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ABSTRACT

The design and construction, and preliminary experimental results,
of a test vehicle for studying plasma electron beam interaction are

described in associated Report A. Two connected shambers of the test
vehicle, one at hydrogen pressures as high as 1' Torr for generation of
plasma and the other at pressures less than 10-' Torr for the generation
of a high-power electron beam in a cenvergent flow gun, are described.

A demountable subassembly for generating the plasma and directly
coupling S-band signals to and from the plasma and the electron beam by
means of a cavity is described. The use of the cavities to diagnose the
plasma is described in part, with a more detailed description being pre-
sented in associated Report B.

The electron gun used to generate the 5-kv unity microperveance beam,
having .20 in. diameter in semi-confined flow, is described. This beam is
passed from the low-pressure gun chamber into the high-pressure plasma
chamber.

A beam scanner for studying the properties of the electron beam in
the gas and plasma environment is also described. Use of this scanner to
study the ion-induced beam oscillation is described in associated Report C.
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I. INTRODUCTION

In attempts to achieve higher microwave powers at higher

frequencies, new methods of harnessing the controlled energies of

electron streams are being investigated. One promising inethod

that has begun to be studied in a few laboratories is that of using

the electrons in a plasma of a partially ionized low-pressure gas

to interact with a controlled, linear electron beam.

Use of a plasma as an interaction "circuit" in linear beani

tubes has advantages over a conventional circuit. First,longitudinal

waves are coupled very strongly to the electron beam even at ex-

tremely high frequencies. This is due both to the intimate mixture

possible of the electron beam and the plasma, and to the fundarnental

properties of the plasmna at microwave frequencies. This strong

coupling leads to very high gain per centimeter along the path of the

electron beam and should also allow greater efficiency in harnessi 1g

the electron beam. Second, for a plasma, there is only a set of

simple surfaces removed from the electron beam region necessuLry

to maintain the plasma, whereas for slow-wave circuits in con-

ventional traveling-wave tubes at high frequencies, fine, delicate

metal electrodes are needed near the electron beam. As a result,

much less intricate machining is required with a plasma. There

is also much less danger of stray beam electrons damaging the

electrode structure because of the thermal effects of bornbardmeýnt.



Finally, the properties of the plasma can be easily controlled externally

by controlling the plasma-generating discharge current, the gas pres-

sure, and the magnetic field that is applied along the direction of the elec-

tron beam flow to confine the electron beam and the plasma electrons.

To attain high-power amplification of microwave signals using

the interaction of an electron beam with a plasma, several problems

need to be solved. First, the natural fluctuations of the plasma and thus

the fluctuation of its microwave properties must be minimized. These

fluctuations are functions of the electrode structure used to maintain

the plasma (as well as of the confining magnetic field), the gas corn-

position and pressure, and the plasma discharge current. Reso-

nantcavities measure the fluctuations in the density and loss of the

plasma as well as microwave noise. Next, the fluctuations of the elec-

tron beam caused by its coupling to that portion of the plasma that is

generated by the electron beam must be minimized. This portion of

the plasma also fluctuates, mainly because of its interaction with the

electron beam. This beamn-generated portion'• of the plasma can

either be generated in a region where no plasma would be generated

by any other means, or it can be generated as excess plasma in a

region where moderate fractional ionization has already been brought

about by other means. In either case, fluctuations of the beam and its

beam-generated plasma can be measured under controlled, pulsed

beam conditions using a beam-scanning mechanism to diagnose the

beam, with no microwave signals applied and with the plasma discharge

either off or on. Next there is the problem of coupling the microwave



signals through the plasma and to the beam-plasmna system at the core

of the plasma. This direct coupling is difficult, compared with coupling

to the electron beam before it enters the plasma, but it is necessary to

use fully the beam-plasma amplifier's potential advantage in removing

the electrodes from close proximity to the electron beam, The diffi

culty arises because the properties of the dense plasma are so different

from a vacuum, or even a vacuum containing an electron beam. The

problem can be approached by studies of the fringing fields of a beam-

plasma system of finite diameter and of the interaction of such a system

with a low-loss resonant cavity. Finally, there is the problem of under-

standing and controlling the high small-signal gain per centimeter of

beam travel in a beam-plasma system, having a finite geometry as

well as the saturating beam and plasma nonlinearities. The small-

signal part cf this problem can readily be solved by simultaneous

analytical and experimental studies, but the large-signal problem is

much more difficult, even when using the best balance of analytical and

experimental studies.

In order to help solve some of these problems, a comprehensive

beam-plasma test vehicle was designed and constructed. This test

vehicle had two clambers connected by a small cylindrical tunnel. A

pulsed electron gun of unity microperveance and capable of generating

an electron beam of up to 10 kw was placed in one chamber. The

electron beam passed through the tunnel into the other chamber, where

a flexible- plasma-generating structure and microwave cavities for

coupling siunultaneously to the beran and plasma were located in an

-3-



internal subassembly. Using hydrogen gas at pressures of the order

of 10-3 Tort in the plasma chamber, the beam-plasma amplification

interaction could be investigated in detail at a chosen frequency of 3, 000

Mc/s.

This report includes a detailed description of the main vacuum

system, the internal plasma subassembly, the electron gun and

focusing structure, and the spent beam-scanning mechanism. It also

includes a discussion of the design, experimental methods used, and

preliminary results.

Three reports are appended. These report on the plasma

diagnosis method and measurements ("Plasma Diagnostics", by

D. M. Kerr); on experimental results and qualitative descriptions

of ion oscillations in linear beams ("Ion-induced Oscillations of

Electron Beams", by A. S. Gilmour) and on the theoretical analysis

of small-signal gain in finite beam-plasma systems ('Investigation

of the Interaction of an Electron Bean with a Plasma", by H. Marantz).

-4-



II. VACUUM SYSTEM

This chapter describes a universal test vehicle for the beam-plasma

interaction. The vacuum system and other associated system cornpunents

of this test vehicle are shown in Figures 1 and 2. The system consists

of an electron gun region, which is pumped by a 400 1/s Vaclon pump

and which can be sealed off from the remainder of the test vehic-le by

the vacuum ball valve to the left of the gun region. To the left of the

ball valve is the plasma region, and to the left of this is the beam-scan-

ning area for tests on the spent electron beam. Hydrogen gas is provided

by a palladium leak tube. The leak rate is controlled by adjusting the

power applied to a heating coil in the tube. In addition there are the

following system camponents;

1. a Philips cold-cathode-discharge vacuum gauge,

2. an auxiliary 8 i/s Vaclon pump for rapid evacuation of

the test region,

3. an electromagnet used in the beam-plasma region to

generate a d-c magnetic field up to 1200 gauss, and

4. a portable unit for starting the Vaclon pumps.

A. SYSTEM OPERATION

Operation of the vacuum system was as follows: Upon assembly

of the system, the portable starting unit was used to reduce the system

-3
pressure to at least 5 x 10 Torr. This consisted of a rough mechanical

-5-
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FIGURE 2. Test Vehicle.
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pump, a cold trap, and VacSorb pumps. The 8 1i/s and 400 i/s Vaclon

pumps were started next, and the portable starting unit was valved off

and disconnected from the system by means of a Veeco quick coupler;

then the VacIon pumps reduced the over-all system pressure to a work-

ing level. The plasma cathodes were then heated, and pumping contin-

ued until a steady-state system pressure of 4 x I0-9 Torr was reached

in the gun region and i. x 10 Torr in the plasmna region. Next, the

8 1/s Vaclon pump was shut off, and the hydrogen leak source was

turned on to raise the hydrogen pressure as high as 1 x 10-3 Torr in

the plasnma region.

It should be noted that in the process of making changes in the inter-

nal subassemblics, the ball-valve arrangement (shown in Figure 3), in

conjunction with the valve in the beam-scanner region and that in the

gun section, allowed either side of the ball valve to be pumped or be let

down to air independently of the other side.

1B. GAS FLOW AND IONIZATION CONFIGURATION

Most previous investigators of beam-plasma interaction phenomena

have used either mercury or cesium gas for the plasma. This is because

the mercury easily yields the pressures of interest in the 10"'4 - 10-3 Torr

region, in room-temperature equilibrium with its liquid phas2, while

cesium is easily ionized by contact with a heated tungsten surface. Hydro -

gen, however, is easily controlled in pressure . y either the controlled-

leak method or by the heated-generator method. Also since hydrogen is

-8-



FIG2,RE 3. Close-up View of Bali -Valve Section.
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the lightest gas, its ions cause the least sputtering of the cathodes used

in both the plasma discharge and the electron gun. Finally, hydrogen

does not damage the cathode chemically; in fact, it improves emission

somewhat.

To avoid contamination of the cathodes (especially the cathode

in the electron gun), cold-cathode, gas-discharge, getter-ion (Vaclon)

pumps were chosen for this experiment. Since the pump makes it pos-
I

sible to pump hydrogen faster than air, this further adds to the dif-

ference in pressure between the high-pressure plasma region (where

the hydrogen source is located), and the low-pressure gun region (where

the pump is located).

The 400 I/s Vaclon pump was capable of pumping hydrogen at

-6a rate of over 1000 1/s at a pressure of 10 Torr . Since the ball-

valve arrangement between the plasma region and the gun region was

chosen to have a conductance of approximately 10 1/s fur hydrogen,

the pumping speed of the over-all systemn for hydrogen was expected

to be approximately 10 i/s; and there should have been a ratio of

100:1 in pressure between the two regions when the hydrogen gas was

being leaked in. The 10-6 pressure in the region of the beam gun was

desirable (i) to minimize back-ion bombardment and (Z) to minimize

space-charge defocusing and ion-fluctuatiou effects, which would occur

in the gun region at higher pressures. Higher pressure could damnage

the gun cathode during the 5-kv negative pulses, cause beam scalloping

and fluctuation, and in addition prevent long-life operation of the 400 1/s

Vaclon pump.

-I10--



The pressure of 107 - 10o3 Torr in the plasma region was a

compromise to obtain electron plasma densities sufficiently high at low

discharge voltages without simultaneously causing excessive scattering

of the electron beam and an excess of H+ ions. As a result, collisions

of beam electrons with the neutral gas, H-+ ions would be produced by

the electron beam at a rate given by,

n+(t) = (n ) (V t) ,

where

n +(t) = the ion density of the beam-generated plasma (ion/cm 3),

n = the electron density of the beam (electrons/cm ),
0

V. = the ionization frequency of beam electrons (sec-),1

t = time in seconds

We can obtain vi from

Vi = uoPeip =.9 x 1 0 9p (sec-I

where

u0 = the d-c velocity of electron beam (cm/sec),

Pei = the probability of ionizing collisions per centimeter of
ei path per millimeter of mercury pressure,

p = pressure in millimeters of mercury.

We define tSCN as the time required for the ions to produce space-

charge neutralization of the beam electrons; this is given by

I .5Z x 10-9
tSCN - iP

1il



The 0.4-a electron beam is 0.20 in. in diameter. These

assumptions give an electron density for the bean-. of approximately

9 3 - 410 /cm . If we now assume an average pressure of .5 x 10 Torr

in the drift-tube region and a beam-pulse duration of 10 4s, we have

n + (no) (it)

a + 109 ions/cm 
3

max

i. e. , space-charge neutralization occurs at the end of the pulse.

It has been shown (see Report C by A. S. Gilmour) that serious

beam fluctuations of about a few megacycles occur at the space-charge

neutralization point during a pulse. This effect can be delayed by lower

pressure and better ion drainage.

3
Recent studies on ion defocusing in Brillouin-focused electron

beams showed that there was a noticeable distortion of the beam shape

when the space charge of the ion was only about one-fourth the space

charge of the beam. With semiconfined magnetic focusing, defocusing

of the space charge of the beam by ions is greatly reduced, The radius

of the beam in a gun with semiconfined flow remains greater than three-

fourths of the original space-charge radius, whereas the radius of a

Brillouin beam will, theoretically, b reduced to zero with complete

neutralization. To avoid reduction of the beam radius, therefore, a

gun with semiconfined flow was used.

Further steps were taken to minimize the effects of iPn bom-

bardment of the cathbde. The profile of the potential of the system was

such that ions created in the plasma region would be accelerated to

- 12-



the plasma cathodes by a potential of only -Z5 v. The ions would be

reflected by an effective positive potential of Z5 v in the grounded

ball-valve region. This potential profile acted as an ion trap. Any of

the few ions which did diffuse back through the ball-valve section, and

those created in the high-pressure ball-valve region, would be accelerated

by the negative 5--kv pulses applied to the gun cathode, but their bom-

barding effects would be minimized because:

I. the electron gun has a high (50:1) area convkergence.

to localize the deterioration to the center of the cathode;

Z. a low (<.001) duty cycle minimizes the time that

the ions bombard the cathode.

C. HYDROGEN LEAK TUBE

To maintain the desired pressure of hydrogen gas in the plasma

region and to control the increase in pre'ssure in this region over that

in the gun region, a hydrogen-leak apparatus was used in conjunction

with pum ping units. A palladium leak tube with a maximnum leak rate

-3of 2 I/s at I x 10- Torr pressure constructed in this laboratory is

shown in Figure 4. Another leak tube was purchased, whose rate was

100 1/s at the same prtissure. Such a tube was the center of this sys-

tem. A mixed-source gas could he used to leak pure hydrogen into the

evacuated system, because only hydrogen diffused through palladium.

The theoretical explanation for the operation of the tube is de-

scribed by the diffusion equation,

- 13-
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I

D k 2 -b/T

where D is the rate of diffusion (defined as the volume of gas in cubic

centimeters reduced to S. T. P.) that diffuses through one square centi-

meter of wall surface per second per millimeter of wall thickness;

p is the gas pressure in millimeters of mercury; T is the temperature

of the metal in degrees Kelvin; d is the thickness of the metal wall

in millimeters; and b and k are constants for the particular system.

Calculations were made using this equation with known constants to

determine the surface area of palladium to be used in the tube con-

structed in this laboratory for a desirable range of controlling tempera-

tures.

Figure 4 gives an indication of the size and some indication of

the function of the particular elements of the tube. The hydrogen leak

is a stainless steel tube through which the hydrogen-nitrogen gas mix-

ture flows. The palladium diffusion surface is simply a small square

of metal brazed to a Kovar tube of proper size, which is heated by a

filament that surrounds it, and which is enclosed in the hydrogen leak

tube. A thermocouple was spot-welded to the palladium surface. A

plot was made of the characteristic of pressure versus temperature.

In addition, a power supply for the filament was constructed, which

included a variable-voltage control, and a meter to indicate the ther-

mocouple temperature. To avoid the possibility of a hydrogen explo-

sion, a gas mixture of low hydrogen content is desirable. Comnmercial

-. 15-



forming gas* (8 percent hydrogen, 92 percent nitrogen) was used, and

since the palladium tube allowed only the hydrogen gas to diffuse through

its walls, the presence of nitrogen in the known mixture did not affect

thc purity of the hydrogen plasma gas.

D. FOCUSING SOLENOID

To avoid radial diffusion of the plasma electrons and simul-

taneoLtsly focus the electron beam, a solenoid capable of establishing

d-c axial magnetic fields ku: to Z00 gauss, and its associated power

supply (15 a maximum) were constructed. Provision was made for

adjusting the solenoid vertically and horizontally. Measurements of

the magnetic field of the solenoid alone and in combination with the

solenoid pole pieces indicated that a decrease in the strength of the

magnetic field occured in the region of the ball valve. It was found

that the stem of the ball -valve, which was machined at Cornell Uni-

versity, was made of material that was slightly magnetic, and there-

fore pertuirbed the magnetic field enough to perturb the electron beam.

This perturbation did not seriously alter the beam performance. Also,

since the plasma itself was not located near the ball valve, it was not

perturbed by this decrease in magnetic field. Therefore, measurements

Later in the program it was found desirable to have forming gas flow-
ing when the Vaclon pumps had to be let down to air. The forming
gas was leaked directly into the 400 1/s Vaclon pump (after shutoff
and during residual pumping) before the pump was let down to air.
This made it easier to restart the pump.

-16-



on the various plasma parameters are to be continued as scheduled.

The high magnetic field in the electron gun region was caused

by the magnet of the 400 1/s Vaclon pump and stray solenoid fields

and was controlled by properly shielding the pump fields and using a

small external bucking coil.

For optimum operation in future work, the design that is being

developed on another program for the configuration of the magnetic

field for best confined flow will be used. The magnetic field in the

pole pieces, plasma cathode, and plasma regions agreed with theoret-

ical predictions.

Linear Beam Contract No. AF30(602).-2573,

-17-



III. THE INTERNAL PLASMA SUBASSEMBLY

A. MECHANICAL- ELECTRICAL DESIGN

This section describes the design and construction of the sub-

assembly (see Figures 5 and 6) to create the Penning-discharge plasma

and to couple the signal to and from the beam-plasma system. The

flexibility of this assembly is apparent from its demountable design.

The cathode separation, interaction length, etc. could be changed by

changing the spacer dimensions. The subassembly could be assembled

as a separate unit and then mounted on main support rods that were

heliarced to the flange of the ball valve. Because the vacuum system

and the connecting ball valve were demountable, the entire test vehicle

had great flexibility.

The Penning discharge was generated by opposing impregnated

ring cathodes, which gave a Penning-discharge geometry when com-

bined with the cylindrical anode and longitudinal magnetic field. The

dual hot-cathode Penning discharge yielded an S-band density plasma

at pressures as low as 10-4 Torr . The electrons were trapped axially

by the electrostatic field and radially by the magnetic field. The

primary electrons therefore had to make several axial transits before

being collected at the anode. The same mechanism trapped plasma

electrons generated by primary electron-neutral collisions.

The anode structure was made of three sections. The cylinder

in the interaction region between the two cavities was of copper in order

-18-
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to reduce losses at microwave frequencies and to stabilize the plasma

in that region. The sections from the cavities to the cathodes were made

of stainless steel wires arranged in a circle to allow observation of the

plasma and, at the same time, stabilizing the plasma.

The ring cathodes used fur the generation of the plasma were of

the impregnated type and are shown in Figure 7. The cathode mounting

is shown in Figure Ba. The cathode was operated at a negative potential

of approximately Z5 v and the anode at ground potential. Since the ball-

valve flange is at ground potential, there is a possibility of backward

flow of electrons from the back of the heated cathode, which could cause

arcing. This is prevented by the relatively cool molybdenum backing

plate at cathode potential, as shown in Figure 8a. The backing plate

has a hole to allow the electron beam to pass and the cathode is held

to this backing plate by means of three tantalum wires 120 0 apart.

These have small areas of contact between the cathode and support

plate and reduce heat loss by conduction. A hollow stainless- steel

tube, polished on the inside, is used as a heat shield around the cathode.

A similar shield of a larger diameter is mounted to the anode support

plate, as shown in Figures 8b and c and Figure 6.

The heater leads were brought to ceramic standoffs to which

connections could be made. The heater power recommended by the

manufacturer was 150 w/in. of cathode surface, or ZO w for this

surface. A bell-Jar test was run and the brightness temperature of

the cathode surface was measured as a function of heater power. The

results were plotted ini Figure 9. It was found that because of side

-2Z-



FIGURE 7. Ring Cathode with Its Heat Shield.
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radiation losses and suppca't conduction losses, heater power of

80 watts per heater was required to attain the rated brightness tempera-

tare of 1190 C G

The d-c connections to the subassembly were made to an octal

feedthrough in the bail -valve flange. The connection to the feedthrougb

from the heaters, cathode, etc. were made by copper wires with ceramnic

insulators to p'evenlt sheort circuilts.

B. PRIEDICTED PASMA.-DENSITY PRO"ILE

The radial denisily profile of the electrons and ions in the plasma

gent-rated bIy lhe tioMe lt'lttle . cle'tno . Iltit ia ring tlathode call e let ter-

oinied by solving the toiitniity eqitaion,

P-... 1) V' n G , (3. 1)at

"where n is the plisis, pa rtie Lu (prima ily ion) dltuisity per unit volurme;

G is the net rate of parlticle creation per unit volmtute pcr unit time; and

1 is the diffusion cot stautt. Under lteady--stati Conditions an/at ý 0,

we get

V zn + £ = 0 (3.2)

D

For the case of a ring cathode of radius a and a hole of radius b in a

hollow cylinder of radius R , we can solve Equation (3. 2). In a hollow

cylinder, n is independent of 4 and z.; therefore Equation (3. 2) re-

duces t.

2- 5..



a zn I ann + C =o (3.3)

Or 2  r r D

The solution is

n = In , a < r < R

n = 2 rr2 +K 3 Inr+K 4 , b _ r <_ a

n =K 5  , 0< r < b

When the boundary conditions that n and an/Or are continuous at

r = a, b are used, the constants can be evaluated to give

ZR = 0.6Z5 in. , Za = 0.500 in., Zb = 0.300 in.,

and the normalized expressions in terms of C/D are

1)
n U.05 , 0 C r < b
D2

n = 0.161 + 0.073 in r - O.Z5r , b < r < a

D
n -... 0.0Z9- 0.iZ6 1n r , a < r < R

This profile is plotted in Figure 10.

C. THE CAVITIES

Gridless-gap cavities of the singly re-entrant type were de-

signed and constructed to couple power on and off the system. Copper

loops force-fitted into the ends of a 1/4 in. center conductor of rigid

coaxial lines coupled power to the cavities. The copper center con-

ductors were tapered along a one-wavelength distance near the loops
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to avoid standing waves on the line. The vacuum seals to the cavities

were made by compressing teflon discs at two points of contact, i.e.,

break points in the inner and outer conductors of the rigid coaxial

transmission line. This seal was designed to cause virtually no elec-

trical discontinuity in the transmission line. The vacuum jacket seal

was made to the outer conductor by a Veeco vacuum coupler in the

output flange. The cavities were slightly overcoupled to the trans-

mission lines, since tho plasma tended to compensate by leading the

cavities. The cavity, its coupling scheme, and the vacuum seal are

explained in detail in Report B of this report and a photograph of these

components is shown in Figure 1i.
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IV. ELECTRON GUN DESIGN

An electron gun was designed, based on the Sperry Gyroscope

Company S'I-iOU00 gun used previously at this laboratory in linear

beam studies.4 The internal dimensions were the same as those of the

STL-O00, but the new gun was made entirely of stainless steel and

set screws were used in the assembly for greater flexibility. -Stain-

less steel was used instead of cold-rolled steel so that semiconfined

magnetic focusing could be used in place of Brillouin focusing. With

semiconfined magnetic focusing, defocusing of the spacc charge of the

beam by ion•s is greatly reduced. The radius of.the beam. in a gun with

serniconfined flow will remain greater than three-fourths of the original

space-charge radius, whereas the radius of a Brillouin beam will,

theoretically, be reduced to zero with complete neutralization. To

avoid reduction of the beam radius, therefore, a gun with semiconfined

flow is preferable.

Steps were taken to minimize the effects of ion bombardment of

the cathode. The profile of the potential of the system was such that

ions created in the plasma region would be accelerated to the plasma

cathodes by a potential_ of only about -Z5 v . The ions would be reflected

by an effective positive potential of 25 v in the grounded ball-valve sec-

tion between the gun and the plasma region. This potential was expected

to act as an ion trap. Ions which did diffuse back through the ball-valve

section and those created in the electron gun would have their bombarding
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effects minimized by the following means:

1. an electron gun with a high (50:1) area convergence

to localize the deterioration to the center of the cathode;

Z. a low duty cycle (<.001) to minimize the time that

ions bombarded the cathode;

3. use of hydrogen gas,since this ion causes less

cathode sputtering than other gases because of its low mass;

4. differential pumping resulting from the constriction

of the ball-valve section that permitted a 100:1 pressure

differential between the plasma region and the electron gun.

The specifications to be met by the gun design were: a 5-kv,

40-a beam at unity microperveance with a beam diameter of .20 in.

and an area convergence of 50:1 . The gun uses semiconfined flow

with the focusing magnetic field four times that required for Bril.-

louin focusing. The gun and focusing magnet were constructed at

Cornell. The intermediate details of the gun are shown in Figure 12.

The layout of the gun assembly is shown in Figure 13, and a photograph

of it in Figure 14. The supporting structure was designed both to locate

and rigidly support the electron gun. The pole piece was one of the

vacuum flanges on the ball-valve section and the anode was positioned

on the pole piece by a stainless-steel ring. The gun was supported at

the rear by another stainless-steel ring and rods attached to the rear

T-section flange.

When the strength of the magnetic focusing field was measured

along the. axis of the system, two problems arose. At the position of
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/2"Dio. pumping holes (Sequally spaced

around circum -
ferefice)

Oxide cathode

FIGURE I2. Details of Electron Gun.

the ball valve, there was a sudden dip in the field, which was found to

be caused by a piece of magnetic material inadvertantly used in the

construction of the valve; in the gun region, the field strength was

found to be much higher than that necessary for operation with semi-

confined flow. It was decided to leave the ball-valve section unchanged

and construct a new valve later if necessary, since the risk involved in

trying to machine away the magnetic material was too great. Prelim-

inary data could then be taken despite the smail irregularity in the field.

The problem of the excess magnetic field in the gun region was solved
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by making a magnetic shield that fitted around the gun, and, by trial

and error, choosing the proper length to give the desired ratio of the

field strength in the plasma region to the field strength in the gun region.

Figure i5 shows the field shape before usIng the shield, and Figure 16

shows the field shape in the final configuration.

Final construction and assembly of the electron gun proceeded

routinely and no unexpected difficulties arose.

-35-



0

06 c

o 0

0

10,

( I U) 10 n
*soE

I 36



4

C
0

* C* :� '
h.

0
* c L�
U

*

_

______________________ S �

* OU
V
-c
00

S
-IA
00 'C'

"-C'

0 -"'

/
S *

0 �I
U..

C
0

aI
o
E
IA
0

0..

I I I I I I
0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
N tfl N -

S�flC9



V. BEAM-SCANNING EQUIPMENT

Since it is planned to make careful experimental studies of the

electron beam as it leaves the plasma interaction region, provisions

were made in the test vehicle to allow positioning of a beam-scanning

mechanism directly behind the output plasma cathode by simply re-

moving the copper collector now in use. Removal of the collector was

accomplished by loosening the nuts on the ends of the internal plasma

subassembly support rods and main support rods, removing the col-

lector detaching a 3 in. extension section of the support rods, and

replacing the nuts.

It is intended that the electron beam be scanned as follows:

1. With no plasma discharge and no hydrogen present,

to document the initial state of the beam.

Z. With hydrogen present but no plasma dischargeto

study the beam fluctuations resulting from beam-generated

ions; with a plasma discharge present but with no r-f exci-

tation, to study the beam fluctuations further.

3. With a plasma discharge present and with r-f exci-

tation, to understand the gain saturation phenomenon.

In addition to the results directly applicable to this study information will

be obtained to allow comparison between the beam-scanning experiments,

already completed by Gilmour (see Report C of this report), on a Bril-

louin-focused beam partially defocused by ions and our experiments

under conditions of semieonfined flow.
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The beam-scanning mechanism to be used is machined~but not

assembled. It is similar to the scanner reported by Gilmour4 and a

summary follows for convenience. In addition, Figures ZI and ZZ in-

dicate the type of information that can be derived from such a scanner.

BEAM SCANNING MECHANISM

i. Control of Faraday Cage
Motion inside Vacuum System

A simplified sketch of the part of the beam-scanning mechanism

inside the beam tester is shown in Figure 17. Most of the electron beam

,will be collected by the beam-collecting plate, which is carbonized to

reduce the secondary electron ratio. A small portion, however, will

be allowed to pass through the 0.010 in, aperture in the center of the

piate to a Faraday cage. The electron current from the cage will go

out through a coaxial vacuum feedthrough in the bottom control rod to an

indicating device outside the tester. The collecting plate will be posi-

tioned in the plane perpendicular to the axis of the solenoid by rotations

of the two control rods. As shown in the sketch, the plate could be

moved horizontally by rotating the bottom rod. Vertical motion could

be produced in a similar manner by rotating the side rod. Teflon bear-

ings, which are used to prevent binding between stainless-steel parts,

are attached to the back of the plate and slid on the lever arms attached

to the side and bottom rods during horizontal and vertical motion. Al-

though rotational motions are converted to translational motions in posi-

tioning the cage, they could be considered to be linear, since the distances

moved are small compared to the length of the lever arms.
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Beom collecting plate

I I .010I" Hole

II /Faraday cage

Rotating rod
producing vertical
motion of plate

Rotating rod moving
......... plate in horizontal plnne

feedthrough -[

FIGURE 17. Simplified Sketch of Beam-
scanning Mechanism inside Beam Tester.

The collecting plate and positioning rods are illustrated in Fig-

ure 18. The disk shown behind the collecting plate and the lever arms

are used to center the entire mechanism in the drift tube. As shown in

Figure 19, this disk is guided by a teflon bearing that rode on a rail in

the drift tube and is prevented from touching the drift tube by two spring-

loaded teflon blocks. Axial motion of thc cagP ,Rsermbly is produced by

moving the control rods through the Veeco quick couplings.
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Spring -loaded
teflon blocks

-- Disk

•-Guide rail ,

•Drift tube

FIGURE 19. Disk Which Centers Faraday Cage Assembly.

2. Control-Rod Positioning Mechanism

The angular position of the control rods is adjusted by means of

the micrometers shown in Figure 20. Each micrometer contacts a lever

arnm at a radius that is twice the radial position of the cage inside the

tester; therefore, incremental changes in the cage position are deter-

mined by taking one-half the incremental micrometer readings. The
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cage is positioned axially by using a gear-and-rack arrangement. In

the first measurements taken on an electron beam by Gilmour, he posi-

tioned both micrometers manually. More than an hour was required to

obtain a detailed cross-sectional plot of the current densities in the beam

at one axial position. Since it was expected that hundreds of beam cross

sections would be needed to determine accurately the scallop wavelength

of the beam as a function of the solenoid field and as a function of the

beam voltage, a motor drive was attached to the horizontal positioning

micrometer. In addition, the automatic reversing switches shown in

Figure 20 were installed to force the motor to sweep the Faraday cage

back and forth autornatLically. A ten-turn hlipnot was geared to the motor

to provide a voltage proportional to the horizontal position, and this

voltage was applied to the x input of an x-y recorder. The current

from the Faraday cage was fed to the y input of the recorder. The

vertical position in the beam was indicated in the recorder by changing

the y reference position. A typical beam. cross section taken in this

manner is shown in Figure tt,and Figure ZZ shows the variation of beam

radius with axial position.
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VI. EXPERIMENTAL RESULTS

The generation and preliminary diagnosis of the plasma in the

internal plasma subassembly, as well as the generation and preliniinary

testing of the electron beam from the semiconfined flow convergent gun,

have been carried out. The microwave cavities were used to diagnose

the plasma and to test the electron beam.

The Penning-discharge plasma operated at a nearly constant

value of 40 volts and could be varied in density by varying the discharge

current from a few milliamps to a few hundred rnilliarmps. The plasnia

density also could be varied by controlling the hydrogen pressure, which

in turn was controlledby a variable hydrogen leak, and by the rnagnetic

field. The hydrogen pressure was over 100 times as great in the plasnoa

chamber as it was in the gun region.

The electron density and collision frequency are found by inva-ilc ril•

the frequency shift and change in Q caused by introducing the 1)M.sml;I iico

the microwave cavity. The equation used to find the electron density ,.±ud

collision frequency are based on a perturbation solution that assilw t11;1At

the fields in the presence of the. plasma are not very diffe rent t•rmo thloý.-

of the unperturbed cavity. When the plasma density is low einouigh [o)r the

approximation to be valid, the discharge current, which is proportiona;l Ito

electron density, and the resonant frequency shift have ;n cippro'&rocitel y

linear relationship. Figure Z3 shows the detuning of the roicrow;ive cai:vity

as a function of the discharge current for fixed hydrogen presstir ;cnd

fixed magnetic field. The relationship is linear, so the perturbation tU.h-

nique will be useful in establishing the operating point of the plc sw;i.
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Additional diagnostic data are given in associated Report 3 and show the

effect of varying magnetic field. Current voltage characteristics for

the discharge at various values of magnetic field are also given there.

The discharge was found to be quite stable and the plasma was

easily controlled by varying the discharge current. It was also pos-

sible to reset the current so that the cavity detuning was within one or

two megacycles of the previously obtained values.

The electron beam operated at 5 kv with a microperveance of

approximately unity and operated normally in a solenoid magnetic field

with or without hydrogen pressure of up to 10-3 mm Hg.

The gain of the amplifier system operating as a klystron has been

calculated to serve as a starting point for the investigation. The beam

diameter (0.180 in.) was very much smaller than the diameter of the

drift tube (0.650 in.). Thus, the coupling to the beam was expected to

be low.

5
The gap coupling coefficient was calculated using the expression,

1 (yb) - I (yb) .o

o ' f F(z)cos zdz
0?2 (.ya) -

F(z) - Ez/Em- is the normalized gap field. All other symbols have their

usual meaning. The field distribution was measured experimentally and

the integral evaluated graphically, where

d = Drift space length = 5.08 cm.

b = Beam radius = 0.090 in. = Z.Z8 x t0-o3 m

a =Radius of drift tube = 0.325 in. = 8.25 x 10 m

2. -2.
Hence, it = 1.0Z X 10
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The gain of a two cavity klystron amplifier is given by the ex-

6
pression,

sin zI
G G2  + Cos z

16 RGT

where

Fw d
z - Pzi u

0

F = Reduction factor - +(= 0.74

V

Ro the d-c beam impedance = 2K02

2

G -.-- 0.44 x 10 5mhoT Rsh ZR0,

R8 h -h Shunt resistance of the cavity = iZ5 K

W 3.06 x 109 c/s

(G) db h 10 log G O -?-4 db

The klystron gain measured experimentally was -30 db
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VII. CONCLUSIONS

It can be concluded that a test vehicle, having a plasma generating

chamber separate from an electron gun chamber, can be constructed to

yield more than 100:A pressure ratios to allow dense plasma, on the

one hand, and a low pressure environment for the electron gun, on the

other hand, and that high-power convergent gun electron beams operate

well under these conditions.

It can also be concluded that a flexible subassembly can be con-

structed in the plasma chamber to allow the generation of a plasma and

input and output direct microwave coupling to a plasma.

It can further be concluded that a beam scanner can be constructed

to study an electron beam, sent through a gas atmosphere, for fluctua-

tions, as well as to study the microwave properties of such an electron

beam after efficient interaction has taken place.

Finally, it can be concluded that the test vehicle developed can

be used effectively to study the interaction of a pulsed electron beam of

a few kilowatts with a controlled plasma of a double hot-cathode Penning

configuration at 3,000 Mc/s operating frequency.
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ANALYSIS. OF THE INTERACTION

OF AN ELECTRON BEAM WITH A PLASMA

H. Marantz

SUMMARY

The theoretical analysis undertaken in this report has two ob-

jectives, First, to understand the physical processes of plasma genera-

tion in a low-pressure Penning discharge. Second, to obtain quantitative

information on the factors which, independent of external coupling, limit

the gain of the beam-plasma interaction.

In the low-pressure double-Penning discharge, particle losses

from the system are due more to the effects of free-streaming and elec-

tric-field acceleration than to diffusion. This is the case whenever the

axial mean-free-path is comparable to the length of the system, The dis-

charge characteristics predicted by this model are much closer to the

experimental data than those predicted by the high-pressure, model with

axial diffusion.

The beamn-plasma interaction is handled both qualitatively and

quantitatively. The explanation of the interaction mechanism is developed,

first from the principles of particle trapping and energy conservation and,

then, in terms of the familiar microwave device, the multi-cavity klystron.

The interaction is treated quantitatively by using appropriate integrals

of the Boltzmann equation to describe the microwave characteristics. This

information, together with Maxwell's equations, form a closed set of

equations from which the fields are obtained. The analytical approach for

solving the eigenvalue problem is formidable for all but the simplest
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approximations. We have closed-form solutions for these, and numerical

results were obtained for the remaining cases with a digital computer.

Analysis of the interaction, using a simple one-dimensional model,

showed that extremely high (>100 db/cm) gain was possible. The results

include the effects of finite-transverse-inhomogeneous beam-plasma

cross section, magnetic field, plasma collision, and plasma-electron

temperature. These conditions are all present in a real plasma and serve

to limit the gain to about 10 db/cm at S-band frequencies. Although this

is an order of magnitude less than that predicted by the simplest model,

it is still higher than existing devices at these frequencies.
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PLASMA DIAGNOSTICS

D. M. Kerr

SUMMARY

Two singly re-entrant cavities of the type ordinarily used in

klystron amnplifiers were designed and tested for use in the electron-

beam hydrogen-plasma system. They were designed primarily for

use as the input and output coupling structures of the beam-plasma

amplifier, but they also are used to investigate the properties of the

plasma discharge, in particular, to determine the electron density and

collision frequency.

The design and cold tests of the cavities are described, and

comparisons are made between theoretical and experimental values.

A theoretical discussion of cavity Q in the presence of coupling losses

is included, since the measurement of cavity Q is important in diag-

nosing the plasma. A perturbation technique was used to determine the

quantity, L 2Rsh/Qo , which is important in considering coupling to the

system.

The general theory of the cavity perturbation is given and equa-

tions are obtained relating the shifts in resonant frequency and Q to the

average electron density and collision frequency. The possible dis-

advantages of this type of measurement are discussed briefly and then

preliminary data is presented. A linear relationship between resonant

frequency shift and discharge current is found, as predicted, and, in

the range of discharge currents expected in the bearn-plasma amplifier,

this type of diagnostic technique appears to be successful.
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ION-INDUCED OSCILLATIONS OF ELECTRON BEAMS

A. S. Gilmour, Jr,

SUMMARY

In this study, the ion-induced oscillations of a pulsed, conver-

gent flow, Brillouin beam were measured in detail for pressures of

hydrogen gas from 10-8 Torr to 10-3 Torr . The beam passing through

the hydrogen was .20 in. in diameter and had ,40a current for 5kv.

The beam dynamics, as they depended on time during the pulse, were

measured, using a beam scanner that was able to measure the beam

current-density at any transverse location and over a considerable length

of the beam. Associated test equipment allowed sampling of any desired

portion of the time pulse. The experimental results, showing definite

transverse and radial ion-induced electron-beam oscillations, are given

in detail and explained. The transverse oscillations occurred at the lower

pressures and increased with time during the pulse. The radial oscilla-

tions occurred at the larger pressures and also increased with time during

the pulse. It was concluded that the feedback mechanisms for these two

forms of oscillation are the charged particles moving from the drift

region back toward the gun region and affecting the beam-formation con-

ditions there,

Earlier work by Mihran and Agdur is discussed and extended, and

the theoretical work of Peterson and Puthoff is extended to explain the

oscillation build-up.

Ways of controlling or eliminating these oscillations are deduced

and explained.
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ABSTRACT

A detailed analysis is made of the gain characteristic of the

beam-plasma amplifier. The first section is a study of the general

specification of a plasma and of the d-c plasma discharge in partic-

ula r. It is found that the analysis of the low-pressure Penning dis-

charge must take particle streaming under consideration to account

for the discharge current and the percentage of ionization.

The second section analyzes several mechanisms fer broad-

ening the gain characteristic of an infinite beam plasma. it is con-

cluded that the beam-plasma inhomogeneities account for the great-

eSt change in the gain characteristic. Corrections for plasma col-

tisions and temperature can be neglected for the experimental values

expected.
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LIST OF IMPORTANT SYMBOLS

A. GREEK

a normalized frequency parameter

longitudinal propagation constant

electron beam propagation constant

Po free space propagation constant

x d-c discharge time constant

PT thermal propagation constant

y norrnalized velocity spread paramneter

k mean-free-path between strong collisions

V c plasma collision frequency

pl space charge density

S qouasi-static potential

(0 frequency

13. ROMAN

d. first partial derivativw with respect to the variable i

dI normnalized electron cyclotron frequency

d normalized beam plasma frequency

d3 normalized beam velocity and radial parameter

d 4 normalized plasma collision frequency

f velocity distribution function

h rebye length
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p critical impact parameter

n particle density

v velocity

B magnetic flux density

D diffusion constant

E electric field strength

H magnetic field strength

L length of plasma discharge vehicle

R beam-plasma reduction factor

R 2 imaginary part of beam-plasma reduction factor

VD plasma discharge voltage

C. GENERAL COMMENTS

V del operator

Single subscripts are used to indicate either particle type, or

whether the parameter is a function of time. Double subscripts indicate

both of these factors. The first subscript is used for time dependence,

the second for particle type.
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I. INTRODUCTION

Interest in plasmas started in 190? with Heaviside's pontulation

of an ionized layer above the earth. Since then, two major fields of

interest have developed: first, the use of a plasma as an energy con-

verter, e. g. , thermonuclear machines and ion-propulsion guns; and

second, the use of a plasma as a wave-propagating mnedium, e. g. I

magneto-ionic theory and the production of shock and electromagnetic

waves in a plasma.

We are concerned with using a plasma to amplify and generate

communication signals at about 3 Gc/s . The possible advantages of

using a plasma are fourfold: (1) it allows propagation of power at high

frequencies, where metallic slcw-vwave structures are difficult to con-

struct; (Z) it has strong interaction with an electron beanm, yielding

high electronic gain per centimeter of drift length; (3) electronic tun-

ing of the plasma is possible; and (4) the nonlinear properties of the

plasma could be used in frequency multiplying applications.

Pierce was one of the first to think of using a plasma in a prac-

tical device for microwave amplification. The basic interaction theory

was developed in papers by Bohm and Gross, Z Haeff, 3 and Pierce.4

More recently, the analysis has been extended by Trivelpiece,
5 Paik, 6

Chorney,7 and Bers8 to include the effects of finite geometry. The

theory of the double stream instability for a nonzero temperature plasma

has been discussed by E. A. Jackson, 9 J. D. Jackson,1 0 and Kellogg

and Limohn. 11



In this study, a Penning discharge device and a rnicrowavetube

electron gun were placed back to back (see Figures I and 2). This

discharge, by using a confining axial magnetic field, generated high

plasmaadensities at relatively low gas pressures. The electron gun

used semiconfined focusing to send a 5-kv, .4-a (10-11s pulsed) beam

through the plasma region. Microwave signals were directly coupled

to and from the beam-plasma region by using singly re-entrant klystron

cavities.
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II. CHARACTERISTICS OF A PLASMA

A. GENERAL CHARACTERISTICS

A plasma is an ionized gas in which the positive particle den-

sity is approximatel-y equal to the negative particle density. Plasmas

occur in nature (sun's corona, earth's ionosphere) and in man-made

devices (arc discharges and flame of Bunsen burner). There are four

parameters that determine the assumptions to be made in our analysis.

First, the Debye length h must be considered. This is the shielding

distance for the potential resulting from a single charged particle.

Thereforg even though we assume equal numbers of positive and nega-

tive charges, potentials still exist for distances of the order of the

Debye length, which is given by

2 kT.
h. = 1 (2. 1)

(41 ni q.)

Second, the average distance between charged particles d is

d = (2n)-1/3 (Z.2)

Third, the average critical-impact parameters for the collision of two

charged particles Poi is defined as that impact parameter which re-

sults in a scattering angle of 7T/2. Fur the coulomb potential, we get

S( ). 3)
oi = 3kTi

-5-



The fourth parameter is the average mean-free path between strong

charged-particle collisions X go If we use a coulomb potential, we get

X = (Trn.P 2.Z.490 = oi

When the Debye length is much smaller than a typical dimen-

sion of our geometry, we know that in the absence of strong external

fields, the plasma volume can be assumed to be electrically neutral.

When Po << d, the close collisions are strictly two-particle colli-

sions. This justifies using the coulomb or modified coulomb potential

in calculating the effects of plasma collisions. If P > d, the concept

of a distinct two-particle collision must be rcplaced by that of collective

interaction, and the effects of collisions cannot be easily isolated. For

d << X90 , the effective mean-free path (distance between deflections

of ninety degrees or more) is long. The expansion of the collision

term in terms of small-velocity changes leads to the Fokker-Planck

Equation. In order to determine the d-c properties of the discharge,

we must know the particle density and the root-mean-square particle

velocity. For the microwave properties, we must he able to calculate

the r-f current and space-charge density. The approach used to get

these quantities depends on the time scale for which the information

must be valid.

i) During a collision, We use the BBKGY relations. These

equations are derived by taking successive moments of Liouville's equa-

tion with respect to the velocity of each particle. For a plasma with

-6-



n negative particles, this involves Zn coupled differential equa-

tions.

ii) Between collisions, we use Boltzrnann's equation; this in-

volves only two coupled differential equations.

iii) After several collisions, we use the moment equations that

are derived from Boltzmann's equations. There are four of themi,

but we have three fewer independent variables than in item ii. Typi-

cally, the times for this experiment are:

10- 15s for collision time,
-7

40 s for the time between collisions,

10-9 s for the r-f time of interest,

10- 5s for the d-c time of interest

We shall therefore use the Boltzmann transport equations to describe

the d-c discharge and the Boltzmann equation to describe the micro-

wave phenomena. These equations are derived in Appendix A.

B. THEORY OF THE PLASMA DISCHARGE

A low-voltage, hydrogen-plasma (thermionic) discharge was

used, the geometry of which is shown in Figure 2. The cathode elec-

trons were accelerated by the cathode-anode potential, so that they had

an energy greater than the ionization potential when they passed through

the center. Since these electrons collide with the neutral molecules,

they never return to the cathodes and must eventually reach the anode.

Some -f these give up their energy in ionizing collisions before being

-7-
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collected by the anode, The plasma of electrons and H2 thus created

will I"diffuse" away from the point of ionization, the ions going to

the cathode, the electrons to the anode. The term "diffuse" is

used because it is not diffusion in the usual sense that governs the

longitudinal flow of particles in our system. When the system pres-

sure is low enough that the particle mean-free path is of the same

order of magnitude as a typical dimension of the confining structure,

particle streaming and electric-field acceleration must be taken into

account. Simon13 has used these terms to explain anomalous diffusion

in arc plasmas. The equations governing the discharge are (see Ap-

pendix A):

d 
- v +1n+ eEII

+ + + L - Vn+vEn +

(2. 5)

d n =I- D Vn R+eE (a.6)
+- n- = L mY II

e • E E e(n - n-) (2.7)

In equations (Z. 5) and (Z. 6), -v_ ,n_/L represents the free

streaming effects and e E /m v. I the electric-field acceleration

effects. Note that these effects are not important in the transverse

direction because of the strong magnetic field required to confine the

electron beam. Therefore, we do not include the transverse compo -

nents of these terms in Equations (2. 5) and (2. 6). Conversely, because

-8-



of the longaa•al moan-free path at low pressures, the axial diffusion terms

do not apply. If we calculate the highest possible electric field that

could be present in the plasma in the absence of oscillations, we find

E max io4 v/rn

Using Gauss'I law, we calculate the maximum deviation from a neu-

tral plasmR, which is

E dA (n + -n-) (a.8)0C n+ -

Assuming a radial electric field about some point, we can integrate

over an infinitesimal sphere, to get

n•o E 2~1 0 • m "} ( -, 9)
n• . U = Ema L

Since we are dealing With plasma densities on the order of

1.017 Mn3, we may set n+ = n- throughout the plasma, though not to

compute a local electric field, Furthermore, using the Einstein rela-

tion to compare the relative particle flow resulting from diffusion and

mobility, we see that the mobility contribution is negligible. We have

neglected volume recombination. With these aesumptions, Equations

(2, 5) and (2. 6) become

2 +1 __et

d4n = I - D V - + It (7_9O)

-9- L mv-il
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Multiply Equation (2. 9) by mcv4 1 ,i Equation (2. 10) by mn [ and

add

d Mn = [ I++m'v' :rnv [m+v+% D+++m v IDID Q tz+ n+ v+11 I V I I ;n+ v+11 +1 nv I I J t%

L m. . +mv-]Jn (2. mi)

By setting the left-hand side of Equation (Z.9) equal to zero,

calculating 1+, I , and assuming appropriate boundary conditions, we

could solve for the exact steady-state solutions. We can obtain much

information, however, using much simpler calculations and heuristic

reasoning. Most of the ionizations take place in the volume connecting

the two plasma cathodes The originally empty inner cylinder becomes

filled with plasma by transverse diffusion. If we neglected the axial

particle motion, we could assume that the particle density was constant

across the inner cylinder diameter. In fact, Chorney et al. , using

a pair of annular cathodes under much the same conditions as ours,

have observed that the plasma light intensity was lowest in the center.

This does not necessarily mean that the inner cylinder has a lower

electron density, but that the ratio of fast to slow electrons is smaller
14

there. Chorney later noted that a discharge instability occurred at

high magnetic fields. This effect has been analyzed by Kadomtser
15

et al. They found that the instability was associated with the growth

of a low-frequency 0-dependent mode. In Chorney's experiment, the

plasma was enclosed by glass walls; therefore the excitation of an

-10-



axially unsymmetric mode was much more probable than in our own

case. Therefore we do not expect a critical magnetic field that would

be low enough to interfere with good electron beam focusing. Figure 3

shows the particle density cross section calculated using a one-dimen-

sional model. Also shown there are some analytical expressions that

could be used to approximate this distribution profile. For d-c cal-

culations the approximation using the series

no Ci J(br) (2. 12)
no0

"where J is the zero order Bessel function of the first kind, is very

useful. Setting 1+ = 1 = 0 in Equation (2. 1i), we can calculate the

amount of discharge current. Solving Equation (2. 11) by separation of

variables and neglecting all but axially symmetric modes, we find that

the terms in the solution are of the form,

-k .t

n = no e (bIr) , (2. b3)

where

X 4 v42 + 1 1 D +mt HDt + +U.I 1 (2. 14)
1. i b+ v +11 +t rn-v- L + + IIv m -v- + ] (_.I I]

the n . are determined by the initial (steady-state) configuration. The

current is given by

I = n dv Xb (Z. 15)

-if-
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Implied in this derivation is the assumption that the presence of ion-

ization processes will not significantly change the rate at which parti-

cles leave the system. There will not be large gradients in the spatial

distribution of neutral particles, so that the minimum pressure that

will supply all the charged particles is given by
-3

Pmin = n kTN x .75 x t0 mm Hg (cgs) (2.17)

The actual pressure is calculated, knowing Po, the probability of ioni-

zation per centimeter per millimeter of mercury, the mean electron

velocity, and the time it takes a fast electron to leave the system:

p v

percentage of ionization = i x 00 -2. 18)

For work on hot plasmas, it is desirable to know the ratio between

fast and slow electrons, so that the electron velocity distribution can be

approximated. First, we calculate a transverse electron drift velocity

by considering the initial position of the last set of electrons to reach

the anode after I/X seconds. The ratio of the time the electron spends

as a fast electron to that as a slow electron gives us the ratio of num-

ber of fast to number of slow electrons in the volume.

-13-



Using values expected in our experiment, we should be able to

predict, to within an order of magnitude, discharge current, percent-

age of icnization, and the ratio of fast to slow electrons.

Using the diszharge geometry of Figure 2. and the cross-section

of Figure 3, we compute a typical set of discharge parameters. Given

VD = 15 v

Wp = Z-r x 3kmr/spp

Wce = Zn x 2 ZSkmr/s

v(VD) = 10 7kmr/s

r - .75 cm0

L v0 cn

TN =10 K

1) ? 2 x 104 m-Z

we calculate

v_ (Z VD)l /Z Z X 104 6 m/s

v+ + = (ZkN)'/ -4 x 103 m/s

-~t (VZ)> __ Sm /s

<v:

-14-



P 4  = -+ vr + v 6 .8 x

P m_ v = 1.8 x 10-24

Let

B = b2 [P+D+t + P"D-t] ' 7.2 x 104

[P + i- Iv

L- __ _ _ ] = 4+.Z p6

X B + A '- 4.3 x 106

I = Ze( 6 1)fn0dv X = 10-7X = .43a

no kT .75 x 105

o .15 percent, the percentage of ionization

-15-



I1. THEORY OF THE INTERACTION

A. PHYSICAL EXPLANATION

A plasma can support many different types of waves. These are

usually described in two ways: (1) whether the electrons or the ions

or both provide the particle reaction that comprises the wave, (2) the

type of electric or magnetic field that can be associated with the wave.

We are concerned with the electrostatic waves, which have their elec-

tric fields parallel to the direction of propagation, and the electro-

magnetic waves with their electric fields perpendicular to the direction

of propagation. Both are also high-frequency waves; i. e. , the elec-

trons oscillate back and forth in a background of stationary positive ions.

The amplification mechanism is explained by following an elec-

trostatic wave as it propagates through the plasma. The wave travels

at phase velocity v 0 with a finite amplitude; therefore, the wave

trough can trap those electrons whose streaming velocities are in a

range v° + A < v < v + A . Once trapped, the electrons move with

the wave trough at velocity v . Now consider the electron distribution

function f. at velocities v + A . Let 6 = fi(V + A) - fi(Vo - A) .1 0 101-

If 5 -4 0, there is a net transfer of energy between the wave and the

particles, since the total energy of the system is conserved. For small

signals, the net energy transferred is given by

2 Bf(v) I
A E = m if. (V ) y o2 A B -f - -v ,

i i 0 0 3v IV1 v
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Therefore, if the slope of fi(v) is positive at v 0 , the transfer of

energy is to the wave, and the trough grows in amplitude, traps more

particles, etc. until some nonlinearity levels oft the growth. Typi-

cally, this could be due to particle overtaking; i. e. , the r-f electron

velocity becomes greater than the d-c electron velocity. If the slope

is negative at v0 , the energy is transferred to the particles, and the

wave amplitude decays until it reaches the noise level associated with

the system. This is a form of Landau damping.

In microwave terms, the plasma is analogous to a sequence of

uncoupled cavities, all resonant at the same frequency. When a beami

is passed through these cavities, any beam disturbance that has a

Fourier frequency component near the resonant frequency of the cavity

will excite an oscillation in the cavity, which will simultaneously rnodu-

late the beam. In a multicavity klystron for example, the first cavity

modulates the velocities of the beam electrons with an external micro-

wave signal. The beam then travels through a drift space where the

electrons become density modulated. When the beam arrives at the

second cavity, it excites an oscillation that simultaneously remodulates

the beam. Each subsequent cavity save the last one impresses a

stronger modulation on the beam, thus converting an increasing amount

of the kinetic energy of the beam to r-f energy. In the beam-plasma

amplifier, the cavities are distributed rather than discrete; therefore

the signal gain is exponential as in a traveling-wave tube. Unlike the

usual TWT interaction structure, however, the plasma does not nec-

essarily support a propagating wave by itself.
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These are two points to be made in interpreting the complex

propagation constant. First, we can expect gain only when the phase

velocity of the waves is less than that of the d-c velocity. Second,

we are primarily interested in the forward-wave interaction; i. e. , the

velocity of energy transport is in the same direction as the phase veloc-

ity of the wave. The backward-wave interaction is also present for

certain frequencies, but for high-frequency amplifiers, the forward-

wave interaction has greater bandwidth and stability. The gain char-

acteristics (Figures 5-7. 9-13) usually show both forward and backward

waves, especially for i < a < (i+d 1 ) Y; therefore, vE must pass

through zero. As a result we get a zero in the actual gain at the

boundary between these two types of waves. We shall set vE =Vg

although this is not strictly valid in a region where the propagation

constant is complex and varies rapidly.
1 7

These explanations are most applicable and easiest to use for

the ideal case of infinite, homogeneous beam-plasma cross sections.

They do not include the effects of finite geometry, magnetic field, in-

homogeneous cross sections, collisions, and nonzero temperature.

These effects, which are present in a real plasma, are treated in the

following section.

B. MATHEMATICAL DESCRIPTION

i. General Equations

We use three sets of equations to describe the interaction, The

first set describes the wave phenomena as postulated by Maxwell;

-19-



V x E_ = - d.k H (3. 1)

v x H = Ed+E+ J , (3.2)

Co E p (3.3)

H 0 (3.4)

The second set, postulated by B~oltzmann, describes the properties of

the media (see Appendix A):

d f + (v. D) f + . E + vixB) v vif. = 0 (3.5)
+

The subscript i refers to the group of particles of type i.

The third set of equations couples the two previous ones:

= qifvifi dvi (3.6)

1

P 'J f fi dv(3.7)
i

These equations will be solved subject to the following boundary condi-

tions. The boundary is a perfectly conducting cylinder, infinite in

length, and solutions for the axial electric field must be square inte-

grable over any unit cross-sectional area. This means that

E 0 0 at r r

E f LE
z

-.19-



We are interested mn finding the steady-state axially symmetric modes.

These modes have a nonzero axial, electric field at the center of the

cylinder, th.us ensuring a strong interaction between the beam and the

plasma. Thcrefore. we look for solutions that have a space-co-ordince

dependence of the form R(r) exp j(wt -z) . This simplifies the fol-

lowing par:ial derivatives to

da j. dz -- jP de 0

The media equations introduce the nonlinear term,

(v;. x B) V

Though the solution with nonlinearity included is a problem of great

interest, we consider the linearized equations to keep the mathematics

simple. To linearize the equations, we expand all the variables, except

time, in the following manner:

A(x, v. t) = A (x , v ) + XA(x , vO, t) , (3.6)

0-0 -o 0 0

where \ is an indication of the order of nonlinearity. For the lin-

earized solutions we require that

«A1< I A01 (3.9)

Put Equation (3. 8) into the three sets of equations, then collect terms

by their power in k. By making X arbitrarily small, we can justify

setting each coefficient of. Xi equal to zero, thereby getting a zero-

order and a first-order set of equations, which are

-20-



7 xE - (3. 10))

7 x: J (3 ii)

C -- p (3. IZ)

7 .oH :0 [3 13)
-- c

_L v -E [ v x B3
7:0. (3. 14)

L : 1 f 0 .dr (3. 15)

, zs ffoi dv. (3. 16)

Sx Ht o d+.E_0 I (3. 18)

7 t p1  (3. 19)

o H :0 (3. Z0)

d f. + (V " f + (vh "K)f + 0 -+V oix o)+ 1- oi-- -0 -0 V oi i

-. ["• V. B Vv 1
+ + B) (E + v x B + v . 0 (3.21)

+vf -- I -- i -0 -fi o Iv ()

Jl~ ~1 = •~loi +Vofi) tdoi ÷Viod, 3 Z



' = -, - J dv (3.23)

Equatccns (3 10) through (3. -o) form a nonlinear tim,.-independent set.

Eq,-aic-rý '3. 171 -- reugh (3. 23, form a linear rime-dependent set. As-

ýume thli E 0-•" 0 This iz a reasonable assumption as long as the-e0
S> I0~17 -"31

-I.a-ged parl.:cle ders:';y .c p 0 (Thi•. requires that p > 10 m

As'..rne -hat we havc sotved the tinme-independent set of equations. We

usual.v ch-cse the zero c rder distribution functions to be Maxwellian.

T-:• -e r-ascnable beca.:se the ele.tron-beamn duty cycle, i.e , ratio

cf on ic off 12-ne. -s '--erv.- low. and Boltzrnann's H theorem states

that +he ecu.h:br:um d:-tr~b,.tion function is Maxwellian. To solve the

tirne-dependent -we express f in terms of the variables, E,

}if 1 v" . and thtrn eva:_ate either r I r p1 by performing the appro-

priale inferal cve: ".c- iV ).icv- We pu' these results either into

the wave C-quaz:cn .r -;nto PQLssctn, v riuat ion and solve for the self-cor-

sistent •nontr:v:al-) ":eld, This gives us a differential equation whose

solut:or' are -t~enl.,nction=, :romn which we get the dependence of the

f:eid on the spa::a co-ordinates. We also get the longitudinal propaga-

tion constant ý as a function 'f frequency.

2 Effects of Geometry and Magnetic Field

We take - tu be a normalized shifted Maxwellian distribution

if, the zero order Longitudinal velocity v.. This givesI

SV l,.. (v -v v )2

- 1/2 , 1i - (3.24)
f01 (vI I T I 2

i VT.
I
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However. we will anticipate the results of Section 3b which follows,

that a ronazro plasma temperature ices not strongly affect the gain

chara-.teri•tic - hen the geornetry i R finite, and conside:z the case where

VTi aFFpaaches zcrc: then f Q" becomes the Dirac delta function de-

f ned bv

f f oi (vi) dv (3. 25)

This is easily seen by making the change of variables,

v . - Vo

U oi (3. Z6)
VT.

1

ard taking the integral of the limit. Since f is defined by an inte-

gral over velczity space, we must use the velocity moments of the

Bcltzmann equation instead of the equation itself to describe the beam-

plasma media. Following the derivat•in given by Spitzer, we get the

following equations:

d+vIi + (v.oi - V)vi + (vIi. V)v oi= F.i (3.27)

F.i N. + V ix B a+ v~x ~ (3. Z8)

d+N + V (N v +N I v , (3. Z9)n i--li ii voi)

O, oiqi v + Ni1 q, V-o) (3. 30)

p, qi Nji (3. 31)
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Equations (3. 27) -(3. 31), the wavu equations, and the boundary condi-

tions give enough information to solve both for the propagation constant

as a function of frequency, and also for the r-f fields. In the general

case, however, this involves solution of two coupled, linear, fourth-

order differential equations. There are two types of approximations

that reduce the order of the -iifferential equation from four to two.

The mode decoupling approximation is used when the waves of inter-

est would propagate in the absence of the beam-plasma media. These

waves form two orthogonal sets in an empty wave guide, and the approx-

imation is that these sets are still orthogonal when the wave guide is

not empty. To use this approximation, set

E = Hr = Hz -- 0 (3. 32)

or

EF = Er = HO - 0 (3.33)

The quasi-static approximation is used when the waves of in-

terest are dependent oiI the presence of a beam plasma. The approxi-

mation states that the r-f magnetic field is small compared to that

usually associated with an electromagnetic waveand, therefore, the r-f

electric field is nearly irrotational. We can,therefore, set the curl of

E I equal to zero and solve for the scalar potential 4 instead of using

a vector as a variable. To use this approximation, set

V x E 1 - , (3, 34)

S-(3. 35)
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and evaluate H from Equation (3. 18). This is called the quasi-static

approximation, because its validity depends on the phase velocity of

the wave being much less than the speed of light. The approximation

is also not valid at frequencies for which any of the modes, e.g., the

beam cyclotron modes, have a resonance resulting from the cyclotron

motion of the electrons.

When this approximation is used, the wave equation for the

homogeneous case (see Appendix B) is

Dd_4 + R d + A D 0 (3.36)

r dz , r

D a2 (3 37) d

A = -P I _ (3.38)

where

d - ce

Wpp pp pp

Equation (3. 36) is a form of Bessel's equation and its solution is given by

0 = •'iJo(boir) 4.9
S3.39)

Jo(boir0 ) = 0 , (3.40)

-25-



S_ 0o (3.41)

C•
d22

EqC1 atAo. \3. 41) is a dispersion relation, whose solution gives

p - V: di, dz, d3)

where d3 - 2.4 v /r (o rp. Figure 4 plots P/Peo versus a for a set

(!f paramrneteus (d. I d 2  ) that correspond to expected experimental

v'Ldjos. L13t ub consider the cuse fur r 0 aQwproaching infinity; than

boi approaches ?cro and Equation (3.41) reduces tf the following rel&-

tionii:

0 (3.42)

d~ 2

z = 0 (3.43)

C L °l p - / e ) ,

c1. } oo 0 (3.44)
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Equation (3. 4?) voids the quasi-static approximation; the correct equa-

t3or. is

CJZ L4 a2 - (3.45)

and the solutions represent electromagnetic wcves that propagate in

free space. Equation (3.43) gives the space-charge modes,

P = Pe 11 -- (C-

Equaticn (3. 44) gives the cyclotron modes,

The space charge and cyclotron modes are beam modes that

are modified by the presence of the plasma. By the physical argu-

ments given earlier, we know that the arnplifying wave must have a

phase velocity approximately that of the beam, i. e. , P P e for

amplification. This suggests the following change of variable often

used in microwave tube analysis,

P = P I + R_ , (3.46)

where R is called the plasnia-frequency reduction factor, and "plasma"

refers to the beam clectronc. In our case, R is usually complex,

so that the analogy does not strictly apply; nevertheless, we will call

R the beam-plasma reduction factor. Gain is proportional to the

-Z8.-



imaginary part of R, whenever the gain is possible. Rewriting the

dispersion relatio-n in terms of R gives

d

-. d\=a-- - t21 (3.47)

CL 2 C 2 d2A
R d

2

For r finite, the singularity at the plasma frequency in the space-

charge mode is removed. Indeed for the choice of parameters shown

in Figure 4, neither the real nor imaginary parts of R are large at

a equal to one. Physically we can think of this as a coupling of a grow-

ing space..charge mode to a plasma wave that is being attenuated, with

the degree of coupling dependr*nt on the influence of the cylinder walls.

Figuleh 5, 6, and 7 s•how the effects of gain versus frequency varying

di , d . and d3 respectively. Whenever the gain is particularly high,

it is very aFt to be limited by other effects, e.g. , inhomogeneities,

collisions, nonzero temperature. Figure 4 is the dispersion diagram

of the modes given by Equations (3. 16), (3. 17), and (3. 18). As expected,

the mode coupling through induced wall currents has removed the sin-

gularity in the space-charge mode of the beam plasma near the plasma

frequency. Figure 4 could have been obtained qualitatively using coupled
19 20

mnode theory. 1 The interaction of the slow cyclotron mode with

the forward mode leads to forward-wave gain, and the interaction of

the fast cyclotrcn mode with the backward mode leads to backward-wave

..Z9-
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gain. Note that by having the inequality I > d > d, the two forward-

wave regions can be combined to get a broad amplification bandwidth.

Maintaining this inequality at high frequencies, however, would be im-

practical, so this case is not discussed further.

3. Effects of Beam.-Plasma inhomogeneity

Using the same restrictions as in the homogeneous case, gives

differential equation (see Appendix B):

Ddrr LE- E+)- d r + A4 0 (3.48)r r

Z A A

d = I N + 
(3.49)

A A
W N

DoI Nov (3. 50)
1 R dl

dR 
dz

AR A

dzz

dz

The density variations were chosen to be of the form,

qi

A. 
e

1
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The constants a. determine the cut-off points for the variation while

the constants qi determine the sharpness of the cutoffs. This gives

great flexibility in choosing density cross sections, as illustrated in

Figure 3. Examples of cross-sections used are shown in Figure 8.

The coefficients for Equation (3. 9) become

A 2 (azr)°l 1

--(arrv) e
A 3 [1 + R-d dZI eZ e (32

D -C -- dz (3.53)

R 2 _j

q 1 e'aiov) q2 -(a2oV

ql(a ir ov) q e q (a zr ev) e

d2

(3.54)

A second-order, ordinary, linear differential equation with nonconstant

complex coefficients that are also rational functions of the eigenvalue R,

is difficult to solve explicitly by analytic techniques. It can be handled

by a series of straightforward, though long, numerical computations. A

computer program for solving this equation is given in Appendix C. The

program couples a procedure for numerical integration to a search pro-

cedure for R. There was a question of validity when D(r) = 0 was in

the range of integration. Howcver, by expanding the coefficients in a
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power series about such a point, we obtain a good solution. Indeed,

increasing the fineness of the integration at these points gave finite,

though discontinuous, values for 0 and drc. Figures 9, 10, and i1

show the gain characteristics for the cross sections of Figure 8.

In Figures 10 and 1I the gain curves for the cross section with

the smallest diameter show several peaks,ZZ because of lowered cou-

pling between the beam and plasma modes. Consider the analogy of

a lumped circuit of several cavities synchronously tuned and strongly

coupled to each other by a linear mechanism. When sufficiently over-

coupled, the circuit-frequency characteristic shows just one broad peak.

As the coupling decreases, the peak becomes narrower and higher and

then becomes two broad peaks. These also become narrower and higher

until they also divide into two peaks, etc. The results of the repeated

division is shown in Figure 10, where the beam-plasma coupling, through

induced surface current on the metal wall (or plasma sheath), is reduced

as the diameter of beam and plasma is reduced.

4. Effects of Collisions and Nonzero Plasma Temperature

a. Cullisions

We can include the effects of elastic collisions between ions and

plasma electrons by adding an additional term vC v 1i 1 to Fi in Equa-

tion (3. Z8). We have neglected the effects of all other collisions. Since

we can justify neglecting these collisions only by taking the percentage

ionization, the particle velocity distribution functions, pressure, etc.
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into account, the following analysis is accurate only to an order of magni-

tude. The solution for the space-charge mode in the infinite case is

where

pp

This removes the singularity at the plasma frequency, and if there were

no other broadening processes available, e. g. , finite geometry, inhomno-

geneities, plasma temperature, it would give the gain as a function of

frequency. Figure 12 plots the gain charactcristic for different values

of d 4 . In the plasma experiment, we expect a value for d4 of less
-3

than 10

b. Plasma Temperature

Here we work directly with the Boltzmann equation, Equation (3. Z2),

to express f i in terms of E. and v and then integrate to get p1 li

as shown in Appendix D.and consider only VTi / 0 . It is reasonable

to consider only the effect of plasma temperature, since the relative

velocity spread of the beam is much less than that of the plasma. From

Appendix D we get
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3P ýS I r,+3

A 

e)

NI = -N (3. 56)

Vv T
5 - (3. 57)

v•

The approximations are good for all waves that satisfy

5z << 1

Consider that a stationary plasma Pe is infinite in an infinite geometry.

The dispersion equation is

d 2,
1__3__VP__z

___I_+_____ = 0 .(3. 58)

Figure 13 shows the gain characteristic as a function of -y where

-Y = .- e -- T- 
-e-.)

PT V) 0 Trn
0

C. CALCULATION OF POWER GAIN AND PHASE SHIFT

1. Experimental

The equipment needed to measure power gain is shown in Figure t4;-.

A reading was taken on the calibrated attenuator with the amplifier removed
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(dashed line). The amplifier was then placed in the circuit and the

attenuator readjusted to get the same reading on the power indicator.

The difference in attenuator settings represented the power gain. Of

course, corrections resulting from mismatch or amplifier accessories

had to be taken into account.

In Figure 14b, equipment was set up to measure amplifier phase

shift to within an additive constant of 2kwr radians. A minimum was

found on the slotted line with the amplifier out of the circuit (dashed

line). With the amplifier in the circuit, a second minimum was found.

The amplifier phase shift was equal to twice the VSWR minimum shift.

Z. Theoretical

To compare the theoreLical and experimental values of power

gain, we must know the coupling coefficients for the input and output

klystron gaps. The procedure for determining these coefficients is

lengthy, and we shall assume that they are known. The total power gain

is given by

PEZ 2 VE 1 2= e ,I v (3.59)

where 1t is the ratio of the power of the lowest-order mode leaving

the input cavity to the input power; ýL is the ratio of the power.of the

lowest-order mode. in the output section, to the power output from the

amplifier; and vE(R) is the velocity of energy transport, which we take
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equal to the group velocity of the wave. For the cases discussed in

III B,

V

000-
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III. C&NCLUSIONS

We have found that the effects of finite geometry, inhomogeneous

density cross sections, plasma collisions, and plasma temperature all

limit the gain and broaden its frcqucncy range. For the experiment now

being conducted, we expect the density cross section to be the most

important of these factors. For higher-frequency applications, the

effects of plasma collisions may dominate the broadening processes

H vares as1/2since /pp varies as n/. This is a strong argument for plasma

generation using contact ionization, which has a percentage of ionization

greater than 50 per cent, for frequencies over 100 Gc/s
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APPENDIX A. BOLTZMANN AND

BOLTZMANN TRANSPORT EQUATIONS

1. Boltzmann's Equation

Consider the distribution function f. . This specifies the num-

ber of particles of type i at a given point (x , v) in phase space.

Using Liouville's theorem that the total derivative of the distribution

function along a flow line in the phase space is zero, we get

fi(t) = fi(t + dt) (A. i)

Including the effects of collisions, we get

fi(x - x dt v + v dt , t + dt) - fi (x v t) = m-) dt (A. 2)

Expanding fi (x v , t) about t , gives

Of. 0 f. ax . Of. Ov.
f.(t)v --.• dt +-.•1 .-- dt+ -"- dt + higher order terms in dt

--1 -- 1

dt (A. 3)

Collecting terms of order dt and letting dt - 0 ,gives Boltzmann's

equation,

a + v v + a v ie(A, 4)
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Z. Boltzmann's Transport Equation

When the time scale is greater than the time between colli-

sions, the particle density, average velocity, and energy can be

treated directly, i.e. , without velocity distribution functions, since

these quantities are invariant during a collision. Integrating Equation

(A.4) over velocity space, we get

On.
- -v (n, ) + I, (A.5)

where I. represents net density of particle creation, and v. is ani 1

average velocity defined by

v "- 1 u. fi~u.) 9 .d3(G
-- f• (u )-- ui (A. 6)

The right-thand side of Equation (A 5) represents the net particle

flux from a differential volumr, eleli'ent. Contributions to this terio ckn

aris e in three ways: (1) as a resuit of diffusion in co-ordinate space,

± v D• n ; (Z) as a result of particle mobility in an ehIcctri c field

(akin to a diffusion type process), V " E n ; (3) as a result of dif-
q i I v 1_

fusion in velocity space, - - and --- (Note that these two

terms are usually small compared to the rest, inless the in-an-frec

path is greater than or approximately equal to a typical dimension of

the geometry).
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APPENDIX B. DERIVATION

OF POISSON'S EQUATION

Using the quasi-static approximation, H = 0 , the electric

field can be derived from a scalar potential. The set of equations to

be solved is:

E• = V¢ ,(B. I)

V.E / (B. 2)

dtnit +I v (noCViI+nMVo0 = 0 (n. 3)

dtn12+ V ýi 0 2 _Va 2 +n 1 2 .V_0 Z) 0 (B. 4)

d t V + (Vol V) V1 + (VLi v)V 1 0 1

-- ,l + V,, Bo+ o0 x ) B (B.5)

dtV 2 + (v02 V) VL 2 + (Vi 4 V) V0

- ? + V1z x B 0  F V) , 1 -- (B. 6)

P1 e + n 1 ) (B. 7)



The following conditions apply to the beam-plasma problem:

_Hi = 0 VV 0  =. dt =jW

-zo 0 F- - dz = -jp

A A
V 0 2  kV 0  d0  = 0 - kB (n,8)

Using Equation (B. I) in Equation (B. Z) gives

Pi

(V V) -- (B.9)
co

j The v in cylindrical co-ordinates is written

A I A A

i d r(r + -d ýO + d

(V v)ý d 4- -X dr0 r + d t
r

v - dA (I A - doA0 -A dvA (P.1)

Using Fq(Iations (B. 8), (B. 10) in (B. 3), (11. 4), ( 5.S), ( 0.6), a;nd

(B. 9), wc ge!t

JWnII -5 V Itdr( n 01 + -d 0-r t dV (r. 11)

jw)"t I V ,zrdrO no+not d (rVir) +noi{-jJP)Vi z+Voij-Jp ni >0

(B. bI)

jWY• -n -ri + v 11 x B (B.13

jWV-I + V 0 (-iP) V =12 -) V +v z xB_ 0 ) , (B. 14)



+ -d = -, (-B. 15)( r r r r - C C

Next, we solve for the small-signal velocities in terms of the scalar

potential. Expanding TIkquation (B. 14), we get

(_1 B 0).

r) V Ir B0

IrV I r] L-N)

W C 1Y0 L -jptJ
j ( I Fl . j_(

o 
C

-jwcc 0- 0

W ( -_ _

0 0 0 -jpct

jw - L) D

(B. 16)
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rhe following identifications are made:

WC= Y)B0
0C o

P ie = V- 
C-

D - 2

Following a similar procedure for Equation (B. 13), we get

W rd

-jW tc

• W

Co0 0

V

- ii

(B. 17)

Substituting Equation (B. 16) and (B. 17) into Equations (B. 11) and (13. 1?),

we solve for the small-signal electron densities. Expanding Equation

(B. Z), we get

joy
2  

+( i) (d r) (drn02) + Vo (_jP$) n z

5+ ( + 1 0

PI)
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(drnOZ)(dr,) .02 d +i. r

- n____ D . rr

n D (B. 18)

Following a similar procedure with Equation (B. 11), we get

it n 0o p - (dn . 1 )(d •) - n (od ( n. 19)

Substituting Equation (B. 7), (B. 18), and (,F. 19) into Equation (B. 15),

we get

rr r /

E o z]" }
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+d 

+ 

d 

d _2

A Z A

n no I d n d
+ 0 201 ( d rr + r 02 d

2i 2 - 2~~~ - cL)

A( A ~

+ -n01 +z d d 2 2 d + 01 dr- 02 2 -d

-L z-dI Cz d2 rr rnr r

Cd 2l - d 2 r

A 2ALA

+ 0dr An 0 (d ri . )A Z A•

The following identifications are imade;

10 e
CL U) w r

pp Eo Iiax

w c 2 B z

d -v pppb = mE 0 2r

(B. 2A)
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wpp r 1 max

v 0 A 71A

o7 ppz a (B. Zi)
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APPENDIX C. COMPUTER PROGRAM

FOR THE INHOMOGENEOUS CASE

i. Derivation of Parameters

The differential equation is

D(R, v) dC(V) + -D(RIV) + dyR(V) + A(R v) C(v) = 0

(C. 1)

subject to the initial conditions,

€(o) = 0 ,

d v(O) = 0 (C.Z)

The complex parameter R is to be chosen such that

O(v) = = 0

Expanding in real and imaginary parts we get

01 + jc

D = DI + jDz

F = EI +jE , (C. 3)

A = A I + j A2

R = RI + jRz

Substituting Equation (C. 3) into Equation (G. 1), we get a system of

two real, coupled, linear, second-order differential equations:
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ni 't I1,(V) i- F 3 (Ril R Z v) d4q 2(v)

~ (R, ~ ) ~(V) x0 ((.4

* r~¾'v)dv42 (v) F 'V(H i R, v)d 4(V)

i 'v}(O F (I'< hA,\)4(V) 0 .(C. 5)

d ,(o ) 0

I~ ~~~j V * ¾i(2

I I I~i s in Lc~ j ofU 111 tV (I(pun(lelnt,

I.,. LI'xx.IL miLt-IlL, I{-depelndent oilles. JIIii's

xx 1' hel ri constarit during inte-
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CR 3 3  = cZ - dZ

CR 3 = qCRi

CR 3 A = q 3 CR IA (C. 13)

- (a ir °v)- (a rov)- (a 3r °v)

A 1 = CR 5 - CR 5 3 e a - CR 5 6 7 e - CRs 6 7 Ae 3o

(C. 14)

-(a rov) -(a r0t) -(a 3rot)
AZ= GR7,-C5R73 Re - CR 7 6 5Ae,

73 7575

(C. 15)

CR5 - 2 + Ri[+R )2 z) 21

CR7 d2 RZ CL+ 2 C

3

R7 d2 2 CLZ

CR 5 3 = CR 5 /a.

CR 7 3  C; R7/CL

C.~ CR R2?) + ZIR CR 7CR567 =

CR567A p PCR 5 6 7

-QZ-



CR (ZRi) - CR (RZ - RI)
CR 7 6 5  5 1 2 2 7 (Z 2 z

CR 7 65A = 3CR 7 6 5  (C. 16)

The integration procedure requires that the real and imaginary parts

of d vv(O) be known, To find these we write a power series expan-

sion in v about the origin:

¢(v) = I +(Ci +ja 2 ) t + ... +

(1)(V) =Z(a + jad)t + ... +

C ") v) Z(M1 + ja ) + ... + (C.17)

thus

dv v(o) = Z1 + jz

To find aLQCLz we substitute Equation (C. 17) into Equation (C. 1):

Z(ZnL+ZjaZ) " 5I - IR -CRIA j(CR 2 +CR2A

+ [CR 5 -CR 5 3 -CR 5 6 7 - CR5 6 7 A + (CR 7 -CR 7 3

-CR 7 6 5 - CR 7 65A) = 0

a C (± C 1 R1A) (C +CZ4 (C. 1-8)

4 - CR 1 + (CRZ + CRZA)
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CON a ( - 'ON (
(I - *El7- CR1), (CCp kR2A z R2

4* ( - Ji'; - CRI R. F (;R ZA)j

CON I = - CR 5 +CR 5 3 + CR 5 6 7 + CR56 7 A

CON 2 = -CR 7 + CR 7 3  CR 7 6 5 - CR 765A (C. 19)

2. Computer Program

a. Flements of Program

The compater program consists of seven subprograms.

i. DELMAG

ll,is is the main progran1. It reads the input data and coin-

Wi)1.s lhe (,wliauts that ij-i t independent of IR. 'This program also

'egulates the iterative search procedure for the value of IR that min.-

,o, .,.s I a(l) Starting from a given value of R, it computes in-

,eiuints Ae • un,,til 1,(l)1 is tdtitinized.

R. IUNGE

hlis is a standard routine designed to integrate a system of

diife rethiia I eqoationes by the 1 tn/ge.-Kutta method. First the sysit.ni

i!; r ltdiucul hi the following foni:

lv v. 1 (v) - f (z.. . . az, v)

,I . (v) f (za , .. V).
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v vt `Z '3

dvz 3  d4~ = -IF 2 z 3 +F' 3 z 4 +rF4 z 1 + F 5 ,z 2 }1/F1

dv z 4 dy = _ ;Z 4 -F 3 3F 4 z 2 - 5; 1 1 /I Ic. )

Given the starting values Zi(O) , this routine integrates Equa-1l

tion (C? 21) fro•n v v 0 to v - 1.0 . During a typical step in Lhis

programn, say fvrontj, t to t I A , the routine branches not to another

subprograrm called DEitIV, which computes dvzi, four times. During

th}ose times, the values of z. are stored in temporary storage.

I, .i)EILIV

This Cokrt'uYroo e;vlroilates the derivatives d zi as given inv i

T'rjua Iion ('. Z I). If v 0 , then fu 3 is set equal to (I 1vv 1(n) ZUI

atlti fI iFý St . ('j1ta.1t I-) (Io ) ? .b.' , since ito the. normnal evalua.-

"4 vv' IlI CC I: ~ 'I C It ll ,CC C,; C, 'lIVUI.C ,, by v

A touýit i:, C)odc on the variable N (the number of equations

iný t," •J:s ,,,), v.d,i; I- i t; ,.uily ,qpila. to four. If the inagllitude of

i"1 i '!!.-1 tt;CC Pt1 thev va.111(c f N will be set eqPual to two. For

'H V1C;1l ICo tv,,, 0 0,'(,I .,1 fyeiltP1C ofC etUjCAtiOCs is iitktgrated (see



4. EXPRESS

This subprogram is entered from RUNGE when v = 0.0 and

v =.0. When the value for R that minimizes 1p(1)j is found,

this program is entered for all v, so that every step in the integration

is printed for this final calculation.

The main function of this program is to print a line of output

values of vj, ,, z'dv, dvýZ, dvv, dvvýZ, DI, DD2 at the proper
-i

values of v. It also tests the magnitude of FI against 10 . If it

is less, then Equation (C. 21) is reduced to the following system of two

first-order equationst

d 41 = - (POI + PZ'z)iP3

dvýZ = -(PI' 2 - P 2 4ýI)P 3  (C. ZZ)

P1  F F4 + FF3 F 5

P 2 F 2 F 5 - F 3 F 4  , (C. Z3)

2. 2
P -F2 + F 3

3 2 3

This system is integrated over the next interval Av. The interval

is divided into ten steps of length Av/10 , and after every 10 steps

the magnitude of FI is tested again. When the magnitude of F is

greater than 10"5, then N is reset to four and the integration inter-

val is reset to Av.

6. PHICON

This routine is entered from the main program DEIMAG. Its

function is to set up all the necessary starting conditions, enter RUNGE
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to integrate Equation (C. Zi) for a particular value of R, and to com'r

pute d(1)2 . It also tests Jý(I)J to see whether the search procedure

should be stopped.

6. ROON

This is an auxiliary routine entered from PHICON. Given a

particular value of R, it computes all of the R-dependent constants

used in computing the derivatives (namely CR 1 , CR 2 , CR 3 .  etc.).

7. TCALC

This is an auxiliary routine entered from DERIV. For a par-

ticular value of v, it uses the stored R-dependent constants and corn-

putes D, D 2 , E,E A 1 ,Az, F,,F F F 4 , F5
21 3' 4' 5

b. Search Procedure

An initial choice for R is given the computer along with all

other input data. From this, four alternate starting values for R are

calculated and stored for future reference. Let A. be the magnitude

.th
of )(I) squared after the i integration. PHICON supplies A. to1

DEIMAG, but first tests it against .01 . If it is smaller, DEIMAG

directs EXPRESS to print the output; if it is larger, DEIMAG stores

A. , changes R by A , compares Ai+± with A. . If A is larger

than .01, the increment in R changes direction by Tr or 1r/Z radians,

gets larger or smaller depending on the previous values for A and A

The search ends when either A is so small that increased accuracy

would not justify the added computer time,or when A. is less than .01.
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Superimposed on the above procedure is an additional routine

that prevents the computer from searching a nonconvergent region of

the R. plane. In working with the program, it was noticed that if

It 4,(v) j was greater than one near v= o, no good values of R were

found in that region. So, a test is made during the integration pro-

cedure. If jtp1(02)1 is greater than one for two consecutive values

of R, DEIMAG selects an alternate starting value for R that was

held in storage from an earlier part of the program. DEIMAG will

go through this alternate procedure four times, if necessary. The

fifth time, it will go on to the next input data card. The flow chart

shown in Figure C. i for DEIMAG gives a more sequential explanation

of the search procedure.

c. Input Preparation

There are two programs using this Equation (G. 1). The first

is called the ''regular'' program, and is the one with the automnatic

search for R. The second is called the ''grid" program, and does

not have the automatic search fur It . Instead it takes a rectangular

grid iin the complex It planie aild traxnsfoLrnis it into a corresponding

area in the conmplex pb plane.

The regular program has two types of input data cards, Card

types R-l and R-?.

Card Type R-!

Columnns 1-7 8-14 15-21 Z2-Z8 Z9-35

Data d d d a r a r
-68 3 -.
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Culum. s 36-4Z 43-49 50-56 57-6z 63-69

Data a-31, qI qz q3

Cacd Type R-Z

Columns 1-10 112 .0 21-30 34-35

Data a QR R 2 1, .- ,0

The values in columns 34 and 35 of card type R-Z indicate pro-

cedure, No. Ymreans that the next input data card mnust be of card

type R-1. No. 0 means that the value at R 1 , R 2 on this card must be

isk.d ac thu struting point for It . No. -i means that the values of

Pý R2 docived fronti the last input dattia card will he used as the start

iu• valits for Rt R 2 . The grid program also has two types of input

(i, , 1.1-. first of whlich is identical with c at-d typt It-i; tihe

I I
1 'I t, IN I ?I).; I )Gwii Yi -o. Iiiid'.,,d -'11' .•• ", l a''" " . i j, ' 111 ],r I t i [hic 1ý ~ ~ l• 1, ,11 le , •; . i • l'

- I , li,V 1• , l lowintg co(' rdfinalLt:bý

((I ".; R1 , I - DGlY x FPS) ; (R l, DGX x EPAS); (R 1 -D DCX x FIPS,

Rt? I DCIY x TIPS)
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PROGRAM DEIMAG P2 = PPR))

STORE) 00.0 KC = KCC + I
STORE? 100.0 PRINT 999.EC
DSTAR2 0.03 IF (KCC - 421 307.300.300

I READ I00.St,S2.DZSIRO.A2PT.0).O? 307 CONTINUE

loo FORMAT 17F06 CALL PHICON

600 REA RO01.EAA303 IF ILBACK) 21.303.300
60 AD01 FOMA TJO6 303RCNTINU

995l FORMAT 1131Io.6 IF IPAD-CD9P) 14,11

PRINT 3000, SI,52.DT.AIRO.ARO.0).02 DL PRKEY)ý -0 P (lIE!) *LKY

3000 FDRMATIIX,7F1 0. 5) LIKER( I -OIKY
RETA 0.0 _ BETA 2) R~l

PPRINT 605.BETA.A3RO.03 DEL PR)?
605 FORMAT (2X,3F10.b DEL D LIII

I F 1 51 -100.01 555,556.056 KC t? K = I?

556 STOP PR (C
555 CONTINUE PRINTC999.KC

FL~ 1./ET IF 2C 4? 306,330,300

2 ED F o1D.SDPLTAP)?II 306 C ONTINUE
KCC = 0 CA LLA KPH ,3C ,30

101 FORMATI3FIO..5l I5F ILCE'2134.0
PRINT 300 1, ALPHA 304 CONTINUE I Pt-OP_41,.

3001 FOOMATIAN ALPHA .EIT.5INT I3 ( PKECY) P =14,14.1.1 Ký
CALCUL AT IONS F OR R-INDEPLNULNT TOSAr 13 P 20CV = 3IEI LKY
IF (111) 3005 .2a00 3.1 G0 OES 0

305 I TOE)14 TEST (CO(AP--PAU)/I)LIKL~Y)
j~5P2 = STOP ý2 CoRp = PA:))10111j

pTR2 = S 00.0 2(F (TEST-H 1(03I 1)
STORE? 10, 100 TBEL = ?.0AHSEI(DLIKIY)

U000 IF (RI -100.01 2003.,2.I2(E-A) 3101)

2004 STOP 103 'ELIý 2.O4DELil

2003 CONT INUE DELU 2IR 2RT0.5*()

ADD 0.01(SOP TF PAD) 10? DELI =00*A

PFS T =00*1)DEL? BF DEL)
03F)) _ IP. ( D10 IF I(KEY-I 1 if 106 ] I0710
TISErT?) R1*0/ 206 

KEy I
N/SET))) .,(/.;0 1(.0 TO I0-
11ET? 51 T /2, I0 KEY P
r, SNT 00, 0CS7 GO TO I"K

90 P01ST I FIO"B/)2ST(? 2Q0 ITL(KE YI - DL (KEY).1_(. I

LEIACK 0 IT I7 A:LE 3'I (" ) 3
H*1.0E (EL I DL(II

373 R)) 0)DEL2 DL(?)
OR)? =P( Ni IF)XIEITT.),TSII e) t',I 'I.)U

PAD * DGpTV)A)IC=A
DELI 05060.01 C.ALL )PHIN

DEL2 DEL-I 7D'_ STTPQ': CRPI

CAL) PH('ICON 00 oTO 2=

IF ILBSCI 21,0.0 33001 RI =PSET(CI

301 CONT INUE PPC) TIST
COMP IPAB IC * 11 17 F 0
KEY SF -3 1F 2,32I L

105 DLII DELI IFC6 A-)32,0,
rL? DE232 C To .333

101-:IKEY POKT + ULEICLY) 3C STOP

RI (I)) END

F JRCC. . 'rnI1)g

y0



APPENDIX D. CORRECTION TERM FOR

MAXWELLIAN DISTRIBUTION IN LONGITUDINAL VELOCITY

We can treat the effects of nonsingular longitudinal- and

transverse -velocity distributions separately, since these modes are

not coupled to each other in Boltzmann's equation. From Equation (21),

evaluating the contribution of the axial variation of -elocity to the par-

ticle density variation, we get

fi fl(vz)dvz f= -eE 1 [f 0 (vz)] dv5 (J.)

For a Maxwellian distribution,

fo(Vz)=~~)Y ZvZvie-V-°
f(v ei VV Z 0/v 0

neT -1/? - 3 f (z-Vo) dv
nm =V _-)• coT - (LO P- 3 z) z '

where v T (ZkT/m)2 If we set
p (v -~ r (vv

SP z T- z- )T dv (D.3)

-00

then

n -e [zvT 3 (F v-F)1
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StixZ3 has evaluaLed expK-essions of this tovioi ujiiig coiaoiij

integration. Using his result,

3I _) for e 0

F ?=-jv + D. 4)F

&0 4 3 4
where

We set:

0 ) C) J • (

, i)t I

; • ( 1 '9



S -e (D. 5)
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PLASMA DIAGNOSTICS

D. M. Kerr



ABSTRACT

This report describes the design and use of singly re-entrant

cavities in an electron-bearn hydrogen-plasma system. The cavities

serve as the input and output coupling structures of a beam-plasma

amplifier and, in addition, they are used to investigate the properties

of the plasma discharge. Perturbation of a resonant cavity by a plas-

ma is discussed and equations are obtained relating the shifts in

resonant frequency and cavity Q to the average electron density and

collision frequency. Some typical experimental results are given and

a linear relationship is found between resonant frequency shift and

discharge current.
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I. INTRODUCTION

Two singly re-entrant cavities of the type ordinarily used in kly-

stron amplifiers were designed and tested for use in the study of an

electron-beam hydrogen-plasma system. Their primary purpose was

to serve as the input and output coupling structures for a beam-plasma

amplifier. It was also thought that they might be used to diagnose the

properties of the plasma and, in particular, to determine the electron

density and collision frequency. The following sections describe the

dcsign and cold testing of the cavities and their use as diagnostic tools;

and presents the experimental results obtained.

II. CAVITY DESIGN

The beam-plasma systerm operates at about 3001Mc/s with a

5-kv electron beam. These specifications together with certain :;truc-

tural details of the vacuum system, fixed the cavity dieninsionrs . Fig-

ure I shows the quantiti a'a considered, 'The inside diameter of the drift

tube r0 was fixed by the size of the hollow cathodes used to gene r;te

the plasma, which were 0. 500 in. in diamneter. The stainless steel rods

that supported the plasma cathodes and cavities placed a restriction on

the outside diameter of thc, cavities of 2.50 in. The copper tubing for

the outer cavity wall had an outside diameter of 2. 00 in. and an inside

diameter of 1. 75 in. ; that for the drift tube had an outside diameter



Ai

}Z=O

Drift tube _ _ r -

r2

FIGURE 1. C-avityr C.r-€rdinates.

of . 750 in. and an inside diameter of .6Z5 in. Transit angle and

resonant frequency requirements were then used to find the appro-

priate values for h and d .

The transit angle is given by

0 d Zrfd 

(1

T a
--

_2..



where f is the resonant frequency, and where the beam velocity is

1

(2e V

0 \rn

It was desired to keep 0 T between 1 radian and 2 radians in order to

assure a reasonably strong electric field across the gap. This meant

that d had to be between 0.0876 in. (0T = 1) and 0. 175? in. ( 0 T = 2)

A second consideration in establishing the gap length was the problem

of mutltipactor, or breakdown, in the gap caused by secondary emission

in phase with the gap voltage. A first-order treattnent of this problem

showed that it would not be a factor at the power levels contemplated

for the system. The problem was approached by considering an ulec-

tron with zero velocity at one side of the. gap when a r-f voltage is

applied. The fortle on tOn e elct'on is given by

VV-E -sinot = in a(t)

and Hincl the ach I.eration is known, the po.sition inoan be found by inte -

gratin g twice and usingV, thw initial conditions u(t = 0) = 0 and

z(t :0) 0 11 , which gives

e V V
u(t) = sinll at dt . Fl - costot ( (3)

SeV
z(t) Ju(t) dt - "r -ot - sin tt . (4)
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For multipactor to occur, the electron must arrive at the other side

of the gap (that is, z=d) when wt = T (i.e. , just as the phase of the

r-f voltage reverses) with sufficient energy to cause secondary emis-

sion:

eV
z(wt = Tr) m T (5)

womd

To get an idea of the level at which multipactor effects could begin to

appear, one can solve Equation (5) for Vro

m Tr (6)

Solving Equation (6) for several gap spacings gives the following

results:

d (in.) 0 T (radians) V (volts)

m

0.0876 1.00 3190

0. 100 1.14 4160

0. 125 1.43 6500

The maximum value of r-f voltage across the gap is V , and the

experiments planned for the beamn-plasma system should not require

values of V greater than those listed,

m

The next step in the design procedure was to consult the design

charts in Moreno1 to determine the values of hi and d that would re-

sult in a resonant freque:ncy of about 3000 Mc/s . Suveral possible
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pairs of h and d values were chosen and were then checked using
2

the design equations of Fujisawa. There was about a 10 per cent dif-

ference between their predicted resonant frequencies. After the

cavities were cold tested, Fujisawa's equations were found to give the

best agreement. The sample calculation using the dimensions of the

cavities buiit for cold testing follows:

r2 = 0.875 in. 2 2. 22cm d = 0. 1Z5 in. = 0. 318cm

rI = 0.375 in. = 0.952cm h = 0.5 0 0 in. = 1. Z80cm

r 0.3125 in. 0.795cm

}0 r

L -- h In r- = equivalent inductance (7a)

el1
CI = 4€ori in drn- = fringing capacitance (7b)

IT (r• - ro0) 1T r

cc) = Eo-d-+(d ) = direct capacitance (7c)

2 2

1m 1 -1 'Y - (from graph) (Mr)

The results of these calculations are:

L 2.145x10 9  C1 = 6. 86x10-lo C 4.,3x10

and the resonant frequency is found to be

-5-



f= _ L - 3260 Mc/s (8)o0 21L(C 1 +G)

Two cavities were built for cold testing; resonant frequency,

Q , and R /Q were determined. The test methods are discussed in

the following sections since the calculations are important in the later

use of this type of cavity for plasma diagnosis. The cold-test results

led to a few minor modifications in the design. The cavities to be used

in the actual systeti were then built fromh the design shown in Figure

Z. Figure 3 shows the method of loop coupling and the vacuum seal

in the coaxial input line.

III. MEASUREMENT OF CAVITY Q

Cavity Q was rne;isored using thi staind ardl point-1y-poiuit

impedinc( tet'litiiqm, as described in Gi iiAtoti . Wlen it Icitlating the'

r (, sl' i io ltit ciavvititets for use itt 1 l)astit i a tt'iisast't'iiii't-i t. L e, tLtt I l ti-

wiry acetitl'a•cy is not achiCw vel if onot t.egitts tle stL' 'i's loss's ill ll('

coupling Cieuti't bItweeti thl' cavity dod tr;tniss-it lint'. Sinc(, the

It•tal loading of the tcrtvity d(ote rmimes the widhi of the rtsniali,:c curvw,

the loaded Q bt'st repro.'tsints the i 4ff. c. tive load, For d atlgnostic wotk

Ihlie VaLrious 0 valnes it Pt' tiiilCC )tltttl so its to inclodt, thet e.ffects Of

coupling losses.

A general fo rm of thel cquivalent circuLit PcepreseiStting the caiivity

and its coupling network is shown in Figurc 4. Thý, cavity s-y itcin t con-

sists of a cavity and part of thn> iputt tralttsrtissint line to which tIt]'

-6-
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cavity is coupled by a loop. To be complete, the equivalent circuit

should contain enough elements to account for all phenomena asso-

ciated with the cavity. Such a circuit is difficult to deal with, so we

first construct a reasonably complete equivalent circuit and then at-

tempt to simplify it by making physically reasonable assumptions.

The terminals of the coupling network 1-1 and Z-Z are chosen so

that all sources of loss are included between them. Also, 1-1 will

be located at the detuned-short position (DSP) in order to simplify

the treatment of data. Of the several possible forms of equivalent

circuits, the one shown in Figure 5 is used, since it is most readily

analyzed.

In this network, the resistances R and R represent thes p

losses; the reactances X and X represent the reactive elements,p s

such as the inductance of the coupling loop. A simple analysis near

resonance is possible only if the energy storage in the loop circuit is

negligible compared with that in the cavity at resonance. It is then

possible to neglect the reactances X and X and use the equivalent5 p

circuit in Figure 6, which has a new resonant impedance of 3Z°

after transformation through the transformer.

A plot of the variation of the impedance at termina [s 1 -1

(plane Pi1 ) with frequency is a circle on the Smith Chart, sinc( it

represents the conformal transformation of the circular iinpetdance-

locus of the network at plane b-b through the coupling network. The

locus is shown in Figure 7. If the series resistance in Figure 6 were

zero, the impedance locus would pass through the origin (r = 0

x = 0); thus the choice of P1 corresponds to the location of the

-9-
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detuned-short position in the case of no loss.

Referring to Figure 7, let the intercepts of the impedance

locus with the resistive axis be called a and fi , which are defined

as

R S
CL - ( (9)

0

a +iF (10)

where

p p +PZo + 1

R

S= z
P 2  o 'i

The intercept described by a results when the cavity is tuned far off

resonance and that described by fi when it is tuned to w , where the

resonant frequency w} is taken as the frequency when the inipedance

across R is a maximum and purely resistive.

The input impedance Z 1 at plane P 1 may be written as

RZ

Z = R + p Zbb (13)
R Rp + Zbb

and

z Pbb
z 1 + jQ (14)

0 1
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A. CiASE 1. SHUNT LOSSES

Ill this case a = 0 and Equation (15) becomes

Z I - p (17)Z

o 1 +±jZQ
0

wh1ere Q Tnay b(e found frorn the measured impedanue locus; and the

I rue value of 0 is obtained from Equation (16) if y is known.

H,. C:ASE ?, SERIES LOSSES

Tn this ease, 1I -- .3 , and Equation (15) lweconwcs

z a I- - a 
(18)

z0 1 -j ZQ

Thul viihl' f
1 

" O f Q i y ht' a ty c t flwli d f'romIi the Il'casf ll'ed ilhlipe-dllhh c tofl s

ill Hw fulicwilig wxvy. let 20Q 0 l ;.:r I I l d ,bsi'titutl.c iln I f'fIi0m (18)

to 1''I-l

A f i CL j (Q3 - It)

A (19)

IIF

-14-
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If the two points on the locus do not coincide with data points for

which the frequencies are known, the desired frequencies may be

found by constructing a linear frequency scale as shown in Figure 9.

C. CASE 3. SERIES AND SHUNT LOSSES

W;ihen hoth zcrics _i,%rl . n,, ]sses arc nresent and each is

small, the Q value may he found from Equation (20), which takes

into account the series losses alone, and then multiplying this value

by the factor given in Equation (16) to account for shunt losses.,

When the behavior of resonant cavities is considered, Q
x

(the external Q) and QL(the loaded Q) are also of interest.

These along with Q and Q are defined as 5

0 0

energy stored in cavity

0 energy dissipated in cavity

Q energy stored in cavity
0 cavity losses + shunt losses (22)

Q energy stored in cavity (Z3)
L cavity losses + coupling loss

+ energy dissipated in load

energy stored in cavity (24)
x energy dissipated in load

When coupling losses are not present, or if Z , R , and R are
0 s p

considered to be the load, Q QL I and Q are related by

1 1 1 (25)

L - x

-15-
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When 7, andt R. are the load, then

0L . 26

if Q' and/or Q have been experimentally obtained, and a , p and -y
0 0

are kniowni, then the expressions for 0and Q are found as follows.L x

Let V be the voltage across the capacitance shown in Figure 6, then

frorn Equation (21)

-CV

C P~z0  .(7)

7 ~ 11L

S1Ti~lIf-111 -'q it~ l (1 6)y l o~f~(8

I) 'Y 1(29)

'Lies if ot,f , ;tld ;]I(ye ail knowNv, it is '-o'-riblm to dm1' 0rnlkinl tinu

v;' ions U Q ' olow~s. If 'y msmmm w Isttownl, the Q Values nawy om ly in,

Fmtmmi m1 mini Q0ml , if) wlit l mit i'wm avity tos'ses noid simwmi miss-s mll

ilw (mtiplii1gy mm 0ik tr(m tmmtt t't t-imc



For the particular case of interest, it is convenient and rea-

sonable to assume that the shunt losses are very small and to include

them with the cavity losses. Then from Equation (16), Q and

become identical, and only the effect of series loss is explicitly con-

sidered. A method for treating the data is given in Case Z, and an

alternate method3 follows. Tne data required are a plot of VSWR

versus frequency near resonance, and the values of a and P . The

VSWR at the half-power frequencies, where ZQ = + 1 , is given

by

i + j + ('3 +j)[ + I+ + j - (3 +j) (31)

T 11 T P T ( -) +j fl + 1 +j - (-I +ic)(

which may be simplificd to

+ CL Z)ta~1'1 + a4 4 F' (P +3

Thc frequtcnci!s ft and fz May be found from the plot of VSWR w.yeitrs

frequ'iicy, and Equation (ZO) can be' used to find Q

IV. MEASUREMENT OF 11i 2&sh/Q

A prediction of the perfornmance of cavities as re sonant systue.ne-

is inade possible by tie inoasurernic t of Rlih , tih' shMI tnt Jc'Si istaie,

and Q of the resonator, or by thei rncasuren-nw t of i1, " IN". ill

-18-



the case where an electron beam is present. These three parameters

are considered because cavity resonators are subject to three types

of loading: resistive losses, external loads, and beam loading. For

maximum output, when the cavity is used to couple energy from an

electron beam to a load, it is ciustomary to design the resonator so

that the effective shunt resistance p. R-h is equal to the beam-

loading impedance; which may be approximated by the d-c beam

impedance. This specifies l. R and, since R. Q is inde-sh as o

pendent of loading, deterrmines the degree of coupling necessary for

proper matching Appropriate matclhing will be necessary to obtain

reasonable output power from the beam -plasma system, therec fore

knowledge of -L Rlsh/Qo for the cavities used is useful.

The e[leective gain-bandwidth pararnicter I. Rs/IQ for a

cylindrical Ilectrron beam iof ra(illos 1 trav, rsing ani ate ;ti Of) ga p

of length d in a resonator having cylindriU I sy1InI(t ry Cal b( Ila na-
5,

ui red by a pIe)itu ration t(cl'iiiqiieu. 5lPiwe lesoniiit fiequtecy shi'ft

CalseCi by a smnall me('t;llic sphere located s1( 'ces siv(.ly at ( loscly

spaced point s on tile axis of tOile int rtctiol gap is lnea surted, atid tIii

resulting di:;tril,ution of Ieqate y shifts is used to .lette iniit Iollt

the configuration of tlii ( ehI(, tri fielid on tli' ;axis of the resomiator ailld

the va liii of It2 R /'. that corresponds to thie (,ihctron w.ayme to hI)

used in the resonator.

The equation relating I. Pz Rf/Q to the frequncny slifts ciil d

by a metallic bead of radius r0 is

-19-



"" e4 dz
2 Rsh 120 xb 10-Co•

&oV (31)
oo

0

whe re

Af =resonant frequency shift as a function of bead

position on the resonator axis;

z = axial position of beam with respect to the nmidplane

of the resonator gap;

13e = Zz f01L ° = axial propagation constant of electrons.

where jt° is the d-c beam velocity and f is the
0

resonant frequency;

1 = radius of electron beam;

4 3
AV= - Wr r ; and

3, 0

='Aw - f qc)

It should be noted that, the computation of ýL R /Q is based onsh 0

field distributions actually measured in the resonator, and no assumnp-

tions are made about field distributions in an ideal cavity, as is often

done. The derivation of Equation (33) is made under two assumptions:

the interaction gap has cylindrical symmetry, and the beam radius is

small compared to the gap radius.

We cani define Q by
0

Qenera stored W-(a .=-#

0- negydisiat



where U i, the stored energy. and W is the energy dissipated per

bt-cond :n the ,a-vity The effective shunt resistance is defined in

terms of the square oi the effective gap voltage as

- R - 2 (effective voltage)( SI power loss (35)

( b dEmd E6 d)
S Rski - 2W (36)

whe-rv- ab ,a,-d j.da cc a,, d&.fin,,d by Brant Ii. Conhining Equations

(34) -and (3o) gt'e>

4 "d2 (37)

7
From Siater'b perturbatitot irmula 7.for a •utallic sphcre,

*3 1-1( t E 2 ) dV

4 - (38)0 -

ansd for ih,- re-entrant cavities of interest, H = 0 on the axis. Since

thu bead is small. Equation (38) then becomes

_ Ez
Af - 3 E zV (39)

-lv-ng Equation (39) for U and substituting in Equation (37) gives

-21-



SRsh {ILb FLd Em d) A(

I -- 3C rfZ EZAV

20

Considering Ri Rsh/Q° in terms of the maximum frequency shift that

corresponds to E givesm

2 Rsh - 8 d max" - Zo = lzo,1s IL (41)

0

where ji = jb ILd . Branch gives IL as

!glz) e dz •(b

L1 g 'y b 1 ((- y)4

-d=40 d 10 (4a)

On the axis, a 0 . and 1(0) (0

_0

glz)(e e

0 d11 (yb) 1- b) (43)

dL0

and, therefore.

R (yb) I(y b) Af 0 J3

I sh o X 11b - 2 g(z) e dz:

0 08

(44)
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where g(z) is the normalized variation of the field in the gap referred

to the field on the axis. Thus for an arbitrary field variation

E Zg(Z) = r--" (45)
m

From Slater's perturbation formula, the change in frequency at any

point on the z-axis is proportional to the square of the electric field;

thus

E =K4 , E = K-"--f , g(z)
z m max r/ -

max

(46)

Substituting gives Equation (33):

2

f dz
2 Rsh 0X 08210-(7- =I x10 Z •

o0

(47)

The integral can be evaluated graphically or by Simpson's rule,

A diagram of a test setup suitable for performing the required

measurements is shown in Figure 10. The resonance curve is dis-

played on the oscilloscope; then the marker signal, an accurately known

harmonic, is centered, and the frequency is read on the electronic

counter. The bead is then lowered, the marker signal is readjusted

to center, and the corresponding frequency shift is read from the

counter. The process is repeated in convenient steps.

-23-
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The equations and techniques developed in this section may be
a

used to find R /0 for the cavity alone, as well as Lz Rs/0 when
sh o h

an electron beam must be considered.

V. COLD TEST RESULTS

The first measurements were made on a test cavity built for

cold testing and the results are compared with theoretical values.

Q was measured using a coaxial slotted line and a standing-wave
0

indicator, the initial value, obtained by following the procedure dis-

cussed in Section Im. being Q. = 4920. Lower values were obtained

from later measurements because of the deterioration of the copper

surfaces. R sh/Q0 was found by using the perturbation technique

described in Section IN'. Dividing both sides of Equation (41) by tL2

gives

Rdsh 2 Afmax (48)

0

A metallic bead was pulled through the gap and the maximum frequency

shift recorded. The following values,

d = 0.125 in. = 0.318cm AV = 4irr 3/3
0

f = 3280.97"Mcls r = 0.031in. = 0.0787cm

Af = 94 kcls
max

-25-



inserted in Equation (48) gave a value of 51 for R /Q /Q For corn-

parison~theoretical values follow, together with the values for

0 and R /Q obtained from Ginslton and Nalos: 8

o sh o

f (Mc/s) Q PI /0

Theoretical Value: 3260 5Z50 45

Experime~ntal- Value: 3280 97 4920O 51

The close agreemecnt I tween theu theouretica7l and eýxpe rirnlenta I values is

an1 inldicaltionIL that LIet dos: gn procc-diir:-s w o o

F igurCe 1 I shows the( niovena Ii /-ed aixial electriic fic Id ill the gapl

as duter-mine-d by the1 peCrturlbatio11n via-thd. The curve is not syrnenet i -

ciil becausc-te Olt gap confi gurattion oif tlwt singly re-entrant cavity is

its ymnmetrica I.

V k. FRlKOQUE,'N(Y SHI IT OF CAVITY MODES

IN I-hISCC .OF A P IASMVA

Inl this section, atn cxiir :5 sion for the( f reqowcay sJlijt o)f aL

nonde gene rate mode of at itVity pert h lby a plasmla is d- r i vd

The properties of thie plo sina arc n-pvc senttitit by a Itli~i) i die led ril

con stant or by a ten sor t onducti vity derived1 front the following ten1sor

-z6-
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I + rj -(1 -a

j~t- ) +r D (49)

o ~0 Z

wi IV I- cUD 

3O

v -f*dv3-f v a (50)

V cv

v j

B/uis, Llit t-lr(tr,-tl cyc lot ron frequelicy; B 0is the

ti Jtlr41th 1(( 1 F ic atidlltl Ito the Y-ais~t, andc f is tire rrorraiaizud,

t; I III' 11 lySYrror1A- [),kt of' Lrk( td ir (I tron ve-locity-distribution

(I(-ýio, I itcir f" is fMv;tIv'lIi;o-n arid v is inde!pende-nt of velocity,

he~~ ~ .1 ;'i.1 iir , d p ar ( i e),(valuated to Yield

v c (60)

c



The mobility and conductivity are related by

[ + r -i(l-r)

= net = [(I- - r) t+r 0(61

0 0 jp
CFr r •rr O

0= 1 'oo 0

00 (Yz z

where n is the electron density. A tensor dielectric constant is

defined by

t r r 1•" rO

K 77 j1 K K 0- = -. Or/i,,, K ,

Ii 0 U) K 7 .

where I is the unit tejiso',

(0)/ 1 ?"- , -/c

( 0) j ,1.



2

K - (6=c)

and n)z = ne f/nC° and 'y vc/w . Because the motion of ions hasP

been neglected, the validity of this treatment is limited to plasmas of

electron temperatures low enough that Landau damping and other

effects characteristic of a hot plasma are negligible.
1 0

We now consider two solutions to Maxwell's equation for a cavity:

Fo 1 i'-1o in the absence of the plasma, and El H I when the plasma

is present. The first set satisfies

V C,= "% ° H (64)

v xi 0  jn; ,0 o 0 *) (65)

win ri K is thoie unit tensor if the cavity is ,.repl y When the plasma

is pr.,senlt, .1 I f1iI satisfy

"v x - j 101 IL.. 1  , (66)

"v xa i_ jW%(K=. S 1 ) (67)

Now multiply Equation (65) by E11 and Equiation (67) by IC and

i a.cR-;te.(, ncv I' the cavity volUtte to ObUtLiIn

E 01 . V Y, dv 3-jdc 0 K1  (K dv (69)

iEo.vx*gji,,vijncE• (K- 1 )v .v (6,9)

fhli. subtract Equation (69) fron E,1,u1tion (68), wit ih a)ves

-)30



"W oE (K E 1 )]dv (70)

The left side of Equation (70) becomes

L "xIY-M v x Tý dv-fv. En lx1  - x xr av

+tiT -VxI -1 " ~Vx.E dv

S o 1

(71)

and by the divergence theorem, the first term on the right of Equation (71)

can be rewritten as the surface integral over the cavity walls of

ý - UI x E 1 - nI x'Ro01

which is zero if the walls are perfect conductors. The second integral

in Equation 71 can be simplified by using Equation (64) and Equation (66)

to define Vx r and Vx :

f•lo" VxEI - TI Vx'-]dv = j i (W °- L)fnYTI • -1 dv (7Z)

Equation (70) can now be rewritten as

a±(w- W)j'R 1 f l dv = co f "E1 " (Kr'O MO)- W •0 (K]" R1 )]dv

(73)
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which can be solved for the relative frequency shift 8 (ow co )was

EE g 0  _!ý M 0 ~ dv

- . (74)

(K1 ~ dv ýioji o,1,d

Thic; can also he written as

6 (75)

EO dv- o 'H H Idv

For' the ease where the unperturbed cavity is in a vacuum, Equation

(75) Call It fo rthor simnplified to give-

TJ a T dv

This eqiiiitioll is tho hOsiS Of tiii' p)alasma dliagn)OSis, Sin~c it re l;ti'S the

coiiiplc% I. ri'Cjlucicy 1if: to teC c:avity fieldCS andA p)j~ljasiaaant

V11. PLASMA DIAGNOSiS

In th~e inie rowa ye -cavity i-method of 111 a suring propci( tii' 5 of a

plas~ma (in use for ove p fifteen years 11, 12), the plast-na to be situdi,-d ics

jpari;ii y or 'orripletel(-y -oiita~ne-d in a iniic rowave- cavity . and tHe rv souftn



shift in the re sunant frequency and the change in cavity 0 are measured.0

These two measurements are then related to the electron density and

electron collision frequency by means of the expressions derived in the

preceding section.

The structure of the singly re-entrant cavity makes it possible

to assume that only ?-directed electric fields interact strongly with the

plasma. This means that Equation (76) may be simplified to

j z N " ldv
Z77

2WE Je R 1 dv

where ZI is given by

7-7

" - 1 - (78)
77. V, t 1) V1, j2jwi

Sill ,( AZ is a koI-lplcc q uant ity, 6i is also C( njIlX, with its i't-al

pa rt cual to the re'lative shift in resonant frequent y, and with twice

1 1I hi . iii ; ,g ihi;ii ]Y iil. r l,, hi' -. - I/hi , tii l hiw in g i( jil ua t~ i is i ,×l)iii s s

Pie vRal idon v IMjdv(

Sd (80)-3T- TT -y-2- o~ 0 0VJ v(0
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e 2 22
where x = ne 1m . W /W and y = v /1w0 pc

The only problem remaining is that of performing the required

integrations in Equations (79) and (80). Buchsbaum and Brown13 have

solved this problem by assuming that the plasma causes only a small

perturbation of the cavity fields and the electron density is constant

within the volume of integration. These assumptions allow one to re-

place E with ERo to obtain

1f o
x El dvI JExZ dv 1 _dv(81)

£ Ul +y Z O j0 l+ -Y

1 1 '1x r2 AIEx- E -v E o /v = (8 Z )
- Qo J] 1 +• 2 u /jV +-Ny82

When the electron density is low, that is, when x = w W << 1 , the
p

approximation is good, since the plasmna does not ap1)re cijab ly di stulrb

the electric field. As thc density is increased howewvr, E1 becomes

different from "B for three reasons: (1) a-c space char ge, cornininoly0

called "plansoa rcsonance,'" appears ais w /Loz approachies unity; (2)p

as w 2/w 2 becontus greater than unity, tin pIlasnoa begins to shiteId its
P

interior from the fie~ld outside; and (3) when both (A)I and the prts-
p

sure arc high enough that the Q value changes greatly, the over lapping

of higher modes may also cause E Lu be different from R70 by adding1 o

to E some of the fields of the higher modes. This means that the0

cavity method will work well at low pressure s and small percentages

-34-



of ionization, but will give increasingly poorer results as pressure and

ionization increase. When the perturbation theory is valid, the electron

density and the resonant frequency shift have an approximately linear

relationship. The point at which the measured data begins to depart

from this linear relationship indicates the beginning of the region where

Equations (81) and (8Z) are no longer valid. Experimrentally, this point

:. obtained by making a plot o' resonant frequency shift versus discharge

Cu 1" rent.

In the region where the perturbation analysis is not valid, one

rmnsi return to Equations (79) and (80) and employ the actual cavity

fields E and E1 if an exact analysis is to be made. This is a ques-o1

tionable procedure because the approximations that have to be made in

order to obtain a reasonable solution for the fields are lifficult to work

with. For convenience in experineental work, it may be preferable to

ext rapolatv the data taken in thel re gion wie re the pert lrbation relations

are valid and then use the point where w = w for calibration. TheIi

vatidity of this method can only be dete rained by experiinent.

Since the chctron dceisity is not a con slant in the actual systern,

but varies radially, the values for n found by e xperi ment will be aver-

age,' valht . Thisn, ar'e not a disadvantage in this study since we are.

conle.ried with the bulk plasmna prope rties.

-35-



VIII. EXPERIMENTAL RESULTS

Preliminary data has been obtained on the hydrogen plasma

discharge described in this report. Figures 12 and 13 show, respec-

tively, the d-c current-voltage characteristics and the detuning of

the microwave cavity as a function of discharge current.

The linear relationship between the cavity detuning and the dis-

charge current indicates that the approximations in the perturbation

analysis are justified for the rang(- of discharge currents studied.

Further measurements are being made to find the absolute eclectron

density.

It wLs pussiblh' Lo u-,,'ut the plasmna current so thLlat the cavity

detuning was within one or two mnegacye'Ics of hei eariier data. These

rcesults indicate that cavity detuning is it prijcti cal way of adjusting

tOe plasma ci denseity to the (desired point for lheiin plasnua amplifications.
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ABSTRACT

The results of measurements of the properties of trans-

verse and radial ion-induced electron-beam oscillations are

described in detail. From the data on the transverse oscillations

and from data published by Mihran and Agdur, it is concluded that

the transverse oscillations increase in amplitude with time

because of interaction ajter the electrons enter the magnetic

focusing field. Because the ion core disturbs the potential well

caused by the electrons, the electron beam follows a helical path

from the gun to the collector. Ions or electrons traveling toward

the gun alter the helical path and cause the oscillations to grow.

The radial oscillations were found to occur at a frequency

that was 1. 4 to 2 times the transverse frequency. They incrcase

in amplitude with time because, accompanying the oscillation of

the ion core, there is a density modulation of the ions in the

core that affects the focusing of the electron beam in the conver-

gent Pierce gun in a periodic manner. This causes the diameter

of the electron beam to oscillate, which in turn causes the radial

oscillations of the ions to grow.

Suggestions are made for the control or elimination oi

radial and transverse oscillations.
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I. INTRODUCTION

Although a large amount of analytical and experimental work

has been carried out during the past 35 years l-lin an attempt to

explain ion-induced electron-beam oscillations, the questions of how

and why the oscillations build up remain unanswered. The purpose

of this paper is to present the results of detailed experimental

analyses of the behavior of the electron beam during oscillations.

These results verify and complement the work of MIran 7 and

Agdur,iz which has provided the greatest amount of experimental

data to date on ion-induced electron-beam oscillations.

In addition, an extension of the analytical work of Peterson

and Puthoff is given, which helps in explaining the build-up of

oscillations. Peterson and Putl1off treat the transverse and

radial oscillations of a cylindrical ion core within a cylindrical

electron beam that is assumed to be stationary (the time spent by

electrons in the plasmna is assumed to be very short). The frequency

of transverse oscillations of the ion core is found to be

where (0 LT is the plasma ion frequency first found by Langmxuir and

Tonks, c is the radius of the ion core, and d i.s the radius of the

anode within which the oscillations are occurring. The frequency of



Iadiql :s -iln
t
•;' Cf the ion core is found to be simply u 1i 2 when the

ainplitudlc of the oscillations is small.

Froom the analytical and experimental results, the mechanism

foi- the build-up of ion oscillations is deduced, and precautions that

may be taken to prevent the build-up are pointed out.

?. -



11, TDESCRIPTION OF EQUIPMENT

T1he beam. analyzer used in obtaining the data presented in

this study is thce one de~scribcd by Gilmour and Hailock.1 Th e

elec-ot roll1- beami oil which nteasurc~crcnt.a were made was generated by

the shielded Pierce gun shown at the right-hand side of Figure 1.

il~is giun was norniially pol Hi' operated at S000 volts and had a micro-

perveance uf 1 . 15. At resesin the range of 10 -8Torr, the area

compression of the beanit was 50: i, and the magnetic field required

for ii rillottil HiI ow (leSS than1 2. per cent scalloping) was 2.85 gauss.

The-i part us (if the analyzser essocntial. to the current Measure-

nwntos ar-e sitowin inl Ytipuro ri'. A haili valIVe is shown pn sitionedl

fwit, f~ill ;un d 1I14 dillf. regioin, which contains a doubly re-

-ltrttiult (avity tall a lceaill-ito lyzing tlitumutniccut. This valve, is

I 4on.hitd (. kti hoeo oct.' () the tiot into etant1 paorts i)f tic ana'lyzer

heca ose witel if. is tI ito'l drittft ticll)(, 0,t Ile opewid to atniiot-plte tie

jteottwhiti. fil-I atfoole ll r.It-tsil'vaittttd ilt Li lpreHstr(' uf about

l~t~lot Aft, lIll.- (1ft 1ilt1w 0W'c- .velttevalVe WtLs oapened!(,

a alfI t It itt JI in t III,, jot pa aSo li couý)Ighl tltt ap' ij('tI trC ill the hail tLc

fill, andtctocl~it ct heattti-;cctclyzing 1-egionl.

T'lwtldi-~ '.t~ nit.(icattisuii sttiwi ait. thet left of Yigure 1

is slti)Wo ill C rossc-:' -tliont ill lrigttrt ?. Most. of the electron bea-tt was

rtl'e)1((tt'd by lhte lo-ant-cot led ilng plate, whichi was carbonized to reduce

flit, b(-(o imcna iy cit -cit.A smatll portlici htoweve r, tatcdthrough the

. 010 -itt 1 t~i), t[tIl It Ill th' ii f titi' 1) t' to. a Faradiay cage. The('
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cage, in turn, was attached to the end of the center conductor of a

nonresonant coaxial line, which was used to measure currents at

frequencies from d-.c to 6000 Mc/s 14 The current from the cage

went out through a coaxial feedthrough in the bottom control rod to

an indicating device outside the analyzer.

As shown in Figure 3, a short portion of the coaxial line

directly behind the beam.-collecting plate was flexible, so that the

plate could be positioned in a plane perpendicular to the axis of the

solenoid by rotations of the tvw control rods. Figure ? shows that

the plate could be moved horizontally by rotating the bottom rod,

and that vertical motion was produced in a similar manner by

rotating the side rod. Although rotational motions were converted

to transtationat motions in posi tioniog the cage, they could be con-

sidered linear, sine , the distlances inoved were simall compared to

the length of the. lever arms. Axial motion of -die cage asseootbly was

produceed by moving the control rods through Veeco quick couplings.

Tbhe angular positioun of the rods was adjusted by mneans of

inieroineters, the oincromnete r that set the he/rizontal position of the

caused the motor to sweep the cage back and forth across the beam

automatically. To provide a voltage proportional to the horizontal

position of the cage a ten-turn helipot was geared to the motor. TLC

voltage was applied to the X input of an X-Y recorder and a voltage

proportional to the cage c(urrent was applied to the Y input of the

-6-



X-Y recorder, so that plotting of current axnplitudeas a function of

position in the beam was automatic.

To obtain plots of the current density versus position at

various times after the beginning uf the cathode pulse (necessary

because ions causedA the beamn shape and position to change with

time), a Hewlett Packard oscilloscope with a display scanner was

used. The output from the (lisplay scanner was applied to thie Y

input of the recorder.

-3
Presstrl es lip to iptr'oxinIately 10 fore were obtained

by first puniping the analyzer to the tow range of 10 8 '"I r r with

thu 15 i/1z ioi 1 i nuip and then bI kfilling to ble de i ril'd oresstire

with hydroge.n thurough a patladiuoi let k. AAt-IstiLtes in lhCi JltIge

of 10 riand low 0 "l'orer bte 75 I/s ionP IlMtu) waLs ,liSd to 11011)

umtt tt',l t lth gh," prvt's ,L
t 

',i ', iw I i[/: ion ptilll)

atbtchltd k, tOWt L'eCti'• guill wasi os'di,
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III. EXPERIMENTAL OBSERVATIONS

A. GENERAL

At low pressures ( < 107 Torr) the electron beam used for

this study was very nearly an ideal Brillouin beamn (at a magnetic

field within 2 per cent of the Brillouin value, less than 2 per cent

scalloping occurred). No ion-induced oscillations and no phase shift

of a r-f signal applied to the beam were observedduring cathode

pulses with dubrations up to 30 lts. This, of course, indicates that at

pressures below 10"7 mm Hg, the number of ions produced was

negligible. As hydrogen was allowed to leak into the analyzer, the

effects of ions were first Observed at a pressure of approximiately

3 x 10- Torr, when it was noted that the beani diameter decreased

I V)
slightly as at funeLion of time.. As the pressourc was increased

fuvithc, v , tile beatii dcijaiieti r continued to decreiase 11uti 0 , al. a pvC SStCCr

n(ear 2 x 10- ' ToVr aU few cyct'es of snmll..anmplitude Oscillations wiLh

freqten(:y of 6 MC/s occ(ur le'(d at the cild of the 30)-jis cathode jaiss.

i'beS! so uillatiOnis wer e of the t yoallsVrsLe type and are doscrlvbed in

dletail in the following pages. As the pri'ssLure Was flrthier inc1-aslet,

the transverse oscillations occurred carlie.r in tIh' pulse and usually

increased in amnplitudc. These oscillations were cisIlly stable astd

werc aerplItUde nuodkilatted at fre(10uencic's 01 Lu appruxihojtely Z Sc,
-4

At pressures in the low' ange of 10 Tory the Oscillatiocns

were still mcstly transveersc, with it few eycles of radial oscilLotci tos

-8
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occurring early in the pulse. At a pressure of 5 x 10-4 Torr

and a time of Z0 -Is after the beginning of the pulse, an abrupt

change occurred in the oscillations-they changed from transverse

to radial oscillations. Usually the radial oscillations would

remain stable for a few cycles and then become very unstable.

At the same time that the radial oscillations became unstable,

strong electron cyclotron oscillations occurred. The cyclotron

oscillations are not described in this report.

B. TRANSVERSE OSCILLATIONS

Figure 4 shows records of the electron current entering

the Faraday cage when the aperture in the scanning mechanism

was placed at seven positions on a diameter of the beam. Note

the phase chhift of 180" between the curves at the top and those

at. the bottom of the figure, These curves and the curves shown

in Figure 5 of current density as a function of radial position for

the times t through t 6 indicated on Figure 4 show that the electron

beam was moving transversely during the oscillations. These data

were taken at a pressure of 4 x a0 Torr, ait a distance of 15 inches

from the electron gun with the beam voltage set at 5 kv and the

magnetic field at 320 gauss.

Figure 6 shows a curve relating the frequency of the

transverse oscillation to the electron accelerating potential. Note

that the slope of the curve is nearly one-half, which is the value

expected for ion-plasma oscillations when the ion density is

pi' portional to the density of the electrons in the beam f-rom the

9..
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electron gun. At one point during measurements, the hydrogen

in the vacuum system was replaced by nitrogen, and it was noted

that the frequency decreased from 5.6 Mc/s to 1. 5 Mc/s. The

ratio of these two frequencies is 3. 15, which is the square root

of the ratio of the mass of N2 to the mass of Hz and which is

also to be expected for ion-plasma oscillations.

Measurements were made to find out if the oscillation

frequency was affected by the strength of the magnetic field.

The unexpected result shown in Figure 7 is related to

the dependence of the diameter ef the electron beam on the

magnetic field. At low levels of magnetic field, the beam di-

anvter was inversely proportional to the field, whereasý at high

levels (500 gauss and above) the beanm diameter was nearly

constant because a smnall amnount of mnagnetic field linked the

cathode 16. Since bthe earn diiimeter was a function of the magnetic

fieLd, the shape of the potentiil well and the ion-oscillation

frequenciy wct'u t ttnctiun of the ntognetic field. When a small

coil was placed around the electron gun and was used to intro-

dt.coe nmLgnetic flax into the cathode region, it was possible to

change the shapie of the electron beam 6o that the frequency of

oscillation waLs as low as .3 MC/s or as high as 10 Me/s, while

the beamn voltage, the ma;gntLic focusing field, and the pressure

remained constant. It was also possible to change the frequency

of oscillation simnply by changing the phase of the cathode ptlse

with respect to the a-c filament current (normally the cathode

was pulsed at 60 cps with the pulses being phased so that they

-Z-
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Since it seemed unlikely that the bearn was moving

back and forth in a straight line during transverse oscilla-

tions, complete plots of the current density as a function of

horizortal and vertical -po$Ltw, we-.c made at 60-de.greo

intervals during a few cycles of the transverse osciilations.

These plots were made near the beginning of the current

pulse. so that the build-up of the transverse oscillation

could be observed. The center position of the beam was

determined as a fanc•ion of time from the ptots of current

density (see Fieure 9t Notice that the beam first moved

in a path that was nearay linear, but with time, the oscilLa-

tion path became elliptical. (The data for Fiure 9 w.ts

taken at an axial position 4 ifn. from the electron gun, )

With the data from Fifeures 4.5. aad 91 it is clear

that at any axial posittion. the electron beam jut towed it%

elliptical path dc:ring transverse osci!lgtionq. It ito inte're4ting

to observe that because of the low transit tirne of electrons

from the gun to the coMlecter (approxinmately . 10 x t0" 6). no

single electron moved in the elliptical orbit of the beam,

because the time required to traverse one orbit wis about

15 x 10-6 s; thus the assumption of a ttationary beam by

Peterson and Puthoff' I is at least partially justified. To

determine just how* stationary* the beam was as it moved

through the beam-analyzing regions, current density was plotte

as a function of radiAl position for -ariou-; axial position5 from
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the gun at times corresponding to t1 and tz (see Figure 4).

From these plots, the center position of the beam in a hori-

zontal plane as a function of axial position was determined and

is shown in Figure 10. If the cyclotron oscill.ation in Figure 10

is ignored it is apparent that instead of following a linear path,

the beam followed a path that was a portinn of a relatively low-

frequency (compared with the cyclotron frequency) sinusoid.

Figure 11 shows this path more clearly and shows that it was

actually helical. This result has also been observed by Agdur.

The reason for the path being helical instead of linear may be

understood if the effect on the electron trajectories of an electron-

beam well, which is nearly filled with ions, is examined. Let

us assume that the ion core is displaced to one side and the

electron beam to the other side of the axis of the solenoid, as

is shown in Filgure IZa. Then a very rough approxinmation to

the potential distribution in the electron beam as a function of

radial position from the axis of the solenoid is the paraholic

distribution shown in Filgure 1Zb , where it has been assumed

that neutralization has occurred in the ion core. If it is assumed

that no magnetic flux links the cathode, then it may easily be

shown that the trajectory of an electron is of the form,

r = A sin (0 A Ct) (1)

where 0 is wL t (WoLis the Larnor frequency) and C is a consLanLt

determined by the density of the beam. Equation (1) shows that

the electron's path is a circle which precesses about the solenoid

- 17-
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axis. If the constant C is evaluated for a potential drop of 10

volts between the center of the solenoid and the outer edge of

the beam, the precession rate shown in Fiaure 10 is obtained.

This 10-volt drop is quite conceivable, when it is remembered

that the potential drop from the edge to the center of the beam

considered, with no ions present, was 70 volts. From the

preceding considerations, it is apparent that the transverse

oscillations originated before the electron beam entered the

region in which beam measurements were made.

It had been shown6 that under some circumstances

secondary electrons from the electron beam collector provide

the feed-back loop necessary for the build-up of transverse

oscillations. For the measurements made in this study, this
-s

occurred at low pressure (< 5 x 10S Torr). As the collector

was moved transversely or axially, both the amplitude of the

oscillations and the time at which they started were greatly

affected, even though the collector was coated with Aquadug

to reduce the emission of secondary electrons to a mninimumn.

It seens probablethat it was the high-speed rather than the low-

speed secondary electrons that were responsible for the feed-

back action, because in the pressure rang. < 5 x 10 -1 Torr for

microsecond pulses, the beam was not conmpletely neutralized,

causing a potential depression as high as a few hundred volts

in the drift tube. This, of course, was enough to stop the low-

speed secondary electrons. By using a special beam collector,

- z0 -



Agdur had trapped high-speed as well as low-speed secondary

electrons, 'out although he succeeded in reducing the amplitude

of the transver-e oscillations by a factor of 5, he was not able

to eliminate them.

Mihran found that the suppression of secondary electrons

at the collector did not eliniinate or even significantly reduce

the oscillation of positive ions. It seems therefore that secondary

electrons are riot necessary for sustaining the oscillations and

that some other feed-back mechan:'ism must also exist. It was

suggested by Agdur that phenomena in the gun region may be

significantly related to the oscillation mechanism. This seems

unlikely, however, since the transverse oscillations observed

by Mihran, Agdur, and the author are identical, even though

the electron guns used were very different (Mihran's gun was

gridded, contained a planar cathode, and was shielded from the

magnetic field. Agdur's gun also was gridded and contained a

planar cathode, but it was completely inimersed in the magnetic

focusing field. The author's gun was a convergent-flow Pierce

gun which was sinielded froim the magnetic field). It is probable

that the traknsverse oscillations resulted from the influence of

ions or electrlons (secondary electrons from. the collector or from

ions) traveling towards the electron gun combined with a disturb-

Cnl(M of the profile of the radial potential in the electroii beamn

similar to that shown in Figure 12.

The build-up of transverse oscillations might be accounted

for as follows Assume first that the electron beam was not

- 21 -



oscillating and that it was traveling along the axis of the magnetic

focusing field. If the ion core were also centered on the axis of

the solenoid, then nothing would happen; however, if the ion core

were displaced transversely, as is shown in Figure 13a, the

electron beam would follow a helical path, as shown in Figure 1 3b.

The ion core would not remain stationary, but would move toward

the center of the electron beam; however, when the ion core moved,

the electron beam would assume a new position as shown in

Figure 13c. As this process continued, the oscillations of the

ion core would increase in amplitude because the electron beam

would always be on the opposite side of the axis of the solenoid

from the ion core (see the appendix). Now, if an axial potential

of the appropriate' me gnitude increasing in the plus zY di ret Lion

were applied to the oscillating ion core, it would iowvt in theL

minus z direction ntId in turn c(ause the dia mnet, r of the, l,-ice l

path of the elett r(O beam to lte This, of colirse, Would

fttrthe. i' tleince the ion oscilkltions,etc . The n.c;cillations would

stop growing when, as shown in Figure 1Ac, thet ion core moved

outside the elect ron lhiein so that ions were (ceht lt'ruttd tow;ntrI

the walls of thte ,an nut1t1 chamnber.

"the axial potentia l resulted from the pen etration of 1he cathliochi
potential into the drift region.

-22-



(a) Ion core displaced transverse
./ from electron beom

(b) Dispia~ed iont core couses electron beam

.tn .llow helical path
•o -.. . . .. ,. . . . . .. . . .. , . -. / , ,o , , , ,... . .... . .. . - " o . . . • , . o. .. O. .. . .

.:. . £ . : . - • ,- . . . . . . . . . . . • . .:.. . . . .=......... .' '... . . . . . . . . . . . . . . . . . .•.. ...... . . . . . .
. . . . . . . . . . . . . . . ..- . I . . . . . . . . . . . . ...____ ___

(c) /Ion core tends to follow

-.. . . . . . . . . . .... " . ... . . . .

_ .. - -. . : --. . : .. .... .; . . . ..- . .- . . . . . . . ...... ..:. . .: :. .: . .'.: . . .:.'.: . .. . .'.'.'.'. . ...,- _.. .

.' .'. .'.' ' .'. .'.' ' .... . . . .... . . '. .. . . . '.. . . . . . . . . . . . . . . . . . ... .. . .. .. . .. .. . . . . . . .. . . . . . o.. •. . . . •. . o o..............• . . I. .

FIGURE Ion. Skecohlis 1iuntr;etend litoal fotllo
in Build-up of T ran~v,.r.s, [In ()bea i n(htl)n

.... . .. .



In many cases the axial potential was other than a

value that caused continuous enhancement of the ion oscilla-

tions so that heating phenomena occurred, which produced the

variety of amplitude modulations mentioned earlier in

connection with the transverse oscillations.

When gridded electron guns similar to those used

by Agdur and Mihran are enmployed to generate electron beams

for plasma devices, ions are normally not accelerated towards

the gun. Electrons freed from molecules during ionization,

however, are accelerated toward the gun, and these can cause

a feedback similar to that illustrated in ktigure 13.

C. RADIAL OSCILLATIONS

Figrure 14 gives a plot of current density as a function

of titce, which shows that there were at least two dis.tinct cmcode's

of ion-induced acscillations in the e lectroin b:ai i at a ilucl Vio tigpe

of 5 kv, at mnagnetic field of 300 g;puss, aLld a prea.sU-ar e of X 10 0

Torr. The oscillietions showo between the ticie! 5 11) IL s anad 3. Smts

are of the tr;acive rUC vaV ri, 'ty descrcbr•iI in the pvcViolit ;cthoj.

Tlce fiuctuatious priot to jis and after 3. 5pcs re!stlt fronc c.ccilia-

tion of the beani ricdhus, ais shown ill 1ii ure 15. Tihe ('ffc: if

these radial o scillations on thec betami votie ige and oi lie mc iagotic

field was found to be vet'y silmilar to that of the tral"nsvcr:c ,criil;,-

tions, except that at high magnetic fields ( > 500 gauss) Lhey

d i sappeared. The frequcencicy wi S found to be independeit of tim-cc
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and pressure and was higher than the frequency of the trans-

verse osc illations by a factor ranging fromn 4. 4 at the beginning

of the transverse oscillations to 2 at the end, as can be seen

in Figure 14.

By corparing the predicted frequency of the transverse

oscillatio n

t LT (±c /I/

with that of the radial oscillation, it is seen that for a

small ion core, ( c < < d), the radial Ircquency should hevWZ-

times thE transversed frequency. This compares favorably

with the value of 1. 4. When c/6 is not soLali, hut is instead

closer tRi 3/4, it is appareat that the t'iidial frequency should

be about 2 times the transverse freqiuenuy, which agrtes with

the uppe r litnit of the ratio g ien.

I t is interesting that shier, L11. fieqtt ey of the r'itdiatl

oscillati ons was independent of tinm and pressure, the platsima

freqj •enc-y of the ionS U) f wIt ,l" t, c,,nstalit. Thiatt tn ltal tha t

ChailgeS in the freIUent y of thi ttitlnVeC'St: Wt1. illltioltu ; 1,1ý!

function of. time (l'igure F) p rotahbly retalted frotn• ano h(7rl'ke e

in the raditius of thi,- ion core with lituc.

Sine e neithcr Mihran not' Agthir (nor •tt,•it' worker a) 1,:tv,:

reported radial oscillations ot the type shotwn in tigtres 14 r [Id I',

it is probable that they art the rt sulL of the je, hilciiir gill'

geomet-ry used for the 'neasort- ml.t'l . rtle iii tli, :di,(ly.

- ?,6



It is shown in the appendix that if the diameter of the electron

beam oscillates at or near the natural frequency of the radial

oscillations of the ion core, then the ion oscillations will build

up exponentially with time. In examining the convergent Pierce

gun for possible ways in which oscillations of the ion core could

cause the diameter of the electron beam to uscillate, it was

noted that a density modulation of the ion core could periodically

alter the focusing of the electron beani in the region where the

beam approached its minimum diameter. Indeed a density

modulation of the ion core is to be expected in the region near

the gun because both changes in the radius of the ion core and

in the radius of the electron beam affect the potential along the

axis of the beam, which in turn affects the velocities of the ions

and their density.

The absence of radial oscillations at high levels of niag-

netic field is explained by there being enough magnetic flux

linking the cathode and passing through the region where the

beam approached its minimnuni diancite r to ( onfiuie the b,,arn.

As a result, no feed-back moechanisin existed, and the o:;cii -

lotions failed to gr-ow. The initial occurrence of rtadia. os 0il-

lations before the transverse oscillations buiilt up were the tc. sutl

of the rapid build-up of ions in the beam in the 10-4Torr range.

Since the ion build-up time was comparable to the period of the

radial oscillations, the ion density increased to a large value be-

fore sufficient time elapsed for the ions to move radially inward

-'T--



into the potential well of the electron beam. The ion core

then decreased in diameter and oscillations followed. The

reasons for the oscillations changing from radial to transverse

and back to radial during the cathode pulse are not known.

It appears that radial oscillations of the electron beam

can be elinminated by using magnetic fields well above the

Brillouin value and by ensuring that the magnetic field links

the cathode. Apparently there is no convenient way to prevent

the transverse oscillations of the beam when it is necessary

to op,-rate a device under conditions (of pressure and time

duration), where transverse oscillations normally occur.

The only po 5ss8li solution steins to bc to operate at a oresst,.re

wier a radial oscillations nonnaiilly occur and then to use a

m agnetic field that i; larr ge enuough to prevent the transverse

oscilaitiois. 'T'his nmans that eithe!r very short or very long

ptdulsei : houl d be Uused.

- 28



IV. DISCUSSION AND CONCLUSIONS

From the data on transverse oscillations and from the

data published by Mihran and Agdur, it can be concluded that

the transverse oscillations increase in amplitude with time

because of an interaction after the electrons enter the magnetic

focusing field. It was found thatbecause the ion core disturbed

the potential well caused by the electrons, the electron beam

followed a helical path from the gun to the collector. Ions or

electrons traveling towards the gun altered the helical path

and caused the oscillations to grow.

The radial oscillations occurred at a frequency that was

1. 4-2 times the transverse frequency. They increased in

amplitude with time because, ;icci, lipanying the OSc illittioll of

the ion core, there was a density niodltlation of the ions in the

core that affected the focusing of the electron bhcain in the cnn'"."

gent Pierce gun in a periodic nanneer. lhis causet ti lie dlitIwtcr

of the electron beam to oscillate, which in turn cauts ed hii rii id

oscillations of the ions to grow.

It is concluded that the radial uscill/Laton s catn he cllilinslto

by using a strong magnetic field that links the citthndue ;n1 h1 ain( -

formation regions. It appears, however, that if the transverse

ostillations are avoided by operating at high pressure, stroug

electron cyclotron oscillations oeCttr which mnay counte rae t any

advantage gained.

- 2.9 -



V. APPENDIX

It is helpful in understanding the ion-induced beam

oscillations if the work of Peterson and Puthoff is extended

to include the effects of transverse and radial oscillations of

the electron beam at or near the plasma frequency of the ions.

Shown in Figure 16 is a sketch of the geometry for trans-

verse oscillation to be analyzed. The potential distribution is

found, as was done by Peterson and Puthoff, by superposing the

potential resulting from the negative and positive space charges

01 and 02., and a space-charge -free potential e3 chosen io

make the sum of all three potentials fit the boundary ccdition at

the anode (wh(erc the potential uquals ,e ro).

ELECTRON~

FIGURE1 16. Guometry of Transverse Oscillations.
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The potential li is given by

2 Pe(A. 1)
vC

0

or
PeRep e e 

(A. Z)
0

where
2 2z

R r + r -+ 2r, coso (A. 3)e

and pe is the electron charge density. Then

*I-" - (r -Z r ý cos0) (A.4)
0

inside the negative space-charge region, and it has been assumed

that ý << r . Outside the negative space-charge region,

2 ' 0 (A. 5)

th(" re fo re

2

(I I Z Il Z r- cs0) (A.(0)

L a ilmjilar nnuer, the pot(enti; I in the positive spdee -chnrgeW

region resulting froln the positive spae echa rge may be found

to be)(

, -a- (r - Zr 6 cos 0) (A. 7)
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w/hwr i it hi.ts a lit a ssunled thiat the hla rge den aity of thle ions

cqvla s 1.1w chularge density of the v [ectrons. Outside the positive

pa -ine -iha Ige region,

2

e ~--( + 2 c. - r OO (A. 8)
0

Onl the anode 4)(r, 0)= 0 1 = ý + + q3 and r= d. Therefore

in sideL theo anode

) ca dP ecd
-'C I +2 1n - -7 r co sO) + 4-(I + 2 In -

0d U

2- c o " )) (A. 9)

T['ii!; IIweiI a that the total jmotettia I is,

o " - I i (A . I o))

0

Now if it is as tiriii ba! t so'at,( thec solution is of the to rin

6 A sil 1i t tIB sill W1 (A. I Z.u)
14 T1



I 
T 

d

dLT (I c

andI

c LT'

b A sin K'~ (I 4) t~ + BtLcos tjT(i Z

(A. 121))

Thus it is- sueen thaitt IiII)(Iding it4 l the va III of w ,the nsv

Oscillations of the ions! ixinly be alrplitade Iliodilnated lbeI;Iiie of

sin wt beuting with

and tin ye is the, po~ssibi lity tha~t hliiS Cou I II ( t in. tiill)Iitxul~i( nnid-.

iikitiOii Of the t I'auIlISVe USe uWi~lIitjiiS Of the (1 11 lei

Sho(Wit in Ii igore' I I iS ;I Oftc 0 FI the )eijrrtI- fmh thP

ra~dial osciilatos to I)( ZInikI~YVef.d Us;ing theV nit;Lijoi (If' Pete u-Somi

and Ptithoff, we take tin cl-c radius of the pli a-ilI t-011.1111 as beinig

1'0and the, inistantcoxeoo s radims as, r- .. 'rie mist ( ia rge lie! I. unit

length in side the plasma cove t- aust'd by iotns is i., nr 0p. that,
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2.
r. r

E (ri) •o (p t + p cos Wt 0 (A. 14)
E (r) -E eo e- c rAC14)

0 . 1 o

therefore the force equation can be written as

2 R + __21. (p R - + R p cosWt) 0 (A. 15)

dt 2. 0 eo l
0

where ri/r, = R . When rir is near unity, 1/R 2 - R• so

the force equation can be rewritten as

- R + (a - Zq cos 2z) R b (A. 16)

dt.

wh e r e
11pe p.iC]v~ W Pi O

eO1

q ------

EW (0o

I, (A. 17)
WC"oa

and

W3t
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Equation (A. 17) is a Maathieu equation in the form given by

McLachlan17 with the solution given as

az z' I

R = (Ay 1 + By?) - 2 I y,,u, f(u)du - jyIu

(A. 18)

where y1 and y 2 ar 9 Mathieu functions appropriate for the values
2

of a and q being used, -c is the value of the Wronskian

yyI- ylya , and f(u) is b . The proper forms of y, and y. can

be deternmined if the values of a and q are known. Since the ratio

of p, to p is likely to be near unity, and sinct, the ratio of W L,'P

to w is iidso likely to he t ncar unity, it can be seen from Equation

(A. 17) that x, 4 and that q is nearly -p , p , where 0 <

Pto < i0 . Ily ex;am1ining Figurec 18 it canlb I-s) c that the s5let iont to

I'iquitioni (A. 10) lies in tin' unstitlle region w;tea r t a - 4 to the lefl. ol

till 't atxis. Whell (I is sillnail, thii hitteticmei VI and Y2  cait 1w

appirtl) iln l iac d iy

I I -; ensZ S sil l (Alt))

Y : -2 cos I- Sz sill t (A.Z0)

wir- C 2 r and S 2 ari. constants, a-id the vaihlts of 1 i al-e shown ill

Figure 18. Wln'n Equatiun s (A. 19) and (A. 20) ari, coitbined with

Eqltation (A. 18), R. has tie form,
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R = A + Be4 z sin sin 2e + D sin 4z , (A. 21)

where no attempt has been made to retain the phase relationships

between the sinusoidal terms. The most important information

contained in Equation (A. ZI) is that as long as a remains in the

unstable region, the frequency of the ion oscillations is the same

as the frequency at which the electron beam oscillates, and that

the oscillations build up exponentially with time. This means,

of course, that amplitude modulation similar to that occurring

with transverse oscillations because of the beating of the

oscillation frequency of the electron beam with the natural

frequency of oscillation of the ion core should nut occur in the

case of radiial oscillations.

38-



VI. REFERENCES

1. L. Tonks and 1. Langrnuir, "Oscillations in Ionized Gases,"

Phys. Rev., 33 (1929), pp. 195 - Z10.

Z. L. Tonks, "The High-Frequency Behavior of a Plasma," Ph-s. •

Rev. , 37 (1931), pp. 1458 - 1483.

3. L. Toiiks, "Plasma-Electron Resonance, Plasma Resonance

and Plasma Shape," Phys. Rev. , 38 (1931), pp. 1219 - 1,-23.

4. J. R. Pierce, "Pos3ible Fluctuations in Electron Streams Due

to Ions," Jour. Appi. Phys. , 19 (1948), pp. 231 - ý36.

5. E. G. Linder and K. G. llernqvist, "Space-Charge Effects in

Ele'ctron Bearns and Their Reduction by Positive Ion Trapping,"

Jour. Appl. Phys. , 2.l (1950) pp. 1088 - 1097.

6. K. G. Hcrnqvist, "Plasma Ion Oscill;tiomis in Electron Benie

Jour. App!. Phys. , Z6_ (1955), pp. 544 - 548.

7. T. G. Mihran, "Positive Ion Oscillations in Long ElecAtion

Beamns," T.R.E. Trans., ED-3 (1956), pp. 117 - 1Z1.

8. C. Cutler, "'Spurious Modulation of Electron Bearms," Prc;c.

IRE. , 44 (1956), pp. 61 - 64.

9. R. L. Jepson, "Ion Oscillations in Electron Beam Tubes; Ion

Motion and Energy Transfer," Proc. I.R.F.. 45 (1957), pp. 1069

1080.

10. J. T. Serise, "Note on Positive-lon Effects in Pulsed Electron

Beams," Jour. Appl. Phys. , 29 (1958), pp. 839 - 841.

-39-



11. W. W. Peterson and H. E. Puthoff, "A Theoretical Study of

Ion Plasma Oscillations," I.R.E. Trans. , ED-6 (1959),

pp. 37Z - 377.

12. B. Agdur, "Oscillations in Long Electron Beams," Ericsson

Technics (1960), pp. 534 - 539.

13. A. S. Gilmour, Jr._ and D. D. Hallock, "A Demountable Beam

Analyzer for Studying Magnetically Confined Electron Beams,"

Paper presented at the Sixth National Conference on Tube

Techniques, New York City, 1962.

14. A. S. Gilmour, Jr., G. C. Dalman, and L. F. Eastman, "The

Current and Velocity Distributions in a Velocity-modulated,

Brillouin-focused Electron Beam," Paper presented at the 4th

International Congress on Microwave Tubes, Scheveningen,

Hofland, September 1962.

11 A. S. Gilmour, Jr.,and D. D. Hallock, "Ion Effects in a Brillouin

Beam," Research Report EE545, Cornell University, 1962.

16. D. D. Hallock, "An Investigation of the Lanmintrity of Flow in

a Magnetically Confined Electron Beam," Research Report

EE 539, Cornell University, 1962.

17. N. W. McLachlan, "Theory and Application of Mathieu Functions,"

London: Oxford University Press, 1947.

-40-


