trustworthiness of much of the data is
questionable. For example, Reference 11 states that in the battle of
Bunker Hill "about 1, 200 men'" were defending and were attacked by

" “between 2,000 and 3, 000" British, In the batile of Palo Altg, Taylor

estimated his opponent's strength as 6, 000 (Ref. 15). Reference 1l
merely states that Arista'r strength has been variously estimated at
between 4, 000 and 6, 000. " Reference 15 says that Arists gave his
strength as about 3, 000 and adds that tlis is "probably about right. '
With regard to the data on American Civil War battles, Reference 15
repeatedly remarks that the number engaged is difficult to determine.

A third possinle source of error in estimated initial strengths
arises from the relatively superficial treatiwent of reinforcement. As
mentioned before, we have included the total number of troops oa or
near the battlefield at any time with the initial strength figures, which
is tantamount to assuming that the einforcements were engaged from
the beginning. However, in nearly all cases, examination of the influ-
ence of reinforcemeﬁts, detachments, maneuver elements, reserves,
etc., in greater detail than is undertaken here would require more pre-
cise data than can be found in readily accessible historical treatments
of battles.

Casualty Estimates

In addaition to participating in some of the sources of error de-
scribed above for initial strength data, other errors or confusions are

pussibiv here.
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Since, as we have seen, initial strength values are often in error,
and since, in some instances, casualties may have been estimated by
subtracting "strength after battie" from !sirength beiore battle, " the
casualty values may in some cases represent the result of subtracting
one targe inaccurate number from another large iraccurate (out approx-
imately equal) number. It is well-known that this sort of procedure can
result in extremely large errors,

Although perkaps not a source of error as such, coniusion éan
readily be created {and the difftculty of data interpretation lﬁcreased)
by variations in the criteri- . -lopted for a 'casualty." The following
criteria, or combinations thereof, caem to be generally used:

a. Operational attricion ~- including iltuesees, accidents, szdmin-
istrative transfers, desertion, confusion, ete,

b, Missing in action -- MIA

¢. Erisoner of war -- BOW

d. Wounded in sctiea -~ WIA {including died of weunds -~ DOW)
e. Killed in action -- KIA

Although an aitempt has been made to include in the casualty Gata only
the estimated value corresponding to the combined category WiA + KIA,
in some instances only the MIA + WIA + KIA figure was available

from the data scurces consulted. In some cases the number MIA may
be small so that lumping it with KIA + WIA does not appreciably alter
the estimated casualty value. In somc irzstances the references gave
orly a figure labelled as “losses, " and it would seem from the context
that "losses" were W be interpreted as MIA + POW + WIA + KIA,
aithough exuctly what the author had in mind i8 often unclear. Webster's
New Collegiate Dictionary defines "Loss, (mil.); The losing of soldiers

in bhattle or by surrender; also, chiefly in plural, killed, wounded, or

captured soldiers.”" The term "iosses" is not defined in AR-320-5
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Dictionary of U.S. Army Terms, although 'battle casualty" ie, and

includes those "killed, wounded, missing, captured, or interned. "
Duration of Engagement

In general, the duration of an engagement is difficult to determine,
For example, should the time occupied by the skirmishes and minor
fights preceding the main battle of Gettysturg be counted as part of the
duratiott of the batile or not? In rare instances (e.g., the account of
the battle of Austerlitz in Reference 11), the reference asserts that the
stated number of casualties occured in a certain pericd of time, Usu-
ally, only vague indications are given, such as 'tle battle opened on
the morning of . . ." and was "over before nightfailon. . . ." In
some cases (e.g., the Pacific Island amphibious operations) the begin- _
ping of the land battle is quite clear-cut, although the effects of the . -
preceding Naval and Air operations inay not be adequately represented
if the occasion of landing troops is taker aa the initiation of the bettle.
Moreover, it is notoricusly difficult to seiect a time ‘"uich represents
the end of these island campaigns, '

The estimates of batile duraticn used here. represent, for the most
part, this author's best guesses, on the hagis of limited study of the
narrative accounts, as to the initial and terminal times. The ceader
is cautioned that, for some of the older battles, the duration has been . N
adjusted under the assumption of no night fighting. Thus, for example, LS
the Seven Day's Battles are assigned a duration of 70 hours (7 days
with 10 hours of usable daylight each day). A like procedure was not
adopted for the World War I Jdata, nor in otker cases when a reading of
the narrative account did not seem to cieariy justify the assumption of
negligible night fighting.
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RESULTS

Data

Data on the historical battles treated in this report were assembled
from Referencee 9, 11, 15, 16, 17, 18, and 19.!! The principal quan-
titative components of this data, together with the identisications of
attacker and of victor, are presented ir Table I. (Except for the data
used in the comparison of sources, for which see Appendix B. Further
discussion of data and treatment refers to that in Table I, uniess s spe-
cific assertion to the ccutrary is made.) '

1. Population and Sample!?

In accord with Richardson's "Principle of Historical Data
Samples, " we consider this collection of data as a sample from some

| population, As often happens, the exact nature of the population is vir-

tually impoasible to determine. We will describe certain features of

the sampie which might bo of assistence in judging the nature of the pop~

ulation,

»

a. Sampie Size

Table I contains data on a total of 92 distinct historical
battles. For each of these battles we list the name or designation of the
battle, the year in which it cccured, the source of data used, the

11 Reierence 17 does not provide either narrative accounis or an
identification of attacker and defender. Where necessary, this lack is
supplied from either Reference 11 or 18. In this report, the only use
made of Reference 18 is in supplying identifications of attacker amd
defender to be used with other battle data obtained from Reference 17,
and as a source of dats for the comparison of data Bources given in
Appendix B. Also in this report, Reference 15 is used only for the
comparison of sources in Appendix B.

12See Reference 13 for a discussion of the concepts involved in the
terms ''population" and "sample. "
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identifications cf a‘.tac)ér and defender, the estimated initial troop
strength on each side, the estimaled casualties suftered by each sid:
{together with a cotation approximately identifying the casualty criterion
involved), and an identificaticna of the victor. For 82 of these battles, an
estimate of the time duration is also supplied.

b. Distributiou of Sample Data in Time

Although battle dates vary from 1741 A. D. to 1945 A. D.,
all but 5 of the 92 battles occured between 1757 and 1677, inclusive
Figure 1 shows the distribution of battles in time by twenty-year inter-
vals. The high degree of clustering reflects the occurrence of certain
periods of general military activity, auch as the Napoleonic Wars, the
Wars of Frederick the Great, etc. / -

c. Distribution of Sample Data in Space ,

Of the 92 sample hattles 68 were fought in the Eurasian
area, 20 in North America, and 4 on Pacific Ocean islands. These
batties took place on terrain of varfous types, including the open Plains
_ of Abrabam near Quebec, the wooded thickets of the Wilderness battles,
the hills and caves of Iwo Jima, and the cultivated fields near Waterloo.

d. Distribution Among Countries

The governments which participated in these battles and
the approximate frequency of participation!?® in numbers of battles,

were:

France 40 battles

Prugsia or Germany 36 "

Austria 30 v
United States of 23 w
America

P as withieudt to know how much weight to give to participaiion
with allies unfler a United Cominand.
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Russia 14 battles

Confederate States
of America

Britain
Turkey
Mexico
Japan
Piedmont
Hungary
Spain
Sardinia
Denmark
Hanover

12 "

"

"
"
"

b e e e e GO W B DN

e. Magnitude of the Sample Battles

In terms of X, the total number of troops involved
X = X, * yo). the smallest of the 92 hattles is Cowpens with X = 2, 000,
and the iargest is Leipzig with X = 472,500. The overail totai forces
(the sum of X's for all 92 battles) amounts to 19, 784,878, and the aver-
age total force (average of X's over 92 battles) is about 117, 227.

In terms of C, the total number of casualties
€ = Cx + Cy), the smaliest of the 92 battles is Cowpens with C = 303,
and the largest 18 Leipzig with 93, 000. The overall total casualties (the
sum of C's for all 92 battles) amounts to 1, 431, 898, and the average
total casualties (average of C's over 92 baitles) is about 15, 564.

In terms of F, the total casualty fraction (F = C/X), the
smallest of the 32 battles is Temesvar with F = 0.007, and the largest
is lwo Jima with F = 0.448. The average total casualty fraction {(aver-
age of F's over 92 battles) is about 0. 138.

In terms of t, the duration of battle, the shortest of the 82

battles for which this datum is recorded are Rossbach and the break--out
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at Pievna, each with a duration of 2 hours, and the longest is lwo Jima
with 864 hours (36 days). The overall tota] battle duration {the sum of
t's for all 82 battles) amounts to 3,651, § hours, and the average battle
duration (average of t's over 82 batties) is about 44.5 hours.

In terms of M, the number of battle man-hours (M = Xt),
the largest of the 82 battles for which this datum is available is Iwo
Jima with M = 81,648, 000, and the smallest is Lundy's Lane with
M = 25,000, The overall total battle man-hours {he sum of M's for all
82 battles) amounts to 377,308, 000, and the average number of battle
man-hours (average éf M's over 82 battles) is 4, 601, 000.

f. Numerical Superiority

Of the 92 battles the one with the greatcst force ratio
(xo/yo) is fwo Jima with xo/y0 = 3, 395, and the one with the least
force ratio is Plevna with xa/ Yo = 0.250, The average force ratio
©ver 92 batties) is 1, 323.

g Victorious Side |

In 47 of the 92 battles the attacker is given credit for the
victory. Inthe remaining 45 battles the defending side is counted as
victorious,

2. . Errors in the Data

In order to obtain an estimate of the variability attributable to
differences between sources, data from a few more-or-less indeperdent
sources was obtained for each of 7 separate battles. These data and the
Lanchester parameters estimated from them are discussed in detail in
Appendix B. It is sufficient to note here that the sample data consists
of estimates of the combat situation rather than the situation itself, As
such, different sources present different estimates.

Although tke vartability between estimates cculd presumably be

reduced by reference to orimary, rather than secondary, sources of
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information, it seems likely that some variability and uncfrtainty would
always remain. Consequently, it i5 necessary to estimate the amount of
this variability and to consider its implications on various aspects of the
program being pursued. This is done in the development and discussion
of results,

3. Combat Parameters

Lanchester parameters for each battle were estimated from the
data of Table I by the procedures outlined in Chapter 1I, Method, and are
" tabu'sted in Table II

Other combat parameaters are introduced and defined as needed
in a manner similar to that adopted above for the discussion of battle
magnitude,

Findings

As noted in Chapter II, Method, we neither claim nor expect that
we have uncovered all the rel‘tlonshlps and regularities concealed in the
data., It is appropriate to note here that many of the findings presented
in the sequel are negative in nature, i.e., we assert that certain regu-
larities or relationships are not supported by the data under investiga-
tion. These negative findings are often as important as the positive
findings in contributing to an understanding of combat and constitute an
essential part of the findings. In addition, some of our findings will be
uncertain or indefinite, i.e., we assert that certain regularities are
neither clearly supported or denied by the data under investigation. Re-
sults of this nature constitute problems for further study.

1. Correspondence Between Pzrameters and Phenomena

In Chapter II, Method, names were given to the theoretical
‘Lanchester parameters (e, g., bitterness for ¢ and advantage for In u).
The names assigned suggest a correspondence between the theoretical

symbols appearing in Lanchester's theory ana certain phenomena
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occuring in the real world. It is important to determine whether the
implied correspondences are valid or whether they are merely fictitious
and misleading. We will investigate the situation for the bitterness and
advantage parameters.

a. Bitterness

We begin by investigating whether the Lanchester para-
meter, € , can legitimately be considered as an index of battle bitter-
ness. Figure 2 shows a scatter diagram (See Ref. 13 for definition.) of
€ versus F (in other words, of bitterness versus total casualty frac-
tion), together with a graph of the funcvion! * eF -~ 1. The data points
closely follow the plotted curve for total casualty fractions less than
0. 4, but apparently tend to diverge from it for larger total casualty
fractions. Some divergence is expected, since we learn from Appendix
A that

~1 /1 +ad
€ = cosh 2+ d

which implies that when a and d are both small {(in which case F must
be close to unity) € must be large. In fact, as a and d both approach
zero, 1' approaches unity but ¢ approaches infinity. As F approaches
unity, however, eF - 1 approaches e - 1, or approximately 1.7,
rather then infinity. Hence, on theoretical grounds, we expect the data
points to diverge from the curve eF - 1 when F i3 large.

Since the total casualty fraction may reasonably be taken as a
measure of battle bitterness, we conclude that, at least for a wide
rang~ of total casualty fraction values, the Lanchester bitterness para-
meter, € , adequately reflects the more usual, intuitive concept of
combat bloodiness, bitterness, and the like. We may then also conclude

"*Here and 10 the following, e will represent the base of the system
of natural logarithms and is approximately equal to 2, 718281628 . ,
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that the Lanchester intensity parameter, reflects the more usual concept
of combat intensity, activity, and the like, since by definition we hiave
A = ¢;t, where t is the duration of battle.

b. Advantage

Our problem here i to decide whether the so-called "ad-
vantage' parameter, ln g , can legitimately be considered as an index
of defender's relative advantage. Table llla shows the results of a tabu~
lation of the number of battles won by side and by the sign of ln 4 (@f
In g4 > 9, then the defending side theoretically has the advantage; if
In 4 < 0, the attacking side theoretically has the advantage). Table IlIb
displays the same information expressed as a percentage of the number
of victories by the respective gides.

We say that the Lanchester advantage parameter, In u ,
"follows the victar® in a battle if the sign of lIn 4 is ‘'right" (l.e., posi-
tive when defender wina; negative when attacker wins). Thus, Table Illa
shows that the Lanchester advantage paramster follows the victor in 68
(73. 9%) of the 92 battles and does not follow the victor in 24 (26. 1%) of
the battles.

it 18 important to ask whether it i8 likely that these results
are spurious or not. Table llla, especially when put in the form of
Table IIIb, appears to indicate that In u is more luceiy to be positive
than negative when the defending side wins, and more likely to be noga-
tive than positive when the attacking side wins, but how sure are we that
this interpretation 18 justified? To answer questions of this nature,
statisticians frequently use the so-called Chi-square test. (See Refer-
ence 13. Note that we are dealing with what is technlcally known as a
2 x 2 contingency table, so Yates's correction will be applied.) On the
basis of the data in Table llla, the value of Cli-square (calculated using
Yates's correction) turns out to be 20, 32, with 1 degree of freedom.

This large a value of Chi-square would occur, if chance were the only
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factor affecting the data, considerably less than 4 of one p.rcen: cf the
tme. We must conclude that, beyond any reasonable d.~ubt,!® some
[actor other than or in addition tc pure chance has given rise to the data
of Table llIa. Essentially, this amounts to saying that the sign of th~
Lanchester advantage parameter is indeed somehow associated with the
victorious side, so in this case our less formal interpretation of Tables
UIa and IIIb is supported by the statistical computations.

The above does not entirely resolve the issue, however,
for if In p is to be interpreted as an index of advantage we need to show
that the greater victories tend to be associated with extreme values of
the advantage parameter. To investigate this question, a list of the ad-~
vantage parameter, In x , values for all 92 battles, ordered from the
most extreme negative value to the most extreme positive value, was
prepared and the corresponding victorious side was listed beside eacn
advaniags narametar valus, Table IV exhiblts this arrangemiant. Note
that, in reading down the columns in order from the aigebraically
smaliest value of In 4 to the algebraically largest value, the victor Is
first exclusively the attacking side, then predominantly the attacking
side, then neither side predominates; and then gradually, the victor
becomes predominately the defending side, and finally becomes exclu-
sively the defonding side. From Table IV, we obtaln Table Va, which

!5 The usual statistical convention is to consider that the occurrence
of a resu!t which would have, if chance were the only factor affecting the
data, an 0. 05 or smaller probability of occurrence constitutes *'proof
beyond 1+ ' .onable doubt" that chance is not the only factor atfecting the
data. Tuc occurrence of a result which would occur more than 5% of
the time by chance is not usually taken to demonstrate beyond reason-
able doubt that some factor otber than chance is operating. We will
follow these conventions here and in the following discussions, but will
usually indicnte the probability of occurrence which a reault under dis-
cussion would bave if chance were the only factor affecting the data.

By =a doing, the reader will be better able o judge for himself whether
there are or are not grounds for ''reasonable doubt" that chance alone
15 affecting the data.
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exhibits tho number of victories by side with Larchester advantage para-
meters either greator than 0.3, between + 0.0 and - 0.3, or less than
- 0.3. Table Vb presents the same information expressed as a percent-
age of the number of victories by the respective sides. From Table Va
we see that, for values of In u aumerically greater than or equal to
0.3, the Lanchester advantage parameter follows the victor in 28

(84. 8%) of 33 battles, ard does not follow the victor in 5 (15. 2%) of the
33 battles.

Treating Tabie Va as a 2 x 3 contingency table, we com-
pute a value for Chi-square of 16,80, with 2 degrees of freedom. This
large a value of Chi-square would occur, by chance alone, less than §
of one percent of the time, so again we must conclude that the associa-
tion between victory and the Lanchester advantage parameter is not
spurious.

In sum, the Lancheeter advantage parameter seems to
adequately reflect the more usual, iLttive concept of probably victory.

¢. Other Lanchester Parameters

The remaining Lanchester paramcters have been defined
in such a way (See Chapter Il, Method.) that they clearly reflact a large
part of the mora usual concepts lndicated by the namos asaigned to
them.

We have presented evidence, which the author believes is
highly convincing, in support of the proposition that the names given te
the various Lanchestcr parameters are meaningful and may rightly be
taken s8 numerica! indicators of the associated phenomens.

2. Bebavior of Individual Parameters

Having identified the various parameters with relevant and im-
portant aspects of combat phenomena, we begin the investigation of these
| srameters, We [irst consider individual parameters and later consider

relations among two or more parameters,
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a. TForce Ratio

Tahle VI shows the theoretical frequency of battles for
ranges of logo.rithmic force ratio, In (xo/yo). computed on the basis of
a theoretical normal distribution. (Wiih the same mean and standard
deviation as the observed values of logarithmio force ratlo. See Defer-
ence 13 for definitions and discussion of "pormal distribution, " "mean"
and "standard deviation, ') The observed {requency of battles isa shown
for comparison, Figure 3 exkibits the theoretical cumulative normal
distribution and the observed cumulative distribution of logarithmic force
ratio, and Figure ¢ displays the theorstical normal frequency distribu-
tion and observed frequency distribution of logarithmic force ratio.

The degroe of agreement between the theoretical normal
distribution and the observed distribution has been tested using the Chi-
square goodness-of-fit taat (Rof. 13). Since this test is an approxima-
tion whose accura.ly is poor if any of the theoretical frequencies are less
thun 5, frequencies were grouped prior to the Chi-square calculation as
indicated in the last two columns of Table VI. (This accords with the
procedure rocommended in Reference 13.) The value of Chi-square
obtained was 10, 66 at 10 degrees of freedom. This value of Chi-square
indicates that random sampling would produce & poorer fit to the theo-
retical distribution more than 25% of the time. Hence, the data under
discussion do not "prove beyond a reasonable doubt' that the logarith-
mic force ratio is not normally distributed. In statistical terminology,
we gay that the data under discuasion are consigtent with the hypothesis
that the logarithmic force ratio is normally distributed.!®

14 This is not the same as asselting tha the data proves the hypoth-
esis, since the data may be consiatent with other hypotheses. The view
normally adopted in this typo of aituation is to suspend final judgement
pending the analysis of additional data, but to use a bypothesis consist-
ert wrth thee f2va and other avaalable information on a tentalive Dasis
unul adwitional dats become avarlable.
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A hypothesis that, on theoretical grounds, is not expected
to hold exactly is that the force ratio, xo/ Yor fnot its logarithm) is
approximately normally distributed. The theoretical grounds for re-
jecting this hypothesis is that it would ascribe a non-zero probability of
occurrence to negative valiies of force ratio, which is known to be false
since negative force ratios are impossible. Testing the fit between ob-
served force ratio data and the normal distribution, the author obtained
a Chi-square of 17.3 at 5 degrees of freedom. A guaiity of fit this bad
would obtain, in random samples, less than 0. 5 percent of the time. In
other words, the data is inconsistent with the hypothesis that the force
ratio is normally distributed. )

Estimated mean and standard deviation (See Ref. 13 for
definitions.)for_the logarithmic force ratio, In (xo/ yo) , are 0,156 and
0. 512, rccpectively.

b. Advantage

Table VIi shows the theoretical frequency of battles for
ranges of defender advantage, Iln u , computed on the basis of a theoret-
icai normal dietribution. The observed frequeucy of baities is shown
for comparison. Figure 5 exhibits the theoretical cumulative normal
distribution of defender advantage.

The Chi-square goodiness-of-fit test was applied to the data
{grou 1 as indicated by the last two columns of Tabhie VI), yielding a
value tor Chi-square of 9. 39 at 8 degrees of freedosn. This value 'of
Chi-square indicates that random sampling would produce a poorer fit to
the theoretical distribution about 33% of the time. Hence, the data are
consistent with the kypothesis that defender aavantage, ln i , is nor-
mally distribuied, The author hus not attempted to {it other theoretical
dastributions to these data, :

Estimated mean and standard deviation for aefender advan-

tage are 0. 057 and 0. 350, respectively.
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c. Biticrness

Table VIII shows the theoretical frequency of battles for
ranges of logarithmic bitterness, In ¢ , computed on the basis of a theo-
retical normal distribution. The observed frequency of battles is shown
for comparison. Figure 6 exhibits the theoretical cumulative normal
distribution and the observed cumulative distribution of logarithmic

bitterness.

The Chi-square goodness-of-fit test was applied to the data
grouped as indicated in the last two colurnns of Table Vi), yielding a
value for Chi-square of 5 46 at 7 degrees of freedom. This value of Chi-
square indicates that a random sampling would produce a poorer fit to
the theoretical distribution more than 50% of the time. Hence, the data
are consistent with the hypothesis that logarithmic bitterness, In €, is
normally distributed. No attempt has been made to fit other theoretical
distributions to these data. .

Estimated mean and sﬁndard deviation of logarithmic bit-
terness, In € , are - 2,157 and 0.834, respectively.

d. Surviving Fraction

The average surviving fraction of attacker (averaged over
92 battles) is 0.850; the corresponding value for the defendirg side is
0.855. As indicated in Table IX, there may be a tendency for the victo-
rious side to have a'larger and less variable {raction than the defeated
side. The author has not subjected these differences to careful statisti-
cal analysis, and will leave this area to future investigations. The
statistically-trained resder will note that in addition to the question of
the proper form of distributions for surviving fractions on each side,
additional diificulties may arise if attacker and defender surviving frac-

tions are not statistically independent,
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_ Table X is presented to provide the reader with a more
readily comprehended picture of the distribution of surviving fractions
than that afforded by Table I1.

3. Relations Between Selected Pairs of Parameters

The principal tools used in this study to examine relations be-
tween two or more parametera are scatter diagrams and linear regres-
sion analyses of data or transformed data. (See Ref, 13 for definitions.)
Other technigques are introduced as necessary or convenient. In the fol-
lowing, some of the seemingly more important parameters are selected
and their relation to other parameters is examined. Parameters which

appear to be less important are studied in less detail,

a. Victory and Force Ratio

Table Xia gives the number of battles won by side and by
numerical superiority or inferiority (i.e., force ratio). Table XIb
shows the same information as a percentage of the bottom row. Applying
the Chi-square test for independence in continguency tables (using Yates's
correction), we find a value for Chi-sguare of 0. 35 at one (1) degree of
freedom. This value would be exceeded in random sampling more than
50% of the time, so the data of Table Xla is consistent with the hypothe-
sis that victory is not deperxient on numerical superiority.

It might be objected that grouping battles with both a smail
ard a large degree of numerical superiority, as is done in Table Xla,
might tend to mask the effect of force ratio on victory, In an attempt to
reduce any such masking effect, values of force ratio were chosen sc as
to divide the 92 battles into three approximately equal groups, as indi-
cated in Table X1I. The Chi-square value computed from Table X1l is
3. 56 at 2 degrees of freadom, which would be exceeded by randowm sam-~
ples less thun 25%, but more than 10%, of the time. In this case, as
formerly, the data are counsistent with the hypothesiy that victory is in-

dependent of numerical superiority.
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it may still be objected that the force ratio values are not
extreme enough to adequately determine whether the sought-for effect is
present or absent. In this conuection, a 2-to-1 numerical superiority is
often mentioned as critical. Of the 22 battles, 12 have a force ratio of
£.000 or greater. The defender is credited with the victory in § of these
battlus, the attacker is credited with the victory in the remaining 8 bat-
tles. Of the 92 battles, 5 bave a force ratio of 6. 500 or iess. The de-~
fender is credited with victory in 3, the attacker in &, of these batties.

These results do not necessarily mean that force ratio ad
victory are eatirely unrelated, but they do indicate that any such sup-
posed relation is too weak and tenuous to be detacted in the data under
analysis, where by "detecied" we mean “distinguished, beyord reason-
able doubt. from a chance or accidental effect. "

b, Activity Ratic and Force Ratio

‘rigure 7 shows a lnpear! ¥ gestter disgram of activity ratio,
"'D/A, against force ratio, Xo/ Vg Note that the dats points appear to
scatter more widely for greater values of the force rattfo than for smaill
values of force ratio. Before statistical anslysis iz attempted, it is
desirable (for technical reasons) to transform the data (See Ref, 13.) in
such a way as to make the amount of scatter more nearly uniform. This
can be illustrated by plotting the data points on non-linear graph paper,
as shown by Figure 8, which presents a logarithmic scatter diagram of
activity ratio against ivice ratio. An approxima‘e astraight-line fit, or
trend line, to the data is also indicated, the origin of which will be ex-
plawed below.

171t will be convenient when discussing figures to indicate the type
of graphical scale emploved, We do this by prefacing the description of
the figure by an appropriate adjective. Thus, we refer to linear figures
(linear scale for each coordinate axis), logarithmic figures (logarithmic
«oale for each axis), and semi-logurithmic figures (lincar scale on one
ax1s, logarithmic scale on the other).
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Note that the activity ratio (defender relative to attacker)
“tends to increase with force ratio {attacker relative to defender), In

other words, the more the attacking side outnumbers the defending side
the lower the attacking side's activity relative to the defending side's
activity .

In order to obtain a brief quantitative summary of the activ-
ity ratio trend exhibited by Figure 8, we might try a straight-line fit.
Algebraically, such an attempt takes the form:

In ©/A) =b* +c* In (/)

where b* and ¢* are constants to be determined, from the data, to pro-
vide a good fit. From Equutions (3) and (5) of Section II, Method, how-
ever, we may write:

D/A = #2 (xo/ yo)z

Substituting this expression for the activity ratio into the aquation ex-
pressing the straight-line fit and solving the resuit for ln y , we fiad:

lnp =b+clx)/vy)

where
b =bY/2
c s (c* -2y/2

In other words, a strzﬂght-une fit to the data of Figure 8 can be obtained
from a straight-linc fit to a logarithmic scatter diagram of g against
force ratio; in fact, the trend line of Figure 8 was obtsined in just this
way. The details are givex in the following paragraph.

c¢. Delender Relative Advantage

Becauge of ite importance, we give in this section & fairly
comprehensive discussion of the results obtained for the relations be-

tween the advantuge parameter, In p , and other parameters of interest.
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Since the issue was raised in the preceding paragraph, we first examine

the relation of advantage to force ratio.
(1} Advantage and Force Ratio

Figure 9 exhibits a logarithmic scatter diagram of u
against force ratio, together with the regression line of advantage, In u,
on logarithmic force ratio, In (x,/y,). 18 Table XIiI displays the detailed
results of the regression of In g on Iln (xO/ yo). These results show
that defender's advantage, beyond reascnabie doubt, tends to decrease
with increasing (attacker's) force ratio (since, for example, a degree of
correlation numerically as large as tnat in Table XIO would arise, if
chance alone were operating, considerably less than one percent of the
time).

Note that the values of In (xo/ yo) used in the regres-
sion analysis include 3 "measurement error"” {85 shown in Appendix B)
as well as an "inherent variability. " (See Ref. 13 for definitions.) The
regression technique used to analyze the data does not rigorously take
into account the influence of these measurement error but assumes that
the values of logarithmic force ratio, in (xo/yo), reflect only inherent
variability. No attempt has been made te examine the amount of error
introduced by neglecting the effects of these measurement errors (e.g.,
by comparing the results given in this report with results obtained using
more sophisticated analysis technhiques) either here or in the following,
partly because of lack of time and partly because the author feels that '
the approximate analysis methods do not lead to serious errors,

The analysis technique is predicated oo the linearity
of the regression function and on a normal distribution of the data about

18w Regression line" is the technical term for the expressions
e Ve o Ystragght -line it used earlier.  From now on we will
use the more exphicit technical terminology. (See Ref. 13 for a discus-
s10n of regression analysis techniques and interpretation., )
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the regression line (as well as precisely known ahcissa values for the
data points).!? In order to investigate the degree to which these assump-
tions of linearity and normality are gatisfied, we introduce the concept

of residual advantage, which is the deviation of a data point from the
estimated, or sample regression line and may be analytically expressed
as:

Residual Advantage = lnu -b -c In (x0/ yo)

"where b and c are the estimated regression coefiicients. (See Table
XIl.) Inother words, the residual advantage is that portion of the de~
fender's relative advantage which remains after the average effect of
force ratio is eliminated. As such, the residual advantage provides an
index of the absolute amount of defender's relative advantage, where by
*abgolute” we mean that the “contaminating® effect of force ratio has
been (approximately) eliminated. Thus, residual advantage presumably
arises from factors other than thoge directly dependent on force ratio.
It might be supposed that the residusl advantage reflects the impact of
advancing weapon technology; of superior organization, training, or ex-
peﬂénce; of relative tactical skill and similar factors in addition to
accident and luck. We will attempt to examine some of the factors af-
fecting residual advantage after discussing the linearity and normality
assumpticns,

Figure 10 shows the observed cumulative distribution
of residual advantage together with & theoretical normal distribution,
Table XIV shows the theoretical and observed frequency of battles with
various residual advantages. Grouping as indicated in Table XIV, we
find a value for Chi-square of 9.90 at 5 degrees of freedom, This poor

191t ig known, however, that regression techniques do not usually
leud to serious errors when the distribution of the data about the regres-
sioa line exhibits a moderate deviation from normaiity.
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a fit could be expected to arise by chance alone about 8% of the time, so
the data is consistent with the hypothesis that residual advantage is nor-
mally distributed,

Reference 13 suggests using a run test as a rough check
on linearity, This involves, for the case in hand, considering the se-
quence of signs of the residual advantage values in order of increasing
force ratio, If the "true" (i.e., population) regression curve is non~
linear, the number of runs in this sequence of signs usually tends to be
less than if it were linear. A ccunt shows ilat 42 of the data pointa lie
above, and 50 below, the sample regression line, and that 4€ runs occur
in the sample of 92 residual advantage values (in order of increasing
force ratio). Chance fluctuations about a linear regression curve would
produce fewer than 46 runs much more than 5% of the time, so the data
is consistent with the hypothesis of a linear population regression curve.

Despite this test for lincarity, however, ihe Semi-
logarithmic scatter diagram of residual advantage against force ratio
given by Figure 11 appears to show a tendency fur residual advantage to
increase with increasing force ratio below a force ratio of about 1. 3,
and to decrease with increasing force ratio above 1.3. On the other
kand, a reversal in the sign of residua. advantage for 4 or 5 deliberately
selected data points could easily change the entire appearance of the e
scatter diagram and cause the supposed non-linear effect to vanish. It
should be noted that a reversal in sign corresponds to interchanging
attacker and defender identifications, and that improper identifications

may occur.

Considering the factu developad above, the author con-
cludes that peither non-linearity nor non-normalizy m-wmeses are ade-
" quately supportced by the data considcred in this report, and that the
linearity and normality bypotheses should be tentatively zdopted pending

[N
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(2) Adv-.atage and Ritternesa

Figare % shows a logarithmic scatter diagram of bit-
terness, -, agawnst u . No trend is discernible by eys. Nevertheless,
a regression aunrlysis of the data was perfermed in order (o see whether
any trond wight be detected by quantitative analysis, the results of which
are presented ia Tsble XV. The data are consistent with the hypothesis
that logarithmic bitts cness is not correlated with advantage (and since
both variables are appruximately normai, the data is also consistent
with the hypothesis that bitterneas and advantage are statistically inde-
pendent of each other), since, for example, a degree of correlation .
larzelr then that of Tabie XV would arise from the action of charce alone
much more than 5% of the time. ‘

Since the asimnt&lge. ln p , i8 not correlated with loga-
sJthmic bitterness, € , it is not likely to be correlated with either the
total casualty fraction, F, or the surviving fractions, a and d. If the
advantage is aiso not correlated 'with battle duration, t, then it is also
not likely to be correlated with intensity, A, sincs A = ¢ /¢,

(3 Advantage and Battle Duration

Figure 13 shows a logarithmic scatter diagram of s ,
agauast battle duration, t. Although no trend {8 discernible to the eye,
a regre~sion anslysis of this data was perfon'niod. the reaults of which
are given in Table X VI, The analytical results are consistent with the
hypothesis that advariiage i8 not correlated with logarithmic battle dura-

tion,

As noted above, when taken with other results this sug-
gests that advantage is not correlated with intensity, A . This suggestion
is not investigated in detail. ‘

(4) Residual Advantage and Various Other Parameters

i. Bitterness
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Figure 14 gives a semi-logarithmic scatter dia-

gram of residual advantage against bitterness, ¢ . No correlation is
apparent to the eye.

il. Total Force

Figure 15 gives a semi-logarithmic scatter dia-
gram of residual advantage against total force, X. No correlation is
apparent to the eye.

iii, Total Casualties

Figure 16 gives a semi-logarithmic scatter dia-
gram of residual advantage against total casuaities, C. No correlation
is apparent to tke eye.

None of the above cases have been subjected to
formal statistical analysts, principally hecsuse the results seem to be
predictable from simple inspaction of the scatter diagrams.

(5) Residual Advantage and Battle Date

Figure 17 shows a linear scatter diagram of residual
advantage against battle date. Although no consistent trend is apparent,
the battles occurring between 1757 and 1760 appear to exhibit a tendency
to greater uttacker superiority than would be expected. For example,

9 of these 11 battles have a negative residual advantage. I population
residual advantage is assumed to be symmetrically distributed about
zero residus]l advantage, then chance alone would produce a result like
the one observed (i.e., 2 battles out of 1‘1 with one sign of residual ad-
vantage and 9 with the opposite sign) about 5. 4% of the time.2°

A better analysig is obtained if Student's t test (See
Ref. 13.) is used to compare the mean residual advantage of the 11

29 Footnote on bottom of next page.
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baties in question with that of the other 81 battles in the sample. The
value}t‘\suuiem's t obtained ls about 2, 22 at 90 degrees of freedom. A
more ext;-o}m_e value of Student's t would arise, by chance alone, only
about 3% of thexime, so the data are not consistent with the hypothesis
that mean residual advantage for these 11 battles Is the same au that for
the other 81 bat “es. .

l‘Jloweveme author is inclined to reject the implica-
tion that non-random factors af} ted the outcome of the 11 battles, even
though the consequence of such rejection involves accepting the proposi-
tion that between 1757 and 1760 the attacking side enjoyed a run of good
luck so remarkable that a greater deviation from average conditions
would occur only about 8% of the time. Certainly, the data of Figure 17
give no indication that either the attacking or defending side has been
able to consistently turn any supposed non-random factors to its advan-
tage, the period between 1757 and 1760 being excepted. The author finds
belief in such a short-lived and unduplicated set of non-random factors
favoring one gide or the other at least as repugnant as belief in an
extraordinary series of a¢cidents,

200ne way of demonstrating this is as follows:

The probability that a particular battle will have a given sign of
residual advantage is 4. The probability that 9 of 11 battles will have a
given sign of residual advantage and the other 2 the opposite sign is:

(1) @t

But the given sign for the 9 battles may be independently chosen in two
poasible ways. Thusg, the probability of 9 battles of one (unspecified)
sign and 2 of the opposite sign out of 11 battles is:

(‘21> B0 = 0.0536

aad we huve obtained the desired result,
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(6) Residual Advantage, Data Errors, and Unexplained

Variability

Since all attempts to date to find correlations between
advantage and other pax‘aixxetgrs have been unsuccessful, with the excep-
tion of that with force ratio and perhaps (in a very limited sense) with
battle date, it I8 necessary to determine whether it is likely that any such
correlations exist, and how important they might be. We consider the
first of these problems in this section, and the second problem in the
next section.

We begin by considering the amount of variability in
the advantage parameter and our current understanding of this variabil-
ity. (Clearly, if we could explain or somehow account for all of the
variability in advantage, then our understanding of the advantage param-
eter would be essentially complete, in the sense that we would have ob~
tained all the information contained in the aampie, excent for that
masked by data inaccuracies.) In order to deal in quantitative terms,
the amount of variability wiil be measured by the variance {i.e., square
of the standard deviation -- sece Reference 13) of the appropriate param-
eter, 21

From Table XIII we find that the total sample variance
of advantage is 0.122, The varfance remeining after the "contaminating"
effects of force ratio are eliminated is the same as the variance of re-

sidual advantage (and also the game as sz ), or 0.088.

o |In (x)/y,)
The difference between these variances, 0.034, it is the amount of ad-~
vantage variance which is attributable to force ratfo. In other words,
the regression of advantage on logarithmic force ratio accounts for a

21 This i8 often done in statistical work, The variance is better
suited than the standard deviation to problems like those considered in
(i, section (v, 8., variances may be cembined by simple addition or
subtraction while standard deviations cannot).
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variance of 1, 034 out of a total of 0. 122, or about 27. 9% of the advantage

variance,

A part of the advantage variance is cauaed by inaccu-
raciaes in the strength and casualty data, The amount of advantage vari-
ance attributable to datu inaccuracies is estimated in Appendix B2 to be
about 0. 034.

We now consider whether the bypothesis, that popula-
tion residual advantage variance ie equal to population data inaccuracy
variance, i supnorted by the data, Application of the F teat for com-
paring variances, taking sample residusl advantage variance (80 degree-
of freedom), divided by sample data inaccuracy variance (19 degrees of
freedom) produces an F value of 2,59 at 90 and 19 degrees of freedom.
If the hypothesis of equal population variances wore correct, this large
an F-value would occur by chance alone only a little more than 1% of the
time, so the data are not consistent with the hypothesis, In other words,
even after removing the “contaminating" effents of force ratio, more
variability of advantage remaina than can reasonably be ageribed to date
inaccuracies. (Note, however, that this procedure assumos that the
estimate of data {naccuracy variance ohtained in Appendix B i3 adequate
and that it may be validly extrapolated to cover data inaccuracies for
other battles and other sources than thoee spocifically considered in
Appendix B, It would bo doeirable to check *hese assumptions against
additional data.)

Subtracting from advantage variance the variability
explained by corrslation with force ratio and also the astimated

22 Thig estimate uses some of the same dats as 18 used In estimating
total sample advantage variance, so the two estimates are not strictly
independent in the siatistical sense, However, since the author believes
that only negligible errors result from treating these estimatos as though
thev were independent, and since s doing consy ferably stuaplifies the
Wraenosts, taey ave treated as independent in the following discusgsion,
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variability caused by data inaccuracies leavos an unexplained variance of
u. 054, or about 44. 2% of the totai variance in advantage. Our current
understanding of the variability in the advantage parameter may be sum-
marized as follows: about 28% of the variability is accounted {or by the
correlation of advantage and force ratio, an estimated additional 28% is
accounted for by data inaccuracy, and an estimated 44% is at present un-
e«plained. In the following paragraphs, some of the not ag yet fully in-
vestigated factors which might contribute to this unexplained 44% of total
variance in advantage are examined to provide guldance for further study.

f. The fuct that the 11 battles discussed in a
previous paragraph deviate anoticably from the average has an effect on
the variance of residunl advantage, but the effect is small. By dreppirg
the residual advantage values of these 11 battles from consideration, the
author estimated a residual advantage variance (based on the remaining
81 battles) of ..aout 0.083, while the value computed for all 92 battles is
¢, 088, In princinle, new valuss for the régression coeificients should
have been computod and & new residual advantage variance about this re-
gression line should have been obtained, all based on 81 battles, Actu-
ally, the simpler procedure of using the old regreseion coefficients and
residual advantages witu respect to ihe old regression line was used, be-
cause the resulting error for the situation in hand is negligible.

i§. Presumably a part of the variability in advan-
tage results from the gross treatment of refaforcement and r.on-battle
losses. Even If insufficient historical duta are available to support a de-
tailed analysis, some feel for the efiects of these factors might be gained
by generating artificial or synthetic data from a general Lanchester-ivpe
medel with a variable reinforcement, non~-battle-losy term, and then
using this synthetic data to calculate the advantage (and other parameters)
on the basis of the square-law model a8 outlined in Section II, Method.
it might be possible to devise (at leasy for special cages) an analytuodd

eapresaton relating the parameters of the square-law model to those ot
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the general model and thereby reduce the computational effort required.
The autker has not yet attempted any work along-the above lines, but is

" currently of the opinion that in many cases the effect will be small, (For
erample, compare the parameters in Table II for the battle of Iwo Jima
with those obtained in Reference 9,) If the effects should turn out to be
large enough to account for residual advantage variance, less data inac-
curacy variance, then use of square-iaw model should be reconsidered.

iif. Note that a part cf the unexplained 44% of total
variability in advantage is almost certain to be caused by random and
unforseeable events, i.e., by the operation of chance and luck. The
author is not able at present to form ahy clear concepticn of the amount
of variability which might reasonably be interpreted as occasioned by
random factors, but is reluctant to assume that all of the unexpiained
44% is due to the operation of chance and luck until many more attempts
to determine causative factors have been made and found to be unaccept-
able ag explanations.

iv. In an effort.to determine whether non-
quantitative causative factors might give rise to some of the unexplained
variance of advantage, narrative accounis of eight battles with the most
extreme values of residual advantage were selected for further study --
four battles for the most extreme residual advantage favoring the attack-
ing side and four favoring the defending side. In order of descending
value of residual ad‘/aniage, these eight battles are Palo Alto {0.662),2?
Lisaine (0.601), Tschernaja {0.577), Plevna (0.514), Cerro Gordo
(- 0 569), Mortara {- ¢.583), Rossbach (- 0.821), and Contreras
(- 1.064). The narrative accounts for these battles are contained in
Appendix C, more than cone narrative for each battle being included when-

ever available {rom the sources consulted. No pretense of completeness

1} Numbers in parenthesis give the value of residual advantage.
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is made, and time was not available for a wider search for narrative

accounts. Unfortunately, little can be gained from such a small pumber
of narratives, some of which are very sketchy {descriptions of events '
immediately preceeding the batitle, to inciude the grand tactical situation
and information hearing on the condition of the troops on each side, are
given in some of the sources, although this material is not included in
Appendix C). There seems to be a suggestion that (1) extreme negative:
residual advantage values are associated with success by the attacking
side in achieving surprise, accompanied by a successful envelopment,
and (2) extrem< positive residual advantage values are associated with
failure of the attacking side to achieve surprise, accompanied by an an-
successful enveloping maneuver. It would be interesting to pursue these
speculations, but that pursuit will be deferred to another time.

(7) Residual Advantage and Victory

The imnortance, in terms of its iaflucuace om victory in
battle, of the unexplained variance in advantage will now be considered.
In previous sections the relation between advantage and vlctorjr has been
investigated S8ee pp. 24 - 26.) The prircipal results of that investigation
are contained in Tables UJ, IV, and V. In order t¢ determine the impor-
tance of the unexplained variance in advantage, similar tables have been
prepared using residual advantage. This results iz Tables XVH, XVIN,

. and XIX,

From Table XVIia we see that residual advantage fol-
lows the victor in 65, or 75.6% of the 92 battles and does aot follow the
victor in 27, or 29. 4% of the battles, 2% To test the observed data agzinst
chance, we use the Chi-square teét as before, applying Yates's cori ecticn
and consndering Table XVIUla as a 2 x 2 countingency tab.e. This yields
a Chi-square of 14.06 of 1 degree of freedom, a value which would be

THAdvantage lollows the victor in 73. 5% of the battles.
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exceedued less than 4 of one percent of the time if chance were the only-

factor affecting the data.

Table XVIII gives a list of residual advantage vaiues
in order of increasing (algebraic) value, together with the corresponding

victorious side,

From Table XIXa we see that, for valuea of residual
advantage numerically greater than 0. 2, the residual advantage follows
the victor in 32 (78%) of 41 battles and does not follow the victor in 9
(22%) of 41 battles. Treating Table XIXa as a 2 x 3 contingency table,
we compute a Chi-square value of 16. 06 with 2 degrees of freedom. A
larger value for Chi-square would arise by chance alone less than 3 of

one percent of the time.

In view of the immediately preceeding reaults it is
evident that the principal determinants of victory are contained in resid-
ual advantage. This is consistent with the ecarlier findings to the effect
1) that the data was consisteut with the hypothesis that victory was not
correiated with force ratio, and (2) that the advantage paramater is be-
yond reasonable doubt correlated with force ratio. We conclude that an
. elucidation of the factors contributing to the variability of residual ad-
vantage are critically important to an understanding of the causes of
victory in battle. The negative findings in the foregoing Sections now
take on an enhanced importance, for they mark off areas which offer
little promise of coniributing significantly to an understanding of the
causes of victory in battle. .

d. The Effects of Battle Date

The relation between hattle date and residual advaatage has
been examined in previous parrgraphs. The relation between battle date
and. some of the other parameters will be considered in this section.
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(1) Force Ratio and Battle Date

Figure 18 gives a linear scatter diagram of logarithmic
force ratio against battle date. No correlation is apparent to the eye,

(2) Duration and Battle Date

Figure 19 giver a semi-logarithmic ascatter diagram of
duration in hours against battle date. The most remark.ible feature of
this scatter diagram is the incresse in duration of' World War I} battles
over that of earlier battles. There may aleo be a tendency for duration
to gradually increase with battle date between 1741 and 1877,

{3) Bitterness and Battle Date

Figure 20 shows a semi-logarithmic scattar diagram
of bitterness € , against battle date. Bitterness dees rot seom to show
any consistent trend, although it may have been somewhat lower than
average in the decade 1840 - 1849 and somewhat higher than airerage
during World War IL '

In this connection, it is interesting to note one of
Richardson's conclusions (Ref. 10) even though it applies to a bistorical
sample of wars rather than of battles:

"[n contrast with the enormous increase in deadlines
from the sword and arrow of the Middle Ages to the rifle and shell »f the
nineteenth century, it may be said that the percentage of casualties has
remained relatively constant. The explanation presumably is that human
endurance to suffering has changed rruch leas than weapons. Orve side
aimitted defeat when it could not bear any more suffering. The chief
form of suffering was casualties. To a side that was debating within it-
self whether or not to admit dejeat, the weapons were usually of only
gecondary interest. " '
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(4) Intensity and Battle Date

Figure 21 gives a semi-logarithmic scatter diagram of
intensity, A, against battle date. Despite all efforts to improve weapoﬂ s
d2sign, the average casualty-production rate per man per day expressed
by intensity seems to have graduaily declined betweeu 1740 and 1580 and
to have been markedly lower during World War II than formerly. This
decline in intensity may be due in part to an increasing proporticn of non-
cornbaiant support personze!, but it hardly seems likely that this could
cause the order of magnitude decrease found for the World War LI battles.
Besides, the motive for an increased proportion of support personnel is
presumably to increase the average combat power per man per day ex-
pressed by the activity parameters D or, as the case may he, A. Yet
recalling thet intensity is the geometric mean of A and D, we doduce
from Figure 21 that the activity of each side must have been much lower
for the World War II battles than formerly, a deduction which is con-
firmed by aa inspection of Table II. Moreover, a conjecturs that an in-
creased propartion of combat sunport nersonrel heg led to 2 decline in
intensity appears incongistent with the finding that bitterness is much
less sensitive than intensity to battle date. '

e. Bitterness, Intensity, and Duration

The finding that duration, t, and intensity, A, vary in o}a-
posite senses when each is plotted against battle date suggests that there
may be an inverse relation between intensity and duration, We will ex-
plore this possibility by studying the relation between bitterness, € ,
and duration, t, since intensity, A = €/t, is determined once bittorness

and duration are known.

Figure 22 gives a logarithmic scatter diagram of bittcrness,
¢, against duration, t, together with the regression line of logarithmic
bitterness, Ine€, onlogarithmic duratien, Int. Table XX gives the ve-

sults of the regression of In€ on Int.
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(1) Residual Logarithmic Bitterness, Data Errors, and

Unexplained Variability

From Table xx we find that the total sample variance
of logaritbmic bitterness, In ¢, is 0.704. The variance remaining after
the regressiorn of logarithmic bitterness, In €, on logarithmic duration,
2 o€ | Int = 0.557. The difference between these two vari-
ances, 0.147, is the amount of logarithmic bitterness variance which is
attributable to the effects of duration. The amount of logarithmic bitter-
ness variance atiributable to data inaccuracies is estimated in Appendix
BZ3 to be about 0.409. We now consider whether the hypothesis, that
population residual logarithmic bitterness variance is e ual to population
data inaccuracy variance, is supported by the data. Appilication of the
F test for comparing variances, taking sample residual logarithmic
bitterness variance (80 degrees of freedom) divided by sample data in-

Int, is s

accuracy variance {15 degrees of freedom), produces an F vaiue of

1. 362 at 80 and 19 degrees of freedom. If the population variances were
equal, larger F-values would arise, by the action of chance alone, about
24% of the time, so the data are consistent with the hypothesia of equal
population variances. In other words, the variability in logarithmic
bitterness which is not accounted for by regression cn duration may rea-
sonably be ascribed to inaccuracies in the basic data.

In view of the above, our understanding of the variability
in logarithmic bitterness may be summarized as follows: of a total vari-
ance of 0. 704 a variance of 0.147, or 21%, is accounted for by the corre-
lation of logarithmic bitierness and logarithmic duration; the remaining
variance of 0 557, or 79% of total legarithmic bitterness variance, muy

reasonably be ascribed to data inaccuracies.

2%See footnote 22.
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Table XXI shows the theoretical frequency of battles
for various ranges of residual logarithmic bittermess, computed on the
basis of theoretical normal distribution. The observed frequency of
battles is shown tor comparison. Application of the Chi-square goodness-
of-fit test to these data (grouped as indicated in the last twe columus of
Table XXI) yields a Chi-square value of 14,00 at 7 degrees of {reedom,
a value which would be exceeded, by chance alone, only 5% of the time.
On this basis, the data do not appear o be consistent with the hypothesis
that residual logarithmic bitterness is normally distributed. Inspection
of Figure 23, which gives the observed and theoretical cumulative distri-
bution of residual logarithmic bitterness, indicates that the departure
from normality arises chiefly from a greater frequency of battles M$M-—w
extremely low values of residual logarithmic bitterness than would be
expected from the theoretical normal distribution,

In an attempt to isolate the battles with extraordinarily

‘low values of residual logarithmic bitterness, the author has prepared
Figure 24, which i3 a Iinear scatier diagram of residuai logarithmic
Litterness againat battle date. Inspection of Figutre 24 indicates that
sample batties with unusualiy low values of residual logarithmic bitter-
ness tend to be concentrated in the decade 184¢ - 1849. Application of
Student's t test on the difference between mean residuzl logarithmic

. bitterness for the 3 battles in the decade 1840 ~ 1349 and mean residual
logarithmic bicterness for the other 74 battles for which duration data is
available yields a t value of about 5. 27 at 80 degrees of ireedom. This
t value would be exceeded by chance alone less than E% of one percent
of the time, 3o the data are not consistent with the hypothesis that the
vorresponding population means are equal.

The variance of residual logarithmic bitterness, esti-
mated on the basis of the 8 battles in decade 1840 - 1849, is 1. 143J.
Application of the F test for con.paring this variance estimate with the

vstimated variance in residual logarithmic bitterness attributable to
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data inaccuracy (See Appendix B.) yields an F value of 1.143,0.409 =
2.7% at 7 and 19 degrees of freedom, which would be exceeded, by
chance alone, only about 3% of the time. Thus, the data are not consist-
ent with the hypothesis that the corresponding population variances are
equal.2®

The author is not sure what position shouald be taken on
_ the basis of the facts outlined above. The possibilities seem to be as
follows: Either (1) there is a real difference in residual logarithmic
bitterness for the smﬁple battles which occurred 1n the 1840 - 1844 dec-
ade, or (2) data errors for these battles are sigrificantly greater than
for the other sample batties. Considering the participants engaged in
these 8 battles, the authcr feels that the latter hypothesis is more likely,
and will assume jts validity in the following discuesions, otherwise with-
holding final judgment pending the analysis of additional information.

(2) Intensity and Duration

Figure 25 gives a logarithmic scatter diagram of inten-
sity, A, against duration, t. Although A clcarly tends to decrease with
increasing t, presumably the causative factor here is intensity, i.e., a
battle which is being conducted at a low level of intensity tends to require
a.greater batile duration before a decision is reached. Taking this with
the fact that bitterness (and hence total casualty fraction) tends to in-
crease with duration sugzes.e that greater casualty fractions tend to be
more readily withstood when the casualties occur at a low rate. This

26 This suggests that Stident's t test, as used in the preceding para~
gronh, is not strictly applicable (since the test assumes equality of popu-~
istion variances), The author has not estimated the amount of error
introduced into this aoplication of Student's t test by the apparent ine-
(Lais of pope'ation variances. Note that the non-normality of resid.adl
logatithmic bitteraess probably does not introduce serious errors inlo
the regression of logarithmic bitterness on logarithmic duration. (Gee
footnote 19.) .
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may be due in part to the shock effect of high casualty rates and in part
to the ability to rehabilitate ani re-commit forces to battle when the
time necessary for recovery of effectiveness is available, although these

speculations can at present be considered only as suggestions for further
‘investigation.

f. Total Casualties aixd Totul Force

- Figure 26 presents a logarithmic scatter diagram of total
casualties, C, against total force, X. Also shown for comparison is the
line C = 0,15 X, where the constant 0. 15 was selected to agree approx-
‘imately with the average total casualty fraction (averaged over 92 battles).

With the exception of a relatively small aumber of data
points, all representing fewer casualtiies than average, the line
C = 0.15 X appears to be a reasonable fit to the data, No formal statis-
tical evaluation of the data presented in Figure 26 has as yet been at-
tempted. For an informal comparison with variability attributable to
_data insccuracy, compare Figure 26 with the anaiogous scatter diagram
in Appendix B.

g. Force Ratio and Total Force

Figure 27 exhibite a logarithmic scatter diagram of force
ratio, xo/ Yo against total force, X. Also shown for comparison is the
line corresponding to the average logarithmic force ratio.

No trend in force ratio with total force is apparent to tho
eye (this data has not been formally analyzed).

h. Duration, Total Force, and Force Ratio

Figure 28 shows a iogarithmic scatter diagram of duration,
t, against total force, X, and Figure 29 shows a logarithmic scatter
dizgram of duration against force ratio, xo/ Yo These data have not

been subjected to tormal analysis, and the author has not been able to
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worive any significant conclusions from an informal inspection of these

figures.

(Other scatter diagrams which involve duration and which

have been discussed in previous sections are displayed in Fiqures 13,
19, 22, and 25.)

i. Participating Nation and Victory

It bas been grgued in an earlier section that the data should
not be interpreted as indicating a correlation of residual advantage with
battle date. The evidence seens to the author to indicate that neither
the attacking nor the defending side has been able to consiatently main-
tain an advantage over tie other. However, even if the above arguments
are sccepted, no evidence ha3 as yet been presented which could be used
to indicate whether or not a particular nation might consistently maintain
an advantige over ts oppouents, Siace a nation may participate in one
battle on the attacking side, in another on the defending side, etc., any
tactical superiority enjoyed by that nation may not be adequately reflected
in a:guments based solely on the superiority of the attacking or defending
side,

In an attempt to obtain some information relevant to these
isaues, residual advantage data was arranged to represent the residual
advantage favorable to each of the five inost frequently participating
nations.?? Figures R0 - 34 present the results for the respective nations
in the form of linear scatter diagrams of residual advantage favorakie to
each pation against battle date. Since residual advantage does not always .
follow the victor, a table showing victories and defoats for each nation

t7 The residual advantage favorablie to a nation participating in a
battle on the defending side is the sama as the residual advantage defined
1A pp. $L - oL broa nalion paruicipating on the attacking side, i is
numerically the same as the residual advantage previously defined but
taken with the oppusite algebralc sign.
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and side was also prepared and is presented as Table XXII. Table XXIII
exhibits the number of victories for each participating nation as a frac-

tion of that nation's total participation und gives approximate 95% confi-

dence limits for the probability of victory.

It must be remembered in interpreting these figures and
tables that the information given for a particular nation is uot independent
of that given for other nations, since e.g., a victory by Prussia is simul-
taneously a defeat for France, Austria, Russia, or some other nation,
and a residual advantage favorable (positive) to one participating nation
is unfavorable (negative) for another. It must also be remembered that
the identification of attacker and deferder is subject to error and be-
cdmes rather arbitrary when allied forces participate on one or both
sides.

Since the circumstances outlined above make rigorous sta~
tistical analysis difficult (and, perhaps, of little value for the rather
small samples {nvolved), 2o formal analysis of these data, other than
that involved in estimating the approximate confidence intervals for
probability of victory given in Table XXIII, hae been attempted. Infor-
mally, it appears that no one nation has consistently been tactically
superior to its opponents. For example, Table AXII appears to indicate
that the data are cunsistent with the hypothesis that the probability of
victory is about 0.50. That one (i.¢., a little more than 6%) of the 16
95% confidence intervals listed in Table XXIII does not include the 0. 50
probability value may be of no significance, since §% of such confidence
intervals will exclude the true probability value by the action of chance
alone, Moreover, Figure 31 does not appear to support the hypothesis
of Prussian or German tactical superiority, except possibly during the
decade 16860 - 1869, '
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+ Recapitulation of Findings

a. For the range of total casualty fraction, F, values repre-
sented by the sanmple of 92 batties cousidered in this study, the Lanches-
ter bitterness parameter, €, is a good index of total éasualty fraction,

b. The Lanchester advantage parameter, In u , is closely
connected with probability of victory.

¢. The other Lanchester parameters are valid indices of the
real-world phecomena identified by the names of the respective param-
eters.

d. Logarithmic force ratio, In (xo/ yo), is approximately nor-
mally distributed with mean 0. 156 and standard deviation 0.512.

e. Advantage, In u , 18 approximately normally distributed
with mean 0. 057 and standard deviation 0. 350, '

f. Logarithmic bitterneas, In ¢ , is approximately normally
distributed with mean - 2. 157 and standard deviation 0. 834.

g. There may be a tendency for the victorous side to have a
larger and less variable surviving {raction, a or d, than the defeated
side, '

h. For the range of values represented in thu sample Lattles,
victory is, at best, only weakly related to force ratio, X, / Yo'

i. Logarithmic activity ratio, In (D/A), tends to iacrease with
increasing logarithmic force ratio, In (xo/ Yo

j.  Advantage, ln u , tends to decrease with logarithmic force
ratio, 1n (xo/y(').

k. Advantage, In pu , and logarithmic bitterness, ln ¢ , are

uncorrelated.

l.  Advantage, In g, and logarithmic duration, lnt, are un-

correlated.

(9]
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m. Residual advantage? ® and logarithrulc bitterness, ln € ,
appear w be uncorrelated.

n. Resldual advantage and logarithmic total force, ln X, ap-
pear to be uncorrelated.

0. Residual advantage ana logarithmic total casuaities, ln C,
appear to be uncorrelated, ‘

p. With the possible exception of 11 sample battles which oc-
curred between 1757 and 1760, average residual advantage appesars to
be independent of battle date.

q. Data lnaccurdoleu do not account for all of the obsorved
variability in residual advantage.

r. Comparison of narrative accounts for battiea with unusually
large and unusually small residual advantage suggests that surprise ac-
companied by a succeasful enveloping maneuver may be highly advanta-
geous to an attacker, but that failure to achieve surprise and to execcute
an enveioping maneuver may be highiy disadvantageous to the aitacking
side.

8. The principal determinants of victory in battle are contained
in the residua! advantage parameteor.

{. Logarithmic force ratie, In (xo/ yo). oxhibits no tendancy
to increase or decrease with battle date,

u. logarithmic¢ duration, ln t, appears to be much larger for
World War II battlea thax formerly. In addition, for the other battles

1%Regidusl advantage is the difference between observed advantnge,
In 1 , and that representad by the regresnsion line of advantage on loga-
rithmic force ratio, ln (xo/ yo). It represents, in a sense, the amount

of advantuge remesning alter the "contaminating" effects of force ratio
have been climina - d
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consideren in this study, thore may be a tendency for duration to grad-
ually increase with battle date, )

v. Logaritbmic bitternoss, ln ¢ , does not appear to show any
condistant trend with respect to battle date, although it may have been
somewhat lower than average for sample battlos in the docade 1840 -
1849 and somewhat higher than average for World War II sample battlas.

w. Logarithmic intensity, ln A, appears to have gradually
declined betweon 1740 and 1880 and to have been markedly lower during
World War II than formerly., The activity parameters, A and D, gener-
ally follow the same trend as the intensity parameter doea.

x. Logarithmic bitterness, In ¢ , tends to increase with loga-
rithmic duration, ln t,

y. Data insccuracies are large enough to account for all of the
observed variability in residual logarithmic bitterness.??

z. [Residual logarithmic bltterx;eae does not appear to be nor-
mally distributed. In particular, it appears that the sample contains
mose battles witl small values of residual logarithmic bitterness than
would be expected on the basia of a normal distribution.

aa. During the decede 1840 - 49, mean residual logarithmic
bitternesa may have bean lower, and the variability in residual logarith-
mic bitterness greater, than for the other battles conaiderea in this
study.

ab. Logarithmic intensity, In A, tends to decrease with in-
creasing logarithmic duration, In t.

?9Residunl logarithmic bitterness is the difference between observed
logarithmic bitterness, In ¢ , and that represented by the regression line
of logarithmic bitterness on logari*hmic duration, In t. It respesents, 1=
4 acee, e aitLart ot loganthmue bitteraess remansng atter the “con-
tamanatiag" eloects uf duration Lave heen eliminated.
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ac. Logarithmic total casualties, In C, tends to increase with
logarithmic total force, In X,

ad. Logarithmic force ratio, In (xo/yo), appears to be uncor-
related with legarithmic total force, In X,

ae. It appears that no oue nation has consgistently been tactically
superior to its opponants. :

DISCUSSION

Range of Applicability of the Findings

In technical terms, what i8 to be understood here is the problem of
identifying the population from which tho sample battles were eelecied.
As noted earlier, this is a difficult problem. The author wiil state kis
viewa for the guidance of tha reader, although it should be borne in mind -
that interpretations may differ.

In genera! terms, the author feels that the population sampled con-
sigts of the large (in terms of zumber of troops involved) battles which
occurred under rezsonably average conditions between the years 1740 -
1950,

Certain fegturea of the sampling proces: aeserve additional discus-
gion, particularly the possibiiity of censoring effects.

1. Censoring may act to eliminate from the sample battiea charac-
terized by extremely large or extremely small values of force ratio, as
such battles would not normal.y Lo considered as significant from the
standpoint of the whole campaign. Thus, it is possible that more such
battles actually occurred than ie indicated by the sampile data.

2. Battles with extremely large or extremely small values of ad-

vantage raay be less well documented than those with moderate values of
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wivantame.  This would be the case if extreme advantage values imply
disorder, confusion, and the like on the defeated side. '

On the other hand, battles with extreme advantuge vaiues are
frequently of great interest to the military scholar, ahd such battles may
have been more thoroughly studied thaun these with moderate advantage
values. The combination of lack of data and the desive for definitive
historical analysis could, unfortunate’y, result in sharply conflicting

"battie descriptions.

3. For batties with extrewnely large bitterness values, the destruc-
tion of records may have been considerable. If this actually occurred,
then data for battles of great bitterness could be less reliable than for
battles of little bitterness, Intensity may also affect records and data
reliabiiity ip this manner.

Whether or not any or 2ll of the above censoring ={f2cts are in~
volved i8 not known to the author. A more extensive survey might help
to solve or eliminate some of the problems associated with censoring
and its effects.

Unsolved Problems

1. The unexplained variability in residual advantage is a problem
that has been earlier discussed in great detail. It is a problem that con-
tinues to elude our grasp.

2. Another unsolved problem is that of battle duration. What is it
that terminates a battle? Why doesn't the defeated side fight to the last
man? This last did vccur on eccasion, though principally in circum-
stances where either no retreat was possible or where retreat was pos-
sibie only by breaking oul of an encirciement. But why is it exceptional
rather than common?

The author has no answ r these questions, save {Hr e

rather neficctual emHservation the ., presumably, the defeated side usually
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has better things to do than merely stand urd fight. This observation, in
its present form, does not permit us to say why any given battle lasted,
e.g., 6 hours rather than 3 hours or 12 acurs, and therefore does not
rerresent an effective solution to the problem of predicting battle dura-
tion,

3. Similarly, we know very little about what determines battle in-
tensity. Nor do we have any clue to the causes of the decline of batle
intensity in recent times. In particular, we are unable to say whether
the introduction of tactical nuclear weapons will reverse or continue the
downward trend of battle intensity. To the extent that war games are a
reliable imitation of combat, they may provide data on which to base an
answer to this last problem, but it is importsnt to recbgnize that this,
alone, would not neceasarily improve our fundamental understanding of
the factors affecting intcasity.

4. Lastly, there is the problem of victory. Advantage is closely
assoclated with victory, but advantage does not always follow the victor,
It is not clear why thias should be, ror i3 it tlear what factors operate
to create exceptions to the general trend.

Findings of Value

1. Poseibly .ue most important finding obtained to date is that of
a general correspondence between the theoretical Lanchester parameters
and real-world phenomena, gince in the absence of such a correspondence
attempts at prediction would be doomed to failure. The fact of such cor-
respondence encourages the hope that fitting the theoretical parameters
to past data will provide an empirical first approximation to some of the
essgentially important sspects of grouad combat.

2. Possibly the secoend most important finding is thet for Lanches-
ter’s squice-law modei the activity ratio and the advantage paraiet @

depend on the initial force ratio. Formerly, investigators involved with

the use of Lanchester's square-law model have usually assumed that
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activity ratio and advantage were independent of force ratio, and it ie

now clear that modifications to these views are necessary.

3. Possibly of lesser importance are the findings indicating some
of the factors which do not significantly influence the advantage param-
eter, since these findings are of greatest value to further investigations.

4. Possibly laat in importance are the miscellaneous findings of
connections, or lack of connection, among various other parameters
{e.g., the connection between intensity and duration, and the lack of
connection between force ratio and total force.) Although these resuits
are often interesung and sometimes suggestive, we lack a unifying theo-
retical foundation which would place these elements in satisfying per-

spective.

APPLICATIONS

We here consider the question whether the findings in their present
incomplete and tentative form can be put to use, The author will list
some areas in which he believes that immediate application would be of

value.
Applications to War Gaming

1. The findings can be used as a rough, general check on the va-
lidity of a ground combat war game by computing tae parameter values
from game results and comparing them with the parameter values esti-

mated from the historical sample battles.

2. Since the Lanchester parameter provide a useful scheme for
comparing battles conducted under different conditions, the Lan hester
model and the findings of this study could be of considerable vaiue to

thuse mvoived 1n the analysis of ground combut war game results
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3. The close association between the theoretical parameter- and
real-world phenomena suggests thatithe Lanchester square~-law model,
together with empirical measures of the variability of certain parameters,
can provide a simple, approximate, aggregated ground combat model for
war games which emphasize commaad, control, communications, or
strategic agspects rather then detailed combat interactions.

Provide Guidance

1. The findings presented in this study can provide useful back-
ground information and guidance to various studies of large-unit ground
combat, and can gerve as general background information for military
planners and students of military history.

2. From one poiat of view, the most important application of thia
study is as a point of departure and as a source of informsation and guid-
ance for future studies and theories of ground combat.
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APPENDIX A

CALCULATION OF ¢

FIRST METHOD

We use Equation {6) as a point of .‘aparture, writing the hyper=
bolic functions in thair exponential form and writing g = ¢ for
brevity. Multiplying both equations bv g to clear fractions, we obtain
after ti'ansposlﬂon and reduction the simultansous quadratic equations:

w-1gi+ 2ag-@sn=0 | (A<1)
e longfe2g-wTen=o0 (A-2)

Dividing Equation {A-1j by (& - 1} and Equation (A=} by & - 1) and
subtracting the resul¢s yields

-1
( 28 - 2d )8"( 13 +L- E-lzl a0 (A-3)
1

= o1
B " a1

which can be solved for g as

u+1_ [ +1
- -1
el wTay _
g = P 2 {A-4)
a
u -1 “-1_1

Clasring fractions {a Equation {A-4), expanding products and

regrouping terans yields

g = _IE L (A-3)

CORG-5P~128 53

Ayt mee vay Slank, tterafera act frlrat,




Muitiplving the numerator and denominator of the RHS of Equation
(A-5) by # and factoring yields ) '
2 .
1-p = (L+u)(@d-p)
2
a{l-p)=-d@u” ~-pu) a{l-p)+ du (1 -4)

s 1+m | (h-6)
a+dp ‘

Taking natural legarithms of both sides of Equation (A~6) and
recalling the definition of g yields

€= ‘a‘%‘%ﬁ?} | (A-7)
which is the desirad reauit, |

SECOND METHOD

We again start from Equation (6), this time golving equation (6a)
for # and Equation (6b) for u .'1. We obtain

a-coshe

Moo= (A-9)
sinh € '
“"l=, d-coah_e_' (A=9)
sinh €
Eliminating s between (A=8) and (A-9) yields:
& = cosh € _ sinh € (A-10;
sinh € d -cosh €
Terring froctns and regroaping terms yields:
R o (A-11)
ad - (a + d) cosh € + cosh™ ¢ -sin™ ¢ = 0
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But since we have identically
consh2 € = slnh2 € =1
Equation (A-11) reduces identically to
‘ ~(@+dycoshe + 1 + ad=0

from which we immediafely conclude

-1/1+ ad
€ = corh _a+d>

which is the desired result,

REMARKS

(A-12)

(A=13)

Either method leads to two values of ¢ , one positive and the other
negative in sign, Only the positive sign leads to a reasonable result,
however, as may be shown by Equation (6). Thus, for ¢ > 0, a < 1
andd <1, Butfore <0, a > cosh je|> 1 and d > cosh {e{> 1,
which is impossible in terms of the real-world interpretztion of & and

d. For this reason, only the positive values of ¢ are indicated in the ‘ e

foregoing developments.
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APPENDIX B
DISCUSSION OF SPECIFIC SOURCES AND THEIR DATA

PURPGSE

To investigate the quality of quantitative historical comhat data and to
estimate the amount of variali’ ity in scme of the Lanchester square-law
parameters which arises frov iscrepancies between data sources.

METHOD

Individuai Sources

Each source consulited in the preparation of this report was examined
for statements relevant to the quality of the data contained in that source.
Such staterents might include information regarding the author's qualifi-
cations, the sourcss which he used, and his cwn evaluation of the quality
of tho data presented. )

Variability Between Sourcoes

Seven battles which occurred during the American Civil War were
selected for study. Four sources were consulted for data on initial
strengths and casualties for each battle, For each battie and for each
source, the Lanchester parameters, a, d, p, i}/A, €, and xo/ Yy, were
computed as explained in the body of the report (Section Il, Method).
Total casualty, C , and total force, X , narawneters were also obtained.

The sample variance between sources for the parameters lnu, lne,
and In (x0 / yo) was obtained separately for each battle, and a pooled esti-
mate of the variance between sources was then obtained for the separate
sample variances. In addition, logarithmic scatter diagrams were
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prepared for D, A against xo/yo. p# against xO/ Yor € against xo/yo.
and fur C against X,

RESULTS

Individual Sources

Statoments from each source relevant to the quality of the data con-
tained in each are quoted below to the extent applicable, and additional
notes are appended if necessary.

1. Reference 9

a8, When thig paper was written, Engel was employed by
the Operations Evaluation Group.

b, The chief source of data used by the above reference is
The Iwo Jima Operation, prepared by Capt. Clifford P. Morekouse,
Historical Division, United States Marice Corps, undated,

o. No evaluation of the data is given in Roference 9. The
hwo Jima Operation describes itself in its Foreword as follows:

"The information has been compiled from official
records, from observations and notes inade by the writer during the
progress of the operation, and from a few supplementary sources noted
in the text, "

"In its present version, this monographb is tentative
and subject to correction, "

"It 13 huped Lat @ revised version, possibly with allus-
trations and additional maps, may be published in more permanent form
at a later date.

AL sal Notes

Tuis writer does not know whether or not the antici-

s reviced version hag been published.




2. Referencs 11

a. Various authors have contributed to the separate
articles and have not alwaya listed all the source documents used.

b. No general statement can be made regarding solf-
evaluation by the authors of the data which they present. In severs!
articles there is an implied self=evaluation to the extent that ranges
of values aro given for strengths or losses ratker than a fixed figure,
or more than one souroce {8 quoted to illustrate the lack of consensus
regarding strength and loss figures. Ip some articles, a phrase
such as "It has been variously estimated at" is inserted, presum-
ably to warn the reader that precise data is not available.

3. Reference 15

a. & .ele states that this work represents a part of his
three vears' experience as a lecturer in military history at the Army
Service Schools at Fort Leavenworth,

b. Eighteen principle sources are listed by Steele in
hie Preface, and appear to include the major historical works on
Amaerican campaigns from thoe French and Indian War to the Spanish-
American War, inclusive, Additional scurces are indicated by the
footnote references contained in the main part of the book.

c. The data given i3 froquently prefaced by a remark
such as "t is difficult to determine how many were engaged (or lost)"
i{n this battle. [n some cases, more than one source is quoted to
illustrate lack of agreement. In a few cases, Steele gives his own
analysis of conflicting reporta, togsther with his conclusions,

4. Heieronce 16

a. Morison and his series on World War IT Naval

Opcrations are well-known to most readors. The series has been
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described on occasion s "semi-official. * {n preparing his history,
Morison wus froquently in the area of operation, has made extensive
use of interviews with commanding olficers of both sides and of
official reports, and nas in several {nstances vislted the battlefleld
involved (though not always at the time the fighting was c~nducted).

b. Morison includes practically nothing in th: way of
data evaluation and criticiam.

5. Reference 17

a. As of the time of writing, Berndt was a Captain
{Hauptmann) {n the German Imperial Genera! Staff,

b. Forty-eight sources are listed as consulted, of
which five are German Imperial General Staff works.

¢c. The following i{s a free translation of the explana-
tory preface to Berndt's battle data and describes the type of infor-
mation given. (Only that information pertaining to "bsttlo" was used
in this report.)

"The following Tables 27-63 depict the atrength of
the opponents, as woll as their losses, for the most important bat-
tles of tha Silesian War and of the 19th century, the most significant
sea battles, and f{inally for some of the most important seiges and
investments of fortresses,

"In addition to the stated scope of this book, the
most remarkable hattles of Frederick IT will be presented as well
as wdtides of the 19th contury, since these batties -- typical of thear
era -- provide valuablc material for comparison with campaigns of
a later date.

"T%e cvale of area of graphic representationa, thic

cedgrams, is the spne within a given section,
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"Blu - color always designates the victor, red
color the vanquished; tue former is always placed on the left, the
latter on the right,

"Iu ambiguous cases, the victor is always talen
as the one who in battle generally achieved hig objectives, or gained
possession of the field, Seiges and investments ara assigned colors
on the sare basis.

*The heavy boldface strength numbers, whose
" magnitude is graphically displayed by the area of the corresponding
color rectahgle (or, as the case may be, circle), identify the total
aumber of troops which vere present on or near the battlefield,
whether they were in fact engaged or not,

"For each battle, if a considerable portion of the
total strength was not engaged ard if thia portion can be measured
with scme claim to correctness, these facis are cited in the dia-
grams, .

*"Whenever possible, tiie strength of the cavalry
{in korsemen) sud artillery (in guns) is set forth in parentheses
below the toind strength vaiues; ncie thai the number of horsemen
{s included 1n total strength values,

“Yor the representation of sea battles (Table 54~
55), the quantity of effective troops {i. e., the manning of the fleet)
will not be used as in the above battles, but the number of ships,
which is without doubt appropriate in such cases.

“Ja representiug the Insses, the ulcody losses
(killed and wounded) coirespond to darier shédlng, the unbloody
losges (captured, missing, stragglers, deserters, efc.) are re-
presented by lighter shading.
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"To count the missing with the unbloody losses may
not wholly accord with the facts, since a larger or smaller portion of
them should properly be counted with the lkdlled. Since the number of
these cannot be estimated in each case, the missing are counted with
the unbloody losses throughout.

"*The bloody and unbloody together give the totality of
losses, which is entered in heavier type beside the appropriate chart.

"The absolute number of losses can provide no scale
for comparative evaluation, but the relative numbe: of losses in pro-
portion to the number of personnel is often empioyed for this purposa.
Thus, the lossas in percent of total strength have also been ascer-
tained and are printed in boldiace on either side of the word ' -
Verluate - *, These percentage valueg indicate how many men of
each hundred of tota® strength were iost on the average.

"In addition, the percent of bloody losses was
calculated and appears in smaller type either enclosed in parentheses
near the corresponding absolute aumber or, /¥ ~~nce permits, in a
separate row beneath tiie loss~dlagram. The:. ..ccentages indicate
how many of each hundred men were kille or wounded.

"It may easily occur that the loss percentage will
be calculated from total strength and not, as is proper in certain
cases and for many purposes, from the number actually participa-
ting in the battle. This occurs, on the one hand, because it is -~
especially for battles of early date ~~ often quite impossible to say
wicdi troops actuxlly fought and which not; va the other hand, be-
cause it is not at all clear what influence was exerted on the develop-
ment of the action by the mere arrival or presence of a force aot
divectty enprared, and it v ould therefore be most objectionable i
s dorcen tere simply dropped from the calceuiations, Moreover,

: lutter would form 1 wholly unstable basis, while & solid foundation

snnot be dispensed vth for the comparisons to be made ater on,
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“If halfway tolerabiy reliable sources are avi:ilable,
the losses in officers (already incluced in total losses) will be sepa-
rately listed (in parentheses), and also the losses of battle standards

and war materiel.

“A central circle and concentric annuius will be used
‘to represent 'sieges and investments, ' where the area of the inner
circle repraseuts the strength of the defenders (tho besxeged), that of
the annulus the strength of the siegers.

*The last great investment, namely that of Plevna
1877, will not make use oi this representation since Plevna was
defended by field fortifications rather than hy a fortress, and it 18
therefore a case of a'battle.'"

d. Additionai Notes

The reader will no douht wish that Berndt had done
some things differently. While admitting the controversial vature of
some aspects of Berndt's treatment. tnis autho;' wishes only that the
other work: which he consulted had been half as conscientious in
their description and their display of the data,

] Cur!ously enough, and despite the completeness

" with which other data are given, Berndt does not include any infocma-
tion which would identify the participanis aas to attacker or defeader,
seemingly considering either that thlis was of little consequence or
that the information was general knowledge. As noted in the body of
the report, this lack was supplied by appesl to Reference 18.

6. Reference i8
2. The following Preface appears in this work:

**The sad death of Mr. Harbottle, just as this work
was Zolng to press, uas thrown upon .ne the onus of ~orrecting the

proofs and preparing the index. The necessity for hurrying the work
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through the press has precluded comparison of the references in every
instance with the original scurces from which the Author had taken
them; if wherefore some few printer's errors or varieties of spelling
still remain, they may, I hope, be attributed to the imperfections of
ong, wio had to step suddenly into the breach caused by the loss of a
valued friend znd collaborator, whose patience i reaearch, depth of

L Y

knowledge and a« curacy in compilation, he could never hope to equal.
P.. H. Dalbjac"

b. Sources consalted iz preparation of the dictionary
are not specifiad.

¢. Additional Notes

This dictionary is one of a series (Dutton's Diction-
aries of Quotations) with six other, analogous works. Harbottle is
crodited with authorship of thres of these seven dictionaries —= Dic~
tionary of Spanish Quotations, and Dictionary o' Historical Allusions
and Dictionary of Battles (Ref. 18}, This writer estimates that
Reference 18 above contains hetween 1500 and 2000 entries, all of
which are quite brief, |

On the whole, this author has little confidence in
the accur=cy of the quantitative data coantained ir this work, and has
as far as possible mace use of it only when no other source was ade~

quate,
7. Reference 19

a. No author is credited with this artic:e, and tiis
writer presumes that it was prepared by tne staft of LYFE magazice.

b. LIFE notes that all casunlty figures given for the
war are approximate. No Indication is giten o: the sources uged hy
LIFE.
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Variability Between Sources

The seven American Civil War Battles and the data collecied on
each battle from the four separate sources is presented in Taiv'c B-I.
Note that (1) not all of the.sources give complete data, and (2) that wea
here allow the description "indecisive’ for victorious side, provided
the reference consulted gives no better indication of the victor.

The parameter valuos estimated from the data of Table B-I are
glven in Table B-II, together with the sample variance betw«en sources
for each battle separately and the variance e¢stimate obtained by pooling
those for the separate battles according to the formula (See Ref. .3.):
k

2
= X (-1)8
j=1 1 1

k
Z:(ni-l)
f =1

Pooled astimate = 02

Here n, ia the number of parameter values obtained for the ith battle

and S 12 is the estimated between-sources variance for the ith battle,

Figures B-1 through B~4 present logovithmic scatter diagrams of
/A against xo/yo,u against xo/yo, € against xo/yo, sad C
against X, The data are ploited on these figures as numbers iz oider
to identify the battie to which the plotted values refer, For example,
battle number 2 (Antietam) ia represented on each figure by four small
numerzl 2's, one for each of the four sources involved. Regression
lines, average values, etc,, as determined in the body of the report,
are indicated on these figures to facilitate comparison with the corre-
sponding figures developed ia the body of the report,
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APPENDIX C

SOME NARRATIVE ACCOUNTS FOR BATTLES WITH
EXTREME VALUES RESIDUAL ADVANTAGE

BATTLE OF CONTRERAS, MEXICAN WAR, 1847 A.D.,
RESIDUAL ADVANTAGE = ~ 1,064

Narrative from Reference 11, Article on “"Contreras"

A hamlet about eight miles S. W. of Mexico City. It was in the
vicinity of this small town that Maj. Gen. Winfield Soott, with about
4, 200 U. 8. troops of his column in the southern campaign of the war
between Mexico and the United States (1846-48) encountored first,
the difficult barriers of pedregal (lava beds) and lakes surrounding
his adversary's captial. In this particular defense, Gen. A. L.
deSanta Anna employed about 7, 000 Mexicans, aithough possibly
thres timeg that numbar accupied forts and redoubts at eritical
points elsewhere about the city. Scott, having circloa te the south
of his goal, found, upon determined recounnissance, *hat San Antonio
directly in his front was so heavily defended that an asasult might
cripple him, Ho decided to build a road over the pedregal toward tho
west, thereby pinching out Santa Anna’s strong position. Accordingly,
on August 19, 1847, Maj., Gen. G. J. Pillow's division was ordered
to supply working parties and push forward the road the engineers
were building and to brush aside any small resistance without bringing
on a general engagement, Pillow, however, after bein:, 3. ‘pped,
declded to attack. In the premature struggle only the natural teamwork
of the trained leaders, such as Riley, Smith, and Magruder, saved
defeat until Scott, coming upon the field, ordered a concentration of
his forces at San Geronimo, the key position. Darkness, aggravated
bv a storm, cut Scott off from the knowledge of the whereabouts of hus

troops.
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in the carly morniag of August 20, Capt. Robert E. Lve, after a vcl-
untary desperate ride acrogs the pedregal, bore Scott the inteiligeace that
Drig. Gen. P. F. Smuth had found a way to the enemy's rear and would
attack at cawn, Scott prapared Brig., Gen. D. E. Twiggs to cooperate

in iront, and as a result, San Geronimo was taken in {ront, flank, and
reverse {n less than 20 minutes. San Antonio was evacuated and the
battle of Churubuseo began the same day. The cannon and ammunition
captured from the Mexicans aided Scott roaterially, The Mexican

losses were about 1,500 as against fewer than 100 Americans.

Narrative {rom Reference 15, pp. 112-123, pussim

Valencia marched first to San Angel, and then, contrary te Santa
Anna's orders, put his command into an iasolated position upon an open
ridge just north of Contreras and west of the southern end of the Pedrs~
gal, alargs spacso coversd with volcanio »ooks., He placed a part of his
troope several hundred yards in front of his main position at the ranch
of Padierna. Valencia was planning to fall upon the flank and rear of
the Americans as they moved on the capital by way of San Antonic.

The American army reached San Augustin on the 17th of August,
and occupied it without serious opposit:on. This place then became the
base of operations. The engineers discovered the position of Valencia's
army; they also ascertained by reconnatasanco that a road could be made
over the Pedregal by which Valencin's position could be turned, his rear

attacked, and his line of retreat to the ma.n army ar 1 the capital cut off.

On the 18tk of August Worth's div.sior moved forward to San Antonio,
and on the 19th masked that place. Cn this day the divisionsoor Twiynes
and Pillow advanced against Valencia's position, While part of this toree

attacked and captured the advanced past at Padierna driving back the
ot oo e b pades ) G e I L L

oate thes tway aeross the Pedregal to the sooe arouand san Gerataan,

beess thap 2,000 vards to toe et and rear of Valoaosa's noaca pe s 1
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Here Smith's detachment was wholly separated from the xast of the
American Army, and his rear was exposed to attack from the direction
of San Angel. Santa Anna, in fact, hurried forward a brigade, which
appeared on the Hill of Toro, 1,500 yards north of Geronimo, at 5 P. M. ;
but before it made any movement of attack, it received orders from
Santa Anna to retire to San Angel, where he himself spent the night with
other troops. The only asaault upon Smith at San Gercnimo was made

by Valencia's cavalry, which was easily repulsed, :

That evening the Americans vacated the ranch of Psdierns, which
was reoccupied by the Mexicans, During the night General Scott sent
Shield's brigade to reinforce Smith. Santa Anna sent an order to
Valencia directing him to vithdraw to Coycacan, Valenecia refused to
obey the order, and held his position.

Leaving Shislds to hold Geronimo, protect his rear and cut off the
enemy's retreat, Smith moved forward the rest of his detachment before
daybreak ou the 20th, and fell upon the rear of Valsncia's position. Scott
had ordered Worth and Quitman to support this attack by assaulting the
front of the pnsition, This '""secondary attack" was quite unnecessary,
for Smith's assault took the enemy by surprise and put him to flight.

The victory was complete. '

While the Americans were thus rcuting vValencia's coﬁzmand. Santa
Anna was at San Angel, less than three miles distance from the battle-
field, with three brigades. He started foraard with part of his force,
but was almost immodiately met by Valencia's flying trcops. Thereupon
he turned about and lmsiened toward the city, sending orders for all the
Merican troups to concentrate upon the inner line of defense at the garitay
of the capital.

In this wngag-ment, which Americans call the battle of Contreras,
and the Mexicang call the battle of Padierna, the Americans engage
numberad 4, 500, the Mexdcans 4, 000. The Americany lost fewer than
1CU men; the Mexicans lost 700 killed, 813 prisoners.
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Gen:ral Valencia's division was ordered to hcld San Angel; but
th.s general moved forwird and occupied the advanced position at Con-
treras. The position was from every point of view untenable. Not cnly
could it be turn easily, and attacked in rear (as was done), but
Valencia would have been just as bad off, if Scott had only left a con-
taining force to occupy his attention in frort, while he forced a way for-
ward over the San Antonio cause way, and from there crossed over to
the San Angel road. This would have cut Valencie off from his commun-~
ications. Taking position, then, at Contreras was Valencia's strategic

mistake. He made an equally bad tactical blunder, in putting a part of
his force in front at Padierna -- an advancad post beyond the support
of his main positton.

RATTLE OF ROSSBACH, SEVEN YEARS' WAR, 1757 A.D.,
RESIDUAL ABVANTAGE = - 0.821

Narrative from Reference 11, Article on '"Rosabach"

A village in the Land of Sacony, Germany, in the district of
Meraeburg, 8 miles S.W. of that place and N, W. of Weissenfels,
famous as the scene of Frederick the Great's victory over the allied
French and the army of the Empire on November 3, 1757. For the
preceding events, see Seven Years' War., The Prussian camp on the
morning of tl'e Sth lay between Rossbach (left) and Bedra (right).facing
the Allies, who, commanded by the French General, Charles de Rohan,
prince de Souhise, and Joseph Frederick William, duke of Saxe-~
Hiléharghausen, General Foeldzumeister of the Empire, had mancuvered
in the preceding days without giving Frederick an vpportunity to bring
them o actior, and now lay to tte westward with their right near
Branderoda and their left at Muche!n (3ee Sketch). The advanced Posts
vl Liee Prissians weren the viiligges immediately west of therr camp,

thusi ol the Allies on the Schortau hl! and the Gulgenberg.
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The Allies posseased a numerical superiority of two to one in the
battle itself, irrespective of detachmerts,! and their advanced post
overlooked all parts of Frederick'a camp. They had had the best of it
in the maneuvers of the previous days, and Hildburghausen determined
to take the offensive, He had some difficulty, however, ir inducing
Soubise to risk a baitle, and the Allies did not begin to move off their
camping-ground until after eleven o'clock or the 5th, Soubise's inten-
tion being probably to engage as late in the day as possible with the idea
of gaining what advantages he could in a partial action. The plan was to
march the Allied army by Zeucbfeld, reund Frederick's left (which was
covered hy no serious natural obstacle), and to deploy in battle array,
facing north, between Rejchardtswerben (right) and Pettstacc {left). The
duke's proposed battle and the more limited aim of Soubise were equally
likely to be attained by taking this position, which threatened to cut oif
Frederick from the towns on the Saale, This position, equally, could
only be gained by marthing round the Prussisn ank, i.e., by a flank
march before the eneey. The obvious risk of inter{erence on the ex-
posed fl1ank was provided against by a consideratle flank guard, and in
fact it was not in the execution of their original design but in hastily
modifying it to suit unfounded agaumptions that the Allies met with dis-~
aster, '

Frederick spent the morning watching them from a house top in

_Rossbach, The initial stages of their movement convinced him that the

Allies were retreating southward towards their magazines, and about
noon he went to dinner, leaving Captain Von Gsudi oa the watch. This
officer formed a different improssion of the Allies' intentions, for the
columns which from time to ime became visible in the undulaiions of

'V. der Goltz (Rossbach bls Jens, 1906 editton) gives 41, 000 Allies
and 21, 000 Prussians as the crmbatant strenrtha. Berndt’s statistical
work, Zual tm Eriege, gives e respective lorces engaged as Allhies
42,000, Prussians 21, 000, Other accounts give the Allies total strength
as 64, J0C and the Prussians as 24, 000,
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the ground were seen to turn eastwards from Zeuchfeld. Gaudi's excited

veport at {irst served only to confirm Frederick ir his error. But when

the kitg saw for himself that hostile cavalry and infantry were already '
near Pettstadt, he realized the enemy's intentions. The battle for which ' =
he had maneuvered in vain was oftered to him, and he took it without
hesitaticn. Leaving a handful of light troops to oppose the French ad-

vanced post (or flank guard) on the Schortau hill, the Prussian army

broke camp and moved -~ half an hour after the king gave the order --

to attack the enemy. The latter were marching in the normal order in

two main columns, the first line on tke .2ft, the second line on the right;

farther to tae right wes a column cousisting of the reserve of foot, and

between the firsi and second lines was the reserve artillery on the road. ,
The right-wing cavalzy was of course at tha head, the left wing cavalry A .A
at the tail of the two main columns, At first regulation distances were '
preserved, but when wheeling eastward at Zeuchfeld there was much :
confusion, part of the reserre infantry getiing in between the \wo main _
columns and hampering the movements cf the reserve artillery, and tha

rest, on the outer flank of the wheel, being unable to keep up with the

over-rapid movement of the wheeling pivot. A weak flank guard was

thrown out towards Rossbach. When it was sésen that the Prussians were

moving, as far as could be judged, eastward, it was presumed that they
were about to retreat in order to avoid being taken in flank and rear; '-
and the Ailied generals thereupon kurried the march, sending the cavalry .
on ahead.,

Frederick had no intention either of forming up parrsllel to the
encmy or of retreating., As Lis army could move a8 a unit twice as fast
as the enemy’s, he intended to make a fdetour, screened by the Junus
Hugel ana the Polzen Hugel, and to fal) upon them suddenly from the
east. If at the moment of contact the Allies had already formed their
line of battle facing north, the aitack would strike their rizht flank. if

ey were still oo the move in cclamn eastaards 07 north-ecastwards,
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the heads of their columns would be crushed before the rest could deploy
in the new direction -~ deployment in .u0se days being a lengthy affair.
To this end General Von Seydiitz, with every available squadron, hurried
eastward from Ro'sshach. behind the Janus Hugel, to the Polzen Hugel;
Colonel Von Moller, with eighteen heavy guns, came into action on the
Janus Hugei at 3:15 against the advanéing columns of the Allied cavalry;
and the infantry followed as fast as possibie. When thoy came under the
fire of Moller's guns, the Allied squadrons, which were now novrth of
Reichardtswerben and well ahead of their own infaniry, suffered some-
what heavily, but it was usual to employ heavy guns to protect a retreat,
and they contented themselves with bringing some fieldguns into action.
They were, however, amazed when Seydlitz's thirty-eight squadrons
suddenly rode down upon the head and right flank of their columns from
the Polzen Hugel “avec une incroyable vitesse." Gallantly as the leading
German regiments deployed (o mest him, the resuit was scarcely in
doulst for a moment, Seydlitz threw in hia last squadron, and then

. himeelf fought like a trooper, receiving a severe wound. The melee
drifted rapidly southward, past the Allied infantry, and Seydlitz finally
rallied hia horsemen in a hollow near Tagewerben, ready for fresh
service. Thia first episode was over in half an bour, and by that time
the Prussian infantry, in echelcn from the left, was descending the
Janus Hugel to meet the already confused and disheertened infantry of
the Allies. The latter, as their cavalry had done, managed to deploy
somse reyiments on the head of the column, and the French in particular
formed one or two columns of aitack -- then peculiar to the French
army ~-- and rushed forward with the bayonet. But Moiller's guns, which
had advanced with the infantry, tore gaps in the close masses, and,
when it arrived within effective musketry range, the attack died out
before the rapid and methodicsal volleys of the Prussian line, Mean-
while the Allles were trying {n vain to form a line of battle., The two

main columns had got oo close together in the advance From Pettstadt, part
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ot the reserve which had bhecome entangled between the main columns
was extricating itself by degrees and endeavoring to catch up with the
rust of the reserve column away to the right, and the reserve artillery
was useless in the middle of the infantry. The Prussian infantry was

still in echelon from the left, and the left-most battalions that had re~
pulsed the French columns were quickly within musket-shot of this
helpless maos. A few volleys directed against the head and left flank of
the column sufficed to create disorder, and then from the Tagewerben
hollow Seydlitz's rallied squadrons charged, wholly unexpectedly, upon
its right flank. The Allied infantry thereupon broke and fled. Soubise

and the duke, who was wounded, succeeded In keeping one or two regi-
ments together, but the rest scattered over the countryside. The battle
had lastod tess than an hour and a half, and the last episode of the infantry
fight no more than fifteen minutes. Seven Prussian battalions only were
engaged, and these oxpended five to fifteen rounds per man. Seydlitz and
Prince Henry of Prussia, the cavairy and the infantry leaders engaged,
were both vounded, but the total l08s of the king's army was under 550

~ officers and men as compared with 7, 700 on the part of the Allies,

Narrative irom Reference 18, Article on "Rossbach*®

Fought November 5, 1757, between 80, 000 French and Austrians
under Marshal Soubise, and 30,000 Prussians, under Fruderick the
Great. Frederick, who occupied the heights of Rossbach was attacked
by the allies. The Prussian cavalry, however, under Seydlitz, charged
down upon the Austrians, and threw them into disorder, and the infantry
falling upon the broken columns utterly routed them, with g loss of 4, 000
hillea wng wounded, 7,000 prisoners, (ncluding 11 gereruls and 63 yuns,
The Prussians lost 3,000 only.
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BATTLE OF MORTARA, WAR OF THE ITALIAN RISING, 1849 A, D.,
RESIDUAL ADVANTAGE = - 0,583

Narrative from Reference 18, Article on '"Mortara"

Fought March 21, 1849, between the Pledmontese, uader the Duke
of Savoy (Victor Emmanuel) and General Darando, and the main Aus=
trian army, unoder Radetsky. No steps had been taken by the Pledmon-
tese to render Mortara defensible, and little guard was kept, - with the
result that they were surprised by Radetsky, and driven out of the town
in confusion, with a loas of 5§00 killed and wounded, 2, 000 prisoners
and 5 guns. The Austrians lost 300 only. '

BATTLE OF CERRO GORDO, MEXICAN WAR, 1847 A, D.,
RESIDUAL ADVANTAGE = = 0.569

Narrative from Reference 15, pp. 108-121, pasaim

After his defeat at Buona Vista (February 22-23), Santa Anna fell
back with his army to San Luiz Potose, where he arrived after a march
of great hardship with less than 10, 000 effectives. After rosting here
four days, he resumed the march to the capital with two brigades.

A new revolution had meantime, broken out in the City of Mexico,
snd, when Santg Anna arrived there, he found armed partisens con-
fronting each other in tne streets, He managed to compose the dis~
sensions, and on the 2nd of April aet out for Cerrc Gordo, a strong
position on the road to Vera Cruz, where he purposed stopping the
progress of Scott's army. A part of the troops ho had commanded at
Buensa Vista, some 5, 600, had already turned toward the same point;
the rest remained for the preaent at San Luis Potose, From the capi-
tal Santa Anna took the National Guards of that city. Cerrn Gordo (Big

v Fat i, s at the oot of the Srterra Madre -~ the last step trom
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the great Plateau of Anshuac to the Tierra Callente,

Here the road from Vera Cruz crosses a small river and a
narrow streteh of level ground, the Plan del Rio; then it zigzags up-
wards and to the west, following the easiest grade from one bench to
*he next. To the right of the road, as one goes west, are first rugged
¢ s and then an {'npassable ravine. Between the ravine and the road
a :two promineat wcoded kuolls, Atalays and ‘Telegrafo, a few hun~
dred yards beyond which the road passes the Cerro Gordo Ranch.
From the Plan del Rio to this ranch, and probably farther westward,
the stream flows in an impassable gnrge; aud about midway of the dis=
tance is a commanding table. On this table the right of the Mexican
line rested The left was on Telegrafo, and the XX reserve was at the
ranch,

The position as occupled was strengthened with parapets, crenches,
palisades, and abatis, and the treea were cleared away from the fiold in
front. Artillery was so placed as to command the road and sweep all
the approaches to the position,

Owing to the forocious heat and deep sand, the march of Scott's
army acroas the Tierra Calieite, from Vera Cruz to Plan del Rio,
was very hard and trying. Twigg's division, which started on the 8th
of April, did not reach Plan del Rio until ise evening of the i1th,
Twiggs had been informed on the way that Santa Anna was at Jalapa
with troops, and ne expected to meet him at Cerro Gordo.

As soon a5 General Scott received report that the divisions of
Twigga and Patterson had fcund the enemy in force at Cerro Gordo, he
hastened forward from Vera Cruz Mmself, and joined the troops at the
froat on April 14, Having gotten more transportation, General Worth,
al 30 marched his division torward, and bad reached the camp of the
other divisiohy at P'an del Rio, by the evening of April 17.
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Meantime the American engineer officere had been reconnoltering

the Mexican position. They reported that the¢ position, though fortified
and very strong in front, could be turned by its left and struck in rear;
and that the intrenchunents on Telegrafo could be carried by assault,
Telegrafo was the key to the position,

On the 17th Twigg's division followed the route pdcked out by the
engineers; and, after an action in which it lost ninety~seven officers
and men, it got possession of Atalava. General Scott there upon
issued an order for a general attack, for the morning of the 18th,
Worth's division of regulars with Shield's brigade of volunteers was to
follow up and support the "muin attack' agaeinst the Mexican left and .
rear; and Pillow's brigade of voluntcers was to make the "secondary
attack' against the front. The main attack carrled Telegrafo, put the
left of tho Mexican line to flight, and got possession of the Jalapa road.

- Seelng escape impossible, the entire right of the Mexican line then sur~
rendered. The American cavalry pursued the routed Mexicans, but
was 5ot float enoug}x to do them much damsage.

General Scott reported his strength at this battle as 8,500, and his
idlled and wounded, thirty-three officers and 398 anlistod mon, He os-~
timatad the Mexivan strength at 12,000, and the loases 1,000 to 1, 200
killed and wounded, and 3,000 captured. The prisoncrs, like those
taken at Vera Cruz, were, for lack of means to care for them, paroled.

Lieutonant ~ General Robles, the Mexican engineer that fortified
Cerro Gordo, gave it as his opinlon, that the puvsition was only suitable
for "harassing an invading army, " ~= that {s, for fighung a delaying
action, a rear-guard action == and not for fighting & defenajve battle
with the hope ¢f winning a decisive victory, He reported that the posi-
tdoa could be turned precisely as it was afterwards turned by the Amer-
fcans. Ilo "advised that the maindefense be made at Corral Falso, six
or eight miles in rear. " But Santa Anna insisted upon fortifving Cerro

Gordo, It was hero that the patriots hao made a famous stand ayainst
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Uic Spanish in the War of Independence, Nor did Santa Anna make any
provision against the turning movewent, Even after tho Americans bad got
possession of the hill, Atalaya, on the [irst day of the Battle, he per-
s{sted in believing that the main attack would be made against his right

and front, and ho made his dispositions accordingly.

BATTLE OF PLEVNA, RUSSO-TURKISHWAR, 1877 A, D.,
RESIDUAL ADVANTACE = = 0.515

Narrative from Reference 11, Article on ""Plevna, ' pagsim
Investment and Fall of Plevaa

This was the last open-force attack on Osman's lines. (Third
Battle of Plevna) General Todleben, the defender of Sevastopol, was
now entrusted with the conduct ol the seige, he determined to complets
the Investment, which was accomplished by Octeber 24, Osman'e
request to retire from Plevna having been refused by Constantinople.
Supplies eventually gave out and a sortie on the night of December 9-
10 fatled, with the result that he and his army capltulated.

Plovna {8 a striking example of the futility of the purely passive
detense, which is doomed to failure however, tenaciously carried out.
Osman Pasha repelled three Russ{an attacks and practically hoeld the
wholo Russian army. It remained fo: the other Turkish ferces In the
lield to tako the offensive and by & vigorous counter-stroke io reap the
fruits of his su cesses. Victories which are not followed up are uge-

less.

Narrative irom Relorencc 18, Articlooa "Plevna, ' passim

On Dacember 10, Os:man Pasha, at the head of 25, 000 Turks,
.. S wad wonn lod i carts, attomgted

Crowt s owas through the Heoosian army, now 100, 000 strong. under

v e iumanta, with Pellebens s Chref of Statl. The attempt
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was made on tho east of Plovng, and was directed sgainst the Imper:al
Grouadiers, unuer Gonoral Ganetzke. Having successfully crossud
the Vid, Osman charged down upon the Russians, on a line two nules
{n longth, and carried the first line of entrenchments. Todleben, how-
ever, burried up reinforcemeonts, and the Turks were in turn attacked,
and driven back {p aonfusion across the river, Osman being soverely
wounded. Here they made their last stand, but were overpowered, and
driven into Plavna, which befi.re ovening onpitulated, afier a defense
lasting 143 days. In tius engagemeut, the Turks lost §, 000, and the
Russiane 2,000 killed and wounded.

BATTLE OF TSCHERNAJA, CRIMEAN WAR, 1838 A. D.,
RESIDUAL ADVANTAGE = 0.577

Narrative from Refer nve 18, Article on Tachernaja"

Fought August 18, 1855, between three Ruasian divisions, under
Ganersal Gortschakoff, and three French and one Sardinian division,
under Gehoral Marmora. The Russians attacked tho allies' position
oo the Techornaja, and after severe fighting, were repulsed with a
loss of 5,000 kille¢ and wounded. The allies lost 1, 200,

BATTLE OF LISAINE, FRANCO-GERMAN WAR, 1871 A, D.,
RESIDUAL ADVANTAGE = 0,601

Narrative from Reference 11, Article on "Franco-German'* War, pugsim

The last episode is Bourbakd's campaign in the east, with its
mourntul close at Pontarlier. Beforo the crisis of the lust week of
November, the Frernch forces under General Cremer, Cambriol's
successor, had been so far succeasful in minor enterprises that, as

mentioned chove  the right wing of Lie Loire army, sovered trons the
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lett by the Lattle of Orleans and subsequently held {nactive ut Bourges
and Nevers, was ardered to Franch Comte to tako the offonsive against
the X1V corps and other German troops there, to relieve Betfort and to
strike a blow across the invader’s line of communications, But there
were many delays in execution. The staff work, which was at no time
satisfactory in the Froench armies uf 1870, was complicated by the

snow, the bad state of the rocds, and the mountainous nature of the
country, and Bourbaki, a brave general of division in action, butl irresoc-
lute and pretentious as a conmander=in-chief, was not the man to cope
with the situatioun. Omly the furious courage and patient endurance of
hardships of the rank and file, and the good qualities of some of the gon-
erals, such as Clinchart, Cremer, and Billot, and junior staff vificers
such a8 Major Brugere (afterwards generallasimo of the French army),
secured what auccess was attained.

Werder, the German commander, warned of the {mposing concen-
tration of the French, evacuated Dijon and Dole juat in titne to avoid the
blow and raptdly draw together his forces behind the Ognion above Vesoul.
A furjous attack on one of his divisions at Villersexel {(Jan. ¢) cost him
2,000 prisoner- as well as liis killed and wounded, and Bourbaki, heading
fo™ Beifort, was actually neaser to the fortrese than the Germans, but at
tLie crisis more time was wasted, Werder (who had almost lost hope of
masntaining himself and had received both encoureszement angd stringent
insirrctions to do £o) slipped In front of the French, and took up a long
waak line o detense on the river Lisaine, almost within cannon shot of
Peltar - pe cumbrous French army meoeved up and attacked him there
with 1,0, 000 _Za.nst 60,000 (Jun. 15-17, 1871). [t was last repulsed,
thanky chielly to Bourbaki's trablity to handle tus forces, and. to the
hatter disappointment of off cers and men ahike, he ordered o retrear,

., oo T bl date
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" BATTLE OF PALO ALTO, MEXICAN WAR, 1846 A. D.,
RESIDUAL ADVANTAGE = 0,662

Narrative from Reference 11, Article on "Palo Altc™

A baitleflield in Cameron County, Texas, between Point Issbel and
Muiamoras, about nine miies hortheast of the latter. There on May 8,
1846, took place the first battle of the war between Mexico and the
United Btates (1846-48), Brigadier General Zachary Taylor's forces
of about 2, 206 regulars, in an effort to join with beleaguered troops at
Fort Brown, came upon 8 mporior number of Mexicans (variously..
estimated becween 4, 000 and 8. 000) under General Mariano Arista. Be-
tween the chaparral and the marshes the two lines wore drawn up oppo-
site each other, the Mexicans astride the road to Fort Brown. Tayior's
artillery, better handled than the Mexican heavy nleces, cut great swaths
in tho enemy's lines i process of forming. An attempt to turn the U, S.
right by & suberior force of Mexican cavalry was met by a hollow square
of tho 5th Infantry. The grass was set on fire by the ghells, so that a
dense smoke screen kept the two armies from sgeeing each other well.

In this hare, the trained and disciplined subordinate leaders of the U. S.
forces miet the Mexican attempt to encircle the left, Samuel Ringgold's
and Samesa Duncants batteries moved snd fired handily in spite of the
smoks. When darknoess closed the iasue for the day the Mexican loss was,
according to estimate, zbout sacven times that of the U. 8. The engage-
rment waz the first instance where supariority of training against an
organized enemy restod with the Americans.

Narrative from Reference 15, pp. 85-101, pussim

At sbout noon on May 8, Taylor found Arista's army in line of battle
near Palo Alto. The right of the Maxican line rested on & sort of low
ridge, about 3,000 yards to the east of Taylor's reaxd, which pussed aleeg
the edge of a swampy chaperral, The right of tha line was covercd by a
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squadron of cavalry, and the lefi by eight squadrons. The guns were in
the intervals between the infantry regiments. The line faced nearly
north and had a clear field of fire over a stretch of prairie with several
swampy places init. The left of the line rested on a marsh, and there
were two large marshes immediately ia rear of the line. The left of the
Mexican lines was the weaker, and the chaparral on that flank offered
some cover for the Americans. So Generul Taylor made bis mair attacic
against that flank. Captain May's squadron covered the left of Taylor's
line, while Captain Ker's squadron guarded the exposed right, and the
rear where the train was parking., As with the Mexican line, the artil-
lery was posted between the infantry regiments,

Taylor's line advanced in regimental columns until the Mexican
artillery opened upon it., Thereupon it deployed. The Mexican cavairy
under Geieral Torrejon now moved through the chaparral to attack the
right and rear of tbe Americaa ilne; but ¢ was repuised by the 5ih
Infantry, which was on the right flank, and a section of artillery. The
Mexican left was now drawn back. Tayior changed the direction of his
line to conform to the new position of the enemy. There was now adbout
an hour's cessation of the battle,

May's squadron wag sent round aguinat the Mexican left flank; but
finding itself greatiy outnumbered it did not charge, but withdrew to the

rear,

Just before dark Arista msassed his-troops in his right wing and
meoved them against the American left flenk and rear, sending Torrejon
again with his cavalry against the Ainerican right. The main attack was
repulsed by Duncan's battery, supported by the 8th Infantry and Ker's
squadron of cavalry. The cavalry attack was also repulsed, At this
moment there was great confusion in the Mexican line, and, if the
Amcricans had followed up their success by a vigorous rounter-att-. k.
the Mexiceans would probably have been routed. It was now durk an.:
rhe. Mexicans retired into the chaparral in rear of their position, the

Serieans bivonacked on the battlefietd.
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Although General Taylor took the ofiensive in this hattie and
advanced to the attack, he found himselt outnumbered by Arista's
army, especially in cavalry, and wis immediately thrown upon the
defensive. General Wilcox in his account gays: "The action of
May 8 on the plains of Palo Altc was, on the part of the United States
forces, defensive and mainly of srtillery ngainst Mexican artillery
and cavairy supportad by Infantry, "

One iucident occurrad in the combat that might hazpsned, with
like effects, even in our day of long-range magazine fire: the prairie
graes was get on fire by bursting shells, and the smoke fur a time
concealed the movements of the hostile armises from each cther.

At Palo Alto the Americans numbered 2, 288, aud the Mexicans
were estimated at about 8,000, The Mexican account of the combat
gives the numbaer of the Mexicans as only 3, 000,

At dawz ths uext morning the hostile srmies wers in sight of
each other, but by sunriac the Mexicana had begun a retreat for
Matamoros. The American srmy, with {ts front well covered by
scouts, tock up e purauit, About three miies from the battlofield
of the day befors, Arigi . 1a his retreat caxme upon what hs conceived

_to be a vevy strong porition. Hers hs decided to halt his army. He
placed his lins in & ressaca, or narrow shallow swale, which croased
the rozad ir the midst of a thick chaparr- wd ended in a poai of water
at each ead. Arisia appears not to nelieved that the Amerxicans
would seriously atteck him in this - on; he bad his tent pitched anc
was-may writing, when General ¢z, opened fire on his line, and
began the baitle of Renecac « Primpz Some Mexican artillery in
and near the road on both 8!~  f vt» 4qale could not be drivesn back;
so Captain May was oved - 1. ‘& it with his equadroa. QOa ac-
count of the densegro..w. ... 7 . .d only move in the road, ard had to
charge in column of fours, He captured seven guns and a Mexicar gens

cral. He was driven [rom the battery by Mexican infantry, but the
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guns were socn retaken by American infaatry. The action in the chap-

arral lasted for some time, but the Mexicang were finally routed. They

dispersed and fled, never stopping till théy had crossed the Rio Grande,

Ker's dragoons, Duncanas'e battery, and the 3rd Infantry followed in
pursuit. The Mexican account states.that if Taylor had pursued with his

whole available {orce, and followed the fugitives across the river, "it

is undoubted that he would have completely destroyed thum and taken
Matamoros without opposition. '* But. Taylor had no means of crossing
the river. Mexican batteries at Matamorus opened on the pursuers, and
the American guns in Fort Brown (as the fort bulit oppusite Matamoros
was afterwards named, 10 honor of Major Jacob Brown, who was kilied
there during the siege and attack by the Mexicans) "were directed upon
the mass of ficeing Mexicans while crossing at the upper ferry. "

The losses of the Americane in the twe sngagomesnts were 170
killed and wouvnded, and tho estimated loss of the Mexicans, 1, 000,
Arista's baggage and all sorts of plunder were abandoned to the Ameri-
cans.

At Palo Alto Taylor's line of battle was formed nearly parazllel to
the road he was marching on ~ - his liae of commuaication with his base
at Point Isabel. Could the Mexicans have driven him back, or turned
his left flank, they mlght have captured his wagon-train and cut him off
from his base. Of course, with go amail a force, this was not as seri-
ous 8 consideration as it would be with a great army. Taylor undoubted-
ly fought the battle in that way, because the chaparral west of the road
gave him some cover through which to approach the Mexican left flank.
An attack cirectly from the front, or against she Mexicua right, would
have had to be made over the open prairie without any sort of cover.

Had Taylor been defeated in this combat, he would probsbly have lost

e clepar at Paint Teabel, and his ficlil-work and garrison at Focot brow,
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At Resaca de ia Palma Arista's army fought with the Rio Grande
at its back; under like conditions a large army would have been captured.
This little force, with no impedimenta, was able to scatter and cross
wherever the men could find bouts. g Many were drowned. W& have
seen that Ta&lor could not cross the river and complete the route and
dispersion of his enemy for lack of a pontcon-train.

In the Combat of Palo Alto, also, there was the appearance of
ovar-caution on the part of the American commander -~ it is evident
that he believed himself greatly outnumbered. The Mexican account
gives Arista only 3, 000 men in the engagement; this number is probably
nearly right. Taylor had 2, 288, I our troops had not been content with
repulsing the enemy and holding their ground, but had made a counter-
attack at the right moment, they would have routed the enemy. After
defeating the Mexicans at Resaca de la Palma all available treops ought
to huve takea part in the purauit, But only a regiment of infantry, a
squadron and a baiiery foliowed the fugiiivea; ihe rest of the American
srmy bivouacked on the battlefiold. Judged by the sum of their success,
however, Generai T., lar's operations in thoae few days wore well~nigh
faultless, They couid hardly have achieved more.

Na.rrauve irom Reforsace 18, Article on Palo Alto

Fought May 8, 1848, between the Amoaricars, under General Taylor,
and the Mexicans, under Arista. The Mexicans were completely routed,
&t very smail cost ic the victors,
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TABLE 1
BASIC DATA FOR THE SAMPLE BATTLES
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E5LIMATED LANCHESTER SQUARE-LAW PARAMETERS FOR THE SAMPLE BATTLE
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TABLE I

[

Es IMATED LANCHESTER SQUARE-LAW PARAMETERS FOR THE SAMPLE BATTLE (Cooncluded
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TABLE IIla

NUMRBER OF BATTLES WON BY SIDE AND BY
SIGN OF ADVANTAGE, Inp

Ing > 0; lnuy ¢0;
Positive Negative
{  deiender defendor Total
" advantage advantage
Victor = D; Battle won
by defending side 3 7 45
Victor = A; Battle won A
by altacking side 17 30 1
Total 66 37 92

TABLE Iy

PERCEN. OF VICTORIOUS BATTLES BY SIGN OF
ADVANTAGE, In u, FOR VICTORIES BY EACH SIDE

Chi-square = 20.32 at 1 degree of freedom

by attacking side

Inu> 0; Ing <0;
Positive Negativo
defoender defender Total
advantage advantage
Victor u D; Battlec won
by defending sido 84.4 15.¢ 10
Victor = A; PBattle wan 6. 2 63.8 100

et




TABLE IV

ADVANTAGE PARAMETER, Inu, AND VICTORIOUS SIDEa

Inu Victor Inu Victor Inpu Victor
~0.992 A 0,014 A ¢. 281 A
~0.693 A 0.003 D ¢, 299 D
-0,693 A 0,009 A 0.303 D
-0.531 A 0.010 D 0.339 D
-0, 460 A 0.9015 D 0. 331 A
~0.420 A 0.046 A 0.399 A
-0.416 A 0.04¢ A 0. 439 D
-0, 399 A 0.067 D . 0,443 D
-0. 387 D ¢.070 D 0.483 - v
~0,375 A ¢.076 D €. 491 D
~0. 3567 A 0.076 D 0.519 D
=0, 348 A 0.077 A 0.558 A
-0.327 A 0.083 D 0.560 D
=-0. 326 A 0.083 A 0.592 A
~0, 300 A 0.091 D 0. 596 D
~0. 280 A 0. 094 D 0.608 D
-0, 264 D 0. 096 A 0. 642 D
-0.222 . A 0.:11 n 0.878 D
-0.213 A 0,112 D 0. 824 D
-0, 200 D 0.112 D 1.138 p
=0,198 A 0. 162 D
-0. 176 A 0,157 A
-0, 164 A 0.161 A
~0. 140 A 0.161 D
~0.127 A 9.170 D
-0.124 D 0.172 A
-0,120 A 0.179 D
-0.119 D 0. 196 A
0,097 A ¢, 204 D
=0.075 A 0.213 A
-0.068 A 0.219 A
-0, 0€1 A 0, 22¢ D
-0.058 D 0.238 D
-0, 028 A 0,244 D .
-0.01% D 0.272 D
-0.018 A 0,274 D

i

i
AT Attacking stde viotoroous

D Defending side v'cterious
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TABLE Va

NUMBER OF BATTLES WON BY SIDE AND BY
MAGNITUDE OF ADVANTAGE, Ing

Inp > 0.3 0.3zu > =0.3 -0.3zlnyu Total
Victor = D 14 : 30 _ 1 45
Victor = 4 4 29 14 47
F——— s == e ——— ———
Total 18 59 15 92

Chi-square = 16.80 at 2 degrees of freedom

TABLE Vb

PERCENT OF VICTORIOUS BATTLES BY MAGNITUDE OF
ADVANTAGE, lng, FOR VICTORIES BY EACH SIDE

Iny > 0.3 0.3 = Inpu > =0,3 «0.3 2 lnp Total
Victor = 31.2 66. 6 2.2 100
Victor = A 8.5 €17 29.8 100

e _ CORG-3¥ 12~




TABLE VI

TEEORETICAL (NORMAL DISTRIBUTION) AND OBSERVED FREQUENCY OF
BATTLUES WITH VARIOUS LOGARITHMIC FORCE RATES, In .‘(O/y0

Y
In (x4/5 ) ?fé’émcc?l ' Gbserved nﬁﬁtﬁfm gf:elx?‘gd |
From To {Normal Distribtion) Froquency Frequency Frequency
- 0.8 2. 85 2 .
-0.8 -0, 7 1.47 9.19 1
0.7 -0.6 2.02 5
-0.6 -0.5 2.8 3
0.5 | -0.4 3.50 2 8. 01 .
-0.4 -0,3 4.51 5 r
-0.3 0,2 5.08 4 5.06 4
-0.2 0.1 " 8.07 7 8. 07 7
-0.1 0.0 6.81 6 6.81 S
0.0 0.1 €. 81 6 6. 81 6
0.1 0.2 7.27 5 7.27 5
0.2 0.3 1.18 é 7.18 6
0.3 0.4 5. 81 C 6. 81 6
0.4 0.5 5.98 4 5.98 7
2.6 5.43 12 2
.32 5
3.77 2
2,76 0
2. 30 3
1.47 3
1.10 1
1.93 )

Chi-square = 10 56 &t 10 degroes of freedom

CORG-S1 124




TABLE VII

TLREGRETICAL (NORMAL DISTRIBUTION) AND OBSERVED FREQUENCY OF
BATTLES TCR VARIOUS RANGES OF DEFENDER ADVANTAGE, Ilnu

i Frenaency Quserved | e Tieal | Observed
E From To {(Normal Distribution) : Frequency Frequency
| . 0.6 2.76 3
{ =0.6 .| -0.5 2.76 1 8. 74 7
-0.5 | -0.4 3.22 3
-0.4 | -0.3 5.06 8 5.06 8
0.3 | -0.2 7. 36 5 7.35 5
-0.2 | -0.1 9. 20 8 9.20 8
-0.1 | o.0 10.12 9 10.12 9
0.0 | o.1 10.12 16 10.12 16
0.1 | 0.2 9. 20 11 9.20 11
0.2 | 0.3 8.74 10 8.74 10 .
8.3 | 0.4 7. 82 " 7.82 4
0.4 | 0.5 5.52 4 5.52 | 4
6.5 | 0.6 3.68 5
b 0§ | + 5.52 5 %20 10
| Totl 91.08 92

Chi-square = 9. 39 at 8 degrees of fresdom

Yo CORG-XP 1o~




TABLE VIl

THEORETICAL (NORMAIL DISTRIBUTION) AND OBSERVED FREQUENCY
OF BATTLES FOR VARIOUS RANGES OF LOGARITHMIC
BITTERNESS, In¢€

[

me | T ghservet | L | et
From| To {Normal Distribution) Frequency Frequency
- -3.70 2.786 6 6. 44 7
-3.70| -3.40 3.68 1
~3.40| -3. 10 5.52 3 5.52
-3.10 =2, 80 8.28 5 8. 28 S
-2.80| -2.50 . 11.04 12 11.04 . 13
-2,50| -2.20 12.88 12 12. 88 12
-2.20| -1.90 - 12.88 16 1. 12.88 16
-1.90! ~-1.60 11.96 18 11,96 16
-1.60| ~1.30 9.20 8 9. 20
-1.30¢{ -1.00 6. 44 6 6.44
=1,00] + o 7.36 6 7.36 6
Total 92.00 92

Chi-square = 5. 46 at 7 degreos of freedom

TABLE IX
SOME STATISTICS OF SURVIVING FRACTIONS

Victorious woe, of Average Standard Average Standard

Side JDatties surviving deviation surviving dev:atton

: fraction of of & fraction of or‘ d"

uttocker, o * defender, d
ey 47 0. 873 VTR V.19 ‘ 0 jud

{ ' '
Detender i KL 0. 827 0.117 0. 893 IR
e - SRR SO
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TABLE X

GB3SERVED DISTRIBUTION OF SURVIVING FRACTIONS

—_—
Raage of Number o[ Battles in Stated Range
bfl;xa‘:’:x :)'ng Attacking Side Victorious Defending Side Victorious
va' des (47 Battles) (45 Battles)
Surviving Surviving Surviving Surviving
fraction of fraction of fraction of fraction of
attacker, a | defender, d attacker, a | defender, d
0.95 - 1.€0 8 5 14
J9.90 - 0,95 12 15 8 9
0.35 - 0,90 13 8 12 9
0.80 - 0,85 5 T 5 S
0.75 - 0.80 6 3 7 7
0,70 - 0,75 1 4 2 1
0.65 -0.70 1 1 2 0
0.60 - 0.65 0 0. 1 o
0.55 - 0.60 1 2 1 0
"0.50 ~ 0.55 0 0 2 0
0.00 ~ 0.50 0 2 0 0

CORG-SP-1_-




TABLE Xla .

NUMBER OF BATTLES WON BY SIDE AND BY
VALUE OF FORCE RATIO

Defender Attacker
Numernf:ally Numer!cally Total
Superior Superior
/
(xol yo < 1) (XO/YO > 1)
Victor = D 19 26 - 45
Victor = A 16 31 47
Total 35 57 92
Chi-square = 0,35 at 1 degree of freedom
TABLE Xib
PERCENT OF BATTLES WON BY SIDE FOR
NUMERICAL SUPERIORITY
Defender Attacker
Numerically Numerically
Superior Supervioy
(Xg/¥g < 1) x0/¥y > 1)
Victor = D 54.3 45.6.
Victor = A 45.7 54.6
Total 100.0 100. 0

CORG-SPo)w




TABLE XII

NUMBER OF BATTLLES WON BY SIDE AND BY
THREE LEVELS OF FORCE RATIO

Force Ratio

Level 1

Level 2

Level 3

;
) Total ,
(0.000 < x5/y, < 0.900) | (0.900 < xo/y0 < 1.500) (1.500 < X, /y, < w)
Victor = D | 14 18 13 45 |
Voetor = A 15 11 21 47
Tonal | 29 29 34 9c
| O—

Chi-syuare = 3,56 at 2 degrees of freedom




TABLE XIlI

RESULTS OF REGRESSION OF ADVANTACE, Inu ON
LOGARITHMIC FORCE RATIO, In xo/yo

Regression Line: Inp = b + ¢ In (xo/yo)

Number of Data Points: 92

Estimated Value of Regression Coefficients = 95%: Confidence Limits:
b = ¢.115 + 0,064 .
¢ = 0.367 +0.122 . e

Standard Error of Estimate: = 0,297

“tn i | In (x/yg)

Correlation Coefficient: r = -0,537

Sample Mean:
cflnpu = 0,058
of In (xo/yo) = 0,156

' Sample Variance:
oflnpu = 0,122
ofin (xo/yo) = (, 262

Foivty A LN 1.0




TABLE XIV

THEORETIC AL (NORMAL DISTRIBUTION) AND OBSERVED FREQUENCY

OF BATTLES WITH VARIOUS RLSIDUAL ADVANTAGES

i
. Theoretical Grouped Grouped
L A5 Observed
i \l<§:3::2:t3 Frequency Frequency Theoretical Observed
— (Normal Distribution) Frequency Frequency
From To '
- o0 -0.5 4. 140 14, 260 9
-J.3 -2, 3 10,120 5
-0, 3 -0, 2 B. 648 11 8,648 11
~0.2 -0.1 10, 856 9 10. 856 9
-0.1 0.0 12,236 21 12. 236 21
0,0 0.1 12,236 10 12. 236 10
0.1 0.2 10. 856 11 10, 856 11
0,2 0.3 8. 648 7 8.648 7
0.3 0.5 10,120 9 . ﬁ;zé")) 14
0.5 + o0 4, 140 S
Chi-square = 9,90 at 5 degreesof freedom
126 CORG-SP-128




TABLE XV

RESULTS OF REGRESSION OF LOGARITHMIC
BITTERNESS, In €, on ADVANTAGE, ln p

Regression Line: Ilne = b + ¢ Ilnp

Number of Data Points: 92

Estimated Value of Regression Coefficients + 95% Confidence Limits:
b = =2,152 & 0,177
o= «0,076 %0,502

Standard Error of Estimate: 8in ¢ I Ing = 0,838

Correlation Coefficient: r = -0.0_32

Sample Mean:
oflne = -2,157
oflng = 90.0h8

Sample Variance:

oflne¢ 0.096
oflnp = 0.122
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TABLE XVI
RESULTS OF REGRESSION OF ADVANTAGE, Inu ON

LOGARITHMIC BATTLE DURATION, Int
" Regression Line: Inp = b+ c¢InT
Number of Data Pointy: 82
Estimated Value of Regressica Coefficients = 95% Confidence Limits:

b = 0.135 £0,173
¢ = =0,027 0,222

Standard Error of Estimate: v 0.341

slnu Int
Correlation Coefficient: . r = «0,092
Sample Muan;

oflnpg = 0,070
oflnt = 2,391

Sample Variauce:
oflnu = 0.116
oflnt =1,345

» 123 CORG-5P-12%




TABLE XVIia

SUMBLER OF BATTLES WON BY SIDE AND BY SIGN OF RESIDUAL ADVANTACGE

Res‘dual Restidual
Advantage Advantage Total
Poslitive Negative
Victor = D J0 15 45
Yictor = A 12 35 47
Total 42 50 92 l

.Chi-square = 14,08 at 1 degrees of freedom

TABLE XV1Ib

PERCENT OF VICTORIOUS BATTLES BY SIGN OF RFSIDUAL

ADVANTAGE FOR VICTOR'EZS BY EACH SIDE

Residual Residusl "
Advantage Advautage Total
Positive Nogative
Victor = D 48.7 33. 3 10
Victor = A 25.8 4.4 100

CORG-5P-128
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TARLE XViIIT

aeULAL ADVANTAGE AND VIC FORIOUL SIDE®

Dueiennege ~ide VL torioos

;-\i.':_ln'.;:s vivlor A':‘;":"‘;‘u Victor T A’;‘::‘,'I’l‘;;'. Victor

’-——_——

I -1.064 A -0.038 A 0. 218 A

bo.em A -0.048 A 0. 304 A
-0, 543 A =0.048 D 0. 243 D
0,560 A «0. 031 A 0. 280 A
0. 448 A «0.038 3 0. 187 A
-0.431 A =0.038 D 0.284 D
-0. 374 A <0.034 D 0. 300 A

| -a.307 A -0.033 D 0. 336 Y
-0, 304 A -0. 038 D 0. 388 D
-0, 200 A -0.03* D 0. 397 D
<0, 260 L -0, 020 A 0. 414 A
-0.275 A -0, 028 D 0. 423 D
0,374 A «0. 034 A 0. 428 D
-0, 380 A =0, 088 A 0. 430 D
=0, 847 A 0,001 A 0. 488 D
0. 47 A 0,004 A 0,813 0
~0, 236 A 0,008 D 0,814 D
=8, 23% A 0.018 D 0.877 )
-0, 234 D 0.018 A 0.801 D
-0, 221 A 0.023 D 0. 662 D
0. 185 A 0.031 D
~0. 108 A 0.037 D
=0, 183 A 0.081 D
-0.158 A 0.087 A
-0, 151 ] 0.119 A
-0, 129 A 0.132 D
-0, 126 A 0.1 D
-0.128 D 0.139 D

| V102 ] 0.148 D

; -o.uea A 0.154 0

i -0 098 A U154 D

; -0. 8% ' A 0.157 D
o A 0.'39 D

PVl D 0.1 0

| -U.u8d A 0.181 D
-0.069 D 0.209 A

d—ee . e
‘A i P NI RTINS
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TABLE XIXa

NUMBER OF BATTLES WON BY SIDE AND BY MAGNITUDE

OF RESIDUAL ADVANTAGE

Residuzl 0.2 =Residual 0.2 = Residual
Advantage Advantage Advantsge Total
> 0.2 > ~0,2
Victor = D 14 28 - 2 45
Victor = A 7 22 18 47
— —— e T
Total 21 51 20 92
Chi-square = 16. 06 at 2 degrees of freedom
TABLE XIXb
PERCENT OF VICTORIOUS BATTLES BY MAGNITUDE OF
RESIDIJAL ADVANTAGE FOR VICTORIES BY EACH SINE
Residual 0, 2 = Residual -0.2 = Residual
Advantage Advantage Advattage Toval
> 0,2 > ~0.2
Victor = D Ji.1 64.5 4.4 136
Victor = A 14,2 4R.8 3R, 8 100
CORG-SP-128 131




TABLE XX

AUSULTS OF REGRESSION OF LOGARITHMIC BITTERNESS, Ine«, .
ON LOGARITUMIC DURATION, nt, for "t'" IN HOURS

Regression Line: Iln€ = b + c int

Number of Data Points: 82

Estimated Value of Regreesion Coefficients + 5% Confidence Limits:

b = -2.944 =+ 0, 380
¢ =0.338 £ 0.144

Standard Error of Estimate: LT , Int e 0,747

Corvelation Coefficient: r = 0,468
Sample Mean:

ofine = ~%.135
ofilnt = 2,391

Sample Variance:

of lne = 0,704
oflnt = 1.345
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TABLE XXI

. THEORETICAL (NORMAL DISTRIBUTION) AND OBSERVED
FREQUENCY OF BATTLES FOR VARIOUS RANGES O RESIDUAL
LOGARITHMIC BITTERNESS

i Residual . Theoretical . Observed Grouped Grouped
Logarithmxc ) Frequency Froquency Theoretical Cbserved
Bitterness (Normal Distribution) Frequency ijequency
From To
- «2,000 0.23 2
~2.000 | ~-1.500 1.48 3 7.38 o
-1.500 | -1.200 2.62 1 '
-1.200 { =1.000 2.95 1
-1.00 -0, 800 4.26 . 0 10.00 s
-0.800 | -0.609 5.74 5
~0.600 | -0.400 6. 80 5 6.80 5
-0.400 | =0,260 8.11 11 8.11 11
-0, 200 0.020 8. 70 10 8. 70 10
0. 000 0.200 8.70 8 8.70 -8
0.200 | 0.400 8.11 | 10 8.11" 10
0. 400 0.500 6. 80 14 6. 80 14
0. €00 0.800 5.74 2 10.90 7
0. 800 1.000 4.26 5
1.000 1.200 2. 95 2
1. 200 1.500 2.62 3 7. 38 .
1.500 2,000 1.48 0
2.000 | + ® 0.33 0 i

Chi-square = 14.00 at 7 degrees of freedom

CORG-SP-128 133




TABLE XXII

NUMBLERS OF VICTORIES AND DEFEATS BY PARTICIPATING
NATION AND RY SIDE

Side on Which Nation Participated
Attacking S_tde Defending Side
Participating - Total ' Total
Nation Number | Number F‘S;::' Mumber | Number p;:t?;t- Total
of of P on of of on partici-
victories | defeats attacki victories defeats defending pation
i ) side side
. France 10 17 27 5 8 13 40
i Prussia {or '

German;r} 11 . 1 12 16 8 24 38
Austria 8 8 . 18 6 9 14 30
United States ' '
of America 8 3 - 11 6 6 12 23
Russia 3 6 8 2 3 5 14
Confederate
States of 5 Z 7 2 3 5 12
America :

Britain (or '

England) 1 1 | 2 5 0 5 7
Turkey 0 1 1 3 b 4 5
Mexico 0 2 2 ¢ 2 2 4
Japan 0 1 1 ¢ 3 3 4

; Piedmont 0 1 1 0 2 2 3
. Hungary 0 1 1 g 1 1 2
i Spain 0 0 0 1 ¢ 1 1
| . .
{ Sardinia 0 1 1 0 0 0 1
| Denmark 0 0 0 0 1 1 1
1 0 1 0 0 V) 1
yonal 47 45 92 45 47 92 134
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_ TABLE XX
NUMBER AND FRACTION OF VICTORIES BY PARTICIPATING NATICON

. Victorlés as Approximate
N - fraction of 85% confidence
Participating Number of Total &
i _ total partici- irterval for prob=

Nation victories participation pation ability of victorv
France 15 40 0.38 0.2+0.5
Prussia (or 21 36 0.75 0.6 -0.9
Germany)
Austria 13 " 30 : 0.43 - 0,2-0.8
United States -
of America 14 23 0.61 0.4-0.8
Russia 5 ’ 14 0.36 _ 0.2-0.6
Confederate
States of 7 12 0.58 0.3-0.8
America
Britain {or ~ -
England) 8 7 £.86 0.4-1,0
Turkey 3 5 0.69 0.2~-0.9
Mexico 0 4 0.00 0.0~-0.5
Japan 0 4 0.00 0.0-0.5
Piedmont 0 3 0.00 0.0-0.6
Hungary 0 ‘2 0.00 0.0-0.8
Spain 1 1 1.00 0.0 -1.0

rdinia 0 1 0.00 0.0~1.0
Denmark 0 i 0.00 6.0~-1.0
Hanover 1 1 1 1.00 0.0-10

2Estimates given are hased on 95% confidence limits for binomial probability para-
meter, equating observed fraction of victories to observed proportion of success und tota!l
participation to sample size. Confidence intervals for each nation were independentiv de-
termined and the interval limits were rounded tothenearest tenth prior to incorporation
it oo taole.
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Figure 25,

CORG-SEP
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Logarithmic scatter diagram of intensity, A, against duration, t.
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