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FOREWORD

This report was prepared by the Polymer Branch of the Nonmetallic Materials
Division. This work was initiated under Project No. 7340, "Nonmetallic and Composite
Materials," Task No. 734004, "New Organic and Inorganic Polymers." It was adminis-
tered under the direction of the AF Materials Laboratory, Deputy Cmdr/Research &
Engineering, Aeronautical Systems Division, with Dr. W. E. Gibbs acting as project
engineer.

The work reported here concerns the solution of a differential equation encountered
when treating analytically the thermodynamics and hydrodynamics of polymers in solution.
The present work represents one aspect of the theoretical and experimental program
conducted internally on this topic. This program has as its general objective the corre-
lation of polymer structure with physical properties.

This report covers work accomplished from July 1962 to July 1963.



ASD-TDR-63-807

ABSTRACT

The following Second Order and First Degree Ordinary Linear Differential Equation
has been solved:

X2 y11 +X(/ X +- t-4u)y+(X 2 +2U-2t±1)y (u+I)!t! Zu+2

where u = 0,1,2....., and t = 0,1,2 .... u.

The general solution can be given by the following expression:

y fL!t + dzu [z-L+U-te-z (k,+ k2f z t-U -1 4Z dz]

where z = x', and k1 , k, are constants.

This technical documentary report has been reviewed and is approved.

WILLIAM E. GIBBS
Chief, Polymer Branch
Nonmetallic Materials Division
AF Materials Laboratory
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DIFFERENTIAL EQUATION AND ITS SOLUTION

The following set of differential equations (DE) was originated in a treatment of hydro-
dynamic interaction of large spheres in a viscous medium:

L(X) X2 y1/ + X(-'X 2 +2t-4u)y'+(X'+2u+1-2t)y (U+I)!t! X 2u+2 (I)

where u = 0,1,2..... and t = 0,1,2 .... u.

Introducing a variable z, where x = z1,

dy d2 y dy

y 2z 2 Tand -4-z dz 2+2 dz

equation (1) becomes:

L(z) = 4z ?d y + z z +-4t-u-8u+-2-]--z + zz+2u(2u+1-2t) y (21)! z (2)d z 2 (2t)!

The function y can be transformed in accordance to the following relationship:

y = v + w , where w z (3)
(2t)!

Due to the linearity of the DE under consideration, the DE of y can be expressed as a
sum of differential equations of v and w:

L(y(z)) = L(v(z)) + L(w(z)) U (u+l)! t! U -1

Since:

Ldw(z) 4z - 2w z z+4t-8u +2 + z+2u(2u-2t+l) (5)

Manuscript released by the authors July 1963 for publication as an ASD Technical

Documentary Report.
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it follows that:

L(w(z)) [4u(u-I) +u(z+ 4t-8u +2) + z+ 2u(2u+I-2t)w

(u+~zw (u+ I)!t! u+I

(2t)! (6)

Therefore, the DE of v is homogeneous:

L(v(z)) 4z2 d2 +- z 2z + 4 t-8u +-2 -4- -±z+2u(2u-at+)jv 0 (7)

DE (7) can be simplified utilizing the following transformation:

v zu 77, (8)

where 77 is a new function.

Since

dv u d77 + u z- and
ST dz iz zan

dv zu Z7L ± 2  u-IS + u (u-I) zu-2

dzZ dz + dz 77

the DE of the function 77 will acquire the following form:

d 2" d17
L(77+ (z+41+2) d (u+I)rj 0 (9)

Introducing a variable 43= z, equation (9) becomes:

L(27() d-7 +d +(u+1) 0 (10)

2
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For any specified value of u and t, zero or positive, a constant

k = (t+-L)-(u+1) = t-u-+- can be inserted into equation (10):

L ("77 (C) + [C + k- +W+u1) + +(u+l 1 0 0(11)

Differential Equation (11) is similar to the equations treated by A. R. Forsyth and
W. Jacobsthal (Lehrbuch der Differentialgleichungen, Braunschweig 1912, p. 759) ref (1).
(See also reference (2)). An analogous treatment of equation (11) will lead to a special
solution. However, an additional different solution will also be found.

Supposing 7u+1 is the solution of DE (11), then it is obvious:

7U +1u+l+ [C+k+(u.-I-+) r]u +1 + (u+I1)Tu.f.I 0 (Il-a)

The differentiation of DE (11-a) leads to a new equation:

dLu+I r/[•]: +(+2'' =0(2
- I//-1 + + k +- (u+2) ]_ ? + (U+21 7

1 +1 0 (12)

Hence:

d (u = LU+2(u+ u '27u+2 and:

Lu+ 2  = 7 + [C+k±u+2] ??'2 +(u+2)77 0 (12-a)

Therefore, knowing any solution t7s of DE L s(Ts) = 0 with integer S<u+l, one can find

a corresponding function %u+l by consecutive (u+l)-S differentiations of 77., and such

'7u+l is a solution of the DE Lu+ 1 (IIu+l) = 0.

Supposing now u = 0, the corresponding DE will be:

",(7,) = 71" + [ k +I] 7,1+ 77, (13)

3
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The differentiation of this particular case will lead to the following relationship:

d Ll 011l)[ ,
z = ,m +[t+k+21"rTh+2"17h L 2 ('q2 )

771 t+ 2 )21+2j. 0, (14)

where q2, = rn•.

It is sufficient, therefore, to solve DE (13). If the solution t7, is known, the function '7u+l
can be found by u differentiations of fiT.

d U 77

dqu+ - (15)

It is important to mention the relationship obtained between the differential equations
of type Lnn0n) will be valid even if n = 0. Assuming u = -1, the corresponding DE can be

written as follows:

L er1g' +[7+kJ]o'1 7'+ [C+i ], = 0 (16)

if 770 71,

To prove this relationship for u = -1 it is sufficient to differentiate the DE Lo(1o):

d L°'79°' [itd - C= 1" + [t+k+ 1J1 7 1 + 7 L, (077) = 0 (17)

Equation (16) can be easily solved. Since:

' = -(1+ tdC (18)

77,

4
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the first solution of 71, ( , will be:

= c1  -k e- , (19)

where C1 is a constant.

To prove that SI also solves DE (13) 4/h' and 4["can be evaluated and inserted into
equation (13).

From equation (19) one can obtain:

an-(- +,), and [k" k (k+I + Lk +1 I (20)

Due to equation (13), if •) 0 0 the resulting expression will be valid:

k(k+1) + 2k + -(+,)(C+k +)+ I

k(k+l] + 2k +-C-k-C- k(k+l -k-+1 = 0. (21)

As already mentioned 4P is not the only solution of equation (13). The second solution
can be obtained if C, of equation (19) will be expressed as a function of :

, C() (22)

Since:

d j2 + 62 + -k d-• C

dC - C d+ (22-oC

and:

d2 4)2  k(k+I) +2-k Ii) -k -C dC -k - d2C
S--+dý,2 -d d C (

5
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equation (13) becomes the DE of C(C):

CkeC- [Cc"+ (I-k- C'I= 0 (23)

Assuming -k e-c' # o one can obtain from equation (23):

dC' k-I
+ I -d (24)

Hence:

d = z 0 C 2 (25)

and:

C(C) Cc2 fCk'leC de. (26)

where C. is a constant.

Finally:

#2 = c2  -ke -C fCk- eC de . (27)

Since no other solutions exist, the general expression for 17,, is a linear combination
of k and q5:

"Ck jC (C +C fCVk-Q9C dC). (28)

du
Remembering m7u+, -du mT7, the general expression for -qu+, is:

6-k-Crk-IC
Iuj-dcu [C 4 CtI+ it eJGU CJ (29)

6
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As k = t-u-½ this solution can be expressed by equation (30):

du -+u-t
'7U+I d. U [2 e (C 1 -+ C2  J oedC)] (30)

Utilizing the variable z = 4 C equation (30) becomes:

U.[-+- -L ._• -1 L
du -L-u-t - tu

7u+I = dzu I 4 (kl+k2 fZ 2 e4dz)] (31)

where k, and k, are new constants.

Combining equations (31), (8) and (3), the final expression for y appearing in DE (2)
is given by:

uj.ý! t! + du [ -l+u-t Z " (32)
(2 t)! dzu L z e (k(ki" 2JfzU e4 dz ,

where z = x1.

TRANSFORMATION OF THE FUNCTION 02

The expression for 7u+l given by equation (30) can be generally written as

= du + du (33)?7u+,1 dc-- dc•- •.(

It can be shown that the power of e appearing in the integral of the second term of

equation (33) must not necessarily include u and t.

Since t f u, then 0 : u-t=m.

Substituting m into the expression for 02 one can obtain:

7
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The integral appearing in equation (34) can be transformed as follows:

fez- n2eq = ,-p½,fJ°[k-m+T)} = m+, - _-_+--

+ II fe'("+41C (35)

•Repeating this procedure m times, the integral under the consideration becomes:

fc- '-( m+I)"d c-i+m C[ o a S +
+ (f±)2 d fCfeC + (36)

m- +-L)( +• -S

2 ýM +.I)
2

Utilizing equation (36) the function *2a can be expressed by the following formula:

+ 2 CS + C2C fcle d (35)

Since s p m and m t u, the integer s appearing in equation (37) is always smaller than

u with the exception of the last term in which s = m cannot be greater than u. Therefore,
differentiating the polynomial of equation (37) u times, all terms with s < m will vanish
and the term with s = m can be zero or constant.

Hence:

fC2 9du* C .Fim-fb e (38)+
S= (M A+BM (+ S

28
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where A and B are constants and A = 0 if m < u.

If m = u, then

u'
A C2  ( U!,. . (39)

2 2 ~ 2

Finally:

A+dU f 
(40)
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