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A Solution to the Frequency-Independent Antenna Problem*

B. R.-S. CHEOt, wrvwRER, 1Ky,

Summary=A solution of Maxwell's equations is obtained for an
antenna consisting of an infinite number of equally spaced wires in
the form of coplanar equiangular spirsis. Radiation amplitude pat-
terns obtained from this solution agree closely with measurements
on two-element spiral antennas. The phase pattern shows the approx-
imate validity of a phase center at a distance behind the antenna
which decreases with the tightness of the spiral, The current distribu-
tion clearly shows increased attenuation with increase in the tight-
ness of the spiral, thus showing how the frequency-independent
mode depends on the curvature, A remarkable feature of the solution
is that the current consists of an inward traveling wave at infinity
when the antenna is excited in ._ 4t sense which produces an out-
ward wave at the center.

I. INTRODUCTION

T has been found in recent years that there is a large
I[ class of antennas which are independent of fre-

quency in essentially all their characteristics such
as impedance, pattern, polarization and so on.'? The
equiangular spiral antenna is one of the basic types:
that illustrated in Fig. 1 consists of two conductors cut
out of a plane metal sheet. Let us consider how this an-
tenna scales with the wavelength. The shape of the an-
tenna is given by the formula (in polar coordinates r
and ¢)

r =g (a is a constant), )]

Therefore,

r

— = e (2

" )
where

1
do = —In A, (3

a

This shows that a change of wavelength N is equivalent
to turning the antenna through the ancle da, exeept for
the sealing of the radius 7o shown in Fig, 1, Now the re-
markable property of these antennas is that, so long as
the witvelength is shorter than about 2r, the perform-
ance is independent of frequency, except for the rotii-
tion described in (2) and (3), and therefore it is the
same as il ro were infinite. Evidently this means that the
current distribution must decrease with distance from
the input much more ripidly than it dovs for conven-
tional antennas,
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T'o bring out this point let us (‘()mp'l!‘(‘ it with the bi-
conical antenna, shown in IFig. 2. The field, represented
by the vectors E and 1, decreascs as 1.7 for large values
vf 7, and therefore the surface current J (which equals
tangertial IT) also decreases as 1.r. The total current
I s 2xr sin aJ, where a is the angle of the cone shown in
Fig. 2. Thus [ remains constant with increasing r. The
peculiarity of frequency-independent antennas is then
that the field at the surf.ce of the antenna must decrcase
more rapidly than 1z, or alternatively, the total cur-
rent must decrease fast enough, so that the infinite an-
tenna can be truncated with practically no effect on the
radiation pattern.

The theoretical problem posed by the cqumngul:\r
spiral antenna is to solve Maxwell's equations subject
to the vanishing of tangential E on the metal surface,
the radiation condition at infinity and the input condi-
tion at r=0. Fu liie «xo-elemenv antenna of Fig. 1,
this has so far proved intractable even for the infinite
case.’ We arc therefore driven to consider some simpler
problem which, while retaining the frequency-inde-
pendent feature, is amenable to theoretical solution. The
problem we shall consider in this paper is such a simplifi-
cation, It can be described by taking an antenna with
many clements, as in Fig, 3, the space between the ele-
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Fig. 1.
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Fig, 3.
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ments heing the same as the space occupied by an el
ment, so that the antenna is “self-complementary™ in
the sense of Rumsey.! We now suppose that the number
of clements is infinite, so that the antenna takes the
form of a smooth anisotropic sheet which is perfectly
conducting in the direction of the spiral lines and per-
fectly transparent in the perpendicular direction.

. This is the kind of problem which can be soived® by
putting E =jnIl on oneside of the antennaand E = — il
on the other side, where E and I are complex vectors
defined according to the e* time convention, and 7 is

" the intrinsic impedance of space. The boundary condi-

tions at the surface are that tangential /£ be continuous,
tangential 71 be discontinuous by the amount of the sur-
face-current density, E parallel to the spirals be zero,
and IT parallel to the spirals be continuous. All of these
conditions are met if we make E parallel to the wires
vanish and tangential E continuous, with E =jnlI above
the surface, and E= —jnll below the surface.

The source of fields on this antenna is located at its
center, Recognizing that the structure is essentially uni-
form in azimuth, we assume that the fields of the an-

tenna will have the same dependence on the coordinate

¢ as the source. Thus, we shall take the ¢ variation of
the ficld to be everywhere e/*, where n is an integer,
This corresponds to the excitation arrangement shown
In Fig. 3, in which each generator han the sume magni-
turde an its neighbor and differs infinitesimally from its
neighbor in phare. The case =1 corresponds approxi-
mately to the excitation of the balanced two-arm an-
tenna, shown in Fig. 1.

11, ForMAL SoLUTION

Suppose that the antenna lies in the plane ¢ =0 of the
cylindrical coordinate svstem of Fig. 4. Let /5 =i,
for 830 and Fy= —jnll, for <0, Then we haves

By a = ET X (A1) 4 T X TN (A, tn
Ly = BT X (203) 4+ T X T X (4. (3)
4

L
]

Fig. &,
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The faperion U and U satiefv the soalar wave eonae-
tion
T4 g =0, 3= w . (¢)

We can eapress a general solution of (6) which varies as
¢** by using the Hankel transform formula:

Uy = einé f g o)t T dy (7
]

U= ein f g2\ (Ap)etiva gy (8)
0 .

in which gi(A) and g:(N) are arbitrary functions. The
Bessel function of the first kind, namely .J,, has been
chosen in order that the ficld be regular at p=0 for
70, In order that the fields radiate away from the
structure, the negative sign must be taken in the ex-
ponential factor in the integrand of (7), and the positive
sign in the integrand of (8). Then the continuity of
tangential electric ficld at £ =0 is satisfied if we put g,(\)
=g2(N) =g(N), as can be verified by direct substitution
into (4) and (§). Then,

Uy = oint j FAT W (Ap) e 1" g, 9)
0

Uy = c’"‘f ‘g()\).l.,(}\p)e“""m)\d}\. (10)
0

The remaining condition, E,-7=0, { being tangential to
the spiral wires, will determine g(A). From (1) we find
£2-1 =0 implies that

(II'.‘“ = I',‘“. (ll)

Substitution into this equation from (4) leads to the fol-
lowing expression for the honndary eondition:

C e A —— . 12
p ddds (] I (12)

(r’ql \ H ﬁ’\) 1 (”?"g ﬂ('l
u - )=
=dp p ¢

Phen, substitating (9) into (12), we find

” PSS
[ Y -:«jvmd 4+ ny g — AY __.__,_,( p).
J p

a8 = A" + d))\’./.'(.\p)}- d\ = 0. (13)

Then term containing the derivative of the Bessel funce
tion mav be integrated by parts, so that (13) hecomes

r {R(:\Hjmld + 'y\/"j"“_-'x:')x

J.(A
~(n) A

N - ‘.
- = e aysgt = A
dx e Jan +mlf ,

. e Jav'g® = N + g|AJ. (M) [

P :In
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Suppose that g\ [ja Vg = Ay AN vanishes
for A equal to zero or infinity. Then the boundary terns
in (14) may be discarded. (We shall see later that this
assumption is justified.) Applving the inverse Hankel
transform to (14) with the boundary terms set equal to
zero viclds an ordinary differential equation for g(\):

(BN + fAav/B? — N)g'{A)
Jak?

+{B(z—jna)'-(n—Zja)\/ﬁ*—x’— vﬁl‘ﬁ]“”:"' (13)

For convenience let A=y8 and g(¥8) =/f(¥). In terms of
f(y) the solution to (15} is

1 = T = y}\""?
00 = 16 = 100 = 4 (=)

oy (1 Fajy/ T =y, (16)

Notice that f(y) is independent of 8, exhibiting the fre-
quency-independent nature of the solution explicitly.
- For >0, the behavior of f() is such that the integral
(9) exists, and the assumption that the boundary terms
in (14) vanish is valid. For #<0, f(y) becomes infinite
at y=0or A=0 and (9) diverges. It turns out that we
can obtain a solution for # <0 only if we begin with the
assumption that Ey= —jnlly and Fa=jnll,. There ap-
pears to be a simple explanation for this. With the radia-
tion condition fixed, the choice of the plus or minus sign
in the cquation F= Il determines the sense of
polarization cf the far ficld. At the same time, the sign
of n specifies the polarization sense of the source. The
interpretation of the situation described above is that
the field must have the same sense of polarization as the
source,
The complete expressions for | are (faking #>(h

r ki.fﬂ(l—\/l;‘y'!)y.“‘ % +“,"\"‘"_\’2) Vo wene
= kein YT
‘ o \+ViI=y v

PR 8] (Bov)dy, (7

“or, for n <0,

R ‘f-(l_.\/l :&i)-il (L= jay/ Ly Thrina
=Re " S
' o \+vi-y? y

e NIV 8Y (Bpv)dy, (18)

where & is a constant which is to be adjusted according
to the source stiength, Notice that the integrand con-
tains a branch point at y = 41 in the complex y plane,
The branch cut must be taken in the fourth quadrant,
and the path of integration must pass over the branch
point in order that (1 =y)"* = —j(y?=1)"? for ¥y>1.
This completes the formal solution to the houndary-
value problem,

R I‘,. Jan S
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In this secrion we shall evaluate the integral lor sev-
eral limitime cases to find the behavior of the teld near
the input terminals, the radiation pattern, and the be-
havior of the antenna current at large distances from
the input terminals,

A. The Field Near the Input T'erminals

The requirement that the behavior of the field ap-
proach the static field distribution near the input termi-
nals was never actually employed in the derivation of
the preveding section, and it must be vaaficd that this
condition is in fact satisfied by (17) and (18). Let us
consider the behavior of the el :tric field as fr—0. Ac-
cording to (4) and (6),

Fi= =380 X @LU)+TX VX @)

al,
- BV X (¢U) + V(—az—) + 822U, 19)

In the limit as Br—0, the second term of (19) dom-
inates,

. /,’3,[:

lim Ey = ¥ ) (20)
Br—e az

This implies that as Br—0, dU/ds must approach the

static potential distribution, which is

I = pitn/egine Py (c08 8) = (reo*)i ™19 Py ay(cos 6) (21)

The function 1" satisfies Laplace's equation and is con-
stant along the wires: it is the <tandard form P, (cos
f)eme with m=j(n/a).

FFrom (17) we find that

al’, f-(l -/ ‘:jﬁ)-'“ (14 aj/1=y})-1-itnt®)
. k,-m‘ e ——
" 1 +‘\r| - ,V2 y

=iy 1 =¥He 1wt e eon ] .(Bry sin 6)dy, (22)

o=

where we have put 2=r cos 8 and p=r sin 6. For small
values of 8r, the Bessel function is small except where y
is very Lirge, beeause Jo(x) —e* as x40, Since the other
part of the integrand is well behaved in the neighbor-
hood of y=0, the entire integrand contributes very
little, except where y is large, in this limit. Thercfore, it
is reasonable to approximate the part of the integrand
other than the Bessel function by its behavior for large
v and consider the resulting integral. Hence,

ally - .
im e = kﬂ"‘f y-imir(niere=ar s 0] _(Gp sin Oy)dy
Jo

Bp->0 37 _
" n
kl‘(u —j—-v) l'(j ——n+ l)
[ d

N n
r(iZ+n+1)
¢

.f,-‘(ﬁ')n-!l),’l(. -4,'(('05 0)‘ (2_”
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.\pnr‘t from the constant multiplier, this agrees pre-
ciselv with (21).

turthermore, (23) shows that the magnitude of the
current tlowing into a sector of the anten: o {from the
source is constant. Thus, if I; is the current per unit
angle at the input, £;=pJ, where J is the surface cur-

rent density, and

J =201, + ally)/(1 + a®)V? = (2/a)(1 + a®)'*M,.

According to (19) and (23),
1
”o|-/! i Eo"-v/i * ""f’"‘(ﬁp)"""'/’mr«u"(").
o

and p times this quantity has a constant magnitude.

B, Radiation Pallerns

In order to investigate the radiation properties of the
antenna, we need only consider the asymptotic behavior
of the ficld at large distances from the structure. We
shall see that the method of stationary phase readily
lends itself to the asymptotic evaluation of (17) for

“lurge values of hoth p and & However, before the inte-

gral can be approximated, the differentintions indicated
in (5) for the electric field must first be performed. Of
interest are the components of the electric field with
respect to the spherical coordinate system (7, 6, ¢) of Fig.
4, Becruse the distant field is circalarly polarized.® we
need only work out £, a component which is common
to both the evlindrical and spherical systems. Using (4,
we find

- Joudvp)
Iy = kp'ein¢ f fin Iﬁ:m\/'l -y ’
oo l p
" \
+ @iy Je wdey) — - SudBpwy {0 F o Uwdvs (2
fpv {

where p=r sin 8 and g=r cos A. 'xeepe g #-0, both p
and 2 ire Lirge when ris large, With p Liree, the eading
term in the integrand of (24) is the term containing the
factor J, (Bev). Furthermore, the Bessel lnnetion nian
be replitced D its anvimptotie vabue bor Birge argument.®

lim Ju(x)

t &

(25}

) {,;(v--(-ﬂl!\m:] + poilr met e .|'
/
= - . e . -

Ve 2 (-

Paing thiv in the integrand of (24 canses onhy i second-
order ervor even in the veighborhond of v 0, hecause
1x) tends 1o zern as ¥ and therefore the integrund
tends 1o zero as ¥ 70 Using these approxinitions and

wnhstituting r for p sin @ and ¢ cos 8, we obtain the {ol.

5\ stneeton, *Eletromoenetne Thenry,” AL Graw-Hill Book
Cor, boe o Nesw York, NU Y, choogp, 380 (1R 1041,
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fowing approximation for (240 for farge r:

b —paelene s 1—y3—y sin Ml—jiri ) ind]
1 €

-+ e~ idricos " t—yity nin "+””,”"+”2)$l’\'. (1())

This integral contains two terms of the following
form: an exponential phase term with a large factor r,
multiplied by a relatively slowlv-varyving function of
the variable of integration. According to the principle
of stationary phase, the main contribution to this inte.
eral comes from the neighborhood of the stationary
points of the phase function. In general,”

fo i -,m
g(Neh Ot = [-._....... (r)eishngtite/e) 27
) MPZEYRE » 20
where x is the large parameter, 1’(r) =1, and the plus or
minus sign is to be taken according to whether the sta-
tionary point is a minimum or maximum, Only the sec-
ond of the two terms in (26) has a real stationarv point,
and its value is y =sin 8. Applying formuia (27}, we find

a3

Eq4 = ke cos Of(sin 6) ein(e!m, (28)

r
Furthermore, from (16
L

A
(I + dj o8 0)“""“"’"’((0"—?)

[sin 8) = - - —- — . (29
sin? 8 ' (29)

Finally, the far-zone eleetric field is

o\"
cos Mt + ajcos ) ! /"""’(mn --2->

AR s & - — e
sin? @

l‘,lut"‘f",'l A

. n >0 (30)
r

Ii we express the ficld in terms of magnitude and
prhise

printe s (ni2))-pe
Fo = 1(0)p $1® (1)
r

we have

[ AN
‘ns”('“" ) pinia) tun " (4 ae
) .

Ay = —— (82
sin Ayt bk adeonto )

and

W .
wie) = -In [t 4 a?cos? @) + tan Yacosd,  (33)

-t!

PAL Erdelvii Aaemptotic Fxpansions,™ Thraer Pablicatione,
Ine., New York, N, Y. p. 81, 2.9/ 2); 1086,
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For ¢ e excitation .1(8) is the same but the sicn ot ¢ (8)
is reversed. The pattern J1(6) is plotted in Figs. 5 and 6
for viarious values of 2 and 4. As is tvpical with fre-
quency-inaependent antennas, there is no radiation
along the surface of the structure. The patterns pre-
dicted by (33) agree remarkably well with measure-
ments made by Dyson? on two-arm spiral antennas.
According to (32), making ¢ small decreases the beam-
width, but only up to a point. For the case n=1, the
minimum beamwidth attainable is approximately 70°,

Before leaving the discussion of the radiation field,
we shall consider the question of whether the antenna
has a phase center. The total phase of the far field, apart
from the ¢ dependence and some constants, is given by

: Br + ¥(0). (34)

Becausc of the complicated form of (33), (34) does not,
in general, describe a circular phase front. However, when
a is small, Y(0) =a cos 8. In this case, the phase fronts
are approximately circular, and, according to the dia-
gram of Fig. 7, the antenna has a phase center located
a/2r wavelengths behind its center.

L

. d5e Current Distribution

As we caw in Section T, the current distribution is
one of the peculiar features of frequency-independent
antennas. In the present case, it is obtainable from the
field at the plane ==10. Since E is proportional to 77 and
E, is proportional to K, at =0, the surface-current
density is proportional ta £.. The current density per
unit of angle ¢ corresponds to the total antenna current
I: it varies as pE,. Unfortunately it has not been possi-
Lle to work out the current for all values of p. llow-
ever, fairly simple expressions have been gbtained for
small values of p and alternatively for large values of p.
For small values of p we have already lound that

I = ginte+ttjar Inpy

which has constant amplitude and rapidly varying
phase as a function of p. Note however that the phase
is constant if we move along a spiral as it ought to be for
the steady-current case.

Turning now to the case where p is large, according to
(4) and (9) and (16), we find that

I = Iy = kfer* f ”f(_,.) [,,\/1"_':' ¥ —J,,_(/_Sy_p).
0 p

+ ﬂ,\'l.’(ﬂyp)] ydy. (35)

Ui on integrating (35) by parts and substituting for
f(¥) from (16), we obtain, with >0,

f-(l - 1 “__'yz un( 1 )
[ = pme ) L
0 M =y Vi =¥
A4 afy = a2) 2t [ (Bpy)vdy. (36)

For ne< ) the correct formula is the conjugate of (36),
not the result of reversing the sign of 7 see (18). We
express the integrid as the sum of two integrais over the
intervals (0, 1) and (1, =), and treat the two parts
separately, Consider first the integration over (0, 1):

I . fl(' _— v’l — .‘,!)n12< ' )
v N U R n + ;/l __'"’;';
A1+ ajvl =y (Gpy)ydy.  (37)

The singularity at y=1 makes the major contribution
to the integral, This is especially true for large gp, in
which case the Bessel funetion oscillates very rapidly as
a function of y and cancels all contributions to the in-
tegrid, except from those regions where the rest of the
integrand is alsoarapidly varving funetion of y, We will
expatnd the integrand, excepting the Bessel funetion, in
ascending  powers  of (1 =¥)V2 Leginning  with
/(0= and integrate term by term, Fach term in
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the resulting series will have successively less importance cxymptonie evpansion in Jp up ta e which behave as
(r3p. % The fimet s

for large gp because of the rel: wive snoothness of the <ue-
consive povors of [(1=y%) yelw AWe rewrite (37) slichtly
and then perform the expansion :ccording to Maclaur-
in's formula:

; (IS | (1 - i - yz)u/z( 1 )

. = e o ”n —

) j;{ 14 V1= V1=
(1 _'_ a]\/l v!\—!—;(ulc)} y"“.’.(pr)dy

I
T an(v/T = y)my~+'Ja(Boy)dy. (38)

0 me—|}

Each term in the series may be integrated by means of
Sonine's first formula.®

J u+(vm+l(3)
. z(vll)+l v/

. f J.(z sin 8) sin*+! 8 cos’*! 6d8. (39)
207 (.f. + 1) o
2

Substituting y =sin 8 in (38) and using (39), we find

LYL] _’.'.,.)
am2 P(l + 3
(Bp)(ll/’)'Pl

. Consider next the integration over (1,
write in the following form:

“ (/1 4 jvyi = T\""
1 -f {(———-~ ‘_____7) l+ wo— 1) 2 yinjed
SV AR \Cearv=s VR

,,.q,._.~ ) Sdpvivde, )
( vy = W/ ’

Following the same reasoning as before, we expind the
term in the braces of (41) in a series such that each term
“ean bhe integrated and, furthermore, such that each
term has successively less importance for farge do. 1n

Jarmii(Bp).  (40)

L=

[T ]

=), which we

this case, the expansion is in powers of (y?—1)"" v.
vy =1 T (Boy)dy
nei [T (’——) Y
y \/-v.' — ‘ _V” [}

1 4 it

"There appears to be no single integral formula which can
be applied to every term in (42), so that each term must
be treated separately. In what follows, we shall work
out only the first Jour terms of the series obtaining an

(i N, Watean, *A Trectise on the Theory of Reawl "“ull('!innq,'
(t‘;u:nl'vsk‘lzw University Press, Cambridge, Eng., 2nd ed, ch, 12, p.

.  JoSeyndy
l:o = jbn T e e
1Ay = 1y

. J.(Bon/V + E)dE
Rl R

where ¥ = (1+£%)1% This may be evaluated by means of
Sanine's second formula.?

= J{avi + 2’)”"”!” 2T + 1)
f (1 + 20t prp— Joepilaz).  (14)
0 - -

Let z=1, Bp=a, and u=—(}). Then, applying {44) to
(43) we obtain

JheT'(})
]~ = pr— .,.- . 45
%0 WiT 172(Bp) (45)
The second term is
I = jby f __(_B:’)’): Yy (46)
i e

An asymptotic expansion of this integral may be ob-
tained by repeated integration by parts. In general,

f Ja (pr) dy
' yr

1 p+n+1
= ”".,n ‘d ) + —
g g (Bp)?

where p> 4. Lu principle, one could carry out (47) to as
Thus, for the second term,

JusslBe) + 0 (B';) “n

many terma as desired.

{’n+l Bp) n+l(ﬂp)}
= iby T @ 0
" n (Bp)?
1 3
+ ()(B;> . (48)

The third term is

= vy =T By
y'l

I:g = ]b») (49)

After one integration by parts we find

; ) 1 = Jai(Boy)dy
S PG

2 - Totdy
_ In + 2 j .’.u(ﬂﬂ)’)\/y t d)} R (5")
ﬁp . ‘.u+1

S Ibid., ch. 13, p. 417,
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The first term of (30; may be evaluated by means ui
Sonine's second formula (44). Repeated intecration by
parte shows that the second term of (50) is Ot3pr * and
mav be discarded. Thus,
—bil'(3)
VB0

The fourth term of the series is

oy = N\ Ju(Bey)dy
l”=ﬁ"f ( y? )
1

yﬂ
* J.(Boy)dy | = Jo(Boy)dy
ﬂjb'f b _"b’f At
1 » 1

yﬂ#!
We may apply the result of (47) to the two terms in (52)
to obtain

1\
Joran(Bo) + 0 (-—-) . (31)
Bp

22

(52)

2 n42(Bp) + 0( 1)' (53)

(8Bp)? Bp

It is possible to show that the next term in (42) con-
tributes only O(Bp)~* to the series. Let the input cur-
rent per unit angle be Jo. Then taking the first four
terms of (40), adding them to (45), (48), (51), and (33),
and adjusting the constant of proportionality to the in-

put current, we find

Tsy = jbs

" !
I'(j——+n+1) l
¢ [

e e e e ;,:»0

" n l
r (” —j '-—) I (j — -~ 4 l),’;’n al"(”)
a a !
M Qoatn
- ( - 4 At -
1/ p) 3 _
rfp

c= djd — bian -
For the case 7= 1, this expression reduces 1o

I=1Io—

3 - - (njn'")

—p e
e 1 i S 1
I = foa/1 + ate ' b ( + 240 |

+ 0(30) .

In (54 and (55) the Bessel functions have been replaced
by their asymptotic expansions.

The current disteibution has also been worked out
directly from the intearal by using a digital computer
for the cases a =0.1, 0.5 and 1.0 with # = L. The resolts
are plotted in Figs, 8~11 (next page). The sidient feature
of these graphs is the marked increase in attenuation of
the current with increase in the curviture of the spiral,

Cheoy e al 2 1 Salution to the Frequenep e foovrcrey fotieny Drod-dom

3a)”

Straichtwires arerepresented by ¢ = 2 | but our integrdl
representation : 17) fails in this case which therefore has
to be considered separatelyv. The sofution is fairly simple
and vives 2 disteibution of 17! which is constant with p*,
and a phase veloeity equal to that of light, as illustrated
on the graphs.

‘The phase charactenstic ic perhaps the most interest-
ing feature of these results. For >0 it consists of an
inward slow wave when £ is very small, changing to a
fast wave as r increases, which becomes infinitely fast at
the point where the phase is a maximum in Fig, 9. Pass-

ing bevond this point, we find a fast outward wave

which slows down to the velocity of light when r— o,
For n <0 we find the same sequence of changes, except
that the direction of the phase velocity is reversed
evervwhere. The extraordinary feature is that we now
have an inward wave at infinity. At first sight this
might appear to be physically inadmissible because cer-
tainly the power must flow outward at infinity. How-
ever, in this case we are not dealing with the ordinary
radiation field, namely the ficld which varies as 1/r, for
this is zero on the antenna when r= co, Indeed, that
such a reversal of the phase velocity is necessary with
reversal of n vain e uickiy scen ter small r by working
from the requirement that the current along any in-
dividual wire must be constant in the quasi-static ap-
proximation. Also, when r= o, the curvature of the

femumemien (,- L misan 6a=)
| Be ’ 28p

2inia ne r
: + H/'ll“) Cos (Bp : 2- - .:l»- '
’ - { +060). (54
.
‘ (10 — 26a® — 26ja + 24ja*) sin (Bp - -1—)
I R Y7
(§5)

spiral becomes negligible and the waves hecome cssen-
tially plane. By using the results of Rumsey,® it will be
found that solutions for straipht wires can be con.
structed in which the phase velocity is inward on the
wires but outward some distance away. It is thus pos-
sible to see how the inward wave on the antenna is con-
neeted to the outward wiave in the radiation field, and
to thie made of excitation,
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