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PREFACE

In this Memorandum the authors present further
mathematical results from thelr study of radiative
transfer, using invariant—imbedding techniques. This
subject has important implications for meteorology,
astrophysics, and nuclear-blast detection.

The research presented here was sponsored by the

Advanced Research Projects Agency.






SUMMARY

In the study of radiative transfer, the classical
Boltzmann—type approach focuses attentlon on the
statistical behavior of the particles within the medium.
There are, however, analytical and computational
advantages in the invariant—imbedding approach, which
leads to the determination of the diffusely reflected
and transmitted intensities in slab geometry. In the
present paper 1t is shown that the invariant—imbedding
technique is also extremely useful for the study of the
internal intensity of radiation in a finite, homogeneous,
flat layer. In other words, the technique provides us
directly with a complete solution of scattering

problems of light in a finite plane—parallel atmosphere.
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INVARIANT IMBEDDING AND A RESOLVENT OF
THE PHOTON--DIFFUSION EQUATION

l. INTRODUCTION

While it is known that the invarliant—imbedding
technique 1is powerful for the study of the diffuse
reflection and transmission problems of radiation in
slab geometry, the uéefulness for dnquiring into the
outward and lnward intensities of radiation at any
level in the medium is not so well understood (see
Bellman and Kalaba [1l; wing [12]).

Recently, Sobolev ([71, [8]) has shown that when
the Milne type of a linear integral equation with an
arbitrary source distribution is considered in the case
of i1sotropic scattering, the solution is obtained by
reducing the determination of the resolvent in terms of
two optical depth arguments of the integral equation to
that of the function &(t) depending only on a single
argument <. The partial differential equation of the
resolvent was found by using the physlcal and probabilis—
tic manipulation. The invariant—imbedding technique was
applied to the solution of an integral equation for the
emlssion probability distribution in a semi-infinite,
homogeneous, flat layer, and then the resolvent of the
photon—diffusion equation was expressed in terms of the
fundamental function &(t) in connection with the

integro—differential equation of the emergence



e

probability of a photon (see Ueno [9]). Furthermore,

the invariant—imbedding approach was used to determine

the radiation field within the high—temperature stagnation
region ahead of the blunt-nosed model in a hypersonic,
rarefied gas strean.

In this paper we shall show how the invariant—
imbedding technique can be used to find the source
function, in the radiation field with arbitrary distri-—
bution of emitting sources, by the agency of the
resolvent of the photon—diffusion equation. Thus, by
evaluating the requisite intensity inside the homogeneous
medium according to the standard procedure, a complete
solution of the transfer equation of radiation is obtained.
Finally, the relationship between the scattering function
and the resolvent is given by means of the emergence
probabliliity of photon.

It is of interest to mention that the principles of
invarlance can also be applied to find the intensity at

any level T as follows (see Chandrasekhar [4]; Horak [5]):

1
*
I(T,4) = ITl_T(T,-m) + -2}-“7[ S(Ty=TsH,n ) I( T, )dut,

0
IT(T:""L) +§E S(T,:H:M')I(T:ml)d“';
0

il

I(T,—)

*
where I ~¢(T,+u) (0 <w < 1l) is the intensity which
1
would be emitted in the outward direction at any level if

there were no layer between O and 7T, and Ii(?,—g)
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(0 < <1) is that in the inward direction at any level
if there were no layer from T ¢to T, Provided that

Lo a(Tt)s To(m), S(Tkag)s end S(Ty—Tkmg)
are known, the procedure of successive approximation
leads to the requisite internal intensities. However,
the approximate values of I(T,H.) for starting the
procedure should be evaluated by solving approximately
the transfer equation. In the one—dimensional case 1t is
shown that the reflected and transmitted fluxes can be
consldered as fundamental functions from which all other
functions can be derived (cf. Bellman, Kalaba, and Wing
[2}). Then the present approach may be called a direct
procedure for obtaining the internal flux, whereas the
above procedure is an indirect one.

The powerfulness of the invariant—imbedding technique
for obtaining a complete solution of the transfer problems
of radiation in a finite flat layer lies in the fact that
the back—scattering process does not play a role in the
determination of the radiation field in slab geometry
(see Uesugl [11]).

Later, the present approach may be applied to the
determination of the perturbation velocity distribution
in the linearized version of the Boltzmann transport
equatlion, based on the Krook kinetic model in the classical

Couette flow problem.
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2. MILNE!'S FIRST INTEGRAL EQUATION

Consider the diffuse reflection and transmission of
parallel rays by a homogeneous flat layer of finite
optical thickness T, =T > 0, scattering radiation
isotropically.

Let a parallel beam of radiation, of net flux =F
per unit area normal to itself, be falling on the surface
T = Ty of the medium in the direction —p, (0 < uy< 1),
where L, denotes the cosine of the inclination to the
inward normal at T = To* Following the notation of
Chandrasekhar [4], the equation of transfer appropriate

to the present case is written in the form

(20)  w R ) Lo [T r(runa
~1
_e Fe—(T~TO)/uO,
where o 1s the albedo for single scattering, i.e., The
probability of survival of a photon.

Consider a photon—diffusion process in terms of the
emission probability p(u,T;TO,Tl) that a photon absorbed
at the level <= (TO~S T < Tl) will reappear in the
direction + p (0 < < 1) in the radiation emerging
from the surface 7T = TO. For convenlence, we suppress
the parameters To and T in p(u,T;TO,Tl).

Teking into account the random character of the
photon—diffusion process, an integral equation governing

p(L,T) is expressed in the form (see [9])



- —(=7q) /b
(2'2) [1 - UJA}TEP(U‘:@)} = e © 3
where 1 on the left-hand side is an ldentity operator,

and the truncated Hopf operator K& is given by

T
(2.3) T ie(e)) =3[ T 2(e)m (6 - 7])as.
"o
In Eq. (2.3), E; 1s the first exponential integral for

the positive real argument

(2.4) B (1) .—.fl T
0

With the aid of the combined operations method (see
Busbridge iSj), it 1s readily shown that Eq. (2.2) is
equal to Tthe suxiliary equation, l.e., the Milne first
integral equation for the source function %(7T,u).

Furthermore, consider the scattering of light in an
emitting atmosphere of finite optical thickness Tl — TO
whose distribution of emitting sources is given by B(T).
The equation of transfer appropriate to this case takes

the form

¥
(2.5)  p ST - ¥(ou) —z(q),
where the source function X{T) is

2.6) s =27 Hmunar s 8.
1
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Let I*(T,+u), 0<p <1, be the intensity of
radiation at level T directed towards the surface
T = T,, and let I*(T,~u), 0<u<l, Dbe that
directed towards the surface 7T = Ty

Then, as the formal solution of Eq. (2.5) we have

(2.7) I (7T, H)

It

[ eyt g,
T

(2.8) I7(T,)

il

f * S(t)e—(fr—t)/ﬂ' _@E_.
T

0

Equations (2.7) and (2.8) show that once (t)
has been found, the inward and outward intensities at
each level can be determined.

In what follows, 1t is shown that a resolvent of
the photon—diffusion equation permits us to evaluate the
source function 3(t).

The Milne first integral equation for X (%) is

given (see [3]) by
(2.9) [1 - o _(5(t)) = B(7).

With the aid of the resolvent K(T,t;TO,Tl), Eq.
(2.9) takes the form

(2.10) ¥(t) = B(T) +k/‘Tl K(T,t;TO,Tl)B(t)dt,

o
where the resolvent K(T,t;?o,rl)drdt is the probability
that a photon emitted in the optical depth interval



-

(6,6 + dt) will be re—emitted between the optical depths
T and T + 4T after one or more scattering processes.
Then, given the resolvent K—function, Eg. (2.10) enables

us to evaluate the source function (see Fig. 1).

Incldent intensity Transmitted intensity
TO~A TO T t Tl
i ] | { i R
¢ 1 i I i i

Reflected intensity

Fig. 1 Reflection and transmission of
radiation in rod geometry

3. RESOLVENT OF THE PHOTON—DIFFUSION EQUATION

Let @(X;TO,T be the probability that a photon

.
absorbed at T = x (To <x ngl) will reappear in the
radlation emerging from the surface T = TO after
successive scattering processes.

On replacing 7T in Eq. (2.2) by x, multiplying
it by 1/(2u) and integrating with respect to U over

(0,1), we have

T
(3.1)  o(xsgemy) = slz=ng) + [ T 0(xtsrg,T ie(xt ,x)axt,
o
where T4y < X < Tgs

1
(3.2)  o(mrgmy) =3 [ pn,
0

g(x7,) = 5 By (x-7,), k(x',x) = 7 B (|x'—=x]).



Alternatively,

(3.3) ®(x374571) = g(x—T74) +L/NT1 K(x,x'374,7, )a(x'=7,)dx',
To
where K(x,x';TO,Tl) is the resolvent.
It is manifest that in Egs. (3.1) and (3.3),
k(x,x') and K(x,x';ro,rl) together are symmetric with
respect to x and x' (see Mikhlin [6]).
Adding a layer of infinitesimal optical thickness
A to the surface 7T = 75 of the medium, we now consider
the invariant-imbedding procedure.

Let

(3:4)  o(x) = gle=tgrd) + [ 1 o(xt(xt,x)ax.

TdﬂA

On the other hand, it is well known that the

resolvent fulfills an integral equation given [6] by

T
(3.5) K(x,¥375,71) = k(x,y) +k/1 b R(x,515 70,7 (L y)dy
T
0

Then, making use of Eq. (3.5), Eq. (3.4) reduces to
(3.6) ?(x) = g(x+~T5) + 0(75-00)k(T~04,x)A

T
1
+k/\ K(X,X';TO,Tl)g(x'+A~$O)dX'
e

T
1
+ cp('ro---eoA)AJ1 K(%,¥3 74T )k (T 5-0,8,7) dy
T
0

+ 4(4a),
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where 0< 6 (or 90) < 1. The details of the compu—
tation will be referred To in the Appendix.
On the other hand, recalling Eq. (3.3), we get

T
(3.7) o(x) = g(x—TO+A) +\/‘ 1 K(x,x';TO—A,Tl)g(x'~¢O+A)dx'

TO—A

Il

T
1
g(x+A—TO) +~/‘ K(x,x';TO,Tl)g(x'—¢O+A)dx'

%o

T1 3K
- A 3?6 (X,X’;TO,Tl)g(X‘~TO+A)dX'
Yo

+ K(X,TO—GA;TO—A,Tl)g(A(l—e))A + @A),

where 0 < @ < 1.
With Eq. (3.3), the combination of Egs. (3.6) and

(3.7) provides us with

(3.8) ¢ (T5—00)k(7—67,x)
"1
+ Q(TO—QOA)\/\ K(x,x';TO,Tl)k(Td—eoT,x')dx'
To
= K(X,TO*‘QA; TO—'A,TI)

»

T
1
[@(TO-GA) —-Jf K(TO—GA,X*;TO—A,Tl)g(x'~¢O+A)dx‘]

TO~A

"1k : ,
- >t (x,x ;TO,Tl)g(X —~Tyta)axt + 2(a).
T
0]
Passing to the limit as A - 0, from Eq. (3.8) we

have
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a'), T, -
(3.9) gég (5,737 00 Ty) = = K(x,703 T Ty JK(T 73 T T ) -

Furthermore, in what follows, we shall derive

another type of partial differential equation. In a
manner similar to that given before, we shall add a

layer of small optical thickness A to the surface

71+A
(3.10)  9(x) = glo=ry) + [ 1 plxt)u(xt,x)axt.
To
Then, allowing for Eq. (3.5), Eg. (3.10) reduces to

(3.11)  9(x) = glx=7y) + p(T+ A)k(7,+ 8,%)A

T
+k/ﬁ 1 K(x,x';fo,rl)g(x'~mo)dx' + w(rl+GOA)A
T
0

T
:flxwﬁu%ﬂﬁmﬁw&ﬁww+QML
To
where O < 6 (or eo) < 1.

On the other hand, we have

(3-12)  (x) = glorg) + [ K(xoxting,my)e(aiorg) o
T TO
+a [t %%I (2,75 74571 Ja{y—7,)day
o
+ K(X,T1+QA;TO,Tl+A)g(Tl+9A—¢O)A + 8(4),

where 0 < 6 < 1.



1]
Making use of Eq. (3.3) and combining Egs. (3.11)
and (3.12), we get
(3.13) W(Tl+6A)k(Tl+9A,x)

T

+ ¢(T1+QOA)AL/‘ 1 K(x,x';TO,Tl)k(Tl+GOA,x')dx'
T
0

= K(x,Tl+6A;TO,Tl+A)

L

T +A
[w(rl+6A) -\/\ 1 K(Tl+9A’y;TO’T1+A)g(y_TO)d?J
%o
"1 X P
+ ¥ (2,557,557 Ja(y—7,)dy + 4(a).
o
Using Eq. (3.1) and putting A - 0, from Eg. (3.13)

we have
oK .
(3-14) E?I (X:V§TO:T1) = K(X:TlSTO’Tl)K(Tl’YETO:Tl)-

Taking into account the optical homogeneity of the

0, Eqg. (3.1%4) becomes

it

medium and putting TO

(3.15) %% (x,757,)

i

K( TI—'X, 0; Tl )K( O, Tl'"y:' Tl) )

which is equivalent to that ylelded by Sobolev [8].

Because of the homogeneous medium, we get

(3.16) K(x+A,y+A;TO,Tl) = K(x,y;?duA,Tl—A).
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Then,

oK 3K . 0K . 3K

(3.17) W&+&‘+3§+5~q=0.

On recalling Egs. (3.9) and (3.1%), from Egq. (3.17)
we obtain
XK . XK
(3-18) 5% + ‘Ey‘ = K(X:ToiTO:Tl)K(TO:YSTO:Tl)
- K(X:T13TOJTI)K(T1:V3TO:Tl)-

When we allow for the homogeneity of the medium with

respect to the optical depth, and write
(3.19) K(%,T53T50Ty) = K(x—T4,0;T1~T4),
K(X’T]_B TO’Tl) = K(Tl"‘xa H Tl‘"TO) P

Eq. (3.18) becomes

K , 9K _ /o . \
(3.20) =+t ﬁ(d~¢o,O,Tl—¢o)K(O,y—¢O;Tl—WO)

- K(Tl~x,O;TI—TO)K(O,Tl~y;TI~TO .
Thus, for x >y we get

(3.21) K(%,¥37T50 7)) = K(xy,0571~7,)

J
+k/\ {5(t+x—yhmo,0;Tl—¢O)K(O,t~TO;TImTO)
T
0

— K(Tl—t—x+y,03Tl-WO)K(O,TI—t;TI-TO{}dﬁ.
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Then, the function K(x,y;wo,wl) of the two
argunents, x and ¥y, 1s expressed in terms of the
function K(x—mo,O;TI~TO) of a single argument x.
When T, = 0, Egs. (3.20) and (3.21) reduce to those
given by Sobolev [8], with the aid of the probabilistic
approach.

From Eg. (3.5) we have

g(x—,) +f 1 K (6T, 03 T1~T, )k (&%) db.
o

Thus, given g(x—wo), the one-parametric resolvent
K(x—TO,O;Tl—TO) can be determined from Eq. (3.22).

In a manner similar to that given by the authors in
a preceding paper [9], we shall verify an identity
K(X~¢O,O;TI~TO) = @(x;wo,fl). Following the notation of
Chandrasekhar L4], X(w375,7) 1is given by

1
(3:23)  X(wsToemy) =1+ 3 [ s(rgrpseant) S,
¢

where the scattering function S is

~(t—75) /M
(3.24)  S(7g,7q51,00) = f L p(ugit)e " at.

%o
Putting T = 7, in Eq. (2.2) and recalling Eq.

(2.10), we have
T —(t=74)
(3.25)  p(,75) = o + mf T (v 02 B3 Tga Ty )e 0"q

“o



]

Writing
(3-26) p(u:’ro) = w}c(U';TO:Tl):
from Eq. (2.25) we get

T, —T
0, -
(3.27) X(u;vo,fl) = 1 +\f\ 1 k(ro,t+TO;TO,Tl)e /udt.
0

On the other hand, Eq. (3.23) becomes

1% —yn
(3.28) X(u;?o,wl) = 1-+Jf @(t+TO;TO,Tl)e at.
0

Recalling Eq. (3.19), the comparison of Egs. (3.27)
and (3.28) yields

(3.29) K(X—¢O,O;Tl—¢0) = @(X;TO,Tl).
Then, Eq. (3.21) for x >y becomes
(3'30) K(X.’y3 TO!Tl) = G:)(X,—y; TO,Tl)

v
+ f [®(‘c+x—y~'r0s Ta T ) (=745 74577)
%o

— @(Tl"'b—X’l‘y; TO, Tl )CI)( Tl"‘t; TO’ Tl ):} dat.

Recently, expanding the function @(X;O,Tl) by a

power series of

(3.31) ®(XSO:T1) = izl (Dl@i(x,’rl),

Sobolev and Minin [8] computed numerically @i(x,fl) for
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gseveral values of Tl’ They mention that the approxima—
tion of the above result for the computation of the
resolvent is of practical interest only when just a few
terms of the expansion formula are sufficient for the

accuracy required.
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APPENDIX

Allowing for Eq. (3.5), recalling the symmetrical

property of K(x,x';ro,fl)

to x and xt,

we have

(4.1) f 1
%o

=f5

TOT

s [ 1
"o

. ["
o
and
T
(A.2) f 1
o
T

it

and k{x,x') with respect

and inverting the order of integration,

T
;TO,Tl)dx‘f b o(y)r(y.xt)ay
o
k5]
k(x,X')dX'f o(y)k(y,xt)dy
To

K(x,x!

T
axt [ K(xy370,7) kly,xt )y
o

o(y )k{yt,x')dy',

[g(x'+A~¢O) + 9T g=0,8)k(T 6,

A%t )A]d.x‘
K(x,7575,7 ) k(y,x)ay
"1
o(x') = [ 1 ol e(x",x )ax" |ax!
o

K(x,73 7Ty Ye(y,x")dy

.
K(X,y;'ro,'rl)dyf Tt )e(xt,y)axt —
o
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T1 T1 "1
~[ e [T el k(e [ (s, k(e ay

%o o %o
T T
= f k(x,x')dx! f o(y)k(y,x')dy.
To To

Making use of Egs. (A.1) and (A.2), Eq. (3.4) becomes
(A.3)  o(x) = g(x»x-&-'ro) + cp('ro--ea)k('ro—-eA,x)A

+le o{x)k(x',x)dx' + 0(a)
T
0
= g(x+A-TO) + cp('ro-—-GA)k:(To——eA,x)A

T

1
+f [g(x'-}-A—-TO) + cp('ro—GOA)k('ro——eoA,x‘)A
T -

0
Tl 1 1
+ o(y)k(y,x!)dy
o
i 2 y
: LK(X:X'STO:TI) "f K(X,y;TO,Tl)k(y,X’)ddeX'
o
+ )

= g(xm~T,) + ¢ (7500)k(T504,%)A

T
1
# [ Kt el s
o

[

+o(TgOp)A | 7 K(x,¥574, T JR(T50 A,Y)dy
T
0

+ ().

The above result coincldes with Eq. (3.6).
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