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A Solution to the Frcquency-Independcnt Antenna Problem*

B. R.-S. CIHEOW, MFMBER, IRt, V. H. RUMSFY'. rrFLLow. In...-,-D W. J. WELCII. ME.M• WR. IRI,

Summary--A solution of Maxwell's equations Is obtained for an "fo bring out this point let us cotilmare it with the iii.
antenna consisting of an infinite number of equally spaced wires in conical antenna. shown in Fig. 2. The field, relwesented
the form of coplanar equiangular spirals. Radiation amplitude pat- the vectors E and If, dcreases as I 'r for large values
terns obtained from this solution agree closely with measurements -

on two-element spiral antennAs. The phase pattern shows the approx- of r. and therefore the surface current J (which equals
imate validity of a phase center at a distance behind the antenna tangential IH) also decreases as I r. The total current
which decreases with the tightness of the spiral. The current distribu- I is 2rr sin aJ., w here ot is the angle of the cone shown in
tion clearly shows increased attenuation with increase in the tight- Fig. 2. Thus I remains constant with increasing r. The
ness of the spiral, thus showing how the frequency-independent
mode depends on the curvature. A remarkable feature of the solution peculiarity of frequency-independent antennas is then
Is that the current consists of an inward traveling wave at infint that the field at the surface of the antenna must decrease

when the antenna Is excited in .*.At sense which produces an out- more rapidly thatn I ,'r, or alternatively, the total cur-
ward wave at the center. rent must decrease fait enough, so that the infinite an.

1. INTRODUCTION tenna can be truncated with practically no effect on the
....... I radiation pattern.I rT has been round in recent years that there is a large The theoretical problem po.ed by the equinuular

class of antennas which are independent of fre- spiral antenna is to solve Maxwell's equations subject
quency in essentially all their characteristics such to the vanishing of tangential E on the metal surface,

as impedance, pattern, polarization and so on.'-2 The the radiation condition at infinity and the input condi-
equiangular spiral antenna is one of the basic types: tion at r=O. For tLe ,:.n-element. antenna of Fig. 1,
that illustrated in Fig. 1 consists of two conductors cut this has so far proved intractable even for the infinite
out of a plane metal sheet. Let us consider how this an- case.' We are therefore driven to consider some simpler
tenna scales with the wavelength. The shape of the ain- problem which, while retaining the frequency-inde-
tenna is given by the formula (in polar coordinates r pendent feature, is amenable to theoretical solution. The
and 0) problem we shall consider in this paper is such a simplifi-

r .- eO (a is a constant). (1) cation. It can be described by taking an antenna with
many elements, as in Fig. 3, the space between the ele-S Therefore,

r
-- = e'-*P), (2)

where

q ... In A. •
a I

This shows that a change of wavelength A is eqtivalent
to turning the antenna throtugh the anthi vi,, i'xvept fo.r
the scaling of the radius rn shown iii Fig, i. Now the re- Fig. t.
narkable prolmrty of these ;antenlnas is that, so I.mtn aS.
the wytvelength i. shorter than about 2r,,, the pcrfortn-
ancte is itdelwendent of frequency, except for the rota-
lion described in (2) amd (3), and therefore it is ihe
saintea if rn were infinite. Ividentlv this Inva ns Ihat the
current dlitrilution nitst decrease with distance from Fig. 2.
the input much more rapidly than it does for coiiven-
tflnal at aemtlen has.
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lIRE 7ILINS.I(TIXNS (IN I_7EN.iV.-\. t.1 AD I'lObP.f(. I Iu.

IfItir s' IIwtlli thc s~iii1( as5 thle SrIacE(, ocu I w ;II U!i -~ i'~ ;' '~;1 * 'd U:~ti thc s.dailr wa\vc ci~ut

Ill( So I hiat the' alliclitla is * lf oril iu trv ill t ioji

thesenseS of luianisey.' We now suppose th;lt tilt- nutinbe~r= . ('

of elements is inlfinite, so that the antennia takes the VC U + =,L

formi of aI smiooth anisotropic sheet which is perfectly We can e.lprtess a general Solution of (6) which varies ais
co0nducting in the direction of the spiral lines and per- cinO by using the I lankel transform formula:

fetytransparent in the perpendicular direction.
This is the kind of problem which can be soived5 by U i~ g().X~~-7_~x 7

putting E =hi7on one side of the antenna and E = Li =gtAJ(A7e"1 d, 7

oil the other side, where E and 11 are complex vectors

the intrinsic impedance of spice. The boundary c jJ !A)n(pe i d, 8
tionq at the surface are that tangential E be continuous,
tangential Hibe discontinuous by the amount of the stir- in which gzQX) and g2(X) are arbitrary functions. The
face-current density, E parallel to the spirals be zero, Beslfnto ftefrtkind, namely J., has been

*and 11 parallel to the spirals be continuous. All of thtese chosen in order that the field he regular at p=0 for
conditions are met if we make R~ parallel to the wires :PdO. fin order that the fields radiate away from the
vanish and tangential E continuous, with E =ji91above structure, the negative sign must be taken in the ex.
the surface, and E =-jul11 below the surface. ponential factor in the integrand of (7), and the positive

The source of fields on this antenna slctda t sign in the integrand of (8). Then the continuity of
center. Recognizing that the structure is essentialy.~ tangential electric field at i:=( is satisfied if we put gl,(X)
form in azimnuth, we assume that the fields of thle anI- =MX() =R(X), as cim1 be verified 1)% direct substitution
tenna will haLve the same dependence onl the coordinate into (4) anid (5). Then,
0 as the source. Thus, we shall take the 0 v.,riationi of
the field to bie everywhere ei-0, where n is ant integer. e1 no g(x)J-(Xp)ei"*"jfl'x'Ad (9)
T1his corresponds to the excitation arrangement shown
III Fig. 3, In whiich ench generator hits the sPtme iinvgin-
tude at; its neighbor and differs infinitesimially front its '' 'jRAhA~"~d. (10)
neighbor in phase. The case x -11 corresponmls tlpproxi-.
mately to the excitation of the balanced two-;IrnII ani- The remainling chi(Iitiflh, El. I7=0, 1 being tangential to
tenna, shownt in Fig. 1. the spiral wires;, will determine g(N). Froin (1) we find

II. ORM~. St~t'ioNF, .7-0f imlpliesI that

{ ~Suppose that the antenna lies in the platte c - 0 oif the 0~I Li. I)
cylindrical coordinlate system of Fig. 4. Ix.t F,1 =J77/1 Siihst it ilio ituinto this equat ion front (4) leads to the fol.
for s>0 and lj. -hi~l, for s<01. Then wih e ~ lowing iexpremsioti for the homiidary' coindit ion:

E, 'or $ X (t'l) + r x~ r 'l Y (4 V, i. A

t fi + ( 2

Ib,',,. s(Iihi-tittigthiv (9) intlo (12), wve fiind

I, - ja,x~ ~-A + CIA (I. (13)

'Ph,1 e nu f e oi11taiiiiiuii heit derivativ-e of the Ilemmel fillc.
Ititn univ hue iuiieurautedh liv irts, mo thiat (13) lwrouueq

U~~~ 
+ ,~~'~)

J,.(Ap)
I-ic.~~~~ +. I-AAj,/~~A - ,IA

V. Il.I n=. "A Ne'w Wa%- of ~%IW~ril 'Maxri'CW .I EqItqii~mii.,"

\,.~.~ 1.*. ; I .. h, enilorr l. VW) AWf C. t o~r Ile 111111i,.11141 il I~, kEA + jx '- '-- J '.(p
I A%4.'% A.. i %I AII PkI'I'%vAti 141. P I



i .tip,,c that gtX)J v -, .t th

4 for X cqnal to zero or infinity. Then tile boutidarv Terms in this -tx-lion we shall evahiate the intc'•raI for sev-

in (e discarded. (e shall re- later that thiz

assumiption is justified.) Applyirz the iniverne Ilankel the input terminals. tile radiation pattern, and the be-

transform to (14) with the boundary terms set equal to haiior of the antenna current at large distances from

z e r o y ie ld s a nl o r d in a r y d iffe r e n t ia l e q u a t io n fo r g ( \ ) : 
she fnntu 

t t;tJrni n aln.

+ AXa --. The FieldViar the 
-Iput 

'erminas

- ja 1 The requirement that the behavior of the field ap-

+LO(z-jna)-(n-2ia)#,\- ý-- g'X)=0. (15) proach the static field distribution near the input termi-
- nals was never actually employed in the derivation of

tlhe p.01--tding section, and it must be vuifkd that this

For convenience let X-=yO and g(yO) -f(y). In terms of condition is in fact satisfied by (17) and (18). Let us
f(y) the solution to (15) is consider the behavior of the el, :tric field as fr-*0. Ac-

(7 - it- cording to (4) and (6),

g(W) - g(yo) - f(y) -k + E, = - XV x (W,) + T x V X (07,)

• y-(l +ajV'l - y2)--l-(RM). (16) - -- V X (•I) + 7 (Z#) + 02fU 1 . (19)

Notice thatf(y) is independent of 0, exhibiting the fre- In the limit as /r-,O, the second term of (19) dom-

quency-independent nature of the solution explicitly. inates.
For n >0, the behavior off(y) is such that the integral .

(9) exists, and the assumption that the boundary terms lim E, = V --- )" (20)

in (14) vanish is valid. For n <0, f(y) beconies infinite o,--

ait y -( or X=-0 and (9) diverges. It turns out that we This implies that its Or--0, OU/cOl miust approach the
can obtain a solution for n <0 only if we begin with the static potential distribution, which is
asstimptior that Et = -jfi'7I and F2 =j9![2. There ap-

pears to be a simple explanation for this. With the radia- 1' = rJ-Cei#"P,(,,/a)(cos5) = (re-#)fp(ft)Pj(.t.,,(cos0) (21)

tion condition fixed, the choice of the ph.is or minus sign
in the equation E" ±jq! deternities the s(tis4' of the fnton t satisfics Laplace's equation and is con-

polarization c-f the far field. At the sanie time, the sign Rtant along the wires: it is thc atandard form rinP)(cos
of n specifies the polarization sense of the source. The From (17) m =j(ndta).
interpretation of the situation des-cribed ahbov e• ht l'ron (17) we find that
the field must have the same sense (if liaria;tioii ;is theil
s o u lr c e . V 2; . 1 1 , . . :

The coniplete exprtioin. ftor I ,ir ii, k iiu! x > W f (I.I -V ) y

(- 4- ai, -I 
...... 1 -i ) 1/ 

Iy., 
,I•."r"'. sin 0)dy, (22)

I( + 'yi/ 0 Where we have litut t r cos 9 and p " r sin 0. For small
valhies of Or, the Bessel function is small except where y

.e '" i--P 9..(0Pydy, (17) is vtervy large, i(c;iase J.(x)--x° is x-.0. Since the other

part of the iiiiegrand is well behaved in the neighbor-
or, for n <0, hood of y--0, the entire integrand contributes very

- -% I t*t -Ja, I- Y '! little, except where A is large, in this limit. Therefore, it
I - .) is reasonaible to aipproxinlate the part of the integrand

' C'l + %J-Y2  Y otlher t haini tle Bessel function liv its behavior for large

Se %I-V'0Y.(8pY)dv, mm Y ild consider the resulting ilntegral. H ence,

Ihn... kel"# V1i " "--O ms#1J.(1#r sin Oy)4.y
where k isi a constant which is to he adjusted according ,m k v-'0 "
to the snurce stiength. Notice th.at the integrand cot-s

tai,,s a branch o•iint at y - +11 in the conmplex y pIane. k('in - j -9 l fj -- n + I
Tlhe branichi cut ntiut Ile taken in the fourth quadrant, it d

a;id the path of integration must p.ist over the branch

point in order that (I -y")"'--j(yi- W)2" for y> 1. 1j + +
"Thi% comiplete% tite formal nolution to tile boundary-
v-ahue plrollheml ,iJ~"' ,.,l('•. (2.3)



\Apart from thle conistanot riltltirplier, t hin agýc p~re- t' l a pro\ I nia Iif)n for 124 for lar;ýt r

wih(21). 8lv

tirtiu heriiore, (23) shows that the mlagoittude (if the xI; si 0
Cuirrent ihii%*iiig into at sector of the' ante"! -., (noni thc .1 e rr Sn
source is cmnstant. Thus, ifIii the current pter unit e .ipv *-~iq.

angle at the input. Ij~pJ, where J is the surface cur- +--O t 1+ n 2d.(6

rent density, and
2) 11 'This integral conitains, two termis of the following

J = 2(11, + a11,)/(l + a2)''2  (21a)(1 + a2)11, forri: an exponential phase term with a largLe factor r,
multiplied by a relatively slowly-varying function oif

According to (19) and (23), the variable 'of integrationt. Ai co'rding to thc p)rinciple

I of otatinnarv- phase, the main coniitributionu to this inte.

11. I-,, mi .-, - e~lft(p)JR1,. ~ () gral conics front the neighbiorhood of the stationary
P points of the phase function. lin general,'

and p times this quantity hos a constant magnitude. g~e)zAo)jf l1"2g(r) eiAxte±j(V141 , (27)

B. Radiation Patterns
' fte where x is the large parameter, h'(7) = 0, and the plus or

In order to investigate the radiation properties ofth minus sign is to be takent according to whether the sta-
antenna, we uneed only consider the asymptotic behavior t innary point is at minimumi or maximumi. Only the sec.
of the field at large distances from the structure. WVe ond of the two termis in (26) has a real stationary point,I shall see that the method of stationary phase readily
lends itself to the asymptotic evaluation of (17) fo .r anid its value is y =sin 0. Applying formnuia (27), we find

large values oif both p and x. I lowever, before the inte. r d1r

gral call lie approximated, the differentiations indicated 1- -kO-*e"'' cns Of(sin 0) r ei"t'12 . (28)

interest are the components of the electric field with Fuirt hermiore, from (16),

respect to the spherical coordlinate system (i, 0, 0) of Fig.
4. Ikt'ause the distant field is circularly pLnirizerl,i we (0 + a] cos 0) tan"'

nieed only work otit I., it conmponent whf scnnoi((sin 0) 2 (29)

to both tile cylindrical and sphe~ric'al systemts. I 'Siiw. (4), sin'

We ~ fin - I(Fp)liil~ vk, I lit, far-Yjane (lect nc field is a

P OS)! 0( 1 + IIJ cog 0) 1 (.) 1a)n-

whbere p -r miti 0 and z~r coli #. Vx''ill .11 0- hi.th p r

and~~~~~~~~~~~~~~ r t.( la-z whi tslre \fl arv h:q.d1t i1 ~ ress the hield hin ferms of mna.gititude and
leint in the itittegtraitt of (24) is the termt cimtt,ttitc the O

factor J.1 I(jOtvt. Fumrthermotre, ilit llv-Alicii m ittit

be' rvidaueel l& it%;14 as 1mptttt ic v fiie frl.,t.11r- ita'e

lti" J. r

A'' ' ''~ (25) eosl~toi tal r ., ,~

Tr 2

I sing I Ii.' hi 1114. in ie'grintl of (2-11cti m- .tii'es c a 'tetotl- min NO' + III ties' 0

*triuler error e'ven, in t he nicil.leorligifi of Yd - 0. ls'cause- ieurf

it V taals it. ?i'int a% %-'' andI thle'rq'eure the' in tv"ý.eicll
t41nlsd tot -r'ro% as ." - i. 'sin these' approximatto.4 midn a - int, I + a'2 (.jn 2 0 1+ I t 1 a -ns 19. t 33)

~:l~w tii igr for p %in 0 atnd r eniv 0. wa' obtain the feid. 2,1

'A, N,'W..k. V .Y t. n. it 459,4 18s; 191ii. hit,.New Ynrk. N, Y.. It. it. 2.f)(2 i; 19M..



If~~~t; I ~h("Pr . r'l / , d: . N , i~ h m !,, 1b,, I 'r,'e v ,uirm - ,1 ,4 .."r ' ," " :. - t m I ++ + . 'r,. 2, ,+,,

lor ..... "" citation . 1 (0) is the samte but the Si,,i ,l of () 1 . I ;'C ('.a-rr'u Dis:riý-I~jo,

is reverud. Tlhe pattern .l (0) is plotted il lFiL:s.. and 6 .AS we t .I, ill SWI4'1ti 1. th., , lirrcn pi strihiti tion i;

for various vahles of n and a. .\s is t.pical' %%ith I rt'- ,i.e (,t the iw-ctlt.r fc.t ure. 01 trcquc'\ind cltt

lttlenti('.iltiIeIpetldeit anttettils, there is i) radiatiotn .tantenn:,as. Iit the present cast,- it is tihtainitalile front the
along the surface of the structure. The patterns pre- field at the plane :=0. Sire E ts proportional to I, and

fdicted by (33) agree remarkably well with measure- E. is liroportional to E. at z=-. the surface-currentments made by Dyson% on two-arm spiral antennas. density is proportion.a to E. "he current density per

Accordiug to (32), naking a small decreases the beam- u n corerespolds to the total antenna current

width, but only up to a point. For the case n = 1. the i. it %'aries as pE,. i'tfortunately it has not been possi-

Sntinhnum beamwidth attainable is approximately 70'. Me to work out the current for all values of p. I low.

Before leaving the discussioli of the radiation field, ever. fairly simple expressions have betai obtained forewer sarly conside theesin quetio ofk whtatherx th aten
we shall consider the question of whether the antenna small values of p and alternatively for large values of p.

has a phase center. The total phase of the far field, apart For sinall values of p we have already found that
front the 0 dependence and sorne constants, is given b-.

't + 0(0). (34) ! -- ei,(*+-,., th,,

Because of the complicated form of (33), (34) doe-s not. which has constant amplitude and rapidly varying
in general, describe a circular phase front. I lowever.when phal•e as a fuitetion of p. Note however that the phase
a in small, 0(0) sua cos 0. In this case, the phase fronts is c'otanint if we "love along a spiral as it ought to be for

are approximately circular, and, according to the dia- the steady-current case.
gram of Fig. 7, the antenna has a phase center located Turninfl now to the case where p is large, according to
a/2r wavelengths behind its center. (4) and (Q) and( (16), we find that

I.1 I= k,. f !(.v.) [,n . ... J,,(ayp)

Y+ YJ.'((YP) ydy. (35)/ /* f~i* +'

/ !"I ott inttegratitig (35) 1)" parts and substituting for
f'l) front (16), we obtain, with n >0,

.01 + rii,'l - 1)- ;fnfa)/•(,fjpy)ydy. (36)

-o n t ft the c'rrvect ftrninila is thlie c(oijugate of (36),
\'t fl• t- res'.ull (i' reversing the t • ii (if n see (18). We
(V;)ress the integ~ral as the suint of two integrais over the
intervals ((I, I d lid (1, zo), and treat the two parts
''.ip:ratciv. ( Ctnuihler firsti the inilerati un over (0, 1):

/ fI( -- v'- yI,•

Iitk. 6.
.(I + ,iv'i - V2)-!':-"I'.j(j#py)ydy. (37)

lThe, Skingtilarit"v ;it v I tilake% fit- ttmajor c ontributiotn
to the iiit, ,.ral. T'his is e'!eciallv Irtie for large jOp, itt

which cae• the Ilessel finitr n on oscillates very ralpidly as

.i fillictitio of y litr alleaicels all ll t ributions to tlie in-

I*ttgral, vixcllt frotn those regioltu where thie re,-lt of the
iutiekralitl is also i a r dilly varyitig flti'tiotn of y. We will

S........ expaind tihe itntt'gratid, e (celitiiit, thlt Ilesel funiotnt n,. in
a'tcetdit lg ii ,',rs if (I - yl) i I• bL, itutitig wit h

I l. 7. /(1 -y2) Ill. anid initegrate terti by tertie. E:ach terti in
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I the restj ingz. cries wd I have successively Ilc,.-, ifi ,,rt~l . ... ,y pt,,:i" c°\|t ii il, 50 up i ,, ., r-' 1 whhi-h1 behave as

ft)r iriw 3 Ih I I P", (i f t' •the relaitive -'oi )thci e,s (,f the -t1(- ( ,•,3'0 . The f-I it

t.sIve i uI rii of 1(1 _y') ''. -. 1We rewrite (37) slihhtlyv * .

and then j irfir the expansion :ccording to MIaclatir- = jb "

in's formula:n 
A- I v-1

t~~~~~b f0(i--~ J(~vIf?. (3)

(1 a l= dpdwhere .v - (1 +:) '". This may be evaluated by means of

Sonine's second formula.'

I. '-• a,(V J.(av'C + :2),I-+idL 2ur(pA + 1)J__().(4=a,,(.\/ l - "yx+V.(#py)dy. (38) J=a'ý+zW-+d -(A+i

y"-1( d(I: + ')J,".(az). (44)

Each term in the series may be integrated by means of et z-- 1, Op=a, and p = -(). Then, applying (44) to

Sonine's first formula.$ (43) we obtain
jbnr(4)

J,+(,t2)+1(t) il. = _Ir#_ J.-t2t(op). (45)

Z(F+ . .... J0 ,(z sin 0) sin'+' 0 cos,'÷ OdO. (39)

(( ) The second ternm is2(,/2r (2 + I
I,,I = jb ".i.(jd (46)

Substituting y pin 0 in (38) and using (39), we fiid y(.

An asy.mptotic expansion of this integral may be ob-

Orn2" 'IP +2) taiined b1 repeated integration by parts. In general,
I|n•Jn.k.(M/2)4 169P). (4o) e, J,(4py)_dv

._, (•,p)€ t ,1 +, + - +(
Consider next the integration over (1, ),which we

write in the following form: I +) + 1 )

gP (Ofl+t)'tp) +

It u j V--I (1 + v'-,2 -I "I' where p) >J. Ilit prillili'le, OIl( could carry out (47) to its

Jt '-jIy1 - 0;1V terms as desired. Thus, for the second term,

+ f_ (31)1,11,11 '1 ) f f. + (2si J+1 00)J/ j,•'',.,,T,. ,••- t, = i, O p - + (2p, + .0 T-- r f- -

Following the same reasonlitiz apq lI-fore, wi % xpand *t- (,1 . (48)

term in the Ibraces of (41) in a series "tth that tt-t; h term +

Can be integrated and, furthernmore, muih that ehtrtm-h

term has suecessively less importance for l;are L dp. Iln T He third term is

this case, the expansion is in powers of (y!_ Ii' Y ./yi J.(fpy)dy
II.. = .ibJ . .. . . (49)f/" ,x. I Y

1,. j" (42)

r , It Y' -Y" After one ititegration Ib% parts we find

There aplilears to be no Pinlde integtral formtil;la whicih Cl 5_1 -" .I., I(OpY)dy

be applied to every terni iii (42), so that ,'ah term miuSit " - f, J ,i"Y•' -I

be treated separately. Int what follows, we shall work

out only the first :otur terms of the serie• obtaining ;in 2nt + 2 J" 1(lO(Y)VY- d'- (50)

G(. N. W onll, gA Trttit con hth e , rh n"a ot ll*,'wl hilumittiq "

('C.SmlrIlr U'nikrMitv Pre•., (Cambridgeh K.. 2"d d.,. t.h. 12. p.
17.-1: t •2. t lhiff. cih. I.4, I1. 417.



The first term of (50) nliav e evalhatd'1  b " : ýe.a,: t)l ri ;.. t ' a !rt-: ,re represented 7\" 1 d . (l " .

Sonuie's second formula (44). Repeated inte;zration by repre--entatin : 17) fail! in this Case which thetrefore has

part: ;Thows that tit secotid term of (50) ik ()3•(p amid to lie conside-red separatelv. Thet sohition is fairkl siimple

n uav he diescarded. Thus. and . -iv•, .di.tributiomn of I, which i.. constailt with p:,.

-jb~r(. a d a pha. .Velocity equal to that of liLhlt, as illustrated

12-2 J+(i,)(4p) - - - (51) on' the graphs.
%/2(#p)12 "The phase characteri.tic i- perhaps the most interest-

"ing feature of these results. !-,)r n >0 it consists of an

The fourth term of the series is inward slow wave whtent r is very small, changing to a

.2 1fast wave as r increases, which becomes infinitely fast at

its(y 1) J(aPYdy the point where the p~hase is a maximumn in Fig. 9. Pass-
S(' - 1), \Ying beyond this pmint, we find a fast outward wave

"Jif I J.(ipv)dfv which slows down to the velocity of light when r-- .
f" AJs jb, . (52) For n <0 we find the sante sequence of changes, except

"fj Y" Y.+1 that the direction of the phase velocity is reversed

We may apply the result of (47) to the two terms in (52) everywhere. The extraordinary feature is that we now

have an inward wave at infinity. At first sight this

nmight appear to be physically inadmissible because cer-

S2J'+2(Op) + 1/ (53) tainly the power must flow outward at infinity. I low-
l - ( jb +P), UP-) ever, in this case we are not dealing with the ordinary

radiation field, namely the field which varies as l/r, for

It is possible to show that the next term in (42) con- this is zero on the antenna when r= Co. Indeed, that

tributes only O(Op)- to the series. Let the input cur- such a reversal of the phase velocity is necessary with

rent per unit angle be I&. Then taking the first four reversal of n t.o iu- .i!ickiv seen itr small r by working

terms of (40), adding them to (45), (48), (51), and (53), front the requirement that the current along any in.

and adjusting the constant of proportionality to the ini- dividual wire mrtst be constant in the quasi-static ap-

put current, we find proximation. Also, when r= ao, the curvature of the

all a~n ' 2n-'+,`'' + -!-an +60=

1=10-" --- .. .. -"• -- + " 20p

" -- "3- + .) -of - -2in + ) •,;ow 4- 8 in

- _ :a 3_2 7 + O(op)-'. (54)

For the case n 1, this exipression retdm(ac,•i,

(I10 - 26al - 2fia + 24ia l) sin Op
I Inav'l + a • €' -..... + a "i& -- (p

+ o(ap) '. (55$)

lit (54) and (55) the Bessel fitclions have I.t.en retplaced spiral becomes Mneligible and the waves becomle essen-

by their aymsiptot ic expatilioti. I iiallVl plaeC. liB using the results (if Runmsemv, it will ie

The current distribution has a.ko blien ,tiiked out [trand that solntion l, for .•trairlht wirem can lie con.

direct'ly fronm timte integral I," li1vlitg a diigit.al o.,ll)utur structid in which the phase v-locity is inward on the

for tiht. cases a -tt.I, 0.5 aild 1.0 with n - 1. Tlhe restults wires but outward some distanice away. It ik thus pos-

are plottr-d ini Fig.s. 8-11 (next page). The salienit lear tire sible to see how the inward wave oii the antenna is con-

of these nr~ilills is tile marked increase ill attentiiatioi (if iw('t(ld to the outtwartl wave ill the radiatiom field., aid
the current with increase iii the curvatiure of hiet, spiral. to thle mnode (if excitation.
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