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SUMMARY

4

Recent experimental information on low-level atmospheric turbulence
is first reviewed. It is suggested that the assumptions of hcmogeneity
and isotropy customarily adopted for high altitudes are still useful in
this régime., and that the integral scale is roughly equal to 9/10 of
tte altitude up to about 1000 ft. Next, the previously published theory
of the ‘power-series approximation’ as applied to the vertical component
of tie gust is extended to include all three velocity components simul-
tanzously. Fourteen different one-dimensional input power spectra and
cross spectra are found of which only five are important. Of these
five, only one is a cross-spectrum involving two different velocity
components (u and v) . Formulae for them are calculated and curves
are presented. The ‘gust derivatives’ required for calculating airplane
response are defined and discussed, and the most important ones are
shown to be simply the negatives of classical stability derivatives.
Methods of approach for calculating the remaining ones are suggested.
Finally, it is shown that the dispersion, or probable error of position,
is fundamentally different when the controlled variable is velocity or
heading than when it is position.
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NOTATION

matrices of aerodynamic gust derjvatives

airplane moments of inertia .

matrices of equations of motion

a_lrplme product of inertia

column utriJces

(i

coluza ntrix_ of éust inputs

overall tméter function relating n'h output to 1"’ gust input

matrices of overall transfer functions i
altitude o
hinge moment on elevator, sileron, rudder, respectively

effective inertia of elevator. )aileron. ruadder aﬁtm. respectively

dimensionless wave number L01

(1+ k2 + k2 + k¥

= LG}

=1+ k3 +xpak

integral scale of turbulence
chamter}stic dimension of airplane
tail length

overall length of wing

aerodynamic moments acting on airplane
mass of airplane

angular velocity components of airplane
Laplace transform variable

time

vector anmplitude of elementary spectral componeat
‘ vi .

v




{u,, u,, uy) velocity components of aircraft [(= (u, v, m)]
(u{. u;. u;) velocity components of atmosphere [¢ = (u',v', w9)]
u . reference (mean) speed of airplane

u! = Ju'/3x , and similarly for the remaining elements of the gust
1 input matrices {51) and {g,}

position vector

)

(xl. X, X3) air-fixed co-ordinates

(x. ¥, 2) bod:~fixed co-ordinates
X, Y, Z components of resultant aerodynamic force
X, + = X(8)/li’(s) , and similarly for remaining elements of the gust-

derivative matrices [A,] and [A,]

R

h‘ wave-number vector

ﬂi component wave number, 27/

A component wave length

o root neaﬁ square ¢us£ velocity

) circular frequency (= u,) , rad/sec
é pitch angle

P ‘ bank angle

& 0 g control surface angles

A angle of sieep

r v dihedral angle

QIJ (kp"z-ka) three-dimensional spectrum function of ujuy

¢ 4K K, k,)  three-dimensional 'spe’é‘tm function of. af

94,3“1) one-dimensional spectrum function of apf

(@) denotes Laplace transform
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THEORY OF Tk FLIGHT OF AIRPLANES IN ISOTROPIC TURBULENCE -
REVIEW AND EXTENSION

B. Etkin®*

1. INTRODUCTION i

The flight of airplanes through turbulent air has been a subject of prime concern
to aeronautical engineers since the beginning of flight itself. The attendant problems
of structural integrity, flying qualities and performance receive continuing study.
The application of statistical methods during the past decade, in particular the
methods of power-spectral analysis and the theory of isotropic turbulence, have
brought about a significant advance in our understanding of these problems.

The theoretical approaches to analysis fall into two categories, according to the
manner of specifying the *unit’ element of the gust. The first? uses a ‘gust
impulse’ as the basic element, as shown in Figure 1. References 1, 2 and 3 are
representative of analyses based on this method. The second approach'(‘uses the
elementary spectral (Fourier) component illustrated in Figure 2 as the basic element.
This is the one which has been taken in References 4, 5 and 6. It should be emphasized
that there is no fundamental opposition between the two formulations; both can in

nrincinle leoad tg the came rogulte, the accuracy of which dopende not on thie choice,

but rather on the details of the approximat ions subsequently made in the analysis.
It is the opinion of the author that the second method has some advantages, viz:

{1) The mathematical formulation is simpler, and hence easier to understand and
to use;

(2) It is easier to separate the elements of the theory that are essentially wing
theory from those that are essentially the representation of the turbulence;

(3) By using the power-series approximation of References 5 and 6, extended
herein, the accumulated knowledge of aerodynamics embodied in stability and
flutter derivatives is easily incorporated;

(4) Approximations involving certain parts of the frequency spectrum are easily
incorporated. N

This report presents a brief review of the information on atmospheric turbulence
in Section 2. It follows in Section 3 with a semi-qualitative description of the
two basic methods of analysis mentioned above. Section 4 contains an extension and
generalization of Reference 6 to cover the case of simultaneous inputs of all three
gust components, and Section 5 presents some information on the flight path of a
vehicle flying-in isotropic turbulence.

* Professor of Aeronautical Engineering, Unwversity of Toronto, Canada

t Due to H.W. Liepmann, Reference |

tt pue to H.S. Ribner, Reference 4
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2. THE STRUCTURE OF ATMOSPHERIC TURBULENCE

It is obvious that if we wish to study flight in turbulent air theoreticelly we
must Know enough about atmospheric turbulence to construct a reasonable mathematical
t. For this purpose, the atmosphere close to the ground .(in the boundary

naa Lo b oiemdN oo Do e o b e o S 3 o Y. o~ a1 PO )
Ucoua oy it Wil UCedd U Uf LuUldideled dSopalately Liuw timal mgler Jup.

2.1 Outside the Boundary Layer

There is little to be added to the picture of turbulence at higher altitudes which
has already been so competently given by Press and his co-workersat the N.A.S.A. 7' °
(An abbreviated account is given in Reference 5). In short, it is a reasonable
approximation to regard high-level turbulence as homogeneous and isotropic in patches
of limited extent. The velocity of airplanes is normally sufficiently high that the
turbuient fieid within one of these patches may be regarded as constant aduring the
time of passage: and the statistical properties of the input to the airplane are
assumed to be indépendent of the response of the airplane itself, i.e. they are the
same as would be obtained in rectilinear translation at constant speed. (This is
not to say that the response of the airplane is neglected in calculating the aero-
dynamic forces. The forces associated with motion of the airplane are included as
usual.) The probability distribuzion of the intensity o of the turbulent patches
is dependent on the route, season, altitude, etc. The one-dimensional spectrum
funciion for the lalernl compuuenl of Lie lurbulence wiichh is now wideiy accepied is

ok - oL 1 + 3k? N
o} 3 - (] = —
33( 1) 22( 1) 2 (1 + kf)z
According to the theory of isotropic turbulence® the above is derivable from the
maore basic energy spectrum-function. The latter is
8 , k*
E(k) = —0L —— (2
T (k® + 1)
In terms of E(k) , the one-dimensional spectrum is calculated from the relations
_ 1
@ij(kx) i Q“(kl,kz,kz)dkzdk3 (3)
. ‘ i A .
and
LZE®X) , :
Dyyky Ky ky) = (K 8yy - Kiky) @
where bij is the Kronecker delta. When Equation (2) is substituted into '
Equation (4) we get
- 2 k2, - Kk
. 203 % Yij "
,mij(k1'kz'k3) C om0l —— (3)

T k? + 1y?




(:))

and Equation (3) becomes, for the particular energy spectrum adopted,

X
20°L JrRe,, - Kk, '
— 3 1)
@ij(kl) - = 16/ (k% 1)3 dkzdkz (6)
-x

Froa" Equatlon (6) we may also obtain the companion to Equation (l) i.e. the
longitudinal one-diwensional spectrum

2
k = . 7
911(41) 1+ ki M

The cross-spectra 8,,.9,,, 8, areall zero, since for these cases the integrand
of Equation (6) is ant1sy-letrical with respect to one or both of k ka'
Unfortunately, there is insufficient information available on the scale L of the
turbulence in the atmosphere. The value L = 1000 ft has been assumed by Press and
others to be reasonably representative but much more experimental information is
needed. It should be pointed out that this is a very important parameter, since it
may exert a dominant influence on the energy available at the resonant frequencies
of the airplane. This effect is shown in FPigure 3, taken from a Douglas Company *

1

‘teport‘". Furthermore, the accuracy of the power-series method (Sec.5) is dependent

on the ratioc of airplane size to turbulence scale.

N

2.2 Near the Ground

At low levels, the turbulence resembles that which occurs in boundary layers
adjacent to rough surfaces and is strongly affected by the terrain. The scale and
intensity both vary rapidly with height above the ground, and in generai‘the field
is neither homogeneous fior isotropic. A number of measurements have recently been
reported of statistical properties of low-level turbulence!®”!? from which two
useful general conclusions can be drawn. The first is that Equations (1) -and (7)
are fair approximations to the lateral and longitudinal one-dimensional spectrum
functions. The second is that the scale factor L in these equatlons, up to
1000 ft altitude, may be approximated roughly by -

L = 0.9h (B)

where h is the altitude. The evidence for these conclusions is given in Figures 4
to 6. Figures 4 and 5 show comparisons made in the USAF-supported Douglas study
between measured spectra, and those given by the equations. The agreement as to
shape is encouraging. Figure 6, which contains more detail at the low wave numbers,
is another comparison, using k @(k ) as the ordinate, and the ratio altitude/
wavelength as abscissa. The experimental data are those of Panofsky'! and the
heavy line is Equation (1) with L = 0.93 h . This value of L corresponds to a
maximum of the curve at b = 0.25 . This seems to give the shape of the experimental
curves well enough at heights as diverse as | metre and 300 metres. No importance
should be attached to:the actual ordinates of the curves in these Figures, since

“none of them has beenxnornalized and there are wide variations in o (which is the

ares under the curve wﬁen plotted to linear co-ordinate scales), only the shapes are

b . . o -
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significant. Panofsky also gives a semi-empirical formula forv the variation of
intensity with height and ground roughness under unstable meteorclogical conditions.
This is ’

/

& _ v
g = 0.226 ———
loo h/h
log h/h
where V = mean wind at height h

h characteristic roughness length.

Tl

The questions of homogeneity and isotropy are more troublesome. The evidence shows
quite clearly that low-level turbulence reflects the nature of the terrain. If the
latter is homogeneous and isotropic, then the turbulence will be closely axisymmetric,
i.e. independent of rotation about a vertical axis, and homogeneous with respect to
translations in the horizontal plane. However, the scale and intensity in general
vary with height, and hence the turhulence is not truly isotropic and the theory

3

leading to the one-dimensional spectrum given in Equation (6) is not valid. In

spite gf this, there would seem to be no recourse, in the present state of the subject, y

but to use the isotropic model for the low-level case as well as for high altitudes.
The complexity of the problem is even then quite sufficient!

“Bquation (8) indicates that we must be concerned with turbulence having Scales as
small as 200-300 ft. At such small scales, the variation in gust velocity over the
airplane becomes important, and analytical methods of some refinement and complexity
are indicated. ' ‘

3. THE TWO BASIC METHODS OF ANALYSIS
3.1 The ‘Impulse’ Method

Let ox, x, x, be a co-ordinate system so chosen that the mean wind in it is zero,
gnd.. such that ox, is the mean flight path. Let the airplane be regarded as planar,
‘80 t‘)t only the distribution of atmospheric motion (uj , uj, uj) over the
- horizontal plane ox, x, is of interest. The impulsive gust element at point
(x, . x,) then has components

[ 4 1} 4
uldx ldxz . Nuzdx 1dx,‘,. u dx dx,

of which we consider one at a time (as for example in Pigure 1). _Now let the air-.
plane come under the influence of the gust element when the c.g. is at position
(6,0,0) . Then a typical aerodynamic force or moment associated with it, e.g. the Z
component (the negative of the l1ift) is

udx !dxzh(xtc s = §eXy)

where h(Axl.x,‘,) is the response function for a unit-impulse gust, and is zero
for Ax ' < 0. The total force Z(x1 ) acting on the airplane is then obtained
< ’ c,g.




by integrating with respect to x, sacross the span and with respect to ¢ from
<0 to ®. The sutocorrelation of Z(x;, , ) is next obtained, viz.

oy
Rpy(Bx)) = ?‘}g}\(x,)zul +8x)
N

and finally the spectral demnsity (which is the quantity sought) is obtained by taking
the Fourier Transform of the autocorrelation. This procedure entails some quite
complicated mathematics. It is worth noting that the basic aerodynsmic information
is all bound up in the function h(A1x,.x,) .

Thus the method does not lend itself readily to incorporating serodynamic informa-
tion (experimental or thecretical) which is in the form of stability or flutter
derivatives. There is a large body of such information, and to be ahle to draw on it
easily is an advantage. Furthermore, when we wish to extend the impulse method to
include the three velocity components simultaneously. the complexity is further
increased by the presence of non-vanishing two-point cross-correlations between the
uy, n; and u] components.

3.2 The TFourier Component’ Method { »

In this method the basic element of the turbulent velocity field is a wave of
shearing motion, described by the expression

7 —
PR ) } (9)

The corresponding distribution of downwash over the ox X2 plane, for example, is
shown in Pigure 7. Once the lift and other relevant aerodynamic forces or moments .
have been determined for such basic velocity fields, the formalism for writing down
the spectra of the inputs to the airplane system is quite straightforward. However,
in itself this step does not make the determination of the basic lift element any
easier. It replaces the problem of finding h(Axl.xz) with that of finding the
periodic lift (or other force) associated with a running-wave boundary conditiom.

In fact, the latter solutions may be constructed by a suitable integration of .the
former. Examples of solutions of this kind of wing-lift problem are found in
References 14 and 15.

3.2.1 The Power-Series Approxilatiion

A simplifying approximation introduced in Reference 5 and extended in Reference 6
is based on representing the gust-velocity field over the airplane by a modified
Taylor series. It was shown in Reference 6 that by keeping terms in the series up
to the second order, the velocity distribution can be represented adequately for
spectral components whose wavelengths on the two axes (>\1 and )\2 . Fig.7) exceed
twice the corresponding airplane dimension (length or span)®*. It was further shown

that the cut-off frequency obtained by excising the higher wave numbers is high enough

to allow inclusion of important elastic modes, and that the error due to using a

¢ It is shogn later (Sec,4.1.1) that the wave-length limitatjon is actually less restrictive
than this. :
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truncated spectrum is not serious provided that the ratio L/l is not less"than
about 3. The value of [ for a large sweptwing airplane is about 100 ft, so the
turbulence scale L may be as small as 300 ft for such aircraft. Fer smaller
machines, L may bhe correspondingly less, :

It should be noted that it may freGuenily ol e necessary Lu reialn the second
order teras in the power-series development. From the examples shown in
Reference 5 it can be seen that cutting off the spectrum at component wave-lengths
less than eight times the wing chord and wing span respectively may still provide
sufficiently good results for wmotion in the rigid-body modes. This requires only

that the zero order and linear terms of the series be retained. Furthermore, it 4

will be seen in the following that the input spectra associated with the second- L
order terms are very small. R ’
b} :

\

Ve
i
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“ 4. EXTENSION QF\‘TEE PORER-SERIES APPROXINATION

In References 5 and 6 only the vertical component of the turbulence (u; = gl
was considered to be present. However, the simultaneous occurrence of all three
velocity components mmst he considered for a complete theory. Thus we take as the
description of a single spectral component of the gust field the Taylor series

’ ah aui’ . 1 azul' \ i = 1_2:3 o (10,
ui = “1 0 +{ — Xj 4 | —— lljxl . _ y )
axj/o 2 axjaxl/o ik = 1..2‘ 3 , ’

where the summation convention for repeated suffices is implied. The subscript o
denotes the airplane C.G., i.e. the point (u,t,0,0) . Thus -“1' and its derivatives
are periodic, with circular freguency 01“0 zw.

As in Section 3.1, we consider the airplane to be a planar body, so that only
the vsriations in the x x, plane are of interest - hence the restricticn of j, k to
1, 2 in Equation (10). In Reference 6 a refinement was included which improved the
fit obtained with this approxisation to the actual sinusoidal velocity distribution.
The refinement was to multiply the linear terms by suitably chosen frequency-
dependent factors. This had the same effect on the input spectrum functions as
would adding certain third order terms to Equation (10). Although there is certainly
some gain in accuracy achieved thereby, this refinement adds undesirable complexity,
and is not included herein.

The point of view taken is that each term of Equation (10) when it is appliéd to
a single spectral component) represents a periodic relative velocity field of simple
form, which results in pericdic aerodyiamic forces and moments. These are expressed
quite generally by a set of ‘gust derivatives’ or ‘gust transfer functions’ which
are analogous to (some are identical tc) the familiar stability and flutter deriva-
tives which have been in use for so long.

Consideration of the symmetry of the velocity distributions represented by the
individual terms of Equation (10) permits separation of the associated aerodynamic
forces and moments into the usual longitudinal and lateral groups. The following
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matrix equaiions serve to-define the ‘gust derivatives® (note that th= sust velocities

are now denoted by u’ , v/, w') :

{r,}

{r,}

r}

where 7

{r,)

( ‘ {e,}

{g,}

] {e)}
A,] {e,}

X |

o~

(11)

(12)

13) -«

(14)

(15)

(16)




8 ‘ . .
where v; = dw//dx, etc. It will be seen subsequently that the input spectra associated
“with W/, are negligible, and hence that term may be dropped.

Xy '
W) = [Xyer  Xur Tup o K X | K Xer Y, Rl X.;yW
| .
Lyt Lyt ‘u; Aw; Zv; :Zu;x le'x ZV;y zu;y Zw"y
My My ¢ "u; "vx' "vy’ : ““;xu ""x'x uv;y uuy'y ""'y
-“eu' Hey? “eu; Heyr Hey: ; Heu;x Hﬁw;l Hev;y Heu;y HQ';!
an
b= T g g Yt Yy Ty,
i
Lyt Lyj Luyy  Lwy : Lvi, Lufy :L'x'y : Lvy'!
Ny? Nyt Ny! Ny : Ny! Ny! :N" b Ny’ | (18)
X .y y XX XY , 1y ! yy
Hav' “lv; H‘u; Ha'; E an;x Hau;y :Ha";yi Hav;y
|
Bove Hreg B Hnag g, g e b

In the above expressions {Fx} and {Fz} are the column matrices of the Laplace

transforms of the longitudinal and lateral aerodynamic forces respectively, {31}

and {52} are the matrices of the Laplace transforms of the gust-velocity inputs for
the longitudinal and lateral equations, and [A,] and [A,] are the mitrices of

‘gust transfer functions® defined by Equations (11) and (12). These transfer functions
might frequently be approximated by simple derivatives, e.g. Y,r = 0Y/Ov’ (see .
Ref.5, Sec.4.16). The matrices [A,] and [A,] are written out above with maximum
generality, in which case there are a total of 80 transfer functions! The dashed
lines in Equations (15) to (18) indicate those portions of the matrices (to the right
of the line) which would be neglected in a first-order theory. The number of transfer

. functions is then reduced to 40. If only'control-fixed conditions are of iaterest, a

further reduction to 27 is effected by dropping all the H terms. Additional
simplifications of the sort common in stability and control work might frequently be
in ‘order: for example, neglecting the X-force equation altogether in the longitudinal -
equations of motion, and dropping certain transfer functions which experience or
analysis indicate are small.

4.1 The One-Dimensional Input Spectra

Since the ‘inputs’ {g,} and {g,} contain more than one element, the airplanme
system is subjected to a set of simultaneous random inputs. Figure 8 illustrates the
general case, with inputs x;(t) , 1 =1ton, output Yn(t) , and transfer
functions Gm(s) . The output is given by




N\ )
]
Fo(s) = zﬁu(s)i’i(s)
i
and, as shown in Reference 13 the (ou;e-dilanslpnnl) power gspectral denaity of Y
is given hy ‘
%n,n(w) ="~;ZZG;1(‘£’¢-,}‘)GM (iw)eu(w) | 19)

The star denotes the conjugate complex number, so that, for example, the term
6,6,,9,, = |6,,/%@,, . vhich is the familiar result for a single input. ©,, is the
cross-spectrum of xy and - 1 . i.e. the spectral distribution of XgX; , OF the
Pourler traisform of the cross-correlation of x; and xy . In using Equation (19)

-1t 18 important to note tlmt

8 @ = 8w : (20)

D ¢ 4 Y, 1is one of the ulrphne response quantities such as roll angle, :!load factor,
wing stress,etc., then G,y (@) is the averall tranafer function relating this:
particular response to the imput 2y {e.&. w . The evaluaticn of these transfer
functions is performed by applying the forces Tir ,} or {F,} to the appropriate
equations of eotion, e.g. for the horizontal flight of a r1¢1d airplane with six
rigid-body and three control system degrees of freedom:

\‘1

3
W

i
[8,] ; = {r,} | (21)
| 77 ]
[ ]
.. $'
B, |F|= {r} ' (22)
- -§- : :
bzd
where
B,) = [@s-x) ng X, ]
-2, (w8 -2Z,) -(mu, +Zg) -z

, . A (23)
- M - M, (B8% - W) -, .
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B = [ms-¥) -ma+Ys @,-1) 0 ¥, ]

WA

L, (s?-Ls) -(Bs L) “Lg oy

N, -(BsS+N) (@-N) N =N,

s bl

()} - My, ~2Ha, (1482 - 2H,,) 0 T

i,

i

- Hry - Hy Hr, 0 (18" = Hyp)
(24)

It follows from Equations (11), (12), (21) and (24) that (e,] = (8,"'1[a,] and

{6,] = [8,"'1{a,) , where [G,] and [a,] are the matrices ‘ot the overal.l tranafer

fwctioas, G ni tar the two sets of equations. In the above equations, the N ]
P quantities Z, , etc., are to be interpreted as transfer functionms, i.e. e

zZ, = —a+_;-:- . ote. . (28)

The omtiolis do not include any automatic control elements, but the addition of these
iy particular cases is usutll.y fairly straightforward.

We must nov consider the 1nput spectrul functions which occur in Equation (19).
These are the cross-spectra of all the inputs that occur in {g,} or {g,} ., that is,
among the velocity components and their first and second derlvatives. Many of these
i cross-spectra are zero by virtue of the fact that the two quantities involved are
H uncorrelated (see after Egn.(7)). However, a number of them remain, and these must be
5 calculated. Let the spectrum function corresponding to any pair of entries in {g,}. i
or {s } be identified by a corresponding. pair of subacripta. For exsmple, Ou,',, ;
is the cross-apeetrul of u! and viy which occur in {g } . The expression-for </ !

. the three-dimensional cross-spectm of two scalar. co-yonents of a vector of the N\
form given by Equation (8) is giver by Batchelor (Ref.9, Eqn.2.5, 5) as

au1<ﬁ)<m e
" ou(ﬂ) d—q &0, &2,80, ’ B Y

The cross-spectra of elements coutaining derivatives can be written down directly
from Equation (26). For example, the spectral component of u, , from Equation (9)
1s given by the 'x, derivative of the u, component, viz. '

1 1

¥ (10 qu ) : . (27
4 whence for example ' o
By y (D = iﬂiﬂ,‘,@u(ﬁ) v (28)




[ T—

11.

The general rule is seen to be that for each derivative with respe 71: to x, "the
apectrum function Qlj is multiplied by tlﬂ.l - The plus sign isjfor derivatives
of the second subscript velocity component (vy 1y in Eqn. (28)), ,ﬁ the minus sign
is for derivatives of the first (u;) . The difference in sign occurs because the
‘conjugate of the first amplitude elenent is used in Equation (26).{ The correspond-
ing one~dimensional spectrum function. continuing with/the same example. is then
(cf. Eqn. (3)) ,

3 .
euxv“ml) 10 [/‘02912(6)"02&3 _/,—,v(‘) . (29)

or

e’.,x,u(kl) 1—, [k Qu,(kl, s)dk dk, . (b)

\ §

In the theory presented herein, we exclude that portion of the spectrum for which

Q, >0} snd Q, >0! where (] and 1! correspond to the wave-length limits for
wbich the pover-uries npproxintion is vslid It must be noted that some of the
integrals of the type conialmed in Equation (29) are divergent when the limits are
infinite and:the truncation is therefore . ssential, and not ' mtter of choice.

The expression for the truncated spe~trum is

k? b I .

R 1 4 ‘

@uxv“(k‘; = 1% kzcux_z_/'q»u(ki.kz.k,)dk3 (30)
-k; ‘o :

With the value of -‘Du ziveﬂ in Equation (5) this integral, and the others like it ,
which occur in the equations, can all be evaluated. quite simply. The integrand in the

. majority of cases is an odd function of ome 0. both of k, and k, and for these

the integral is zero. Of those which remain, some can be discarded on the basis of

. the following order-of-magnitude analysis.

The general form for ©(k,) (apartfrom sign) is
1 p? arsn 1Ba k- S
-k’ )

vhere n=a + f3, and a and 3 are the orders of the two velocity derivatives

- involved. When the expression for @44 - 8iven by Equation (5) 1s inserted, we get

<

20 k%, - ‘
(k) = ——;L"“m juk )Pak ] %}’_’_—:)1:—3‘“3 e

e L
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Depending on the values of i and ‘J , the integration with respect to k, leads

to zero, or one or both of the following terms o
3w : B PP -
Zaderien SairrenT™ 6

" Since we are interested in values of k, and k, up to about 100, we see that the
magnitude of O is characterized by the numbers ‘ Y

Ll‘n(loo)n-l or Ll'n(loo)n°2

of which the larger one is the second.

Thus the rélativé values of ) with ascending n "are Wteriud as shown in the
followiag table:. ‘ ' '

"hblol‘

n o | 1} 2]s] - o E

B

1 | 0.1 | 0.01 [0.001 | for L = 1000

Relative & . + — : i
1 0.5 | 0.25 |0.125 | for L. = 200 | o

'On_the strength of these values, and noting that L-=-200 is a rathei' small scale,
we may neglect all cross-spictra for which n > 2. The remaining non-zero spectra
(25 1n all) have been calculated and are given below. :

For the Longitudinal Equations

n=10 :

-
St
| NE—

o kX! /x o
R PO = 1 +{ =2 28) - ' ——
By 27 k'(1 + k) [1 (k’ 9 :
2 2 2 2 2 N l
By, = 4 30° kK Mool K ﬁ +1 kz ] 37 i
x 27 K1+ kD[ 1+k] 31+ki\K/ " 3\k')y

W
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_ Por Lateral Equations
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38)

(39)

(40)

(41)

(43)

(44)

(45)

(46)

41

(48)
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14
=1 s )
; . ) .
¢y . 9'1‘ = i r& e" | v (49)
B, = By, s
.a=2
%’vx = -9“'“ ) 1)
) k
. 1
byy,, = 1 T Byv, 32)
, v
emu = ehv"_l ., (53)
evv" = =By, (54)
e'x'x = -8y, (56)
- .“ -
e'.’y“y Cilyy ‘ (81
in

The spectra given above are plotted against k, for several values of k;

Figures 9 to 22. It say be noted that none of them are complex - they are either

res]l or pure imaginarjes. There are 25 non-zero power spectrsa and cross-spectra
listed above. Many of these are equal or merely opposite in sign to others, so that
there are only fourteen essentially different omes. Of these fourteen, three are
zero-order (Guu , Gyy , Bww) four sre first-order (Buu, , Guvy . Ovv, . Oyy,) and
the remaining seven are all second-order. Of the first-order spectra, only one is a
cross-spectrum involving two different velocity components, i.e. S..v . Hence ina -
first-order theory, this remains as the only cross-term between velocity components,

~and 1f it is neglected, complete statistical separation of the response to the three

components of the turbulence results.

4.4.1 The Wavelength Luutatwn

Examipation of Figures 9 to 22 and Table 1 shows that the order of magnitude of
the spectrum peak is given by L'"® ., Now if the basic series giving the vélocity
(Eqn. 19) M been extended to include bigher-ordér terms, the en’ect would silply

t
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have been to add additional higher-order spectra (n 7.3) to the list already
calculated. It is evident that these higher-order spectra would be negligibly small
for the frequency range Xk < 1 and for the acale L > 100 . In the range 1 < k £ 100

they would ultimately become large as n increased indefinitely. Thus it appears

that the spectra presented are actually valid for a seriea representation of the
velocity containing terms of at least the third, and probably higher order. The
wavelength limitations may therefore reasonably be taken as

? =
A=,
Al = b A\

where !, is the oversll length of the wing. Hence

. - b L
‘ kl = 2"}\—: = 2'"'1—l
3
: L
k' = V= = Q7N=- -

? Al b
For exsmple. if L = 1000 and b=100, then ] = 20m = 62.8.

l?imll:. it may be remarked that for large L . (i.e. 1000 ft) the second-order
apectn are leas at medium wave numbers (k 2 1) by a factor of order 10° than the
zero order spectra. Thus, unless relatively high frequency responses are of intereat’
(e.g. elastic modes) the second-order spectra are not at all important.

4.2 The ‘Gust Derivatives’

Equations (17) and (18) indicate that the gemeral second-order theory, when applied
to the rigid-body motion of an airplane with three additiomal control degrees of
freedom, involved 80 aerodynamic transfer functions (which we have termed ‘guat
derivatives’). Should additiomal elastic degrees of freedom of the airplane be
included (as in Ref.8), then atill additional gust derivatives would be required. As
has already been mentioned, however, substantial simplificaticns can be made in meny
practical analyses, such as dropping the X-force equation, kesping only the first-
order derivatives, stc. These simplifications must always bé determined hy the
particular circumstances, and it is not within the scope of this peper to anticipate
all the possibilities. Neither is it within its scope to present a collection of data
on the derivatives, although it is hoped that some research at the Institute of Asroc-
physics will be directed to that end. Nevertheless, a discussion of the derivatives

" .is given in Sections 4.2.1 to ¢,2.3.

. 4.2.1 The Zero-Order Derivatives

The zero-order derivatives, which are the most important ones, are those with
respect to the gust-velocity components themselves, e.g. Mys , L,: . etc. They are

the elements of the first two columns of [A,] and the first columm of [A] .

el

oAb i

T A A




These are sizply the serodynanmic transfer functicns (stability Jdevivatives) of
classical aerodvnamic theory, with opresite sign, i.e,

Zyr = -Z, . etc. (59
where Z‘ is given by Equation (25). The reversai of sign is because w is the
velecity of the airplane in the z-direction, ard w! is the velocity of the air in
the same direction; hence the relative motion is given by (w - w!y .  This group of
derivatives embodies the major aerodynamic effects of gusty air, and a simplified
calculation in which all others are neglected would still be of considerable value,
especiaily for small airplenes in large-scale turbulence.

4.2.2 The First-Order Dertvatives

Columns 3 to 5 of £A13 and columns 2 to ¢ of [A}l contain the elements in which
there appears a first-order derivative of the velocity components. These describe
the influence of the ‘gust gradient® on the airplane, and are no doubt important for
large airplanes, especially near the grouand in small-scale turbulence. It has already
teen shown® that the derivatives with respect to w! and w: " are identical with the

X
ciassical pitch and roll stability derivatives, viz.:

My 1
X

Mq , etc.

and (60)
L'; = <Ly . ete.

No correspondingly simple interpretation is in general possible for the velocity
fields associated with u{ FAL u; . For unswept wings of high aspect ratio, the
derivative u; would presumably be significant only in introducing a relative wind
at the tail different from that at the c.g., i.e.

‘lurel = 'u;It
This would medify the tail 1ift, and hence the lift and pitching moment of the air-
plane, as expressed in the derivatives Zyp/ and M,! . For sweptback high-aspect-
ratio wings it introduces a variable (linear) relative wind along the span, which
could be treated by a suitably modified lifting-line theory. The same theoretical
wing problem is presented by the velocity field associated with u: , with the
difference that the spanwise velocity variation associated with the latter exists for
all wings, whether swept or not. For the particular case of a straight lifting line,
the forces corresponding to u{ are just those ziven by the classical yaw-rate
derivatives, viz.: i

L = -L_, etc.
. r

The effects of the linear velocity fields associated with v; “and v; on the

contributions of the vertical tail to the aerodynamic forces can readily be estimated,
since they merely change the average relative sidewind wind at the tail and hence

the angle of attack of the vertical tail. Their effects on the wings are rather more
involved. v; would not be expected to be of much importance for unswept wings, but



for swept wings v; and v; both have the effect of mcdifying tho wing angle of
sttack distribution, wher it has dihedral, in the manper iilustraiz.-! in Pigure 23.
Again, for high-aspect-ratio wings, lifting-line theary could he used to calculate
these effects in a rather straightforward manner. For more genersl cases, liftipg-
surface theory would bhave tc be emplayed.

When the wing is swept there is, in addition to the a changes described above,
the i;portant variation of the magnitude of the component of the relative wind cormal
to the line of aerodynamic centres. This is given hy

Av, = Fv'sind, y 20

ard the distributicas of AV, associated with v] and v; bave exactly the some
form as those shown for Aa in Figure 23. Thus the two effects will be additive in
producing rolling ncment, side force and yawing moment.

4.2.3 The Second-Order Dertvatives

Columns 5 to 10 of [A,] and ¢ to 3 of [a,] contain the second-order elemeats.
By virtue of the assumption =ade in Section 4.1, i.e. neglecting all input spectra
having n > 2, one column of these derivatives is not required. That is the seventh
column in {Az} . containing derivatives with respect to wl . The reason for this
is that the lowest-order spectrua function which contains tha input 'x, is @7.'
(n = 2) and it is identically zero. Hence this particular input is of negligible

importance acd the associated derivetives are not of interest.

Of the remainipg derivatives, those iavolviog v;x and ';y have already been
¢iscusned in Reference 6 (using a different nomenclature). They are shown to give
the aerodynamic forces resulting fros a periodic cambering or chordwise bending of
the wing (w;. ) and a flapping or spanvise bending (v' ) . Values of the lift and
pitching wmoment on a two-dimensionsl wirg in inco-pressible 2low are given there for
the w’ case. The calculation of forces due to the v;y field could be accomplished
hy a relatively straightforward spplication of the appropriate method of wing theory.

The elevator and rudder hinge-mceent derivatives contained in [A ] and (A ]
could all be calculated relatively easily on the assumption that the surface in
question experiences an angle of attack or velocity chenge equal to that at the mean
aercdynamic centre of the surface. The calculation of aileron hinge-moment deriva-
tives (the 4th row of [Az]) would take more effort except when simple strip theory is
acceptable.

Geverally spesking, since the input spectra corresponding to n = 2 are relatively
50 weak, it uppears that rough estimates of the second-order derivatives will serve
well encugh for analysis.: A note of caution must be scunded in this connection,
however, when elastic modes of the aircraft are involved, for then the second-order
terms may be more important.
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$. DISPERSION OF THE FLIGET PATH

When thy aircraft is flowmm by a human or nuto-tlc pilot so as to traverse a

specified track (e.g., as given hy a radio beam), s specified altitude (e.g., as
given Xy an =ltigeter), thesm the controllasd miablca Ry b6 CUmsideied as i,

(altitude) and x, (lateral displacement). These will be random variables, having
sean-square values wvhich, when used in the normal (Ganssian) probability distributiom,
give the nrobahility of dispersion of the aircraft from the desired {ractilinsar)
flight path. In a homogeneous isotropic atmosphere this probability function applies
equally well to all portions of the path. However, when the coantrolled variable is
a velocity, rather thar a displacemeni, the situation is fundamentally different.
This would normally be the case for the x, degree of freedom; that 1s, forward
spsed, not distance flown, is the controlled variadle. Likewise, if a hoading
Tefersass Guly is Wed fof Davigaiion (o.y. mgneiic cumpmss), ihem uw, , mOT I, ,
becomes the random output. In scch a care the displacement in a given direction is
the integral of the corresponding random velocity componeant, i.e.

t
xy = f“ldt (81)
°

If we consider a very large number of flight paths through the turbulent field, and
taketnensodlo"eme denoted by < > , them

]mpdt =0 (62)

since the ensemble average is equal to the space average. The mean square co-ordinate,
however, does not vanish: A -

t
xft) = ‘// u,(a)u, (Bydad B (83)
4 7 .
The ensemble average (average over many flights at given time t) is
aj)y> = f <, @)u, (B)>dadB (84)
5 v

But' the mean product mi!a)ni(ﬂp is known from the awtocorrelation:

<ay(aj)u >
Ra - B = ‘_)L(B)_ ; (55)’

o
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Therefore
t
aft)> = Ffffn(a - Bydad 5 (68)
0
The integral can be shown to have the value

t

Zt[R('r)d'r -2 711!(7)1!7 (67
J J
0 ]

At large values of t the second term hecomes negligible, and we have the final
reault v

aP = (e8)
fi
where A = f:l('r)d'r is the area under the antocorrelation curve of u;(t) . The
latter is directly related to the cutput power spectrum of u, , and can be calculated
from it, i.e.

[
T = -y f 8y, v, e!de (69)
oy 1 4
-
where 6y u, () is the power spectral demsity of 9 . The sigmificance of the
result given in Eguntion 68 is that the r.m.s. dispersion (<x>)* varies as vt .
This is the same result as in the classical problem of the ‘random welk'. Thus
the probable error in the lateral position of a compass-controlled flight path
increases with the square root of the time, or distance flown. The same would be
true of the distance flow itself in a speed-controlled flight. However, since an
altitude reference is almost invariably used in the flight of airplanes, the probahle
error in the hoight remains constant with time. The dispersion of entirely unguided
bodies, e.g. ballistic missiles, would vary as vt in all three co-ordinates.
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Fig.1 Vertical-gust impulse (reproduced from Diederich, Ref.2)

Fig.2 A single spectral component (reproduced from NACA IN. 3255, 1954, ‘by H.S.Ribner)
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DISCUSSION

O.E. Michaelsen (Canada): 1 believe Prefesscr Etkin mentioned that the difference
between the simple one-dimensional gust and the random turbulence may be important,
puriicularly with regard to v/srL alrcratt. [ would believe that this indeed is
the case since the changes in inflow angles to the aircraft due to gusts are of the
same order as the basic flow angle ia the steady-state condition. In addition. an .
ampiification of the turbuleuce effects can occur as a result of the induced changes
in the slipstream flow angle to a tilt, or deflected slipstream wing, 1 would
appreciate it if Professor Etkin would comment upon this.

Reply by Author: 1 agree that the behaviour of vehicles in hovering and low-speed
flight subjected to low-level turbulence is important to understand in connection
with V/STOL and G/TUL aircraft. As Mr. Michaelsen points out, the inflow angles may
beé so large that non-linear aerodynamics is involved. This will certainly present

a serious difficulty. It muy also be expected that all three turbulence components
will be of comparable importance, and that the correlations associated with turbulent
shear flow (R,. . R,,) will have to be taken into consideration. I think we are a
long way yet from fully understanding the behaviour of all kinds of airborme vehicles
in atmospheric turbulence.
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