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FOREWORD

The number of publications in the field of pressure vessel stress
analysis has increased precipitously in recent years and the information
contained therein, though pertinent, is, many times, lost in this sea of
literature. In addition, a large proportion of the solutions, as presented,
are not carried to the point where they can be used directly for determining
stress distributions. The purpose of this report, then, is to make avail-
~ablea compaét and adequate summary of the formulas and to present them
'in a readily usable fashion for the stress analysis of pressure vessels that
are commonly encountered in missile design, That such a report as this
derives largely from the work of others is self-evident, and it is the
autho='s hope that due acknowledgement has been made of the immediate
sources of all material here presented, However, while most publications
deal with head closures joined to long circular cylindrical shell sections,
this report places equal emphasis on designs in which the circular
cylindrical shell section is short and is integrally joined to head closures
of different shapes and thicknesses. The equations are organized such
that interchangeability of head closures is a matter of algebraic manipu-
lation. It is believed that the material contained in this report will be
helpful to those involved in pressure vessel stress analysis and will be
particularly useful for members of the Structures Section, Solid Mechanics
Department, who are often asked to appraise pressure vessel design
speedily and yet with sufficient accuracy as to insure a degree of confidence
in their appraisal. The material presented herein can also be used to spot
check stress levels obtained from computer solutions.

The author would like to take this opportunity to express his thanks to
Mr. Walter Smotrys of the Structures Section for his assistance in checking
the algebraic manipulations associated with the preparation of this report.
He also wished to thank Miss M. J. McNeil for her computations of the

frequently encountered parameters and the preparation of the associated
graphs,
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Finally, it should be said that, although every care has been taken to
avoid errors, it would be over -sanguine to hope that none had escaped
detection; for any suggestions that readers may make concerning needed

correction, the author will be grateful,
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Report No.
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STRESSES IN THIN VESSELS UNDER INTERNAL PRES.SURE"l

ABSTRACT

Elastic stresses in thin shells of revolution under the action of internal
pressure are presented. The formulas given are developed on the basis
of love's classical shell theory. The pressure vessel configurations
under consideration consist of various commonly encountered head clo-
sure designs integrally joined to circular cylindrica!l shell sections which
may be classified aslong where the characteristic length ofpcl >4.0 or
short where bcl <4,0. In additionto the membrane stresses, the bending
stresses resulting from forces and moments at the junctures of the heads
and cylinders are also presented. The concept of edge influence numbers
is used where convenient to express the discontinuity forces and mo-
ments at the junction. Many important parameters are expressed in

graphical forme to facilitate analysis.

*This work completed March, 1963,
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1. INTRODUCTION

In this report, a pressure vessel will be defined as a container that
must withstand an internal 'preuure. and is in the form of a surface of
" revolution with a wall thickness small compared to the radii of curvature
of the wall (h/a < 1/15). It is well known that in every boost vehicle for
space launching and ballistic missile systems, the pressure vessels
comprise a large percentage of the total system structural weight. Con-
sequently, their design merits considerable attention from the analyst. In
flight, liquid systems will be pressurized either by the acceleration forces
acting on the hydrostatic head of the propellant plus a pressure head for
efficient pumping of the propellants to the engines or, in the case of solid
propellants, by the pressure of the burning propellant gases. In this
report, however, attention will be confined to the effects of loadings caused

by internal pressure only,

Pressure vessels with very thin walls which offer no resistance to
bending would be subjected only to direct stresses uniformly distributed
through the thickness. In other words, the wall is acting as a membrane.

The associated stresses are called "membrane stresses."

However, when the wall offers resistance to bending, bending stresses
occur in addition to the membrane stresses. In pressure vessel design,
bending stresses arise as a result of (a) change in curvature, {b) change in
slope, and (c) change in wall thickness. Bending stresses resulting from _
these causes are called "discontinuity stresses.” These stresses are
obviously most severe at or near the discontinuity. They do not vary
circumferentially because of the presumably axial symmetry of the
" structures and decay rapidly to negligible values in a distance £ > 48

measured from the point of discontinuity on the meridional arc.

From the above brief description, it is clear that in order to determine

the complete state of stress in a pressure vessel, it is necessary to find




the membrane and the discontinuity stresses. These separate effects may
be linearly superimposed.

It is well known to those familiar with the calculation of bending
stresses in shells that the process involved is both complex and time
consuming., To a great extent, the complexity is al'lociated with the
determination of the discontinuity circumferential shear forces and bend-
ing moments existent at the juncture of head closures and cylinder or at

other discontinuities mentioned earlier. Accordingly, a large portion of

this report will be devoted to the calculation of these discontinuity forces
and bending moments. The concept of edge influence numbers is used

where convenient for this purpose. (By 'edge influence number" is meant

the displacement or rotation of the edge of the shell due to unit values of
the edge bending loads or unit values of the pressure.) This concept is not
new. Indeed, Miiller-Breslau used it many years ago for beams, trusses,
etc., and other authors have extended it to shells, such as the works of
Galletly (Ref. 1); Watts and Lang (Ref. 2); Taylor and Wenk (Ref. 3); to
mention a few. Having the edge influence numbers will greatly simplify
the stress analyst's task in formulating the compatibility equations at the
junctions of head closures and cylinders.

Appropriate expressions have been included in this report to permit

the determination of strecs distribution throughout the shell.
The following assumptions are employed throughout this report:

{a) The material under consideration is assumed to be a verfectly

elastic, homogeneous, and isotropic solid.

{b) The load is assumed to be entirely due to internal pressure, so

that support, dead weight, and similar loads are completely
neglected in this report.

(c) All heads are considered to be complete (without holes) and to be

free from any stress raisers other than the head-cylinder
juncture itseif,
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(d) Each cylinder and head closure is assumed 1, have uniform

thickness (although the thicknesses necd not be the same).

{e} The middle surfaces of the cylinder and head at the juncture

are assumed to be continuous.

Before we proceed to the main portion of the report, it is important
to recognize that the formulas presented are derived on the basis of the
elastic behavior of the shell materials, so that when the highly localized
discontinuity stresses calculated by these expressions exceed the elastic
limit of the material, local plastic deformation in the region of the junction
of the cylinder and head will take place. This plastic deformation prevents
stresses of the calculated intensities and, in areas where it is possible for
plastic flow to occur, the maximum stress may be limited; the high peaks
indicated by elastic analysis will generally be redistributed and increase

the stress at nearby points,

One might therefore challenge the value of the elastic analysis. The

following statements may be made in its defense:

(a) The high stresses indicated by elastic analysis are valuable

since they point out potential trouble spots.

(b)  The elastic analysis is needed to define the areas where plastic

flow may occur,

(c)  Although high local stresses in steel or aluminum vessels are
frequently relieved by plastic flow, a good design cannot always
rely on ductility as insurance against the bad effects of sharp
corners and other stress raisers. For low temperature
6peratioﬁs, some normally ductile materials become brittle

and failure as a result of this brittleness can occur.

-3~




2. MEMBRANE THEORY SOLUTIONS

A tabulation of Membrane Theory solutions for pressure vessel

configurations of practical interest under the action of internal pressure i¢
offered in this section.

2.1 Thin Circular Cylindrical Shell Under Internal Pressure

'o'?
o B (-3)

where o = hoop membrane stress
L meridional membrane stress
- radial displacement

p = uniform internal pressure

«5e
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a s mean rét!liu of curvature
h = shell tlﬂckneu

i et -

E = modulus of elasticity

v = Poisyon's ratio

2.2 Thin Spherical Shell Under Internal Pressure

Mevidian

where o = hoop membrane stress
v ’ = meridional membrane stress -
u, = radial displacement

P = uniform internal pressure

-6-




a = mean radius of the spherical shell
h = shell thickness

E = modulas of elasticity

v = Poisson's ratio

2.3 Thin Ellipsoidal Shell Under Internal Pressure

c, a¢

. whe + v4yH1 2
i

bZ

R = (14:(2 + b4’2)3/2
r4 14‘,4

-7



_PR,
Te " TH

172

. p(l4xz + b‘yz)
2b°h

PR, [ R,
o, = ] = o
o "h 2R,

- p(a4xZ + b4vz)l, 2 a4bz
= 2- 12

2b%h at? bty
RD
ur = T((ro - "’0'¢)
- psin¢ l(z . V)(a4x2 + b4yl) R aAbZ]
2bEh

(a) At the equator: y=a, x= 0, ¢ = 90°

-8-
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where € = hoopmembrane stress
v ¢ = meridional membrane stress
u, = radial displacement

p = uniform internal pressure

»

= semi-major axis of the ellipsoidal head, messured to the
middle surface of the shell

b= nr'ni-mln;:r axis of the ellipsoidal head, measured to the
middle surface of the shell

- 2

= .lhelll thickness
E = modulus of elasticity

v = Poisson's ratio

R
1
R Principal radii of curvature of the ellipsoid
2
x
Cartesian coordinate system
14

2.4 Thin Conical Shell Under Internal Pressure




8
LI %— tana
s
L gﬁ tan a
.2 sin a tana
u =, T 2 -v)
where ¢ = hoop membrane stress
v, = meridional membrane stress
u, = radial displacement
p = uniform internal pressure

h = shell thickness

s = distance of a point of the middle surface from the vertex
measured along a generator

E = modulus of elasticity

v = Poisson's ratio

-10-
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2.5 Thin Elastic Simply Supported Circular Plate Under Uniform Load
Over Entire Surface

s

: 2
3pa
At R "'_51?(3”)(1'7)

2
p (34v) - (14+3v)
" o [ 7]

y=2212i3.__w[‘z (5+v)+R‘ (+v)-REGB+v)
B |2 ul

-11-



At center: €. Tg and y attain their respective maximum values, and are

given by:

apat 1oy (54 )

where o¢_ = unit stress at surface of plate in the radial direction and is
positive with tension at the lower surface and equal compression
at the upper surface ‘
0, = unit stress at surface of plate in the tangential direction and is
positive with tension at the lower surface and equal compression
at the upper surface

y = vertical deflection of plate from original position and is positive
for downward deflection

p.= uniform pressure over the surface of the plate
h = plate thickness

E = modulus of elasticity

v = Poisson's ratio

a = outside radius of plate

R = distance to any given pcint on surface of plate

-12-
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U 3. BENDING THEORY SOLUTIONS

A tabulation of Bending Theory Solutions for pressure vessel
configurations of practical interest under the action of various edge loads
is offered in this section.

3.1 Circular Cylindrical Shells

The following signs convention for the rotation and deflection are used:

Positive Deflection - radially inward with respect to the
center line of the cylinder

Positive Rotation - clockwise viewing the upper cut of
cylinder

These signs are graphically represented below:

Signs Convention

The following nomenclature is used in this section:
L meridional stress
oo = circumferential stress
u,s radial displacement

0 = slope

©.13.
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ah
~ D = flexural rigidity of the shell

Where * signs occur in the expressions for stresses, the upper sign refers to
the inner surface of the cylinder and the lower sign to the outer cylinder.

The following notations are introduced for convenience:

Notation . Description Plotted on Page
ﬂl e.px sin px 63
8, e PX cos px 64
a, e'px(sin Bx + cos Px) o 65
a, e'px(cos Bx - sin px) 66
95 sin px sinh px 67
Q ’ sin px cosh Px 68
97 cos #x sinh px 69
08 cos Px cosh px 70
sin %‘- sinh %—l-

L sin pI + sinh B2 7
sin %ﬂ cosh %ﬁ

%0 s BT ¥ sinh BT 2
cos %i sinh %5

9 3in pL ¥ s1ah pI 73

-14-




12

13

14

15

16

17

18

19

20

21

22

23

Description

cos %-‘- cosh E;

sin pl + sinh pI
sinh g4 - sin B4
sin ff + sinh f
cosh B4 + cos B!
sin Bl +

cosh B! - cos p2
sin pI + 51

sinh p£ cosh Bl - sin B4 cos p1

sinh” pl - sin” pl

sinh g2 cosh p! + sin pf cos gl

sinh® Bt - sin® pt

cos B! sinh B - sin § cosh gt

sinh® B! - sin” p!

cos B! sinh Bl + sin B! cosh pf

sinh” B! - sin® pt

sinh? B! + sin® gt
sinh® pt - sin” pt

sin B4 sinh p!
sinh® Bt - sin° pt

sin gt
sinh® B! - sin® pt

sinh® g1
linhz Bt - lil'lz pl

-15.
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3.1.2 Uniform Radial Shear Qo Lb Per Linear Inch of Circumference

at End of Long Circular Cylindrical Shell

zQ

2]

oo = —2(Ba, t-;-;ﬂl)

Q
Yr ® ‘—g"“z
2p

o

-16-
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3.1.b Uniform Radial Moment M o In-Lb Per Linear Inch of Circumference
at End of Long Circular Cylindrical Shell

+M,

g —=%

M
u_= -—-20-04
r 28D
M

0= |a°n2
* Mo
Yrix=0) ° ';67;

0 Yo

{x=0) ~ BD
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3.1.c Short Circular Cylindrical Shell Bent by Forces Distributed Along J

The Edges
1) Equal Edge Forces

a, a,
[ l
o
" £ /4
a [z

lZQ

= ET(Q gl - 952 5)

[aa(n 0y + 00, ,) tB-E(Q 2, - 0.0 z’]

Q
—;—(ﬂ ﬂ +9Q le)

=
)

gD
QO
Q,

u = . ——3—0

: Q, , ' )
! . .
; °(x=*l/2) =¥ _Z—Zp 913 ‘\)

; -18-




2) Unequal Edge Forces

Q, Q.
.| .
T

TomtSs] (a8 2,00 Rg- (Bt Ba ) e
- (0, 8.t S8R 5]
Ty = %{ po.[nﬁ(nua‘-n,,a‘)mh.,(.n.,,a i)t
D& tst"’nanl)] % %[“7 (ﬂud;" n,8)-
| (R 0=y, ) - (g0~ D ,‘a.)]}
Uy = - ;%'_';[(LL,,Q; 0,80+ (D@, 052,)0,+
(@ “Q,f,ﬂ,uﬁ.).ﬂ..]
0 == [ (R0 2B XAt )+ (S8 R N )
# (N8t n.‘a.)(n,-.n.‘)]
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S S —

Ur(x=0) * 2_613; (0,50, + 9),9))

Ox=0) =" -z-p!zB (205, Q, - f0Q)
U (xst) T '2“;13;, (9,49, *+ 9,59
Oxet) = - = (500, - 20,,Q))

o~
A ]
o

3.1.d Short Circular Cylindrical Shell Bent by Moments Distributed

Along the Edges
1) Equal Edge Moments

TN ;
o

NV
X

Nie
y
N~

_—k

Z2/7 \
r.‘—
I
_/
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o= 2 2 [(-Q-.,'* Do) N y- (n.,-.n...)n,]

G (R0, (0000 8O0y
) 2,0
-vf": - -%é—[(ﬂ“fil‘,)ﬂg* (-ﬂ\.'nw)'ﬂs]

2M,
6 =- 'P_D' (o f, ¢ 2.0,

R |
“"'(""‘"i) zpzo

0 (xnsf)™ F o Mol

2)  Unequal Edge Moments

oY
! E
R

—-i——
r~
—i_;
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£ —:; [(M,-ﬂ-.n -™M, 4, n)( J‘l,e-.ﬂ.,) - (M..(L,,-ZM,R,,).Q.,'} M‘.ﬂ.‘] J

T = %{P%[M\ns-m.n-n- Nua X Do)t B2 )
+ ?-hz [-(M5 SL,,- N\,_D. ﬁ)('n‘i.'n' 7)--O'JM|Q:: ZMZQ»“)‘\' MIS\‘Q]}

U i (MR K)o M

|
6 = ;E—D[Z -n-s(Mrn'n' Mally) = (M Dyem2M, S).u)(.ﬂ,.f-ﬂ‘)
- M |('n'6* ‘-(2'7)]

-u-r(x-.): - -Z-F'-l-B[MVn"ze- zMZ'ﬂ'll]
| . , .
e(x:o) - '_FE (M..ﬂ.n“ M““‘\S) J
|
—ur(x-l) - ;@'&_B(ZMVQ'M- Mz'n‘zo)

e(z-t) = '_@LS (MI'D‘IS_ M,.Q..,-,)

3.2 Shells of Surfaces of Revolution

The following signs convention for the rotation and deflection are used:

Positive Deflection - radially inward with respect to the axis
of revolution of the shell

Positive Rotation - clockwise viewing the upper cut of the
shell

-22-




The nomenclature used in this section is:

04"

=

|

meridional stress

circumferential stress

radial displacement

slope

angle between axis of revolution aﬁd normal to wall
mean radius of circumference of discontinuity circle

radius of curvature of the section perpendicular to the meridian
at the point in question

radius of curvature of the meridional section
3(1-v%)
th

flexmal rigidity of the shell

Eh>

lZ(l-vz)

uniformly distributed circumierential shearing force at the
shell edge perpendicular to the meridian

uniformly distributed circumferential bending moment at the
shell edge

distance measured along the meridian of the shell from the edge
to the point in question and is positive away from the junction.

summation

Poisson's ratio

«23-



The signs convention and the pertinent notations are shown below: J

Signs Convention and Notations

Pxis of Qeuelution

Principal Radii of Curvature of Shell J

-24-
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Revadntien

Q

Notations in Shell Analyseis

Where # signs occur in the expressions for stresses, the upper sign refers
to the inner surface of the shell and the lower sign to the outer surface of the
shell.

3.2.2 Uniform Normal Shear Q o Lb Per Linear Inch of Circumference
at End

.25.



(L-v )cot ¢
2 IE1‘55["“] ”

Qsm¢

“r(§=0) = -_—Z-pTD—-(l 'TT cot ¢ )

Q, sing

] = . _——2—

3.2.b Uniform Radial Moment Mo In-Lb Per Linear Inch of Circumference
at End

-26-




{1-v Jeot ¢
ﬁ R E VRQ3 —T’uzll

r(;_o) = - _Tﬁ sin ’ .

M
o

¢-0)" " BD

In applying the above formulas for the determination of stresses and
displacements for shells of surfaces of revolution, we note the following
geometrical relationships for two of the most commonly encountered head

closure designs; viz., (i) full hemispherical head closure; and (ii) full
ellipsoidal head closure.

(i) Full Hemispherical Head Closure

-27-



If a is the radius to the middle surface of the hemispherical shell, we have

the following geometrical relationships:

R1=R2=R=a
2
4 .
B = 31-v)
a“h
t=2(3-9)
9, = 90°
si}1¢o=l
cot¢o=0

(ii) Full Elipsoidal Head Closure

}“t

-28-
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Let a and b represent the semi-major axis and semi-minor axis of the

ellipsoidal head closure. Then the following geometrical relationships exist:

. 4

- (17 llnz o+ bz ccnz Q)”z

- (a-‘yz + b‘xz)”z
bZ
2
R, = 2
2 (az sinz ¢+ bz cosz ¢)”z,
C. (a‘:'yz + b‘xz)}lz
a‘b4
R=a
’o - 9¢°
sin $ = 1
cot 0
d§ = R,de¢

For the case in which the shell of surface of revolution is a right circular

cone, the formulas for stresses may be more appropriately represented by
the following expressions.

-29-



3.2.¢ Uniform Radial Shear Q o Lb Per Linear Inch of Circumference at
End of Right Circular Conical Shell

3 X )
d;-= ;—\:\- C|[bef‘§ ¥ :;(gbtl'zg +'va€\z§)] +
C‘[bt:zg x ’i? (2 bev"-g t 22 ber, g)]}
a=0c [-L Sher'g ¥ -3—(2be§ g+ vtbe:';)]i—
I] SL. [} I A 2 ,"‘2 2 ’ T
c,[-’i $bel sk %(z ber,$ + 2§ bev, g)]}
where C = Q°s‘s“nd (;.be'z' S.r2w be'z'gt)
. k5
3. (ber, 2, ber, f.fhe:li.be:;!,)+2v[(bt"z§.) +(be:,s.j]
Q,S,Smat (I bel) S 420 kel 1,)
C,=

§.(ber‘§.bh"!. + \,e:tg‘ be 1; g,) ¥ Zv[(bevzgo)i (‘*ks,)z]

"= \/4 12(1-2%)
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3.2.4 Uniform Radial Moment M o In-Lb Per Linear Inch of Circumference
at End of Right Circular Conical Shell

Ty

‘ same expressions as for case 3. 2. c except
o
0

ZM,m s, bel, 3,

C = -
h { 3.( bee S, bg,,; $,+bel S ‘be:"g .) + 20 [(bevli .)tf (lni ;i.)zﬂ

\

2!“4.’”3{S.b¢‘}_§.
Cem

2
h { 5.(ber, 8, bee) 5,0 bei S bei 1, )r 20 [ (b 50 (b, 5.) n
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3.2. ¢ Bending Stresses in Cone Loaded by Uniform Internal Pressure p

When there are no edge shears or moments, but the edge support
condition is such that it is not the same as that necessary for the membrane
condition, bending stresses will be introduced. The magnitudes of these

stresses may be obtained from the following equations:

I = ;l‘—‘ Q'[bevlg ¥ %-(?, bei 4 vat:,g)]"’
. . . 3“'0.\6
c,_[ bei,t (ibev $+ 2vber i)]} 4(‘_1))
= 1
0-6- T[ [ Ther's ¥ —"'(Zbe- §+v§be:;§)]"'
cz["!z' Tbe S % -; (2bev3+ v§be~r,'!)]} x i—xr::; r

where

rs ‘hnd[Zs S\nd(! bev's +‘2-pbev 3 )- ln_k;tﬂ beits.]

C=-
\
4{ §.(Leva!. ber;_g.‘\' \:e:,}.\xi: ;.) + 22)[(\:21"3.) + (bd t5.)7']}

T O
ps, Yana [Zs.s’...'“d (3.beils v2bei 5.)r _"_'_::-*_3*.“_ h,‘g.]

C,==

2

4{3 (bentiberys s bei 8 bei 15, ) ¢ 29[ (e 8 (b, )]




3.3. Circular Plate with Uniform Edge Moment M_ In-Lb Per Unit Inch of

k; Circumference

At Any Point:

i 0
A
upper sign refers to the inner surface
6M and lower sign to the outer surface.
- 0
o= t—T

6(1 - v)@a% - rR® M_
ve Eh°
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2
6(1 - v)a Mo

At Center: Ymax © T

) 12(1 - v)aMo

At Edge: 1] 7 —
At kege: ) Eh
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4. SOLUTIONS FOR DISCONTINUITY SHEAR FORCES

AND BENDING MOMENTS

A tabulation of solutions for discontinuity shear forces and bending

moments for pressure vessel configurations of practical interest under

the action of internal pressure is offered in this section. The positive

sense of these discontinuity forces is defined in each of the figures

associated with the particular pressure vessel configuration investigated.

The following nomenclature is used in this section:

~=mean radius of curvature of the circular cylinder, inches;

internal pressure, psi;
modulus of elasticity, psi;

Poisson's ratio

uniformly distributed circumferential shearing force at
the junction, 1b per inch;

uniformly distributed circumferential bending moment at
the junction, in.-lb per inch

shell thickness, inch;

31 - vd)

a ;.

1

Eh
1201 - v?)

flexmal rigidity of the shell

4.1 Two Long Cylinders of Unequal Thickness

Fig. 4.1.1. Two Long Circular Cylindrical Shells of Unequal

Thicknesses under Internal Pressure
«35-



0 ‘P
Rl

Fig. 4.1.2. Forces and Moments at the Junction of the Two Long

where

Unequal Thickness Circular Cylindrical Shells.

28,Q, - 24y
- ; (hy>h,)
PEE-V) (il ez %ic+ 1) 1772
2
WMo et - : > b
PE-v) (lanfaz e 1772

c = thickness ratio hllhZ

The above equations are presented in graphical forms on Pages 59 and 60.
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4.2 Two Long Cylinders of Unequal Thicknesses and Mismatch of the
Middle Surfaces

Q,
Fig. 4.2.1. Two Long Circular Cylindrical Shells of Unequal
Thicknesses under Internal Pressure with
B Mismatch of the Middle Surface
%ll(c -ty +damplcz(c”2 +1)
Q = P
° RETLIPRILE
2=V -1mief - 1) +%damcz(cz 2212 4y
49
1
M = P
o1 (f+ 1)+ 27 %c + 1)
M .:=M_,+idpa
0,2 0,1 " 2 P m
where ¢ = thickness ratio "1/“2
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3

Graphs of Qol da_8,p and ZM l/ da_pasa function of hl/hZ are presented
on Pages 61 and 62. The Q and M_ , thus computed may be superposed to
1

those calculated for Case 4.1.

- 4.3 Long Circular Cylinder with Circumferential Ring Stiffeners
‘| [ t‘
RNG‘\Q
7

-——'\

i

SHEW J

Fig. 4.3.1. Long Circular Cylinder with Circumferential
Ring Stiffeners under Internal Pressure

Fig. 4.3.2. Forces and Moments at the Junction of the Circular
Cylindrical Shell and the Circumferential Ring J
Stiffener ‘
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oy

h
8,2

1)

28| 3=

2. 2
p[‘(zz' v _(:z +a’, ‘)J
-a
Mo= 2
+
a

Qo = 26M

4.4 Long Circular Cylindrical Shell with Many Equidistant Circumferential

Ring Stiffeners

Fig. 4.4.1. Long Circular Cylindrical Shell with Many Equidistant
Ring Stiffeners under Internal Pressure

2 2
b +a
[a(l-%)-h(b -a +‘)]P

M = i
° 4p0 hbﬁz"‘z+ + pan 2ptan
Plsl e\ gz 2+ ") P2t~ % 3%,

Q, = 282y M

WO s e



_ sinh g1 - sin 81

where 03 ° Smh 8T T s BT

Q.. = cosh g1 + cos 8!
14 ~ sIinh BT ¥ sin pl

_ cosh B! - cos g1
15 ~ sinhBl - sin BI

Graphs of 913, 914 and 915 are plotted on Pages 75, 76, and 77.

4.5 Long Circular Cylindrical Shell with a Flat Head Closure

' TM. M.T |
I Z(7F/I//(/}//(J}N.:é

| P

Fig. 4.5.1. Long Circular Cylindrical Shell with a Flat Head
Closure under Internal Pressure. The Forces

and Moments are shown in the Positive Sense
above. ‘
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(33 - 34) (bl - b4) +b, (as - al)
Qo : zpa —E - 35) (Bz - bs) - 132'36) (bl.b4)

. (a‘1r - 33) (bz - bS) + b3 (az - 36)
M, = 4pa®|Tay -agl (b, -Bel - 12, -ag) (b =B

_ 6a _6(1 -v
where a.l--rz(l-v) bl.—z———l
8 h,
a,=2(1-v) L 3-v)
2" 2pan,
‘3’1‘631%'“"”
2 oL 30w
B} 37 16p%n;h,
ha (2
- -V
)

_ 2
b4 = - ZBa(hz/hl)

1 2
by = - >(hy/h))

h 2

2 431 -v%)

a, = -—fa p :_—z—r
6 hy a'h

1
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4,6 Short Circular Cylindrical Shell with Equal Thickness Flat Head

r\

~
E4
o

=2

Closures
Qo Q, Q, Q,
M, M,‘ Thickness b | M M,
AN N 4
7 “'e‘ﬂ‘ﬁﬂ‘f TN Y
___§:P Ll v ::S_T_
\: [ l l l ‘ l l :\\1k2cka¢ss h,
N 2 2.2 7 727 7 -
.M{: N

2]
-]
)
o
12
-4
o
o

Fig. 4.6.1, Short Circular Cylindrical Shell with Equal Thickness
Flat Head Closures under Internal Pressure. The
Forces and Moments are shown in the Positive Sense
above.

qQ - Zpa[ (aj-az) b, -byR2 ) +byla;2,5-2))
o (a;-a50,,)(b,-bs2,5) - (2, -a,2,,) (b, -by0, )]

M. - 4pa? (ag-a3) (b, -bgQ,5) + byla, -a,Q),) ]
o (@) -agQ2 5) (b, -beQ, ) - {a,-2,2 ,) (b;-b,2,c)

where a, through ac, bl throughbs.and @ have been previously defined
(Case 4.5) and 913, 914' and 915 are defined in Case 4.4,

-42.




U 4.7 Short Circular Cylindrical Shell with Unequal Thickness Flat Head
Closures
Q, qQ, Q, Q,
“Thickness M. M‘ 1 i“‘&-m ‘\g, ) M; ",
h‘\ ‘ l _:‘I% v A & W 4 v .4 N ‘{'
N, Y TN L
\\ - r N @
A\ . N L
N _ _.§\
p—— Thick h
\);.- (H l U {\ s
VAN . "
M, M, 2 } M, “
Gl Q, e, Qz
Fig. 4.7.1. Short Circular Cylindrical Shell with Unequal Thickness
— Flat Head Closures under Internal Pressure. The
Forces and Moments are shown in the Positive Sense
above.
- _— . 7 -Ir
AZ n‘zo- A\\ A‘l'n‘tl AS‘“’&: A\z AS‘O‘IL [N
M - sh
| P 2t 2pa 2 »
P t P ™
: P nn As n‘zo’ P ﬁ_‘_‘(}_‘l ACSS; Pae, A“
M. 2pat Apat 2pa 2pa Nﬁ
- [ ]
a Adg-Ry  Plls Reflohe  Relly, A
' 4-'m‘ 4ra" Zpa r* °
a A 9'“" (1) AQ'“ iy A!O Ah‘n‘u Aﬂ'n"n: Ay, At
) - Y T - *
Apn 4 Pa 2ra
- — r P , - L
( 4
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. oo

94 = sinh p? coaéa gl - linzﬂl cos B! and is plotted on Page T8,
sinh” g1 - sin” B! :

. sinh B! cosh gl + sin Bl cos B! and is plotted on Page 79.

sinhz gt - sinz g1

09

. cos pf sinh gt - sin Bt cosh p!
sinhz 8l - sinz Bl

Q4 and is plotted on Page 80,

gin pf cosh ! + cos B! sinh B!
Tg = z Z
sinh™ g! - sin~ Bf

and is plotted on Page 81 .

_ginh? B1 + sin® pt
LT ey
sinh” g! - sin~ B!

and is plotted on Page 82.

sin §f sinh p{
sinh® B! - sin® B!

and is plotted on Page 83,

[y
—
1

4.8 Long Circular Cylindrical Shell with an Ellipsoidal Head Closure

Thickness hy

y Suily ST S S S S y . ‘N

e A
Q, a,

Fig. 4.8.1. Long Circular Cylindrical Shell with an Ellipsoidal Head
Closure under Internal Pressure. The Forces and
Moments are shown in the Positive Sense above.
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Q° ) - 3 212
ﬂ%[{z-”)(%'l)+§] {:l 1—(.&)?}[“(% E]"'z[l-(—:)]
M. - _»:_\,j
)8 QT
where o300
¢ %]
Eh’
Y —

12 (1 -v7)

The above expressions for Qo and Mo are plotted as functions of hl/hZ

on Pages 59 and 60.




4.9 Short Circular Cylindrical Shell with Equal Thickness Ellipsoidal
Head Closures '

.f-.--_.-.-.-.- 'f'_ a——— - 3 '.'zp“-'i

Fig. 4.9.1. Short Circular Cylindrical Shell with Equal Thickness

Fllipsoidal Head Closures under Internal Pressure.

The Forces and Moments are shown in the Positive
Sense above. ‘

Q= 2pa [ faz-a,) (b -b %) ]
- 2 - - - -
° (o, -ag ) 3i b, b By ) - (2, -a ) )by =B 82yq,

e

M

L1

4pa2[ (ay-a,) (b, ~b 2 1) ]
- [ 4 - [k - - 1 -
© | Tay a2 o, B ) - Ta, -agu 43 b, - b 82 )
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where

[
]
"
'
IR
[
—_
—
[}
<
N
—
o
—
n
.\1 R
<
w
—
—
t
<
~
-~

bz .. 31 -v7)
&Bcahl
2
21 a
ag = 82 bz v) )
h
_ 2
b4 --Zﬂca<h—l->
. :-‘.‘3<5;:>
4 hy\ 8 ,
12
b = --fL
h 5 2\h;
__Z_zﬁzaz
ag * 1€
ot 301 -vh
h ¢ a'h
a —-—gﬁa !
6 hy'c
4301 -4}
Be =
() ah2

sinh B - sin pf
13 ~ sinh 8T + sin 81

and is plotted on Page 75.

cosh Bl + cos p!
14 ~ sinh I + sin BT

and is plotted on Page 76.

cosh B! - cos !

and is plotted on Page 77.

5 * Sinh 8T —sin Bl



4.10 Short Circular Cylindrical Shell with Unequal Thickness Ellipsoidal

Head Closures

&

Q‘ a‘ “Thickaess Q 2 Q T
Thuickness ™, | /'\»,_ M, M,_{ L
\h| No‘-é' flir 17 f/ f %‘N.‘ \
' ‘ L { ‘ ‘ 1 ] 2 \
N‘ 2 772 22 N‘
]
M, | M, M,
Q= Q, qz Gl
LQ-——-—- 1 i --b-—
Fig. 4.10.1. Short Circular Cylindrical Shell with Unequal
Thickness Ellipsoidal Head Closures under
Internal Pressure. The Forces and Moments
are shown in the Positive Sense above.
r = -
A0 Ay AR g2 A4 1g
M, - v 7p3 Zpa
4pa 2pa; P B P
' TS, AgflygtAyy Af g A 16-As
M, - X 75a Y
2pa 4pa P P
a Aflyz-A) Al Aglo-fArg | Ay
1 4paZ 4paz Z2pa pa
M [ - -
a Ay Agiyg-Ay Ay A10%20 =420
i 2 ] i _‘paZ 4pa2 pa pa
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where

>
™

"

1

oo
:l.—'

w
Y

>
-
H
'
™~
-l
&
/"\
31
\'/‘\J

2a 2
1 “q\/;“‘")

The functions 916 through QZI are identically‘(lefined as those for Case 4.7.

2p
BchZ
A - V3o oY
18~ ° Z
28 ah
c 2
e
_“P3g 2
Alg-—‘—z-— 3(1“')
pchZ
~ 2
Al0 = -jtgl -v')
Zﬁcah2
4 _3(1 - vz)
BIO - h
an
;34 _3(1-v2)
30" 22
a h3
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Lo 4.11 Long Circular Cylindrical Shell with a Hemispherical Head Closure
H L

Q.

Thickness hz

Fig. 4.11.1. Long Circular Cylindrical Shell with a Hemispherical
Head Closure under Internal Pressure. The forces
and moments are shown in the positive sense above.

- M. _ - }‘\"_Y
W3Zp [ h B A A - IR A
] [T O
L ey
e BRI RO REQ)
. 30-2Y) Eh,
where ,‘3: = a"ln.:" ) Dg ‘z(‘_vz)
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4,12 Short Circular Cylindrical Shell with Fqual Thickness Hemispherical O
'Head Closures

QO Go Go Q.
1

M, \T\\‘&meu W, M, ™M,

TR

Nee———
| g
| SO
et
-
4

N g )'N Thickness 1‘\;

Mo me ™

Fig. 4.12.1. Short Circular Cylindrical Shell with Equal .
Thickness Hemispherical Head Closures J
under Internal Pressure. The Forces and
Moments are shown in the Positive Sense
above.

The formulas for Qo and Mo for this case are identical to those for Case 4.9.

The dimensionless influence numbers ags 3y, 0 - - o, bl’ e e . b5 etc.,

are also identical with the exception of ag, where for this case,

1
a3=-§(] -V)
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LSNIERION T

4,13 Short Circular Cylindrical Shell with Unequal ‘Thickness Hemispherical

Head Closures

Q, T\ Q, Q

M M \'\’\\ic\:ﬂu \‘l M,

VA WA 4

i1

L]

P T

“Thickness h

Fig. 4.13.1, Short Circular Cylindrical Shell with Unequal
Thickness Hemispherical Head Closures
under Internal Pressure. The Forces and
Moments are shown in the Positive Sense
above.
The formulas for Ql' Qz, Ml' and Mz for this case are identical to those
for Case 4.10, The dimensionless influence numbers A13 and Al 6 must,

however, be changed to the following

A = A

.1
132" -V

PO S —



4.14 Long Circular Cylindrical Shell with a Conical Head Closure

h,-} ,*, ,‘ ,L J ,L %‘N Thickness b,

Fig. 4.14.1. Long Circular Cylindrical Shell with a Conical Head
Closure under Internal Pressure. The Forces and
Moments are shown in the Positive Sense above.

- by(0 +04) + (a4 ac)(loy-b,) |
_(a 0, )(bemby) + (b, )(@ a5)_

[ (ayrac)(b bs)- by(A2+4s)
L(a |+ a4)( bs'bz)* (bl- \94)(02* a 5) ]

T
where o= - b, §, tand sina
' 2
i e -2
a = - 4 2 S;V\d
z cr2vk
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as & Secot +—*“V\d" <

4 . Secal
bom - —2G I tana
\
Ct+2»& 4
b = - LY S
: cCt20G
bb-' ( 4) E‘Cuerfo\ +-_§_”..d. _ 3 SecdCucca
g‘ 4 2 gt
A= g.(\nvz' §, be S - \ae:; g, bev, !.)
B =

(bevs 5) + (bei! )

2.(bev,fobevy 5.4 bei, g beil 1)

@
i

G = (ber, 1)+ (bei 1)
g.” = 2 WV% Cet ol Cosecar
‘ 2
h T 2
»14= -2 ;.:'. Fc a
Q. =

-t Ra
)

h
Q)
o= =R

9
i

h, \
s e (3)

h 2
e (@)

ﬁ‘* - 30-2%

[4
azk:'
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Graphs of a,, a,, b, and b, asa function of gn and « for v of 0,730 0
are plotted and are presented on Pages 86through 89,

4, 15 Short Circular Cylindrical Shell with Unequal Thickness lead Closures
of Ellipsoidal and Conical Shape

Thickness ka

Thickwness .

Q Q,
= 1—

Fig. 4.15.1. Short Circular Cylindrical Shell with Unequal Thickness
Head Closures of Ellipsoidal and Conical Shape under
Internal Pressure. The Forces and Moments are
shown in the Positive Sense above.

- _ - -
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\ 2 r“z 4 fa‘ 2r a 2r¢ s 4
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h
1{2-v ‘
where Al 2 - Tl.;(_T..) i A.'

- 1,22
Az--Zi-;Bl As
By
A,=-ypa
3 E; c A,
R __hS(Z-v)
4" fl; 8
. AlO
h
3,22
A =-Z_—pa
5 c
2 An
A :-‘..!_3.53
6" hpc Az
2
i a 4
Al3—-§(2-h1—-v) ﬁ
2p
_ %o
Apg =g~V -V o)
acZ
A __\/3(l-v)
18 Zﬂcahz
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The functions 2, through R, are identical to those defined in Case 4.7,

4.16 Short Circular Cylindrical Shell with Unequal Thickness Head Closures
of Hemispherical and Conical Shape’

r—"\'\u‘ckue.\s \-\,_
Q\ Q\ Qz Gl

M, § MM

2
>| N, “Thickness \\3

Thickness

Q
h‘ \

Fig. 4.16.1. Short Circular Cylindrical Shell with Unequal Thickness
Head Closures of Hemispherical and Conical Shape
under Internal Pressure. The Forces and Moments are
shown in the Positive Sense above.

The formulas for Ql’ QZ’ Ml’ and M2 for this configuration are identical to

those for Case 4.15 except that A, ; is now defined by

_ 1
Al3—--8-(l—V)
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Fig. 5.4 Variation of Juncture Bending Moments with Thickness Ratio e
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Unequal Thickness (to be used in conjunction with Fi g, 8.2
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Fig. 5.6 Variation of 02 with px
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Fig. 5.7 Variation of 2, with fx
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APPENDIX

DERIVATION OF FORMULAS

" A. BENDING STRESSES IN SHELLS

1. Symmetrical Deformation of Circular Cylindrical Shells

The differential equation governing the symmetrical deformation
of circular cylindrical shells in accordance with the classical shell theory is

2
2 d”u
d r Eh
e | D +==u =2 (A.1.1)
ax ( e ) a2 T
where D = flexural rigidity of the shell
L3
. Eh , (A.1.2)
12(1 - v%)
Z = load intensity
h = thickness of shell
a = mean radius of curvature
E = Young's modulus of elasticity
v = Poisgon's ratio
u = radial displacement
In the case of uniform shell thickness;, Eq. (A.1.1) becomes
4
du
D—g +Eu -2z (A.1.3)
dx a r



Using the notation

4_ _En__3(1 -4

g = (A.1.4)
4’D  a%n?
Equation ’(A. 1.3) can be represented in the simplified form
d4 Yy 4 Z
-;;z-+4ﬁ \lr:-ﬁ (A.1.5)

for which the solution is

u :epx

. sin Bx) + {(x) (A.1.6)

(C1 cos PBx + C2 sin Bx) + e-ﬁx(C3 cos PBx + C4

In Eq. (A.1.6), f(x) is a particular solution and Cl' CZ' C3, and C4 are the
constants of integration which must be determined in each particular case

from the conditions at the ends of the cylinder.

The expressions for the membrane forces, bending moments, and transverse
shearing force associated with the symmetrical deformation of circular

cylindrical shells are

u du
-__Eh [ r x
Ne’l_v2< a+vdx>
&u
M =-D zr
x dx

{cont.)




dzn

MO = - vD L1
dx

| du_

Q =-D—y
x dx

(A.1.7)

In the case where there is no pressure Z distributed over the surface of the
shell and if the end condition is such that Ny = 0, then {(x) = 0 in Eq. (A.1.6).
Furthermore, for long cylindrical shells subjected to loading conditions such
that for'large positive values of x, the deflection is finite, C1 = Cz = 0 and

Eq. (A.1.6) reduces to

u = e'ﬂx(C3 cos fx + C, sin Bx)

For Nx = 0, the first expression of Eq. (A.1.7) gives

du u
x:v_&
& a

which when substituted into the expression for NO yields

6M
A
x h

A-3

(A.1.8)

(A.1.9)

(A.1.10)



where . meridional stress

%9 circumferential stress

2. Coordinate System and Signs Convention

The following signs convention for the rotation and deflection are

used throughout this report:

Positive deflection - radially inward with respect to the center-

line of the cylinder

Positive rotation - clockwise viewing the upper cut of the

cylinder.
The signs convention for the forces and moments are:

Positive shearing force - upward on the left end and downward on
the right end of the shell element, the
left end being at the plane of the origin.

Positive moment - tensile on the inner surface or com-
pressive on the outer surface with

respect to the center-line of the cylinder,

The above signs are graphically represented in Fig. A.2.1.
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Fig. A.2.1 - Coordinate System and Signs Convention

3. Long Circular Cylindrical Shell under the Action of Uniform
Radial Shear Q. Ib/in, of Circumference at End




In the case of a long circular cylindrical shell under the action of uniform
radial shear Q0 Ib/in. along the circumference at the end, the two constants
of integration (:3 and C4 in Eq. (A.1.8) are determined from the conditions

at the loaded end; viz.,

dzu
(Mx)‘zo =-D{—] =0 (A.3.1)

d ur
Qx 0> " D 3 = Qo (A.3.2)

Specifically, they are

c4=o (A.3.3)

These values of C3 and C4 may now be substituted into Eq. (A. 1. 8) to give

Q e-ﬂx cos Px
a = - 'L—_f—_ (A.3.4)
T 28°D

The successive differentiations of Eq. (A.3.4) are

du_ Qc‘e“‘3x 5 x)
— = (sin Px + cos Px
& " p?p

(cont.)

A-6




r S -
ax® FD-
a3 u Qoe'px '
—d-xT = - —— {cos Bx - sin Bx) (A.3.5)
The slope is therefor; given by
du
0= Ec!' = -;22— e-ﬂx {sin Px + cos Px) {A.3.6)
2p°D :

and at the loaded end, x = 0; therefore,

Q

0

Ox=0) = (A.3.7)

28%D

The expressions for the bending moments Mx’ MO' and the transverse shear

force Qx are, in accordance with Eqs. (A.1.7), respectively,

Q .
Mx = -59- e-ﬂx sin Px

vQ

[}

MO = T e-ﬂx sin Px

Q = Ooﬂ-px {cox Bx - sin Bx)

» (A. 3.8)

and the hoop force, NO' according to Eqs. (A.1.9), (A.3.4), and (A.1.4)
becomes

N0 = ZQoBae-px cos Px (A.3.9)



The expressions for the stresses in the shell aie therefore

6Q
=% 0 .px i px
G’x -‘s-;z'e ann

1) Te px(ﬂa conpx#m;nnﬂx)

The maximum deflection is at the loaded end, where

u Q°
Tmax © Urix=0)" T 3030

Let us now define
Q= e-ﬂx sin Bx
cos Bx

03 = e-Bx (sin Bx + cos Px)

Then, Egs. (A.3.10) become

(A.3.10)

{A.3.11)

(A.3.12)

(A.3.13)

(A.3.14)

(A.3.15)



and Eqs. (A.3.4), (A.3.6) will become, respectively,

% (A.3.16)
U = = .3,
e = D“z
9 % (A.3.17)
= n * [
28D 3

In Eq. (A.3.15) where # signs occur, the upper sign refers to the stress
state at the inner surface of the cylinder and the lower sign to the stress

state at the outer surface of the cylinder.

4. Long Circular Cylindrical Shell under the Action of Uniform
Radial Moment M -in. -lb/in. of Circumference at End

M, f e X,

In this case, the constants C3 and C4 in Eq. (A.1.8) are determined from the

following boundary conditions:

Q) ,=- =0 (A.4.1)
x)-.o ax” Jx=0



Upon application of these boundary conditions to Eq. (A.1.8), there results

M
C., = - —zo—
3 2°p
Mo :
C,= (A.4.2)
4 28D :
With these values for C3 and C4', the expression for the deflection Ur becomes
Mo -px
ur = —s—e {sin Px - cos Px) _ (A.4.3)
28D

The successive differentiations of Eq. (A.4.3) are

du M -Bx
—d-x!- = Bﬁo e cos Px
.
du M
zr = - _Dg e Px (sin Px + cos Px)
dx
d7u, 2M, -Bx
—5=—pPe " sinfx ' (A.4.9)
dx
giving for the slope :
du M
°=‘&r=‘¢mg°-px cos Px (A.4.5)
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The slope at the loaded end where x = 0 is, therefore,

Ox=0) = m;’- (A.4.6)

Equations'(A.4. 3) and (A. 4.4) may now be introduced into Eqs. {A.1.7) and
(A.1.9) to give the {ollowing expressions for M_, M, Q " and Ny, Indeed,

M = Moe-px (sin Bx + cos Bx)

My = \'Moe'px (sin Bx + cos Px)
0 = -2M Be PX 4in Bx
X [] ]

Ng = ZMoﬁzae.px (cos Bx - sin Bx)

The expressions for the stresses in the shell are, accordingly,

6

M -px
c .= *—z-"ze (sin Bx + cos Bx)
h

M
oy = —52 e-Bx Iﬁza (cos Px - sin Px) £ -31-‘;- {sin Px + cos ﬂx)l

or, by introducing the notations of Eqs. (A.3.13) and (A. 3. 14), viz.,
- oPx 13
Q=e cos Px (A.3.13)

0, = e~ PX (sin Bx + cos Px) (A.3.14)

A-11



and defining

we find

and

fQ, = e-ﬁx {cos Bx - sin Px)

A-12

(A.4.7)

(A.4.8)

(A.4.9)

(A.4.10)

(A.4.11)




N

Short Circular Cylindrical Shell Bent by Forces Distributed
Along the Edges

(a) Equal Edge Forces.

R, Q,

0

-

N!b

Nire
)

L,

Q, Q,

In the case of shorter shells loaded such that no pressure Z is distributed
over the surface of the shell, the deflection equation (A. 1. 6) can be put into

the following form by the introduction of hyperbolic functions in place of the
exponential functions. Thus,

U,.=¢C, si-\Fz siakfx + Cz:h\Fxcn\\Fx * Cac.apxsinkpx + C‘cup\xcukpx

(A.5.1)

By selecting the origin of coordinates to be at the middle of the cylinder, it is
readily secn that Eq. (A.5. 1) must be an even function of x. Accordingly,

C,=Cy= 0 (A.5.2)

and Eq. (A.5.1) reduces to

Ur = CZl sin Px sinh Px + C4 cos Px cosh fx {A.5.3)

A-13



The constants Cl and C 4 Ay now be determined irom the conditions at the
loaded end x = 1/2 which may be written

2
d u,
(Mx) =-07 =°

x--"z X dx lelz
OIS
Q = -D—T = -Q - (A.5.4)
*Ix=t/2 & foz

Performing the above operations, there are obtained

Q sin le— sinh E;—

_ . _o
Cl - E’D sin Pl + sinh Pl
Qo cos'-p—z‘- conh%
Cy=- 530 sin Bl + sinh Pl (A.5.5)

Equation (A.5.3) then becomes

. ¢ '
Q, S\n'%t s{.k-ei sz..‘S:; sinkfx + cﬂa% c-sk%' c-s@x e.s\\Px)

'L(Ts_

pao (si- g2 + simngpl)

(A.5.6)

A-14




The successive differentiations of Eq. {(A.5.6) are

o [ oot
“f'o smplesinpl |

S
dx

d'u, 2Q, [ ﬁ ,;_\,Ez.‘. cos fxcosh P cus %c-k% Sinfx "-“Pl}

dxc’ i AD ‘, 31-\?1 + :i.kPl
B, _ 20, [l (cuprsiipa o) s BB cnpusers gt
dx* o "

s:npl* SanFQ

(A.5.7)

The deflection and the slope at the loaded ends are therefore, respectively,

u

"(x=3)  28°D

Qo cosh B4 + cos Bt
sin p1 + sinh pI

du Q . .
o, .1, ={—=t ) (’?““ p! “?'Lg-}) (A.5.8)
| (x'tf) (dx),‘:*% ZBZD sinh Pl + sin

become, respectively,

and the expressions for Mx' M., Qx' and N

] (2

2&. Csse?-f- O.s\\'% s:afxs :-kfx - s‘.—\% s“.-\.}% o\sﬁx cwshy fx

M =
x P si.pl +-s:—\.Fl

{cont.)
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M= 204, c"q'c“#’:"P""“‘P’"’""%i-\-q-mpxc..up,
’ P I. Sin pl. +s:..\‘p¢ (A.5.9)

Q =-2 [w@ eo\\-g- (c-s F:uiukfa 4 sinﬁxuhpt)- :tngs'.kg-l- (Mpatin\‘?x -’:_fg q..kp,‘)]

sinfl+ s&»\.fﬂ

q 4Q°Pa (3:% I;u‘\%‘ s:-.?:n. :'mkFx +C "Lz{ Mk% Cwafix mkpx)
0 =

s:hpx + s:nkPQ

Hence the stresses in the shell are, respectively,

. % . . l
oz 12Q, co,%e..\\%s\@zs‘.\\fx - Q-nngmk%WFx”’kFx (A.5.10)
S:H P‘ + ‘:a‘\P

4Q, sp | |
d‘ = - coiﬂ \%’:n il x-’;_‘ﬂ’:- a x
*om (inpl +3iaWL) [* BhNoz pxrictpx - sinllsi o compmomifix)

- Pa (s#.\% ,;_‘\,ﬁi. s:..Fus:-.\-fx + eﬂ% c.;\\% eupx eo;kp.x):]

Let us now define the following parameters:

n5=sinpxlinhﬁx
0, = sin Px cosh fx .
2, = cos fx sinh fx {cont.)
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ns = cos Bx cosh Px

sin le- sinh _ﬂzl_
ﬂ9= sin Pl + 81 {A.5.11a)
8L 8L
o cos 3 c?.uh 3

Q. = sinh p1 - sin P!
13 " sin Bg + sinh El
0 _cosh B! + cos Bt
14 ~ sin ﬂg ¥ sinh 51 (A.5.11b)

Then the expressions for the stresses in the shell become, respectively,

12Q
o, = t—p;zg (g0 - 29;,) (A.5.12)

4Q ' '
7o = [Palnny + 0gfy ) £ 3 (g - @] (A5.13)

and the expressions for deflection and slope are, respectively,

Q .
= - (4 ) (A.5. 14)
9=

Q
~--';5-°; [n,(q,fnlz)m‘(n., - q,,)) | (A.5.15)

which become, at the loaded ends,

u = . (A.5.16)
r(x:t;—) ZPSD nM
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Q

Oposly = 53— 0 (A.5.17)

{b) Unequal Edge Forces

Q, Q,
) A

0

!
1

In this case, the four constants of integration of Eq. (A. 5. 1) will be evaluated

from the following boundary conditions:

(o -ol25) - o
(e o(28) - =
(Qu e = - D(:z:;)x.o _ ' Q,

(@ )eeem -0l
x)xeg= ~ D|— =-Q, (A.5.18)

dx’ xw f




Specifically, they are

c,= 0

c = sinfl (Q, ainpl- @, siabpL)
© 2p% CINTREST)

shaL (B3 - 8, 3ipL)

2 P’D (s:.\\,"fl - s:.\"fl)

C, = i (sinplompl - sihploshst )+ @y winplowbl ~ cflsihpl)
4 250 (swpl - sipl)

Q3=

(A.5.19)

These values of ci(i = 1,2, 3, 4) may now be substituted into Eq. (A.5.1)
to give

T2 F’p(s;..y“sl - BL)

{(st'm\nfl - Q. s'mpt) si.\el a:-Px ut\-\P‘l +
(@ 5inpl- 8, 3inhpl) sl ompxsinhfix +

[Qz c-sfl siah Fl - s:... Pl w\.fl) + 0.|(s:..kpl o-sl.\fl - 3--{'0‘*‘)]“?!&9‘{:}

(A.5.20)
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The successive differentiations of Eq. (A.5.20) are

&-- ' ‘ sinhl - @ 3Bl )(sinBxsih 4 cosfix cu
= o {’*“"‘ -0 ) (st copceai)

+ 31 (G, 30np1- @ i) e afx cob - sin st o) +
(cosprsianpx - sinpx a..\.f.‘)[a‘(e..fz siapl - siaflenhfl ) +
Q, (3inhptonhpl-2inpt onpl)]} (A.5.21)

T
du, 1

dx* =T ﬂ‘D(s:..\..‘fl- s;,}f‘t) [s;"'l (a‘,:'\'" -9, ’;"fl) c"k’u‘k -
siahpl (@ sinft - @, siahp Y3infi ombpn -
: [a p(Cospteinhpl-sinpl cnlfl) + @ (s flon - ,:..ftoupli] Snfzs:.hP}

dsu, _ |

dx® B D(s:n‘gtft-':n‘fl)

{s!nfl (8,5i-1pt-0 i) (omficushre sifusihpx)—
$ie0 (S 3imfl -8 3inh P 3infzinhfcs rsfouiiic) |
= (Owpxsinhfx + sinfronkfo)l 8, (cuaflsishpl -sinpl cubpl) ¢

Q, (5iahfl omhpl - sinpt oofl)]

The deflection and the slope at the loaded end where x = 0 are then

8, (Cuafloinhgl-splonhfl) + @ (shploshpl-sisfloagt) o oo
2 P‘o (s:-.k"l - s:.."l)

'uf(‘_° - -

A-20




2Q s—\p(s ..L.Fl e (s "f“’Sn\\tﬂ)
zp D(s ARIpL- 5in f‘) (A.5.23)

(x=0) = -

On the other hand, the deflection and the slope at the loaded end where
x =1 will be

(s-.kpl Onkpl-s.-\pl cos Fl)-g. e (cuﬂs».kfl oS-nFl m‘\fl)
24D (50 *pL-siipL)

ur(:ul) =-

(A.5.24)

O o = - Gz(s:: Pt 4 il f1)- 2@ sinfl sinigl hs.25
2p D (s pl- 51 %60)

The expressions for M M Q and N tnay now be eanly obtained by
substituting the expreutons for u. dzu ldx and d u /dx from
Eqs. (A.5.20) and (A.S. 21) into Eq (A. l 7). Of parhcular interest to

our study are the stresses in the shell. These are found to be

Og= ﬁ\'\z(sinh':‘- sin'pl) {S:nﬂ (9 5tpt-g, sinhfl) Cmfx3inhfx —

3 (@,5inpl - @ 3ich B sinBx et —
[Gl(cupls:.\.ft-s:nft Mfl)*@.(sin\‘flﬂpl-&flu#)]g.fgsz,\w
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z . . . : » :

= in sinh-Q, 5l ) fa sinfxce s
% h(siwiat- siatpL) [s e e o )
+ s:»\\fl(d,_si-f(-&.s:akflxpa comfpxsihfxy -P-:s:npxe-\.fl.)

+ (Pa chxeusz; ‘;':’T Binfx s;u\‘fx)[ﬁz(&spl sinhfl-sinpL t'n\\fl) +
Q(sihplowhat - singt c-.pl)]

Using the parameters 95, 96' 2., ns defined in Eq. (A.5.11) and introducing
the following additional parameters:

-a‘ s;n‘\ﬁl Cﬁh‘;»( - s(-\pl Cﬁ(’n
o s:h\.‘p! - st-\?’fl

o = 0-3‘91 si-\\.Fl - s:.‘PQ Co’\‘ﬁ
' s:.\\’{u - s&.."pl

o = sinb P + s;.\"FI.
20, Sinh*pL = 5in*pL

Vﬂ‘z‘ _ s:-—.p( !:n\-\g‘
s;“\“l‘{t - S P‘Q
siatpl
sh\."fl - si-‘lfl

k3
sl R
Q.= i (A.5.26)

s:..\"ikl - sia*pR




We find the expressions for the stresses in the shell to be

o [0 00, (20,7 0,80,

°‘ \-\
(.ﬂ.‘eﬂthﬂ.. Q ).Q,] (A.5.27)

Tg = h{ [ o(9,8,- -0..8)+ 0 (-n»-,. ,-0,,,9,)+
.(Ls(nwal»,.n.“a,)]t—-[ (0,0, 00)-
p.(0,0,-0,6)- £ (L 40 +ﬂ.“&.)]} (A.5.28)

The expressions for deflection and slope are correspondingly

U, = -

7-(5 ~ [(Jl,,a ~0.,8) R+ (0,8~ ,0,) 00+

(g * L Q).D.] (A.5.29)

2 e o [(-n--uaz i\ Ql)(ﬂsha-g)i'(ﬁu 2 R,,@,)(.Q‘-ﬂ,s)
+ (R84 D0, )L, Q‘)] (A.S5. 30)

and at the loaded ends, the deflections and slopes become

U (xwa) ™ = z‘ab (ﬂ.sﬂz‘hﬂ- Q.) (A.S.31)
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Ve(aat)™ ~ ; (‘Q’K&z+ -9-,39,) (A.5.32)

2p o
|
e(x-v) = zpzD (zL,0,- f.8) (A.5.33)
— Q.- @
(1.[) 2ptp (‘Q“u 2 Z.Q..u I) (A.5.34)

6. Short Circular Cylindrical Shell Bent by Moments Distributed
Along the Edges
(a) Equal Edge Moments

~M°<__s_.cl).._¢._,. / f
Z . b2 ’ J
w (——)w

Again, in this case, Eq. (A.5.3) is applicable. The constants <1 and Cq

may be determined from the following boundary conditions:

du,
M (= 4) = 'D(ac)x-é = M

Y 1\ = = D d3l‘, - o A
a.(xc z) :;;‘31 = {A.6.1)
2
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Specifically, they are

M, (mﬁé sih 8l + sinds owh B )

C=-= . .
p =] Sink P! + SW\Fl
M, Q“’%’ S’u\\% - 3%’}_’0‘.“% )
C,= ~
4 p"o s:n\.?ﬁ-ts\‘nft (A.6.2}

The deflection equation for the middle surface of the shell is theﬁ

rm- M.[(“‘é-t-&'é n:—ﬂ'c-k‘f)s-.pg.c.\.p-.+(e-4-u.l§-.:.§}o.\.§)¢,¢,.*]

on (simhpL + sinpl) (A.6.3)

The successive differentiations of Eq. (A.6.3) are

dw, _ _ ZM,(eu%st-&g cufa silfx 4 s:»% e»kg :t..kcu\.k)
d= PO (:-LpL+ sinpl)

d, ot s t)opeonte- sl s-Bea) s pesst]

dx* | D (s;“\\et + S:.Fl)
g _ 4p¥ (stnlcanll et - cull st bl sifrcain) A6
ax D(sinfl+ sinft)
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The deflection and slope at the loaded ends are now obtained by substituting
% £/2 for x in the above equations. Specifically, they are

Mo ( Sk §L-sinpl (A.6.5)

Mv(q-t&) = - ZPzD s:..kfl" ;%»(il

M, Ow\\f(-csﬁl
amety = 7 FO\ sianpl+aipl

(A.6.6)

The stieues in the shell are, respectively,

. rzM.[(cn!z! sinidf +sin et )cuproutpn - (call s:..\.!,‘:-s:.gc.\ﬁ%)q.ud
W (siam M +5infR)

Ty =

4M' r/ {{ . . N . ¥
d; - m [\c-s% 5‘—\\\%! + s\.% M%)(P a s\—fx s-.\vPlt %Vf!ﬁ‘#)

+ l;:ow% ::..\.5:- - sia% M%)(Fa c.tpxedfx 1-’-‘& S-sz:-h?t)]

8’ 013 defined in Eq. {A.5.11), and
introducing the following additional parameters:

Using the parameters us, 06. 97, Q

o

S:r\ﬁé QOS‘\'Lé .
Stn Pt + sinly pl.
(l c“% s;q‘\%
L S:nPl + ’:-\\'\VI

N =

fo

(cont.)
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‘5- ccvs\.{u- m?l (A.6.7)
Sin ()l » s;..\,pz
We find the stresses in the shell to b_e
o 2 [( Q000 (220, ] (A.6.8
To= ——{ [..CL"(.Q, +‘0"B)+‘n"w( D-g)] &
-3—:‘)- [_(l\ﬁ(ﬂ.st(l o)~ (Ne- ﬂs)]} (A.6.9)

together with the following expressions for deflection and slope:

M e
S [( 8,400 A+ (D, ~00) .ﬂ..‘] (A.6.10)

e = -2 (ﬂ"ﬂ.-,'*ﬂ.hn-.(,) (4610

The corresponding expressionsfor deflection and slope at the loaded ends

- are then, respectively,

= - A.6.12)
’bhr(x-té) = 1ﬂ10 M"Q‘% {
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G(X_t%) - F -F‘—o- M0, ey

(b) Unequal Edge Moments

_ M M2
T
1
-' w( .
f———]

Here, because of the unsymmetrical loading, Eq. (A.5.1) must be used,
and the constants of integration will be determined from the following

boundary conditions:

2
— _ d“v) -
(Mx)x’o - dll xX= o - Ml
, d"u'
(Mz)z'l =- D dl‘)x-l = Mz
= - dz“* = O
(Qx)x= o D dla)xs o
(G) = - D. du = 0O (A.6.14)
X xgt Axa x={
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Specifically, they are

coa M
ZP D
M.(s'"‘ fl °“F2 * si.‘\\flc«\.f!) - Mz(s‘..F( cwhfl + mﬂs»&}l )
26D CRNTEES )

ZM, 5ingl sShRl - M (si-W pL + 5iBR)
26D (s pt-siapl) (A.6.15)

c,=¢,=

Ch™

To recapitulate, the deflection Eq. (A.5.1) is
W, - C' ::-.P:u:.k F" +C, s:.Fueu\.put C,cu’:u-‘-\.fx 4 c‘enfxeu\\’x

with successive derivatives of

;“_“.Y. - P[Q (:..chn\.’x + eu?:u ..L.Fx)ﬁ Q:.(’ ..fus.,;.Puuc..Fgc.l.P‘)*
Cy (Cosprcarpx-sinpsi ..\.Fx)¢ Cy(confixsinbpn-ol .f,.o.\.pa)]

% - zp"(c, cuPx cotPx + C;“!P’J;ﬂ\?l- Cssi-puod-Pt-C‘shpuk\-p)

é—"—'- = 2F {C‘(cue:u Whfx~ s -}xc¢;\.fx)+ cl(c«fxoukpn-m-fxs—kﬁ)-
s(s Anfo st ..\.P-. *Cv t’xtu\?l) C4(s..fxml.'zscufx s!-\\Pan)]
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The deflection and the slope at the loaded end where x = 0 are then

“r(x- o) * C‘_ . ‘ . N
o 2M,siplsiapL - M‘(stn\. BL 4 3in }L)
24D (slpt-sipl)

(A.6.16)

e(z 9 (€4 Cy)
_ M‘ (S‘-f(obpl + s%-.\.Fl cu\\fl) - M.,__(Sinfl Obkfl 4 “F‘"““f")
BD (si-npl- siaBl)

(A.6.17)

and the deflection and slope at the loaded end where x = 1 are

Up(xng)= ) Bnpl3ihfl+ Co(siplombPls eosfl sianpl) + C cospl cubfl
- ! [ ZM, S;nf( s:""‘“-Ml(s:":Pl M S:"B) ]
zp"o Sink 2 - i pR

(A.6.18)

Ont) = P[c' (sinplomhgt + cupl siapl) + 2C, corfl CashpL

+ C, (cmpt s:..\“!l -Is:a(sz od-\?l)J

- \ [M‘ (SinBloeshpl + cupl sinBl) — M, (stnflerPl + s.‘..\.}Qow\.ﬂ)
PD ’ Sink® el - S’h‘F‘

(A.6.19)
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e e e

The stresses in the shell are, respectively,

rf'o ‘
a; = : —%(o' c”e‘ M\Px 4 ct%Fﬂ ,‘u\\\’*- C. "‘“Fl m\‘\#' c‘sgnF;‘:nLPl’

- {[M‘ sinhpt cohBl+ sinBl copl) - N\g(cnpb:..upiu:ﬂf( e,.\.f,() ]*
h

3 sinh? ‘;l - sin?

(ﬂnpx Cuhfx - Cn(hul-kpx) -+ MI Cosfix c-a\npx -

{M‘(s:,\,zfl + s:."FL) -2ZM, 3ia P( sinhgt

Sinpx sichpx
s:..\."pl - s:,,‘pjz :| (A. 6.20)

13
d‘aa --a—v,t rJO—;

2 M (sitple st 2al) - nBA 8!
el M

s:..\‘"fl - ﬁn"fl

- [M,(si-fle«p( +BE0nh L)« M (sinflombBle e mplsihgl

s:at.‘gl - a:..‘f!

)](==~em~r

Cospx s:.\\Qx)} t 0, (A.6.21)
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Using the parameters ns. 06, 07. 08 defined in Eq. (A.5.11]), and “zo'
021 defined in Eq. (A.5.26) and introducing the following additional

parameters:

.n‘ - Sea‘\pt CCS\\M + 1:-;?‘ M(u.
17 T a
Sinh Fl - S F‘

-Q-.|9 - wf‘ s"‘\‘Pl ¥ ﬁnpl o\ p-i (A.6.22)
s 2 T h §
Sinh pl - 330

We find the stresses in the shell to be

¢
O, == (M'ILV-M‘D.B)(.Q.‘-D.»- (M,n,.-zm,_n.,,).n. MO | (A.6.23)
X 5 8

= %{p‘a[M'S\s- (M 2;~M, 0. ) (g + D7)+ L g(M ,ﬁ,.-‘zM,ﬂ--..)] x

3—::-I:(N\ =M ) (A1) - (M, Q, -2, 2, )0 4 M 0, .]} (A.6.24)

The expression for the deflection and slope then becomes

YU, - ;;,;[(M,n.,,-m‘n,)(n,‘m.,)-(u,n,.-zu,n,,)n.'-m!n{' (A.6.25)

¢ - ;;_D [zn'.(Mlnn-Ntn'ﬂ) - (M.D.,.—zuth,,)(.n.,-h‘)
-\, (D _g,,’)] (A, 6.26)




At the loaded ends, the expression for the deflection and the slope becomes

Ur(xmo) ™ ~ —_.'2-;;0 (M.fl.,.- ZMzh.u)

'u,,,(*_ 1) =

2

e(:.-o) - -FLD_ (MR- M 0,,)

|
o(:x-t) - —E’—D- (Mrﬂ.‘,-M;ﬂ.,,)
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B. JUNCTURE SHEAR FORCES AND BENDING MOMENTS

1. Two Long Cylindrical Shells of Unequal Thicknesses

™ ¢
N ”Wﬁ

2a - - -

2

Fig. B.1.1. Two Long Circular Cylindrical Shells of
Unequal Thickness Under Internal Pressure

Under the action of internal pressure, the circular cylindrical shells will
extend radially, each by a different amount due to the different thicknesses.
However, in the actual vessel, the two cylinders are kept together and strain
compatibility at the junction indicates that there must act shearing forces Qo
and bending moments Mo uniformly distributed along the circumference and

of such magnitudes as to eliminate this continuity.

Fig. B.1.2. Forces and Moments at the Junction of the two Long
Unequal Thickness Circular Cylindrical Shells
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The stresses produced by these forces and moments are called discontinuity
stresses. This condition is illustrated in Figure B. 1.2.

To determine the magnitudes of Q, and Mo' it is necessary to have the
appropriate formulas for long circular cylindrical shells bent by forces and
moments distributed along the shell edges. These formulas are readily
available in many texts on shells. Thus, from Reference 4, the deflection
and rotatioh produced by the loads p, Qo and Mo are:

{a) For Cylinder No. l:

§ = ';P'?;T(FM-* Q)+ Ek.(z -¥)  (B.L.1)

8= s GRM )

(B.1.2)

{b) For Cylinder No. 2:

b= 28 D;(P' -e)* So 2Eh, (2'”) &1

¢ = (8-28,M,) (B.1.4)

ZPz 3

where § = radial deflection of middle surface at junction, positive outward,
inch.

' = rotation of middle surface at junction, positive as shown in Fig.
B.1.3.
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4 Ehosnlvy
pi" 2 = 2.2 ’ (1-1,2)
4a™D. a h,
1 1
Eh .
D, (i=1,2) (B.1.5)

0201 - v
a = mean radius of curvature of the circular cylinders;
p = internal pressure, psi;

E = modulus of elasticity, psi;

v = Poisson's ratio

Q

o]

uniformly distributed circumferential shearing force at the

junction, 1lb per inch;

Mo = uniformly distributed circumferential bending moment at the
junction, 1b per inch;
+

N
—

- - -

U
)

Q

Z] ,)M. M,(,
la, .
Fig. B.1.3 - Signs Convention for Middle Surface Radial

Deflection and Rotation at Junction

For strain compatibility, we must have
§ (for Cylinder No. 1) = § (for Cylinder No. 2)
' {(for Cylinder No. 1) = §' ({for Cylinder No. 2) (B.1.6)
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o

Hence

ZF?D‘(P."‘- “Q)s I P"D (B °)+~E—(z-v)
2p| ' (Z’SM +@,) = P:D;(G‘-ZP'M')
from which
2patry 4 .
o= _.lé_(t “l)(z v)(PDl Pz°; (B.1.7)
° ( (N \ z _\_
P;‘D| Pcf Pl
.P__(.L - )= o P. i
° \ \ )" 2 (2, ..l..
Pu D F D ﬁ'F‘D.Dt Plz P:

These formulas for Qo and Mo may be simplified to the following dimension-

less form:

2f 9. Ce-1y D) (B.1.9)
PQ=») @)™+ Zc%(c*\)

(]

4B, M. - (e=I1Nc™2)
G- () 2c (cn)

(B.1.10)

where ¢ = thickness ratio hl/hZ'
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2. Two Long Cylinders of Unequal Thicknesses and Mismatch of

the Middle Surfaces

——-—ll
>

trrtt
?

©

- ¢

Fig. B.2.1 - Forces and Moments at the Junction of the Two Long Unequal

Thickness Circular Cylmdrtcal Shell with Mizmatch of the
Middle Surface

Analogous to the analysis of Case |

{a) For Cylinder No. l:

8

o, B

{
;;.:;;. TV

(b) For Cylinder No. 2:

__I_
2p’n,

A-38

, we have

+Q )+L(2 ) (B.2.1)

®,)

(PzM'i,z- Q.) t ;E&E;(z-v)

(B.2.2)

(B.2.3)




-

SO

|
—— (R - 28 W, 2. 4)
. P:°a( = 2R Mes) (B.2.4

where Mo 1 and Mo g are the uniformly distributed circumferential bending
moments at the junction for cylinders 1 and 2, respectively, and are related
to each other by the following equation:

_ 1
Mo,l - MO,Z hd -z'dpam (B.Z- 5)
where
a =l(a +a,) (B.2.6)
m 21 2 * o

If we now substitute Eq. (B.2.5) into Eqs. (B.2.3) and (B.2.4), we obtain
for cylinder No. 2,

§ = — [ M. 4 - at (B.2.7)
240, Fu(Mey+ 3 dpan) Q°]+£ET:(7-‘”)

&' = Z_P:; [Qg-ZP,(Mo,,* 3 érﬁ,.)] (B.2.8)
2 ¢ : ,

Again for strain compatibility, we must have

6 {for Cylinder No. 1) = § (for Cylinder No. 2)
§' (for Cylinder No. 1) = §' (for Cylinder No. 2)
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Hence,

s (bora) Bl(e-s) = i, (Mo e )-a]+h—<z-u>

’|l gi

(2pMep+8)m —L— [a.-zp,_(M., 3°‘r°-)]

2"9 P: :

from which
# (o) e
E "‘7. h P P:.D"- ZF, P‘D.D,, Fl P:.

LZ(F}D ! ﬂflo)z* s (s‘to.ot (; * ;:)

| da.. / 1 \ |
(—L P;D g0,/ B0, P?°+=P.‘P, ' =P3°.)

r {B.2.10)

'z(p‘,,y re) e v

Equations (B. la.9) and (B. la, 10) may be put into the following convenient

forms:

- 2 - .
i_;-(c-l NPty |)+da..F|C 2(c*1%+1)

R, = ' . r
() + 21 (et )




(c z)(c’-r' \)- (c +2 V‘I +1)

(c+1)+2c Ih(eﬁ.-t\) ‘
Mo,z"': Mv,\"'JidT'“'»

where c = thickness ratio hl/ h,
1 = middle surfice radius ratio ll/ a

Observe that the above equations are developed for a<a,. i a, > 3, then
d becomes negative, and the components of shear and bending moment due to

the mismatch alone of the middle surfaces change in direction.

For thin shells, a/h is large and £ can be taken as unity for all practical
purposes. The equations for Qo' Mo 1 then simplify to

}{.PZ;. (e-1)(c™ V) + dahF, <) ,

(c,+|) + 2P (ext)

: (c ')(C"‘)*
(c™+ lQ + 2c;/ (c+1) ?

(c+2c Y4 1)
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3. Long Circular Cylinder with Circumfercntial Ring Stiffeners

"1

<
% 1

-

L.

4

|

N~

V4

‘Q

Fig. B.3.1 - Long Circular Cylinder with Circumferential Ring
Stiffeners under Internal Pressure

Basic Assumptions: (a) The ring stiffener spacing is such that the influence

of one does not extend to the next.

(b) The term "a'" will be taken to be the outside of the

shell instead of mean radius. For sﬁellu with a

large radius to thickness ratio, the effect is negligible.

.17
N"*:N:% N.Z.é Z %N.

+5

Q, Q,

CENTeA. Ling OF Suew

fr——}{.

Fig. B.3.2 - Forces and Moments at the Junction of the Circular
Cylindrical Shell and the Circumferential Ring Stiffener
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Boundary Conditions: (a) The radial deflections of the shell and ring are
equal at the junction.
(b) The slope of the shell adjacent to ring it zero.

Analysis: The deflection of the long circular cylindrical shell at the junction
produced by the loads p, Qo and Mo is, from Reference 4,

2
—T(ﬁM -0 ) +E 2 - v (B.3.1)

The radial displacement of the circumferential ring stiffener under the action
of the forces ZQo and p may be readily obtained from the plane stress solution

of a thick-walled cylinder under the action of internal pressure. Specifically,
at the ring-shell interface,

a(2Q +pc) /2, .2
_ o b +a

b -a

In accordance with boundary condition (a), we can immediately write

a(zQ + pc) b
—‘-‘(ﬁM -0 ) (

2

+a
+ B2 (z v) = +v) (B.3.3)
26D SER <E ) )

b -a

The slope of the circular cylindrical shell adjacent to the ring produced by
the forces p, Qo and Mo is, from Reference 4,

&' -——-(ZﬁM - 'o) (B.3.4)
Zﬁ D

This, in accordance with boundary condition (b) is zero. Hence

Q = 2pM_ (B.3.5)
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" Equation (B. 3. 5) may now be substituted directly into Eq. (B. 3.3} to give an

explicit expression for the circumferential bending moment Mo' Specifically,

a(z-v) [b4a®
P 2h b‘-a"*z}
M. = (B. 3.6)
[ 2 2
28|ap . 2 (L-» +ta *V)
‘B[ h + ¢ \b-a*
Q =28M (B.3.7)
[s] o}

4. Long Circular Cylindrical Shell with Many Equidistant

Circumferential Ring Stiffeners

'._ _.| SHELL RwG .1 I__ C (Tve)

IRERRARRRRRE

‘———-—u'

Fig. B.4.1 - Long Circular Cylindrical Shell with Many Eqﬁidistant
Ring Stiffeners under Internal Pressure

Basic Assumptions: (a) "The ring stiffener spacing is such that mutual

influence becomes important.

(b) The rings are all of the same size and design.
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(ci The term "a" will be taken to be the outside of the
shell instead of mean radius. For shells with a
large radius to thickness ratio, the effect is
negligible.
Boundary Conditions: (a} The radial deflections of the shell and ring are

equal at the junction.

(b) The slope of the shell adjacent to the ring is. zero.

Analysis: As a consequence of the proximity of the ring stiffeners, the long
cylinder must be treated as composed of a number of short
cylinders, each of which has a length £. The discontinuity forces
and moments at the junction of the short circular cylindrical shell
and the circumferential ring stiffener may be taken to be identical
to those shown in Fig. B.3.2. In this case, however, the deflec-
tion of the short circular cylindrical shell at the junction produced

by the forces p, Qo and Mo is, from Reference 4,

S = _M(&u\\ Bl + cospl ) + 2M, g'at ( Sinh g - s-‘.\fl) . ﬁ:(z-v)

Eh \siehpt +sinpt EW sinh plasinpl ) 7 2uh

The radial displacement of the circumferential ring stiffener has been

calculated previously and is

5 = (2a.+pc)a (bz-i-az +22>

ct L-a®
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In accordance with boundary condition (a), we must have

- 2Q,ﬁa"<t°skpl + cospl ( $inh gL = sinfl
Ek S:A‘\Ft + S;'\P‘ ) s\ﬂ‘\Fl QS»\F‘ 2!h (2 v)
(280+pc)a [bra® .
cE b=a* g

(B.4.1)

‘The slope of the short circular cylindrical shell adjacent to the ring produced

by the forces p, Qo and Mo may also be obtained from Reference 4. Specifi-

cally, it is - -

S' - Zﬁlopzaz(sé;.k pl-s:npl ) N 4M, {33az ( Coshpl - c.sju )
- Eh Siah px 4 Sin ‘sl EL siwh ‘u», s.‘..Fl

This, according to boundary condition (b) should be zero. Hence

zp(c-s\-\pt- cﬁpl)Mo (B.4.2)

Sinhpl - s -'upl

If we now substitute Eq. (B.4.2) into Eq. (B.4.1), an explicitAscluti.on for the

circumferential bending moment Mo will be obtained. Indeed,

[a(\ Z)-h b.a; )]1"
4‘3_(1\5[2(.253- ) Pa.ﬂ.\4]- 2pal,,

-at

(B.4.3)
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where .. Binh Bl - gin Bt
13 sinh BL + sin Pl

_cosh pt + cos Pl

4 = SR BT T ein I (B.4.4)
Q _cosh Bl - cos P
15 ~ "sinh g! - sin.gl
Using the above notation, we find Qo = ZﬁnlsMo (B.4.5)

5. Long Circular Cylindrical Shell with a Flat Head Closure

Lot

,
e w,

4
k

YAV AyA

[

T—-F-J?/f//i//tli

——.\

®
3
|
NV LL

s S T TR I O R I I )

//f//[/J/////7]§>N.

M, M,
.|

o ¥

Fig. B.5.1 - Long Circular Cylindrical Shell with a Flat Head Closure
under Internal Pressure. The forces and moments are
shown in the positive sense above.

The following compatibility equations between cylinder and head are obtained

from Reference 5, and are modified to conform to the notations of Fig. B.5.1.

a,
Mg as.\._a_".a +G.4= °.a +.___.a1.‘. 03 (B.5.1)
qTAL 2¢pa e q.lpa" ! 2pa
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M Q M Q

o 0 0 &)

Hb4+mb5=;;zbl+mbz+b3 {B.5.2)
where
a, =-82(1.y) b= S=¥)
17" h, | Iy
i 3(1 - v)
a,=2(1-v) b, = -
2 2 szahl
3 3(1 - v)
a, = {1 -») b
3~ Teh, l6bzhlhz
h b, \2
b, i 2
c3l) el
h h, \2
b 20 BRI

h 4 z
a = T.% pa , B = / 3(-12-?"-). (B.5. 3)
a

1

Solution of Eqs. (B.5.1) and (B.5.2) yield the following expressions for Q
and Mo' Specifically, they are:

{a,-a,)(b,-b.)+b, (a, -a,) )
Ca.2]'®q233) by-bgl + by Ma, ~ag)
Mo = 4p2 [(‘1 -a5) by -bg)-{a; -ag){b) -by) | (8-5.4
(a3-2,) (b -by)+bila, -a,) T
Q :Zpa[ (B.5.5)
o 7 L1ay-ag)b,-bg)-a, -2 b -B) |
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L.

SRR

. Short Circular Cylindrical Shell with Equal Thickness Flat
<&
Head Closures

L‘z-"' £ - to—h

\§

A - "'7 T
. 7
R RRR R e/ B

|

Fig. B.6.1 - Short Circular Cylindrical Shell with Equal Thickness
Flat Head Closures under Internal Pressure

The signs convention and notations of Fig. B.6.1 will be used in the present
analysis. For the case of a short cylindrical shell, the radial displacement
(positive inward) §, and the rotation -§' at the junction due to the forces p,
Qo and M are, respectively, .

§m - 2&&0\" cochfl + cmfil _ ZM.pza‘<s=-\\}4-s\‘np( _?“z (2.’)
€h, si-hpl + singt Eh, \siah pe 3inpA 2Eh,

_s' = - Zaézaz<s\‘ﬂh§(-sin?l ) _ 4.M.Bga."<coskpl- cespl )
S Ehy \sidplasinpl Eh, s;.\.Fﬂ +=§nrQ
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The dimensionless form of these two equations may be chosen to be

Eh,S = M, Q, = (B.6.1)
4pat Wt oa L Zpa 6
P4 P P
EL % M, — @, —
- ———— © L + 9 b
8‘r03PZl‘|| 4'9(,,1' 4 Zfa 5 (B.6.2)

where

- h z-v)
- (=
Ay = h,(&

- h, 22 si.‘\«PQ-s:nFQ
e

T, g;nkei 4 s:..Fl

-— “\2 (Cuskpg + C-&’LQ‘
a = ———-‘3
& h, Siehpl + smPQ

= _ L\z)(CosL@o w{;z>
b{ ZP“<T, SRNTRER Y

-— L! z S:—\\\F,Q" S\hFQ
= - (22
bs - Z( h|) <S“““9' 4 5.'..F2 ) (B.6.3)

These "influence numbers' may be substituted in lieu of the influence
numbers a4 ag, ag, b4 and b5 for the long cylindrical shell in Eqs. {B.5.4)
and (B.5.5) to give the expressions for the shear force and bending moment at

the junction where the flat heads abutt the cylindrical shell, respectively.
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Specifically, they arc

M, = 4-f'a"[

Defining

(q- as)(bo,-by) + by(a- ac)

(a "~ a ;.)( ’D;_'TO 5) = (a z‘ae)(bFTM)

| (as' a«)( b\--b“_) + \93(35-q !)

(@~ )X b, 0g)- (0,3 X br-by)

cosh E! + c»sﬁQ

Siel P!"’ Sin F(
CoX\\FB -C»eaﬁz

sinh pR +s'.-\PQ

(B.6.4)

(B.6.5)

(B.6.6)

and substituting Eqs. (B.4.4) and (B.5.3) into Eqs. (B. 6.3), we obtain the

following relationships:

&l
n
0

4 4

a, = 59-.,3
a, = a .
-b_4= byl
b= b, QL
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Equations (B.6.7) express the correspondence of Lhe influence numbers

J
between the long and short circular cylindrical shelis. Substitution of these
relationships into Eqs. (B.6.4) and (B.6.5) yields

- "
(A4-03)(bo,-belly) + by(a,-acQ
L (au' “sﬂe)( b,- BSQ-Q' (az- QGQ'O(E';'- \‘4‘D'|5)
- - - 1
a,= 2pa (3= A4)(by- byl ) + by( A0y a,) (B.6.9)
8 <a l-a5nl5)( bz. bsnﬁ)- (az_ a"ﬂ‘D(b‘_‘%Q\s)‘
7. Short Circular Cylindrical Shell with Unequal Thickness
Flat Head Closures
Q| QI h . Gl Gl J
M| MI } /— z \ Mz M?
PR

_6
» 8

—3

MTEENS
i

l_f
/S
s 2 2 L7

\\'

-

s~

|
ARRRER
MT N.;‘e} 2777772272277, f/} - N, ~Mz\
Q, G \ e, &,
e— ) 4 -
L=0 xwf

Fig. B.7.1 - Short Circular Cylindrical Shell with Unequal Thickness
Flat Head Closures Under Internal Pressure
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For the short cylindrical shell, the radial displacement (positive inward) §,
and the rotation -8' at the junction where x 0 due to the forces p, Q‘, Ol.

M

, and M2 arc, respectively,

|
5 o - 8y (Siohploshgl singlowsl) + @y wphsiohpl-sinfl con 3t)
'Y 3. ‘“‘\‘2 Q- S:n‘ ‘)
2o (sing 4
_ M|(s‘...\.‘PQ+::.\tt32)'2Mzs:nEQ s;,.k@i _ .Eaz (2-p> L
2?‘b(s‘m\«‘pz-sz;‘fgz) 2Eh, (B.7.1)
- S| — ZQZ s;"‘F!s;n‘\‘st - Q‘ (S;nzp’ & s:"\\‘Fe) _
- 2 F"D (si-ngl - siipt)

M, (SiaBR cosBl ¥ sishglcuipl) = My (SinBleshpl+ Cofl sikfl)
BD (sinw'pl-sint3l) (B.7.2)

~ For the junction x = 1, the radial displacement and the rotation are,

resgpectively,

s - Q,(Copl it @8- 5inff cahfl)+ Q,(simhplcmt Tl - singlenpt)
. AT ) ZF;D(S:“\\IFI- S:A‘FL)

o 2802w, 3inplsingt - M, (il eaitge) | P (z-») (B.7.3)
Eh, simhpl = 30 ‘3! 2eh,

-5 - - Q,(5in P ¥ 3:030) ~2G, 31 s 0B .
==t 287D (sl -3i-7pL)
4p7a| M, (5inpl cnhgl + costsih ) = M, (Sinflongt + sikploukg 1) ]
Eh, [ s:..\."l - ,;.‘t’u

{B.7.4)
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Equations (B.7.1), (B.7.2), (B.7.3), and (B.7.4) inay he arranged in the

following dimensionlcss forms:

%;-b_‘_(ﬁ% M, [ b gy z(:&ﬂmﬁ_‘.)]

4-'“\7" \’\; 8 4"’0 "‘z s LFR“'\?\ F»Q

‘ Mz _’.- .‘:.L 12 S;v\PQ 5\‘!‘\\1#1
+ 4 a ( )
z I th s:nl\zﬁl - s.'v\"l3[

e S0 hg (S‘“kf‘?“f‘ - sinploept >
2pa| ha Skl = sin*pl
o, | h - . os
bz | By (Soflenplosiflenpl N g
7l M Sl - sepl
E\\TB,:“ _ M, (}_\_,_)z( Sinplceo Bl + siul gl cosWBL >
8F2a3\«z\o - 4‘90\ o h, s:h\(‘Plz - siapl

hl- \\-\FQ Qts\ﬂpl + C‘SFL Si-\kPl ‘
"\ sin\:‘(ll - siv\"}?l

i st Bl
% _‘Z-( :.\\‘F;;— Sia iL)]

[
l =3 B




[ (

AN

5:-\P( S;h\\ﬁ,
s:.\\."Pl - sintpe

)

2l dage
4 h,Pa( ]

Sink '?Q + i 26l
oTYN Pl - Sin Fz

_ﬁ?a<cc pﬂ s.‘.;\“?! - stnpf c.sl“;l )“
L e 3B ~ sia?pl

)J
Sinfl 0w Bl + cos 34 51180 ]
sinWipA - 5. e

-

[%”(
hs

(2)(
RS

s:nhﬁl c-skFl - 3\‘-.‘3! i‘-qu
s'...\.‘(sﬂ - s:,‘frﬂ

(B.7.7)

Sinpl c-:‘el e s:n\-.gl eu\.El

s:..\ﬁfl - s:nzpl )]

)

s§“"‘32 + S-'v-\}Fl

Sia Pl s{n\npl

s&\f‘?f - s&-.’PR

1 B.7.8
7 ( )

RGl )

sh\\:‘Fl - s:,.zp:l

Let us now define the following parameters:

_ ginh® B! + sin® BI

sinhZ gl - sinZ p1

sin Pf sinh

Bt

Y, =

sinh® B! - sin® Bt

A-55



. 8inh Bt cosh B! - sin B! cos pt

Q,, =
16 sinhz Bt - sinz Bt
Q. = cos B! sinh Bt - sin P! cosh g1
18 ~ . 42 . 2
sinh~ Bf - gin“ pf
0 = sin B! cos B! + sinh P! cosh pt
17~ 4 2 .
sinh™ pt - gin“ pt
Q= sin ﬁ[cosh Bt + cos B! sinh Bt
197

sinhZ Bl - sinZ Bt

Furthermore, let

A, = . ﬁ(_l;v)
1 hZ 8

(B.7.9)

{cont.)



h,\?
:-zpaﬁz

) 132
= B.7.10
Aln-.Z(F-) { )

Equations (B.7.9) and {B. 7. 10) may now be substituted into Eqs. (B.7.5)

through (B.7.8) to give the following set of dimensionless equations:

EW, 8
} “Xno _ n
4pa’ 41” (A,.Q. )* ( 2A N, )¢
zc;,a , ,.ﬂ,“)i- (As_ﬂ.“) (B.7.11)
EW,S

4P°r. = A 41’“!( zA D))+ 41:2 (As-n.,_.)'l'

ZFa( 9‘\0* (Ac %) (B.7.12)

ER Sies _

M, M, Q,
SPzaa\“:? = 4')0; (F\7Q‘I7) + ;}‘;('A-,-Qn) + ;r;(ken.z')

Q
+ 2; (-z2A ) (B.7.13)

2 !
_EWS,,

=M M. &
8pa>hp 41:01 ( Ashu)+ 4fa‘('\9ﬂ‘7)+ 2pa ( At

‘;;‘;( Nal) (B.7.14)
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From Reference 5, we find the following dimensionless equations for the

heads:
Eb3,... M S
] = I
41”:. = 4_f;t An"' 2pa An.* AB
Bhadawe . Mz, 82 n L
agat  4pat P Zpa et e
13 Nl S M, Q
-— = 7 Ap+ ‘ s ¥ R
8pfa’h,p  4pa °r
2 .1
LY R S R S
B h,p 4 pe
where
- . Ga
A== —;‘—‘(\-72)
A= B = 2(0-»)
A= 22 -
o 6h, (-2)
= -.5a .
Ay ==, (-2)
2a
= ' \-
P \c\ns( ?)
A_= 6 \-2))
7 2z
p “s\"l
A _30-2) A
. 2 3%ah #
gah,
A-58
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(B.7.15)
{B.7.16)
(B.7.17)
(B.7.18)

J
(cont.)
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g S 10

SR TY 2\
e(\-»
Ape= —=
P hahs
A= - 20-2) (B.7.19)
2 2 .
1687, hy

By equating Eqs. (B.7.11) with (B.7.15), (B.7.12) with (B. 7. 16), {B.7.13)

with (B.7.17) and (B.7. 14) with (B.7.18), we arrive at the following set of

equations in Ml' MZ’ Ql' and Qz. Specifically, they are:

4y A‘( 10.” A“) ¥ 41“, ( 2R, + -—;:(Asﬂ.“ An)* —"("ln'n)' APy

Tl.( TN My (A,n. Py)+ —-(A.n..)* _(‘:'_‘_(A‘(\ Ag) = Ag-A,
rﬂ
Tr (M A+ J5 MY+ LRI A SECardy) = R

(“\5 ) (A,n.‘_' Az) """‘L’( ZA N+ ‘—( w“v,;“m) = Ay
(B.7.20)

Equation (B.7.20) may also be conveniently expressed in matrix form by
defining

Ml A3 - A
M - &g

‘U' = le H ‘V‘ = Alilq H
Q, A,

{cont.)
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—

mr
z
2
n
H
—s
S
»

Then,

and

- 2 A2‘0”21 AS&\Q: An AB‘QJQ
4—]oa‘ 2pa 2pe
AS‘“‘Z; A“ AC"(lﬂB AG-Q-“'AQS
4 Pa’- . ZPt\ ‘ Zpa
A7Q‘|s Aol c Mg - st_“z
4]m7' 2pe 2pe
Asn |.,' Azo - 2A|°-Q.z! A|OD'3: A!‘
4pa’ 2pa 2pa _| ®.7.21)
W o] = Il
IUI - [WFM (B.7.22)

8. Long Circular Cylindrical Shell with an Ellipsoidal Head Closure

Fig. B.8.1 - Forces and Moments at the Junction of the Long Circular
Cylindrical Shell and the Ellipsoidal Head Closure under
Internal Pressure
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+5

k +M, M,

w.l) (

Fig. B.8.2 - Signs Convention for Middle Surface Radial Deflection
and Rotation at the Junction

*Q,

The radial deflection and the rotation of the long circular cylindrical shell at
the junction produced by the loads p, Qo. and Mo are, respectively

.= - ch g({’NH&) f—-(z-p) | (B.8.1)

S, = (2pM.+ Q,) (B.8.2)

zpc
F,,_ Eh  _ 30-2%
¢ 4a

where

‘D athy
D, = Eh> (B.8.3)
-~ 2(-aY) '
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The radial deflection and the rotation of the ellipsoidal head at the junction

produced by the loads p, Qo' and Mo are obtained from Reference 6, and are,
respectively,

ZPG D, ZE\n

S 3‘ (“"‘*PeM)*r—L-(z -p) (B.8.4)

8 = —- (a,-2eM,) (B.8.5)
where
p - Eh, 3 (1-2%)
° 4azD‘ at ke
o = _E
e .
12(1- 24) (B.8.6)
For strain compatibility, we must have
8 = ~be
5. = &, (B.8.7)

Hence,

M+ Q) - L—(Z -2)

2Eh,

- (- G+‘3QM) f—i(z- 9:-2))

zpe . 2€h, %

—i— (2N a,) =

2 P c ¢ 2|3e.Dc
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irom which

\ ) V(L )
—t— M, + L -———)a, =
<PeP. AN Z(PID‘ BeD./ ° ©  (p.8.9)

Simultaneous solution of Eqs. (B.8.8) and (B. 8.9) yields

B e S

. {(B.8.10)
P= ~fao e)(ﬁz° Fb) (FeDe+Fg XP‘ P-’le

q,= L(—L-%[@'”)(h")*%]ﬁ“s*ﬁ;) (B;s.ni)
(L

(o ED« Pb) X P‘X(’D‘ o
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These formulas for Mo and Qo may be put into the following dimensionless

M < "(‘%“); = (B.8.12)
B d] e T -CT
Q 1+ h‘)%

{B.8.13)

7 TNy B TN S W

9. Short Circular Cylindrical Shell with 'Equal Thickness
Ellipsoidal Head Closures

4
0.‘ Trrvewnmess b,

¢
..'&”’- Vol i

THeknEss \-\.

Fig. B.9.1 - Short Circular Cylindrical Shell with Equal Thickness
Ellipsoidal Head Closures under Internal Pressure
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The signs convention and notations of Fig. B. 8.2 will be used in the present
analysis. For the short circular cylindrical shell, the dimensionless forms
of the equations for radial displacement 6c and the rotation 6; at the junction

due to the forces p, Qo' and M are given by Eqs. (B.6.1)and (B.6.2),
respectively. These are listed in the following forms:

Ek,‘,_S‘

‘hM‘ - a, 1- ,_ 5,0.‘3 P _Q,|4 (B.9.1)
_ Eh M. Q.
SPCP ‘L, - 41,,"- "40'\5* 21” bs'Q‘ss (B.9.2)

where a, ag,ag, l:4 and bS are as defined in Eq. (B.5.3); nn by Eq. (B.4.4)
and 4 and 1P by Eq. (B.6.6).

For the ellipsoidal head closure, the radial displacement 6e and the rotation
6; at the junction due to the forces p, Qo’ and Mo are given by Eqs. (B.8.4)

and (B.8.5). These two equations may be written in the following dimension-
less forms:

Bh 8 _ M°z a+ G o, 4 a, (B.9.3)
4-ral 4—‘901 Zrn
_ Ehy s, Q,
81,@’(3:1_,' - 4',“ b, + Zra—b" (B.9.4)
where
2a
e Al TE YT
\
Q= T Va0-5)
Pe b
- (cont.)
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= -L -ﬁ’.-)
A= 8(2 i

t.
P
L VEES

ZFZO\"» (B.9.5)

In accordance with the strain compatibility equations (B.8.7), we have the

following equalities:

M, . M Q
Q r.h+——af)_== —a,+ —a_+aq,
4 Paz () z]m 6" "y 47,&: 1 2?“ 2 3
M a.
bt bl = —de b 4 — b,

41,@ st zra > 4ra 2pa

from which

M = 4’]’“1 (a4' 03)( B-.v"‘:’sﬂ‘\g)
(a|— asn»xbz‘\%n ‘3)- (az. asnn)( b~ 54.0..5) (524

Q= 2pa (a -a4)(\,-\°,(\,‘5)
) F (a,-a (b, b ,,) (@racn (b -bQ))

(B.9.7)
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10.  Short Circular Cylindrical Shell with Uncqual Thickness

Ellipsoidal Head Closures

Fig. B.10.1 - Short Circular Cylindrical Shell with Unequal Thickness
Ellipsoidal Head Closures under Internal Pressure

The signs convention of Fig. B. 8.2 will be adhered to in this analysis.

For

the short circular cylindrical shell, the radial displacements and rotations

at the junctions where x = 0 and x = 4, respectively, due to'the forces p, Ql’

QZ' Ml' and MZ are given by Eqs. (B.7.11) through (B. 7. 14) in dimensionless

forms and will not be repeated here.

For the ellipsoidal heads, the corresponding dimensionless forms of the

radial displacements and rotations are:

Eh, %, M Q
- — "z = 41”“ Ay + -2—‘- Ao+ RAn
ra a
E\«asnl

- 4 Py = 2—1 AW.‘- ;Q'l' A|§‘f A\G

P Hpe
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where

2z 1
Eh, Sons Mo Q
8 203“ 4 f\L 7 2 pa 18
Bed b, T P P
E'L‘z S;Sﬂ Mz A+ Q, A
BF:askz-r 4ra7' ‘3 2po 2
2
Ay = ”T:""V3(\-Vz)
Anz = ‘ ( 2
3(1-2
'gnoL" )
\ z
A‘s— A‘G=—§-(2-QE- )
2a
Ay = -—V30-)
Ag = 3(\-
s (1-27)
A\"l = ey *
3(1-27)
,3:\»-\2
A = - y3(|-v‘) = A
'8 2plah, 20
2£30
Mo B Va0
/3': = E\"n 3(\-1)1)
4&20‘ azl.\‘z
pq = EL‘B 3(\-2)1)
° 46103 dzL‘l

(B. 10. 3)

(B.10.4)

(cont.)
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-t 3
D = —-—t—b—_
‘ 12(1-2%)
E 3
~ = _Bhy (B.10.5)
2 |2(‘_vz)

Equating now Eqs. (B.7.11) with (B. 10. 1), (B.7.12) with (B. 10.2), {B.7.13)
with (B. 10.3), and (B.7.14) with (B. 10. 4) in accordance with the strain com-
patibility equations (B.8.7), we arrive at the following set of equations in Ml‘

MZ' Ol. and QZ' Specifically, they are:

I‘N‘i? CRCLHE 4‘:“;{(' 2AD,) + ;9;(5.9-‘- Ag)+ -3;—(4\,&.) = Ag-R,
4],. (Z%M'—(Asn- M)t b (N 2 s (AR = ey
AT (L A AR S R): rpCad)=o
M, . ] -
—M"‘('Nﬂ-n) + 4';;(%‘1,.; A+ -%';(- 2h )+ ;]J;(A‘.D.;Az, o

ape

Let us now define the following matrices:

M\ ’ AB-Al
{U} - M ; {V] = Ae-Pe

Q, )

Qa, o

(cont.)
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A_in.ﬁfﬂl - My ._}__sA Al Aaflie
4’]’“" 4'1»" 2ra 2pa
LTS PR L Agthig AR Prs
W=| # s e 2ps
A.,ﬂ,'.’- Rq _ Al Pall s A _ ZAa-Q' )
4‘rﬂt 4?0.‘ ZPA ZPO
Befly  foduhe 2Ry Refgfe (B. 10.6)
41»@" ' q-ra" 2pa 2pa

" Then the four simultaneous equatione listed above may be written in the form

[w] fo} = I
from which
[v] - lw] M (B.10.7)
The coefficients Al through AlO in tl'.ie above equations are defined in

Eq. (B.7.10) where it is understood that B = ﬁc. The functions QZO through
§1,4 are identically defined in Eq. (B.7.9).

19




11, Long Givcalar Cylindrical Shell with a Hemispherical

[lead Closure

Fig. B.11.1 - Forces and Moments at the Junction of the Long Circular
Cylindrical Shell and the Hemispherical Head Closure
under Internal Pressure

| P

Flg B.11.2 - Signs Convention for Middle Surface Radial Deflection
and Rotation at the Junction
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The discontinuity forces Q” and moments Mo at the junction of the long
circular cylindrical shell and the hemispherical head closure under the
action of internal pressure can be readily obtained from Eqs. {B.8.12) and
(B.8.13) developed for the case with the cllipsoidal head configuration; it

being necessary to replace the quantity azlbz by unity. In so doing, we find

.h' 2
M, . -(%)
PaFc h, h, ¥z b, V%] 2
i G I o GO
(B.11.1)
5/2
e, i +(3)
[ 2z - "‘l ? »‘ % L' 10
P f [ (-»)-(1- v)] [H(T;z) z][l'«(::) ]--;:[I-(::)J
(B.11.2)
12. Short Circular Cylindrical Shell with Equal Thickness
Hemispherical Head Closures
— __..I
rr Lf — . ’
aQ
LA 1
1 ,L J”i Taexness b,
\Tmcmas h,

Fig. B.12.1 - Short Circular Cylindrical Shell with Equal Thickness
Hemispherical Head Closures under Internal Pressure
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The formulas developed for the case of the short circular cylindrical shell
with cqual thickness cllipsoidal head closures arc readily adaptable to the
present configuration by substituting unity in place of the quantity a/nl.
For example, the quantity a3 in Eq. (B.9.6) for the bending moment M, and
in Eq. (B.9.7) for the shear force Qo must now be replaced by

a3=-%'(l-v) {B.12.1)

13. Short Circular Cylindrical Shell with Unequal Thickness
Hemispherical Head Closures

Fig. B.13.1 - Short Circular Cylindrical Shell with Unequal Thickness
Hemispherical Head Closures under Internal Pressure

Formulas (B. 10.6) and (B. 10. 7) for the determination of the bending moments
Ml and MZ' and the shear forces Ql and Qz developed for the case of a short

circular cylindrical shell with unequal thickness ellipsoidal head closures are
also applicable to the present configuration with the exception that the quanti-
ties Al3 and Am defined in Eq. (B. 10.5) must now be replaced by

1
Al3=Al6=-§(l~V) (B.13.1)
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14.  Long Circular Cylindrical Shell with a Conical Head Closure

Fig. B.14.1 - Forces and Moments at the Junction of the Long Circular
Cylindrical Shell and the Conical Head Closure under
Internal Pressure ‘

M,
)
- 1Q, +Q,

Fig. B.14.2 - Signs Convention for Middle Surface Radial Deflection
and Rotation at the Junction
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The radial deflection and the rotation of the long circular cylindrical shell at

the junction produced by the loads p, Qo.'and Mo in accordance with the signs
convention of Fig. B.14.2 are, respectively,

where

()

5. =

<

4

B =

=
[

zfizbc

|
zpfoe

(B. 14. 1)

(BMra)- B @-2)

! (2f.M.+ Q)

(3 (B. 14.2)

Eh,  _ 3(1~2%)
40D, athy
‘=13

Eh,

12(\-3%)

(B.14.3)

The dimensionless forms of Eqs. (B. 14. 1) and (B. 14.2) may be chosen to be

3 . -
Eh, < - Mg+ 2 a + a, (B.14.4)
4pa 4po’ 2pa
Eh, 5, M .
= —byt .14,
BraaP:\"l 4r"z 4 Zra bs (B. 14.5)
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where , ‘J

ay ---*rc

8 = -3(%?)

b, = 2fa (-‘f‘f)l |
b= L (hﬁ_)‘ (B.14.6)

For the conical head, the corresponding dimensionless forms are:

Bhebee _ M. Q .
4_1,“,. 4].“.. ] 2pa s+ ay (B.14.7)
|ls' .

Ergbee | M.\ & b,+ o, (B.14.8)

Sra’P:\-., 4?‘" ' 2pa

The quantities 2,2, a b b , and b3 are dimensionless "influence

3'
numbers" for the conical head and can be obtained from either References 2
or 3. In the notations of Fig. B. 14.! and the signs convention of Fig. B. 4.2,

these influence numbers become

b, 3% tana sina

2

{(cont,)
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2
e s,

az= S:nd
C+22G
2-» a 3b, (1t :
Q™= —g Stca t -q'—'*&uel- '(z ) Stcol
b= - 2G ?.z Yanea
' Cr22G6 4

‘b, = - _AE‘_

C+20G

bom - S0 (o2 bided 3 sedewed  (B149)
3 ,gq_ ) 4 2 sz

where

A= 8, (ber, S, bei 5, - beil § ber,t)
B = (ber; £.)%+ (beil 3)

C = ¢ (bev,§ ber 8.t bei,§ bei; §,)
G = (ber,8) +(bei,5.)

4 —
- -t a ot 'Y
s, 24/12(1-2%) ‘/“‘; ota Cosec (B. 14. 10)

For strain compatibility, we must have

o
i
[}

6:: = aco | (B.14.11)
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Hence,

. . » . ° Go
M‘ Q-+ = An+ O, = = M a,- G, Q,
4rA Zra 4r*‘ 2r‘\

a, M Q.
byt - ~ b b, + by
4r4" T4 2?“ b5 4?&1 o+ 2pa 3 5 (B.14.12)

or

ape
M,
4pa*

(araq) + -2-?—;- (a,4ae) = -(a's-r a¢)

: Q
- — (be~b,) = b
(by-by) + 2pa (bg=bs) > (B.14.13)

{rom which

M= 4 “z[(asmcxbf%)-b’(a"‘“s)
) F (au"aﬁt)(bs'l‘z)* (bqu)(az"’“b) _]

(B. 14. 14)

Q = 2p0 by(A+ag)+ (agrag)( by-b,)
(@\+ag)(bg-b,)+ (b,- by)(@.ta.). J

(B. 14, 15)

The Bessel-Kelvin functions ber, bei, ker, kei, and their first derivatives

have been extensively tabulated by Lowell (Ref. 7). Higher order Bessel-

Kelvin functions are related 1o the aforementioned functions by the following
recurrent formulas (Ref. 8):

bev,g = o (bev's-bei'y)

{cont.)
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bei,$ = -\/‘-?- (ber's+ bei'g)

befm‘g = - ”f (befng -beihg)— b(f,"_lg

bei . § = --”—;[—_z—(bevhg-# bei 3)- bei_$

PR . nber, §
&"ng = ﬁ- (EQ\'_‘_‘;* belh_\g) - —-—é:h.—.

_ bei, 3 = ﬁ (bev, $- be‘.mg)— 'nbe;,,i (B. 14. 16)

Using these recurrent formulas, we find that the Bessel-Kelvin functions of

order two are related to those of order zero by the following expressions:

2

$
bei, g = - —i— bef'g - bei g

ber, § = bei'§- ber§

zberli
; .
- bﬁ\’.g - %{bei'g + “:“bev 4

bev;; =-ber'§-

bei"i = —b(:.;- Zb'igi

3
= -bei'y+ %bu'gw%be:g (B.14.17)
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15.  Short Circular Cylindrical Shell with Uncequal Thickness Head

Closures of F.'.l‘lipsuidal and Conical Shape

Fig. B.15.1 - Short Circular Cylin‘drical Shell with Unequal Thickness
Head Closures of Ellipsoidal and Conical Shape under
Internal Pressure

The signs convention of Figs. B.8.2 and B. 14.2 will be adhered to in this
analysis. For the ellipsoidal head, the dimensionless forms of the radial

displacement and rotation have been-derived earlier, and are:

Eh %0 . M Q
- ! 2 - |: A"*’ _'_'L' A\z* A‘s (B. 15. l)
4"“ 4-ra Zra
[}
Eh i 8x o — M a

T Rpt — Ry, (B.15.2)

8 plahp  4pd 2pa
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o

where

>
-~
1
™
~N
el
W
L)
1
eﬂ
./

28 ah,
4 Eh, 3 (\-2)
P‘ = 2 2,2
4. D( Qa \"z.
P4 = E\'\l 3 \-Z)z
te 4alD‘ a"\.‘T
3
E\
D; = 2
12(\-2%)
EWS

{B.15.3)

D
' 12(1-2*%)

For the short circular cylindri¢al shell, the dimensionless forms of the radial

displacements and rotations at x =0 and x = £ due to the forces p, Ql’ QZ'

Ml’ and M2 are, from Eqgs. (B.6.11) through (B. 6. 14):
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4Tat

X=0 —

M M
A+ Z’;\:(Az ot —iTC—ZAzQ'u) +

B (A ) - (Asl2y)

Zpe 21a (B. 15. 4)
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ho= ~2pa(32)
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Finally, for the conical head, the dimensionless forms‘ of the radial displace-

ment and rotation at the base of the cone due to the forces p, QZ' and M, are

2
represented by:

Eh, S, _ M - q
T

2 rﬁ
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_E.b;f;!_-.&_ = M, R,
Sfa’p:\-,,_ -7 4’,,} b, 2pa b,- b, (B. 15. 10)

where the influence numbers ap a
Eq. (B.14.9).

PUEEY bl' bZ and l:a3 are defined in
If we now equate Eqs. (B. 15. 1) with (B, 15.4); (B. 15.2) with (B. 15.5); (B. !5.9)
with (B. 15.6); and (B. 15.10) with (B. 15.7), and collecting like terms, we will

obtain the following s'ystem of equations from which the desirable unknowns
Ql' QZ’ Ml' and M, can be determined. Indeed,

(A n';‘ An)*

4]"“" ) ( Ae ,.)+-—-‘-(A,D. A't)* (A 2 la)=Ro-A

1

M Z
rwcle i ﬁt( A SL.,)+—-L(A.9. A+ g (ead,)=0

4 ( ZASD..“)-Q '—(Asnu*a;)*' (A Q|‘)+ (A n‘lﬁ*ai)g 'a!.AQ
b “po

1( A n‘t!) 'L(AB‘Q'W *h )1. .-J_( ZA"]\‘.)Q (A n bl)g -bS

Defining now the matrices:

l"l = :;‘lz ; IV' = _33?‘\4 ; (B.15.11)
) -by
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and
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4ra" zf“t 2pa
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210&
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The four simultaneous equations listed above may be written in the form

CIC Y .

from which

bl W
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16, Short Circular Cylindrical Shell with Unequal ‘Thickness Head
Closurces of Hemispherical and Conical Shape

If the ellipsoidal head of Fig. B.15.1 is replaced by a hemi-
spherica hcad of radius a and thickness hl' the discontinuity forces Ql’ Q,,
Ml and MZ associated with this' new configuration can be readily calculated
by the formulas developed for Case 15. In this case, it is merely necessary
to replace the quantity A, defined in Eq. (B.15.3) by

A= -%(1 -v) | (B.16.1)
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