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The cquations for a oimulaticn of planet artiticisl setellite urbit parsmeter
estimation ure defined. The estisation process ¢oneists of sequential 1inear
differential currection bascd cn Earth-based radar doppler measurements and/or
on-board mcasurements of the direction of plannt local vertical. The parmmeter
set includes the Keplerlan eolementis of the satellite orbit relative to the
planct, planet and Sun gravitatiunal constante, and compunents of the pesition
and velocity of the planct and Earth relative to the Sun.
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i. EQUATIONS FOR THE STMULATION OF PLANET SATELLITY ORPIT DETERMIRATION
-

1.0 INTRODUCTION

The equations defined hernir arc for a simulation of the process of planet
artificial satellite orbit parameter estimation bhased on DSIF deppler measure-
ments and/or measurements of thc direction of local vertical from the satellite

to thc planet. The simulation was designed for analysis of the problem of the

AT TP oS Y T

determination of satel ite ortits shout planets other than Earth, but is eppli-
cable with minor mcdificaxions to Lunar satellites as well. The simulation
consists of two parts. First a set of observations are computed which are with-
cut error. in the physical model mssumed. Then the ﬁodel parameters are disturb-
ed in the form of an initiel estimat: and the process of improving the eatinate
in a apecified subaeet of the parameters frow a get of disturbed chaervations is
simulated. The metncd of estimation ronsists of sequential differential

. corrections of the estimate of the parameter subset with each otservetion, using

ST YA N WS PN B0, B Ryt BT 3
g“m’g

the Kalman formulaticr of least squares filterirg. The total set of parameters

vhich may bhe estimated are: "\
4

. Satellite Keplerian orbital elements
Mars and Sun pricary gravitational cocnstants
Planet oblateness constant
R S5olar radiation pressure
. Mars veclceity and positicn components
Earth velocity and position compunents
The phyeical mcdel is considerably simpler than that of the real world becausc
the chjective was to design an efficient toul for analyzing the effects of the

most cignificant error sources. The principal simplification c¢f the model is

SHEE! 9
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the propagation of Earth and planet orbits as heliocentric conics, starting with
au arbitrary point out of the table of ephemerides in the neighborhood of run
start time. 8Since the program allows estimation of Zarin and planet ephemerides,
this 1s not as much of a asimplification as it would et first eppear. For a
Planet such as Mars witk no large satellites, this method might well be applied
without modirication in an operational orbit determination program. For Earth's
orbit, the Moon-Earth system must be propagated in an operational progrsm. The
sccond model siwnlification is the neglect of all terms 1n the expansicn of the
planet gravitetional potential except those for mess and oblateness with the
assumption that the planet axis of aymmetry ia known. The third important
simpiification ie that the DBIF measurcments are taken to be range rate measure-

wents, thus by-passing a number of steps in the process of reducing the doppler
data.

The orbit of the satellite relative to the planet is propagated by the method

of wvariation of Keplerian pa.rme.ters. The time rate of change of each parameter

due to the assumed disturbing functions 1s integrated to cbtain the elements of

the ocsculating ellipse versus time.

An important advantage gained by estimating Keplerjan parameters instead of
state vector is the simplification of the problem of isolating the initisl
arbiguity in orbit plane orientation about the line~of-sight from Earth in the
enpe when the estimation of parameters is based on DSIF doppler data only. The
mathod alsc has an advantage in the estimation process in that the matrix of
first order coefficlents of error in the Keplerian elements at one point-in
time with reapect to error in the elements at another peint in time 18 the

identity matrix.

SHEET 10

U 4007 1424 DRIG, 4-85




NUMBER  D2-84073+1
e BDEING o REV LIR

Table 1 1ists the nomenclature for coordirate systems and variables as used

in the derivaticn of equaticns. To simplify the notaticon the time-dependent

s

variables are generally writtenwithout an explicit reference tc time. When

¥ iy

3 uged in this way, ii is understood that the symbol for the variable denotes
its value at problem Lime t. When 1t 15 necessary to relate the variablea at
two or more problem times, the time cymbol is addcd as a subseript or in normal ¢

functional notation, e.g., €U, or C(t). Subscripts other than t denote the

t
element of a vector or a matrix. The equations for the satellite, planet,
and Earth ephermerides and for the obgervationy apply to the propaéatian of
numbers both in the model and ir the estimate of the model. A dletinction
is made between model and model estimate only when necessery to clarify the
nature of the estin;ation process. The estimate of a model parameter is de-

noted by a caret above the symbol, e.g., the estimate o 12 1is represcented by

£
x2.

L

The simulation program is documented in D2-84082-1.

SHEET 131
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TABLE 1

DEFINITION OF SYSTEM VARIABLES AND 3YMBOLS

VARJABLE

SYMBOL

Farth Equatorial Ceriesian Reference Axes
Direction of Vernal Equinox, E1950
Barth Axls of Rotaticn

. Xl3 X xll

Plenet Equatorial Cartesian Reference Ales

Interssetion of Equatoriel Plane and
and Plane of the Reference Meridian

» Axis of Syrmetry

oy X g

Planet-Centered Plane-or-the-sky Cartegian
Reference Axes
Planet-Earth Line at Artitrary Epoch

. Intersetion of Planct Equatcrial Plane
and .wne of the Meridian through x31

. x33 X x3l
Unit Vector in Direction of Canopus
Unit Vector Along Vehicle - Sun Line

Vehicle«Centered Cartesian Reference Axes

=1

11

3!

13

>l

L

Unit vectors

/

Unit vectors

Unit vectcrs

Unit vectors

Unit vectors

SHEET 12
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TARLE 1 {Cont'd)
VARTABLE JYMBOL DIMENSION
» Satellite Fosition ~ Veloclty Vector
. Relative to Earth in x, reference system gl 6
» Relative tc Planet in x_ reforence system 2 &
. Relative to Planet in Xq referen:: system 3 6
. Relative to Planet in %g Teference system x5 6
e.g., (X);, ¢= 1, 3 are the positicn
cemponents in x,
(x2);, (= 4, 6 ere the velocity
corponents in x,
»
« Satellite Keplerisn Orbit Parametcrs
Semi-mejor exis a
Becentrieity e
*Argument of Periapsiz wl or @,
Longitude of Ascending Nude A 1 or.l.?
Inclinetion (yord,
Time from Last Perlapsis Passage tp
+ True Anomaly, Radius Vector at time tp v, T
. Alternate Notation for Keplerian Orbit Parameters:
-Y-l a (a, 2, ml, .A- l’ z.l, tp) Y1 6
?2 = (B., e, mE’ A—E’ "2' tp) YE 6

*3ubseript denotes cartesian reference system:
Plane~-of-the-sky systen

1, Plsnet Eqg, system; 2,

SHEET 3
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. TABLE 1 (Cont'd)

YARIARLE SYMBOL
- Time Rate of Change of Satellilte
Orbital Elements, Y1
+ Due to Flanet Chblateness Y™
. Due to Sun Differential Grav. -
Effect ’ DYS
. Due to Solar Radiation Pregsure DYR
Planet Heliocentric Orbit
Position and Velocity Relative -
to Sun in Xy System XB1
Keplerian Orbital Elements {B1
» Earth Hellocentric Orbit
. Position & Velocity to Sun in —
X, System B2
. Keplerian Orbital Elements YB2
. Radar 3ite Location & Veloelty
. Geocentric Inertial Latitude and
Longitude s , Ma
. Relative to Earth Center in x, _
Systen X3
. Relative to Mars Center in X, —
System ' X832
. Range from Redsr Site to Vehicle R
Range Rate R

DIMENSION

Scalar

Scalar

SHEET 14
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TABLE 1 {Cont'd)
VARIABLE SYMBOL DIMENSION
5 . Direction of Plenet Local Vertical in X,
z System
% . Azimuth AZ 1
. Elevation EL 1
3 [ ]
%
5 . Earth Rotation Rate Wp Scalar
' . Earth Radius Ry Scalar
H
%“ » Mars Radius Scalar
% . Grt}vit.a.tional Constants
_ C Earth Ul. Scalar
Planet U2 Scalar
Sun U3 Scalar
. Planet Oblateness Constant J2 Scalar
+ Error Sensitivity Matrices
Keplerian Elements Y1 to State Vector
Elements X2 81 6x6
. State Vector Elements X2 to Keplerian
Elewents Yl SiI 6x6
Keplerian Elements Y2 to State Vector
Elemente X3 g2 6 x6
State Vector Elements X3 to Keplerian
Elements Y2 821 6x6
. S8olution Parameter Set at Btepi to
Solution Parameter Set at Step (=1 8 22 x 22

SHEET 15
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g TABLE 1 (Cont'd)
VARIABLE SYMBOL DIMENSION
1 ; . rarameter Error Covariance Matrix c 22 x 22
,i § . QGeometric Transformation Matrices
i . X —» X, 73 6x6
R N xs : T5 3x3

) « Deriwatives of (bservations with Respect to

£ System Paramecters D¢, 3

g’ . Observation Type Subscript

£ .

g Range Rate tal]

H C . Azimuth of Planet Local Vertical ta2

§ . Elevation of Planet Local Vertical t= 3

E + Parsmeter Type Subscript

é» . Batellite Orbital Elements

Y2: (Y?)l = 8 J = 1
(), = e J = 2
(R); =w, J = 3
() = ¢, J = 5
(m)s = tp J = 6

. Mars Ephemeris Elements JBL J = 17,12

“

. Earth Ephermeris Elements XB2 3 = 13,18
. Solar Rrdiation Pressure J = 19
| « Planet Oblateness s = 20
. Sun Gravitationul Constant J = 21
. Planet Gravitational Constant J a 22

SHEET 16
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2.0 COORDINATE SYSTEMS

Four cartesian coordinate systems are involved in the system wodel. Herth
and planet initial position and velocity relative to the sun are given in
Earth equatorial E.1950 coordinates (xl). The planet position and velocity
vactor relative to Earth and the radar site loeci are computed in the Earth
equatorial coordinate system and transformed to planet squatorial .eoordinatu
(xa). The satellite orbit relative to Mars is prcpagated in the planet
equatorial system. Radar range and range rate are then computed in this
system. The direction of planet local vertical from the satellite is com-
puted in the Sun-Canopus reference system {xs). The satellite state and orbit
paramcters are estimated by differential correction of the Keplerian orbital
elements relative to & coordinate aystem called the plane-cof-the-sky system
(x3), the equator of which is normal to the pleanet-Earth line at cpoch. The
firat epoch 1s at run start time and may remain fixed or be advanced periodi-;
cally. Figures 1-3 show the relationships of the four cartesian systems.

The 3 x 3 transformation matrix (TT3) between x

and X, is fixed and 1s a

b 2

program input. Since both X, and x3 are fixed inmertial systems, the 6 x 6

position-velocity transformation matrix 1s given by 13 = (Tg3 1-23)‘ The

transformation matrices between Xos 13, and x5 are derived belovw in terma of

Eartk, Sun, planet, and satellite position vectors.

2.1 Planet Equatorial - Plane-of-the-Sky Transform {(Td)

Bl : Planet state vector relative to Sua in xl
82 :  Eerth state vector relative to Sun in x,
XiE = ¥B2 - XBL : Earthatate vector relative to planet in x

SHEET 17
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FIGURE 2

PLANET EQUATORIAL AND PLAKE OF THE SKY CARTECIAN REPERENCE SYSTEMS (x, aad x,)
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PIANET EQUATORIAL AND SUN-CANCPUS CARTESIAN REFERENCE SYSTEMS ()(2 and 15)-

" Planct Equator

Sun Line from Satellite’

REV LTR
US Qe-2008 ALV, 6/64

=7 A Bt e

SH.

2 bt P

-



ol

R

THE "”’I”ﬂ COoOMP ANy

NUMBER
REV LIR

D2-84073-1

W3 4804 1434 ORIG, 4-5%

X2 = T3+ TIET Earth state vector relative to Mars in %
" (E),
= arctan T-mﬂz
(X2E}
/l = arcein —_—
ieEl
-gin 7 cos I 0
T = -cos ' ¢ gin) -gin ['-sind cosd
cos "« cos L einl" «cos X sinl
TTh 0
Th " J: 0 Trh]
2.2 Plenet Equatorial - Sun-Canopus Transform (715)
X2 = -2 - T3 XB1  Sun liune vector from vehicle in X,
3 = .7’5_‘(-2-/'-%, Sun line unit vector direction cosines in x,
(15)pe = (8K,  ¢= 1,3,3
Stn @ - -G - R
(15), , = l:(ssx)2 vk, - () (cx)zl / sin @
3} " - . 3 .
(Ts;a’z [(Sx)3 (cx)l (sm)1 (cx)3] / sin @
(T5)2,3 = [(sx)1 (cx)al - o (8x), (cx)l] / 8in @
(15)3 , = (15), o+ (X} - (T5), 5 - (8X),
(T5)3’2 = ('rs-}a’“ (sk); - (Ts)a’l- (Sx)3
(15); , = (15),,, = (8K), - (15), 5~ (8X),
SHEET 2.
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3:0 TRANSFOHMATIONS AMONG SATELLITE ORBIT PARAMETER SETS

The satellite orbit is represented at various points in the wrogrmam by the
position-velocity vector in X, and x3 coordinate syatems, as well as by the
Keplerian elements relative to either X, or xs. Figures L and 5 show the orbit
gevmetry in the two coordinate systems. The equations for the transformations
from position-velocity at a spet.:ified time to Keplerian elements and vice versa
' are given in Reference 2 end will not be discussed here. Let the.r outputs be

representead by the mnemonics CARCON and CONCAR. For example,

YL = CARCON (X2, time)
Y2 = CONCAR (Y1)
The cutput of CONCAR alsc includes true anomaly, V, and distance to planet

center, 1.

The Keplerian crbit parameter variations are propagated in the planet equatcrial
system in which the pole is assumed to be the axis of symmetry. Since the para-
neters are estimated in the plane of the sky system, it is necessary to convert
from Y1 to Y2 before filtering the observations at a given time, and then to con-
vert again to T to propagate the orbit to the next observation time. This cen

be sccomplished with the transformations CARCON and CONCAR as follows:

% (t;) = CONCAR ('ﬁ (t.), t.)
HB(t) = ™ - B (e
T% (t.) = CARCON ( % (t.), t, )

The carst above the symbols denotes estimated rather than model parametsr sets.
After filtering the cbservations, a new estimate replaces the cld estimate in Y2

and this is converted to a nev estimate in Yl by reversing the order of trens-

SHEET 22
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ORBIT GEOMETRY IN PLANE OF THE SKY SYSTEM
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gt formation. This geries of transformations cuntains redundant operations since
in guing from Y1 to Y2 and vice versa only the angles which define the ox"ientation
of the orbit plane and the majur axis to the reference axes change. The equations_
for a direct conversion of the angles W, ..A, and c- fnllows., (NCTE: The trans-
formation from Keplerian parameters to state vector is still required in the

observaticn equations.}

Let Al and 'ﬁl'represent the unit vectors of the major axis and pole of the orbit
in the x, coordinate system and let A2 and P2 represent the same vectors in the

Xy courdini.te system. {See Figures & and 5). The direction cosines of Al &nd

Pl are: »
4 .
i (Al)l = cos W 1 . cos.,n_l - sinwl * COB L 1 sin_n-l
g C (Al)2 = 008 wl c:os_«fl.1 + sin ul * Qo8 Ll ¢°5—4.1
¥ . .
% (A1)3 sin..n_l sin 61

.(I’l)l = sinA, * sin ¢

(Pl)2 ®= =cosA, ° ein t:l

(Pl)3 = cos t

1
A2 = T4 AL
P2 a T ¢ Pl

Let N2 represent the unit vector in the direction of the ascending nods in the

x5 system and let B be the vector which forms a right-handed system with A2

and P2. That 18, § = A2 x P?

(), = (), * (), - (A2), (2,
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(bN), = -lA2)) * (P2); + (A2); - (P2),
(W), = (a2); - (P2), - (A2), - (P2),

We ecan write four equations involving the compvonents of N2 and the arqueent of

periapsis, we, as follows:

n2, = 0 |

7 N2 = (p2), -+ (¥2); + (p2), (W2), = o
N2 * TN = ainw, = (82); (W), + (v2), - (W),
T2 * A2 = cos W, = (Ne)l ©o(A2); + (¥2), '.(A2)2

Solving for (Na)l, (112)2, cosw, and ainw,, we have:

' " ainw >
5 arctan 2
o8
2
(v2),,

2 arctan -rN—ETl }

From the definition of inclination, we have;

g

~N

u

‘.2 = arc cos ((5)3)

Let the mnemonic for this transformation be CONCON. For example:
Y2 =  concoN (Y1, Th)

or ¥I =  concon (Y3, 1))

I% {3 necesasxry later to calculatc the time rate of chauge in Y2 as a function
of the time rate of change in Yi. For this we may either write explicit
equations for the partial derivatives of Y2 components with respect to Y1

components, or we may calculate finite differences. The later method was

used as followa:
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3B . A =
St - (cowcoN (Y1 + &(¥1); ) - coNcoN (Y1) )/ 4(n1),
¢
¢ - 3, 4,05
&(ﬁ - = 1 ¢ = 1,26

Then:

a¥?) | a4 . oY
dt dt ¢

We will also find it necessary later to calculate the partisl derivatives of the
satellite position and velocity components with rcspect to Keplerian elements

and vice versa. Again, the methcd of finite differences was used: for instance,

—=Swy— - (coNcar (Y1 + 4(v1). ) - conear (Y1) )/ A(11),

t o lt'36

L.,0 BEARTH AND FLANET EPHEMERIDES

The ephemerides of the planet and Earth are propagated es conic sections. The
initial conditions are in x coordinatea taken from a table of ephemerides.

These are converted to heliocentric ¢rbit parameters by CARCON:

YBl = CARCON (XBIl, TIME 1) planet
YB2 = CARCON (XB2, TIME 2) sun
Position and velocity at observation times t; are obtaincd by:
XPi(t, ) = CORCAR (?B-i_,t,_' }
XB2 (t;) = CONCAR (YB2, t; )
When the poaitio;: and velocity co@onents are included in the set of parametera

to be solved for the estimntes in the parameter sets are denoted by placing a

caret above the vector bar. After filtering in cartesian coordiaates, the new
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z position=veclocity cutimntes arc converted fc new catimates of ccnie parameters
with CARCON:
L .
8L (t; ) = carconr (RBL (t; ), t¢)

A A
XB2 (t¢ ) CARCON (32 {t; ), t. )

5.0 FEPMMERIS OF SATELLITE

The ephemeris of the sateilite is propagated in the planet equatorial system,
the polar axis of which 1s the axis of symmetry. The varlaticn in Keplerian
clements, gztl , are integrated to preduce the elements of the usculating ellipse.
At specified cbservaticn times the Y1 elements are converted to position and
velocelty components T2 with the CONCAR transformation and to plane of the sky

elements Y2 with the CONCON transfoimation.

E
i’ Simple trapezoidal integration was us2d as follows:
ay; (v)) ¢ Y, (t) .3
Yo (v+at) = Yo (t) + Tt St Tat | sun mess
' oblate
d Yf' (t)| Nt
* dt l solar rsdiation

J. M. Danby in reference 2 develops a method for obtaining the time derivatives }
of the conventional orbit elements in the frame of pianet symmetry from partials
of the perturbing function with respect to these elements. His mnalyais is
applicable to any perturbation expre:‘ssible in terms of radial, cross-radial

and normal force components or & disturbing function ¥, F being & function of

the orbit zlementa.
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5.1 Orbit Parameter Variaijon vs. a Disturbing Function F

Assign the following notation:

re-84073-1

a, e,fQ,.N,c, T

conventional orbit elemcnts in refcrence of symmetry

. r,v radius vector and true anomaly at time ¢

) ' y planet gravitational constant
F disturbing function
T time at periapsis passage
tp tp = t - T, where t is present time
P orbit period
" mean motion, 27 /P .
R,B,H Radial, cruss-radial, and normal components of disturbing

feree at r and v
(‘ and define the intermediate variables

wkn w 3 <

; b = -nt + @+

i

3

£ il = n(t~T) + W+
u = Wy VU

;
|
H
i
!
[
i

From =quations 11.9.9 we

of cur aix orbit elements

select expressions for the time derivatives for five

17 4R02 1474 ORIG, a5

l) -(-1-9. = -‘?—EE-» . DF
dat Voat 3!
2) de _ npa{l-e”) JF _ na l-e df , OF
_ at e ot e TS ow*
2
dw na Nl-e" OF na - QF
3) weln—a = " - COt [ ¢
dt .
f‘e de /u‘ 1-82 gL
4) [ e csec‘i-"
dt beT:;T J
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He also inolides an expression for the time rate of change of Zl.

d¢ R 2 :
1 -mma“ | a7 na 1-e f 2! orF
6) e = T { 1- l-e } .

M Qs Me

na 1s . OF
+ ‘—T—‘ tan ®*
4 \1ee® : oS¢

An expression for rate of cherge of time from pericenter §s obtained by

differentiating the eguatfon for & X

at n at n 4 ~ 2 a dt
az

I 1, 1. 8w laea 3 p.da

n dt n t n 4t 2 a 4t

Substituting equation 6 yjelds :

at — 2 —
7) _P . Ena .%g_ na f l-e {1_ J—l-eQSZQ-E

dt e npe e
t
na s aF 1l dw lda 3 da
- . m-]-'f- .% F et P me — - —20-——
g ’l-e?‘ ] c n 4t n dt 2 a dat

Danby's equations 11.9.8 gives the required derivatives of F:

JF r

8) Sa © Ra

9} 3—2 = -Raoaosy + Ba{% +1} gin v
~

10) 3—15,—-- Nrsinu
2_1: -R se sinv 32 2

1) m et o e~ *ylee” + Br
owt r

Jl-ee
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3F -3 D
12) 3o ° - Bysin®—5* - Frosint cosu
2 —
3 _ Rae N -CSl e
13) 35 — . ginv = j-l e

J1-¢2

Substituting expressions 8)to 13) in expressions 1) to 6) yields the time rate

of change of orbit clements due to each disturbing function F.

5.2 The Disturbing Function Due to Oblateness

The ¢blateness disturbing function 1s

2
F = --%'- YA (%-3'81112::-81112 (w+v) « 1)
r

vhere r, is the equatorial radius of planet and J2 is the oblateness constant.

The partials of F with respect to < and «/ can be found by straight forward

diffecrentiaticn.
r 2
i{:— - -—3of,.'J2'—§-— . 31n2 (w+;u)'51n¢: .cos &
r
and
& 2
——()Fu = =3y g . #1n? { -8in (w1 - cos (w+ )

Since symmetry about the axis of rotation is nssumed {inclusion of J2 only)

--2- O

~1

s

The force components R, N, and B can now be defi.ied in terms of these derivatives.

Equation 10) gives an expression for N °

N - a--..J.F: - 1
2 r sin (w+ v}

SHEFT 3
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i

[URT————— L L

B e

VN

1o By g e e

Equaticn 12) gives an cxpression fecr B :

B - ~{3-E .1 ., sin L'lcos{u-tﬁ
At r sina-e" sin {w+ar)

Finally, equaticn 1) gives an expressicn for R 3

R = =— -——-—-.:2—) {:.‘.".' _{.]--ﬂ ¢ cus (el 3) --127[33 -.:j—l.':

ae sin y \Jw r sinag‘-.sin (warv) Aclr

)

slnce
L;’_F‘- = O o ‘!.'..E ’ B_F.‘
&4 v Jw*

These values of R, E, and N by direct substitution intc 8), 9}, and i3) give

irmediate values for the remaining partials of i (pblate} with respect to the
paramcters.

5.3 The Disturbing Functicng Due to Sun Mass and Suler Radiation rreesure

The position and velocity of mars in sun cuentered earth equatorisl cartesian

coordinates 1s denoted by XBL. These are transformed to sun-centersd, wars-

equatoriel, cartesian coordinates, Xs.

——

£ = T * XBl
Sun
N\
Fd b
s LY

(TR

e s e ——
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The positicn and velocity of the sun in mars centered mars equatorial cartesian

coordinates glven by

5 = -2 -

The disturbing function duc to sun mass in satellite centered mars eguatorial

cocrdinates is then

X
({ 3

~Z+

The rutetion matrix from mwars egquatorial to radial, cross-radial, and normal

is denoted by TT6.

™6(1,1}) = cos (w+V)-cosA = sin ¢ - sin A -gin {w+ V)
M6(1,2) = cos (W+v)esin.A + sin {(W+ ) rcos & -cost
™6(1,3) = sin (@+v) . sinC

(2,1} = =~ ecos -sin (W+v) - cos (W+V) cosl csin.A
TM6(2,2) = - sin (wW+v) -sinL + cos (W+ ) - cosl -cos -t
%6(2,3) = cos (W+V) -sinc

6(3,1) = sin ¢ -sin -~
TI6(3,2) = ~sin. -cos~t

TT6(3,3) = cos¢

Then the radial, cross-radial, and nermal foree compunents are

R l'SF(l).!
=(TT6)" sx-*(e)|
N gn sF(3))

These can now be substituted directly into equations 8) to L3) tu give partials

of F(sun mass)with respect to the orbit parsmeters.
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&

The components of the force due to solar radiation pressure are given by:
T = - RCOK * TH6 - 8X

where RCON i8 a constant depending on vehicle characteristics. Agein, substi-

tution in equations 8) to 13) gives the partials of the distwrbing function with

respect to the parameters.

5.4 Extension of the Model

The model for veriation of parameters le extended by defining each new disturbing
funétion and deriving ite partial derivatives with respect to the parameters in
one of the two ways 1llustrated above. If the disturbance is represented by

one or more terms in the expansicn of the planet gravitational potentiel, the
partials are obtained by differentiaticn of the terms with respect to the

(j, parameters as was done for the cblateness r;nction. If the disturbing function
is expressed as a force vector as in the case of sun mass and radiation pressure,
the vector is resolved icto cowponents R, N, B, which are substituted in
equations 8) to 13) to chtain the partials of the disturbing fumction with
respect to the paraweters. Equations 1) to 6) apply for all disturbing forces

to obtain the time rate of change in the parameters.

i WA 2

6.0 THE ORSERVATION EQUATIONS

6.1 DSIF Range Rate

|

The range of the satellite from & radar site is given by

. o )
R = _ Z[(r.r].; - IKSEJ:]

Coe }

vhere (X2) and (X52) , (¢ = 1,3} are the components of the satellite and
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aite positions relative to the planet in the Xy coordinate gyatem. The gite

position-velocity vector is calculated first in the % system, then trangformed

to x,, as follows:
Mg '™ (F”)u + HE(t-tO)
(xmil = RE . cos,ls-cosr's + (aaE),
(a18), = BE-cos A sin[ =+ (X),

(xls)3 = RS - :ain)_B - +(m:)3

(x18), = -WE - REcosd_ - sinly + (NE),

(a8}

1}

5 WE °* RE cos As . cosrs + (XlE)5

n

():15)6 ()m;)6

152 = T3 -« XIS

Differentiating the expression for renge, we have;
3
. 1 : s
i g (@) - w2} () ¢, 5 - (2., )

el

The filter equations require the formulation of the partial derivatives of the
vbgervations with respect to the parameters. In all of these formulations, to
be derived later, the set of partial derivatives of the obaervations with
reapcct to the elements of the po.sitinn-velocity vector X2 appears a8 a term.

Differentiating the expression for range rate with respect to the elements of
E, we have:

? R S é-((xz)a- - (xse);)
2y R RZ
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,;;1 (’\2)6- 3 = (“;52)"'-3
V) e K
‘: = 1": 5, 6
o R

For future reference, let DIi .
'3

U}
3]
L S
Qe
H
—
-
|
-
-
[ 2

6.2 Planet Local Vertical

The position vector of the vehicle reletive to the planet in the Sun-Canopus

reference system is given by:

X5 = TS A2

where TS5 is the transfcrmation matrix derived in parsgraph 2.2.

The direction of planet local vertinal is defined in terms of twc angles in

the Sun-Canhvpus reference system as foliows:

[ (X5),, ]
A7 = arctan | ———d
(x5),

{x5)
EL = arcsin
| x5

Differentlating, we have the partial derivatives orf A% and El with respect to

the satellite position vector X5:

JAZ X 2 2
Stm, = (0o, 0 e w2l (o),

cos (AZ

2 AZ .
> (®], X3))
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(V)

T
il
f"

G = (X5)

N . (xs)l/!xﬂ * cos EL

a(RL 1
X5), (x5)3 ) (15)2 /[ 1X5) « cos Et

1

: i; 3 (i-+-((x5)3)2%/ [X5f - cos EL

*

Applying the chain rule:

(az) . 24nz) . 2(¥5) . DAz

— — = - T
2(2) S (X5) o (X&) 3(5)

ofer) _ 2eL) . _(3) . _o(az) . s
2(¥2) 3(%5) 2 - (TB)

For future reference, let

S(Az
Doy = ] %m}
o

2 \EL
{”]J

Dl

n

324

7.0 THi PARTIAL DERIVATIVES CF OBSERVATIONS WITH RESPECT TG THE DPARAMETERS

The matrix of partial derivetives of the observaticns with resrect to the para-
meters to be solved for is denoted by DQJ’ with the subscript definitions as
outlined on the last page of Table 1. The equations for the partiesl derivatives
of the observations with respect to vehicle position and velocity clements, iﬁ:

were derived in paragreph 6.1 and 6.2, This matrix of partials is represented

by D1 3 Lm 1,8;4 and J = 1,-3(.D1 and D are related to the matrix of partial
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.

derivatives of X2 elements with respect to the parameters by the chain rule of

differentiation:
dee) ey )]
NI ERA . @ Yas
D = Dl s : NI
dka) ("‘?)ﬁ ‘ '. ' (':2)6
N Y2 * Yo

The remainder of the problem reduces to deriving the equations for the

derivatives of X2 with respect to the cumplete parameter get Y.

The first group of paremeters consists cf the Keplerian elements relative to

—_—

the plene of the sky, Y2 - {(Y:= (¥2):, (= 1,.6)

[

By the method of finite differences:

; [ccmm (F1 + 4(y1), ) - CONGAR (Y1) ]/ A(YL)”

3

= l,--6

R AT

o

L

i3
e

et

Rt
o

=[concow (Y2 + &(x2). - concon (Y2) ]/ Mye)e

D;, = DI - D2 - D3

i = 1,.3
J = 1'\:6

The second group of parameters conslsts of elements of planet and Earth veloclty
and position vectors. The direction of planet loecal vertical is insensitive to

planet and ‘Earth ephemerls deviations, so:

D, , = © cm 1,2

tyd J J = T,--IB

SHEET o8
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&

The derivative of fange rate with respect to planct ephemeris deviations fs

given Dby:
...a__és_ S AW >(f)
1) N33 (3 S035)
or D = pL - T3

L= 1; § 3 T.42

The derivative of range rate with respect to Earth ephemeris is glven by:

2k = 2k . M%)  (mE
X¥E2) N Xez) T8 o (1B2)

where X52¢ and XIS are radar site position and velocity vectors in x, and x,,

coordinate aystems, reapectively. In matrix notation:

D = -DI -+ T3
= 1; J = 13:"18
The final group of parsmeters are the physical conatants: the planet and Sun

primary gravitational constants, planet oblateness, and solar radiaticn pressure.

The derivative of X2 clements with respect to planet gravitational constant is

i
‘L‘.n‘-
¥
@
=
5
;r!g‘z
% ‘

found by the method of finite difference as follews:

dp  conoa (Y1, u, + 8U,) - covcar (¥T, U,)
Then
SR SR Sz
@Y Xz oVz
o)

or D(l,?Q) - D1 » —5?2—
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The elements of D[!J fur the remaining physicel constante are functions of
the variation in the Keplerian elements assoclated with esch constant.

Consider the effect of oblatuness c¢ver an observation interval AOt:

t +4t

o) & T (4 o nn 4 (¥1) dt
1(t) 1(t-at) + j dt oblate
t
© Y1 (t-0t) + J2 e [("‘“Yllwgblate
! t, t +5¢t
L=t:
— _ ! —_
aYU(t) . _(OYL) Oblate M
S J2 JT
t]tﬂ +[\t

Applying the chain rule of differcntiation:

; (OBSERVATIONS) .. _ 2(083) . )(E) . Fwm
302 3T @@ 2 (T1) J2

= DL - D2 - OW/a2

Similarly for solar radietion pressurc and Sun mass:

Dpyy = DL - D2 . {Eﬁ/ncow R¥3/u,)
L

J
= 1,2,3 J = 19and 21
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i., 8.0 THE KALMAN FILTER

The general theory of estimation which Justifies the process of least squares
filtering is treated in references 3 through 6. Particularly, the equations for
the Kelman filter used in this simulation are developed in reference 6. The
equations as implemented produce a differential correctici in the current estimate
of parameters with every observatiun set taken sequentially in time. The correct-
ion 48 a function of the following variables:
the matrix of derivatives &t the observation time of the observations
with respect to the parameters, D, where D is cf dimenﬁiﬁn I, I veing
the number of observaticn types, and M being the number of paremeters in
the get being estimated;
| . the estimate of error in the parameters before the correction is made,
i 3 {“ represented by the parameter error covariance matrix C of dimension MXNM.
the obgservation error covariance matrix EN of dimenadion IXI.
. the vector of residuals in the cobscrvations bhefore the correction 1s

made, represented by the vector F of dimension I.

The estimate of observations and the associated elements of the D matrix at time
t are calculated as a function of the estimate of parameters at time ¢ before
the correctiun is usde, using the equations developed in paragraphs 2 through 7.
The residual vector F at time t + 4t is the difference between tﬁe simulated

observations (Model observations plus random error) and predictea observations

;
§
§

based on the paramcter estimate at time t. The matrix EN i5 & program input
which is constant throughout the run. The matrix C at time t, before the
correction is made, is calculated &s a function of its value after the last

correction at time ¢ - A t, and as a function of the first order deviations in

the parameters at time ¢ with respect to deviations in the parameterz at time

SHEET 4
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l'. t - 4t. let the matrix of coefficient deviations at time t vith respect to
deviations at time t -~ 4 % be denoted by S. 1n the parameter set we have

chosen, &ll of the diagonal elements of S are one and most of the off-diagonal

alements are zerc. The exceptions are:

it

+ the co~ffinienta of deviations in the Keplerian elements at time ¢t
with respect to the oblateness, Sun mass, and solar radiation Pressurs
constants are respectively 5YM/J2, Bﬂr“s/us, and AYR/RCOM . These are the

elements 3£,J: = 1 through 6, end j = 19, 20, and 22.

+ the coefficients of deviations in planet and Earth position components

at time t with respect to velocity component deviations at time

t - At are all equal to 4 t.

‘(‘ The parameter error covariance matrix at time t before correction is given by:

- .
& = 8  -at 8

" 2

The differential correction in the parsmeters at time t 1s given by:

DYt o oo Ft

here W C'DT[D-C'T-FEN-I-J
{ vauEl & g t t v 1 P J

The nev estimate in the parameters and parameter error covarimnce are:

Nzwit = Y. + DY

KE"-?Ct a Ct - W Dt . Ct
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Revision (A) consists of the following ccrrections and  2-8-64 ‘15’";
additions to the text:

1}

2)

L)

Equation (7) on page 30 is revised tc drop the last
term in the equation. Replace page 30 with revised
page 3C.

The first half of page 32 is revised to include
equationg whi~h eliminate a problem of discontinuity
in the original equations at true anomaly equal to
zero. Replace page 32 with the revised page 32 and
a new page 32a.

A typographicel error is corrected in.the last line
of page 36. Replace page 36 with the revised page 36.

Errcrs in the second, third, and fourth equatfons on
page 37 are corrected. Replace page 37 with revised
page 37. : :
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8 . 8 {2F ceer + wanl ¢ 2F . _F
5 & =5 {3 cacec + can 5 ‘L'gi * am'}

“/1-0 Lau

He also includes an expression fur the time rate of change of Zl.

dg 2 .
1 -2na ol na V1 - ef === ¥F
; = B I - g R T T - -
<) at " oa ' 3 11 /i-e ) 2e
BVl - e® '

An expressicn for rate of change of time from pericenter is obtained by

differentiating the equation for zl.

.1 % T 1wt D 3.
dt N dt n dt Z2 I dt
R U SRS U VS S

n t n dt n dt

Substitutini equation 6 ylelds:

dt 2 — ol
p 2na dF _ na vl - e T 2l 1 2F
N w® n on nue prevr-e 7
na ‘ 1 .. F 1 d 1 . &
RL o WY s T i o
n W -e

Danty's equations 11.9.8 gives the required derivatives of F:

2F r
B) =3 = Rx
JE » Loyt
9) 2ic Racosv+Ba{p +1) sin v
10) -%-‘E « Nrsinu
e
n) 2E, - -Raesinv_a_g_.,m—+3r
4
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Substituting the expr~ssions for 4FE from Equation (17} sucereasively 4n Equation
(16) ylelds:
(18) g: 2 ;; M}a-sinv +__:£_
e 1l - eE
3 . . . o aR
; (19} —%—-\é = -%- A a’., AaoxE vhere M {s the mean anomaly
: at time t.
g Finally,
g -Q-E = -—a-E . -i! + # . .ﬁ.!
g o8 or Ja o oa
- (2 (.é.?
o 8 ( r ) oa
g- { 5.3 The Disturbing Functions due to Sun Mass and Solar Radiation Pressure
E ¢ ” The position and veloeity of Mars in sun centered esrth equatorial cartesian - :
i_ A
H coordinate is denoted by XBI. These are transformed to sun-centered, Mars-
¢ equatorial, cartesian coordinates, XS.
% [ m—
3 X =« T3 ° 1
Sun
Y, \
3 e/ N 7B
P . N\
. / x
I
: Satellite -3 Planet
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Equation (12) yeilds man expreassiun for B:

£ g = =F 1 . 8in {cos {w V)
; d¢ r 27 ¢
f ain 65—/ sin {w + v)

The apparent discontinuity at (w + v) = O due to the sin (w + v) term {n the

denominat:rs of & and B does not actually exist because ¢F/y has a factor uin2

(w + v). EZquation (11) yields a solution for the component R at all points 9

except at v = 0. To aveid this discontinuity,the partial of F with respect to

SRR

the semi-major exis is derived and substituted in Fquation(8) to yield in ex-
pression for R, Equatizus (9) end (13) then yield the remaining partiale of F

with regpect to the elerments.

TSR BTN

R ————
|<»
"y
H

Tie partials of F with respect to r and v are:

\

2
b, & (sined') ain® (u."fv)/

or 2 2 'r“
AF r02 e N\
= = - 3ud, —;-3- {8in” ) (sin (w + v) ) (cos (wt v)}

The partials of r and v with respect to (a) are derived from the ellipse tize and

SR PRI R R B

Lol S
i oy

*

position equations as follows: *
£ . 83
(14) (¢-1) = = -/—;-(E-enmm
£ a-r _ e+tcosyv
§ (15) cos B = 1 +ecosv
£ Holding time constant and differentiating (14) and (15) with respect to (a)
: yields:
(16) -;_,L(E-esin.‘.:) da = g (1 -~ @ cos E) dE
|k C = 1 . r /1 - €2
- (17) e = me 8in E (ar ';da) or dE =m",dv
' SHEE! 528
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¢ = 1, 23
2R (@) o4 = (32) . 4
(@), - = R

N N aﬁ L]
For future reference, lvt D1, 5 = -TE’;— , o= 1,2, ...6

»

6.2 Planct Local Verticai

The position vector of the vehicle rclative to the planet in the Sun-Canopus

reference system is given by:
B o= 15 - B

where T5 {3 the transformation matrix derived in paragraph 2.2.

The direction of planet local vertical is defined in terms of two angles in the

Sun-Canopus reference system as follows:

(1),
AZ = arctan L T-‘»—f}’;

(%5),
EL = arcsin L W J

Differentiating, we have the partial derivations of AZ and ZL with respect to

the sa_tellite positicn vector 35‘3:

2AZ L L (ee) o gl Jyey 2
m)l N (35)2 cos (x».z)//()v,s)l

agaz; = <:ota2 gAz;
445 2 X9 1
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Applying the chain rule:

Az) o _ofar) | _2(X5) . _4mz

2{2) ¢(%5) 2 (@) 2{5)
MED) . _ofm) | (W), 2 5
e a (15) 02 ¢ (%5)
For future reference, let @
AZ
Play = e
J
A {EL
MW F 2},

T.0 THE PARTIAL DERIVATIVES OF OBSERVATIONS WITH RESPECT TC THE PARAMETERS

The matrix of partisl derivatives of the observations with respect to the para-
meters to be solved for is denoted by Df;d’ with the subscript definitions as .
outiined on the last page of Table 1. The equaticns for thc partial derivatives
.of the observations with respect to vehicle positiorn and velocity elements, iﬁ,

vere derived in paragraoh 6.1 and 6.2. This matrix of partials is represented

by DL | ‘w1,2,38nd j = 1,..6. Dl and D are related to the matrix of partial |
1

L
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