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STATIC AND BLAST LOADING OF SMALL BURIED CYLINDERS

Y-F008-08-02-108, DASA-13.018

1*1pe C

by

.1. R. Allgood and H. L. Gill

A BST RACT

This research was performed to obtain information on the behavior of shallow-
1)Jried cylinders subjected to static and blast loads in support of the task objective
Oc gaining knowledge to provide guidelines for developing design methods for
ulderground protective structures. It was especially desired to obtain data on the
i1me and space variations of deflection, thrust, and moment under the two types of
loading for purposes of making a comparison.

The results show that the net arching across a flexible shallow-buried cylinder
it small and that the maximum moment occursat the bottom of the cylinder. Differ-
e9-ces in response to static and blast loading are relatively small except for the
c-own, which deflects about twice as much under blast loading as under corresponding
l.tatic loading. An analogy with the simple spring-mass system is drawn to explain
this behavior. Information obtained on the influence of placing a low-strength
isolating material in the soil over a cylinder indicates that such an expedient is of
q jestionable benefit.

The complete significance of the test results can be appreciated only when
c:rrelated with other available test data and theory. Such a correlation is
accomplished in a companion report.

Qualified requesters may obtain copies of this report from DDC.
The Laboratory invites comment on this report, particularly on the

results obtained by those who have applied the information.
This work sponsored by the Defense Atomic Support Agency
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INTRODUCTION

Subject and Purpose of Report

The experiments reported here were directed at obtaining guidelines to aid
in the design of hardened sites and underground structures. They, were planned to
study the response of shallow-buried cylinders under static and blast loading. The
work was accomplished under Task Y-F008-08-02-108, "Studies of Soil-Structure
Interaction," sponsored by the Defense Atomic Support Agency through the Bureau
of Yards and Docks.

The specific objective of the experimental program was to obtain information
on time and space variations of deflection, thrust, and moment, since at the time
the tests were performed no such information was available in the literature. It
also was desired to learn something of the pressure distribution at the soil-cylinder
interface and of the dispersion of the surface load around the discontinuity produced
by the structure in the soil field. A secondary objective was to investigate the
influence of a mechanical shielding material on the behavior of a buried cylinder.
The results, then, were intended to permit comparisons of the behavior of shielded

and unshielded cylinders under static and dynamic loads. Ultimately it was hoped
that the information obtained would aid 'n the selection of assumptions and provide
experimental data for substantiation of theoretical methods that would enable
economical designs for underground protective structures.

Analysis of the Problem

Thin-walled cylinders are known to be capable of resisting very large loads
when they are buried in soil. They are ideally suited, therefore, to use as personnel
shelters, as command and control centers, and for storage of critical materials and
equipment to provide protection from nuclear attack. The difficulty in such use is
that little is known about the exact nature of the behavior of cylinders in a soil
environment. Empirical methods have been developed for culvert and pipeline
design, but these methods are not adequate or the design of personnel structures
where much larger loads occur than in normal culvert design and where human life
is directly at stake.



To achieve sound design methods, it is necessary to understand the fundamentcl
nature of the soil-interaction problem - to comprehend and to be able to predict
such things as the form of the deflection, moment, and thrust distribution. One must
also gain an understanding of the nature of the load transfer through the soil to the
cylinder and of the character of the resistance provided by the soil as the cylinder
deforms. Perhaps even more important is the requirement for knowing under what
conditions buckling fai lure will occur.

Research work and field experience gained over the years have resulted in a
general understanding of the phenomena of soil.-structure interaction, but compre-
hension of the details of the action has remained deficient. For example, prior to
completion of the tests described here, the distribution of moment and the exact
nature of the deflection had not been obtained even under static load conditions.
It was evident, therefore, that the first step to further understanding must involve
extensive measurements on a model cylinder of sufficient size to ascertain that the
true nature of response of the prototype would not be obscured.

Although the Navy's standard personnel shelter is an arch, 1 this study was
undertaken because it was hypothesized that buried cylinders would make better
shelters than buried arches in overpressure regions greater than 150 psi. In this
overpressure region, ground shock is likely to be a major factor in design, and it
is possible that a shock-isolated floor system might be more easily achieved in a
cylinder than in an arch. Further, in the high overpressure regions, gross punching
of an arch into the soil could destroy the water seals between the floor and the
footing, thus permitting the intrusion of ground water. In a closed structure such
as the cylinder, it should be much easier to maintain the watertight integrity.
Previous tests, however, have demonstrated that punching of an arch in the soil
permits the development of shear stresses in the soil and the transmission of a large
percentage of the surface load across the structure by arching. Thus, it is evident
that both the cylinder and the arch have advantages peculiar to their forms, and it
behooves the designer to understand the advantages and disadvantages of each and
where each may be best employed in providing protection.

Review of Previous Work

Considerable investigation has been conducted on thin-walled cylinders
stemming from their use in highway and railroad beds. Most of this work has been
semi-empirical in nature, after the philosophy that a rigorous analysis will remain
impractical as long as there are imprecisely controlled variables in field installation
and incomplete knowledge of soils. Recent requirements for underground shelters,
however, have stimulated endeavors toward more precise understanding and
analytical treatment.
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A rather detailed review of previous work on hydrostatically loaded and
buried cylinders is included in a companion report; 2 consequently, this material
will not be repeated here.

The companion report presents a failure-plane analysis which gives (1) the
minimum depth of cover required for all the surface load to be carried by arching, -

(2) the maximum percentage of surface load that can be carried by arching far any
lesser depths, and (3) the relative defoniation between a structure and the free field
required to develop the maximum possible arching. Analysis of the possibility of
collapse revealed that a cylinder may fail by elastic or inelastic action in the
roof-caving and local transitional buckling modes in addition to failure through
pure compression, joint failure, and excessive deflection. Evidence indicates that
For depths of cover sufficient to provide radiation protection, and for relatively
thin-walled cylinders, failure will normally be in the inelastic transitional mode
where a local buckle develops at the bottom of the cylinder. Other aspects of the
behavior of buried cylinders will be evident from the data and discussion presented
here.

Approach and Scope

To fulfill the need for detailed information on behavior, experiments were
designed to reveal the space and time variations of deflection, moment, and thrust
under static and blast load conditions. They were not intended to obtain informa-
tion on buckling for the reason that more tests would be required to define this
type of failure than could be conducted. Further, the available loading equipment
does not have sufficient capacity to produce failure in cylinders with diameter-to-
thickness ratios and depths of cover of interest.

Design of the tests, consequently, was influenced largely by the available
loading equipment, in addition to the desire to test as large a model as possible
while keeping the cost within balance. A reasonably large model was deemed
mandatory for the initial test to better insure that the behavior would be truly
indicative of that of a full-sized prototype. For a large model system the number
of tests that can be performed is restricted by the cost of controlled placement of
large amounts of soil.

As a compromise of these factors, model structures with a span of one-tenth
that of the intended prototype were used. Two conterminous cylinders were tested
in each of the two series of tests, one cylinder with and one without a low-strength
isolating material over the crown to compare the behavior with and without mech-
anical shielding. In Series I, the cylinders were tested statically; those in Series 11
were subjected to dynamic loads. Each setup was loaded several times. The system
was idealized in that dry sand was used in the soil field and the dynamic loading
was a plane wave rather than a traveling wave.

3



EXPERIMENTAL WORK

Loading Device

Both the stict and the dynamic tests were performed in the test pit of the

NCEL atomic blast simulator, as shown schematically in Figure 1. The blast
simulatoor 3 is a device capable of developing chamber pressures from 0 to 185 psi
with a rise time of 0.75 millisecond or greater and an exponential decay. The test
pit beneath the simulator is 9 feet by 10 feet in plan and 12 feet deep. Skirt
enclosures extending from the body of the simulator to the pit form a closed chamber
where dynamic overpressures up to 25 psi may be applied to 90 square feet of surf ae IMV.

area when the pit is filled with sail.

Uniformly distributed static loads are applied to the surface of the soil mass
by inflating a pneumatic bag made of neoprene. This bag, 2 inches thick and
essentially of the same plan dimensions as the test pit, reacts against the blast
simulator through a timber planking and steel beam framework as shown in Figure 2.
The bag is pressurized with nitrogen gas from a standard cylinder controlled with a
precision pressure-calibrating unit to provide the desired surface loading.

Description of Soil-Structure System

Although the loading assembly was different for the static and dynamic tests,
the test setup was otherwise nearly identical for the two types of loading. The
primary difference in the two was that the depth of soil below the structures was
approximately 3 feet greater for the static tests than for the dynamic tests - about
9 feet for the static tests and about 6 feet for the dynamic.

The soil field consisted of dry sand compacted to a uniform density. This is
the samc inaterial used in several previous soil-structure experiments at NCEL. 4 ,5

Prior to the installation of the cylinders in the test pit, the sand was placed in the
pit to the designed elevation of the bottom of the cylinders. The soil placement
procedure and the properties of the soil in place are described in Appendix A.

A view of the models braced in position prior to placement of the backfill is
shown in Figure 3. The setup consisted of two cylinders 24 inches in diameter and
30 inches long placed end to end in such a manner as to act independently of each
other and the end walls. The end walls were held apart by steel angles acting as
columns, placed interior to the cylinders. The shells were rolled from galvanized
sheet steel with a thickness of 0. 0478 inch, and the ends were seam-welded.
Physical properties of the cylinders are given in Table I. The seam weld was located
at the center of the upper quadrant (45 degrees from vertical) opposite the instrumen-
tation so that the weld would have the least influence on the response of the cylinder.
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Table I. Physical Properties of Cylinders

Material steel

Modulus of Elasticity, E 30 x 106 psi

Diameter, d 24 in.

Length 30 i n.

Thickness 0.0478 in.

Weight (including instrumentation) 37 lb

Depth of crown below surface 9 in.

Natural period (covered, 1st inextensional mode) 21 msec

Moment of inertia, I (per inch of length) 9.1 x 10- 6 in. 4

Radius of gyration (per inch of length) 1.38 x 10-2 in.

As may be seen in Figure 3, plastic film 6 mils thick, held in place with
cloth tape, kept sand from lodging between the edges of the cylinder and the end
walls. Figure 3 also shows the plywood braces that held the cylinders firmly in
place and retained the circular geometry during the backfill operation. Backfill
was continued until the depth of cover over the crown was 9 inches, after which
the backfill supports were removed. A 1-inch-thick layer of polyethylene foam
was introduced around the top half of the circumference on a 16-inch radius of the
left cylinder in Figure 3. The foam had a density of 35 pounds per cubic foot and
compressive stress-strain characteristics as shown in Figure 4. The isolation material
is not shown in the schematic instrumentation layout of Figure 6.

Instrumentation

Recording Equipment. Instrumentation was provided to measure pressures,
strains, deflections, and accelerations. All measurements were recorded using
Consolidated Eiectrodynamics Corporation (CEC) System D equipment with
CEC 5-119 oscillographs. This is the same equipment used in previous similar
dynamic tests of small buried arches.

Gas Pressure. During the static tests, pressure in the neoprene bag was
measured with 'a Wallace and Tiernan Model FA-145 static-pressure gage; a
Statham Model PA-208 TC pressure cell, calibrated against the Wallace and
Tiernan gage, was mounted at the inlet to the bag.
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To measure the gas pressure during the dynamic tests, three Statham Model
PA-208 TC pressure cells were mounted in the enclosure formed by the skirt exten-
sions of the blast simulator. Two of these cells were placed on the surface of the
sand near the center of the test pit, one with the face parallel and the other
perpendicular to the direction of blast propagation. These gages measured the

-"face-on" and "side-on" pressures. A third pressure cell was mounted in one of the
skirt extensions about midway between the simulator and the surface. These pressure
cells also were calibrated with the Wallace and Tiernan Model FA-145 static-
pressure gage prior to installation.

Due to a combination of lateral acceleration (to which these pressure cells
are highly susceptible) and the reflected pressures in the enclosure, the reading of
the "face-on" gage turned out to be the only reliable pressure measurement obtained
during the dynamic tests.

Strains. Strains in the cylinders were measured with SR-4 bonded strain gages,
Type A-i, with a gage factor of 1.98. These gages were placed at the locations
shown in Figures 5 and 6. This particular spacing of gages was used to enable the
determination of thrust and moment distributions with a minimum number of channels
of instrumentation.

Deflections. Two types of deflection measurements were made: "internal"
and "external. " Measurements to determine the movement of the cylinders relative
to the foundation of the simulator are called "external," while measurements of the
change in dimensions of the cylinder are called "internal. " The external measure-
ments were made with Bourns linear-motion potentiometers, Model 108, with a
maximum travel range of 1. 1 inches. Model 156 Bourns potentiometers were used
for the internal measurements. These gages were capable of 4 inches of travel,
with the exception of potentiometer number D4-S which allowed only 2.5 inches of
travel. All potentiometers were calibrated versus an ordinary linear scale.

Interface Pressures. Both CEC 4-312A and Statham Model PA-208 TC
pressure pickups were used to detect interface pressure. These transducers were
mounted in a hole cut through the arch so that their faces were flush with the
extrados. They were covered with a thin plastic film prior to placement of the
backfill. It was realized that the magnitudes indicated by these gages may not be
realistic; however, it was expected that the time-phase information would be
accurate and useful. The interface-pressure gages were calibrated with the
previously mentioned Wallace and Tiernan static gage.

Accelerations. Statham Model A52 accelerometers with a 100-g range were
attached to the bottor: of the cylinders at the 180-degree point as shown in
Figures 5 and 6. These transducers were calibrated with a centrifuge-type acceler-
ometer calibrator.
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Measurement Errors. Except for soil pressures, the maximum error likely from
any of the measurements is ±7 percent. The accuracy of the soil-pressure measure-
ments remains unknown.

Test Program and Procedure

Four different types of tests were performed on the sol I-cylinder system:
vibration tests, backfill tests, and static and dynamic load tests. The static and
dynamic tests employed two completely different setups; the vibration tests and
backfill tests were performed in conjunction with the static and dynamic tests in
the order delineated below.

Vibration Test - Cylinders Uncovered. Prior to placing the cylinders in the
test pit for the static experiments, one of them was vibrated to determine its first
inextensional symmetrical mode of vibration. To do this, the cylinder was supported
upon a flat surface and struck a moderately sharp blow with the hand at the top, or
zero-degree, point. The ensuing vibration was recorded as registered by the strain
gages, internal deflection gages, and accelerometer.

Backfill Test - Static Loadings. Following the uncovered vibration test, the
cylinders were installed in the pit on the sand that had previously been placed to
the proper elevation. They were then blocked in place as shown in Figure 3, and
an oscillograph record was taken to establish the "zero" for all measurements.
Thereafter, the backfill was carefully placed and compacted as described in
Appendix A. When the backfilling and final compaction were completed, the
backfill supports were removed and a second record was taken to permit determin-
ation of the induced deflections, thrusts, moments, and interface pressures.

Static Tests. Upon completion of placement of the reaction system shown in
Figure 2, the soil-structure system was loaded twice to 10 psi and twice to 25 psi.
In Tests 1 and 2, records were taken in increments of I psi on loading to 10 psi, and
at 7 psi, 3 psi, and 0 psi on unloading. In Tests 3 and 4, the system was loaded to
25 psi in two cycles, with records taken at each 2-psi increment and at 25 psi
during loading and in increments of 5 psi while unloading. The rate of loading was
approximately 2 psi per minute in all tests.

Before each test, all instruments were rebalanced so as to record only the
response due to that particular loading. During the sequence of static loadings,
the soil was not disturbed in any manner.

13



Backfill Test - Dynamic Loadings. After completion of the static tests, the
structure was relocated in the test pit and the soil was replaced and compacted,
following the same procedure as for the static tests. The test procedure was identical
to that used in the backfill tast for the static loadings.

Vibration Pretest - Cylinders Covered. The buried cylinders were vibrated
by detonating a 0.01-pound charge of composition C4 high explosive 1 foot above
the sand surface. The charge was not large enough to disturb the soil backfill or
otherwise materially alter the system. Records were taken of the response of all
instruments to enable determination of the natural period. During this ard all
subsequent tests, the surface of the sand was covered with a 6-mil plastic film to
prevent gas pressure from entering the voids in the sand.

Dynamic Tests. After completion of the vibration test, four long-duration
dynamic loadings were applied to the surface of the soil-structure system. A
loading sequence was followed as for the static tests to determine the effect of
repeated loading. The first two tests were intended to be 10-psi shots, and the
final two were intended to be 25-psi shots. Actual pressures varied somewhat frcm
the programed pressures as will be subsequently observed. The reason for this is
probably due to the variation in heat loss to the simulator when operating at low
overpressures with the correspondingly small charges. This does not markedly affect
the test results since the actual pressures obtained are known.

As in the static tests, the soil was not disturbed in any way between tests, and
all instrumentation was rebalanced before each loading.

Vibration Post-Test - Cylinders Covered. A vibration test was performed
after completion of the dynamic tests to determine if any appreciable change in the
natural period of the structure had occurred due to possible changes in the sol
conditions. The procedure followed was identical to that employed during the
vibration pretest.

RESULTS AND DISCUSSION

Introduction

Results are presented and discussed in this section in essentially the same
order as the experiments were performed as described in the preceding section. The
tests were performed with essentially no difficulties, due largely to experience
gained in previous similar model arch tests. The full significance of the experiments
is more nearly realized when interpreted in the light of information gained from
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theoretical and other experimental work - as attempted in the companion report,
TR-344. 2 The discussion which follows is restricted almost entirely to results from
the described test program.

Natural Period

When the cylinder was placed on a flat surface and struck with a sharp blow
on the top, it was found to vibrate in the first inextensional mode with a period of
200 milliseconds. On a few of the gage traces there appeared to be a superimposed
vibration with a period of 52 milliseconds. After the structure had been placed in
the test pit and covered, it was found that the unshielded cylinder would not vibrate
sufficiently under excitation from detonation of a 0.01-pound charge to permit
determination of the fundamental natural period. A larger charge was not employed
because of the danger of seriously disturbing the system. The motion damped out
almost completely in one cycle. The upper portion of the shielded cylinder, however,
did vibrate at a natural period of 23 milliseconds.

Backfill Tests

It was recognized that the response of a buried flexible cylinder to surface
loading could be influenced considerably by distortions introduced during backfilling.
Therefore, care was taken during this test program to minimize these distortions,
the magnitudes of which were measured during the backfi II tests. Procedures and
results of the backfill tests prior to the static and dynamic surface loadings were
sufficiently similar that only the results of the backfill test preceding the dynamic
tests are presented and discussed in this section.

As described earlier in this report and shown in Figure 3, supports were
placed on the cylinders to hold them in a circular configuration during placement
of the surrounding soil. Zero records were taken with the cylinders in this position.
Data from records taken after backfilling was completed are given in Table II, from
which it can be seen that deflection of the cylinders consisted of a flattening in the
vertical plane with considerable upward movement of the crown and only slight
downward movement of the base. The interface pressure data show that this deflec-
tion was caused by comparatively high soil stresses at the sides of the cylinders.

Under the conditions of testing, thrust and moment data had little meaning;
thus, these data are not presented in Table II. Before zero readings were taken,
compressive stresses were set up in the cylinders by the backfill supports. Therefore,
the final strain readings noted only the difference between the compressive strains
caused by the supports and the strains (predominantly compressive) present after
completion of backfilling and removal of the supports. Clearly, the flnal strains

15



could be greatly influenced by the type and effectiveness of the supports used.
Consequently, these backfill experiments were basically an evaluation of the
effectiveness of the backfill supports rather than an evaluation of cylinder response
to backfilling.

Table 1U. Backfill Test Data

Deflection Pressure
Gage (in.) Gage (psi)

D I -0.204 PC-I 0.76
D2 0.011 PC-2 2.14
D3 -0. 039 PC-3 0
D4 -0.220
D5 0. 191
D6 0. 175

DI-S -0.122
D2-S 0.023
D3-S -0.035
D4-S -0. 163

+ deflection = downward or increase in length of diameter
+ pressure = greater than atmospheric

Static Tests

Deflections of the shielded and unshielded cylinders resulting from static
surface loadings are presented in Table III and in Figures 7 and 8. The nature of
these deflections may be better appreciated by referring to Figure 9, which shows
the components of deformation due to a uniform surface loading. As shown, deflec-
tion of a thin-walled buried cylinder subjected to a uniform surface loading is
characterized by (1) body motion of the structure with and into the soil, (2) flattening
in the vertical direction, (3) reduction of the perimeter due to compression, and
(4) development of circumferential waves. The component of body motion of prime
concern is the vertical deflection of the undeformed cylinder with respect to a
point in the free field at the elevation of the original horizontal centerline. This
deformation is the distance Yb in Figure 9a; distance a-a' in this figure represents
deflection of the free-field soil. Relative body motion depends largely upon charac-
teristics of the bedding beneath the cylinder and is exceedingly important since such
motion, and the compressive deformation, govern the amount of arching that develops
in the soil bridge over the cylinder.

16



0 aO 0 CN -g %00

C1

-o C .C ~ C ) NC!' 0'!

U- 0 0 0000 0 on~

-l ..J . . .

o n In '
-0 N

00 C) N 0 a 0' 0 N 0 0 '0 CO

%0 00 0 0 NM0 00
C, 2%J (1 C Y)

4C!- C ! 0 0 - - C 'J CJ C %J C) 1

U, 4r D 0 o 0 a 0 C

0- 0N C CN - 0 o 0% 0 t

Lo M - 008000 00 o-N IO ,0
n2 C-

0 a,

0 o 0L0 0 0-

12 c) C

~~0

Ln~ 0 0 0 0 0
dd 3S dd 0;

VI u

00

172



0

0
'm)

c2 0 a 0

Ia 0 -
0o 

a

Coo

.2 c-

-D 2

z

o

o .I2a

Ln.c4~
C'4)

cli 00
(!sd)-6- ~nssedJ8A

* X N *18



E 0 Z

aU E

0 0 000 t .j4
r 0 -a

Cx U--0
00

-0.

.2 0
0 CN -4 AU

z 4

-~-C

CD

0..

00

U, 4

0
00

co

CNC

N CA 4

(!d 4 - isaiiN

19-



unlo.Iaded surface elevation 
\7I7

aa

(a) body motion (b) circumferential wave

p? P
(c) flattening (d) resultant deformed shape

Figure 9. Deflections of shallow-buried cylinder.
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Radial compressive deformation is usually negligible in metal cylinders. By
contrast, the flattening, or first-mode deformation, indicated in Figure 9c, is
usually appreciable. Flattening is due to the difference in compliance of the soil
and the cylinder, the anisotropic properties of soil, and the presence of the surface
boundary. When an increment of load, Ap, is applied to the soil surface, the
vertical soil stress on the cylinder, assuming no arching, will also be Ap, but the
horizontal load on the cylinder will only be Ko(Ap), where K. is the coefficient of
lateral earth pressure at rest. Obviously, the cylinder is not in equilibrium under
these conditions; consequently, it tends to flatten and in the process to develop
lateral earth pressures that result in a very nearly uniform radial pressure around the
cylinder as the system achieves equilibrium. This process is continued on the
application of each successive load increment, with the soil and the structure always
interacting in such a way as to achieve a nearly uniform radial distribution on the
cylinder, which it is ideally suited to resist. This action is evidenced in the inter-
face pressure data of Table IV where it may be noted that the interface pressure at
the 45- and 90-degree stations is in most cases within a few percent of the surface
overpressure. In all probability, the gage at the crown reads less than the surface
pressure because of active arching across the gage; likewise, the gage at the
4 5-degree station reads more than the surface pressure because of passive arching.
Apparently, at 90 degrees the increase in surface pressure due to passive arching
was offset by the difference between horizontal and vertical pressures at a point in
the soil, with the result that the pressure at 90 degrees was less than the surface
pressure. Difficulty in controlled placement of the soil in the vicinity of the gage
faces is probably responsible for the unreasonable readings of the two lower gages.
As previously mentioned, soil pressures are the least reiable of all measurements
taken.

It has been shown 6 that, in the process of deforming, circumferential waves
develop around the perimeter as indicated in Figure 9b. The number of waves
which develop are dependent on the ratios of thickness to radius and length to radius,
and are influenced by the stiffness of the soil and the surface boundary. 2 The presence
of the surface boundary causes the upper portion of a shallow-buried cylinder to
deform in the shape of a simply supported arch. The resultant deformed shape,
exaggerated for illustration purposes, and accounting for all components of the
deformation, is shown in Figure 9d. Understanding the basic modes of deformation
materially aids in comprehending the significance of the other test data.

Two particularly interesting observations may be made from the deflection
data of Table Ill: (1) the deflections of the crown of the shielded cylinder were
considerably larger than for its unshielded counterpart; and (2) conversely, the
downward deflection of the bottom of the shielded cylinder was slightly less than
the downward deflection of the bottom of the unshielded cylinder. Further, the
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body motion of the shielded cylinder was slightly less than for the unshielded
cylinder. It may be noted from Figure 7 that for pressures greater than 10 psi,
overpressure versus deflection plotted as a straight line for all points on the
unshielded cylinder except the 45-degree point.

The resulting deformed shape of the unshielded cylinder as measured by the
potentiometers is indicated in Figure 10. The circumferential waves could not be
distinguished in the deflection measurements; however, the wave shape can be
inferred from the moment diagram, Figure 11.

Values of the moments and thrusts computed from the strain data in Table V
are given in Table VI and are shown pictorially in Figures 11 and 12. From
Figure 11 it may be observed that the maximum moment at the bottom of the cylinder
had a magnitude several times the moment at the crown or elsewhere around the
cylinder. The period of the circumferential waves at the bottom and at the side is
approximately 50 degrees; however, the wave shape is materially altered near the
top of the cylinder due to the presence of the surface boundary. Computation of
moments at the 22.5-degree points (22.50, 67,50, 112.50, and 157.50) was
accomplished by interpolating the thrust values at these points from Figure 12 and,
with the knowledge of the strain at the extrados, computing the strain on the
intrados corresponding to the interpolated thrust. This procedure was fairly reliable
because of the uniformity of the thrust distribution around the cylinder.

The distribution of thrust around the perimeter is essentially uniform and equal
to the product of the surface pressure and the radius of the cylinder - except near
the top and bottom of the cylinder, where the thrust decreases. The fact that the
thrust at the 90-degree point is almost exactly equal to the product of the surface
pressure times the radius of the cylinder leads to the conclusion that the net arching
across the cylinder was very nearly zero.

It should be noted that when strains at the intrados and extrados of the
cylinder at a point are of nearly the same absolute magnitude and the operation
involved in computation of either thrust or moment is subtraction of these absolute
values, errors of a large percentage can occur in the computed thrusts or moments
at that point.

The preceding discussion has dealt almost entirely with the results of the first
loading to 25 psi. Upon removal of the load, the cylinder rebounded somewhat
from its deformed position, but a portion of its deformation was residual. In all
cases, the deflections resulting from the second loading to 25 psi were less than
those from the first loading; however, the cumulative deformations were slightly
greater.
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Table IV. Interface Pressure Distribution Due to Static Loading

O e 00 450 900 1350 1800
Overpressure PC1 PC2 PC3 PC4 PC5

(psi) (psi) (psi) (psi) (psi) (psi)

2 1.8 2.8 2.3 1.4 -0.01

4 3.5 5.4 4.1 2.7 -0.01

6 5.1 7.7 5.9 4.0 -0.01

8 6.2 9.5 7.5 5.0 -0.02

10 7.7 11.7 9.2 6.2 -0.03

12 9.3 14.0 11.0 7.4 -0.03

14 11.0 16.3 12.7 8.3 -0.01

16 12.4 18.4 14.4 9.2 0

18 13.9 20.7 16.1 10.2 0.05

20 14.8 22.7 17.7 11.1 0.14

22 15.9 24.8 19.5 12.1 0.25

24 17.1 26.7 21.1 13.0 0.55

25 17.6 27.7 21.9 13.7 0.75
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Figure 12. Thrust diagram - Static test of unshielded cylinder.
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In the companion report, Reference 2, it is shown that relatively large
deformations are required to develop active arching. A cylinder which does not
experience slippage at the joints or plastic yielding is incapable of developing
sufficient deformations to produce appreciable arching. If a designer chooses to
take advantage of the arching in the soil, he must employ a soft bedding in the
cylinder or use plating with slip joints.

Dynamic Tests

Data on the actual maximum applied pressures for the dynamic loading and
the corresponding peak deflections are given in Table VII for the unshielded cylinder.
The actual peak overpressures differed slightly from the programed overpressures of
10 psi for Tests 1 and 2 and 25 psi for Tests 3 and 4 for reasons previously explained.
Rise times of the applied pressures were approximately 3 milliseconds, and the effec-
tive decay time varied over the range of 100 to 123 milliseconds. Effective decay
time is that time obtained from extending a straight line through the maximum pressure
and the value of the pressure at the time of maximum deflection to the time axis on
the presbure-time plot. The effective decay time and the rise time may be compared
with the times of maximum deflection listed in Table VII to judge whether or not the
structure actually "saw" the load as a dynamic loading. Since the ratio of rise time
to the time of maximum deflection is about 1 to 6 in each case, there is no question
that the structure sensed the blast as a dynamic loading. The loading, however,
could not be considered of long duration (as emanates from megaton weapons) because
the effective decay time was such that the loading could drop off as much as
20 percent prior to the time the structure reaches its maximum deflection. Therefore,
loading with the same peak pressure but longer effective decay time could produce
larger deflections, thrusts, and moments than were induced in the test structure.

The time variation of the deflection and other quantities sensed is shown in
the oscillograms of Figures 13 and 14. Most of the subsequent plots are for Test 3,
which was the first loading to 25 psi; however, the oscillograms given are for
Test 4, the second loading to 25 psi. The reason for including the oscillograms
for Test 4 is that experience with Test 3 permitted adjustment of attenuations and
galvanometer locations to permit near optimum spacing of the traces for visual
presentation. This permitted direct reproduction of the oscillograms and avoided
loss of detail from retracing and regrouping of the traces. All transducers functioned
and the records were of good quality. The magnitude of any quantity at a given
time is obtained by multiplying the amplitude of motion from the undisturbed trace
line times the attenuation times the calibration factor for the particular transducer.
Zero time is taken as the time at which the pressure wave activates the surface
pressure gage.
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Figure 14. Oscillogram - Dynamic Test 4, 25 psi.
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It may be noted from the oscillogram traces that the system is highly damped
since even the strains damp out in approximately three cycles. The vibrations of the
strain gages and the deflection gages indicate that the natural period of the system
is approximately 19 milliseconds. Residual locations of the traces after the load was
removed are given at the extreme right of the oscillograms. Data from the oscillo-
grams are plotted in Figures 15 through 26.

Figure 15 gives the deflection distribution of the cylinder at the time of
maximum deflection of the crown. These are the deflections experienced by the
unshielded cylinder in Test 3, the first loading to 25 psi. Peak values of the
deflections at various points around the perimeter are given in Table VII for the
four different loadings. The small-magnitude circumferential waves are not shown
in Figure 15, which shows only the gross deflected shape. Corresponding thrust and
moment distributions computed from the strain data in Table VIII are given in
Figures 16 and 17. The thrust at the 90-degree point (Figure 16) is approximately
14 percent greater than the corresponding thrust experienced in the static tests. The
thrust distribution, however, is much the same as for the static loading. A plot from
the theory for a cylinder in an elastic medium7 is also shown on Figure 16. The
theory and experiment seem to be in reasonably good agreement, although the
theoretical values are somewhat less than the corresponding experimentally deter-
mined values.

Figure 17 shows the distribution of moments around the cylinder and indicates
the form of the circumferential waves which develop around the perimeter. It may
be noted that the maximum moment occurred at the bottom of the cylinder and that
the period of the circumferential waves was approximately 46 degrees on the sides
and 42 degrees on the bottom. A comparison of the experimentally determined
moment curve from Figure 17 with the static moment distribution of Figure 11 shows
that the moments were larger at the bottom in the static case but had a lesser magni-
tude elsewhere around the perimeter. Not too much significance can be attached to
this comparison since the induced moments are probably quite sensitive to the stresses
and deformations induced on the backfilling. Figure 17 shows that the moments
predicted from the theory7 were not close to the moments which actually occur in a
thin-walled cylinder. Agreement might be achieved by reworking the theory to
include terms which account for the deformed geometry. The shape of the moment
distribution was similar at different times even though the magnitude varied with
time.

The variation of thrust and moment with time is shown in Figures 18 through 23.
Variation of thrust with time was essentially the same at all points around the perim-
eter except at the 180-degree point; consequently, thrust-time curves are only given
For the 90-degree and 180-degree points. It may be seen from Figure 18 that the

34



thrust rises sharply to a magnitude about three-quarters of its peak value in a time
equal to the rise time of the applied overpressure. Thereafter, it increases rather
gradually and does not reach its peak value until a time of approximately 15 milli-
seconds, which is just slightly less than the time to maximum deflection. The thrust
at the 90-degree point was 25 percent greater than the product of the surface
pressure times the radius (that thrust which would be induced by hydrostatic loading
equal in magnitude to the surface overpressure). Values of the quasi-static thrust
and residual thrust are indicated on the extreme right of the time axis. The quasi-
static values are those which exist immediately after the dynamic response has
damped out and the system is, for all practical purposes, in a state of static equilib-
rium. The residual values, of course, are those remaining after the load is removed
from the system. Figure 19 shows that no thrust was induced at the bottom of the
cylinder until 2 milliseconds after the pressure wave had arrived at the soil surface.
The magnitude of the peak thrust at the 180-degree point was about one-third of
the thrust at the 90-degree point. One may observe that the residual thrust was
very small in contrast with the residual moments indicated in Figures 20 and 21.

Variation of moment with time was quite different at different points around
the perimeter, and the residual moments were quite different from the moments due
to backfilling. From Figure 20 it may be seen that the moment at the zero-degree
point increased gradually and reached a peak value about the time of maximum
deflection, while at the 135-degree point the peak moment was reached in approx-
imately 4 milliseconds and subsequently decayed to essentially zero. Moments at
the zero through 135-degree points were small compared with the moment at the
180-degree point, shown in Figure 21, and the latter moment was small compared
to the yield moment of the section. Figure 21 shows that the moment near the
bottom decreased slightly then increased abruptly to a value near its maximum in
about 6 milliseconds. The quasi-static moment at the 180-degree point was even
slightly greater than the maximum dynamic value. These values for the unshielded
cylinder may be compared with the corresponding quantities for the shielded cylinder
shown in Figures 22 through 24.

Comparing the thrust-time curve of Figure 22 with the corresponding curve
of Figure 19 for an unshielded cylinder, one observes that the maximum thrust is
approximately the same in both cases, although the shape of the function is altered.
Again, on comparing the moment-time curve of Figure 23 with the moment-time
curve for the unshielded cylinder from Figure 21, it is observed that the maximum
moment is the same but that the shape of the function is altered. One would infer
from this that the tendency to transitional snap buckling which usually occurs at the
bottom of the cylinder6 would be the same whether or not one uses shielding over
the cylinder.
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The tendency to caving buckling, however, would be appreciably altered.
This is deduced by comparing the deflection distribution for the shielded cylinder
shown in Figure 24 with the corresponding deflection distribution for the unshielded
cylinder in Figure 15. The deflections of the upper portion of the shielded cylinder
are almost double the values for the unshielded cylinder, which could result in a
large increase in moments and greatly reduce the load at which caving of the roof
would occur. The phenomena of caving and transitional buckling are discussed in
a companion report. 2

Accelerations appear to vary approximately linearly with overpressure for both
the shielded and unshielded cylinders. Acceleration at the base of the shielded
cylinder was approximately 1.2 g per psi while the corresponding acceleration
without shielding was approximately 4.5 times greater, or 5.4 g per psi. This
difference can be explained by the fact that the shielding material reduced passive
arching at the sides of the cylinder, allowing the roof to cave and cushion the
impulse of the dynamic loading. Therefore, the presence of isolating material
appears desirable except for the danger of a caving-mode failure of the cylinder.

An analysis of a simple model of a shielded buried cylinder is presented in
Appendix B. The analysis shows that the effect of placing an isolating material
over the structure is to delay the time to maximum load and markedly increase the
magnitude of the peak load on the crown. The reason for this is that the isolation
material, in crushing, permits the mass of soil over the cylinder to achieve a higher
velocity and thus develop a larger momentum which is transmitted to the cylinder.
From this study and the experimental results, one would conclude that isolation
materials with lower modulus and strength than the soil should not be used over the
cylinder. On the other hand, the advantages of using a soft bedding or slip joints
in the cylinder to improve the load resistance have long been known.

A further comparison of the behavior of shielded and unshielded cylinders is
given in Figures 25 and 26. Figure 25 shows the differences in induced thrust at the
180-degree point for both static and dynamic loading. Figure 26 shows a similar
comparison for the moments. Again it is cautioned that the differences in the
moments could have been due to slight differences in backfill conditions in the
static and dynamic test setups.

Although the interface pressures are the least reliable of all the measurements
made, it is interesting to compare the variations in time of the indicated pressures
at various points around the cylinder. Traces for PCI at zero degrees, PC3 at
90 degrees, PC5 at 180 degrees, and the surface pressure are given in Figure 27.
It may be noted that the pressure at the crown at the time of maximum deflection
was almost exactly equal to the surface pressure at that time. The indicated peak
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pressure at the 90-degree point was nearly 31 psi as compared with the peak surface
pressure of 22.6 psi. The pressures registered at the bottom of the cylinder were
much less than one would expect. The character of the pressure-time traces is more
exactly seen from the oscillogram of Figure 14. Contrary to expectations, except
for PC5, the interface pressure readings seem quite reasonable.

Comparison of Static and Dynamic Response

Interesting comparisons can be made from the data of Tables III and VII.
Considering only the values for 25 psi, the various deflections induced by the static
and dynamic loads will be compared. Gage D1 provides a measure of the body
motion, and it is found that this value was 58 percent greater under dynamic than
under static loading. Gages D4 and D6 indicate the basic change in shape or
flattening of the cylinder. It is found that under dynamic loading these deflections
were of the order of twice the corresponding static values. This would lead one to
believe that in the vertical direction the cylinder acts much as a simple spring-mass
system where the soil over the cylinder is the mass and the cylinder and its confining
soil act as the spring. The soil, of course, also acts as a damper. Downward deflec-
tion of the bottom (gage D2) was little different under dynamic or static loading.
One may conclude, therefore, that there is a basie diffe.rence in the deflections
induced under dynamic and static loading. It is highly unlikely that this difference
is due to anything but the loading, considering the careful control that was main-
tained and the essentially equal soil densities achieved in the two test setups. (See
Table A-I, Appendix A.)

The thrust distribution for the two load conditions was much the same, and
the point of maximum moment was at the cylinder base in all cases. Under the
blast load, the peak thrust was approximately 14 percent larger than for static
loading; in contrast, the maximum dynamic moment was actually less than the
maximum static moment, although the moments on the side and at the crown were
somewhat larger.

Recapitu lation

From the preceding presentation of results and knowledge of other tests, 6 it is
clear that static behavior of thin-walled cylinders with shallow burial is characterized
by:

1. A body motion and flattening upon which are superimposed circumferential
waves.

2. Downward deflection of the crown as the upper portion of the cylinder
assumes the form of the first nonextensional symmetrical mode of a two-
hinged arch.

50



3. A reasonably uniform thrust around the perimeter approximately equal to
that which would exist under hydrostatic loading of the same magnitude -
except that the thrust is reduced considerably at the top and at the bottom.

4. Occurrence of maximum moment in the vicinity of the bottom of the
cylinder.

Under dynamic loading, the unshielded cylinder exhibited essentially the
same characteristics of behavior. The major differences were that the upper portion
of the cylinder experienced deflections of approximately twice those induced from
the static loading, and the thrust on the sides was approximately 14 percent greater
than under static loading. The differences in deformation behavior and distribution
of moment lead one to expect that the caving mode is much more critical under
dynamic loading than under static loading, but that the transitional buckling load
would be about the same for static and dynamic load conditions.

Deficiencies of Work

Experiences with similar tests on buried arches enabled the pursuit and conduct
of the buried cylinder tests with essentially no difficulties. Subject to the limitations
of knowledge of soil=pressure measurcment, the data was generally consistent and is
considered of good quality.

As in any experimental program, these tests have their limitations, namely:

1. The tests are limited in number.

2. The attainable magnitude of the peak applied load was much less than
desired.

3. Precise information is lacking on the influence of the boundaries of the
simulator test pit on the behavior of the soil-structure system.

Tests of the type reported are expensive and time-consuming, thus limiting the
number of tests of this type which can be performed. It was considered important in
these initial tests to use as large a model as possible to avoid the problems inherent
in the use of small models. Now that the data are available, it should be most
helpful in judging the results from tests on smaller cylinders which are currently in
progress at other organizations, and small-scale tests on cylinders which may subse-
quently be performed at this laboratory.

The magnitude of the peak load which could be applied was limited by the
capability of the test facilities available. Eventually tests of this type should be
performed to much higher overpressures where failure can be induced.
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Available information indicates that the influence of the boundary of the test
pit on the behavior of the models would be small. Precise determination of this
effect must await development of adequate soil pressure cells. In the interim, the
authors believe that the effects of the boundaries would be much less than variations
due to soil properties.

FINDINGS AND CONCLUSIONS

These tests define the general behavior of thin metal cylinders of shallow
burial whose axes are parallel to the soil surface and which have static or blast
loads uniformly distributed over the soil surface. The form of the deflection, thrust,
and moment distribution are found to be much the same under the two types of load-
ing. There are important basic differences, however, as follows:

1. The deflection of the crown (the flattening) of the cylinder under dynamic
load was about twice that under static loading.

2. The maximum thrust for dynamic loading was approximately 14 percent
greater than for static loading.

3. The maximum moment for static loading was larger than for dynamic
loading although the moments on the sides were larger under dynamic
loading. The deflection behavior would lead one to expect that the
caving mode of failure will be more critical under dynamic loading than
under static loading.

A comparison between cylinder behavior with and without a low-modulus,
low-strength material in the soil above the cylinder indicates that the advantages
of such shielding are problematic. The presence of low-modulus material resulted
in undesirable behavior in that the deflections of the crown became larger than they
would have been otherwise. On the other hand, the shielding material greatly
reduced acceleration of the cylinder base.

The tests form the basis for the conclusion, justified more fully elsewhere, 2

that the net arching across a shallow-buried thin-metal cylinder in a uniform soil
field is essentially zero.
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Appendix A

SOIL PLACEMENT AND PROPERTIES

The sail used in this test program consisted of a well-graded river-bed sand
with a grain-size distribution as shown in Figure A-1 and other physical properties
as given in Table A-I. This material, designated NCEL test sand, has been used in
all previous soil-structure interaction experiments at NCEL as well as in several
other test programs involving soils. It was chosen because of its ready availability
and its ease in handling.

At the beginning of this test program, the test pit was already filled with sand
from a previous series of static tests of buried arches. 5 This sand was removed to a
depth of about 2 feet below what was to be the final elevation of the bottom of the
cylinders (about 9 feet) during the static tests and recompacted in 1-foot layers to
a depth of 9 inches above the crown of the cylinders. Compaction was achieved by
making one pass on each 1-foot layer with a Jackson sled-type vibrator. Four
density measurements were then taken and if the densities were not of an adequate
uniformity or magnitude, the soil in that layer was loosened and revibrated. This
procedure was repeated until the desired densities were attained. These density
values were measured by the sand replacement method and are reported in Table A-I.

When the structure elevation was reached, the cylinders, with backfill supports
installed, were carefully placed on the surface of the sand and suspended from the
simulator so that the dead weight of the structures themselves would not create
distortions. The backfill supports shown in Figure 3 were designed to help maintain
the true cylindrical configuration of the structures during backfilling. They consisted
of a sheet of 1/2-inch-thlick plywood measuring approximately 26 inches square with
a 24-inch-diameter semicircular cutout on one side. One was placed on the top
half of each cylinder. Although there was no support on the bottom half, the high
rigidity of the top half with the supports in place greatly reduced the flexibility of
the bottom half. It was possible after completion of backfilling to simply pull the
supports away from the cylinders and out of the sand without creating any appreciable
disturbance to the sot I-structure system.

During backfilling beneath the cylinders, it was necessary to hand-place most
of the sand to assure a firm seat. Care was taken not to run the Jackson vibrator
close enough to the cylinders for its high-force output to create digtortions in the
structures. Concrete spud vibrators (probe-type) were used in this area to compact
the soil. Deflections and strains in the structures were carefully observed to assure
that no undesirable distortions of the structures occurred. It was necessary to place
blocks between the backfill supports and the blast simulator to keep the cylinders
from floating upward during vibration.
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Because of the differences in the test setups for the static and dynamic tests,
it was necessary to excavate a large amount of soil after completion of the static
test5 to place the cylinders at the required elevation (about 6 feet) for the dynamic
tests. Backfilling and compaction procedures were identical to those for the static
tests.

Table A-I. Physical Properties of Soil

Properties Static Dynamic
Tests Tests

Type of sol I sand sand

Average unit weight below base of
cylinders (before test), lb/ft3  113.4 115,1

Average unit weight above base of 111.4 111.4
cylinders (before test), lb/ft3

Average unit weight above base of 116.6 108.8
cylinders (after test), lb/ft3

Cohesion, psi 0 0

Moisture content, % 0 0

Specific gravity 2.62 2.62

Seismic velocity, ft/sec 900

Secant modulus of compressionl/ 10,900 10,900
at 25 psi and 114 lb/ft3, psi

j From consolidometer test
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Figure A-1. Grain-size distribution of NCEL test sand.
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Appendix B

CYLINDER ISOLATION

PURPOSE. To investigate the practicality of mechanical shock isolation over buried
cylinders.

APPROACH. The soil-structure system of Figure B-la is represented by the model of
Figure B-lb. The phase-plane method of solution will be employed. 8 The mathe-
matical notations are defined at the end of the appendix.

SOLUTION. Referring to the resistance diagrams of Figure B-ic, considering each
range of behavior separately, and neglecting the mass of the structure, the equation
of motion becomes

Range 0 - 1

k1k2

+k+ p(t) (1)
k1 +k2

For a step load of magnitude P, Equation 1 becomes

+ w 2 (k l+ k2) P 0k I k 2

Thus,

k I + k2 2 k k2

1 2 1 2 (



p(t) p (t)

structure -~A

r ~ (WeightlIe5S)

cylindersoi-... j

(a) (b)

3

QI
x

0 x

k 2

Q2

(C)

Figure B-1. Buried cylinder and model.
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Range 1 - 2

Equation of motion: m + Q = P

or + o 2 ( - (3or + x =) 0 (3)
mco

where w is chosen as per range 0 - 1, and

P-QP -

62 2 x (4)
m W

Range 2 - 3 (Assume mass acting with the structure = 2m, to account for mass
beneath isolation now that it has crushed. Mass used has little effect on peak
deflection under a step load.)

Equation of motion: 2m + Q (x - x2 )k 2  P

or R + 3 2x- k2 x2) = 0 (5)2

2 k2

where W 32 2 m (6)

P-Q
0

and 63 - k2  - x 2  (7)

With the preceding equations it is possible to solve a numerical example to
demonstrate the effect of placing a low-modulus isolation material in the soil over
a buried cylinder.
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NUMERICAL EXAMPLE

Given:

p = 20 psi

k 1 = 4,800 lb/in.

k2 = 4,560 lb/in.

d = 91n.
0

d' = 5 in. (depth above isolating material)
0

r = 12 in.

weight of soil = 110 lb/ft3

crushing strength of isolation material = 5 psi

x = 0.025 in.0
x2 = I in.

Calculated Constant Terms:

110(5)(24) (1) = 0.0198 lb-sec2/in.

1728(386.4)

P = 20(24)(1) 480 lb

Q0 = 5(24)(1) = 120 lb

Range 0 - 1

2 = k 1 k2  4800(4560)

m (ki + k2) 0. 0198 (4800 + 4560)

w = 344 rad/sec
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6 (k 1  k 2) P (4800 + 4560) 480 -0.205 in.
k 1k 24800 (4560)

mw2 Q 0 x 480 -120 -- x - 0. 1541

"'2 = w

xL Q 0+x 120 + 1.00 = 1.026 in.
L k 2 2 4560

Range 2 - 3

2 2 456015,0

~3 m 2 2(0. 0198)-15,0

w 340 mad/sec

6 ____Q0_ 480 -120 -I=-.7 n
63 k 2 4560 -1-.7 n
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With the values of 6 computed above, a phase-plane solution may be generated
as shown in Figure B-2.

From the phase-plane solution, xm = 1.635 inches. The maximum force at the
point A (i.e., on the structure) is, therefore,

F=Q +kx
Qo k2x3

where x3 = x x = 1.635 - 1.00 = 0.635 in.

F = 120 + 4560(0.635) = 3016 lb

Hence,

F 3016 = 6.28
P 480 = 62

CONCLUSION. From the preceding, it is evident that the effect of the isolating
material is to markedly increase the magnitude of the peak load on the structure.
Apparently, the isolating material produces a deleterious effect rather than a
helpful one.

SYMBOLS

d Depth of soil cover over crown of cylinder
0

F Maximum force on structure

k I Initial spring constant of isolating material

k2  Spring constant of soil-cylinder combination

m Accelerated mass
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w

P Magnitude of step load

p Surface overpressure

p(t) Pressure as a function of time

Q Load at which isolating material yields0

Q Load reaching isolating material

Q2 Load reaching soil-cylinder combinations

r Radius of cylinder

x Vertical displacement of mass, m

XL Total deflection at end of range 1 - 2

xrn Maximum displacement

x 0 Deflection at which isolating material yields

x 2  Crushable thickness of isolating material

x3  Deflection of structure

6 Deflection term

W Frequency of system
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Figure B-2. Phase-plane solution.
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