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ABSTRACT

A method is developed for determining the aspect of the axis of a
rocket or satellite with respect to en earth based system of coordinates
for the case where these bodies undergo a constant precessional motion
about some fixed direction., The analysis is based on data obtained from
& magnetometer mounted on the hody so as to give the axlal component of
the Earth's magnefic field and a sun sensor which measures the angle be-
tween the Sun Vector and the axis of the body. The only information
needed for the deterﬁination of the aspect of the axis is the maximum
and minimum axial components of the Earth's magnetic field, the maximum
end minimum angles between the axis of the body and the Sun Vector, the
time sequence in which these maximums and minimums occur, and the angular

velocity of precession.
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1. ANGLE OF THE CONE (T PRECESSION; ANGLE BETWEEN AXIS OF PRECESSION,
’ EARTH'S MAGNETIC FIELD BT,AND SUNAES.

We will assume in what follows that when the rocket or sstellite has
reached a certain altitude in the atmosphere, the atmospheric fricfion,
hecomes negligible and the precessional motion remains such that the
axis ©f prccession makes a constant angle with the axis of the rocket.

To desecribe the motion of the rocket or satellite after its motion
of precession becomes constant, let X, ¥, Z be a right handed system of
rectangular coordinate axes with the X-Y plane parsllel to the equatorial
plane of the Earth, the origin at any point of the trajectory or orbit
of the moving rocket or satellite, and with the X axis pointing toward
the vernal equinox.

let 1, J, k be a system of unit vectors parallel to the X, Y, 2
axes respectively. Then the position vector from the origin (0, 0, 0)
to x, ¥y, 2z 18 glven by

R=1x+Jjy+kz
if 6 and ¢ are the latitude and longitude respectively and r 1s the
distance
R=r (1 cos®cos ¢+ Jcos e sin ¢ + k sin @).

We may introduce a new system of base unit vectors e,., ey, and e

by
ep = g% =1 cos 6 cos ¢+ Jcos @ s8in ¢ + k sin @
(1-1) eg = % §§ = -1 8ln 6 cos ¢ - Jsin 6 8in ¢ + k cos 6
ey = 1 BB . _4einé+ Jcos ¢

T cos U 8¢



(2-1)

2.

Let e, be parallel to the axis of precession of the rocket or
satellite. Let ei, eé, and e | be a third system of base unit vectors

with ei in the plane of e, and €y e,

2] 2
rlane and e parallel to the axis of the rocket or satellite., if LA

meking an angle o with the €gCy

is the angular velocity of rotation of the axis of the rocket or
satellite about its axis of precession then,

B i
el = ee co8s wot + eQ s8in wot

g - +
e2 = er sin ¢ ee cos ¢ 8in wot eq> cos8 O CcO8 wot

| B -
e'=@e_ cos -+ (ee sin w,t - e

- . cos wot) sin o.

¢
To take into acecount the rotation of the rocket or satellite

about its axis, let w be the angular welocity of rotation of the
rocket or satellite about its axis, e , ey, e, a fourth system of

base unit vectors with e; parallel to e; end with ei and ea in the

1 1
plane of e and €59 then

n + -
e, = €, CO8 O (ee 8in w t - e, cos wot) sin w

¢
1"t
ef me,slnaselnv t+e, (cos Wt cos wt - cosq sin w t sinw t)

+ e, (sin w t cos w t + cos & cos w t sin %)

o (

ey = e, Bing cos Wt - ey (cos wt sin w t + cosq sin w t cos w t)

2

- e, (oin w t sin w t - cos & cos w t cos W t).
Let Ho be the magnitude of the Earth's magnetic field and M a
unit vector along the Earth 's field then
e, H + e Hl + e H2 M H
Thus the scalar product of e with the vector MH glves



ﬁn
ﬁi = el+ M" cos(J ey, M)

cos yy (t)

cos 7y (t) = M-er cos O + M-e9 sin o sin wot - Mee, 8in o cos wot

0

If wve set Meeg = m, Meeg = n, Mre, = L = cos By
H" =H (cos B_cos o+ sina (m sin v t - n cos w t)), the critical
e (o} H o o

velues are given by Ir _ tan w ot = - =
at ’ n

m° + n2 =1 - cos2 BH = sin2 BH.

(3-1) The minimum is given by woto= arcsin 81;maH = arccos Bi:nBH
end the maximum by w t, = arcsin Big’ﬁﬂ = arccos gi;naH
Thus for the minimum
HY = Hj (cos By cos « - sin By sin a) = H cos (5H + a)
(3-2)
and for the maximum
Hy = Hj (cos By cos a + sin By, sin a) = Hj cos (BH - a).
Since
Hy .
T =cos (e, M= cos 74(t)s
From (3-1) and (3-2)
cos 7H (to) = cos (BH + (), cos 7H(tl) = COS8 (BH -a).
Writing
7o = 7y (E5)s 7y = vy (E)s
we find
7o= BH+a, 7l=i (BH.. a)
By = o271 a = Z.Q::Zl
H 2

where the upper signs are to be taken 1f BH'> o and the lower signs 1f

BK < Qo



-h-

Bimilarly if S is8 a unit vector parallel but in the opposite sense
to the Sun's rays,

- 1 1t " n 1" "
S = Sr er + Sl el + 82 e2

P L. ' = g
S el = cos ’g (+) 8.
A calculation 1dentical to thst in the preceeding section where S

replaces H leads immediately to

(4-1) BEF 708 ; 71S o = Y08 ; 718

where +the upper signs are to be taken if Bg > @, and the lower signs are
to be taken 1f B < @,

wh
ere o8 = 73 (t3) = arccos ( 8p (t3))

718 = 7g (ty) = arccos ( 85 (ty)).
However, here 7S(t3) and g (tu) are the actual measured angles between
efand the Sun vector. Thus @ and Bg are uniquely determined. Py is thus

uniquely determined by the formula

cos g (%)~ cosy (t,)
(k-2) sin By = 2 8in O

If the rocket or satellite has no precessional motion then

a=0, Vg = 0, ep = en
and
cos By = cos yy (t) = constant
cos By = cos yg (t) = constant

*If the period of rotation of the rocket about its axis, as determined by
the magnetometers, is greater than that determined by the Sun sensors,
then Py <a, Bg >, if the opposite is true then By - Q BH - Q.




2. CALCULATIONS OF &, AND ®, THE LATTITUDE AND LONGITUDE OF THE AXIS OF
PRECESSION

ILet BH be the angle between the unit vector M and the eguatorial
plane, and mH be the angle between the vertical plane containing M and
the X-7 plane, then:

= ¢ t k .

M= 1 cos QH cos n + J cos QH sin " + k sin eH
Meking use of the first of (1l-1) we find

A o = .
cos 6 cos 6y cO8 (¢ w sin eH sin ¢ = cos BH

1f ﬁs and mS are the corresponding angles for 3, then:
= & &
8 = 1 cos es cos g + J cos es sin 3 + k 8ln eS
b - s8in si =C .
cos @ cos eS cos ( «S) + as ne = cos gs

Thus for the equations.

cos § cos @, cos (o - ¢H) + sin oy sin g = cos BH

1

sin &

cos p cos es cos (t - ¢s) + sln e

Eliminating sin ¢

5 cos B

cos By 8in Ag - cos Bg sln @y
cos Ay 8in fg coB (h=Pp) - cos Ag sln Ay cos (P=0g)

co8 A =

and eliminating cos ¢

cos By COB 6y COB (m-QH) - cos @, €08 Ag CO8 (m.¢s)

cos 8., 81n . cos (f-¢s) -~ CcO8 as 8in QH cos (d-h

8in ¢ -~

H " g

If we let a, bl, ba, 1» Cy» denote the following expressions:

a = cos BH sin g, - cos gs sin ¢

S H

b - Q@ - »
3 cos QH sin es co8 lH cos es sin QH cos S



o’
no
)

cos GH sin 6g sin QH - cos 6g sin eH sin ¢S

= cos 6g cos Bg cos ¢y - cos g cos ﬁH cos ¢g

(1]
o
L

Cp = cos Oy cos Bg sin ¢y - cos 6g cos Py sin ¢g,

co8 0 = a
bl cos ¢ + b2 sin ¢
(6-1)
o+
sin & = ¢y cos ¢ co sin ¢
bl cos O + b2 sin ¢
The equations (6-1) may be written
bl cos 6 cos ¢ + b2 cos 6 8in ¢ = a
(‘ol sin 6 - cl) cos ¢ + (b2 sin 6 - c,) sin ¢ = 0O
The solution of these equations is
a bysine -c¢
sin ¢ = N L
6 ) cos O blC2 - becl
-2
(_ cos © = - a bgsin € - cp
cos O b1°2 - becl
by 8l - ¢
tan ¢ = - % in o 1
b2 s8in 6 - c2
Eliminating ¢ from the equation (6-2)
. 2 2 2 (e 2 2
(6-3) ain 6 = 8 (blcl-i' b202) % (blce— becl)w(blC?_- bzcl) + a (bl + be - c% - 02

Y24 4 =4 - e
(bl + b2 } ac + (blc2 becl)

Substituting for a, bl, ba, c c2 we find

l’
- 2 2({pe 2 - 02 - 02 - g2) = g2 2 2 - S~
(blc2 b,¢;)2 + a2(b2 + bf - ¢ - ¢ - 8°) = & {sin By 81n2 By (M.S-cos B
bycy+ bycy = sin 6g cos Bg + sin 6y cos By - M:S(cos By 8ln 64 + cos By sin 6
bjc,- byey = & cos gy cos 64 sin (¢H- ¢S)

. 24 (b2 + b2 a2 = 82 {1 - (M.S)2
(bye, - bye j2+ (b8 + b3 )a? = a {1 (M S))



Thus (6-3) may be written

sin 6 o sin 64 cos Bﬂ + sin 6, cos B, - M-S (cos By sin 6g + cos By sin 6;
(7-1) T TN

- 2 2 - . -

+ cos GH cos 64 sin (®H ¢S)'\Jsin By 8in” B (M*S - cos Bgcos f
1 - (8)

With this determination of ¢ and 6 the base vectors egr ©

o and er

in (1-1)

' eg=-1 sin @ cos ¢ - J sin € sin & + k cos ¢
(7-2)
ep=-18in ¢ + J cos ¢
er =1 cos 6cos ¢+ Jcos @ sind+Xsing
are fully determined, and so also

Mee,, Mee,, and Mee,, lie. cos Bys My Ny See , Soee, S-ea, cos Bs, Mgy Dgs

6

‘Now from (2-1), when @ £ ©

(7-3) en = e cosq+ (e sin wt - e, cos wot) sin o

6 9

and e; is determined for any t, however this last expression does not
specify when t is to be counted zero. It is convenient to start

counting the time at a time when S; is a minimum, i.e. according to (3-1).

(7-4) w t, = arcsin 8 = /recos

+ns
0’3" sin Bg sin By

Let t be defined

t=t, + 7

3

wte=ewt +wT
o) o o

3

see Appendix A for the sign before the radical. pp13-14
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8in wot = sin (w°t3 + w,T) + sin wotz cos Wil + cos wgtsy sin woT
cos Wyt + cos (on3 + on) = COS wot3 cos woT - sin wot3 sin w,T,.
Substituting (7-4) in these two equations we find

nS sin on - ms cos on

sin wot =

(8-1) sin Bg
cos W b = ﬁs G608 on + mS sin on
o sin BS
Substituting (8-1) in (7-3)
n, sinwv ™ e m_ cos w.T n,.cos wT+m, sin w. T
8_/ " = S Q S [ - S [] S .
( g) e, = e, cos Q +[ eg 5T By ey 50 Bg sin ¢
3. - ASPECT WITH RESPECT TO THE ROTATING EARTH

In order te find the aspect of the recket er satellite with respect
to the Earth based system of coordinates axes, let we be the angular
~ veloelity of rotation of the E;a.rth absut its axis, % the time in seconds
measured from midnight December 31 - January L. Then if Il’ I2 and 15
are a system of orthonormal base vectors yarallel to the X', ¥°', 2' axes
respectively, with X' and Y" in the eguatorial plane of the Earth, and

the X' axis in the Greenwich Meridian plane, and wet measured from the

X axis or from the base vector i, we have

I, =1 cos (wet - 8) + § sin (wet - 8)
I,=-1sin (wet - 3) + J cos (wet - B)
I. =%k



and

1= I cos (wet - 3) - I, sin (wet - 8)
J =1 sin (wet - B) + I, cos (wet - %)
k“I}

where & is the angle between the vectors 1 and Il nmeasured clockwise from

1 to I, at midnight December 31 - January l. Substituting the relations
above in (7-2) i.e. in

e, = i1 cos 6@cos &+ Jcos 8 8lnd + k sln 6
& = * i1 8in6cos ¢ - ) siné sin ¢ + k cos @

& = - 1 8in ¢ + 3 cos ¢,

wve. find
e, = I cos 6 cos (wet «d - 5) - I, cos 6 sin (wet -0 -3) + I} sin 6
(9-1) € = - I; 8in 6 cos (wét -¢ - 8) + I, sin @ sin(wet -0 -8)+ I} cos 6
e, = I, sin (wét « ¢ ~-53)+ I, cos (wet - ¢ - 8).
Now (7-3)
(9-2) el = e, cos o+ (ee sin vt - g cos wbt) sin Q.

Again let t3 be the time corresponding to the minimum angle for the first

Sun fix, then

t = + .
t3 T

and according to (8-1) we find

ng sin woT - Mg cos on
sin BS

sin w t -
6]

ng cos on + My sin on

cos wbt =
sin BS

To simplify these expressions let y be defined by
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ns 2 2 ¢
t E o— . + = 8i
an y = ms nS sin Bs
]
ms = gin BS sin 7, nS = s8in BS cos ¥y
then,
sin wt = 8in (w T -~ wt=cos (wT-~ .
. (v T - 7), (wT - 7)

In order to simplify the expression (9-1) and (9-2), let

=wt-~-94 -8
g e
then the equations (9-1) become,

: e, = I, cos @ cos 6 - I sin @ cos 6 + Iy sin 6
(10-1) . in 6+
. eg = ~ I, cos @-sin 6 + I, sin @ sin 6 I3 cos 6

e, = I

o= I sin g+ 1I,co8

and (9-2) becomes
e, = e, cos Q + (?esin (w,T = 7) - e, cos (w.T - 7)Y} sin a

The expression for e; in terms of I, I and I3 becones

(10-2) e = Il[ cos @ {cos 6 cos o - sin @ sin « sin (w,T - 7)} - 8in @ sin cos(on -

Ia[sin @ {cos 6 cos & - sin 6 sin U sin (w,T - 7)) + cos ¢ sin COS(WOT -

+

I3 sin 6 cos @ + cos @ sin « sin (on - 7%.
If the rocket or satellite has no precessional motion « =0 and,

e, =1, cos @ cos 6 - I, sin @ cos 6 + 13 sin 6.
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The expression (10-2) is the representation of the unit vector
parallel to the rocket or satellite axis. Thus if V is any vector with

components (Vi, Vs Vj) in the base I,, I,, and Iy i.e. if

V

V=1 Vl + IQVé + I3

1 3’

the component . of V along e; is given by e;zv = V., L.,

v; = (1[005 @ {goa 6 cos @ - 8in € sin o sin (on - 7i> - 8in ¢ sin a COS(VOT - 7ﬂ
-,Vé{sin @ {cos 6 cos @ - sin € sin a sin (w,T - 7)} + cos @ efn & cos(w T - 7ﬂ

+ VB[sin @ cos & + cos 6 sin @ sin (on - 7ﬂ .

If the rocket or satellite has a Sun sensor mounted on it such that
the axis of the sensor makes an angle of 116° with tﬁe rocket or satellite
exis and if x 1s the angle which the Sun vector S makes with the axis of
the sensor, the relation between the angle yg (t) = (X s, b;) and x is8
given by

7q (t) = 116° ~ x ()

(11-1) drg (8) 4y
dt dt

The critical values of 74 (t) are given by

d t
”73( Y o
dt
and therefore also by
dn = 0,
dt
and
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Thus for the maximum velues of y4(t), 93__Z§__£El < 0 and ——=nt d2 s (t) >0
therefore, n (t) is maximum when 7s(t) is minimum and % (t) is minimum
when 7S(t) is maximun. Now we have seen on page 4 that maximum
7S(t3) = + (Bg -~ @) end minimum rg(ty) = Bg =~ @ Thus from (12-1)

x (t) = 116° - 7g(t)

(22-1) % (ty) = 116° - 8, -

x (t,) = 116° + (84 - a).

Thus 1f BS 0
4 (th) + % (ﬁ;)
2

(+]
116° - Bs =

a = %8y - x(t3)
2

and

' ® (ty) + = (%s)
2

n (ty) - n (t3)
2

ﬁs = 116° -
(12-2)

Q=

If By @
x (ty) - n (t3)
2
n (b)) +x (?2)
2

o = 116° -

The Adcole Sun Sensor, manufactured by the Adcole Research Corporation,

1s designed so that x <:? for 116°<::7s () <180°, > 0 52°<::?s(t)<::}l6°
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APPENDIX A

DETERMINATION OF THE SIGN IN THE EXPRESSION FOR SIN 6

It erl and er2 lie in a pleane perpendicular to the M-S plane and make

equal angles with that plane, with e, on one side and e, on the other

1 2
slde of the M-S plane, then

erx(MxS) = &, x(MxS),
1 1
Thus
M) = (e -8)M - (e_ -M)S
1 1 T2 T2
and
cos BH = erl-M = er2oM, cos ﬁs = erl-S = era-S.

One root of sin 6 corresponds to e, on one side of the M-S plane and the

other root corresponds to e, on the other side of the M-S plane. Now it

is easy to show that the triple scalar product of M, 8, e,

(MSe,) = #\s1n? Bg sin2 By - (M'S - cos Bg cos By)2.

Obviously if the angle between MxS and e, is less than 90° the + sign
has to be taken for (M, S, er) and the - sign if e, makes an angle
greater than 90°,

Let 7Hoand 7chorrespond to the maximum end minimum angles be-
tween the axis of the rocket or satellite and the magnetic field
respectively, and 732 and 785 the corresponding angles between the Sun
vector and the rocket or satelllte axis respectively. Tf the rocket
1s precessing in a clockwise direction with respect to an observer on the
ground, then in the records oi TH and s trancmitted to the ground the

following sequences will be observed for TH 2 g 2 7g 2 7g ¢
(o} 1 2 3
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If e, makes en angle of less than 90° with MxS the sequence of

maximum and minimim angles will be as follows:

Ta 27, 875 27 ’

S5 HQ 3 Hy
that is, if this sequence occurs in a given flight the siga + must be
taken., If e, makes an angle greater than 90°with MxS, the sequence

of maximum and minimum will be as follows:

733 ’ 7Hl 2 752 ’ 7Ho ’
4n this case then, the negative sign before the radical must be
.taken., The system breaks down only if (MSer) = 0, but in this case
there is only one root for sin 0, namely,

8in 6g cos Bg + sin 6y cos Py - M.S(cos By sin 6g + cos Bg sin 6y) .
1 - (M-8)%

8in 6 =
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