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SUMMARY

This Report deécribes the basic theory and the method of oneration of a
computer programme developed at Imperial College, London,for calculafing the
optical transfer function of a lens system. The programme determines the wave-
front aberration, and the shape of the exit pupil (vignetted or otherwise) and
uses this information to derive the transfer function in any image plane and at

any field angle, Typical results, for a modern aerial reconnaissance lens, are

given and compared with measurement.
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1 INTRODUCTION

The merits of the optical transfer function as a means of assessing lens

o . 4 2
.performance are now well established *~,

By analogy with other communication processes, an optical system is
regarded as a low-pass, linear filter whose characteristics can be specified by
means of transfer, or frequency response, éurves showing the variation of ampli-
tude and phase of a transmitted signal with its spatial frequency. In the
present context, the “signal" is represented by a two-dimensional grating~like
object consisting of infinitely long parallel lines, thehlight intensity varyiﬁg
sinusoidally between one line and the next. The "amplitude" is half the differ-
ence of intensity between brightest and darkest parts of the pattern (Fig.1).
"Phase" denotes & lateral displacement of the lines in a direction perpendicular
to their length, and is expressed as the ratio of this’displaoement to the line

separation.

"Frequency" is the reciprocal of this separation, usually quoted as the

number of lines per millimeter,

To accord with visual impressions, amplitude is usually related to
"contrast" which is itself defined as the ratio of amplitude to mean intensity,
If Imax and Imin represent maximum and minimum intensities in the pattern, then

)/2 I -1

(1 -1, )
mast min max mixn

(Imax * Imin)/2 Imax * Imin

Contrast” =

A plot of contrast and phase against spatial frequency (see Fig,16) gives
complete information about the image-forming properties of a lens system, and
allows s precise assessment to be made 6f its performance when uséd with any
given image recelver or sensor. Recent advances in diffraction theory meke it
possible to calculate transfer curves from lens design data, so that it is now
practicable to investigéte which of a number of available designs will meet a
given functioﬁal specification withouﬁ.havihg to manufacture a prototype lens

end test its performance under the actual conditions of use.

This Report describes the main features of a computer programme, (recently
developed under Ministry of Aviation sponsorship by the Imperial College of
Science and Technology) the method of operation, and finally gives some examples

of the results obtained.
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2 THEORY OF TMAGE FORMATION
2.7 Fundementals

The theory underlying this method of calculating optical transfer functions

is based essentially on Abbe's theory of imege formationB.

As these ideas are not generally familiar, it is worthwhile to outline

them briefly before describing their extension in the present work, -

Abbe was primarily concerned with imagery in the microscope. Fig,2 illus-
trates the conditions obtaining with so-called "Kdhler" illumination of the ¢
object G, in which light from each point of the source s is rendered parallel by
the condenser ¢ before passing through the object. For simplicity we will assume
initially that the source is very small, and that the object is a simple grating
of opaque sharp-edged lines and clear spaces. The parallel beam passing through
the grating then gives rise to a Fraunhofer diffraction pattern behind the
microscope objective M, This pattern consists of a number of secondary images
of the source; ray paths to two of these (-1 and 1) are shown in the figure

and others are indicated by 2, 3, L etc.

Now according to Abbe the image of the grating, formed in the plane G',
can be thought of as an interference pattern formed by the light from all these

secondary (coherent) sources,

Thus the pair 41 and -1 acting alone would give a pattern of interference X
fringes, in which the light intensity varies co-sinusoidally with distance from
the axis GG', the separation of the fringes being dependent on the separation of

the two sources and on the distance 0G?!,

Similarly, the pair 2 and -2 acting alone, would give a fringe separatibn
of half that in the previous case, B'and -3 would ‘give still more closcly spaced

fringes, and so on.

The final image is the combination of all these separate interference
patterns with the uniform illumination provided by the central source O, and is
a perfect‘reproduction of the object provided the objective is free from aberra-
tion and accepts all the diffracted light from the grating. This can in actual
practice never be the case (because the objective would require to be of infinite .
aperture) so that the image is always degraded. If the aperture of the objective
is reduced so far that only the light contributing to "sources" =~1, O and 1 is
accepted, then the final “image" is a nearly sinusoidal fringe pattern, instead
of the sharp-edged patiern required, although the fringe spacing is the same as

the bar spacing would be in the ideal image.
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2.2 "Sine wave" objects

At this point it is necessary to define more precisely what is meant by
the "sinusoidal" grating ob ject referred to in Section 1. The simple fringe
pettern which represents the image of such an object can be produced by only two

diffraction maxima, equally spaced each side of the optical axis.

The amplitude A(x) of the wavefront, immediately after transmission
through the grating, varies with distance x (measured perpendicular to the bars)

across it in the following way:-
_ X :
A(x) = A cos <—-L> (2.1)

where Ab is a constant, and L the distance between neighbouring bars, or the

spatial "wavelength",

Equation (2,1) defines the optical "signel" with which we shall be

concerned in this Report,

Because of the negetive velues of amplitude associated with this expression,
and the absance’of a central order in the diffraction patterh, such a grating
would have the physical form illustrated in Fig.3. The transmission varies
continuously from zero at the centre of a bar to a maximum at the centre of the
adjacent space, and each alternate bar is covered by a transparent phase-
changing strip which produces a retardation of m in the phase of the light
passing through it. The three right-hand drawings show respectively the shape
and the variation of amplitude and intensity of the wavefront leaving the

grating.

2.3 Incoherent illumination

The discussion so far has been restricted to coherent i1lumination of the
ochct that is to say it is assumed that a fixed phase relationship exists’
between wave elements emerging from different parts of the grating. This implies
that a single radiating source is involved. The more general case of incoherent
illumination is represented by an infinite extension of the light source s in
81l directions, in a plane indicated by the dotted line in Fig.2. An infinite
number of independently radiating sources are now present, each one providing
a parallel beam through the grating. One such beam is illustrated by the
chained lines in Fig.2. With the sinusoidal object defined in the previous
section, each beam provides a pair of diffraction maxima, and the final imege
is the sum of all the separate fringe patterns, each of which arises from one

pair of maxima.




Fig.k(2) shows a view of the aperture of the microscope ob jective as seen
from G', Suppose the spatial frequency of the grating is such that the maxima
it produces are spaced by a distance s, Two such maxima are indicated by the
points AA in Fig.4(a). An infinite number of other pairs with separation s will
be present in the aperturc, but will be confined to the two shaded arcas, because
the companion to any maximum which lies outside these areas will not fall within
the lens aperture and will not therefore contribute to the interference patterns

in the image plane.
The points BB in the figure represent such a "forbidden" peir.

2. Bffects of lens aberration

The point has now beecn reached at which it is necessary to consider how the
final distribution of intensity in the image plane depends on the diffraction
pattern behind the objective, or in what is strictly the exit pupil of the system
shown in Fig.2, If all the secondary sources radiate with the same phase in a
spherical surface cenitred at the image point G', there will be & maximum of
intensity at this point since by Huygen's principle the wave elements cmitted
from each source pair in the surface have equal distances to travel and will
interfere constructively. The total effect at G' is found by summing the
intensities of all the separate interference patterns, and the image of a "bright

bar" of the original grating appears at this point,

Exactly the same conditions apply at other points in the neighbourhood of
G' at which other bright lines of the grating are imaged, (It should be
emphasised that in this theory one is concerned ecssentially with very small scale
effects, and with areas of the image plane which are very small comparcd to their

distance from the exit pupil of the optical system., )

If' the lens system introduces aberration, the phases of the diffraction
maxima are no longer equal in the sphcrical reference surface, and complete con-
structive interfercnce does not occur at G' and similar points. The general
effect is that the "contrast" (see Section 1) of the image is reduced and there

may also be a slight lateral movement, or "phase shift" of the lines,

As will be shown later, it is possible, given the wavefront aberration of
the lens system, and consequently the relative phases of the diffraction maxima

in the exit pupil, to calculate the contrast and phase of the image accurately.

2.5 General application of the theory

Although Abbe's theory was originally applied to the microscope, the same

ideas can readily be extended to any other type of optical system.



For example, with the photographic lens the object would be nominally at
infinity., The light leaving it would normelly be incoherent and the object could
be simulated by a transparent grating with a large "effeotive source" (previously

represented by the plane s and condenser ¢ in Fig.2) behind it,

The diffraction mexima are formed in the entrance pupil of the lens system,
now infinitely distant from the grating. They are then imaged through to the
exit pupil with phase variations imposed, due to the aberrations of the lens

system, and the final image is formed by interference in the focal plane,

3 BASIC FORMULAE

A simplified derivation of the furdamental formulae will now be given:
for a more rigorous treatment the work of HoPkinsh should be consulted. The aim

here is primerily to illustrate the physical principles involved.

Consider the interference of waves from a pair of maxima AA, separation s

(Fig.5) formed by a simple sine wave grating.

Let the phases of these maxima, in the spherical reference surface centred
at G' and passing through the centre E of the exit pupil, be represented by

) and ¢ .
X,y X-3,y

Then the complex amplitude at a point P of the image plane in the neighbour-
hood of G' is given by:-
ig ig

6A(u,v) = e X3V e:i(ux+vy) + e X5 ei[u(x"s>+v3"}

(see Appendix)

where u and v are the coordinates of P.

To find the resulting intensity at P, the above expression is multiplied

by its complex conjugate, giving

8I(u,v) = 22 + 2 cos(us = [¢x,y - ¢x—s,y])§ .
The intensity therefore varies sinusoidally with distance u across the image
plane, reaching a maximum velue of L and a minimum value of zero. The contrast,
by the definition of Section 1, is therefore unity and is independent of the
ISeparation s of the sources. Since this separation depends on the line-spacing
in the object and also controls the line-spacing in the image, it follows that
the contrast in the image is independent of spatial frequency, when only a single

source-pair is involved (coherent light). The position of the lines in the




- ¢ ] and this will
. X,y X=8,¥
vary according to the position of the source-pair in the exit-pupil.

image plene, however, depends on the phase term [¢

For a single spatial frequency and incoherent illumination, thercfore,an
infinite number of sinusoidal patterns, all of the same contrast, appear in the
image plane, the peaks of one pattern being slightly displaced from those of
another, The resultant effect is found by summing the intensities of all the

patterns at each point in the image plane. Hence

Is(u,v) = 2 /]’{1 + cos(us - [¢x,y - ¢x—s,y])§ dx dy .
S

The integral is taken over the area S of the exit pupil within which the effec-
tive source-pairs lie (Sce Fig.h), each source effcctively covering an elemen-
tary area dx dy of the exit pupil. To this expression must be added the con-
tribution of single sources covering the "forbidden" area of the exit pupil

(unshaded area in Fig.k) which can be written as

PR

T(u,v), g = 2// dx dy
A-s

where A denotes the whole area of the exit pupil.

Expanding the cosine in the previous expression then gives

I(u,v) = 2 /])dx dy + 2 cos(us) /]‘cos[¢x g - b s y] dx dy
A - |
. + 2 sin(us) // sin[¢>x g~ Pxes y] dx dy

when terms which are invariant with x and y are taken outside the integral, and

the "single source" term has been added.

The last equation again represents a sinusoidal distribution of the form
I(u,v) = C + D cos(us - &) (3.1)

in which C denotes the term 2./] dx dy and
A



‘requires a knowledge of the wavefront aberration

. -2 -~ 2
D = 2«][:// COS(¢x,y - %, y) dx dy +% /] sm(¢X _— b y) dx i{}
oo (3.2)
and _ —_—
//531n(¢x’y - ¢x—s,y) dx dy
® = tan—1 S“‘, . (303)
/] °°5(¢X’y - ¢x—s,y) dx dy
S
The contrast in the image is now
T(s) = D/C (3.1)

and the pattern has a resultent phase shift &, Both these factors can be

calculated if the phase difference [¢x _ ¢ ] is known, and hence the
J

X~5,¥y
required transfer function curve of contrast and phase shift eagainst the spatial

frequency variable s (see Section L4.Lk) can be plotted.

This simple derivation of the optical transfer function formulae applies
strictly to axial imagery. IHowever, the more detailed treatment of Hopkins
shows that the same formulae may be applied when the point P of Fig.5 lies well
away from the optical axis EG'. In this case, distances in the image plane are
referred to the intersection point of the prinecipal ray with the image plane as

origin.

L METHOD OF COMPUTATION

L, Calculation of wavefront aberration

The determination of the required phase differences in the exit pupil
5 of the lens system. Fig.b
shows a distorted wavefront (solid line) passing through the exit pupil of a
system, and the reference sphere (dotted line) which has the same radius of
curvature at the pole E. G',the centre of the reference sphere,is then the par-

axial focus of the system.

The line QP represents a ray, necessarily normal to the wavefront, which
intersects the reference sphere at M., The distance MQ is the wavefront aberra-

tion Wi . and the phase of the disturbance at M leads on that at Q by an amount
]
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- 25 - 2
¢x,y A MQ = A m&,y

where \ is the wavelength of the light.

The first part of the computer programme calculates the coefficients ® o
i

of the polynomial

_ S22 2
W&,y = W,y o+ Woo(x” + ¥7) + 0wy, ¥

+ W (x2 + y2) y + 0 y5
31 33

2 2\2 2
+ o o(x" 4+ yT)T waz(w +39) y?
2 2,2 2
+ w51(x +y°) v o+ w6o(x2 +y9)° . (4a1)

To do this, a number (about 20) of rays are trased through the lens system at
selected points x,y of the exit pupil, The point of intersection u,v of each
ray with the Gaussian image plane is found and the wavefront aberration deduced
from this. PFig.6 illustrates the connection between the wave and ray aberration

for the simple case of a ray lying wholly in the tengential plane (x = 0, u = 0),

Sufficient values of the wavefront aberration are thus obtained to enable
an accurate determination of the coefficients to be made, using the method of

least squares.

The aberration can then be specified at any point of the exit pupil.,

4,2 Determination of effective pupil arca

The next stage of the programme is concerned with the determination of the
shape of the exit pupil,which mey be of any form,for off-axis images, according

to the type and extent of the vignetting given by the optical systenm,

An iterative method is used to find the maximum distance, from the centre
of the pupil, at which & ray will just pass inside all the apertures of the
system in a given azimuth, 15 azimuths arc used, and one ray is traced through
the system in each case, its starting point being the edge of the paraxial
entrance pupil, and its original direction that appropriate to the field angle
being considered. The height above the optical axis at which the ray intersects
each surface of the system is calculated and compared with the clear radius

availeble, If the height excecds this radius at any surfacc, the starting point
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is brought nearer the axis by a small increment ¢ and the ray retraced., This
process is repeated until the ray passes through the system, and its coordinates
x and y in the exit pupil are recorded as defining a point on the periphery of
the exit pupil (Fig.7). The particular surface which limits the ray heightbis

also noted,

The increment € is chosen to suit the size of the system being investigated:
clearly the boundary of a large pupil need not be defined as exactly, in absolute
measure, as that of a small pupil, and computing time is thereby reduced. The
final result of this part of the programme is a set of 15 coordinates defining
points round one half of the pupil periphery, the pupil being symmetrical about
the tangential plane shown by the y-axis in Fig.7. The "centre" of the off-axis

pupil is taken as the point O midway between the rays 1 and 15.

When the pupil shape has been determined, the effective area occupied by
all the source-pairs at the separation s can be found. This is in fact the area
common to two overlapping pupil shapes separated by the distance s. It will be
clear in Fig.k(b) that this included area has the same shape as the two
(identical) ‘areas of Fig.h(a), and the same result applies to non-circular

pupils.

4,3 Calculation of transfer function

When the wavefront aberration and exit pupil coordinates of an optical
system have been established by ray-tracing, the components T(s) and & of the

transfer function can be derived as outlined in Section 3 above.

The integrals involved can be evaluated analytically only in the very
simplest cases; generally a numerical technique, such as that described below,

has to be used,

One simple and %ery important case which can be solved analytically is
that of the in-focus, aberration-free system. Here the phases ¢X

(equations (3.2) and (3.3)) are all zero and the transfer function reduces to:-

T(s) = D/C = // dx dy ]] dxdy ; & =0 .
S A
Thus the contrast in the image depends solely on the ratio of the effective to

full area of the exit pupil,

This ratio, for a circular pupil, is given by

T(s) = % [2 cos_1(s/2) - sip{Z 093—1(3/2)21 . | (4.2)
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Values of T(s) versus s for this case are plotted in Fig.8 (solid line).

'For'the general case of a vignetted pupil, and a full aberration function
(see equation (4.1)) the integration is carried out numerically by covering the
effective area of the exit pupil with a square mesh (Fig.?); and determining a
weighted mean value for the aberration within each square, The number of squares
contained within the pupil and within the region of overlep (Figoh(b)) is calou-~
lated, and also the phase difference (¢ - g y) of equations (3,2) end s
(3.3), .at a series of points separated by a dlstanOe equal to the length of side

of the squares, and lying in the overlap region. » .

Equations (3.2) and (3.3) can then be applied to £ind the transfer function,
the integrals now becoming sums, the number of terms in which are equal to the
number of squares within the overlap-regiOn. The constant term C {equation (3.1))

is of course represented by the number of squares in the complete pupil,

The adouracy of the final result is ‘elearly dependent on the size of the
mesh.,’ Fig.8 illustrates the kind of errors which arise from the finite size of
square, when the transfer function of an sberration-free lens is calculated by
this numeriocal process, The original computer programme has since been modified
so that the number of squares contained in the effective area is never less than
1000, the square size decreasing as the senaratlon 5 1ncreascs. Under these
01r0gmstanc¢ the error in T(s) should never exceed 0.01,

- This description of the theory underlying the_computer programme has _ .
assumed a horizontal separation of secondary sources,that is to say an orienta-
tion of the object grating so that its lines lie radially in the lens field
(pargilel to the y-axis in Fig.7). ‘ | ‘

However, the same techniques may be used to calcuiate the resnonsé for sny
other orientation of the grating, and in practice the programme caters for
orientations of 0° (radlal 11nes), 90 (tanguntlal lines), and eny angle between

these,

L.4 Relation of spatial frequency to the variable s

It has already been shown that the spatial frequency of the lines in the
image plane depends on the separation s of the secondary sources in the exit
pupil. '

The frequency is usually expressed as the number of lines per millimeter
in the image plene. ' 4

Equation (3.1) above shows that the 1nten31ty repeats its value at distances

= 2x/s epart in this plane, and this is therefore the "°D&tlal wavelength" of
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the sinusoidal pattern., Coordinates in the exit pupil are actually expressed
as fractions of its meximum radiuvs (specifically the radius of the paraxial .
pupil - sée Appendix) and s is of course in the same units, If S is the actual

separation of the sources, the fractional value is:

S = X ()-*'03)
where Xmax repfesents the maximum pupil radiﬁs (see Fig.5). Distances in the

image plane are also expressed in "reduced" coordinates viz:-

= I{Xﬁ Xm.x (Apbendix - Equétion (4.1))

80 that the intensity repeats at intervals

2n 27
= % TS X max

g is the actual length of one period in the image plane, and the spatial fre-

guency v is given by

X
max

Yy o= 1/g = m"‘ S .

In the ccmmonest case, that of a photographic lens with the object at

infinity:

v. - 3???}33?7 s . | (ko k)

The maximum éodfce separation which will provide a fringe pattern in the
1mage plane, is equal to the diameter of the exlt pupll - Thus in the expression

(4. 3) above, Spax = 2 X ax and Snax 2.

This represents the ultimate resolution limit of the optical system, since
with wider separations only one source lies within the aperture at & time, and
the 11lumination of the focal plene is uniform. For a relative aperture of £/8,

and a wavelength of 5 x 10 -k mm, thls limit is reached at v = 250 ¢/mm.

5 TRANSFER PUN“TIONS IN “WhITE LIGHT“

The foregoing discussion refers, of course, to monochrometic illumination

of the object, In most practical cases a continuous spectrum is involved, and

"thé problem_remaihsAbf synthesising the transfer function applying in these
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conditions from the results calculated at a number of discrete wavelengths. In
principle, this can be done by adding corresponding ordinates of these "mono-
chromatic" response curves, after multiplying each by a factor proportional to
the intensity or sensitivity of the light source and receiver (photographic
film, television tube etc) taking account of the relative spatial phase at cach

wavelength.

In practice, two main problems arise: firstly, how many separate wave-
lengths need be specified to yield en accurate "white light" result, and secondly
what is the most efficicnt method of selecting the best image plane in which to

find the "“combined" transfer function.

These points are under investigation at the time of writing, and the

results reported in the sccond half of this Report refer only to monochromatic
light.
6 OPERATTION OF COMPUTER PROGRANMMES

6.1 Introduction

The three sub-programmes to be described (designated A, B and F) cover

three separate phases of the calculation of optical transfer functions.

Programme A takes the lens design data and calculates the wavefront aberra~
tion and the shape of the exit pupil, for given object/image conjugates and field
angles,

Selection of the best focal plane in which to calculate the transfer func-
tion is done by means of programme B, and programme F determines the contrast

and phase curves in the chosen focal plane, at the given field angle.

The programmes are written in Mercury Autocode; programme F has recently
been modified slightly to enable it ‘o be ﬁscd on the "Atlas" computer. "Atlas"
is about 60 times faster than "Mercury" and has a greater storage ca?acity; this
allows the use of a smaller mesh size, and hence an increase in accuracy (see
Section L. 3).

The operation of these programmes will be illustrated by means of an
example, viz. a 24 inch f/5.6 recconnaissance lens of new design. It will be
shown how the designer'sdata are used in programme A, and the way in which the

results from this are used in programmes B and T,

6.2 Programme A: Calculation of wavefront aberration and pupil shave

This programme calculates the wavefront aberration (Section k.1) for three

wavelengths both for the axial case and for one selected field angle. The pupil

03
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shape for this angle is given in the form of 15 coordinates (x,y) round half the
pupil, which is symmetrical about the y-axis (Fig.7). As mentioned previously
the x,y actually used are "reduced" coordinates obtained by dividing actual

distances from the axes by the radius of the exit pupil®,

Fig.9 shows the data as received from the lens designer, and Fig,10 the
form of the data tape produced from this. In counting the number of surfaces,
the stop‘is included, and where two surfaces are cemented together only one is
counted, ' | . |

Starting values for a paraxial marginal ray have to be chosen, u being the
angle the ray makes with the optical axis, and h the height a@bove the axis of
the edge of the paraxial entrance pupil, The sign convention used for the angle
is that an anti;cléokwise rotation from ray to axis denotes a positive angle.
With object at infinity, u = O and h = (focal length)/2(f/no.). With a finite

object distance u and h must be deduced from simple paraxial considerations.

As explained in Section 4.2, the accuracy & to which the shape of the exit
pupil needs to be defined depends on the actual size of the system, The condi-

tion that a ray shall pass through a given surface is
p < (I'ree aperture) + e

where p is the distance between the optical axis and the point at which the ray

intersects the surface.

Refractive indices for commonly used wavelengths can be obtained directly
from the glass catalogue; other wavelengths can be interpolated using a suitaeble
dispersion formula'. '

The ficld angle © cen have aiy value other than_Oo'and the Lagrange

invariant (H) is given Dby:-
‘H = h tan 6

when the field angle is measured from the centre of the paraxial entrance pupil
for a finite object distance. | '

The progremme tape takes about 6 minutes to be read into:Mercury. Each

set of data takes ebout 2 minutes to calculate,

*Strictly, the radius of the pupil, in the sagittal plane, caleulated by paraxial
formulae. ' '
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At the end of a set of data, the machine will return to the beginning of
the programme, so that for results for another field angle, the complete set of

design data must be read in again.
Fig.11 shows the form in which the-results are presented,

The "reduced height of exit pupil" gives the ratio of the actual on-axis
pupil radius, to that of the paraxial pupil. Under "pupil shape", Q defines
which of the 15 “peripheral rays" is being considered (see Fig.7), S denotes the
surfaces which limit the off-axis beam in this azimuth (more than one surface
nay limit a ray within the tolerance g) and X' and Y' give the coordinates of
the exit pupil periphery,

The "exit pupil scale ratio" gives the relationship between the numerical
apertures of the off-axis and on-axis exit pupils. This ratio is used in the |
later programmes, | ‘

The coefficients of wavefront aberration w,, to W arc given in numbers

11
of wavelengths at each of the three chosen wavelengths. The reference sphere

is centred on the paraxial focus for the mean wavelength (wavelength O) in the
axial case, or on the point at which the principal ray interscets the image

plane containing the paraxial focus, for the extra-axial case,

If, during the ray~tracing procedures involved in the execution of the
programme, one of a number cf unacceptable conditions occurs, the computation
stops. The nature of the fault is printed out, and the programme is returned to

the starting point ready to read a fresh sct of data, The unacceptable conditions

are:-

(a) "Total reflection occurs".

(b) "Surface radius insufficient to allow ray through": on a highly
curved surface, the ray fails to intersect the sphere of which the surface forms
part, | '

() ™Merginel ray fails to pass": initial value of h set too large,

() Certain numericel errors in computation.

In each case, the surface and the ray invelved are also quoted,

6.3 Programme B: Selection of "best focus"

This programme calculates the transfer function on the axis of a system for
different focal planes, at a particular spatial frequency. This allows the region

of "best focus" to be located, for use in the subsequent calculations. It should
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be noted that this programme can be used independently of programme A, so that
if, for example, the wavefront aberration of a manufactured lens has been

nmeasured, the axial transfer factor for the given frequency can be calculated.
Fig.12 shows the layout of the input data.

The system number can have any value and is only used to differentiate

between cases.

The numerical aperture in the image space is equal to sin o' (Fig.6) or
(1/2(F/no.) for an object at infinity.

A value for s is chosen by considering which frequency is of predominant
importance in the particular application of the lens system., For example, a
spatial frequency of between 20 £/mm and 40 &/hm would be an appropriaté choice
for an aerial reconnaissance lens, which would normally yield photographic
resolutions within this range on the most commonly used emulsions, An equiva=~

lent form for equation (4.h4) above is

A
5 % Hnaet VY (6.1)
and this can be used to calculate the spatial frequency variable (corresponding
to v lines per millimeter) for any object/image conjugates. In the very rare
case in which the image plane is immersed in a medium other than air, the appro-

priate refractive index (n) appears in the denominator of equation (6.1),

The interval between focal planes, -snecified by the "defocus aberration"

term Aw2o, is related to the actual distance AZ by the formula
po, . = BEIiel (6.2)

for shifts of focus which are small compared to the focal length. The upper and
lower limits of the range of focus pesitions are set by choosing an appropriate

number of these intervals each side of the paraxial focus.

In accordance with the sign convention used throughout this Report, dis-
tances AZ measured away from the lens system in the image space are counted as

positive,

The programme tape is read into Mercury in about 2 min. Execution time

is about 1 min for 10 values>of w20'

The asterisk at the end of each set of data causes the machine to return

to the beginning of the programmevready to read a complete new set of data. If
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there is no asterisk the machine will expect to read another set of the last

6 values only (from s onwards).

'Fig.13 shows the way in which the results are printed out. 'S /A" gives the
ratio of "effective" to actual area of the (circular) pupil. In this example the
response T(s,0) is seen to be highest at Woq & -1.,86 or 0.27 mm from the peraxial

focus (wZO = 0) for this wavelength, and nearer the lens.

6.4 Programme F. Determination of transfer function curves

After selection of the region of optimum focus on axis, transfer functions,
in image plenes interseoting the axis in this region, can be caleulated, Pro-
gramme I carries out this calcﬁlation, deriving the amplitude and phase curves
for o selected range of spatial frequencies; the field angle, image plane and

line orientation (see end of Section L.3) being specified.

As previously mentioned, for good accuracy this programme should be run on
“"Atlas", or a machine (accepting the Mercury Autocode) which has quick access

storage capacity of at least 7000 long numbers.

' Fig.14 shows the layout of the data tape. In calculating the axial trans-
fer function the coordinates for a circular pupil are used (see inset to Pig.14)
after multiplication by the reduced height of exit pupil given in the output cf

programme A,

The aberration coefficients are taken directly from programme A results
with the exception of Wor which must be given the value indicated by programme B.
Ir Swzo is the difference between paraxial and "optimum" focus on axis, the

corresponding value off-axis, for field-angle O is given by
S0,y = sec © (exit pupil scale ratio) bWy

That is to say, 8@, represents the shift of focus, along the principal ray,

which is required to move from the paraxial image plane (to which the coeffi-

cients in programme A results are referred) to the “optimum" image plane, This

value is inserted in the data for programme F. Results for other image plenes -
in the neighbourhcod of the "optimum" one can of course be. obtained by changing

this value of 6520 sppropriately. In calculating the axial response all the -
coefficients except Woqs ¥)0 and Weo Bre put equal to zero. Azimuth angles

normally specified are 0°, for radial lines, 90° (tangential lines) and 15°,

Atlas takes sbout 6 sec to read the programme and about 30 sec to produce

both amplitude and phase results for 10 values of s. At the time of writing the
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programme will only cater for one complete set of data at a time ~ the asterisk
returning the machine to the beginning of the programme rcady to read in a conm-
plete new set of data, It is planned, however, to alter the programme to make
it possible to feed in more than one azimuth angle, at a given ficld angle and

Toasus positien, without repeating the rest of the data.

Fig.15 shows the form of the output from the machine, The column headed
"I gives the length of side of squares in the mesh used in the integration,
(Section 4.3) en the "reduced" scale which gives 2 maximum pupil radius of unity,
s/A is again the raiio of effective to actual punil areas, and T(s,¢) the modulus
of the optical transfer function, derived from the real and imeginery parts (cr

cosine and sine functions in equations (3.2) and (3.3)) shown.
7 RESULYS

Some results of the calculation of the 24 inch lens are shown in Fig,16,
These refer to monochromatic light of the helium "d" line - 5876 K. The sclid
curve in Fig.16(a) shows the modulation transfer functicn at the focal point on
the optical axis giving maximum response at 40 2/mm, The phase (360o corres-
ponding to ecne line sPacing) is zero throughout, as indicated by the herizontal
line. For comparison, the mcdulation curve for an aberration-frec lens is also
shown (dotted line) together with the results of measurements on an actual lens,
The nmarked disparity between the latter avd the caloulated curve illustrates the
extent to which small manufacturing errvors may detract from the thecretically
availeble performance, Although work of <the highest preocision cbtaineble by
traditional metheds is involved here, it is clecar that mush more can be extrag-
ted from a mcderan, highly correcsted, design such as this., Techniques for
improving optical mermfacture are under current investigation, and in this werk
new and mere sensitive methods of assessment such as the optical transfer func-

ion are proving thelr value.
P g

Fig.16(b) shows calculated curves for the same focal plane as in 16(a), but
for an image point 12° from the optical axis. The contrast for radial lines of
all spatial frequencies has been redused (from that on axis) and even more so
for tangential lines, The phase part (dotted) of the transfer function for
tangential lines sheows simply en abrupt change from O to 180° or vice-verse,
when the contrast falls to zero, This is characteristic of "spurious resolution"
vhich would be observed for spatial frequencies between 15 and 35 £/mn and
between 60 and 80 £/mm. The absence of any curvature in the phase function
(except for a very slight effect above 60 £/mm) indicates a good corrcoticn for

unsymnetrical "coma" type aberrations,
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Appendix

DERTVATTON OF THE BASIC DIFFRACTION FORMULAG

The contribution, of an element of the wavefront passing through the exit
pupil of an optical system, to the amplitude in the imege plane may be calcula~-
ted using Huygen's principle. The element is then regarded as a source of
spherical, simple-harmonic waves, and the simple formulae describing the propa-

gation of such a wave may be applied .

Thus, if K represents the amplitude of the wavefront over the element

8X 8Y (¥ig.5), we may write for the amplitude at P, at time t

where r is the distance between the element and the point P, and M the wave-
length of the light,

Suppose initially that the parent wavefront is spherical and centred at
G'. Then, provided P is very close to G', the distance r is practically constant
whichever clement of the wavefront is chosen., The denominator of the above
expression can therefore be regarded as constant, but not the factor r within
the cosine, since smell variations here can have large effects on the value of

the complete expression,
Sinece we are concerned with conditicns at a particular instant of time,
t is constant, and puiting the expression, for convenience, into complex notation

we haver-

i2%

- ey

&A = [comstant] x K e A .

New, it is easily shown that
r = R - Xg/R - /R

where R is the radius of curvature of the (spherical) wavefront and g,h the

cocrdinates of the point P (Fig.5). Putting the former with the other constants

we therefore have

i 25\25 (Xg/R+¥n/R)
&A = [constant] x K e .
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It is convenient to change the scalc of the pupil and image-planc coordinates so
thet they become dimensionless, viz:-

X = X/Xmax and u = 2rg XmaX/R?\ (A.1)

Y/Y v

max

]
il

y omh Y /RN .

(i.e. x =y = 1 &% edge of pupil.)

Since we are also mainly interested in relative amplitude, the scale on
which this is measured can also be altered to eliminate the constant., With
these substitutions the amplitude contribution becomes:-

sa = K (W)

If the wavefront has aberration, and is not sphericel (see Fig.6) the

above expression can still be used provided the phase difference ¢X 32 between
7’
the wavefront and a reference sphere of radius R, is known. At the instant of
time considered, the disturbance in the rcference surface is greater or less
than that in the actual wavefront, depending on this phase difference, and one
noy write for the amplitude in the reference sphere:-~
9

K = constant x e Y

cr

51 - el¢x,y ei(ux+vy) ‘ (4.2)

again scaling the amplitude to eliminate constants,

O‘i
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(mm'x10%)  (mm) (mm) (x10%) (x10%)
\ ) o
| 4 5370 19-2
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24 in.

F/5.6

Wavelength (O;
Wavelength (4
Wavelength (2)

FIG.11

oo

Reduced height of

Axis abn. coeffts,

(M

RESULTS FROM PROGRAMME

an. Data)

50 8760, "LF
5914-610’ "')4‘
7.6820, -l

exit pupil = 1.00

(1) (0) |
W(2,0) 1.5821, O 0.0000, ©
W(A,Og 5.1641, O 5.5842, O
W(6,0 -4,7360, O  -4.2997, O
Exit pupil scale ratio = 0,9841
Mield angle = 12,00 degrees,
Pupil shape
Q S X! Y
1 7 0.00 0.76
2 7 0.18 0.73
3 7 0.35 0.69
L 7 0.52 0.62
5 7 0.67 0.51
6 7 0.81 0.37
7 7 0.92 0,20
8 3
L
6
7 1.00 -0,00
9 3 0,93 -0,20
10 3 0.81 -0.38
11 3 0.67 =051
12 3 0.52 -0,62
13 1
3 0.35 ~0.69
1h 1
3 0.18 -0, 7k
15 1
3 0.00 -0.75
Aberrn. coeffts,
(1) (0)
w(1,1) 9.3080, -3 1.5099, -1
w(2,0) 4,935k, O 3.4798, O
W 2,2% -4,193%3, O -3.9636, O
w(3,1 2.2565, O 1.9996, O
W(3,3) -1.0080, O  =9,1831, -1
VJ(LI-,O) 303)4-21‘7, 0 3'9271, 0
wéu,z) 2.0455, O 2.0085, O
W 5,1% -1,1850, O  =1,1407, O
w(6,0 -5.1869, O 4 7174, O

(2)
~7.4008,

5.7077,
-3.09L3,

(2)
6.0239,
"‘)'l‘o 0567,
"'30 14'7)‘['11',
1.4068,
~6.5926,
. 5065,
1.7253,
-9.468l,
~3.04 7L

0
0
0



FIG.12 DATA FOR PROGRAMME B

-~ e

(Explanations in brackets)

Blank tape
1 [ System no.]
15 [No. of points defining pupil

periphery (Fig.7)]
0.089285 [Numericel aperturc in image space)

5876 [Wavelength in AngstrOms]
0.263 [ Spatial Trequency s)
5.58L2 [WL,O from Prog. A results: Axis Abn,
Coeffts. ]
-1, 2997 [Wé,o from Prog. A results: Axis Abn,
Coeffts, ]
-3 [WZ,O corresponding to focal plane
nearest lens]
3.hlh [Wz’o corresponding to focal plane
farthest from lens]
0. 344 [ Interval AW, . between focal planes]

2,0
* [ Asterisk]




FIG.13 RESULTS FROM PROGRAMME B

Freq, response B,

Freq. response curves
System 1

Axial calculation

Tests for best focal plane
Wavelength = 5876

Azimuth (O)

S = O. 26*
S/A = 0.8k
W(6.,0) = -4,30 , W(L,0)
w(2,0) T(s,0)
~3.hh -0,00
-3,10 0.15
~2.75 0.33
-2, 41 0.49
~2,06 0,60
~1.72 0.61
"’1-38 0052
~1.03 0.36
~0,69 0.19
-0, 34 0,06
~0.00 0.01
005)-}‘ Ouoli'
0.69 0.10
1,03 0.1k
1.38 0,13
1.72 0.06
2,06 -0,01
2,41 -0,06
2.75 -0.05
3.10 -0,0%
3,k 0,04

* (4O ¢/mn)

5.58



FIG,14 DATA FOR PROGRAMKE F
(Explanations in brackets)

Blank tape

24 in, F/5.6, Field angle = 12, Best Foous%
Blank tape

15 [No. of points defining pupil periphery]

0 0.76 -
0,18 .73 Coordinates of
0,35  0.69 cireuler (axial) pupil:-
0.52 0.62 0 y
0.67 0.5 0.22 0.97
0.81 0,37
0.92 0. 20 _ . O.L3 0.90
f‘ O \ Coordinates of : 0.62 0.78
0.93 0.0 { | pupil periphery 0.78 0,62
* * - - 0.90 0.43
0067 —0051 ; ) 6
0.52 ~0,62 2 0.97 0,22
0-35 —0069
- 0090 —O'1+‘3
0018 "'Oo ]1‘}' -
O —O 7£—- Oo}/8 “'0962
o 0.62  ~0.78
5876 ~ [Wavelength - Angstrom units] 0.k3 ~0,90
0.15099 %7 %I
~1.,87000 -
~-3,963%60
1,99960
-0,91831 > [ Aberration coeffts, ]
3,92710
2.,00850
"1-14070
=, 71740 |
0 [ Initial value of s]
0.526 [Final value of s]
0,0526 [ Interval between successive values of s)
90 [Azimuth angle in degrees) "
% [Asterisk]

A Title must be terminated by Carriage Return, Line Feed.




FIG.,15 RESULTS FROM PROGRAMME F

24 in. F/5.6, Field angle =
Wavelength = 5876
Azimuth = 90,00

B 5 S/A Real
0,045 0,000 1,000 1.002
0.045 0,053 0.953 0,562
0.0,0 0.105 0,909 -0,031
0,040 0,158 0.859 =0,197
c.040 0,210 0.815 -0,069
0.04L0 0.263 0.772 0,039
0,035 0.316 0,721 0.041
0.035 0,368 0,678 0,008
0,035 0.L21 0.63 -0,002
0,035 0,473 0,591 -0,001
0.030 0.526 0.551 0.003

12,

Imag,
0,000
0.111

-0,010

-0.139

~0,076
0.059
0,091
0.035

-0,022

-0,036

-0,022

Best Focus

T(s,¢)
1.002
0.573
0.033
0. 244
0,103
0,070
0.100
0.03%6
0,022
0.036
0,022

Phase

0.000
0.195
~-2.821
-2.529
-2,308
0.988
1.148
1. 350
-1.,667
"1 0599
1,130,
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