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FOREWORD

This report was preparad by the Strength and Dynamics Branch, Metals and Ceramics
Division, under Project No, 7351, ‘‘Metailic Materials’®, Task No. 785108, ‘‘Behavior of
Metals?”. This research work was conducted in the Air Force Materials Laboratory, Re-
search and Technrology Division, Wright-Patterson Air Force Base, Chio by R, L. Adkins.

This work began in Decembsr 1862 and was completed in August 1964, Manuscript re~
leased by author January 1985 for publication as an RTD Technical Report,

This report was formerly presented as a thesis in partial fulfiliment of the requirements
for the Degree of Master of Science at The Ohio State University. The cooperation of the
Strengtn and Dynamics Branch in allowing the results of this study to be applied to the thesis
is gratefully acknowledged, Further acknowledgement is made to Dr. D, L G. Jones, W, J.
Trapp, 7. P. Henderson, and E, K. Tashima for their assistance and helpful discussions,

This technical report has been reviewed and is approved.

W, J. T

Chief, Strength and Dynamics Branch
Meteals and Ceramics Division

Air Force Materials Lahoratory
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ABSTRACT

An analyticai sssessment is made of an spparatus designed for the measurement of the
complex shear modulus of viacoelastic materiais, It is shown taat simple measuremants
of amplitude ratlo snd phase angle sre sufficient to determine the complex modulus at any
point over a wide ranges of frequency and dynamic strain, Data cbtained for butyl rubber and
some experimental elastomers are presented.

i




Px'gvious page was blank, tnerefore not filmed. .

AFML-TR-85-104

TABLE OF CONTENTS

INTRODUCTION * ® & & & O & & O © " R 3 S PO O O ¢ O W OO O e 1
| ANALYSIS OF THE RESPONSE OF THE TEST SPECIMEN . . ... .0v.v0..... 1
| DRESIGN CONSINTRATIONS AND DEVELOPMENT | o 0o vseoooonensens

SPECIMEN PREPARATION AND TEST PROCEDURE ., ... .0 0c0cs0c0sc00

o - ™

DISCUSSION OF RESULTS ,,,....

® % ¢ © o & 5 & % 0 0 ¥ & & 9 O g PO O S AET IO P

B

CONCLUSIONSOQnlu.ooo"..C.l...luco‘u.cn-..o.'Qv..'oo
APPENDIX 13

LI I I B B B R R T I I I T Y I Y N I I B I B I B I IR B I R N I Y BN

REFERENCES . . ...... 14

S 8 & & ¢ 0 8 O 6 6 O 90 ° P P @ P S O S LS S e e SO0 W e B

ILLUSTRATIONS
FIGURE PAGE
1 Schematic of Test SpecImBN . . ... vvecsvoovecaonrsocssveoonns 1}
2. Froo Mass Including Accelaromster and Dummy Msse , , ., . ..,...... 7

8. A“mm‘or’r"‘”beimn 2 0 ¢ & B 0 O 8 2 &N O F 80O O I s e L O s S SN 8

4, View of Complex Modulus Apparatus Including the Slip Tahie,
Electromagnetic Exciter, and Top of the Seismic Conorete Block ...... 8

8. Dynamic Proportiss of Butyl Rubber as a Function of Frequency
m“mmmprm‘.lbt.QIQIO..'..‘.C.’..'...'.'10

8. Dynsmic Properties of an Expsrimental Polyursthans Damping
Materizl as & Punction of Tumperature and st 1400 ops . .. .. .. e 0.0 10

7. Dynamic Properties of a 8ilicons Rubber as a Funotion of
Ampiitude of Alternating Shesr Strain at 1250 cpo and st Room
Tm”rm ...."l‘..d....OOO...‘..C‘..."OIO’.I.11




AFML-TR-65~-104

i

SYMBOLS
A specimsn area “§
b spacimen thickness 5
c velocity of shear waves In an elastic material = ,/G/P i
t the frequency of vibration ':
G elastic shear modulus
G* complex shear modulus ~ G' +1G" = G_exp (0)
G' storage modulus In shear = G cos §
G" loss modulus in shear = G_ sin 6
G0 magnitude of the compiex shear modulus 3
6 loss angle in shear = arc tan (G" /3')
i -1
Q displacement amplitude of lowsr hlock
Q displacemsnt amplitude of upper block or free mass
R ratio, /Q
u displacemoent in the x direction
w weigut of the fres maas the centar of gravity of which is at the
top of the specimen
XY rectargular coordinats axes
w ciroular {requency = 37f
¢ phase angis between the lowsr and upper blocks
T shear stress
P mass density of the epecimen material
B -5L (")
t
H (w3Mb)/A
£ acosieration of gravity = 386 in./ 5o’
k Lo
[ N7 :
A |
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INTRODUCTION

The solution of problems in continuum mechsnice wherein it is desired to represent a
material which has time dependent mechanical behavior may be obtainad by the use of the
theory of iinear vienocelasticity., Although the usefulness of this theory is restricted to
situations involving small deformations, it is virtually indispensable as a first approxi-
maticn when dealing with materials exhibiting stress or strain rate dependent behavior,
This is completely analogous to the first approximation afforded by the classical theory
of elasticity for so-called linear or Hookean solids,

Of the sevsrsl theoreticslly equivalent means of describing the stress-strain behavior
of linear viccoelastic solids, the ‘‘complex modulus’® spproach is the simplest to use from
the point of view of an experimentali determination of the prope.ties of such materials, A
rational introduction of the compiex modulus concept is given by Sncwdon (Reference 1),
Data obteined from complex modulus expsriments, under sinusoidal loading conditions, can
be carried over to any of the other descriptions of the stress-etrain behavior and used in
the solution of various problems. Details of the connecting mathem: tical transformations
may be found in Gross (Reference 2).

Although the complete clharacterization of mechanical properties of an {sotropi:, visco-
elastic solid requires the determination of the two complex moduli in shear and dilatation,
this work is limited to devieing an experiment for measuring the complex modulus in shear
alone,

The procedure adoptsd for this determination was {0 measure the response of the test
material to a sinusoidal stimulus and compare the resuits with a simple analye!s of the
system, Obviously s candidate test for the destermination of complex shear modulus must
include a speciman for which the geometry, boundary oonditions, sand stress fisld sre not
only experimentally realizable but sre slso amenable to a rolatively accurate anaiysis within
the framework of the theory of linear viacoelaaticity. It is also desirable that the dynamic
response of the test specimen be depencisnt only on the complex shear mod dus since, gensrally,
it is possible to make a sufficlent mumber of messurements to define only one complex modulus
ir any one type of test,

Tho teci described herein gatisfles to 1 raasonahle degree, the previously stated conditions,
Specifically, thia work concerns tos response of a shest of test material bonded to the upper
surface of a rigid ineta! nlats end having a rigid mass bouded to its upper surface. The plate
under the specimen is then forced in s steady sinuscidal motion,

ANALYSIS OF THE RESPONSE OF THB TEST SPECIMEN
¥

? / QF-EC»fl!N

e Qer1p (lw ~ ¢}

1
et O qxp { tw ?)

Figure 1. Schematic of Test Specimen
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The spe:imen under test is shown schematical'y in Figure 1. The ., y coordinate axss
are fixed in space. The displacemsnt ampliiude of the forced lower plute a.d the free maes
are Q and @ respectively and the phase angle by which the forced plate leads the free mae3
is ¢,

The effects of the stress free edges of the material in shear were nezlected in thir analysis,
A state of pure shear was sssumed., The upper and lower bour-ls of the errore introduced
as a result of this assumption can be computed from the work of Read (Reference 3). Acoord-
ing to Resd, the correction to the stiffness is a function of Poisson’s ratio and the length-to-
thickness ratio of the specimen, If the material is sssumed to be incompreasible, then for
a length-to-thickness ratio of 24, the decrease in stiffuess due to Allowance for the edge effects
is between 0.67 percent and 1,12 percent. This apparatus was designed with constant spscimen
length of three inches and the thickness of the specimens could usually be made less than one
eighth of an inch,

It was also assumed that the blocks to which the specimen is bonded are rigid and the static
compr 8ty IOICEs Gus O gravity are neglected.

In the lnitisal anslysis the specimen material will be considered to be elesiic, For pure
sheer all displacements vapish except u, the d‘splacemsnt in the x direction, The squations
of motion reduce to the wave squation

2 2
6 (9 v, . p(i—i—)
dy? 312
or
Iy - 4 4y
dy* ¢’

where ¢ = \/g is the velocity of shear waves (o the specimen material,

For ths ateady stsie solttica ufy;f) =« F(y) exp (iwt), the equation of motion becomes

. 2
in- exp {iw?) s '-—'-{‘ F oaxp (jwt)
z

dy
_ﬁf_ ¢ B F L e}
‘,t ¢

The general soli‘ios of th.s equstion is

Fly) = 8 sin {ky) + C cor {ky) £1)

where B and € are unknown constants to bo determined from the houndary conditions and
k= ", Theo

o {y,t ) ¢« {l sie {(ky) QCensih)] e {iat) {2)
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The bourdary conditlons uies
Louidd) = Qexp {wt);
this glves C = ) and F(y) = B sin ky) + @ cos &y)

2. The shear force or the top of the specimen must oppose tho ineTia of the free mass
or

A6 (du /Ci«y)y:b s Wi m Fid) expliwmt)

¢ 1
AGY = { cos (hb) ~Q ain(kh)} s @l oM ‘Lesm (kb)Y +Q con‘kb?j

AGx sin(kbs+4 o & cos(kd}
B = [»]
Aekx ¢ a{eb)— wl B sin (ki)

Substituting these resuits into Eguation 1 vislds

AGE cos{hb <k, )— wlM sin (k2 -ky} ]
Fly) =0 [ ; ] {3}
AGEk cos (kb -5 Msin (ki)
AGE cos (hh-ky?w“zhﬁsin{kh-‘ky)
aly 11 [ ]wpum) (%)
ARGk cos{kb) ~ ol M sin (kD)
' AGY
u{bd,t)=qQ [ 7 ] exp {lwi)
AGE cos (kb) —~ »* Msin (kb))
*Q ! cxp Liwt) (s

cos (Ad) ~ (e M)/ (AGR)sintkd)

Now ufb,t} i3 measured as Q axp (lwt -4} as in Figurs 1, Insarting tiis into Equation & ylelds

o

Q ¢
~ expl~1gp) ¢~ {8}
Q ¢ cos (kb)) - (wf M)/ (ABK] sin (kB)

Thua far il sus been assumed that G 1s real, that is, that the spscimer material is purely
olastic. The form.l solution of viscoelastic problems has bsen greatly simplified by the use
of the corraspondence principle between slastic and viscoelastic problems, This principle
waa first noted by Alfrey (Refsrence 4) for incompressibls matarials and Les (Reference B)
for compressibie materials,

[r——"




e ——

AFML-TR-85-104

The Aifrey~Les correspondence principls sisfes thal the Laplace trensformad visccelasiic
solution is obtained directiy from the soluti~~ *» an sssocisisd slastic problem by merely
raplacing the elastic constants by ceriain funciions of the Laplace transform parsmeer de-
pending on the nature of thes sirems~straln relations, The character of the associated aisstic
problsm i ealabliahed by Laplace transforming the differsaiial aquation and boundary and
initial condilions defining the viscoelastic prohlem. Further proof of the corrsspondernce
principls {2 given by Read {Reference £) and Rarry {Rafersncs 7). Berry also stutes thst for
a steedy sials sinusoidal atimmulus {he soiution o u viscoelasiic protiem is obtsinad from that
of the corresponding elastic prohlem by the subsiitufion of complex moduli which are funciions
of frequency for the slsatic modull or censtants,

As a congsquence of the previous discussicn, the response of the free mawss on top of the
viscoelsstlec msdium is obf~ired direcily from Equation & by repiacing the elaatic ghear
modulua with the complex sheser modulus G¥,

n

]
’e

3*= 6 +i¢ = 6, exp {i8) whers & =gre ten (

S

o

Equation 6 becomes

-

t
1

3
— gxpl=id ) = (7}
Q ¢ cos (&7b) — (el #)7{a6%x™" Jain (3%p)
wnare
#* w R .
BT # = axp{—i8/2) =k, axpl-if/2]
~&%/0 +'8, /¢

I (k*b) is small In megnitude and the quantities cos {k¥b) and sin {k*b) are approximatsd by
the first term of their respective Macisurin series, the following spproximeation is cbtained
for Equation 7:

)
expl-ié ) s R axp {~1d ) = {8)
wi-ig ) - o -1¢ 1 -{w? Mp) /(6% A)

g!cl

The same regult would Ls cobteined if the specimen ineriis wore neglectad In the original
equation of motion, It is desirsbis to be able to use this approximate solution for the response
bocause it can eszfly be solved explicitly for the complex modulus G¥, It ig difficuit to com-
pute the error resulting {rom this approximation forthe gensral cass, In the Appendix & com-
putation of the error for epecific valuss of the materi.l constants, specimen geometry, and
excitation frequency are cbtsined, On the basis of this approximation, the solution of Equa~
tion 8 for G* is:

u ol Mb/A w® Mb/a

[« I Y f—
I=i/Roexp (1 g) i—I/R cong } —~1 I/R sing

i b AT AL

[Rr—




P LA B

g

ES
5

AFMu~TR-85-104
Therefors:
. el Mb/a
3
® $ 14
[(E/FH ~2/R cor ¢ +E_}

and

/R sin g

gan § =z — —
i-t/R cos ¢
ting

R—cas ¢

For steady siate aimugoidal motion, the amplitude ratio of, and the phase angle betwsen, the
lower and upper blocke or plates will be ths same for displacement, velocity, and accelera-
Hon signels, Which of theye thres quantities are measured depends primasarily on the fre-
quency at which the test is performed. R will now be radefined asg any one of these turee

kinemaiic ratios, H will slso be defined a5 equal to v Mb/A.
The final formulae for GO gnd tan 8 are:
~ H

G, = - (%)

(1 /RY —2/R cos g+ 1)

and
_— (10}

DESIGN CONSIDERATIONS AND DEVELOPMENT

In the analysis an spproximation was made which depended on the magnitude of k*b being
smsll,

P bt or kg = << |

wb
V%/P
therefore
AL
o

e S IR E @ R
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Typical values of thess matsrial constants and frequency are:

4

G, = 900 pet, #= 10" mags untts®/in.%, and £ = 500 ops or

# = 1060 » radian., 38c,. For these values

«/Go/p . 3 o g
& v

Therefore b $0.1 in. should satisfy the inequality,

The mess of the wupper block must be calculated, To permit accurate calculations, it is
ssen from Equations8 and 10 that R must be diffarent from unity and ¢ different from zero.
Thess diffsvences are greatest near the resonance of the spscimen~-free mass system, where
ths rescnance s defined hore as the meximum of the amplitnde ratio, R

From Equation 8 it can easily be shown tfat R is & maximum for the {requency
v = [(G'A/b)/m] 1/2

This particular value will be calied the naturd circular frequency frequency of the spscirnen~
mags sycbemn, Note that this netural {requency doss not change with damping slnce it is only
a function of the storege modulus, At this notural frequency,

G'A
Moo= —bw“?;
The area of the gpecimen will be fixed at sixz sguare inches (threa inches long in the direction

of vibration and two inches wide}, Choosing cos § as unity and using the typical values of the
other constants in relation to Equation 11, we have

. (1t)

M = 000547 mass unity**
W= Mg = 2.1 1b,
Another consideration in designing this maes was to locate the centor of gravity at the top

adge of the specimen mo that the strese distributior was simple sheur. The finel design for
the mass is shown in Figure 2.

[ R ]

**No namaw has been asaigned to the uniit of mass in the inch-pound-second system of units.
In this papor this unit will sioply bs called a mass unit,

e P A b n e, i e TR
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Figure 2, Free Maas Including Accelerometer and Dummy Msass

SPECIMEN PREPARAT™ON AND TEST PROCEDURE

The metal plates shove and Lslow the speciman ave of brass, Brass was primarily chosen
becaugse many elastomers will bond directly to brass without & secondery sdhesive, When
possible, the specimen was honded to ths plates while ths apecimen material underwent a
spsoified ocuring cycle. These piates were attached to the other parts of the apparatus with
muachine aorews. A mold, pot shown, was designe. to be compailble with the plates xnd has
been used in specimen preparstion, A photograph of a “‘ready for tes*’ spscimen ia shown
in Figure 3,

Before starting any teed, it was necessary to find ths specimen thickness and the weight
o! the free masp, including that of the zcosieromstsr and diwminy. The lower plate was
mounted on & lighlwelght slip table which was rigidly connscted to the armature of a 100 force
patiind slectromagnatio exciter. The entirs spparstus was mousnted on a seiemic concrete
ifock as shown In Figure 4,

Whiie the lests were being conducted, the accelerations of the upper an” lower plates were
measursd hy sccelercmeters snd resc out on vibration mesters. Fhass differances between
the two accslerometers wers measured wy & precision phase meter. The two accelerometer
signals were continucusly obesrved on 2 dual trace osciiicscope to ensure that they were not
highly distorted wher dats was taben. Frequency wis messu~od by an electronic digitsl
countey,

R e ¢ BT o T
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Figure 3. A ‘‘Ready for Test’® Specimen

Figure 4. View of Complex Modulus Apparatus Including the Slip Table, Rlectromagnetiic
Exciter, and Top of the Seismic Concrete Block

s Aty g A
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DISCUSSION OF RESULTS

The results ploited In Figures § and 8 show the typical frequencr and temperature de—
pendence of the properties of viscoelastic materials. Although the measurements of Fig-
urs € were teken at ambient room temperature, it was necessery {0 maintain this tem-
perature to within 0.1°C to sngure adequate reproducibllity of the measurements,

Figure 7 shows data for asilicone rubber material, the properties of which were snsentially
1 lependent of temporsture variations in the vicinity of room temperature, The properties
were, howevsr, found to bs dspendent on the amplitude of shear strain. This indicates that
the real material is nonlinear, The calcuiated material properties for this real material,
at each value of strain amplitude, may be called the viscoelastic consiants of an “‘equivalent®
linear viscoslastic materisl,

Data on a sample of butyl rubber of ths ~amxe compounding formuiation as that of Figure b,
and talen on a Maxwell machine (Reference 8) at frequancies up to 100 cps, was available
for comparison, This machine measures the complex modulus in tension-compression rather
than shear. To reducs thess tension-compression moduli to shear-moduli, it was assumed
that the material was incompressible; this assumption being justified for many soft visco-
slastic materiais, This assumption implies that the loss tangents in shear ghould be the same
28 in .snsion-compression and the magnitude of the complex modulus in shear should be one
third e magnituds of the complex modulus in {enslc.-compre “sion, The computed valves cf
GO vare withic 20 psrcent of the values measured on the apparatus deszcribad herein; how-

ever, the loas tangents for the tension-compression data were 60 to 7C percent less than
thoss meagured in shear. Pussibly the assumption ¢f incompressibility was not justified, If
poth sets of data arecorrect, then Poigson’s ratio must bea complex munber for this material,

Calculations, not shown, were meds io find the steady stats temperature distritkition within
a typieal specimen, Thoss calculstions showed the maximum tampersture difference inside
the specimen to be much iesm than 1°C for moderaie shear strains at which most measure-
ments must ba taken o preserve linoarity. However, for large shear strains (greatsr than
0.01}) the tempsrature difference could excoed 1°C and should be considsred for {emperaturs
senaitive materials such as that in Figure 6.
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CONCL USIONS

Equipment has bser designed to measurs the dynamic propertiss of viscoelsstic materials
in shear, A simple ansaiysis of the rcsponse of the system has boen developed. Measure-
ments taken with this equipment show that the experimenial difficulties are not extensive
and the reszults are reliable and consistent,

For the propertias of the test matsrial toc be obtained sxplicitly from the responsé of the
system, the thickness of the matarial in shear must be such that the inertia of the specimen
cean be peglected. Also the sxperimental apecimen more closely spproaches the mathematicsal
modei, with a stress distribution of pure shear, as the specimen thickness decreases.

Messurements taken with this appa.-tus show the propsrtiss of viscoelastic materials to
bs sneitive to tamperature, rate of deformation (that is, frequency), and amplitudas of da~
formation, The desired environment must be producad before making the mechanical moess-
uremants,

13
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APPENDIX

From the experimentai results obtained, a measurei.snt taken at a relativaely high fre-
quency on u thick specimen was seiscted to computs the error in the approximat: snaiysis
of the response. Specifically for the butyl rubber specimen, the following were messured or

computed:

Quantity

cos (kib)

sin (k%)

93&21

(v 23)/ 1G* A)

Value
'4 3 7 3
1.18 (10) ~ mass unite®™*/ir,
0,18 in,

940 pal

0.76
6.34 (10)'3 mass units
.6 1:}..2

1060 cps

0,394

0.279 - 1 0.0930

0,986 + 1 0.035¢

0,277 - 1 0,0885
0,990 + 1 0.00818

481~ 1861

From Rquations 7 and 3 the ralio of the aporoximats to the axact response is

APPK.  cox (%) - (v MB)/GRA) sin (D) k%)

Exact

1 - {e *MH)/{GTA}

= (.995 axp {1 0.0087)

This car be Intarpreted as -0.5 percent error in the amplitnde ratio aud 40,0087 radisns

(0,58} error in the phase angie.

*No name hss beea sssigned to the unit of mass in the inch-pound-mecond syatem of unite.
I thix pepar this unit will eimply be called a maas untt.
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