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1. STATEMENT OF THE PROBLEM

One of the problems which ariscs whon a computer is utilizoed in data-
analysis systuas Ly the conversion ot the incoming data to a furm which can
7bu uyued 18 input to thu computer. When a dx‘LLal computor (s uscd Ln the
systum, thiy conversion s usdually mido by some sort of analog-to-digital
converter which transforms tho tncoming electrical s.¢gnal into a new sigaal
ul a mure usvable form. Por instanco, thls nue signal can be fed directly
{nto the cumputur through somu type of line coupler, or bue uscd to punch a
sct of coded auaboerd on paper tape ur cards which can bue taput to the computer
at & latef timu,

In many camsus tae analysis to be performed (3 statistlical tn naturv in as
much a8 tho comput:d output i3 tho valuv of coertain statisti~y which cnables
the cxporimonter to make doecinions about the phenomenon being obsvrved, Thaose
dectistons should always bu wutghud by acknuwledging thu crrors which are ine-
herent 1n ¢ systuem of this type. In this case the cerror iy iatroduced by the
hardwatre ussd 10 the conv-rs.on procesy which transforrs the data [rom analoyg
to digital furm.

Tho reason for this crror 14 the (ollowing:  Inttially the tacoming
elevtrical signal a1y sampled 10 tiav and 2 now savotora 13 produced which -has
discrete amplitudes at discreto tiace intervals . The magnitude of vach aof thesu
amplitudes 1s then “rounded off” o somu predetermined amplitude luvel which s
nearcst to the value of the sampled aaplitude. This 13 referred to as tho
Qquantizition process and the predeternined anplitude foevels are called quanti-
zatton levels. The cumbined process, sawpling (n time and quantizing the ro-

sulting amplitude iy called the digicrzing process and results tn a set of

digcrete data points, The computer uscy thiy latter set of points to calculate
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cortatn statistacal quantitics which represent, in some dens, the original

electrival signal nd therdfore the physical phuinomenon bairg studica.
The quustion whlch arisey 19 whether or mot the computed Ltatieticy arc

1A fact repriscn®ative of the true viluis of the statisties which sould be

obtalnd 1l It were povsible to compute them for the incoming cleetrical g™l
By simulating rhe digitizing piociss vn digits]l computer 1nd oprratitg on

wimplu known wavifurms this piper attezpts to dovelup 4 technigue which migrt

prove uscful In investigLing thuewe problome .
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2. SIMPLIFICATION OF THE PROBLEM

It has been pointed out {n the provious scction that the signal trans-
foirmation of primary intcrest is the digitizing process. In particular it ts

desirable to investigate the eftect which the analog-to-digital converter has

in perturbing the values of ceortain statistics from their truc valuvs. One way :
of attacking this problem iy an cxperimintal one whercby the analog of the actual
sampling and quantizing process is developed as & computer pragram. This program
can then be uied to operate on the mathemalitcal analog of thye wavelform under
constderatiun to produce a nuew wet of fata polnts which ropresints the quantized
amplitudey At succisdive sample tingy Ceing thiy data the sample stattstics

van be caleulated and comparcd with the ‘truc’ valurs which, tn this casv, can

be caleulated dircetly using the mathematicsl exprossiun for the Lncoming wivee
form. TRis procidure can be repeated for many vaombinitions ol wampling rates

and quantizing lovels until some e emo it or Lack of agreamoent between the two
sots ol resylty cn Lo determined .

Pigures 3.0a and 2.1b show the wavetorms whiteh rosult shen the digitizing
proceyd 13 applivd to 3 41AC wave Sups 1iMposcd R g steady valae. Tt s tawrly
obvious from cven these stmple sketehos tnat the digitieca wiveform haviag a
rarger numbor of samplos and a larger anaber of quantization lovels “resomblos”
more closely the original sine wave. [0 scoms roeasonabley to ~ay that the statige
tiey in this lattor case meght Aave vilues acater to the teue valucs ¢agloulated on
the basts of the original wavelorm.

Throughout the rematnder of this paper oaly the sine wave will be conspdorod.

This miy 4vem to Lo a gross «implifteatiun to mike but 1( any other periodie

waveiform 13 to be usud as 1 aaput signal 1t can bo Fourter analyecd tnto o sun

Lot il i s st ol

of sine waves. Therefore bofore any statement vcan be made rogarding the cflo ts

of the digitizing prociss on more guneral wavetorms, Lt 18 nugessary to cxaaibe -

the sy of the simile sinc wave 1n doetaill. Sinre the Fourter »erle s 1< 4 sus

e bl b g
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of sinc waves, a linear operation, the effucts on the statisticy for the
original pceriodic wavelorm can be expregsed 19 the sum of thu c¢ffccts obtained

for each component sine wave.

?.l The Sampling Process

The sawpling proccss L@ nothing morc than a quantization of the arguaont
of the function which represents the Lrcoming waveform, In this casc the sinu
wavo. This procuss 19 subject tu the constraints taposud by the wull-known
iampling thruruml which gives the relatiun between the ratu at «hich 3 signal
varics ind the number of sarpling pulsey nouded to reconstruct 1t. In parti-
cular the Sampling Theorem says that the power spectras of the vwopled and un-
s1mpled wavelormy ire the same provided coertain constralnts on the saapling froe
quuney are sattsfied. When the power spectrad are the samu thoen the (1rst tewo
statistical moaenty are the vsame. Since thu prisent work maks v use of only the
farst two statisticel momenty, the constrainty tnposcd on the sampling [roquency
by thue Jampliag Theorcm will have to be vatisficdg,

The resvan for conysdering vnly the farst and sccond statistival auments
Iy thu following. 1t the tnevming wivelora represents 2 voltage or 3 cureent
then the farst moment, callad the sa2phe avan, represonts the DG o conponent of
that voltage or cureent. T-o sccond moment raproscnts the total power ahich that
voltage or wurrent would dissipate 1t 4 1 ohm reststor. The square root of this
quantity Ly the RMS valur of that voltade or current.  Subtricuing the square of
the sample moean froa thy suvcond sogunt gives the alternating poser which that
wavelorn would dissipate 11 v 1 ohm roesistor. The square root of this quantity
gives the AC componunt ot that waiveform. Conscquently since oloctrical signala
are usually charactoer:zo g by thaotr average, pesk, 10d RMS valucs, only the firyt

and yecond momenty noed be stuydied,

O R TR IR, NN AL Ol .0 1 10



To simplify the analysis which follows, the incoming wiveform 1s considered
to have zoro mean valuc. That is, the first moment is avsumed to be 2¢ro. There-
fore only the sinusotdal componeni will be studicd.

Atter the waveform hay been saimpled, cach amplitude i3 prrturbed by rhe
quantization process and this in turn will perturb the valuc of the sample

statistic. Consequently even Lt the constraint on the samplirg frequency s

satisfied, a9 required by the Sumpling Theorem, this will no longer be ¢ sufftcient

condition to guirantec the cquivalenco of the sample valuey and the true values
of the statistics. Howover, the constraint docs proviac 1 lower hourd on the
sampling frequency since, 1 thore were no quantization, the theorom would b
satisfied and the valuey of the statistics would be the same .

It lu 19 the highest frequency componcat or the bandwidth of the 1ncoming
signal and ¢ l‘ t9 the rate at which the saimples are taken, thea the Sampling

Theorem requirey that

That s, at least ﬂl‘ un;lormlv spaced Jumples are required cvery sceeond to
reproduce the statisties ot the smplad waveform, whore the amplitudes At Cach
anple time have not been perturbed by the quaintization process.  Condequently
:t will be nocvysary to speetfly the bandwidth of the tncoming stgnal so thae the

lower bound on the sampling rate can be determined. This 13 1 particularly stmple

astter tor the case under considoration since the 91=c¢ wave 1% defined by 4 osinglc

frequency. Sampling must occur at leadt twicy that frequency resulting 1 at

least two sampley per pertod  Equatton f3.1) cun be rewritten as

* - 8§t where "8 » 2,
"
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The period botween sampling pulscs 1y é
1 1
T; f sr
L] m
The argument of the function 9 x where )
!
v b .
x mt and A x UﬂAt‘zn!mAt
The time betwesn samples 1y At and thoerefore
1
at ri -8
L}
Theretore the swmplad argument 8 %
i
!
S X _3-!_3_ where § ¢ 3 i
t
and
2, . s '
x - (av - 5 v - L3 3 2.2)

The quantity 3, the numbur of sample sy per pertod by one of the piaramcters
of primary interest.

S\ngc the wiveforms which will be condidercd throughout the rest of the paper
are pertodic, they can slways be defined in terms of the argument x. To simulate

the sampling prucesy on the compu!er, therefore, it Iy necedsary to stone the

“mathematicsl description of f{x), for all x butwcun'o and 27, and call out those

Fres SRR
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amplitudes given by [(371/8) where the number of samples to be taken (1.e. S)

;gin been specificd at the outset and 1 L3 allowed to index through values from

1 to 8. The computer program which wis developed was a direct application of

these two stups.

] A S

3.2 The Quantization Procuss

The most genural cqui-intorval quantizer has tho transfuer chiracteristics

vhown tn Piguru 2.2. This quantizer c¢an be ducumpused into a system containing
shifts, gain factury 4nd a2 unit quintizer (AV . 1, a 1, r = 1Y from which 2
mathematical vxprevwsion relating the input and output waveforms can be derived.
This has beon dune in the pawper by D. G. Vnttsa. Fos thu present Lt 1s wulll -

cient to uttlice unly the followsng resuler I [(x) 1y the {nput waveform and

qix) 1w the quintiévd vutput wavelorm, quantizatiun occurs when

{h - %) av - ]l(x' < (n %) av n .01 3, ...NX (1.3)

whure N 1¥ the numbor of quanticativn levely on vach side ot the 2oro gaplitude

level. The rosulting vutputl Ly

Qx) nav i f(xY .- O (2.4) 1

qix) « ndv W t(x) € 0O 1.3)

. FPigure 3.3 sllustratus the mannur in which the quantization levels are assigned

fur the vimple cave shen N 4. The quantisation interval AV iy I, N where N gy

actuilly only % ol the total numter of quantization lovels used since {7 refory
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to the number of lovels on evach side of the zero voltage level.

Using Equatioas (3.3), (1.4), and (3.8) 1t was possible to simulate the

quantization pri.cons on tho computor. To obtain the analog of the vntire

digitizing process (1.c. vampling and guantizing), 1t remains only to combing

the two prociwses just considercd. In fact, thnu only revision which has to be

made iy in Equation (2.3) whore instead of quintising I{x) for ul) x, only

1(2n1/8) nceed be quantized for tho rewpective sample srguments which are obtaivned
when 4 tndexes from 1 ta 8, A wamplv caleulation will be canwidercd nost in order

to tllustrate the main points of the proccdiag dircuwnion,

2.3 Samplu Crvivulation

t{x) . sin({x) O LIRS in

Suppany that ({x) v sampled at 3 rate of ) wmple por o periog, (0 o0 8 W) and

A total of 20 guantigation devely ate wmed, oo N BO) . The Inviement ol G

Argumvnt v

- — o o ]—— 1 301

Ax o dn00 0137 v adiane

fheavlore at cach «ample time

Koo 1y < (OB cadvany dor b -0, 0,00, . U

The quantiaing tneerval i«

SV LN« /10 )
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The analoyg of the sampling and quantizing process L¢ thercfore given by.

0.1¢(n ~ -%) -:

and

q(N.1371) -
qt0.1574) -

The resulting diglitized sine

obtatncd at cach “ample time

summed over (il sunple times

40
Y oq(n.1571)
(I

o
X g (.15
(R |

s1n(0,1571)

< 0.1(n - %) “-:0,1, ... 10

0.1n  tor s1n(0.137¢) .- O

0.in tor in(0.1571) - 0O

wave 1w tllustrated in Figure 2.4, The amplitudes
and the square of cach of these amplitudes were

and the tollostng resylts woerc obsatned

-0

0. 1945

Ustng these tesults the sample stitisties were caleubatod tollowsy

40
sanple moan — X q(0.1371) 9
10
v !
n o, ,
. <wmple vartance . ™ Y (0.1571) -« (sample maan)” 0. 1913
) L1

saumple standard dovistion

J(D.-!‘Jl.') :

0.703

BEECRT s




Using the probability function for the sine-wave process tho truc mean and
vartancee can be calceulated. A measure of how wcil the sample valuus compare
with these true values can thea he made.

The probability distribution function for the sine-wave process is

(cf DrunckJ):

-1 X1 !

Plxy - x! 2 - Lty aoxzen |
‘) "-l .

X \

and the probabi ity density function i«

0 K

-1 X «1

—

pl x(t))

The graphs of these tunctioas are tllustested tn Figure 25 i these ree

lattons the true moan s

-1
s . 1 )
box() r A = . ux 0
‘ iy Tyl =\T
and the sceopd mom nt 1s
1
ST ‘Lo )
ExT () [ X ———————dX 0
A AR

Therdfore the vartance iy

.2 . , 2
ExT() - Eix(t)! 0.3

md thte rosults 1= g standard doviation ot 0.707
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If a closor look at the digitizing process for the sine wive is tiken, ¢

will be obyerved that when the ginc wave has zcro phasc it lwaiys has zcro

sample mean for all values ot 8. For cvery poyitivc amplitude there t+ 1

corrcdponding negitive amplitude of the same value and the resulting sum will

therefore always be zero.  If the 3ine vave is shitted with respoect to the t 0

X118, then the sample mean will be zero only for cven valucs of S, In both caim s,

when the samplea and quantized amplttudcy are squircd, cancellation cinnot oceur

ind the swmple vartanee hhy 3 value which tn genceral ts not cquil to the true
value, for 111 S nd sny phave.

Becwuse zoro phase hid been assuncd for the spae

wave under constderation 1t will be necedsary only to exwmine the errory tn the
sample vartanee since the moan 18 zero for all 8 s potntad out above Thiys ciror
14 best desertbed 11 toerms of the swmple standard deviation since 1t has dimenstond

which are more meantngful phystcddly . It the sine vave 14 3 voltage, tor «cxaenple,

the standard deviatton «tll also have the ditmenstons ot volts

In this cave the poreent (e s rror in the st anduad devidtion t

0.703 - 0 707 . o
0.707 -l =056

When a1 more gereral pertodie wavetorm ts corstdercd which has more than on

froquency comparent, 1t 14 best

to rodefine the proviows re-ult tn torms ot the

vairtance . As had already been patntud out the var: ¢ee carresponds to the \C

poscr dissipated 10 4 ) ohm resistor when the prucess x(t) reprovents 1 voltage

or 1 current.  Sir(e thue tots] AGC pawer of the periodic wavefora 15 the sum of

the powerd ot vach frequency component, the total vargmce will bo the sum of the

v lanced of cich component <gqc wave . Making use of thiv 1¢uy 1t 13, poseibdle

to «xtend the roesul®s obtinca for the single vine wave ¢a'c to prodict the re-

aylts for slightly more gonoral cases.
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Although the computation involved in obtaining the abpvu rcsults was quite
simple conceptually, 1t was very laborious ard time consuming. Furthermore, the
results werce based on only onc value of 8 and ore value of N, while it t8 really
necessary to know the behavior for miny valucs of S and N. It was pogsible to
obtain a rather large quantity of data i1n \ relatively short time by programming
the computer to simulate the digitizing process in the manner just described.

The scction which follows dezls with the analysis of this data.

ﬁ




3. EXPERIMINTAL PROCEDURES AND RESULTS ’

Making use of the computer analog of the digitizing proccss duveloped 1n

> —

the prLccdtng “cction tt was powstblc to obtain the diftercnee betwoen the
values of the standard doviation calculated for the unperturhea wavetorm and
the corrcdponding quantized waveform as a function ot the number of quantizing
levels over o wide range of sampling rates. It was found that these dif fcroences !
(cxpredsed as percentage crrors with respoet to the truc vilue) tended to be=
come smalloer s the rumber of quoﬁrltatlun levels tnercased.  Figure 3.1 Ly
typical plot <howing the crrors which woere obtainod when the sampling rate way
fixed at 20 samples per pertod and the number of quintizitton leve e ranged from
1 to 236, In this form 1t 1y difftcult to make ctttetent use of the aat,
tor the most part, this paper 14 concerned with the matter of doscribing
mny tuendeney wh}ch the «rror< 1n the standard dovistion might demondteate with
respeet to the valies of 3 and N Thorefore a restrioting ericerion, which can
be used to roduce the quantity of dat e which has tey be analvead, 1y to order
the, maximum «rrors with l;*pctl to an aacroastng value of NOoodn roternonee to
Pigure 3.1, tor cxample. the largest crror obt gined over the ontire vange of N
oceurs at N 6. By dufinttion of the ordering process, the =agllor crrors ahtceh
ire obtained tor N losy thin 68 #1111 be negluocted The romatatng crrors over the
range N groater than @ ate seanned unttl the noxe largest crror t- found in
this cave this oveury at N 7. In guneral the errors boetween N G 1 N 7
would be neglected, agsin by detinttton of the ordoering procedure . (Unfortunately
this wis 3 trivial casce bocse no errors wore obtaineg tn this antoerv, ) The
range for ¥ grcater than 7 1y then semred for the noxt Largoest crror which,
in this case, 18 obtatned at N - 11, As before  the emaller errors in the intore %

vil betaven ¥ - 7 nd N 11 ore reglocted. By repeating this scanning procodune
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13
for the vemaining valucs of ¥ the curve drawn tn Figurc 3 1 19 produccd. By

—-—considering only thc crrory given by this curve 1t 1s 2 certainty tha for cach
viluc of N the crrors arc cither lcsy than or cqual to the valucs gtven by the

ordinate of that curve. Obviously any aralysis bascd on thiy cutve wil] be besed

on worstecasc  results.

It should b: notud that thts technigue cortatnly doos rot mike the most

cificient use of the daty (an the statistical vense), but (or thi« proliminary

investigation 1t doos reduce the quantity of cata to | rofe aanagoable lovel

Anothur curve wav drawn 1n the <same way giving the Al st =g 4 result~ atn

100 sampley pur puriod wore taken (10 8 luu) Figure 3 2 tllustratos this

curve as woell v that plotted 1n Figure 3 L toer 8 20 The wtritght 1ines ropre=

wnt the bost (it Mocar approximalion to the ortgtnal curve s The <4agnitacant

obsy rvations whAich ¢in boe made on the basgiy of these curves are the folloa: g
1 The cutves are approximately Linc s gn teams ot lngl” Viluos o1 b
N, where B oty the percent e «rror 1a the s aqndard dovtgtpon of th

digitised wavetorm and N 13 the aumbor of quintieiny lovels Thiw

suggt sty that the rclationship betwean boant N s v acataigulare byper =

bola The straght=igne log“, plot 18 givea by

log -em log, N = b

l‘)[ : 1 (SR I

i
or

-m

-
1%
e

4 As the samplirg rate ancruases the B ovs ¥ tuives a1 displaced 1r tin
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These results suggent 1 three dimensional surfice of the form shown 1n

Filgure J3.3. Equattony (3.1) und (3.2) represent the 8 - conetnt cross
scetions . [f this surficc ¢w be deverthed anatytically the composite E-Ne§
relationship #1111 he known complctcly. This wwald undoubtcdly be a very udcful
result. The following par.graph descrihe: how this analytical expresyion wyv

obt yined.

At fardt a2 rather large matrix was constructed having S rows and N columns .

Each clement oo this matrix was the crror obtatnedg for yvparttcular vilue of

L] m«! N which correspond to the subsertpts of that oloment lhe points ploteod
in P;uurc J.1 produce the clumenty of row 20 4nd columns 1 to 256 Leing
l;rhnxqur simtlar to that uved shen 8 was one fied vailtue  the maximum crrors
are agaitn ordurod but now with respoct to both tacro asing v ind tacreasing 3
vilucw . By using the computer te generate the vrory for cueht value of 8 g N,
wodesertbad tn Chaptor Two, this matrie wve constrycetad fargly castly and

quickly .

€ € t
1t 12 In
g_-” t3'.! ' t::n
t 3 A 4
sl 2 sn_|
L

After the 1wt o loment i’n, hit been computed and storcd, the scarch tor the

TAPRCSE «Tor wis 17111 %ad . This was done by comparterge tac.magattudes of the

Clomenta ‘lJ ind ‘l 51 9 LN, ard stortag the larger pumber  The entire matriy
eJ 8,

was vonmacd 1n thts wav and the Largeyt velue was retaned long with Lty sybe-

seripts.  Suppuse for example, that C,,.l wad the larguet element Then the
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magnitude of €21 wiy storcd 3% the first clement L 1 new matrix with its ncw

posttion {1iggcd by S 2 wmd N - 4, A -Iu_-tqre.' the greceding elcmenty

‘11 e eln' €21, 622. ‘23 were 1gnored.  The computcr then fnaexcd to rhe next

c¢lement (1 .0 625) and repeited the scarch procccdure until the nexe lzrgcqr'crror
wis obtatned for 38 » 2 1 d V8. Thiy clument was dtored s the <ccond ¢ lement
of the nuw matrix wlong with the vailuey of 1ty sube cipty o before (viz. 8 wnd N)
This scarch and storage procodure was repoated until all the cloments ot the
original matrix were oxhiusted. A% 1 result, the new matrix gives the potnts on
the “maximum=creor surface  with rospect to tncreasing valucs of ' § na N It s
therefore 1 certaanty that for any S nd N within the Sspoctlted range the orror
which can e expected 1or those coorainates 1w Lods than or equil to the value
given by the potnt on the surlace . A% v rosult oany anaivets basod on thts sure
face gilves worstecise Fosylty .
fThe next p.rnhhn vas to obtitn the cquation ot the throe dimonsional surd e
from the ity contarecd 1n the matetx of the ordorcd maximum ¢ profs The curves
drawn in Firgure 3.2 have m'mm-vrmu VLalrlvewell dettned selation botaceny b
and ¥ s given by Bquations (3.1 and (0 2). Decanse of the tesdonmey to dtaplae

the curves 1 the direction of deercasod crrer whon the sampling reate wais 1=

ercased, 1t 1s not unte eeonable to cssume 1 st=iles acbattons horwoen Foana S

‘ Wowas gesumed tor Bt N In three dimonsions this rosults an the cquaetion

PRI W

lm:“‘l {'0 . Dl‘ lng“)S o 82 lugl"‘{ .3

i

Assoming this cquattor duesertbes the B N3 relatlon, the unkrowsn (onst oty
can be found by fittang o loast squares surfice to the pointe 1n the maximum

¢rror matrtg, This was dore usiag 3 Multiple Pegres<ion Analvsts Routine on

;
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L4 0

" “Control Data G-20 computur. For the particular problcm being considorcd theose

cocrrnctents wire found tc be.

0
- 80 1.936
Bl -=0.431
02 :=Q.H49

The cquition of the threcsdimensional surfice 1« thereforn

L o~ 1.9 - N . . N .
"""10' 1.994 0. 131 1-».¢ws ) NHI lug“) J.1)
ar
. CIUSE M} -l . NNY
|13 (N6 .3) 3§ N (3.3}
Using these cquations tt 1w posstble to obt1tn the maxtmum crrors bn < he
standard doviation as 3 functron ot the sampling rate wid the aumber of guanti-
zation levels, By allowing one of the teems 1o the above cquation ta e constant
while the Other two torms vary, 1t bs casy to oot iln the vartous cross svetions
uf the surfwoe.  Fypical cross sectione have boon plotted an Prgures 3, V.0
md 4.6, Thuse curves will bo oxamined and discussod tn the next section,
i ces eey s e ——— = e 4 an e e et 4 aee ifa.a;f.;n...,;;;&y;p:l-n‘q‘.t R e
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4. A DISCUSSION OF THE OBSERVATIONS

It 13 tmportint to first cxamine Figure 4.1 which gives a comparison of
the smoothed curves obtatncd from the regression analysis routine, and the
curves plotted ustng the raw data given by the matrix of the ordcred maximum
crrors, (ordvr#d with respect to incrcasing N).  The rosults arc cncouraging
bucause the deviation between the two curves iy relatively smill, and over a
large portion of the range of N the regresston Lines lte gbove the actual maixi=
mum «rrors.  As a2 result, the regression quition certatnly viclds sorst=
case  results. The cutves plotted 1a Figures 3 2 4 0, and 1 6 1rc also  asoryt=
cise’ dinced they were obtatned from the 4ame regression cquation as that mene
tioned above . aretore rluﬁlw 4.1 lends pustifieation to the observtions
wd conclystons mude on the bavis ot the curve s obtalned yuing the pegrossion
cocfttcloents,

Fhe tavst of thise cueves iy tliustrataed 1o Figure 1.2 whtoh demonstrates
the «tfeet which in ancroaved Sampling rate hae in reducing the pereent e
crrors tor 4 range of vilues of gquintizarion lovels Ia all cases tneroasing
the sampling rate stgnsficantly reduced the crrers tn the stindard deviation.
Aqunilitstive cxplaration of this sosule will be grven in the tollowing éxrl-
graph.

As his beon potnted out previously tn connearion with the SImplxng Theorem,
the statisticy (at least those based on the ftrst and scecond momenty) o1 anv
waveform are defined by its poavr dpectoum. Sampling the wavetorm 1n tlm; can

be louked on as ustng portions of the arer under the power spectrum to vomputy

the statsstices. !1 the sumpling {requency L+ too low. not all of thye .res uwader

the power spectrum t« atilized ana the resultzng valucs of the ét.glsilcq ary
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tn ¢rrar. If *he =ampling frequoncy (s high cnough 31l of the area 1s accounted
for and the statistics of the vamplud and ungaaplcd wavcfoims are the same . As
shown 1a Figurc 1 42 the puwr! spco’tum tos *hC S18C wave consists of two spikes'
at froquencics lm 1~¢ -l‘. By «ampling 1t {requencies greater than or cqual to
Zlm all of the poscr spuctrum 19 1ccounted for ard the stitistics of the sampl-d
and unsarpled 1A waves arc the same .

Uy wcll-kﬂowﬂl that quantizing the «samplcd wmplatudes add+ nols: to the
wavetorm. 1t for oxample, this nogse 1w assumed to be white and tnd pondent
of the Sine wives then the Doser Spectium far the digitisziad avatora ook«
fike that shown 1 $;gure b PEothe statisties tar this digtitizod waveform
sfe tO b the wame as thosy for the origiast %ine wave thia the sampling (rv =
quency eomld have *ta ke trtiritoty high T ote wultpilent ta note thyt g the
Sampling flogqua™ey o~ 1700 ased to vl s g ater then :1m ~o1e ot the ey under
the power spoctius w30l Lo cemsidored aed the statisties will approah o
Clove by thearr true valuos . "R gevourts tor the shapo ot tne carves plottid tn
Fagate 82 Wbl Lo las et the tosseney of the catars to be o amallor o- the
wimpling rite 1y tncreasased Fursber constgeration 0 tRis rogard et be tound
1n the ll!-r.(ur:' ;

Anothe 1= ta o=ty doesult is brougas our by Prgure b Tho sy L s
pllusto bt the favr (et oy the numbor 0! qaettizatior lovols 1ncruasos the
pereant i (rtar in the standard dovi obion tooro gNes tThes rosult can be oxe
plitndd u<aing rhe comaepl of probability since 1t 1 pusssble to constacr the
pertutbataon o1 the anplitude teom 1t~ orple vilue euc ta the quantization
process s 3 radom fluctution This devaation of 'ne amplicude from 1ts true
value 1y due to shat his oo toamed quain® izt ion a0 st

The mplitucs of thiy AULSE COMBDONLNT FINgLY Ove s "rFC quan®1zing interval

V 1nad ¢.n have 1my velue 1nei¢e this 1ntors ] with vqual probibilicy . Firguee
q 4

—
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4.3 1llustrates the behaviar of 1 swmeple of quantization noisc. The crror is

T_URlven by the ditfcronee between the amplitude of the actual wavetorm and the

AV \'J
- quantized result. Obviously this «rror rangcs from - '=\; to - éf The average

<rror will v zuro.  The sceond statistical moment 1s givea by

&y av
2 . 2
. 2. 2 1 t-J A"z
| Y . ooople) L odoe E 3 * 13
av AV
"2 )
Since the mean vrror iy soro. thy EMS (rror Le < mply

AT AV
I —
3 , 14

Uwing the avtinttion ol the quaint s ing interval given gn the

1
Qv S white N 1~ the number of gquantization levolss fThorotore tneecasing th

numbyr of quiintizatio” feve b~ toduier - the etlects ot the quantaz ilio s S
the crror contitbution 1~ carrospordingly «mal ot ve dhvnonstratod by the resylt

Just derived

The tiarl ubscgvation hch can be made sty the~o rosults mahe s yuso ol tin

tutves plotted 1o Figure 3G Actually these carves cont g The same

A the cubves alre ady discu=sod bBut oo fom shich has sops pract ol vialo

They tllustr ity the congromt~e or  *raae of b which 18 po-sibh

ol quantization love I+ and the sampling vty to . ute that the puiaent e vrror

I8 no more than b oottt an Sspeeiticd viilue

For oxanpla L1t aute au=irable to
el the quanttzor at N 128 v have crtors loss than L 27, the signal would

Mive to be sampled vt ¢ 1ate 5 - 7 spaples proropurtod. For virvors loss then a0

the wamplimg tate woula have to Be trarca=od to 3

3V semples pot partad. bor

i, s i o R o e -

e i ARl R

PLraocading page

TN

tntotrmation

T

I tween the nunber

LY,




L)

—— i e ean sl Ml .

av

74T

1. -

- o

b 1 AN el . l

o ot ol i i

o
i
[T

I

i
!

o g e T

quasntizatioan

-———

Probabislety deast,
quant beatyon

o) vrror du

A Rt S

]
;
H
§
3
3
3

([}




J2

Ce PERCEANT ENAOR 9 STARGAAD OLVvIATISW

(1] (1 190 (PR 140
NUMBER OF SAMPLES PER PERIOO

.0

N $T73A3T NOILYZUNYND JO HIINAON

]

Figure 1,6




TR g TG AP 1 i AR~ AR 0 s

2

OTARGAND BEvIATION

Co PERCENT QRROA W

e

NUMBER OF SAMPLES PER PERIOD

'
(1] et LIRS EAY SO T
i

STI3AIT NOILVZIIINVND JO NIBANN

- il

- !
i
v

> I

- i

= |

x

=

P i
i
[
w
|
|




-

smallor nusbor ol quantization levels the corresponding swmpli=ig rates have to
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5. CONCLUSIONS

The curves of Pigurce 4.1 which have demonstrated how the percentage corrors
tn the staindaird doeviation between the perturbed and unperturbed waveforms were
reduced when more quanttzation lovels were usced, have been explained by treating
the quantization process 14 one which wdds a notse component to the sampled
amplitwles . The advantage of this method of analysis 13 obvious when quanti-
tattive rntpvr thain quilttitive cxplanations are destred.  When notde t8 the sub-
Jeet of 4 statistieal analysis, the results improve a9 the number ot damples
1tnercases, (that 4. as the number of quantizatton lovels tncercases) . Therctore,
11 one s tnterested tn the formulation of @ theoretical basdts for the sampling
wd quintizing proces<es, 1t ts the opinton of the author that this wormulation
ahtould be based on th notion of probability and stati<tteal thoory.  Fes further
tnvestization using thie approach anterested regders oo reterred to the papoer

4
by Watts. ahtch gives a turly @noral treatsont as to how ow mtyght handle
stat lii teal quaittitios when the processos on shich they are dotined are subjgected
to both wumpling md quanttzation.

throughout this paper A attompt s =ade, whonover posatble, to point out

wsetul stattstienl telations to s st IEHE puw;bh appitvalaon ol stattstyoal

throry. In Tl the cutves draan in Frgure~s £.20 300, and 1.6 are expressad an %
tegma of the sample stumtard deviation, 1t it 4 baste spatistiend quanrity. ;
fThe conclustons which can be drawn o the basts ol the procodingg wsork are g

the tollowing- H
%

1 I8 4 «ine wave 1< to b sunpled wnd guntiecd the rolation botween the i
aumber of quantizition levels and the saapliag rate whidh =t be uaed to produce i
i

crrors 1o the sample standard deviation luss than a spueiftied vilue 19 glven by

the cupves of Figure 4.6, whore el curve e plotted for a condtant value of 3
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this error.

3. The application of the quantization process to the simplcd waveform
has the effcct of adding noise to that waveform The cftccts of this nois: are
rcduccd by 1ncrcasing the numbcer of quantization levels or by 1acrcasing tho
sampling ratc to 1 value in cxcecys of that cpocificd by the Sampliag Theorcm.
As x risule it 1s possible to rcduce the crrors 1n the values of thr stiatistics
introduccd by quantization by tncrcasing the <umpling ratc beyond 1is lower
bound .

d. 1t sceme that the most fruittul ppronh to the thuorctierl study of
this problem would be 1o (xtund the work done hy Wuuz to the case whore the
bounds on the sampling rate and numbe © of quantizitior levels become picametoery
10 the exprovsions far thy probibiliry Junctions .  The «tatistics could then be
svilunted ay functions of the <o parsmeters and comperod diteotly with the true
vilues Thiw would e an ortpanmely usolul Fesult winee the cxprossions {or the
Jigittsoed wavetorm - pord primarily on the probability tunctions of the urpers
turbed edvifors.  fhe posults would thee e gpplicable to all provisses for

shich Vv probability distribut on could be tound
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