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Abstract

System reliability estimates are generally made using a mwade!
which assumes independence between components, and results are ofter
claimed to be conservative. For a two component serial system bivar
iate distributions are developed for three csses: (1) bivariate expon
ential, (2) bivariate geometric, and (3) a composite exponential,
geometric bivariate. These distributions are then utilized to invesz-
tigate the reliability of a two component serial system when an
estimate of the correlation coefficient is available. The estimate
of the reliability thus obtained is then compared with the corresponding
estimate obtained by use of the model which assumes that the systen
reliability is the product of the component reliabilities  The daf-
ference between these two estimates is tabulated for values of the
correlation coefficient between -.25 and +.25, for each of thet» @
bivariate distributions. Conditions under which the effect is maximum
are explored and a method of approximating the reliability difference

is suggested.

The writers wish to express their appreciation for the assistance
and encouragement given them by Professor Walter Max Woods of the

U. S. Naval Postgraduate School in this investigation.
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Section 1

INTROBUCTION

It is known that various types of interdependence can exist
between components of a general system. The resulting effects on
the system reliability will be a function of the correlation between
the components considered. A practice in reliability studies has
been to assume that ignoring correlation effects would lead to a
conservative estimate of the reliability. We propose here to study
the validity of this assumption for various values of correlation

and further to study quantitatively the resulting reliability estimates.

To narrow the scope of the problem, we have considered a serial
system of two components and examined three distributions; (1) bivariate
exponential; (2) bivariate geometric; and (3) a composite bivariate

distribution where the marginals are exponential and geometric.

Each of these distributions is examined separately. A summary
of their characteristics is given in Table 1.1. A comparison is made

of the reliabilities defined by

I

BN (O RENE [x2¢,vy2el=plx2¢]ply=t] (1.1)

R, (£) =P x=2t, v=t¢] (1 2)

for positive and negative values of p.

The resulting estimates of reliability are analyzed and the
effects of correlation on system reliability are evaluated. Exact
confidence limits are derived where possible and approximations are

considered otherwise.



Table 1.1
Probability Distributions

Exponential Family

Density 8 £ () = ] exp (-t/a) , t=20
T a t <0
0
Parameter 3 a
a>0
Mean 3 a
Variance 3 a2
Geometric Family
Mass function: pK(k) = pk (1-p) k=1,2,3,...
0 otherwise
Parameter g P 0spsl
Mean 2 p/l-p
. 2
Variance : p/(1-p)
Bivariate Exponential
Density : By y(By) = £ (x) £ (y) (1 +v (2F, (x)-1) (ZFY(y)=1)]
where I rexp (=x/a)
X a
1 x 20
£,(y) = exp (-y/b) y 20
-1 sv =1
Fx(x) =1 - exp (-x/a) az0
b =20

F (y) =1 - exp (-y/b)

Parameters 9 a, b, v



Section 2

GENERAL CONCEPTS OF RELIABILITY

2.1 Definition

Reliability, as the term is used in mathematical statistics,
has exact meanings. It can be calculated, objectively evaluated,
tested, and designed into equipment. A definition, as given by Lloyd
and Lipow [1]1, is "the probability of a successful operation of the
device in the manner and under the conditions of intended use".
Mathematically then, reliability, at some point L is the probability
that a random variable, X, representing the operating life of some
device, will equal or exceed the point X, It can be seen that if
the probability distribution of the random variable is known, then

the reliability at any point may be calculated.

A function representing the operating life may be either a con-
tinuous or discrete type of probability distribution. The interval
of operation can be thought of as a time interval, in which case the
probability distribution will be continuous, or as a number of oper-
ations (such as the turning on of a switch or relay) in which case
the distribution is of the discrete type. Thus, for a continuous
distribution the random variable T, to be considered, is the time
to failure, while for a discrete distribution the random variable might
be the number of power turn-ons (PTO0's), K, before failure. Combin-
ations of thege are also possible. For example, the number of starts

1. Square brackets refer to correspondingly numbered references
shown in Bibliography.



of a jet engine and the duration of operation may determine the lite

of the engine.

In the continuous case, the reliability, R(t), of a component
is the probability that the component will operate at least for some
time, t. Thus, if fT(t) is the probability density function for T,
then reliability or probability that the time toc failure will exceed

or equal t, is

x>

R(t) =P [T 2t] = J[%T(t)dt (2.1)
t

In the discrete case the life of the component may be measured
by the number of PTO's prior to the first failure, where the randon
variable, say K, may take only discrete values 1, 2, 3, ... . To
determine the reliability at some fixed value k, where R(k) = Prob-
ability [the number of PTO's prior to first failure will exceed kJ,
we must determine the probability that K will take any value greater

than k.

I1f the random variable K has a certain probability mass function
®
p(k) such that O S p(k) S 1 and kz; p(k) = 1 where p(k) = P [K = k],
and the probability, p, that a certain single trial results in a
success, is constant for any particular trial, ie, each PTO is a
Bernoulli trial with fixed probability,p, of success, then the mass

function is p(k) = pk(l - p) (the probability of k successes and

then a failure).

The reliability at some point k0 is then the prcbability that
the random variabie K will take any value greater than or equal to ko

“ 5



Hence:

8

R(k ) = z p'q (2.2)
where q =1 - p

Throughout this investigation we will assume that each trial

does constitute a Bernoulli trial with fixed parameter p.

2.2 Component Interdependence

In determining the reliability of a system consisting of components,
two basic configurations are of interest (1) a series system and (2)
a parallel system. The series system consists of components put to-
gether in such a way that each component must operate for the system
to operate, while in a parallel system the system will operate if any
one component functions. This investigation will consider only a
series system consisting of two components, with the probability
distribution of each being known and the parameters of the distri-

butions estimable for each.

If it is assumed that there is no component interaction in a
series system, then the distributions are statistically independent
and reliability of the system can be detgrmined from the reliability
of the components by multiplication of the component reliabilities.
It should be noted, however, that the product of the component reli-
abilities may, under certain circumstances, indeed yield the syster
reliability even though strict independence does rot hold. If there

is interaction between components, thern the product rule does not in



general hold. Rosenblatt [16] states that frequently the cobservation
is made that '""assessments of system reliability based on the assumption
that component failures occur independently of one another are approx-

imate and usually excessively conservative'.

We will show that interaction between components can reduce as
well as increase the reliability of a system. An example of inter-
action which reduces system reliability could be the case where two
components, each of which produces heat when operated, causes a
temperature environment which reduces the life of one or both com-
ponents and hence of the system. Each component when operated
separately, however, might produce less heat than is required to
affect the life of that particular component. On the other hand in
certain electronic devices a high temperature environment might be
beneficial, in which case the interaction described would enhance the

reliability of the system.

2.3 Statistical Estimation

In the estimation of reliability of a system from informaticon
available on the components, if the probability distribution family
is known then the problem reduces to determining or estimating valuss
of the parameters of the distribution. Two methods are available for
doing this:(l) point estimates and (2) confidence interval estimates.
A point estimate is the value of a statistic based on some experi-
mental measurements. An example is the maximum likelihocod estimate

(M. L. E.), which has certain optimal qualities, see Mood [12].



A two-sided confidence interval estimate of a parameter is
obtained by selecting two random values L and U such thact, given s
number 0 < vy < 1, the statement that the random interval [L, ul
covers the parameter may be made with probability 1 Y A one-
sided confidence interval is obtained by selecting a zingle random
value L where the corresponding confidence statement is, the interval

[L, @] covers the parameter with probability 1 - v

The method by which experimental data is obtained is called the
sampling plan. Several sampling plans are available for estimating
parameters of the exponential distribution. Those considered in
this investigation are:

Sampling Plan I: test N items of a given type until all fail

and observe the N times to failure.

Sampling Plan II: test N items of & given type until r of then
fail, where r £ N is fixed before starting
the test. The observations are then the first

r failure times.

Sampling Plan III: test n items of a given type to a preassigned
time t,: Let r denote the random number of
failures in the specified time and obszerve

the r failure times

The only sampling plan which will be considered for the geometric
case is as follows: observe the number v of failures for a pre-assigned

number, N, of PTO's and any number of items of the given type N is



fixed in advance of the test and r, the number of failures, iz a

random variable.

Association between two variables is estimated by several co-
efficients, the most notable of which are:

(i) Product moment correlation coefiicient,

(ii) Spearman's rank correlation coefficient,

(iii) Kendall's T correlation coefficient.

The performance of these correlation coefficients for general

bivariate distributions are compared by Farlie (2].

2.4 Summary

In summary, our procedure for estimating reliability might be
broken down into three steps: (1) to establish the type of statis-
tical distribution which describes the failure phenomenon, here we
assume this known, (2) to estimate the parameters which completely
define the distribution, and (3) to utilize the knowledge of the
distribution with the estimates of the parameters to estimate the
reliability. In many present day applications a simplified model,
the independent serial system model, in which the system reliability
is calculated as the product of the reliability of the components,
is used even though the actual reliability may be quite different
and not always greater. It takes but little reflection to realize
that in many applications an underestimate even by a small percentage
might have great consequence on the cost of a large development
program. It therefore seems very appropriate to attempt at least a3
start at a procedure by which the reliability can be estimated taking

account of any component interaction.

-



Section 3

BIVARIATE EXPONENTIAL

3.1 Derivation

In this section we shall be concerned with developing a mathe-
matical structure to represent the time to failure distribution of
a two component system where each is exponentially distributed.
Using this structure we shall determine the reliability of the system
with known correlation and compare this with the product rule system
reliability. We shall consider the marginal density functions to be
of the form

1
fT(t) = < exp (-t/a), t 20. (3.1)

The corresponding cumulative distrubution functions are of the form

t
FT(t) = _/;fT(t) dt = 1 ~ exp (~t/a). (3.2)

Gumbel [3] has demonstrated a general method for deriving a
bivariate distribution function and the corresponding density function

from two known distribution functions by applying the formulas
Fry(9) = B B [ 14 v (= B (- Fy»))] (3.3)

where - 1 £ v £1 and consequently,

(o9 = () £ [1+v QRGO - 1 @R - )] (3.4)

He has further derived two specific bivariate exponential distribution

functions each of which is restricted to ranges of correlation less

«10-



than unity. We have chosen the more symmetric of the two distri-

butions and have used it exclusively. For this case, where Fx(x)

and FY(y) are both exponential, the bivariate exponential distri-

bution and density functions become

Fyy(x,y)= [1-=exp(~X/a)] [ 1=oxp(~y/ b)] [lﬁexp(%/ a~y/b )] . (3.5)
x=0, y=0

and

1
fxx(x,y)= 'gg-exp(mx/amy/b) 1dv [Zexp(mx/a) gl]
[29@(‘”Y/b) ‘“"1]]0 (306)

These can be shown (see Appendix A.l) to possess all the required
properties and in particular the correlation coefficient can be ex-

pressed as

p = v/4, -1 €v sl (3.7)

From this it is seen that the correlation of this particular distri-

bution is restricted to the range -.25 = p = ,25.

3.2 System Reliability
As previously asserted, reliability is a probabilistic statement
about the operating life of a unit. If we define reliability in symbols

as

R(t) = P [T 2 ¢] (3.8)

-11~



then for the exponential case we have

(> ]

R(t) = -/-fT(t) dt = exp (-t/a). (3.9
E

If we now consider the reliability of a system of two expon-

entially distributed serial components, we express the system

reliability as

s 0] oo}
R(t) =Plx=2¢, Yy2t]-= I f foy (oY) dx dy (3.10)
t
We seek to investigate the consequences of the assumption that
R(t) =R (t) =P [x=z¢l Ply2¢] (3.11)
when something is known of the correlation, 0.

Using the product rule, eq. (3.11) is indeed true. However,

for the general case the system reliability is found (see Appendix A.1l)

to be

R(t)=exp(mt/awt/b)[1+'v(1==-exp(et/a)wexp(mt/b)'l-exp(mt/amt/b)]] . (3.12)

This is monotone increasing in P and hence is restricted to the values
of P between -.25 and .25. To obtain a more complete analysis the
system reliability was derived for P = 1 by assuming that one variable
was a linear function of the other, say Y = ¢X where ¢ > 0. 1In this

special case the system reliability is given as
R(t) = P[Xi't, Y.’_‘t] = Ma.x[P [XZt]S, P [th/c]] (3.13]
since for ¢ <1, R(t) = exp (-t/a) and for ¢ > 1, R(t) = exp (-t/ca).

£12-



To obtain a quantitative expression for the effect of correlation
on the system reliability,a reliability difference function was con-
structed. To eliminate the need for considering both component
parameters in this function we denote their ratio as s = b/a and
use this as a single parameter. Also, to avoid considering specific
values of the operating time t, we shall use the ratio of the oper-
ating time to the mean time t/a as a parameter. With this notation
we shall define the reliability difference function, denoted as AR(t),
as the difference between the system reliability when there is cor=
relation, Rz(t), and the system reliability when there is no cor-

relation, Rl(t). Hence

l&R(t)=R2(t)=R1(t)=4/Dexp[»t(s+l)/sa][lmexp(mt/a)=exp(wt/sa)+exp{=t(s+l)/saﬂ
(3.14)

Equation (3.14) is wvalid for -.25 = p < .25, but for p =1 it is
AR(t) = exp (-t/sa) [1 - exp (-t/sa)l. (3.15)

Values of the reliability difference functions defined in
equations (3.14) and (3.15) are given in Tables 3.01 to 3.10 for
values of the t/a = .05(.05)2.5 and s = .5(.5)5. Further, they are
plotted in Figs. 3.1 and 3.2 with respect to t/a. The curves vary
linearly with P up to .25 so only the curve for P = .25 is shown
along with that for P = 1. To obtain values of &R(t) for P other
than .25 the tables carry these for P = .05 and @ = .15. At other

values of P a linear interpolation will provide the answer.

~13-



For s = 1, when the component parameters are equal, the curve
attains a maximum at t/a = .69315 and it is here that the effect of
correlation on the system reliability is 8 maximum. When tne par-
ameters a and b are unequal, the curve peaks at different values of
t/a depending on the value of s. For P less than .25, the naximum
value of &R(t) is appreciably less than one-fourth that for p =1
at any s other than one. The maximum value of AR(t) is .2500 for
P =1 and .0625 for P = .25 which is linear and consistent with

previous knowledge.

Example 3.1

As an example let us compute the reliabilities and correlation
effects for a system at time t = 500 hours where a = b = 1000 hours.
Here t/a = .5 and the comporent reliabilities are R{(t) = exp (-.5) =
.60653. The system reliability for the independent case is R(t) =

1 is .05695

]

.36788. From Table 3.02, AR(t) for t/a = .5 and s

for p = .25 and MR(t) = .23865 for P = 1.0. For P + 1.0 the
product rule underestimates the actual system reliability by 65%.
Even for p = + .25 the underestimate is 15.5%.
3.3 Confidence Interval

A comprehensive discussion of the concepts and procedures in
deriving estimates of the parameters and confidence intervals for
the resulting reliability estimate is given in Chaptevs 7,8, and 10
of Lloyd and Lipow [1] We shall consider three sampling plans which

are most likely to be utilized in cbtaining the failure data:

(1) testing N items until all fail, (2) testing N items until © < N

~14-



fail, and (3) testing N items for time ty and obszerving r, the number

of failures. 1In each case the underlying distribution is exponential

3.3.1 Testing N items independently until all fail
In this case, a sample of N items are put on test and the test

is concluded when all have failed. The times to failure tli B tn,

each measured from the time the item was "turned on', are recorded.
The intended life of the item is t, and it is required to demonstrate

the reliability with confidence level ( 1 = ¥).

A maximum likelihood estimate for the parameter of the exponential

distribution is
-1y
a = — T (3.16)

It can be shown [1] that the function Ca = 2 N 2/a has the chi-square
distribution with 2N degrees of freedom. Hence a lower confidence

limit on R may be derived from the expression

plawga> X2, | 1=1y (3.17)

This lower confidence limit, denoted by L , is

2 ,
L =exp (-t L N B (3.18)
p ( X ZN:IWY]/ N 3)

For the case of two independent expcnential distributions fx(x)

and fY(y), if we define the ratio of the parameters as s = b/a then,

from (3.12), we can denote the reliability as

R(t) = exp (-t (s+l)/sa). (3.19)



Since Ca = 2 n_ 8/a has the chi-square distribution with 2 o degrees

A
of freedom and Cb =2 ny b/b has the chi-square distribution with

a,b

has the chi-square distri-

2 ny degrees of freedom, let us define C =2 n_ A/a + 2 ny g/bu
Then, by the reproductive property, Ca b
)
bution with 2 n_ + 2 ny degrees of freedom. 1If we substitute b = =& a

we get

= A
Ca,b 2 (nx s a+ ny G)/s a. (3 20

Using the same analysis as for the univariate case, we see that

2
Pla(n st +n_ $)/sa >y ]-: o O (3.21
X o
[ v 2(n#ng)s 1 -y
Hence a lower confidence limit for R is
L = exp| =t(xtl) 20n. s +n_ D) (3.22)
[ %g(nxmy) g 1,,?/ By y

with confidence level 1 - Y.

3.3.2 Testing N items until r < N fail
In this case a sample of N items are put on test and the test
is concluded when some predetermined number r = N have failed  The

times to failure t tr are recorded where each ti is measured

1) AL |
from the time the item was '"turned on'". There arises the consideraticn
of the immediate replacement of failed items. If replacement is used,

the number on test is always N, whereas in the nonreplacement case,

the number of items on test eventually drops to N = r + 1,

-16-



It can be shown [1] that in either the replacement or non
replacement case the quantity (2 r Qr,N)/a has the chi-square dis

r

tribution with 2r degrees of freedom, where 2 = Z: t, + (h-r) t
r,N =1 i r
Hence the procedures and results derived in section 3.3.1 can be

directly applied, and we observe that

_ 2 A
= exp [atx arlls lc%r ast] (3 23)

is the lower confidence limit on R(t) in the univariate case at
confidence level 1 ~ ¥. Similarly, for the case ct two independent

exponential distributions a lower confidence limit on R(t) is

I ='t(sm(x 2(rgtry) 3 141’)/ (o2 & Ny Rr N St

at confidence level 1 - Y.

3.3.3 Testing N items until time t0
In this case we test N items for a predetermined time .- We
note the number of failures, r, in this time and record the times to
i

failure t_, ..., tro These t, are random variables with density

function

1 1 .
= = = S <t < 392
fT(t) T 5 exP (-t/a) 0 t t (3.25)

where A = 1 - exp (-to/a)o This is a density functicn since when
integrated over the range of t the result is unity and fT(t) is nom

negative. The MLE of a is then given by

U)

[Z ty + (Ner) r,] (3 26)

i=1

-17=



hence an estimate of the reliability is
R(t) = exp (-t/8). (3.27)

In order to obtain a confidence interval, we note that the
random variable r has a binomial distribution with parameters N

and p = 1 - exp (wto/a) = A. Hence we see that
t/t
L=(1~a(r)) " o (3 28)

where & (r) is the solution of I [n*r, r+1] = B and Ix(a,b) is

1-o(r)

the incomplete beta function tabulated by Karl Pearson.

For the bivariate case the procedures are extended in the

previous manner. If we denote the estimators as Qx and Qy where
Tx

r A, = > by, * (Ner_) by,

i=1
and
Ty
rydy g;l ty, ¥ (Nery) by

0>

then we have

R(t) = exp [-t (178 + 1/3y) 1. (3.29)

Returning to our previous example, if we were to test 5 items
of each component and we estimated the parameters as 4 =975 and

A
b = 1050 then a 95% lower confidence limit on R(t) would be

L = exp (-500 ( X2 20:95)/10125) = .53585 (3.30)

for the independent case. As a possible approach to a solution to

-18~-



the dependent case we might try a procedure such as this: (i) obrain
the independent confidence limit as above, (ii) by using cne of the

standard procedures derive an estimate for 0, (iii) find &R(t) at t/a
using the value of R and (iv) add algebraically this AR(t) to La,b
to obtain the final estimator. No claims are made as to the accuracy

of this method, it is merely suggested as a possible means of ob-

taining a bound on reliability in the face of known correlation

3.4 Approximating the Effect
I1f we examine the reliability difference function defined in
section 3.2 and use the notation of eq. (3.12), we may rewrite eq. (3.14)

as

AR(t)=4Qexp(-t/a=t/b) [ 1-exp(=~t/a)=exp(-t/b)texp(-t/a=t/b) ] 3 {2.31)

By regrouping the terms slightly, we can put this into the form

£&R(t)=4}3exp(=t/a)(lmexp(mt/a))exp(nt/b) (1“exp(wt/b)) (3,32)
and we see immediately that this is merely 4P times the product of

the component reliabilities and their unreliabilities for -.25 < p < .25.

As a check if we let t/a = .5 and t/b = .25 and p = .25 then

.04111 which checks with the result in Table 3.04 for t/a = .5

AR(t)

and s 2. This was to be expected since in this particular case the

approximation is identical to the exact method.
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3.5 Summary

For a two component serial system the effect of correlation on
system reliability is greatest at t/a = .69315 when the parameters
are equal and the maximum AR(t) is .0625 for P = .25 and .2500 for
P = 1.0. When the parameters are unequal, the point of maximum
effect due to correlation varies directly as the ratio of the
parameters. For the restricted bivariate distribution the maximum
MR(t) is less than one fourth of that for the case P = 1 for values
of s other than one, and this is likely due to the bivariate dis-

tribution used.

Lower confidence limits have been defined for the independent
case under three sampling plans. For the dependent case an "ad hoc"

procedure is suggested.

3.6 Description of Graph Format

At the end of this section and the succeeding sections are located
the figures referred to in the text. These figures are presented in
a standard format except for the axis scaling. This is indicated by
the legend directly under the figure title. The following example

illustrates the notation used.

Example 3.2
An axis scaling legend of X AXIS SCALE = 2.00 E + 02
Y AX1S SCALE = 1.00 E - 02

is to be read as ''the X AXIS is marked off in units of 2.00 X 102 and
the Y AXIS is marked off in units of 1.00 X 10‘2"9 A general legend
would read "the X AXIS is marked off in units of A X IOB“ and be
denoted as X AXIS SCALE = AE + B.
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Section 4

BIVARIATE GEOMETRIC DISTRIBUTION

4.1 Derivation

In this section we shall develop a discrete bivariate dis-
tribution based on a general class of joint distributions. We
shall take as marginals the geometric distribution and then evolve
a relation from which the reliability of a two component system may

be determined. Using this relation we shall then examine the

effect on the reliability resulting from various values of correlation

between the two components.

To investigate the effect of interdependence of two components
when the probability of successful operation of a component follows
a discrete distribution, a model applicable to '"power turn-ons'" was
used. In this model the number of power-turn-ons prior to the first
failure is considered a random variable, X. It is assumed that the
probability of a success (ie, a switch functions properly, a relay
opens, etc.) is a constant, p. The probability of a failure, q, is
then (1-p). The reliability at k PTO's R(k), is then defined as the
probability of at least k successes before the first failure. The
random variable X then follows a geometric distribution: px(x) = pxq

where the cumulative distribution is given by:

X o x4
P (x) =P|X=x]|= T T 1
X [ ] g;o 9 r

(see Appendix A.2)
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The reliability of the component, ie, the probability that the random

variable X will equal or exceed some constant, Ko’ is given by
= = — -3 — - ko — ko I E “
R{k,) = P[X—ko] =1 - P[x=k, - 1] =1-[1-p ]=» (202)

In order to study two components, each having a probability dis-=
tribution as defined above, a joint distribution, having identical
but not necessarily independent, geometric distributions as marginals,
was needed. Such a joint distribution is not unique but a class of
such functions was determined by D. J. G. Farlie (2] in order to
compare various correlation coefficients. (This investigation will
consider only the product moment correlation coefficient, which is

the more well known of the various types).

The joint mass function:

Pry(s¥) = py(x)py (¥) [ Lv[2By()-py ()= | | 2PY(y)wa(.v)=»l]] (4.3)

X 09 ‘]‘9 29 ces

y O‘9 19 25 suae

was used. 1t can be shown (see Appendix A.2) that

(1) pXY(X9Y)i:0

) ¥ 5 plxy) =1
é;o ;;6 pXY X Y)

<3

z; pXY(X9y) = PX(X)

G
};O pyy(x,¥) = py(y) and Z
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Also it can be seen that when v = 0 the joint distribution reduces
to the product of the marginal distributions. Therefore, this
pXY(x,y) does meet the conditions for a discrete bivariate dis-

tribution function.

To determine the functional relation between the constant v in

pXY(x,y) and the product moment correlation coefficient, P, the

defining equation for P was used.

Q= E[ng }E [X] E [Y.] (4.4)
x Oy

Using p1 for the parameter of the first component, ie, the
component characterized by the random variable X, and Py for the
parameter of the second component, the value of the correlation

coefficient, P , was determined as:

Vv yYP1 Py
(177) (T*py)

(4.5)

(calculations are shown in Appendix A.2)

From this relationship it can be seen that the values of p vary
from 0 when p, or p, are zero to a maximum of %- when Py =Py = Lo
Now since -1 < v £ 1, which implies that -% < p < %, and hence this
joint distribution function is satisfactory as a method by which to
examine the effects on the reliability of the components having a

correlation within this range.



With this joint mass function, an equation for the reliability
R(ko) =p [x 2 ko’ Y 2 ko], was developed (see Appendix A.2). Using
the previously developed relation between P and v, the reliability

as a function of the correlation is:

o, AR 14p,)

Ry(ko) = py °p [p1k°=p12ko] [py00,20] [ (48)

If it is assumed that the product rule holds, then the system

reliability is the product of the component reliabilities.

k k k .
Ri(k)) =p o pyo = (pp,y) o (4.7)

The difference between the two reliabilities, AR(ko), is then

the difference RZ(ko) -Rl(ko).

4.2 System Reliability

To study the reliability difference the fﬁnctional relation for
AR(ko) was determined.
_ Ay ) (1tpy) ko k

8R(k,) = — [ -plzko] (2, °~p22k°] (4-8)
1P2

Using eq. 4.8 and assuming Py = Py the derivative with respect
to k0 of AR(ko) was set equal to zero in order to determine the value
of ko at which the function attained a relative maximum (development

shown in Appendix A.2). The value of ko at which this maximum occurs is
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in 2
k0=u-

In p (4.9)
For p = .999 this gives a ko for maximum difference of 693. Taking

the mean life of a component as % and taking the ratio of ko to

this mean life, gives ko/p/q = ,693 = .7. Note that for the case

of the bivariate exponential the corresponding point was t/a = .69315
That is, the ratio of t, the point at which the effect on reliability

due to correlation is a maximum, to a, the mean life of a component,

is constant and is approximately equal to .7.

This relation, (4.8),was programmed using FORTRAN language and

the CDC 1604 computer, and is tabled in Tables 4.01 through 4.15.

It can be seen that AR(ko) is monotone increasing in P, and
hence the value of the reliability will be increased when @ is
positive and will be decreased when p is negative. All tables are
computed for only positive values of P but because of the symmetry,
the values are also good for negative P; that is

[ar(x, - o) = - &k, o) 1.

There is a separate table for each combination of values of Pq
and Py> for values .995(.001).999. Tables were made for values of
k from 25(25)1000 and for @ of .05(.05).25. The ratio of Py to Py
is designated by s and is shown for each table. Only values of
P, = p, are used since for any particular case the component having

the smaller value of p may be designated 1.
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Using the tabulated values, curves were plotted (utilizing the
CDC 1604 computer) for P, = .995 and P, = .995(.001).999, each graph
depicts the five values of the correlation coefficient, p. It can
be seen that the magnitude of the effect increases as the value¥® of
the parameters approach a single value and reaches a maximum, whgg
P; = Py of .062494 for p = .25. Notice that this maximum value is

approximately .25 p, which is p times the maximum effect due to

correlation. (Maximum effect given by Lloyd and Lipow (1] ).

There is an interesting association between the value of k at
which the maximum occurs and the "mean'" of the system. 1f we define

4 system mean as:

(pl+P2
2

m —

(4.10)

+
1 - (Pl P2
2

*
and if k 1is the point at which the effect is maximum, then the ratio

k*/m is constant and has the approximate value .7. For the case
where P, =P, the ratio has already been shown to hold (note that for
that case the mean just defined does in fact reduce to the mean of
a component).
Example 4.1

As another example, if we take P, = S0 5 Py = .999, then m = 499.
Now from TaBle 4.03 it can be seen that for all values of p the

function is a maximum at k = 350, and therefore k/m is very close to .7.
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Example 4.2
If we take the case where P = .995, Py = .998, then k = 284

and from Table 4.06 AR(k) is maximum when k = 200, this gives

k/m = .704.

This was done for all values of Py and Py which are tabled and

the value of k/m was in each case = .7 + .0L.

This relationship might be useful for design purposes in deter=
mining the component parameter values which would best utilize an
enhancing interaction between two components, or conversely, spec-
ifying parameter values away from these if the interaction is

degrading to the reliability.

4,3 Confidence Interval

To determine a confidence interval for the reliability, the
independent model was used to first obtain a confidence interval when
there is no interaction. The method used is that given in Lloyd
and Lipow [1] page 226. Although other methods are available, see
Buehler [11], Steck [13], and Madansky [14],there seems to be no
generally accepted best method and therefore the procedure used was

picked because of the ease with which it could be applied.

The procedure for a two component system is to compute

ﬁ ; Ni - fl Né - f2

m 1, , (4.11)

and the quantity Nm (1 - ?) = F.
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Where Ni is the number of trials of the ith component and fi is the
number of failures of the same component, Nm is the minimum Ni° The
number, F, is then considered to be the number of system failures in
Nm trials of the system. With these as arguments the graphs given

in [1] page 498 - 502 are utilized to obtain a lower confidence limit
for any chosen confidence coefficient Y.

Example 4.3

If we take N1 Z N, = 1000, y = .95, f1 = f2 = 1, k = 50, then
£ = (.999)°(.999) = .998001, N_ = 1000, F = 2. There results a 95%
lower confidence limit on P of .994. Now since the reliability at

k = 50 is given by

R(50) = (py pp) " (4.12)

and a lower confidence limit on (p1 p2) is given by the lower confi-
dence limit ﬁ; then if ﬁ is a lower confidence limit on R, the 95%

L.C.L. for this example is:

A $)50

R = ( = (.994)°0 =~ 74 (4.13)

Bounds on AR(k) for all values of p are =t .25 (For proof of this
statement see [1] page 223) and the limit is attained only when
p = ji 1. Since p is, however, not known but must be estimated, there

would also be a confidence interval associated with the estimate.

A lower confidence limit on R(k) for the dependent model could

then be given by

R =R - .25 (4.14)
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For Example 4.3 the 95% L.C.L. on R(k) would then be ﬁ(SO) = ,74-.25 = 49
1f, however, it were definitely known that P was positive, then the
L.C. L., ﬁ(k) would be .74 since in that case any effect due to correl-

ation would be enhancing.

It is recognized that such an L.C.L. on the reliability would
not be '"good", in the sense of shortest interval, and that perhaps

a much better technique could be found.

4.4 Approximating the Effect
Looking at the relationship obtained forl&R(ko) given by equation

(4.8) and examining it part by part, we see that:

f)(l + Pl)(l + Pz)

Vp1 Py

c:A/Q (4.15)

for values of P, and P, close to 1.

Taking the next part of equation (4.8)

k 2k k k
P - P =p (1 -p) (4.16)

It can be seen that this is the product of the reliability
and the unreliability. Now since the third part of (4.8) is of the
same form as the second part, an approximation for the difference

function can be given by:

k k k k
MR(k) =4p p o (1-p0)p,o (1-p,o) (4.17)
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Notice that this is 4 p times the product of the reliability and the
unreliability of each component.
Example 4.4

As an example of the use of this approximate method, let P, =
P, = .999 and p = .25, ko = 100. Then using the approximation
equation (4.17), the reliability difference is : AR(ko) = .007523.
Now using Table 4.05, the value given for the same conditions is
.007421.
Example 4.5

As another example where this time p1 # Py> let Py = .995,
P, = .998, ko = 200 and p = .10. For this case the approximation
yields AR(ko) = ,020568. Using Table 4.06, a value of AR(kO) =

.020543 is obtained.

It can thus be seen that as a fast approximation the method

suggested by equation (4.17) does yield good results.

4.5 Summary

In this section a jointly discrete distribution, a bivariate
geometric, was developed from a large general class of distributions.
It was shown that the particular distribution does in fact meet the
requirements for a probability distribution function, however, no
claim is made to its being unique. Using this distribution the
effect of correlation was examined for a limited range of values of
the product moment correlation coefficient. Specifically the dif-

ference between the reliabilities when using an estimated correlation
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coefficient and when the independent model is assumed, was examined.
Values of the reliability difference were computed and are tabulated.
A graphical comparison is presented and indicates (1) that the max-
imum reliability difference occurs when the parameters are equal, (2)
that the value of the maximum when P = .25 is .25(.25), which is in
agreement with the known maximum of .25 for p = 1, (3) that the ratio
k*/m is essentially constant and equal to .7, k* being the point at

which the maximum effect occurs and m the mean life of the system.

A good approximation to the reliability difference can be
obtained by the approximate method, ie, four times the estimate of
the correlation coefficient times the product of the reliability

and the unreliability of each component.

A procedure for obtaining a lower confidence limit for the
reliability of a two component serial system is presented, however
its usefulness is doubtful since it is in no way optimal. No
better technique could be found although it is believed continued

research in this area could be very fruitful.
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TABLE 4.01

TABLE OF GEOMETRIC RELIABILITY DIFFERENCES
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TABLE 4.02

TABLE OF CECMETRIC RELIABILITY DIFFERENCES
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TABLE OF CECMETRIC RELIABILITY DIFFERENCES
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TABLE 4.0u4

TABLE OF GECMETRIC RELIABILITY DIFFERENCES
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Section S5

COMPOSITE FUNCTION

5.1 Derivation

As an extension of the two cases just considered we shall now
investigate a system wherein the components that go to make up the
system are continuous and discrete in nature. A simple example
could be the operating life of an aircraft jet engine wherein the
operating life depends on the number of starts as well as the total
running time it accumulates. We may consider the starting function
as a discrete random variable, specifically the geometric distri-
bution, and the running time as a continuous random variable,

specifically the exponential distribution.

With marginal density functions fx(x) = i- exp (-x/a) and
fY(y) = py (1-p) we again utilize the theory previously employed to

generate a bivariate density function of the form

fH<x,y>=fX<x>fY<y>[1+v<ZFX(X>-1><2FY<y>~fY(y>w1)} (5.1)

O,_<_X§°° N = Oj 19 29 39 o0 0

With the familiar restriction that -1 < v £ 1 the function fXY(x,y)
is shown in Appendix A.3 to satisfy all the requirements of a joint
density function, ie, its sum over the range is unity, it is non-

negative and its marginals are indeed the original density functions

that went to make it up. The correlation coefficient is evaluated
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and found to be

P=vVo/ 201 +p) (5.2)

where -1 Sv S 1 and 0 Sp s 1.

It is agailn evident that the correlation is restricted to the
range -.25 s P £ .25. 1In the applications we shall consider, the
value of p will generally be very high, between .990 and 1.000. For
this range we see that the value of P is very nearly equal to v/4.
This implies that for highly reliable items the correlation is
completely specified by the constant v. Hence we shall consider the
quantity v = 4 p for most computations. Tables 5.01 through 5.10

were computed using exact values.
5.2 System reliability

The system reliability is a function of the component reliabil-

ities and can be expressed as

R(t,k) = P[xzt, sz] (5.3)

The reliability function is evaluated in Appendix A.3 and the resul-

tant expression for the system reliability is

R(t,k) = p¥ exp(-t/a) [ 1+v(1-exp(=t/2)(1-p%) | (5.4)
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The system reliability is seen to reduce to the product of the
component reliabilities in the independent case wherein v = 0, as

was to be expected.

To establish a quantitative measure of the effect of correlation
on the system reliability a reliability difference function was
defined as the difference between the system reliability when p = 0
and that when p # 0. This function is denoted by &R(t,k) and is

expressed as

AR(t,k) = v pf exp(~t/a) [1-emp(~t/a)] (1-p*) (5.5)

The reliability difference is seen to be a linear function of the
correlation. This function has been extensively tabled in terms of
the ratio of the total life to the mean life of the components. These
are denoted by t/a and k/m in Tables 5.01 to 5.10. Further, the
difference function is plotted in Figs. 5.1 and 5.2 and is seen to
vary with k/m and is a maximum of .0625 at k/m ~ .693 for p = .25

and t/a =.7. This is in excellent agreement with previous results

for the exponential and geometric cases.

5.3 Confidence Limits

The subject of deriving confidence limits for the reliability
function defined above was consjidered beyond the scope of this
thesis and was omitted. However, it is evident that this problem
is of great importance and could well be the subject of a separate

investigation.
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5.4 Approximating the Effect

It is interesting to note that in the event that p is close to
one the reliability difference function can be approximated very
closely by the product of the component reliabilities and their

unreliabilities times 4 p. That is, for p = 1

AR(t,k) = 4/0 exp(-t/a) [l-exp(-t/a)] pk (1-p¥). (5.6)

5.5 Summary

The bivariate density function derived from geometric and
exponential marginals gives results consistent with those found
in the previous two sections. Significantly, maximum effects of
correlation on system reliability occurred for k/m = .7 in all
cases and the extremum occurred when both k/m and t/a were about .7.

Again this maximum effect was &R(t,m) = .0625 for P = .25.

-67-



TABLE 5.01

TABLE OF JOINT EXFCNENTIAL,GECMETRIC RELIABILITY CIFFERENCES
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TABLE 5.01

TABLE OF JOINT EXPCONENTIAL,GECMETRIC RELTABILITY DIFFERENCES
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TABLE 5.02

TABLE OF JOINT EXPCNENTIAL,GECMETRIC RELIAPILITY DIFFERENCES
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TABLE 5.C6

TABLE OF JCINT EXPONENTIAL,GECMETRIC RELIABILITY DIFFERENCES
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TABLE 5.C9
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APPEIDIX A.1
VATHEMATICAL DEVELOP!ENT

BIVARTATE EXPONENTIAL DISTRIBUTION
To shou fﬂ(x;y) is a density functions

mist showe (1) fXY(x,y)EO

- -]

(2) f f fn(xgy)dx dy = 1

- -

(3) f fXY(X,Y)dx = fY(y) and

]

f fxy(x,¥)dy = £3(x)

— oo

where

txy(6y) = 55 o= (x/aty/ b)ﬁ + v(1-26"/ a)(lszemsr/b)]

(1) with a=0, b>0, =1=<v=1, x=0, and y=0

it con be secn that =1=1 = 267%/2=1
since 0526«:{/6.52
therefore since -1=vZ=1
A=v(1 = 287 ?)(1 - 26F/b)=1

— 1+ v(1 aze“x/a)(l - 2¢™¥/Py=0

ot



now m];-, ew(x/a + Y/b)zo
ab

since Ofe“(x/a"'}’/b)fl and .%8>0

Therefore the product

fH(x,y) = _%F o~ (x/a + Y/b)[l + v(l=2e”x/a)(1w2eay/b):‘20

(2) f’f;n(x,y)dx dy =ff5%- o(x/a + Y/b)[l + v{1 - 267/2)
e g ° T Ze”y’/b?lix dy

_ 1 ~x/a ”_ b v t a =X/a =y/b =y/b
-Zgn—/’ex/dxj;Y/dy+ué-B[‘[ex/(l—Ze /)dxfey/ (1-26™Y/ )dy]
@ @
look at -21-'- [ X aax ”%“' / o~¥/bay
o o

m-]ffme'x/adx = = [e“"’x/a ]@ =1

(=]

similarly _L f =7 Pay =1
b

o

look at - [ e'X/a(l - 267/ &yax
a

let u=(1 -anx/a) then du = —%—» e=%/a

and for x =0, u=1; for x—ee , u = =1
1 1
- - 2
hence “‘5“[ X/a(l 2 X/a)dx = -%u f 2u du = _1_1,,{’ =0
a
[} =] -1



Then E(xy)= ffhy £y (,7)ax dy
(¢ [*]

E(xy) = f & o P f % oY/ Payy f -1 &%/ 8 (106" %/ 8)ax

(=

f % o V/P(1.267Y/ i )dy

(-4

look at f ?1-9 &~/ %dx; integrating by parts

o

dx dv=eo%8%x v =-a e‘x/ &

o -

vhere u=3x/a du=

[-=4

then f % X2y = (%)(-a = a)]

o

- @
- [. 8 o*/2gy ’
= ¢
fx/a eX/x = 0+ a2 =4a sinilerly fy/b e=¥/Pay = p

Also, if we expand the second term we get

[+2)]

@<
f x/a &%/ % - f 2x/a 6~/ 8y,

[+
and if we substitute 2/a for 1/a in the integration by parts, we
obtain f 2x/a e—-2x/ %ax = a/2
o
Hence {romn

E(xy) =fx a emx/adx[y/b I/ Pay 4y [fx/a o X/t ax «—jzx/a e“’x/adx]

=]



similarly

® 1 1
2
—%—-[ “y/b(lZe /)dy "'%‘“ f 2 udu= %—] =0
s =1 =1
Therefore

_[. fay(xyy) dx dy =11 + v [0°0} =1
(3)

ffn(x,y)dx _f___ e (X/a"'y/b)dx _t_/:...,,, E’(X/aci'.Y/b)(l ZG‘X/S.)

©

(1-26~Y/P)ax

o0

= L. oV/P f o~%/%ax + L &V/P(1-267V/?) f o"X/8(1-26%/2)ax
= _.211-..5 e-Y/b(a) + s e-Y/b(J_“zO-y/b) (0)

hence ff‘xz(x,y)d,c = —-5- e~V/P = ¢ (y)

[

@D
1 -
sinilarly [fxy(x,y) dy = =5~ e x/a = £x(x)

o

To evaluate the corrclation coefficients

We knowrz Ef{x) = a, E(y) = b, dx =a, (. =b

ed O = E(xy) = E(x) E(y)

o Gy




we obtain
EGay) = ab + v (F- *B) =eab (1 + v/4)

Therefore

= ab (L +v/4) - eab
}D ab

P=v/4

Since vl =1 then lplf. 1/4

To derive the reliability functions

R(t) = P [x=t, y=t] ff oy )dx dy

R(t) = f—.%’:_.e—x/adxf_B_ -Y/bdyq-v [—/’ X/a(l e X/a}dx

‘/;%~GGY/b(l~2e“Y/b)dy}
t

9 X
lock at Jﬁ;L“ e x/adx = :%‘[ e-x/a] = ~t/a
t t

using similar techniques as for the previous integrations we obtain

R(t) = (e-t/a)(e-’t/b),*_v [(e”t/a_e-vzt/‘a)(eu’(/;_e_gt/b)]



S R(t) = e-(t/a+t/b) [1 + v (l-e_t/a)(l-e“t/b)]

To derive the relicbility difference functions
R, (t) = ~(t/a+t/b) [1 o v(l_eut/am_a_t/b)]
Ry (t) = e (t/a + t/b)

hence since OR(t) = Ry (t) = By (t) then
AaR(t) = v e~(t/2 + t/b) (1 - o~t/2)(1 - &~t/b)

SR() = 4,De--(t/a + t/b) @hE e-t/a)(l e e-»t/b)

To find the point where AR(t) is 2 meximum with respect to t/a:
let 2 = b so that

AR(t) = 4pe‘2t/a (1 - o~t/3)2

6?23 =4 ple T Reta) s 2R R 1t e)s o
a
hence - (1~e~t/2) + o~t/a = 0, o~t/a = _%_,
t/a]  =n %= 6935
max



APPEIDIX A.2
MATHEMATICAL DEVELORENT
BIVARIATE GEOMETRIC DISTRIBUTION

k
4
To show that z: pxq =] - pk 1
=0

I . -
pxq=q2px=q[§:p~ % px}
=

x=0 =0 y=kal

L od
X
notes E: p = —L geometric series and converges
*=0 1-p
since  |p|=1

therefore

q[}:px- » px]
=0 =kl

A 41
=q[ _ [px + P2 4 43 }]

=q“_1__‘_ pk+1(l+p+p2+p3“°)]

1-p 1=0

r k+l S i
=gl - p Zp]

=98



Lemma, 1

a
3 . i 1 35
Since the geometric series iZO x' convergzes to ek provided

[xl<1l, the product l«J:x ° lix can be shown, by multiplyinz the
series expansions, to be
e =142 x4 3xR LD e

(1)

if we multiply both sides by x we obtain

e, =x 422 + 33 + 4ok + eee
(1~x)
a0
but this is Z ixi
i=0
[0}

and therefore the series Z ixd converges to

. provided
i=0 (1-x) 2°

x| =1

To show that fXY\:c,y) is & probability mass function

when

£y y)=E () fY(Y)[ Ly [2Fy (o)t (x)-1] [2Fy(y)-fy<y)~1]]

=)0=



wvhere fx(x) = p¥q FX(X) =1 - ¥ F1
1
£(y) = p’q Fyly) =1 - p7"
with O=p=1l g=1-p 0=v=1
X = 0, 1’ 2, SASRE y: O’ 19 2’ a6e

we nust show
(1) fyy(x7)Z 0

@ 5§ gy =1
x=0 y=0

(3) Xgo fﬂ(x,}’) = fY(.V) ) y;ofxy(X9Y) = fX(X)

(1) fyy(x3)70, g0, [1+v [2Q-py ™™ )-py*ay -1 [ 2(2-p7*1)-p,7 q?.“l]]

x [ Pl y+
121 q1p2Y q, | 1tv [1-2p1 -plqu 1-2ps”Y 1°-p2y qz]]

= [ xt+l X 1 X
= plqupzy q, {1tV [l-pl ~P1 ] [l-p2y+ -7 ]]

-

looking at 1 = px+1 -px

=100=



since
1=p+1l=2
0=p(p+1)=2
V=-1=<p*p+1)=-1=2-1
1zZ1-p*(p+1)= -1
then celling
1- p, %] [2 - -] =y
it can be secn that
1Ty Nyz= -1
Therefore
1+ vy =0 since =1l =v =1 also
noy since plx a) pzy Ay =0 for all %, ¥y, pq, P, then the

product



hence

fxy(x,y) = p* qp pla, (1 + v Iy ly) =0

(2)

To show that the bivariate geometric distribution sums to 1

fry(my) = £y(x) £4(7) [ v [ 2y ()=£y(x)-1] [zFY<y>~fY<y)~=1]]

vhere fylx) = P Fylx) =1 ~ p¥tl
+.
£y(y) = p'q Fy(y) =1 - p'™
B 5t g, £ [ounie] i fam
Ty, y)= p,Yaqp.7q, | 14v[2(1- )= ~1
Ky Vs P Py Q
x=0 y=0 7z=0 y=0 L [ . L ]

[2(1---p2y 1)-p7 q2~1] ]

224 @
S Plqupzyqz‘”"[f’fql 1~ 2997 Hopy¥qy] b7 [1-2p7* "szqz]]

=};OP1 ay yz P, a4, [:éo[pl a,~2p, "y -p % 4°]
Zo@gy ay~29," o, - 5,7 qf]] (4)
y':

=102~



looking at

) - T3

Zo [pxq e 2pwlq - pz“q2]

X:

=Y pfa-2) 07 - ) p7
x=0 =0 %x=0

i

1-2pqy, (D) - R L (PP

=0 =0
=1 -2 1 - 02 1
=pg -Tl-p A _Tl—p
=1 - = q

= 1+p-—2p-( -p)
N

= l+p=2p=1+0p
l+p

]
(@)

since p2 ==l

Therefore putting these values into eguation (A) gives

Y. £ (xy) =11 +v 0.0
XY\
y=0

i

(3) To show that . fXY(X’y) = fY(y)

=0

from equation (A)

=103



Ty

® @ - 2
;Oi‘xy(x,y) = x};oplqu pyYa, + V[ 2 [Plﬂql“zpl

-=0

o=

v o2
[92 a,-2p,

have clready showm

w »
(a) Y vg=1
%x=0

15 I [pxq - 2p* g - pzxq?“] =0
x=0

simply substituting these into above equation

[oe]
Y Lyy(5y) = pla, = £y(y)
*x=0

It con be seen that by a similar argument

fxy(x,y) = £x(x)

‘jDMs

"

o+l 2
- qr"P12XqJ.’{]

+1 oy 2
arm, Yo, ]]

To corpute E(x,y) and /)

[+ a

E(ny) = Z z Xy fn(xsy)
x=0 y=0

from equation (A) and the equation precceding it

104



[a 0] [o o]
; X 2x+1 2%
i ® P]_qu 3:=0Y pqu2+v [\Zzo}- [pl (11"'2131 1Py 0112]

=0

{Zy [p Ya =20, g mp g 2] (B)
G (P R 2Py

looking at this torm by term

Yxpa=q ) xp
=0 =0

(using Leira 1)

Il

s

l—'!
’t'i

= 9P . = 2.
q° 4
leoking at
o
2utl

Y, x[p'a-2p q - p7%e?]
x=0

oo 2o} [a.24

: 2%+l 2

=prq—2z Xp q—-ZXp‘{z

x=0 = x=0

maling use of Lerma 1 and the fact p2<1

we have

=] Q5=



S % [p"a = 2% - p2c?

%=0
2 2
p - 2 p
q (2-p2)R (1-p%)?
p 2q p° g® p?
q (1‘=-p)2(l+p)2 (l—p)2(l+P)2
D 2p° D2
a q(14p)? (1+p)?
p(14p)2 = 2p3 ~ gp2 p + 2p2 + plenp-pRép3
a(14p)? q(14p)?
_ p+ p? ~ p(ltp) | B p
a(14p)? a(14p)? q(1+p)

Putting these values into equation (B) givess

Py P> p b,
E(x,y) = ("""' ) ( —| + v
a1 dp a; (e, ) q,{1%p,)
Py 5 v
EGy)= — [ 1 + ——————
qp 95 (14p, ) (1tp,)

To conpute p

E(x) = Lxpa=q L xp‘= e
o x=0 (1-p) q

Making use of Lemra 1

=106=



P
Lloyd & Lipow [1] p 123 gives O;Z T for this distribution,
a

p
therefore dx =

q

nov using the defining cquaticn for p ie.

E(x,y) - E(x) E(y)

Ox 05
gives
Bk v PP,
1+ =
4 9, (L4p)(A4po) [ 9y gy
p =
Vpl VPZ
Gy q2
_ T2t “[(1+p1) (mz] e [ v
(14p,) (149 )}
V5, P, 2
vyp, P
P= L gince vl =1

O<p1 and p2< 1

then - 3= e =3

«107=



To compute R(ko)

R(k,) = P [XZk,, szo] L

2: E: £ (xgv)

y“k

i i [f‘x(x) £y(y) (l+v [ﬁx(x)»fx(x)ml]
=k y“k
[sz.(y)me(y)wl]”
now fx(x) = p'q R FX(X) =1 = pm-:L
£4y) = ¥q ; Foly) =1~
Therefore
x¥L

R(k )= };ko ;k [Pl Q1Ps q2 (1"‘ [2(1“91 ) ‘”Plqu =] 1]

[2(1-1323’* B @pquz = 1]”

:Z plqugkpng‘*‘v 7(;-ZMKQplql2p,,
" §§ .
2P, 4,=2p
2 "2 72
=3

locking at this term by term

2x41

2y+1

2K z
S ST N

‘312“’?2

RY,

%

2

) e

2

-

2

o



018
d
b
Q
H
Q
g
!
b
"
lo]
Gy
*d |t
3
e}
e
o]
s
na
3
?
L4
e
=1

]’i‘;—. @ KO 1 k
M ) o
i=0 1enp
locking at
(o]
2, [ 2p"q -7 g ~o? ¢ wp‘fq]
x=k,
@ ©
2=kq ®=Ko =k,
— ko - < Dy 2 s D \5ie
=p =20q), (P~ L ()
=K, =k
245 k
k. (p=)° o (G
=p "~ = 2pq 5~ - Q° -
1@p lm..p‘
as pko
by putting (p?) for p in 9, PF = ———m
leio 1ﬁ>p
~ k k
k 2p (p*) ° alp?)°
=n Q e i B
14p 14p

1+p

=10G



pO(14p) ~ po ~ potl

1+p

(14p) pO~ po (14p)

1+p

¢ ] k X
=pL°~p2‘{°=p°(l—p°)

Therefore putting these values back into equation for R(kg),

and using the corresponding terms for y, gives

%

R(k,) = py Opy O+ v [[p Lo = B[ B0 - pzko)]}

If we call this Rz(ko) and call Rl(kox the reliability obtained
when using the product rule, is.

ko

k
Rl(ko) = P]_ o p2

then the difference, which we shall call AR{k ) becomes

Rik,)

Ry (ky) = R (k)

[l e 3 0]

=110~



now putting it in terms of L gives

(1+p7 ) (14p5) 1 -
AR(ko) _ 1 2 p [plfo(l_plko )] [ pzko(l_pzko )

\P1 Py

To determine the value of k, at which AR(ko) is moxinum

AR(k,) = v [p1k° - pl2k°] [ p2k° - p22k°]

if we teke the case p; = p, then

AR(E) = v [pko _ p2ko] 2

we seek the derivative of this with respsct to k,

(v is independent of k)

L e [ ) o [ )
(o] (0]

X
2 v (p °-p>0) (p¥o1n p - 2p2F01n p)

k, 2k 1
=27 (p %p~©°) Inp (p© - 2p7¥0)

setting this equal to zero and solving for k,
2vinp (p% pT0)(p© = 2p70) =0

w0l 1] o



one or both of thece terms must be 03 if we take the first term

pO - pro =g
pko - p.?.ko
k,Inp=2k, Inp
ko =2 ko
o vk, =0

and it can be secn that this is a minimum point.

Now teking the second term

pk°-2p2k°=0
k
p0:2p2'k0
ke Inp =1n 2+ 2k, Inp

X, (Inp-21np)=1In2

— NI



in 2 in 2

ko - = -
Inp-21np In p
hence
in 2
ko = e
inp

is o maximm point of AR(k,) when Py =P,

il



APPEIDIX A.3
MATHEMATICAL DEVELOPMENT

JOINT EXPONENTIAL, GEOMETRIC DISTRIBUTION
To show that fyy(x,y) is a probebility function
when
oY) = 5,G) £, [ 1+ (ﬂx(x)ml)(ﬁy(y)nl)]

vhere
~x/a

1
T (EO = e 0=x O<a=<oo
X a

£/0) =0'a  y=0,1,2 - ,0=p=1

wvith q=1-p , =-l=<v=1

X

FX(X) =f fx(x’)dx'

1 - 7%/

Fo(y)

H
]
e
E
O
H
=
4
el
&

This gives
1 -x/a y -X /o +1

fn(x,y) = —eg pPall+v [2(1 - ) - 1][2(1 - )f—pqul] (B)
a

~11/~



Since fXY(X’y) is a continuous function over a countcbly infinite
nunber of points, ie.

4
J[' fXY(x,y) dx has a value at integral valucs of y only

0
sore positive value if y =0, 1, 2, eco
z
£ (x,y) dx =
‘/ﬁ XY 0 othervise
%x=0

Then to evaluate fXX(X’Y) over its entire domein we must look at

an infinite sum of such integrals.

To show that this fXY(X’y) is a probability funetion we must show

(2) ;O fo £y ley) = 1
x=0
. oo
(3) y;o fyy(7) = £9(x) Loy (oy) @x = £ (y)
x=0

=17 5=



(1) using equation (B)

1
£2(x,3) i pYq | 1+v [2(1 - o~X/3) o 1]

a

[2(1 -7 - g - 1]

=5 o [2 - 2072 [1 - 9 - Y]

a
In Appendix A.l it was shown that

- 1=1 - 2=y

and in Appendix A.2 that
1
- 1=]1 - py+ -p' =1
hence the quantity

1+v[1-2e‘x/a][1-p3f+l-py]:o

now since — -x/aZO
a

and pquO

1
the product —¥/a p’q=0
a

~116~



Therafore

£f (xy)}=0
XY( »y)

oo [+2]
(2) To show i fxy(x,y) ax =1
y=0

x=0

y=0

4

o &9 1 .
2. f fn.(x,y)dx:z f [?e-x/apqu ( e“x/a(l-=2e'x/ )
*=0

(120" e q)ﬂdx

y=0

<«

e, @
Pq —y© ey [ Y pPa(1-2p" 1Y)

f e-x/a(l-Ze'X/ a)de

P
= (1) (1) +v [o-o] =1

calculations follow,

00
to shows —e _x/adx =1
a
o
& ©
1l = ~x/a
=1 = x/aM=~fX/q(_%-dx)=-ex/aJ=
a
(o] [>)

=117~

o

e}

=
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to shows ® y
Lpq=1
y=0

Y p’q = qi p’  geometric series which converges to

y=0
1
if  |pl=1
l-p
pdl
=q —8 =1 since qQq=1l-p
1-p
x©
to shows
fex/a(l-2e-x/a) dx =0
o
© @
=f e-x/adx-/ZG-zx/adx
o o
[ o] Q0
_ ~/a 1 - 2
—--e.f € (- = dx)-2(-—3—) fe‘?'x/a(-—z-dx)
o o
o ©

. e-x/a]

+a om2X/a } = -a[O—lJ + a [O-l] = ag-a = 0

~118-



(<24
to shows 3. pgfl = 27 = pq) =0
y0

axQ O ao
=¥ a-275 g~ ¥V
y=0 =0 y=0

=q — = 2pq Zpy—qz Zpy
l-~p y=0 y=0

© (.2 e (2
=1-2pq ), 0°W -a® T )
y=0 y=0
=1 - 2pq —i—'g B q2 - 2
1 -p 1 - p2 since p~=<1
2pq qa?

=] - —— -

(1-p)(14p) (1-p)(14p)

2p q
=] -~ - ——
l+p l“l'p
-2p = (1 - p)
=1 +
1+p
~2p -1 +p
=1 +
1+p
_p-s.l
=1 +
l+p
1+p
= ] - =] =1=0
l+p

=119



(3) To show g%.fxz(x,y) = fx(x)

@ o 1 —x/a x/

Y Ey(y) = L Te 7 P [l+v [2(-e7%/2) - l]
¥=0

y=0
[2 (2-p7H)-pY q—l]]

1 @
= — e—x/a Y pg + v [o"x/a(1—2e"x/a]
a y=0

[;Opyq(l —p7 T - pyq)]

but we have olready shown, in Appendix A.2, that

and that

xQ a
Zopyq(l - 7)) = § [pyq - 2p?*Lg - p¥g
F

hence

@

. fn(}:,y) = —

1
}_I
(0]
&
~
&
.
=
+
o
r—
@ §
&
[h]
=
N
o
S~
)
e,

=120~



(2.

To show [ fXY(X,.V)dX = fY(Y)
%x=0

@ 21 -x/2. v ~x/a
j’ £y ey y)a = [ — ™ o 140 [20-7%)1]
x=0 =0

[2(1-1337’Ll)—1>y q—l] dx

= ’q f 2 e 2’ [2(1—py+1)~pyq~1] [ o ¥/3(1267%/2)ax
a
x=0 x=0

but we have alrecdy shown, in Appendix A.l, that

O

15
f—ex/adx=1
a
=0
[0 o]
and that e-x/a(l - 2e"x/a)dx =0
=0

hence

224

ffXY(X’y)dX

=0

p/q(1)+v pyq [2(1-py+ l)-—pyq-l] [o}

I

N
a=1f(
p’a Yy)

=121=



To ecalculate E(x’y) end p
Here we rust acein look at an infinite sum of integrals of
£y (%) veighted by the function xy.

[ o] @O
E(x,y) = o2, (,)dX
X,y ygo [xynxy

=0

fron equation (B)

_x/ayp:>’q 14v [2(1—c"x/a)-1]

i 1
E(x,y) = . x —6
y=0 a

x=0

[2 (1-p7 1) p7 q-l] dax

© o @
1 o .
E(x,y) = Z Ypyo. f—X e }‘/adx + v f—J-‘- X e x/a(l-2e"{/a)d}:
y=0 a a
=0 o

v+l

< .7
Z ¥ al1-2p - 7q)
y:

0

o«

x =
. =x/a
looking at ‘/‘—e / o
a

[

=122~



using integration by partss f udv = uv - f vdu

x -
lets u= — dv = ¢ x/ade
a
l L]
then du = — dx v=fe_x/adx=~aex/a
a
[ <] - @
* - x ’ 1
givess [ e x/a dx = = —'g ex/a] _f_ . x/a = ax
a a - a
© o
o ©
—x/ . _
= - x0 7% ~ae X/a] =0 X/a(:da)]
o 0
“ B
o 33— o B—>»o0

H

1lim [a - e-B/ a(B+a)]

B =0
= lim a - lim B e“B/a - 1lin a e-B/a
B B—>mo B—»00
B
= a - lim -0
B> eB/a
B

" e R

-123-



4B
aB

B
using L' Hopital's rules lin —% = 1im
e B

dB
1
= 1im . =
o eB7a
Therefore
@D
X
—e x/adx = a
a,
o)

@
X S
looking at — /2 (1 - 26“‘{/ MYax
a
s

Lo g [ =}
X 2

= —_— x/ad:c - | ——c Zx/adx
a a

first intezral is a (from above)

2 1
second integrels il we substitute — for —— in above, we get
a a,
[eo]
2x a
=2x/a
— g dx = —
a 2
0
a QO
X 2% a a
. =X/ 8, =2/ 2
. —e‘{/d"- /dx=u.-»-——'-‘——
a a 2 2
0 ¢)

=12/=



o 2]
lookinz at Z J qu
y=0

nzlsing use of Lemra 1, Appendix 2, ue sec that

® Iy
Z ypd = = ] since Ipl=1
¥=0 (1-p)
hence
020: - i . P jale] P P
ypa=aq T =aq = =N
y=0 y=0 (1—-p)2 (1-p)(2~p) 1=p a
@ ’Jy+l
now look at Y (=2 y " q)
=0
© 5.y P2 = p3q
= -2pq Ly() = ~2pg T35 = —5—
v=0 (1 - p) (1~p)(1-p=)
-2 q - 2p’
(1=p)(14p) (1~p)(1+p) o1 + 0)?

now look at

2 2 2
w @ p - g% p
(-y p70?) = =2 ). y(p°*W = =2 ~ =
ygo y=0 (1-p%)%  (1-p) (2p) (1~p) (1+p)
L B p2
(14p)°

~125=



a0
Therefore ). ¥ PPq {1 - 207 - pYq)
=0

a@x

o0 =]
= Zypyq-ZZypzwlq'—;oypzyqz

=0 y=0
p  2p p?
q qp)  (Lp)?

p(14p)? - 2p7 - gp?
a(14p)?

p(1+2p+p?) - 2p> - (1-p)p?
q(14p)?

p+2p? + p3 = 2p3 - p? + p3

q(14p)?
I pp B p(1+p) b
q(14p)? a(1tp)* q(1+p)

Therefore putting these values into equation for E(X,Y) gives

) ]

p

(2)

E(x,Y)

q

i
pm
o]
| S— |
'—l
-+
N
~
54
o
& 7



To find expression for p
b
We have E(x) = a, E(Y) =— ,(f =a,q=——-
q

E(X,Y) - B(x) E(y)

and p =
hence
ap v ap
(1 + )- i
/3 = 4 2(14p) s
. W
q
LA ]
? (1 2(14p)
Vp
vb
OIS == Ivl=1 O<p=1l
2(14p)

therefore | )O] =}

To evaluate R(t,k) ond determine AR(t,k)

oy <o
R =P [xz = J = £
(t,k) t, Y=k ;k f XI(x,y)
=t
vhere again we must sum over y and integrate over x.
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® ®
1 @D 1
R(t,k) = [ e"x/adx Y pYq + — e-X/a(l-2e"‘X/a)d>:
a y=k a
2

T q (1-2p7""p'q)
=k

looking at 22 -
l -, - e
f x'/adx = _ ] x/a] - t/a

looking at it e @

1 . 2
W21 gy = | e By P By
a a a
t. o
2 1
from abovesfirst integral is e"t/ a’ substituting — for — in zbove
a a

[v o]
2
integral gives ‘/_6-2}:/ 8 gy = o~Rt/2
a
t

<o

therefore |1 _
/; e X/a(1=--2e'"x/a)dx = o~t/ag™Rt/a = o=t/ a(1-¢"t/a)
a
its

~128-



Jlooking at

loocking at

QO
3 pYa(a - 20711 - p¥q)

y=k

[2 ] (24 [so]
=¥ a-2 % p7 g - L p¥e?
=k v=k =k

= pX - 2 pg f )Y -? ¥ *V

y=k =k
k k

. (p%) , (0?)
=p - 2pq 5 = q 5
1-p 1-~-p

T
k 2p2k * (1 - p) P2k
1+p 1 4ap

=129=



B +
k . pk+]_ - 2p <+ pzk + p2k 1

p
1l+p
X " okl 2k
pt+ it _p - pX(14p) - = (1+p)
l+p (14p)
k
= p = p& = p* (1 - pk)

Therefore putting these values into equation for R(t,k) gives
R(t,k) = e—t/a ok + v [e-t/a(l - e=t/a) e pk (1 ~ pk)]

R(t,k) = o~b/2 pk [ 1+v (1 -et/a)q - pk)]

calling this Ry(t,k) and defining R, (t,k) as

Ry (t,k) = e-t/a pk (product rule)

Then if  &R(t,k) = Ry(t,%) = R, (t,k)

BR(t,k) = v o~%/2 K (1 wem¥/2)(q =

1

or in terms ofp
2 O(1+4p)
Vp

OR(4,K) = e~t/agk (1 - o7t/2)(1 . pF)
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