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Errata

Section 2. 2 - paragraph 2 - line 3 - ""The clamping surfaces
." instead of "The clamping area ....".

Eq. (3.2.1) - numerator - "o (x'ax,y +A\[ E'eT), ..
instead of " p(x'+ax ,y +&y, t'+T) .

Section 4.3 - paragraph 2 - line 3 - "All odd panel modes

(m, n odd) with ..." instead of "All panel modes with ....".
Section 4.3 - paragraph 2 - line 3 - '. ... with modal lines..
instead of ". .. with model lines. .

Section 4. 4 - paragraph 1-line 15 - "...running wave,

sin k (x' - Uct') , isa...." instead of "....running wave,
sink (ax-UcsT ) isa..... ",

Section 4. 4 - paragraph 1 - line 18 - ". .. standing wave,

sin (kx'").cos (w t'), is a ..." instead of ". .. standing wave,

sin(kax)cos (), isa..."

last paragraph - line 4 - ". .. electromagnet fed to . .... "
instead of ". .. electromagnet feed to ....".

last paragraph - line 11 - "Second, that ..." instead of '"Third,
thata ....".

Eq. (A.4)"4Ap ...." instead of "' Ap* S

Es (A.8) ~ expression for » - term 2 of 2 terms
C(-EB - DA/D----)" instead of "C(EB -DA/D-~-)".

Eq. (A.8) -~ expression for Y - term 1 of 2 terms

= [FA(AB/E +AD/G)---3" instead of [FA(AB/E +AD/G. ]"

Eq. (A.9) - expression for BB - "(1/8 (-*mn+1/9) -
o m©m + wmn)" instead of " [1/9 (-'=mn+1/0) -
o mEm- <« mn)] " . .

Eq. (A.9) - expression for EA - "4( Bwn (©® ) (Bwn +mn )
instead of "4( B /© ) (Ben + @mat ).

Eq. (A.9) - expression for EB - "4( Wmn [0 ) Brmrd & )"
instead of "4( wmn/B ) (amn » ﬁg% |

(A.14) - p. 25 - first line - "E3 = 0Q2 + 002;
E§ = 012 + OF2; F; = OL2 +0J2".
Eq. (A.15) - expression for OM - "1/2 (amn - [pn) - 1/e"
instead of "1/2 (amn - wmpn) +1/8".

title - ". .. Simply-Supported Plate. . ." instead of
. Simply-Supported Panel . . . "



Figure 12B

Figure
21b, ¢

Figure 34

figure (Ug). /U vs i, - frequency scale, major divisions
100, 1000, 10000 instead of .01, .1, 1.

caption, upper right hand corner of figures -~
1 in. Duct instead of 8 in. Duct.

vertical scale - | Ry (.Axlo"r)\msn =

-~ vertical scale from 0 — 1.0 instead of from 0 — 1.2 as
shown.



ACKNOWLEDGEMENT

The author wishes to thank Dr. - G. N. Patterson, Director
of the Institute for Aerospace Studies, for providing the opportunity to con-
duct the investigation described in this Report.

The author is indebted to Dr. H. S. Ribner for suggesting
the topic of the investigation as well as for his strong interest and support
during his supervision of the undertaking.

The assistance of the following is gratefully acknowledged:
Mr. J. Galipeau, Dr. J.H.T. Wade, Dr. G. R. Ludwig, Mr. Wing Chu,
Mr. Brij Nayar, Mr. Yoshi Nishimura and Mr. Victor Gregg.

Financial Support for this investigation was provided by the
Defence Research Board of Canada (DRB Grant No. 9551-02) and the United
States Air Force Office of Scientific Research (Contract AF 49(638)-249
and Grant AFOSR 62-267).

ii



SUMMARY

Motivated by the problem of boundary-layer induced panel
noise, a detailed study has been made of the transverse vibration of 11 x
11 inch steel panels flush-mounted in the wall of a turbulent flow duct.
Panel thicknesses were . 002 and ,008 inch. Duct cross sections were 1 x
12 and 8 x 12 inches, and flow speeds were about 60 to 200 feet per second.

The characteristics of the exciting pressure field at the
wall and of the resultant vibration of the sample panels were investigated
using statistical techniques. Relief charts of the experimental two-point
space-time correlation of panel vibration versus longitudinal separation
and time-delay showed pronounced oblique ridges and valleys discernable
in a more random pattern. These are interpreted as running waves (with
a speed equal to that of the pressure field convection) with an irregular
pattern superposed.

Such running waves were predicted by Ribner's idealized
infinite-panel model of the flexural response. On the other hand, a
superposition of stationary unsteady oscillations in the various modes of
a finite panel forms the basis of the more realistic but more complex
theories. To test the compatibility, Dyer's idealized theoretical model
of the panel response was developed and programmed for a digital com-
puter. The calculated relief plot of correlation showed qualitative agree-
ment with the experimental results.
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Imn: Impn-
Imnpq

ky ky, ky
Ly, Ly
L.,

M; M,N,P

NOTATION
eddy size parameter; spectral amplitudes
plate modal damping
plate bending stiffness - Eh3/12 (1 -€2)
duct depth
capacitance probe sta-tic displacement
microphone pinhole diameter
capacitance probe sensing element diameter
Young's modulus |
two arbitrary electrical signals at time t
frequency
coincidence frequency
clamped panel modal frequency
freque‘ncy of lowest order mode considered in computations

filter upper and lower cut-off frequencies, filter band
center frequency

simply supported panel modal frequency.
impulse response
panel thickness

functions related to Dyer's displacement covariance

wave number; wave number components
plate lengths
turbulence integral scales

plate mass; highest order plate loop lines considered in
computations

Ms (B)pay: Na @max: P= (Plmax
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plate loop lines
fluctuating static pressure

correlation function; wall pressure and panel displacement
correlation function

1/3 octave band pressure and displacement correlation
function

1/3 octave band pressure and displacement correlation
function maximum amplitude

. covariance function; pressure and dis-

" placement covariance functions

spectral density function; panel displacement spectral
dens@tyg function

duct center-line mean flow speed; plate flexural wave speed

pressure field convection speed; average pressure field
convection speed

1/3 octave band pressure field convection speeds 1/3 octave
band average pressure field convection speed

local duct flow speed

panel or plate displacement

plate modal displacement

observation points in plane of panel or plate surface

coordinate along duct depth

pressure wave convection frequency (m W U./Ly);
at coincidence &m = Wyp.

plate or panel acoustic damping
cos” ! (Up/UC)
eigenvalue

turbulent duct flow displacement thickness
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P

Df equivalent rectangular filter bandwidth

ox, by spatial separations:& x=x-x', Ay =y -y
1 plate or panel structural damping

0 eddy lifetime

A ;/)\,‘ wave length; wave length component
€ damping ratio
s Poisson's ratio
T time delay: T =t - ¢!

¢ mn plate or panel eigenfunction

W mn plate or panel modal frequency

cps cycles per second

fps feet per second

in.," inch

ips inches per second

ms millisecond

rms root mean square

thou. one thousandth of an inch

The coordinate system used in this investigation is defined in Section 3. 2
and in figures 2, and 9.

The terms vibration and displacement are used interchangeably in this
investigation.

vii



1. INTRODUCTION

The noise level in the interior of flight vehicles due to the
turbulent flow bathing their exterior can be of large magnitude. The dom-
inant noise existing in present day high subsonic speedtransport aircraft under
most cruise conditions is the noise due to boundary-layer excitation (Ref. 1).

The fluctuating static pressure in a turbulent boundary
layer of a flow over a flexible skin causes motion of the skin transverse to
its surface. The skin behaves like the diaphragm of a loudspeaker and
radiates sound into the interior of the fuselage as well as into the flow field.

A body of theoretical treatments of this mechanism of panel
excitation is to be found in the literature (Refs. 2, 3, 12, 13, 14, 15, 16,
and 17). Two levels of approximation were used. Ribner (Ref. 2) whose
work is representative of the simpler approach, idealized the panels as
infinite. He treated the response in terms of running flexural waves
which were excited by a convected turbulent pressure pattern moving over
the panel surface on one side. Dyer (Ref. 3) whose work typifies the se-
cond approach, considered the motion of a finite plate excited by a convect-
ed decaying pressure pattern in terms of its normal modes.

The present investigation was initiated to study experi-
mentally as well as theoretically, the vibration of panels excited by turbu-
lent flow on one side and in particular to determine whether this motion
was best described physically in terms of running waves (Ref. 2 ) or stand
ing waves (e.g., Ref. 3).

The physical environment used for the experiments was
identical to the one used by Ludwig (Ref. 4) in his investigation of the
sound radiation from panels excited by turbulent flow. The statistical
quantities measur-d were tf e two-point space-time correlation of the tur-
bulent wall-pressure iield and the two-point space-time correlation of the
resultant panel vibration as well as its magnitude.

2. EXPERIMENTAL EQUIPMENT

2.1 Air Duct

A schematic of the UTIAS low-noise air duct (Ref. 5 and 4)
is given in Fig. 1. The facility was basically an open circuit wind-tunnel
with interchangeable rectangular duct sections twelve inches wide and one
or eight inches deep. Test panels were fitted in a cut-out portion of the
top of the duct, flush with the inner surface. Fully developed turbulent
duct flow was achieved at the panel station center which was 35.5 D and
35 D downstream of the duct entrance for the eight inch and one inch duct
respectively.



The interior of the duct sections were lined with acoustic
tile to absorb acoustical disturbances generated by the blower. The duct
sections in the vicinity of the panel station were enclosed in a 1/2 inch
plywood shell forming a 1-1/2 inch gap between shell and duct section
which was filled with sand to eliminate duct vibration.

A port-hole in the bottom of the duct, directly below the
panel station, was removable for checking the mounting of the panel frame
in the duct wall.

Blower rpm was monitored by means of a Hewlett-Packard
electronic counter and tachometer system.

A pitot-static probe system of conventional design mounted
on a screw traversing mechanism was used in conjunction with a Meriam
water manometer to measure flow velocities and pressures.

Flow temperatures were measured by means of a total
temperature dial thermometer whose probe end was inserted into the
settling chamber.

Atmospheric temperatures and pressures were measured by
a laboratory thermometer-barometer unit. (Cenco, Cambridge, Mass.)

2.2 Panels

The panel material was commercial shim steel in 12 inch
by 120 inch rolls (precision Steel Warehouse Inc., Downers Grove, Illinois).
Two thicknesses were used, . 002 and . 008 inch.

A panel to be tested was mounted in a steel frame (Ref. 4).
All four panel edges were clamped, leaving an exposed area of 11 inches
by 11 inches (Fig. 2). The clamping area of the two panel edges perpendicu-
lar to the flow direction were bent through an angle of 30 degrees and fixed
between machined steel surfaces. This bending was necessitated by the
requirement that panel and frame present a smooth flat surface to the duct
flow. The remaining two edges were clamped flat between machined steel
surfaces imbedded for the most part in the duct wall. The protrusions
formed a minute portion of the duct cross-sectional area.

The outside dimensions of the panel frame were carefully
matched with the dimensions of the cut-out portion of the top of the duct

in order to seal off the duct interior from the atmosphere of the test room.

2.3 Fluctuating Wall Static Pressure Transducer

The measurement of the fluctuating wall pressure was made
with an Altec Lansing (type 21 BR-18-15) pinhole microphone (Fig. 3).
The pinhole (dy, = . 040 inches) in the microphone surface was offset so
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that the minimum distance between two microphone pinholes in a correlation
measurement would be small. The free field-parallel incidence micro-
phone calibration provided by the manufacturer indicated resonances at
5000 cps and 11, 000 cps. A full shunt-type amplitude equalization filter
(Ref. 4) was used to flatten the microphone response to 12, 000 cps.

The electrical signal from a microphone was fed in sequence
through a General radio (type 1551-P1) battery powered cathode follower,
a General radio (SLM type 1551-A) battery powered amplifier, and the
equalization filter. Two high pass filters were available for use with the
General Radio Amplifier. Both filters were series m-derived with center
T sections and had cut-off frequencies of 100 cps (Ref. 4) and 120 cps
(George Kelk, Ltd., Toronto). All electrical connections were made with
short cables (Fig. 5a).

2.4 Panel Vibration Transducer

The measurement of the panel transverse displacement
was made with a Shattuck (Ref. 6) capacitance-type probe (Fig. 4). The
sensing element (dy = . 125 irches) of the stationary probe acts as one
plate of a two plate capacitor and the grounded vibrating panel acts as the
other plate. Measurements of the mechanical response of capacitance
probes of this same general type made by Shattuck (Ref. 6) and Koidan
(Ref. 7) indicate flatness up to a frequency of 10, 000 cps.

The same electronics as described previously in Section 2. 3,
with the exception of the equalization filter, were used to process the

capacitance probe signal.

2.5 Electronic Correlator

A data processing system, the electronic correlator, was
used to obtain the two point space-time correlation function of the wall
pressure fluctuations and of the panel vibration separately (Fig. 5B).

Two signals to be correlated, ej(t) and ey(t), were recorded
at constant tape speed (15 ips) with a conventional head assembly on an
Ampex (type 351-2P) tape recorder whose two channels had identical
characteristics.

When the two recorded signals were played back, a finite
time delay, T (0~ 30 milliseconds), was inserted between them. The
time delay was achieved by mechanically staggering the playback heads
(Ref. 8) on a special assembly (Fig. 6). Provision was made to break
contact between playback head and tape during the rex nd mode of opera-
tion in order to decrease head wear.



The two signals, ej(t+T ) and eq4(t), were then passed
through idential low frequency amplifiers which extended the lower limit
of the tape recorder frequency response from 50 cps down to 18 cps. A
low frequency amplifier (George Kelk, Ltd., Toronto) was made up of
cascaded R-C low pass filters with a transistor amplifier stage between
each network.

The outputs from the low frequency amplifiers were passed
through two identical Muirhead Pametrada (type D-489 E) wave analyzers
only when limited portions of the frequency spectra were of interest.
Otherwise the signals were passed through a switching box with manual
selection of e; and e;, or e; and e2, or eg and e2, as inputs to two
identical high gain voltage amplifiers which brought up the levels of the
signals to that required at the input of a Philbrick MU/NV analogue mul-
tiplier.

The multiplier output,e,.e,,or e.a , or e.: , was
averaged by an active R-C integrator (Electronic Associates, Ltd., Toronto)
whose averaging time, T , was 10 seconds and whose meter readout was

Té&e, ,orTel , orTez

The correlation function was then

R = e (t+T) . e (b)
J e el (h)

The system, whose frequency response extended from 18 cps
to 10, 000 cps (Fig. 7), accurately auto-correlated sine waves (Fig. 8).
The constancy of tape speed was checked by monitoring stroboscopically
and otherwise the capstan drive rpm under start-stop and steadystate con-
ditions. High output Scotch magnetic tape (type 120A) was used throughout
and the system overall signal-to-noise ratio was never less than 45 db.

(2.5.1)

A talk-in circuit was available for data identification in the
record mode of operation.

3. MEASUREMENT PROCEDURES

3.1 Spectra

A three minute sample of a displacement signal was first
recorded permanently on tape. The recorder output on playback was
passed repeatedly through a Muirhead wave analyzer at different filter
settings. The analyzer filters used were ''1/3 octave', "narrow band",
and "in tune high selectivity" with an equivalent rectangular passband,
of/f,, of 25.7%, 5.25%, and 1.25%. The analyzer output was averaged
by a Flow Corporation random signal voltmeter (type TBM-2). Readout



of this instrument was taken after a minute of sampling. Overall displace~
ment signals were also processed through the voltmeter.

For each displacement signal sample, the transducer loca-
tion over and above the panel was noted as well as instrument gains.

3.2 Space-Time Correlations

A cartesian coordinate system was chosen to describe the
observation points in the plane of the duct top wall. The positive x‘axis
was defined in the flow direction and the origin of the coordinates was at

the intersection of the upstream panel edge and an edge parallel to the
flow direction.

Two pinhole microphones were used in the measurement of
the correlation of the wall pressure fluctuations. These microphones were
placed in a steel and mahogany solid frame (Fig. 9) whose outside dimen-
sions were equal to those of the panel frame. The microphone frame was
then mounted in the cut-out portion of the duct at the panel station flush
with the inner surface of the duct.

The frame had a series of equally spaced openings for micro-
phone insertions. These openings formed a cruciform pattern in the frame,
one line parallel to the flow direction and the other perpendicular to it with
the cruciform center located at the panel station center. Small increments
in the distance between pinholes were achieved by rotation of the micro-
phones within frame openings. Larger increments were achieved by
transferring one of the two microphones to ar«ther frame opening. Holes
not being used were plugged with steel dowels of the same dimensions as
the microphones.

A sample of a microphone pressure signal at x', y', p(x',y', t'),
was time correlated with a sample of the microphone pressure signal at
x'+ axy'+ Ay, px'+ ox, y' + ay, t)togive

R p(xvax yvoy, E+T) . p (') )
P =
ey S I OO

The correlation was determined for various fixed micro-
phone locations.

(3.2.1)

Two Shattuck displacement probes were used in the measure-
ment of the correlation of the panel displacement. The probes were usually
mounted at a height d < .1 inch above the test panel surface. Each probe
was placed in a holder which was traversed by two circular rods. These
two rods terminated in fixed supports located at the upstream and down-
stream edges of the panel frame when correlating in the flow direction,
and at the opposite edges parallel to the flow direction when correlating
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in the y-direction. Probe positioning was obtained by sliding its holder
along the support rods. All components were held rigidly to each other and
to the panel frame by multiple Allen screw connections.

A more elaborate traversing mechanism which allowed
correlations to be carried out in any direction was also used.

The correlation of displacement signals from two panel
observation points, was evaluated in a fashion similar to that for the
pressure signals.

4. EXPERIMENTAL RESULTS

4.1 Duct Flow Velocity Profiles

Velocity profiles were measured along the duct depth, up-
stream and downstream of the panel station, in order to ascertain the
fully developed nature of the turbulent flow (Fig. 10).

The velocity profiles in the 8 inch duct were similar when
either the flexible panel or the rigid microphone frame was in position in
the duct wall.

The velocity profiles in the 1 inch duct were similar when
the rigid microphone frame was in position; however, with a thin panel
and at the highest flow speed, the profiles were asymmetric about the duct
centerline. This asymmetry in the one inch depth was concluded to be due
to the panel deflecting inwards into the duct under the action of a static
pressure differential across its thickness while the air duct was being
operated.

Yaw of the pitot-static probe and its mount during the opera-
tion of the air duct was the cause of a slight but observable asymmetry in
all velocity profiles.

»

The displacement thickness, J , computed from the

symmetric profiles according to the relation

$ - §°”(: - wfu) da (4.1.1)

-]

was . 434 inch for the 8 inch duct, and . 054 inch for the 1 inch duct.

4.2 Space-Time Correlations of Wall Pressure Fluctuations

The wall pressure spectra (Ref. 4) measured in the 8 inch
and the 1 inch ducts displayed a number of discrete peaks in the frequency
range below 100 cps. The associated peak frequencies were observed to be



independent of the duct mean flow speed and the vibration response of a
microphone (mounted in its frame in the tunnel wall with its pinhole covered),
was determined to be over 40 db below the wall pressure fluctuations signal
level at all frequencies. The corresponding two-point space correlation
function measured in the flow direction had a constant value of . 6 for all

flow speeds and for all flow separations up to a test panel length (11 inches)
except at the smallest separation (8inch) where it increased.

On the basis of these observations it was concluded that the
low frequency pressure spectrum peaks were not associated with the wall
turbulence but rather with acoustic disturbances, presumably '"organ pipe'
standing waves in view of the lengthy region of correlation. Accordingly
no frequencies below 100 cps were considered in the correlation measure-
ments by the use of identical high-pass filters.

The finite size of the pin-hole, . 040 inch diameter, in an
Altec Lansing microphone, put a limit on the latter's high frequency resolu-
tion. The pin-hole averaged the pressure over its area and at the high fre-
quencies (short wave lengths) the pressure was not uniformly distributed
over the sensing area, and above a certain limiting frequency the measured
output signal was progressively attenuated. This limiting frequency for the
present correlation measurements was estimated (Ref. 9) to be 6000 cps at
the high flow speeds and 1500 cps at the low flow speeds for about a 30%
attenuation of the measured pressure signals. It is to be noted that the ratio
of the pin-hole diameter to displacement thickness, d,, [§" , which should
be as small as possible for accurate high frequency resolution, was . 092
for the 8 inch duct and . 74 for the 1 inch duct. For comparison .332 is the
lowest value of this ratio cited in the literature for turbulent boundary
layer measurements (Ref. 10).

The longitudinal two-point space~time correlation function,

RP (AX,O,T) , was measured at two flow speeds, 44.5 fps and 170 fps, in the
3 inch duct and at two flow speeds, 84.8 fps and 189 fps, in the 1 inch duct
at the panel station along the wall centerline in the flow direction (Fig. 11).

For each spacing, 4x , and duct flow speed, there was
an optimum time delay, 'T'o,.b , at which the correlation was a maximum,
The ratio, &n /’\".,.r , was the effective average speed, U, , at which the
pressure-producing eddies were convected downstream in the air duct

(Fig. 12A).

The decay of the locus of the correlation maxima was
approximated by the function exp (-T'/6 ), and 8 was interpreted as a
measure of the mean lifetime of a pressure-producing eddy (Fig. 13).

Because of the finite s8ize of the microphones, the closest
possible separation between them was ox )& * - 1.84 in the 8 inch duct and
Ax/&” = 14.82 in the 1 inch duct. Observation of the symmetry of the lines



of constant longitudinal correlation (Fig. 14) near the origin of the & ~Ue T
plane, suggested the possibility of increasing the space correlation informa-
tion given by R,,(A%,o,o) for very small separations by making use of the
auto-correlation function, Rp (0,0,T.T ) (Fig. 15). A measure of the
average longitudinal spatial extent of a pressure-eddy was given by

2, - j: Ry (ax,0,0) d (ax) (4.2.1)

The filtered longitudinal two-point space-time correlation
function, f_;_ Re (ox ,o,’T‘)]M: , was measured in 1/3 octave bands whose
equivalent rectangular frequency band was A f, and whose center frequency
was fo at one flow speed, 170 fps, in the 8 inch duct and at two flow speeds,
84.8 fps and 189 fps, in the 1 inch.duct at the panel station along the wall
center-line in the flow direction.

A filtered correlation curve had the form of a damped
"oscillation" with symmetry about a peak amplitude at an optimum time de-
lay given by Ax aUeT  (Fig. 164).

Now the theoretical correlation function for white noise
passed through filters of vanishingly narrow band width (one cycle/second)
is calculated to be of the form (Appendix D).

. R,, (ax,0™ = . ﬁh (ar) ces {aﬂ.‘ﬂ' +°€(Ax,’1’)] (4.2.2)

For comparison, the auto-correlation function for white noise passed
through flat filters of finite band width can be shown to be of the form
(Appendix C)

R(T) = [sin(mma8)/ (nT88)] con [T (£max + Forun) ] @.2.3)

where f;, ., and fii, are the upper and lower band cut-off frequencies,

6 f=fmax - fmin. fo = _—fmax2+ fmin

A correlation of these two results with the experimental
observations suggests that the effect of finite band width was the amplitude
modulation of the expected cosine correlation by sampling function such
that the true amplitude of the correlation was given only at T opt = A% Ve
(Fig. 16A).



In other words:

L Relag e Ry = simDmof(m-ox/u)] /Lmas (r-ax/u)] (4.2.4)

Third octave band convection speeds were obtained at
T opt 28 well as eddy lifetimes in much the same way outlined previously
for the wide band correlations (Fig. 12B; 13). It is noted here that the 1/3
octave correlation amplitudes and convection speed ratios scaled reasonably
with (£ ax /U ) (Fig. 16B; Ref. 9).

At the highest frequency 1/3 octave bands the filtered
correlation maxima fell very near to the zero. This was attributed to low
signal-to-instrument noise ratio due to the pressure transducer's loss of
high frequency response. The instrument noise in the two channels of the
data processing system was uncorrelated and did not contribute to the cov-
ariance of the pressure signals but it did contribute to the rms signals in
each channel leading to a reduction in the normalized covariance or correlation.

The lateral two-point space-time correlation function,
RP(o,m/.'l‘), was measured at one flow speed, 170 fps, in the 8 inch duct and
at two flow speeds, 84.8 fps and 189 fps, in the 1 inch duct at the panel
station centerline transverse to the flow direction, (Fig. 17 and 18).

For each spacing, &Y , and duct flow speed the correlation
was a maximum at zero time delay. The correlation function in the 8 inch
duct at 170 fps had its first zero crossing for all 4Y' spacings at the same
time delay.

A measure of the average lateral spatial extent of a pressure
eddy was given by ’

Q,, - lm Re (e,8y,0) d(AY) (4.2.5)

The filtered lateral two-point space-time correlation function,
.;.R,. (o,m,o) , was measured at one flow speed, 188 fps, in the 1 inch
duct at the panel station center transverse to the flow direction {Fig. 19).
The correlation maxima, ¢ R, , all of which occurred at Tepreo
fell to very low values at 1000 ¢ps as compared to 5000 cps for the longitudin-
al correlation maxima.

The degree of homogeneity was determined (Fig. 20) by
measuring R, (&x0,7) at two different observation points
x,y and x', y and Rp(e, ay ™ )atx, yandx, y'.

The following conclusions were reached on the basis of the
correlation studies described. First, that a stochastic space pressure
pattern was being convected downstream past the panel station. Second,



that the larger eddies of this pattern were travelling faster downstream
than the smaller eddies. Third, that the longitudinal spatial extent of a
mean pressure-eddy (8 x = .09 inch) was of the order of one-quarter of
the displacement thickness, and the lateral spatial extent of a mean
pressure-eddy (2 , = . 7inch) was of the order of twice the displacement
thickness. Fourth, that the smaller eddies lost their identity by decay
much faster than the larger eddies. Fifth, that the decay of the eddies
was much more rapid in the flow direction than in the direction transverse
to the flow. Sixth, that the pressure pattern was homogeneous in the flow
direction and transverse to the flow direction in the vicinity of the duct
center-line. Seventh, that the turbulence process was stationary in the
statistical sense.

4.3 Spectra of Panel Vibration

The frequency spectrum of the transverse panel surface
motion in response to turbulent wall pressure fluctuation was measured
at the panel center for a . 008 inch panel at a flow speed of 170 fps in the
8 inch duct and for a . 002 inch panel at flow speeds of 84. 8 fps and 189 fps
in the 1 inch duct (Fig. 21). The bulk of the response was in the band,
100 cps to 1000 cps, and the largest values of the spectral density in this
band were located in the sub-band, 100 cps to 500 cps.

A more detailed spectrum of the . 008 inch panel motion
was determined with the use of narrow band, and in-tune high selectivity
filters (Fig. 22). All panel modes with model lines parallel to the panel
edges . or which the difference between m and n was an even number had
loop lines passing through the panel center and contributed to local motion.
An attempt was made to associate the frequencies of the major spectral
peaks with the theoretically allowable modal frequencies (Appendix E) for
a thin, undamped, clamped edge panel (Ref. 11). The approximate fre-
quency relation used was obtained by an energy method based on Rayleigh's
principle with the use of characteristic beam functions. Successful identi-
fication of a large numer of the observed peaks was achieved.

On the negative side, for some theoretically possible modes
at the observation point, no displacement spectral spectral peaks were de-
tected and vice versa (Fig. 22, Appendix E). This discrepancy was thought
to be associated mainly with the effects of panel support. The areas at the
panel affected by clamping-bending though small were different in magnitude
at each lateral edge. Thus the geometrically square panel was effectively
rectangular and off-centered and a transducer located at the geometric
panel center would pick up some additional contributions and drop some
others - this effect was most apparent at higher frequencies (higher order
modes) where a large number of modes were crowded in between two
allowable ones.
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Half order modes were not anticipated in view of the fact
that the panels were not exactly square and the modal frequency at which
the capacitance type probe would attenuate the panel displacement by 10%
because of its finite size, was estimated to be over 12, 000 cps.

The measured rms displacement for a . 008 inch panel at
a flow speed of 170 fps in the 8 inch duct with the exclusion of frequencies
below 100 cps is given in the following table:

w? x y'

103 x inch inch inch
.14 5.5 5.5
.09 2. 375 5.5
.01 .315 5.5
.09 2.0 3.0

4.4 Space-Time Correlation of Panel Vibration

The longitudinal two-point space-time correlation of the
panel transverse displacement (vibration) with the exclusion of frequencies
below 100 cps was measured for a . 008 inch panel at 170 fps flow speed in
the 8 inch duct and for a . 002 inch panel at flow speeds of 189 fps and
84.8 fps in the 1 inch duct (Fig. 23, 24 and 25). The correlation curves
(Fig. 29) had the form of damped "oscillations" with more rapid decay in
space than in time. The correlation was highest for small separations
( & x) and small delays ( T ) falling to a fairly constant range of magnitude
-.30 < Ryf(ax,0 1T ) ¢ .20 at large separations and time delays. The
major features - for example, the first valley of the correlation pattern
was swept forward at an angle with the time delay axis, and in particular
where the time delay was multiplied by the appropriate average convection
speed of a pressure eddy, this angle was significantly close to 45 degrees
(Fig. 23). It is to be noted here, first that the correlation function for a
running wave, sin [k (8 -UeT)] | is a running wave, cos [k(u-u..‘l‘)] ,
with the corresponding correlation pattern swept forward at an angle of
45 degrees with the UWT axis in the &x-UF" plane and that, second, the
correlation function of a standing wave, sin (k A x).cos («7), is a stand-
ing wave, cos (wT ), with its corresponding correlation pattern unswept
and parallel to the & x axis in the 2% -0 plane.

The lateral two-point space-time correlation of the panel
transverse displacement with the exclusion of frequencies below 100 cps
was measured for a . 008 inch panel at 170 fps flow speed and for a . 002
inch panel at flow speeds of 189 fps and 84. 8 in the 1 inch duct (Fig. 26,
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27 and 28). The correlation curves had the form of damped "oscillations"
with maxima at zero time-delay for every space separation, ( & y), and
such that the magnitude of these maxima fell with increasing separation,
The correlation patterns were unswept over the spatial separation range
examined, lying parallel to the & y-axis in the &y -VeT plane. This
trend was not so well established for the 8 inch duct tests.

The filtered longitudinal and lateral two-point space-time
correlation of the panel surface transverse motion in 1/3 octaves was
measured for the minimum separation, .85 inch, for a . 002 inch panel at
a flow speed of 189 fps in the 1 inch duct (Fig. 30 and 31). The correlation
curves had the form of unswept damped "oscillations]' having their maxima
at zero time delay.

The repeatability of the correlation measurements on the
same panel for two different displacement signal samples (Fig. 32A) was
good as was the repeatability of the correlation measurements on two
different . 008 inch panels (Fig. 32B). The repeatability tests on three
different . 002 inch panels showed a fair amount of data (Fig. 32C), although
the nature of the correlation was the same. This data scatter was
associated with small but visible non-uniformities (wrinkles) in the panel
surface which were in part introduced at the manufacturing stage and in
part introduced during the procedure of mounting the panel in its frame.

A qualitative investigation of the bending and clamping of
the panel edge surfaces was first carried out by observing the motion of
sand particles sprinkled around the edges of the panel. The motion of the
sand particles was small up to a distance of 1 inch from the edges whose
surfaces had been bent prior to clamping andup toa distance of no more
than . 375 inch from the other two edges. A quantitative investigation using
a correlation technique was then carried out; this method consisted of
measuring the space correlation function, Rw(&x,0,0) , for a fixed A x
at different longitudinal locations along the panel center-line. The space
correlation (Fig. 33A) showed that for all test panels but one an inadequate
correlation existed between any point located up to a distance of two inches
from the edge and the rest of the panel. This effect shows up clearly in
the two-point space-time correlation near the edge (Fig. 33B). The good
correlation achieved for one of the panels tested was concluded to be
associated with a chance perfect bend at that edge during the mounting pro-
cedure. All correlation measurements were carried out within an effective
panel area of 7 square inches.

A check of the fundamental modal frequency for a typical
test panel was made by exciting the panel with an electromagnet (Ref. 4),
feeding the filtered panel displacement response to the y-input of an
oscilloscope which had the voltage signal to the electromagnet feed to its
x-input, and observing the Lissajous figure for the fundamental which was
at 25 cps. The theoretical estimate for the fundamental (Ref. 11) was 23
cps.
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Because of the uncertainty about the characteristics of the
wall pressure field below 100 cps, all correlation measurements excluded
these same frequencies.

At the highest flow speeds in the 1 inch duct, the static
pressure differential across the thin . 002 inch panel depressed the panel
surface inwards into the duct (Fig. 10; page ¢ ). This effect did not
change the basic nature of the turbulence because the displacement-
correlation for a thin panel exhibited the same trends of a . 008 inch panel
in the 8 inch duct.

5. THEORETICAL RESULTS

5.1 Mathematical Formulation

5.1.1 Statement of the Problem

A number of workers ~ave dealt, in varying degrees of
idealization, with the problem of the excitation of plate vibratory motion
by turbulent flow pressure fluctuation and in some of the cases with the
concomitant problem of plate sound radiation (Ref. 2, 3, 12, 13, 14, 15,
16 and 17). The work of Dyer (Ref. 2) seemed best suited to numerical
computations for physical circumstances approximating the present experi-
mental arrangement. The following is a resume of the relevant parts of
his theory and is presented here for completeness.

The problem considered was the determination of the
response of a finite plate excited by a pressure field whose covariance
was given by

PO B p(xy t) = 72 A &(ax-UeT) S(8Y) exp (-17116) (5.1.1)

The particular form of the panel response sought was the
displacement covariance given by

W ) W' E) = S’:dr. g_ia,r..'g ds- S;LS»' 9 (#4.F |xeyerbo)

‘%L-',,', Flxe, Yo b0 ) plteyeite ) B (e’ o' b))

(5.1.2)

The plate impulse response, Z"Ow AL TP ,b.) ;, was
evaluated in terms of the eigenfunctions or orthonormal modes of oscilla-
tion of the plate which were of the form

Woe (x4:E) 06 bomn (513 ) 8xp [bmn +4 Gmn Y b ] (5.1.3)

and which satisfied the plate equation
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B(l-i")v4wmn + m%‘i\_/\‘lm + P %\E\)_mn = © (5.1.4)

giving the eigenfunction equation

4
V4¢mn - Pmn ¢mn = o (5.1.5)
The impulse response function for low damping was found
to be
g (x4, E o o o) o0 'ZnZh Prn (<) B on (X090 exp [+ amn (5]

W rmn (5. 1.6)
® 5m[wm, (_b-l:,)J

and the expressions derived for the modal damping and frequency were

4
Amnz Re + N m S ot = n (5.1.17)
M e ’ g

The mode shape which satisfied the eigenfunction equation
subject to the plate boundary conditions ior simpie support at the edges was

Qo (x9) o o [(M)x] =i [_@Lz:) v] (5.1.8)
with the eigenvalues given by

err nn ) (5.1.9)

The particular form of the displacement covariance was

wle b)) wle'iy' t) = Z ZZ 2 AP Sron () b g (2'iy)

Gmn Cipq M2
s ( .mg as.S 45 Bumn (xerfe) g (26’ 4a') (5.1.10)
x expl-amn (F-15) ~apg (F-6) =I5 -5118)] 8 i (wmal(t-R)]
% 31 [eapq (E-')] 9 [(xo-w) - Ue (Fo-15")] YOS

Dyer evaluated the limiting case of the displacement
covariance for zero time delay and spatial separation, subject to the con-
dition U O << Lix

The displacement covariance function as well as the
corresponding power spectral density function were evaluated analytically
as part of the present investigation and the results are gtven in Appendices
A and B.

~
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5.1.2 Discussion of the Assumptions

The idealized pressure field covariance given by Eq. 5.1.1
was used for mathematical convenience. This field (Fig. 34) was thought
of as the limiting case of an exponential covariance

Riwit exp [— (lax-ueM /&J] & p [‘ GA‘{\/E\' )] exp L— QT'\IG)J

,e‘-)o

= 400y S(ax-UT) (ay) exp [-(M/6)] (5.1.11)

The wave number spectral density function for the exponent-
ial covariance indicated that a plate excited by a force field with such a cov-
ariance would be subjected to a point source loading instead of a distributed
loading as [ ,Q, »0 . The frequency spectrum of the delta function cov-

-ariance was flat as well and the time delay exponential envelope adequately
represented the experimentally observed pressure eddy decay.

The back reaction of the panel on the tur .lent flow was
assumed to be negligible. This seemed plausible because the rms displace-
ment was very small ( NW® = 2000 and Cx/,r‘.s 500). Moreover estimates
of the back reaction made by Dr. H.S.. Ribner (unpublished) in connection
with reference 2 indicated such a conclusion.

For the highest order mode of significance, the plate was
effectively subdivided into platelets of dimension Lx«/mx! , giving a ratio
of [h/(lafm)] ~.008 . This excluded any appreciable contribution to the
plate motion from shear deflection and rotary inertia (Ref. 19).-

The use of simply-supp rted-plate eigenfunctions instead
of those for a clamped plate, lead to a consistent underestimate of the
modal frequencies—45% at the fundamental, 23% at 100 cps, 15.5% at 200
cps, and 7% at 1000 cps.

The requirement for low damping was met in practice.
The experimentally measured damping ratio, Q (Ref. 4) went as 1/2
from the fundamental to about 110 cps and as 1/f2/ 3 from then on. It
was noted significantly that the modal damping, ®mrs8 wmn , (Fig. 35),
increased above 110 cps and at 1000 cps had the same value as at 50 cps.
Over the range of frequencies considered (100 cps and above), the
structural damping, which was low, was thought to dominate over the
acoustic damping.

When a driving pressure wave matched or nearly matched
a possible plate flexural wave in speed and in wave length (note - the plate
is a dispersive medium), a condition similar to resonance, called
"coincidence", was met (Fig. 36). Dyer found that this condition was given

by .
ot 5 (T LY ®  Rule = wmn (5.1.12)
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and that the mean square plate displacement, Z2Z [ w O b')"].,,,., , was a
maximum at coincidence. This result was derived earlier by Ribner
(Ref. 2) in the consideration of the motion of infinite plates. For a given
convection speed, a definite range of modal frequencies existed for which
the coincidence condition could be met, (Fig. 37).

5.2 Result of Digital Computations

A number of functions derived from the theoretical cov-
ariance described in Section 5. 1 were evaluated on an IBM 7090 Digital
Computer.

The displacement power spectral density, Sw(f), was
evaluated for an . 008" x 11" x 11" steel plate at the panel center (Fig. 38).

All spectra had sharp peaks at the modal frequencies
(Appendix E) except for those modes that had a nodal line passing through
the observation point. Some modes, the 2-4 and the 4-2, never contributed
to the displacement along the center-line.

The panel damping was low enough that the elimination of
some modes below a certain critical frequency, f., , did not significantly
change the remainder of the spectrum. For example, the elimination of
modes below 100 cps in the calculation of the spectrum at the panel center
(Fig. 38 and 38) changed the displacement at the modal frequency 113. 4 cps,
by -.18% and the displacement at the modal frequency, 466.2 cps by
.0005%. The theoretical coincidence frequencies given by equation (5. 1.-12)
matched or fell close to the allowable modal frequencies, and the coinci-
dence frequency range (Fig. 37) matched the displacement spectrum band-
width. Statistical modal intercoupling was found to be low and at the panel
center it was non-existent. The coupling term which was proportional to '

sn [('MHIL,)%J Sih[(PWILI)‘] St""ot [ (n“/h,)\[] [ m/(rl“""il)] (5.2‘. 1)

had a non-zero value only when (p-m) was odd. At the panel center, this
requirement made sin [(m/ia)x]Sm [(PWIL-)>'J equal to zero. The theo-
retical spectrum of the panel displacement response was very small above
1000 cycles per second. Modes resonant above 1000 cycles were found to
make negligible change in the calculated spectrum below 1000 cycles:
accordingly, these modes were eliminated from the calculations along
with those (see above) below 100 cycles.

The theoretical (or predicted) rms displacement,
(WG t) . was evaluated and is given below

.~
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kol x! y' f F

xl yl l co
inch{ inch | M | N | P| cps 10%.inch inchinch M |N {P |ep [0%inch

5.5 5.5 [ 11 {1111} O 1.832 |l 2 [5.5] 11 |11 11| 0 *1.422

5.5 5.5 |11 | 11| 11| 100 . 620 2 15.5| 11 |11 [11}170 .4257
5.5 5.5 | 11 | 11 11§ 120 . 480 2 5.5 15 {15 |15/ 170 | .4264
5.5 5.5 [ 11 1 1111|170 . 387 2 |5.5| 15 [15 |15{170 | *. 4190

* with statistical modal intercoupling

The rms displacement was greatest at the panel center when
the first few allowable modes were included. However, when the contribu-
tion of modes below 170 cps was excluded, the displacement was greater at
2 inches from the upstream edge than at the panel center. A geometric
analysis of the mode shapes showed that a far greater number modes were
contributing to the displacement at 2 inches above 170 cps than at the panel
center because fewer nodal lines were going through the off-center location.

The correlation function defined by the relation

Ru(ax,0y,™) = wluyb) wix'y' b)) (5.2.2)

J winy, B wa.ﬁ'.r')*

was evaluated along the panel center-line in the flow direction with the
fixed point (x' ) at 2 inches from the upstream edge and at the panel center
for various modal cut-off frequencies (Fig. 41). The correlation curves
had the form of damped "oscillations' for small separations ( &x ) and
time delays (7 ). As the separation was increased, the oscillations were
less damped. At the largest separation the correlation was lower but

with the "oscillations" being more damped at smaller rather than at large
time delays. The whole correlation pattern was swept forward at an angle
with the time-delay axis and in particular when the time-delay was
multiplied by the average convection speed of a pressure eddy, this angle
was significantly 45 degrees (Fig. 40). An increase of the total number of
allowable plate modes used in the computation as well as the allowance

for statistical modal inter-coupling, produced no changes in the correlation.
The period of a correlation curve was heavily dependent on the frequency
of the largest amplitude spectral. Lowering the modal cut-off frequency,
f.o» had the effect of expanding the whole correlation pattern in time delay

(Fig. 41).

17



6. CONCLUSIONS

The nature of the fluctuating wall pressure in a fully
developed turbulent flow duct (which is of interest in its own right) was
investigated and its most important features - eddy convection, decay and
length scales - were studied and incorporated in an idealized analytical
representation.

The main features of the observed panel motion in re-
sponse to the turbulence were accounted for by a development of Dyer's
theoretical model. The similarity between the measured and calculated
spectra suggested, first, the importance of the "coincidence” effect in the
increased panel response when a "coincidence" frequency matched or
nearly matched a panel modal frequency as well as in the definition of the
panel response bandwidth: (only a finite number of modes were necessary
to describe the panel motion); second, the important effects of low panel
damping on the peakiness of the spectra as well as in the abatement of the
high frequency response within the bandwidth defined by the "coincidence"
effect (for example, for an . 008 inch panel, the modal damping at 800
cps was about twice its value at 100 cps). The calculated panel displace-
ments . though consistently higher in value were of the same order of magni-
tude as the measured displacements. This trend was thought to be
associated with the fact that a point source loading of the panel by the
turbulence was assumed instead of the distributed one that it is (this im-
lies a failure of the theoretical response to fall off fast enough with di-
minishing ripple wave length). The strong resemblance between the mea-
sured and calculated patterns of longitudinal space-time correlation - the
pronouncedridges and valleys swept forward at 45 degrees - was interpreted
as indicating that the response of the panels had a strong running wave con-
tent, as predicted by Ribner.

The present investigation was thought to bring to light
three main results regarding the panel motion. First, that when the life
span of an eddy was small compared to the physical size of the panel
(Ue® <<Lx ), the latter responded primarily in running waves which decayed
as quickly as the pressure waves; a part of the response consisted of
fluctuating, irregular waves which resulted from the reflection processes
of the running waves near the panel edges. This has the significance that
the decay process of the running waves is essential to the mechanism of
panel sound radiation in subsonic flow [in subsonic flow, the sound generated
by a constant amplitude panel running wave carries no energy (Ref. 2)].
Third, that a concrete affirmation was obtained of the power of a classical
analytical formulation of the panel motion which made use of a superposition
of normal modes and a correlation format(due to Dyer)ln describing the
primary running wave nature of the motion as well as its secondary
irregular wave content and in distinguishing between these two types of
motion.
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APPENDIX A

Results of the Evaluation of the Integrals of the Displacement Covariance

A typical term of the displacement covariance summation
(page 14, equation 5. 1. 10) was
i — ) t t' Ly T N
I.W("l‘llt)W(":‘f'ltl)] = A loi $ oo (x'\A ¢h‘lx'\/l) X‘ th,j dato’j dx"j d‘luj ‘J‘uj d"u
_ 0 oD Py © o o

mned Wemn Gopg ™M*

%Dy (Xorde) ¢,,.L (x .‘/J) exp [-8mn (t-10) - 2pq (t-ts) - | tu-til /9] sim [ewm & —Ta):] Sin [wn(tlt;)]
x 8 [(_‘lo“‘o’) "U; (te'tol)J é‘(\[. '\I-‘) (Al)

The evaluation of the space integrals gave

[ W) wie it ] = [ weon) w8 o [ wloriB) wix'y t)] rmpn (A.2)

e pa
where

AF D mn (""I) D mn ("'"l.) 1- - ('t - t') (A . 3)

Cen M?

LW("-YI t)w (""fll b')] mn

[m.t)w(u'.y',t')],,n T Wemn Cipy M? pr - (A ‘1)

m-p tvan

{AF‘ ¢mn (“l‘l) ¢PV\ (7"-") i 1 opn (t -b') m-i» odd

o

and

T (E47) = j:u.f:t»' exp {-—'a,,,,, (et (-] - [te-ta] /efcos[um (fo-ta)]

® S [w,,.,. (t-t)] sm [om (t '-t.')] (A '5)

t t
T (£8) = j at. j b exp [+ 3o (1ot - Pee(-E) - [T t/]/6]

x s [otp (6o )] s [Gmn (-6 ] 5 [ wpn (£-87)] ()

The evaluation of the time integrals (with proper accounting
of the absolute magnitude signs) gave

g Tre ('T) = exp (— ?,,.,.,Tl) L W cos ('Cumnﬁr') +X s.,-,(w,,,n’l\')]
+exp (— 7/9)[ Y cos (m™) + Lo (o(m"l")] (A_‘l)
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where
W= (11A) (1/R) [ Ec (A+B) + A (ABIE -AD/G) +B(AA/D ~AC/F) ]
~C (BEA +BAID+ BR/E -BC|F -BD/G )

X =(1/n) (/8) LA (cB/E +CD/6) - B (cA/D +cc/r)] - C(EB-DAID

+DB/E -Ic/F +DD/G)

Y = (IR (1/8) [- A(ABIE +AD/s - B(AA/D +AclF)] - c(-mAID-BBIE
- BCL/F -BD/e)

Z = (r)(11m) [ A(cBlE +cDi6) +B(cAD +celF)] - C (palD +DBjE

+DC|F +DDle)

(A .8)

and

A = [ 110" #letm-cmn)] ;B = [10% 4+ (tmrcomar] ; C o 1/ (1OEseled)

D = [Com+i0)® + (atm-eom)t] ;B = [ (-0 41180 sletont Gomn)']
Fos [ (Gm +10) + (am-cma)] ;G = [(amule)u(«mwm)']

AR = [110(-amnstl0) - (m-tm)] 5 AB = [ 16 (~3mn+1/8)(ctmstomn)']

AC = [1/6 (3mn+ 118) ~ (em-coma] 5 AD = [1/8 (8mn+1/6) = (omtcsmn) ]

BA = [0 (-3 +118) ~otm (m-Gon)] ;BB = [118 (3mn1[6) =0 (ot -Gormn)]

Bc= [0 (Ramn+1/8) ~om @m-comm)] ;B = [1U8(Bmn+118) —oim (6 +0rmn) |

CA = [omns18) +116] (etm-Comn) ; CB = [(-8mn+1/8) +116 ] elm+comn)

CC = [(nmn+l/9) 4—'/9J (dm-ﬁumn) v CD = L(a",n +l[g) +”9](c(...+c.,,.m)
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DA = [o(m (- 3mn + 118) + 1B (o(m—(».,,,ﬂ)] ; DB = [o(m (—a,,.,,+1!e) +1]8 (o(m+6umn)]

C = [o(m (amn +1l0) +10 (o(m-cum.,)] ; DD ::[°(m (Smn +118) +|I8(o(".+mmn)]
EA = 4(3mn[8) (8mi + o) ; EB = 4 (@m[8) (amd +amh)

EC = 2/amn® (A2)
and

8 Impn = exp (:‘amn'r) [ T cos (wmn'f“> + 4 s (&mnfr)]

+ exp (—T‘ /8) [_ K Cos (O(,.'T) + L sin (°<p Tl)] Q-\.IO)

where

T = (0A)(BET) +OB)(BET:) +(©OD)(BET,) +EF)(BETL) +(O6)(BETs+BET,)

+(OH) (BET + BET,) +(OL) (BET» +BET,)

T = (06)(BET, +BeTz) +EH)BET.) @) (BETe) - (ON) (BETS)
-(©@®) (BET() - (OD) (BET, + BETs) + (OE) (BETy + BET,)
K= (oD) (ZET)) + (F) (ZET,) +©EN) (ZeTy) +(00) (zET4) 1(Q) (ZETs+2E7()
+(oI) (2eT, +2ETB> '
L = -(Of) (ZET, +2ET2) +(0Q)(2€Ts +2€Ta) +(OD) (ZET,) + (OF)(ZFTp)
- ©EN)(2ETs) -(©0) (ZETe) (A13)
and

RET, = (oL )(IE, -1ID,) + (OM /D) (VD) - 11E))
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BET. = (oiDs) (Hei=11R) + (on/F) (1R -1]g))

BETs = (oLID) (iD= 1/6)) + (om/ D) (1le -1D))
BETy = (oLlE)(IE -1 [F) + (om [E5) (IR - 11E))
BETs = (oc/DJ)(ID/- 1ID) + (0EIDL) (ME, - 1|E,)
BETe = (OTIR)QIF-IE) + @R (Ve -1l6))
BET; = (IDs)(oc/p -0kfe) ; BETg =(11Ey)(0E)E, - OTIF)

BET, = (1IDy)(okl6 ' -0efD)) ; BETw = (1[EL)(0T/F -cEelE))
BET, = (OLIDy) (1D, -VG) + ©OLIEOIE, -1 1E))

BET. = (oM[Ds) (116, -1ID) + (oM les) (NE -1 |F) (a.12)

ZET, = (oM D) (1D -1&)) 5 ZET. = (oM [Es) (Vg -1]F")
ZETy = (MDY (1D -V IF) 5 zeT4 = (oM [E)(VIE -1l6)

zETs = (1/D2) (oT[r'-0ciD) 5 zeTe = (11€)) (ok/6, -0E [E,")

i

zeT7 = (11D ) (ociD -okle) ; ZETg = (1/Ey ) (OE[E -0T[F) (R13)

2 T N 2 PN

D, =0L +0C | Dy = 06 +0A" ; Day.= OH* + 0D
' 2 Y ] 2 2 ! 2 z
Dy zom'+oct ; Dazo@+oN’ ;D= oI+ 0D

t

2 [ 3
E,zolt?+0" ; E,=0h'+oF ; E, - oM*+0OE
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2 2 2
E, = ©0Q +oo ; E3'=OIz+OF ; _Ds .
Fo. = o6*+oB”° ; F,' = oM*+03® . G, =
Gll = Or"\z+0kz
oA = () (C\)mn -CUPH) , OB = 0'2) (Cdmn'\'ﬁupn)
OD - 0OC +0CA ;) O = Xp - OB

06 = (12) (Rmn+@pn) ; OH = (Dmn + }/0)
O = o -0OA ; OK = o<+ OA
oM = (k) (amn -Rpn) +1/6 | ON =0C — OA

oQx. = & pn +l/9
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OH® + oD

1

2
OCL" +0Kk

s OL =(@mn -'[6)

(A14)

; QL =0 ’2) (amn-apn)+l|8

; OO = OE +OA

(a.2s)



APPENDIX B

Results of the Evaluation of the Fourier Transform of the Displacement
Covariance

The power spectral density was defined as follows (Ref, 18)

Sw($> = 4\Spp:\)w.(o,o,ﬂ‘)cos(Z‘ﬁ-{l’\“)dT (B.1)

The introduction of Eq. (5. 1. 10) into equation (B. 1) gave
(see Appendix A for expression for modal covariance)

Sw ('F') =4 EZ‘Z’Z S:)[w (x',\/‘,t)w (x; yl,t:):l rorpq Cos(a'ﬂ‘.c-'r) 4T (B.2)
- 32 aAR L. )

LWt M2
+ ZZZ 'GAF‘ Srn ("'IY.) 4’?" (yl"/l)

Xm n ‘F
men Camn“-‘rn M. ° ( ) (B'3)

Xomn (£)

where

X (£ = (W)(COE)(VcoA +1[cor) +(X) [~ (o6 [con) +(coHlcon)]
+(¥)(cor) Qlece +1[ced) + (2)[- (cot [coc ) +(cozlcoD)] (B.4)

coA = 2 [amr +(arf -w......)’] ; Cod =2 Y_a,,,,z. + (zrr$+comn)2]

coCc =& [‘/92 + (2”-; ‘o(m)zj ; CO.'D =< Ll[e‘ + (2rf Mm)z]
(B.5)
COE = Brmn ; cor= 16
COG = (21‘('; -Cl)rnn) i COH = (ZYT"PComn)
CoT = (2rf -cAm) » coT = (enf +chm)

X (f) was identical in form to X,, (f) but with I, J, K, L,
mpn
ingtead of W, X, Y, Z, (see Appendix A) and  p instead of X p.
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APPENDIX C

The Auto-Correlation of Band Limited White Noise

Consider a stationary stochastic process defined by its
spectral density function, S(f). The auto-covariance function is then given
(Ref. 18) by

RV = Sjsc{-) cos (2mfT) 4T . 1)

If in particular

S§) =

(o} oﬂnr w u$¢_

{ A Foin < § <frm

Then the auto-correlation function

:m(’r) - l'h TAF) o
R (T) TR T S__L(;“FM_) Cos(2m{uT) €. 2)

where Af = fmax‘fmin3 'fO = (fmax + fmin)/z

The auto-correlation function has been evaluated for various
combinations of fy,ay and fi, i, and the results are plotted in Figs. C-1,
C-2. A widening of the bandwidth by extending fm, 3 to higher frequencies
can be seen to increase the number of zero crossings. On the other hand
a decrease in fmin' produces a decrease in the magnitude of the most
negative value of the correlation.
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APPENDIX D

The Filtered Correlation Function for the Wall-Pressure Fluctuations

Harrison (Ref. 20) has shown that the cross covariance of
the wall-pressure fluctuations could be written as

0?.; (ox byT) = Rye () = S:U = (§) cos (2rrf.’|") df - Sj\/.z #)sin (zrrﬁ”) df (D.1)

where the subscripts 1 and 2 denote two observation points, x, y and x', y',
and U;9 and V12 are real functions of & x, Ay, f, even and odd respect-
ively such that a cross-spectral density function, P5(f), could be written
as

P (axayif) = Ba(f) = Vialf) +iVie (¥) (D. 2)

If, now, the pressure signals were passed through filters
of unit width band-pass at a frequency f,, the correlation function would
become (Ref. 20, 9)

', &“ (_"I‘) = U|2 (‘Fo) cOS ((ZTI‘FJT) - V.z G:.,)su'n (ZI'T‘:‘V) (D 3)
or in another form

fo Ral)= UG+ V) cos Lanfur) st ] (D. 4)

where

X = +°m—‘ (\/\z /Ulz) (D. 5)

rormalizing this filtered covariance

(R (M e R WOV ef@mt,?) +o ] (D. 6)

\/: R (KR, (=) | F). P

where .

£ Q (T') = P\("') Ces (ZIT%,T‘) ] £ @1 (T’) = P" (‘4) Cs (zrcﬂ") (D. 7)

R @)= RO DT |, Ko@) (TRE DA™ o5

Q and P being the auto-covariance and the power spectra’ density
functions respectively (Ref. 20).
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APPENDIX E

Table of Modal Frequencies for a Square Simply-Supported Panel and a

Square Clamped Plate (Theory, Ref. 11)

m,n cps cps 9 m,n cps cps
m2+n? | &nm | fg4 o, (m2+n°| &nm | £ for,
2 1,1 12.6 | 23.0 || 80 |4,8;8,4 | 504 553. 9
5 | L2,2,1 | 315 | 47.4 || 82 |1,9;9,1 |516.6 | 570.8
8 2,2 50.4 | 69.7 || 85 [2,9,9,2 |5355]| 589.8
6,7, 7,6
10 | 1,3;31 | 630 851 89 [58;8,5 | 5607 | 617.5
13 | 2,3;3,2 | 81.9| 1060 9 [3,99,3 {5670 6231
17 1,4;4,1 | 107.1 | 135.6 | 97 4,994 |611.1| 670.1
18 3,3 113.4 | 141.8 | 98 .7 617.8 | 676.7
20 | 2,4;4,2 | 126.0 | 155.8 || 100 |6,8;8,6 | 630 689. 3
25 | 3,4;4,3 | 157.5 | 190.2 | 101 |1,10; 10,1 | 636.3 | 696.2
26 1.5; 5,1 | 163.8 | 197.3 [ 104 |2,10;10,2 | 655.2 | 716.1
29 | 2,552 | 182.7 | 217.5 [ 106 |5,9;9,5 | 667.8 | 720.8
32 4,4 201.6 | 237 2 | 109 |3,10;10,3 | 686.7 | 748.0
34 | 3,5;5,3 | 214.6 | 251.0 || 113 |7,8;8,7 | 711.9 | 773.8
37 1.6;6,1 | 233.1 | 271.1 | 116 [4,10; 10,4 | 730.8 | 794.3
40 | 2,6;6,2 | 252.0 | 290.7 f| 117 |6,9;,9,6 | 737.1 | 801.2
41 | 4,5;5,4 | 258.3 | 297.6 [ 122 [1,11;11.1 ]| 768.6 | 835.4
45 | 3,6;6,3 | 283.5 | 324.7 [ 125 |2,11;11,2;] 787.5 | 8s6.0
5,10; 10, 5
50 | 1,7;7,1; | 315.0 | 357.6 | 128 8,8 806.4 | 874.6
5,5
52 | 4,6;6,4 | 327.6 | 371.4 || 130 |3,11;11,3 | 819.0 | 888.3
7,9; 9,7
53 | 2,7;7,2 | 333.9 | 378.0 || 136 |6,10; 10,6 | 856.8 | 926.3
58 | 3,7;7,3 | 365.4 | 410.1 || 137 |4,11,11,4 | 863.1 | 933.1
61 | 56;6,5 | 384.3 | 430.8 § 145 | 1,12; 12,1 913.5 | 985.4
8,9,,9,8
65 1,8;8,1 | 409.5 | 457.5 | 146 .| 5,11;11.5 [ 919.8 | 994.4
4,7,:; 17,4
68 | 2,8,8,2 | 428.4 | 477.1 | 148 | 2,12; 12,2 | 932.4 | 1004.7
72 6,6 453.6 | 504 149 |17,10; 10,7 | 938.7 | 1015.5
73 | 3,8;8,3 | 459.9 | 505.4 | 153 |[3,12;12,3) 963.9 [ 1037.6
4 | 5775 | 466.2 | 512.3 | 157 |6,11; 11,6 | 989.1 | 1063.5

Steel plate, . 008 inch thickness, 11 inches length.
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FIGURE 29

LONGITUDINAL TWO-POINT SPACE-TIME CORRELATION
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