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ABSTRACT 

Geostrop~Jic relative vort:ic:l.t~r is co;-:J.rvated nlong three lati t,,_d e 

circles cener[lll~r encor1passing the L'nited States, using a Fourier analy­

sis of t he 500- mb heigl·1t field for t he period 3-6 Novenber 19E1. 

~ statistical cor.r~)arison of vorticity obtained in this manner 'Hi th 

it !Cs square grid COI-:1p1.::.tf'.tion is n<::.de. 

T:1e Hriters ar e deeply indebted to Professor F. L. Martin of the 

Uni too States Ne.\·a.l Postgr.'ldunte Scr;ool for his suggestion of t he topic 

ano his continued t elp throughout the investigation and during the 

prepar ation of' this paper. 
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1 . Introduction. 

The advent of t he electronic computer coupled with increo.sed dat a 

coyerar1:e he.s renovcd t he primary obstacles to the use of harmonic ana.ly-

sis as a useful inst r ument in atmospheric research. 

Use is made of a Fourier analysis of t he 500-mb height field.. A 

computer progr am devised by G. Arnason and H. Reese.and made available 

by Fleet Nunerical r,Jeatber Facj li ty1 l.ms 1.~sed to obtain t he harmonic 

analysis a.r ound latitude circles a.t distances of 1 through 2? grid lengths 

d = 381 km from the pole~ An equation for relative vorticity using the 

results of the s pherical harmonic analysis is derived and tested statisti-

cally against t he more usual nurn.erical co:rr.put ation of r eostrophic relative 

vorticity made using a square grid~ 

The problem 1.mderte.ken was to compute r elative vorticity at 500 mb 

using t he r eostrophic vorticity equation in its spherical coordinate form 

[ 1' p. 358] .. 

.<> 

I 
v ·: 

·I (1 ) 

In equation (1 ), z Has replaced by its expression in terms of a Fourier 

analysis 

,..,., 

Z = l i · \ Lr· c :;. IN I " ~ - P )~JI L_ r: , 'f\ 
(2) 

'\""' 

Here z is t l:e zonally averaged contour hei ght, wher eas z ~:· is t he perturba-

tion quantity \..rhich renains \-rhen the z field is subtracted from the actual 

height field. The computer printout included maps of each of these three 

fields a.t 500 mb f or the period under investigation, 3 tl~rough 6 November 

1961. Geostrophic relative vorticity was computed by the above mentioned 

technique for 17 longitudes along each of three latitude circles, generally 

1 Hencefortb referred to as F.NHF 
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encompassing t he north-south extent of the United States. This gave n 

total sam-qle size of 204 computed relative vorticities which ·Here t hen 

correlated with square-grid computations of relative vorti cities obtained 

from FN1:JF charts of absolute vorticity for exactl y the same set of points 

and times. 

2. The geostrophic relative vorticity in terms of a harmonically analyzed 

contour field. 

The adequacy of the Fourier representation of neteorological pare.-

meters "t-rill not be discussed here; the interested reader is referred to 

[ 2]. 

It was previously mentioned that 11se vras nade of the F~W computer 

program for a Fourier analysis of the 500 mb contour field.. A brief de-

scription of the theory and nmnerical evaluation of the Fourier coeffi-

cients is given in [3] and only the applicable portions of the program 

Hill be mentioned here. 

The zo~al mean height z is defined as 

(3) 

and its zonal perturbation, in accordance with equation (2), is 
1'- ·-..-

l. = z -l 

Expanding z in a Fourier series one obtains at a given latitude 

· i 

l .. ?- f- [ [ A!, 'I h" t- U11 C..c. s Y1(i j ( 5) 
'V\ '•1 

where A and B are the coefficients of the nth harmoni c functions in the · 
'II n . -

Fourier expa.nsion of z, and M is the total number of harmonic waves neces-

sary to resolve the contour f ield. Replacing AY\ and B" in (5) by an am-

plitude factor en, and a phase angle (5) may be reuritten as 

2 



111 

-~ .\· + L c 1\ s /1"/ l I I ;, - t? rt) (6) 
h.-;:. I 

where 

and t an -- B I tl ,, 1\ 

Equation (6) hn.s been programmed for the CDC-1604 dicital COT'lputer by 

FNHF, and the program includes: a contour grid map of tho zonal pertur-

bation field z ~~, and a tabular list of t he Fourier parameters C'l, E\\ and 

z for each of 27 latitude circles. The last three parameters are actually 

computed in relation t o a zonal band of t.ridth equal to the grid mesh d of 

t he Fl-lUF map grid, but may be conaidered applicable at the center of the 

band. 

Us :ing sphericn.l coordinates ~ and cb (longitude and latitude, respec­

tively) the derivative operators 

2._~ .:.L. 
\ ) _ .. nnd 
(r I 

,.\ :< a cor(,~ )Y Cl 
.., 

G .! ~;\ J 

apply, and we have 

-:z 

~-t,) '• ( l \. c L ),) 1....- \ ~ 'f (7) - t- t-·- .• 1 -·· . \· .. ' 
~.: ....... . u:), 1~ .. ,::_!) ~ . ~ /1 -2/ v ,; \ 

since 

If nm.r z is replaced in (7) by its expansion in n Fourier series as given 

in equation (2) we obtain 

J -~ J 
·~ -
! '~ r- f ...,~-... ~-~- ;.1 _J.. l \Nj (' I / -~ 

r. • • L ' n ,I I J t ' I (' . ~ )\ 'l 

1\' I 

(8 ) 

Reme'l1bering t hat C,
1 

and ,.~"~ are independent of longitude /) but not of 
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lnti tude~ .j~ , }-re may perform the indicated differentiations and combine 

terms, with the result that. J~ in s pherica l coordinates becomes 

1\ 

- [[ct-s(nA 
'l ' 

,::.1JC · .~c. t] ,, t 0 -. 
11 i \.. n - ( 

,} ~ - <) <f c .;._ ~ J : I 

Equation (9) mq.y be shown to have the f orm 

:L f.·) -L__ 
~ I •-" '1 "' '.' 
i -.. ~- - L l... ...._ ; } ·l 

'f\· I 

,\ :. 
.:.. 'l 1' '·· \) .J ~--., I 

) -r ,l 

Since 

"'\ z --· 1_ '-:. ~ il'i . ,. \ 

\.... (; /\--. 'r.j 

""" ' 
equation ( 1<) may be approximated by 

.. .i)o,· [ 

) ~- -'---
. J-

- l't 
d -(, ., ' 

n ,, 
\.. . 

I\ 

\ ' 
I , '\ -1 ' ·,, \ '· 

') : 't ) ) 
. ! 

\. ._. (; 

.•. . 'I 

; \... I ·, fl - . ~.I\ ) ~ 
) 

; '\ - ' 
.. 

( tt (~ .: .• , )', jl ,? t .. <. 

\J -!· ) J 

(9) 

(1 0) 

(11 ) 

Here the superscript bar denotes an average with respect to n over all 

signifi cant vravcs n = 1 , •• ••• , H. 

The FNHF maps are stereogra.phic maps true at latitude 60H, and else-

vrhere the grid mesh , d = 381 km, is related to t he true distanc_£ dT by the 

relationship d = md_, uhere m::: (1 +sin 60)/(1 + sin ,p) and is the so-
' 

called map fa.ctor. 

Tho partial derivatives in (11) nay be evaluated by centered finite 

differences . Tbe numerica l values of C ,1 and ~" vrere simply tal.;:en from 
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the tabular list of conruter output of t he harmonic analysis at the vari-

m1s latitude circles* For exaJllple, .J~ ·~ . /r·~ ,i <{- ; may be ~Titten using 

finite differences bet'l.·:een adjacent la.ti t ude circles (for 'Hhich a Clf· ~1 / rn ) 

in the form 

I a.,_ ( N - I ; n.. - ;? \ . .'/ . n i-

-., 'l../ ';.. cJ '\'¥\ 

'The latitude circ1es of the Fourier analysis employed in t he computa­

tion of J 'J cor res ponded to N = 12, 1 5, and 18 grid mesh distances from the 

pole, vrhich in turn corresponded to the latitude circles: 48 .. 9lJ, 38a6N, 

and 28 .. 3N (see fig .. 1 ) • However, in the computation of first and secorrl 

derivatives of the ntl!. Fourier Have paraJTleters, these parameters at lati-

tude circles E-1 and N+1 are also needed. 

The tern: cl !. ;/ /\ is more tractible in the present case if the finite-

difference substj.tution 1J ~ = 2..d;:.n is made; thus, the centered deriva ­

tive ~ "~::..""/:JI\ in finite differences, assmnes t he form 

'I· 

(12) 

1..rhere '(' ~- </ c ,..: is the radius of t he latitude circle, and the subscript 

i +1 is one erid mesh eastward of the ith point alo11g the latitude circJe. 

Inc1uding t he form of ! / ' /;(·, given in ( 12), equation ( 11 ) may nou 

be writ.ten in t he more compact form 

u 
1 

c:.:~c -~. 1 
•I 

V/ c. -· .;. ' L II ·\- ) 
. c.' 1-/ L t.'-•f (13) 

\·There 

,. ( '2.. 
\ ~ ~ 

l-ii-)J ] \·V ~ - )'\. I I 0 CY\ I I ,7<"' -r .• L_, L 
"- 4"'.,_ 

; .... l, _, ~ 
\. , \_ ._'; 

' 

de--. t : \- ........ , -J -;-: • - - n _, . n 
.~·{' d e}. '" j 
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Fi g. 1. Grid overlay depicting latitude circles N=12, 15, 18 and the grid mesh length d . Geostrophic r elat i ve 
vorticity is conrutecl at the inter sections of t he latitude -circles with all 5°longitude lines l ying 
Hithin the area bounded by the doubl e-line meridians. 



The averaging with respect to n in the expressions for H 
1 

and W~- is 

assumed to be valid , accordinF t o t he mean value t heorem.. Actually how-

ever t he average ~..Ja.s apuroxintated by a simple ari t tmetic mean of the con-
• I 

tribntionc for n -- 1, •• ~ .. , H.. Thus it wu3 ncce&sary to cor:1pute contri-

butions f or each n and divide the result by the number of \..raves. 

Van Hieghem [ 2 J points out that waves of space munber hi gher tha n 12 

to 17 contribute little to the variance of the contour-height field.. Con-· 

sequently, the Fourier analysis vras truncated at }~ = 12 at the two higher 

l atitude circles, 1 although wave n1)111bers 1 t hrough 15 'tvere employed a t the 

lmrest latitude. 

The coeffici€.mts 'H 
1 

and 'ttlz.. are constants for a particular time and 

l ati t1Jdc circle, and can be computed dirr~ctly from the tabulated harmonic 

data. These values :J.re listed in table 1 ~ Hmrever, in applying equation 

(13) it uas n~cessary to interpolate values of z-:< from the pert1~rbation 

ma p at t he points ind i cated in fig .. 1 along the s pecifi ed latitude circles., 

These poi nts were arbitrarily chosen at i ntegral multiples of five degrees 

of longitude, encompassing the vrest-east extent of the United States,. 

Therefore, for ear:>e in selecting data pointe, a grid overlay uas con-

structed presenting all latitude ci rcles N;::::11 , ,. •• , , 19, drmm so as to in-

corporate the map factor . 

1 At the tvro hi gher latitudes, H 1 Has negative ensuring that lmm 
corresponded to positive relative v ortici ty. At the lmrest latitude 
(N=18 ), it was necessary to use H=15 in order to ensure that this condi­
tion vras met .. 
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T!' ... BLE 1 : Values of H 1 r>nd \1?... to be applied in equation ( , , . AlJ ,,alues 
_ { 

are in unit s of 1 0 

------------,..-~-, 

1 - 1 
s ec ft • 

LATITUDE C IRC TE 
-------~~~~ ----~----~----------

1 

DATE N = 12 
I 

N = 15 

lT = -. 146f I 1~1 = - .1635 
3 Nov. 1961 

H = - . 0079 i H = -~0370 

-------------------·--·-------------
''" Nov .. 1961 

5 Nov .. 1%1 

6 Nov._ 1961 

! 

! VI = - ~ 1490 

H = - .. 0311 

H = -.1355 

H = -.0398 

H = .0757 

H = -*0617 

VI = . 'J316 

H = -.0230 

H = .031'"9 __________ _.___.., -------------

N = 18 

vi = - . 2696 

vi = - .. 03 03 

VI = .0138 

\1 = -.1819 

"t-i = .1 682 

H = -.7610 

Note that the term ( '2 u.J '~ I~ ¢ 1 I-~ in both (11 ) and (13) also varies 
J 

from point to point around any latitude circle. However, t he variation of 

t his term was so srr..all t hat the mean zonal Hind for t he latitude uas used .. 

The mean zonal 't-rind U<'l was computed using the lati tudinnl gradient of 
II 

zonal mean height z, t hat is from 

r· •f ; • / d r I i.d -·- - ' 
again using finite differences~ 

Along each of the t hree latitude circles, 17 values of H, z r.- and 

H (z ~: 1 -z z.
1 

) were obtained for each of the four days, giving a total of 

20/,_ separate values of these quanti ties. 

3. Statistical results. 

For precisely the same set of points and days as described above, 

corresponding values of J? Here obtained from grid maps of geostrophic 

relative vorticity made available by FNHF. Their maps essentially pre­

sented the field of J~J computed using t heir square-grid mesh according 
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to the usual forrr~tla 

'f 
. f NWi-- t ). (14) 

where z is the four-point £P.nC~-~ contour height and d = 381 km at 

latitude 60N. 

Since the averaging process in equation (11) is somewhat a pproximate, 

it was felt that better verification woul.O. result if the relationship be­

tweenJfNW _and H z~~ and H~ (zr -z~~ ) vms written 
• 1- I ._ "· £+I ( · / 

f - ~ \J :: .. \1 .. . 
rN'I'/F q 'J" ..\. -· f ) -' /1 I V'v' t ~) ..._.. i \ V\/ ' X 2 >!- )l (15) r '"' \ 11 \. ' •. I { '.(_ l 'i .. L f A. rl - c i.r} ) 

' ' r '• 

Here A'!> , A
1 

, and A?.. are regression coefficients 1 to be determined by a 

least squares tecr.nique applied to the 204 simultaneous va~ues of h', z E 
and H. (z;::- -z.~:- ) ~ Because of occasional large gradients of S .,..N.M f. over 5° 

·- '-+I ._ ... , r· vv 

longitude intervals, the values 9f Jr="'wr 'l...rere smoothed by the three-point 

binomial running mean formula 

--
X -· I \1 

o - \.1 /' I 
)... L- I 

t .:.:x. t )(. ) /~; 
(. Ul 

,.,here X: is any value of S interpolated from the FNHF vorticity-grid 
~ INW /:.. 

map at each point. The regression equation actually involves the correla-

tion of the smoothed JFNwF· values with the independent variables already 

not ed. 

Using the BD1D 06 statistical program as adapted to the CDC-1604 

computer, it vras necessary to type 204 IBM cards containing the smoothed 

J FNWF values and the simultaneous values of the independent variables of 

the right side of equation (15)~ Best-fitting values of the regression 

coefficients were 

1These regression coefficients are non-Jimensional since the tmits 
of H, z? and H,, (z.* -z~:-

1
) are in sec-1. 

~ "- Ltl •.· 
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and A2 = 0. 0621~ 

The standaro error of estimate1 and the multi?le lin~ar correlation co-

efficient for t he regression equation '-Jere 20.3523 and 0. 7632 respectively. 

Panofsky and Brier [4, p. 11 3] present an F test for the analysis of 

the variance explained by the regression equation, The F value mcs be de-

fined by t he ratio of t he explained variance to the residual variance 

r2.1 ... £JJ~ to t he regression equation. This formula is 

_R A - (D. =-£~1) 
( t r, :<.. ) . P (16) 

Hi th p = 2, t he number of independent variables, and '1 = 201~-, the number 

of random s amples, t he value of F f rom equation (1 6 ) turns out to be 

139.33. Ho'l:lever, assuning normally distributed independent and dependent 

variables, t he critical F at the 0. 99 significance level 1-ri t h 2 and 201 

degrees of freedom is /-1- .71.. Thus t he regression equation (15 ) is signi-

ficant at a very high confidence level. 

The partial corr elation coefficients of \.J z·~ and H (z? -z;t" ) were 
I 4 ~ •+ I V/ 

0. 7620 and 0.0382. respectively, indicating very· little contribution to 

the regression equation for the latter variable .. An intuitive explana-

tion for the insiznificant contribution of lt! ~ (z[.. ,-z[ 
1 

) may be obtained 

from fig. 2. The differences, z?*
1 

-z?:-, , taken over the pressure centers 
A.t- (..-

uould be zero, ,.,rhereas in a ctua) i t:v the largest absolate values of ·s· 
v J 

HOnld be fmmd at these points. Likewise for a sinusoidal contour wave 

pattern maximun magnitudes of z {~ -z ::- uould exist near contour inflection 
J.• ; -...-I 

points, where "'f'-1 -~ ~ 4 

'· 

The possibility of "automatic" correlation, viz, correlation betueen 

t he t\.ro independent variables, was examined and none vras found to exist. 

1
All values of L) are in units x 10-6 sec-1. 
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Fi r" . 2. Distribution of J, along a lat itude circle bet~reen contour ma.-':i­
mum. and ~inimun, in the cas e of a sinusoidal. contour wave .. 

The individual latit ude circles i-rere statistically excunined in a like 

manner. The t-vr~ nort lJ.ermnost latitude circles gave a multiple linear cor-

relation coefficient of 0.84, -vrhereas tr.erc is no significant correlation 

bet\-reen j r·:N 1'V,'- and t he tHo independent ·.rariables 1•l z !~- and ·,v, (z -~ -z r.- ) a t 
• I 1... , _ '-'"I t.-J 

latitude 28.3N ~ This inconsistency ::tt lou latitudes is attributable to 

"noise 11 in t he Fourier representation of thP- contour field. The "noise" 

is due to t'l:Je small variance of the he:tght field a t this latitude, c or1pled 

uit'-1 t he relatively large RJJ..S error possible in the 500 mb analysis in the 

subtropics during t he period of study. The use of second derivatives of 

the Fo,J_rier par.':3.."11cters also increases the amo1mt of "noise 11 generated in 

t r"e detet"TTination o:' j } • 

4. Conclusions. 

Theoretically trere s'~· 0 11ld haye 'heen a large positi"lC m11ltiple linear 

correla7,ion betueen ,\~'V .~ ... l:. and H
1 
z ,;.~ and H~. (zt, -~--) ~ Tnis proved to be the 

case at latitudes 48.9N and 38~6N where t he contour field was well resolved 

b:r tHelve harrn.onic vraves. However, at the lowest latitude circle, 28 .3N, 

the several sources of errors listed at t he end of section 3 cou ld, and 

probably did, influence t he lou correlations tha.t ~.;ere o'btained . These 

\-rere basically due to the lack of resolution of t he contour field by t he 
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Fourier analysis. Houever , t,(H3 came r easons 1.ror:.ld cause the square- grid 

comntl.tation of .fc1 to be subject to large errors. 

Based upon t he results at t he tHo higher latitudes, it seems apparent 

that t he use o~ n Fourier analysis of u meteorol0gical field presents a 

ver y valuable tool for atmosnheric research .. Hith the advent of the 

electronic computer and machine-annlirzed contour charts, t he use of har­

!1onic analysis is an effective and economically feasible approach to the 

computation of synoptic aids for the practising meteorologist. 
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