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ABSTRACT

When a tubular specimen of copper is subjected to a small steady tension
and altcrnating torsion at room temperature large axial strain increments accu-
mulate on a cyclic basis. At relatively low values of axial stress a steady state
cyclic strain accumulation is observed to develop. The strains and cyclic strain
rates which are observed are many orders of magnitude greater than correspond-
ing values obtained undcr conditions of standavd slatic creep tests performed at
the samnce peak ctffective stress.  They are also many times larger than thosc
obtained due to simple repetition of the cfiective stress in morce conventional
dynamic creep tests. The experiments reported herein were designed to produce
an cxtreme case of cyclic creep wherein time and temperature dependence arce
minimized. The analysis of results includes a comparison with plasticity theory

predictions as well as a parameteric description of minimum cyclic creep rate,

This technical documentary report has been reviewed and is approved,

WL Ve
W.J]. Trapp
Chief, Strength and Dynamics Branch
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Air FForce Materials Laboratory
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Cyclic Strain Accumnulation under Complex Multiaxial Loading

by
G.]. Moyar and G. M. Sinclair

Introduction

In 1909 Bairstow reported some careful observations of strain accumulation
in axle steel under cyclic uniaxial stressing with positive mean stress. He reports;
"the change in cyclical permanent set (width of hysteresis loop) is thus seen to have
been accompanied by a change of length, and when the set had become constant, the
rate of extension had also become constant and small but not zero" & . The study
of this rate of extension or accumulation of axial strain has been the subject of a
number of recent papers for elevated temperature 2 ©) @6 as well as room

(6) (7) (8)

Jow temperatures have been cited in multiaxial non-proportional loading investiga-
tion @) (10) (11)

and alternating torsion at room temperature, relatively large axial strain increments

temperature Other observations of remarkable strain accumulation at

When a tubular specimen of copper is subjected to steady tension

are observed which eventually develop into a steady state cyclic strain accumulation,
These strains and cyclic strain rates are many orders of magnitude greater than the
corresponding values obtained in standard creep tests performed at the same peak
"effective" stress.  They are also many times larger than those obtained due to

simple repetition cf the effective stress in more conventional dynamic crecp tests (12).

Guidelines for the phenomenological description of cyclic strain accumulation

and correlation of significant mechanical variables are not well established even for

(13)

equation of state over the loading path, apply primarily to elevated temperature be-

uniaxial loading. Current methods of analysis , involving integration of an
havior, that is, for temperatures greater than 1/2 the absolute melting point. Even
in this case the correlation is very poor for non-proportional loading or changing

stress ratios (14) (15).

For temperatures less than half the absolute melting point
the interest has centered primarily on fatigue fracture rather than the accompanying
deformation per se, although in certain circumstances such deformation may be
appreciable. Perhaps the only related study of large scale cyclic plastic deforma-

tion is the plasticity analysis of incremental collapse of structurcs.

The experiments reported in this paper were designed to produce an extreme
case of cyclic creep wherein time and temperature dependence are minimized.  The

Manuscript 1eleased by the authors October 1963 for publication as an RTD
Technical Report.



analysis of results includes a comparison to plasticity theory prediction as well as

parametric description of minimum cyclic creep rate,

Test PrOg_I_‘am

A series of 20 cyclic tests on long specimens of annealed OFHC copper tubing
were performed in which axial stress ranged from 2, 000 to 11, 000 psi and the range
of alternating shear strain varied from 5.5 x 10-3 to 14.5 x 10—3. Observations of
extension, angle of twist, torque and diameter were recorded as a function of number
of cycles. In addition Lo these tests a number of special multiaxial loading tests

were performed.

Material

The OFHC copper tubing was certified by the manufacturer to be 99.97 copper
by weight per cent. The average outside diameter was ,3739 inch with a maximum
varijation of less than one per cent, The average wall thickness was . 0303 inch
with @ maximum variation of 5 per cent. A true stress-strain curve is shown in Fig.
1. This curve was determined from tests of 6.375 inch lengths of tubing.  The plot
includes data points based on overall length change.

£ P )/
(e = 1n , 0= X )
TR,
and minimum diameter

D
_ 0 _ b £
(€~2xln s g___x-..z__)

o]

Five tension tests were performed on sections of tubing picked at random from the

20 tubes used in the cyclic tests. Variations in load extension curves were small.

(16)

classical experiments in 1931 is provided by the cross marks indicated up to 10 per

A comparison to the annealed copper tubing used by Taylor and Quinney in their

cent strain.

Apparatus
A schematic of the apparatus is presented in Fig. 2. The long specimen

(44 inches between grips) minimized the alignment difficulties and simplified strain
measurement., The grips were similar in principle to those used by Taylor and
Quinney. ‘'The upper grip was coupled to a spindle and pulley supported by a ball
thrust bearing.  Alternating angle of twist was applied to this pulley through cables

2



driven by a scotch yoke mechanism. The bottom grip was attached to flex-bars that
were instrumented for recording of the torque transmitted through the specimen, so

that support bearing friction did not influence the torque indication. Axial load was

applied to the weight pan attached to the bottom grip. Axial extension was recorded
on a separate chart via a simple mechanical linkage that magnified extension by ap-

proximately a factor of two,

Procedure

The cyclic frequency was 15 cycles per minute for all tests.  This low speed
was used to prevent pronounced heating of the specimen at the highest strain amplitude,
After axial strain increments of approximately ,023 inch per inch the machine was
stopped (approximately one minute) and adjustmeént was made in axial load and amplitude
of angle of twist to correct the current values of axial stress and shear strain to the

original values. The corrections were made in accordance with

ﬂo ) 3/2
P=Pox7—and 8=90X(—Z'(')—')

where uniform deformation and constant volume of specimen werc assumed, Diameter
measurements were taken periodically at threc locations along the specimen.  All

specimens were tested to fracture.

Results

True axial strain accumulation for all tests is given in Figs. 3a through 3c.
Those specimens experiencing a strain greater than approximately 20 per cent ¢x-
hibited a localized dimensional instability. This may be scen by reference to a
plot of diameter at various numbers of cycles against location along the specimen
(sce Figs. 4a through 4e). In these tests at the higher strain amplitudes and loads
a noticeable drop in torque (Sa through 5e) occurred at values of N corresponding to
about 0.2 in/in strain. It should be noted that the maximum load in a simple tension
test occurred at 0.3 in/in. strain; therefore, the instability in the complex multi-
axial loading sets in before that which might be expected in an ordinary creep test,
In general, excepting the data after the instability occurred, there was a cyclic
hardening of shear stress after which a steady state value was maintained or a
slight decrease was noted.  Significantly, those specimens with the higher axial
stress hardened to a greater peak value of shear stress than those specimens with

the same shear strain amplitude but a Jower axial stress, Corresponding to the



higher values of peak shear stress was a lower value of plastic range of shear strain,

which is to be expected for tests at the same total shear strain range. It does appear
that in these tests, which in most cases involve shear strain ranges large in compari-
son to the elastic shear strain range, that the shear stress-strain hysteresis loop ad-

justed to a configuration of maximum plastic work for the higher axial stresses.

After a minimum cyclic creep rate was reached, the total work per cycle per-
formed by the machine in twisting the specimen was much greater than the work done
on the specimen by the axial load. At the highest load the work done by the axial
load was less than 2 per cent of the total work done on the specimen. For these rea-
sons the work per cycle may be characterized simply by a work per cycle index, W,
defined in this case to be the range of shear stress times the range of plastic shear
strain. This affords a conve:aient index for comparison since the shape change in
hysteresis loop could account for only a small variation in the ratio of total work per

cycle under one condition to the work per cycle under another condition of loading.

The onset of dimensional instability in seven of the tests was taken as the end
of accurate strain indication and "steady state cyclic creep”,  Note the inStability
is particularly pronounced in this case because once it occurs the rest of the speci-
men is virtually unloaded with respect to the angle of twist per unit length. There-
fore the strain versus cycles curves are shown dotted beyond this region and the
minimum cyclic creep rate is taken as the slope at this point,  The work index per
cycle as a function as a number of cycles is illustrated in Fig. 6 for typical speci-
mens.  Except for those tests with marked instabilities the work index reached a
constant value. If an instability occurred the work index used in the following
analysis was taken at the instability point which corresponded to the minimum cyclic

creep rate. The significant test results are summarized in Table I.

Analysis

For the purposes of discussion the strain accumulation will be divided into

three parts, initial deformation, transient strain, and steady state.

Initial Deformation
It is expected that existing plasticity theories would prove useful in prediction

of initial strain on application of the first twist. Since the loading is quite non-pro-
portional it is necessary to use one of the incremental theories, For the case of

combined tension and torsion of a thin wall tube of isotropic hardening material the

4



mmcremental relations (17) specialize to

de = =2 dT+ -iE“’— (1

c H

and. for the conventional shear strain definition,

dy = 91" drt - il‘l' @)
H.-d_z (J
Where B ) ) 1/2
o=(0"+31") 3)
and
do
H'= - 4
dg )
p

o is the effective stress ard Ep the effective plastic strain,

2
2 Y 1/2

ep= (e, + —4-) (5)

A trequently used non-linear hardening relation is

If this relation is adopted, then equation 1 may be integrated and the strain solved

in terms of the effective stress ¢, at the end of the first twist application:

1
00 . 1/n 0_0 1;1n i];—1'1
E %1 (1-n) o 1/n 1 0

Equation 2 must first be integrated to solve for the shear stress and hence the
effective stress at the end of the first twist application. The general form of

equation 2 1s

x2 dx
= o 7
dy » 3n - 1 (7
(x"+1) 2n
where
n
_ "%
y C i/n
V3 (—o.——)
pl



and

which may be integrated explicitly for integral values on 1/n. n = 1/3 is a fair

approximation of the slope of the stress-plastic strain curve over the euntire range

(see Fig. 7) and for purposes of illustration will be used here.  After the inte-

gration of equation 7 the shear stress is determined in terms of the cubic equation:
o 3 o 3

3 - = @)

T +

The real root of this equation is

]'Y

1/3 1/3 40 3 1/3
T= 1/3 1+ 2] +(1-1 1+ ——Els—zJ )
N o}

or to a high degree of accuracy

o v 1/3

T= —2703- (10)

since

243 G,3 Yy

is very small for values used experimentally.  Thus the initial axial strain in

terms of the material parameters opl’ n and the load conditions % and 7, 18

3
g o) 1/3 o
2/3
€ " E“O +(aol) + 92 Uo] Yo / a1
p p

Strains obtained from this equation correspond favorably with the actual strains
observed (see Fig. 8). In general, the strains at high loads are underestimated

and those at low loads overestimated.

Transient Strain
When the shear strain is reversed, additional axial strain would be expucted

from the plasticity analysis. This may be appreciated by reference to the one-



dimensional isotropic hardening model in Fig, 9. According to the theory an en-
tirely elastic response will eventually occur, that is, the maximum shear stress
will eventually equal Yo G. Therefore the maximum axial strain that may be
accumulated for an enforced shear strain amplitude is
% 0 ’ o 2
€max~ E- t(5 ) +45 —3 Gv,) (12)
pl @)

From a consideration of the cyclic twisting. thc general relation between successive
absolute magnitudes of shear stress at the end of m twist reversals may be ex-
pressed in the following equation:

3 3 3
3 pl L pl 3 . °pt _
Tmi1 ™" §% Tm1 7279 Yo" "Tm t 9 'm0 (13)

subject to the initial conditions on the first twist application given in equation (8).

A numerical or graphical reiterating procedure may be used to solve for
successive values of shear stress amplitude. From equation (13) asymptotic
approach to the limit can be verified:

Tm 2 'meE Gyo

As an example. the test conditions of specimen 18s would result in the strain vs
number of cycles curve indicated in Fig. 10. The actual data fall appreciably
below this in the transient region.  That is. the actual process moves toward a
stable configuration of energy dissipation and a corresponding cyclic axial creep
rate, and not to a purely clastic response which ncecessitates a large shear stress
valve. On the other hand the theoretical result for alternating shear stress is
entirely different.  According to the isotropic hardening theory no further strain
accumulation is possible, However, in actual fact considerable strain accumula-

tion can occur (12).

Actual dafa from previous experiments in which alternating
torque was applied to the tubular specimens are presented for comparison (Fig. 10).
The value of shear stress amplitude attained in the enforced shear strain test at

965 cycles is nearly identical to the shear stress amplitude enforced in the test

b lln‘-tl“



selected for comparison. The corresponding rates of strain accumnulation are also
comparable. The inset diagram provides a comparison of the cyclic shear stress
and strain behavior of the two specimens. These observations lend support to a
statement by Benham: "It thus appears that there is a particular 'cyclic condition'

for a metal that is achieved whatever the mode of cycling."(6 ) The idea of a
"stabilized” shear stress-strain curve for cyclic loading is complicated somewhat

by the observation of the influence of axial stress, These results for enforced

shear strain, indicate that such a curve would be raised by an increase in axial stress.
If these curves were valid for enforced shear stress conditions,thcn a test with a high
value of axial stress would involve less hysteresis in the stable condition than in a
corresponding test at the same shear stress range but with a low axial stress, A
study of the stable cyclic condition under multiaxial loading thus presents possibilities
not inherent in uniaxial loading. Such studies would be especially significant with
respect to this research since it appears, in what follows, that one of the parameters

most appropriately associated with the cyclic creep rate is the work per cycle.

A review of current plasticity theories (18) has indicated that none will success-
fully predict a steady state strain accumulation, although the kinematic hardening
theories do predict a brief transient strain accumulation period. The fact that energy
is dissipated in slip for alternating shear stress (in some sense a Bauschinger effect)
limits the applicability of the plasticity theories. They do provide limits however

{or the observed strain values,

If the transient strain is determined by subtracting the initial strain at the end
of :he first twisting and the steady state strain ( the slope indicated on the strain-
number of cycles curve x number of cycles) a plot of log transient strain versus log
number of cycles reveals a trend in the transient exponent. The slopes range from
.247 to .477. In general, steeper slopes occur at the larger ranges of shear strain.

(See Figs. 1la through 1le).

Meleka and Evershed (5) report values of transient creep exponents for both
simple creep and combined fatigue-creep of OFHC copper at 752° F. Superim-
posed fatigue stressing was conducted at a frequency of 20 cps. Static transient
creep was in accord with the Andrade 8 flow type (exponent = 1/3). However con-
siderable emphasis was placed on the particular value of 2/3 reported for the com-
bined fatigue creep test even though it is very quastionable to ignore the influence
of frequency or number of cycles over a given time period. A significant change



in frequency would most certainly influence the value reported.

Steady State Strain Accumulation

A serious limitation of the inviscid mechanics of solids idealizations is their
inability to include, even qualitatively, a steady state cyclic strain accumulation.
Therefore, a parametric description is warranted. The most satisfactory param-
eter for the specification of minimum cyclic creep rate appears to be the work per
cycle index. From Fig. 12 a relation of the form

~ awB
Aey =AW (14)

appears justified. Coefficient A is a function of axjal stress while B is nearly in-
dependent of axial stress. The correlation of minimum cyclic creep rate in terms

of work per cycle and a directing stress, perhaps the largest mean value of principle
stress acting over the cycle, would be a meaningful way to interpret results in various

loading configurations,

It is tempting to consider the phenomenon as a mechanically activated creep
process since in the limiting case (A y approaches 0) ordinary creep conditions are

encountered.

Fracture Observations

The predominant fracture mode was characterized by the propagation of a
longitudinal crack along the tube axis and a final tearing transverse to the tube axis.

Typical fractures are shown in the photograph of Fig. 13a.

At high values of axial stress a neck preceded fracture in some cases, as
shown in Fig, 13b. Both instability necks and longitudinal cracks are shown in the

specimen stopped prior to complete fracture at initial loading conditions:
stress = 7000 psi and range of shear strain = 9.2 inches per inch x 10'3.

The preference for fatigue crack propagation along the tube axis may be
due to the presence of a fibrous flaw structure oriented in the axial direction dur-

L (19)

ing the tube drawing operation, According to Backofen et a , this oriented

flow structure in copper would not be removed by annealing,

The transition in failure mode from the fatigue "split" along the tube axis to
the localized ''meck" separation at the higher loads and shear strain ranges is

similar in some respects to that ebserved by Benham under uniaxial Joad cycling.



He differentiates between the conventional fatigue fracture (no gross plastic distortion
around the crack) and a "nccked-out"” fracture observed in the low cycle region accom -

panied by large cyclic creep rates.

Although the data are insufficient for an analyses of fracture criteria several
observations appear to be justified. The range of plastic shear strain alone is not
a satisfactory index for life predictioﬁ, nor is the plastic work per cycle alone. For
any group of tests at the same enforced strain range the minimum plastic shear strain
range was smallest for the test with the largest axial stress which in general exhibited
a shorter life. An examination of Table I also reveals several pairs of tests in which
the longer life is associated with the larger work per cycle index. Perhaps the most
satisfactory criteria for engineering purposes would be one based on the plastic work

per cycle modified for the axial or directing stress acting.

Special Initial Loading Tests

In order to examine more closely the influence of axial stress on the shear
stress values for enforced shear strain, the machine was modified to apply monotoni -
cally increasing angle of twist to four specimens at the axial stress levels used in
the cyclic tests. Angle of twist, extension and torque were recorded simultaneously.
The shear stress-strain results are shown in Fig. 14. Initially the shear stress
values are in accordance with usual prediction of plasticity theories, that is, the
smaller shear stress corresponds to the larger axial stress. But the strain harden-
ing is more pronounced for the higher axial stresses and the relationship iz soon
inverted for relatively small strains. It should be noted that the isotropic hardening
thcory for the unique case of n = 1/3 predicts that the shear stress-shear strain
relation is independent of axial stress, Apparently this behavior is due to anisotropy

which develops during straining.

In addition a pronounced cross effect similar in many respects to that reported
by Parker and others (20) was observed on tension reloading. The initial loading
process is presented in terms of effective stress and effective plastic strain in Fig. 15.
The deviation from a unique effective stress and effective plastic strain curve is not
surprising for such non-proportional loading, However, the effective stress strain
curve on relnading in tension tends to a much higher level indicating very anisotropic

hardening.

These two general observations, that is, the influence of the axial stress on

the shear stress and the cross effect, are apparently at variance with the results

10



of Taylor and Quinney on similar copper tubing but under conditions of dead loading.
In their tests a very large axial pre-strain was applied. = For loading under various
ratios of torque and axial load the yield values (determined by backward extrapelation
of the flow stress curves) in terms of effective stress do not differ significantly from
the stresses at the end of pre-strain.  Also no inversion of the shear stress-strain

curves is reported, although here the large pre-strain must be considered.

In any event it appears that experimental studies under mixed boundary con-
ditions would provide data of considerable interest for the development of plasticity
theories since there is indication of phenomena of more practical concern than local

discontinuities at the loading point.

Conclusions and Recommendations

From room temperature tests of annealed copper tubing subjected to steady
tension and alternating shear strain the following conclusions may be made.

1. Initial axial strain may be predicted with reasonable accuracy by
isotropic hardening plasticity theory specialized for nonlinear hardening according

to 1
—_ n

2, Transient strain accumulation would be predicted for conditions of enforced
shear strain by isotropic hardening plasticity theory but not under conditions of enforced
shear stress.  Appreciable strain accumulation is actually observed under both load-
ing conditions.  True the plasticity theory only forms limits in this region of strain
accumulation.

3. There is indication that a unique cyclic state is approached for either
conditions of enforced shear stress or shear strain.

4, An increase in axial stress increases the maximum amplitude of shear
stress for cyclic tests at the same enforced shear strain range,

5. Minimum cyclic creep rate appears to be described most effectively
terms of the plastic work per cycle and the directing stress.

6. Both tatigue type "splitting'’ of the tubes and creep type "necked" ruptures
were observed. A plastic work per cycle criterion modified to include the influence

of the axial stress may be applicable.

11



7. Pronounced dimensional instabilities were induced in the long specimens
at the higher load and shear strain ranges. The ins*ability developed after an axial
strain of approximately . 20.

8. In special initial loading tests, under constant i¢nsion and monotonically
increasing shear strain, the hardening, with respect to shear stress, increases with
an wncrease in axial stress. Tension reloading produces a large cross effect,

The major recommendation from this research is an extension of the correlation
of plastic work and directing stress to minimum cyclic creep rate under other conditions
of loading. including the limiting case of uniaxial loading under various mean stresses
(Bairstow's. original test configuration). A complete study of the cyclic steady state
" approached for various initial loading conditions is necessary for purposes of estimat-
ing the steady state conditions inciuding the minimum cyciic creep rate.  Inclusion

of frequency and temperature effects are a natural extension of these experiments.

12
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Appendix

Definition of Terms

A coefficient in cyclic creep rate equation

B exponent of W in cyclic creep rate equation

D current diameter of specimen tube

Do original diameter of specimen tube

E modulus of elasticity

G modulus of clasticity in shear

H' slope of effective stress-plastic strain curve

N number of cycles

w plastic work/cycle index, product of shear stress range and plastic range
of shear strain at steady state condition

£ current length of specimen tube

20 original length of specimen tube

m number of twist reversals

n strain hardening exponent

X variable of integration defined in Eq ( 7)

y variable of integration defined in Eq ( 7)

0% true shear strain

'yp true plastic shear strain

Yo amplitude of inforced shear strain

Ayo enforced range of shear strain

A‘yP min minimum range of plastic shear strain

€ true axial strain

ep true plastic axial strain

Ep effective plastic strain

AEN minimum cyclic creep rate

o true axial stress

o, value of steady axial stress

0;;1 strength coefficient

G effective stress
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