UNCLASSIFIED

414587

DEFENSE DOCUMENTATION CENTER

FOR
SCIENTIFIC AND TECHNICAL INFORMATION

CAMERON STATION. ALEXANDRIA. VIRGINIA

UNCLASSIFIED



NOTICE: When govermment or other drawings, speci-
fications or other data are used for any purpose
other than in connection with a definitely related
government procurement operation, the U. S.
Government thereby incurs no responsidbility, nor any
obligation whatsoever; and the fact that the Govern-
ment may have formulated, furnished, or in any wvay
supplied the said drawings, specifications, or other
data is not to be regarded by implication or other-
vise as in any manner licensing the holder or any
other person or corporation, or conveying any rights
or permission to manufacture, use or sell any
patented invention that may in any way be related
thereto.



D¢

CATALOGED gy [)
As AD No

414587

—~

414587

_

OFFICE OF NAVAL RESEARCH
Contract Nonr 562(25)
NR -064-431

Technical Report No. 21
ON GREEN'’S FUNCTIONS AND SAINT -VENANT’S PRINCIPLE

IN THE LINEAR THEQRY OF VISCOELASTICITY

by
Eli Sternberg and S. Al Khozaie
oo C
o e T
g2 el
R PRt
- \‘

DIVISION OF APPLIED MATHEMATICS
BROWN UNIVERSITY
PROVIDENCE, R. L
July 1963




On Green's functions and Saint-Venant's principle

in the linear theory of viscoelasticity

by

Eli Stermberg and S. Al -Khozaie
Brown University

Contents
Introduction . . . . . . . . . . . ... ..
Notation. Preliminaries . . . . . . .

Kelvin's problem in viscoelasticity theory: the basic

singular state. Higher-order singular states

Green's states. Integral representations for the
solution of the fundamental boundary-value problems

Saint-Venant's principle for viscoelastic solids .

References . . . . ¢ ¢ ¢« ¢« o o o o o o o o &«

16

31
48
68



562(25) /21 1

Introduction

In a previous paper [1]1 an attempt was made to contribute
toward a comprehensive and — hopefully — rigorous analytical
theory of linear viscoelastic behavior, comparable in scope and
character to the systematlic body of general propositions that has
long been available in the classical theory of elastic solids.

The material contained in [1], which is confined to an isothermal
quasi-statlc treatment of the subject, includes: results concern-
ing the structure of the relevant constitutive relations and the
connection between various alternative versions of the stress-
strain law; concluslons regarding the nature of the time and
position dependence of solutions to the governing field equations;
integral, reciprocal, and uniqueness theorems; and theorems per-
taining to the integration of the field equations in terms of
complete systems of stress functions. Later on, Gurtin [2]
obtained generalizations to viscoelasticity theory of the known
variational principles of elastostatics. Also, certain results
appearing in [1] have since been extended to non-isothermal condi-
tions in [3],[4].

In the present paper we continue the project begun in [1]
and turm to the study of Green's functions in the isothermal
quasi-static theory of a homogeneous and isotropic viscoelastic

medium which obeys the general linear relaxation integral law.

1 Numbers 1n brackets refer to the list of publications at the

end of this paper.
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Our main objective in this connection is twofold: first, we aim
at integral representations for the solution of the standard
boundary-value problems, analogous to those originated in

elasticity theory by2

Betti, Volterra, Lauricella, and Somigliana;
second, we seek to apply such integral representations to a proof
of Salnt-Venant's principle in a formulation that is the counter-
part in viscoelasticlty of the elastostatic principle suggested
by von Mises [6] and established in [7].

The chief mathematical tool 1n this investigation 1s
once again supplied by the algebra and calculus of Stieltjes
convolutions developed in [1]. Further, some of the results on
linear viscoelasticity appearing in [1] are essential prerequisites
to our current purpose. For this recason, and in order to render
the present paper sensibly self-contained, we collect in Section 1
various definitions and thecrems, mostly adapted from [1], which
are needed repeatedly in the subsequent analysis,

In Section 2 we deal first with the problem of a con-
centrated load acting at a point of a viscoelastic solid that
occuples the entire space. The solution to this singular problem,
which 18 a generalization of Kelvin's problem in elastostatics,
is defined and deduced explicitly by means of a limit process
applied to the solution of a sequence of regular problems governed

by distributed body forces. The basic singular solution of the

2 See Love [5], Art. 169, for detailed references.
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field equations thus established 1s subsequently used to generate
the higher-order singularities appropriate to force doublets with
and without moment. Certain relevant properties of the singular
solutions arrived at in this section are studied in detall.

The results obtalned 1n Section 2 are applied in Section 3
to the contruction of Green's functions and the derivation of
integral representations for the solution to the fundamental
boundary-value problems in linear viscoelasticlty theory. Both
Section 2 and Section 3 are influenced by a partly parallel
treatment in [8] of the analogous topics in the classical equi-
librium theory of elastic solids.

The integral representations obtained in Section 3 are,
in turn, employed in Section 4 to prove a Saint-Venant principle
appropriate to viscoelastlic solids within the theoretical frame-
work underlying this paper.
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1, _Notation. Preliminaries.

In this section we clte — occasionally in a modifled or
extended form adapted to our present needs — certain definitions
and results appearing in [1] that will be required repeatedly
later on.

Throughout this paper the letter E designates a three-
dimensional Euclidean space. The symbol &, in the absence of
any qualifying restrictions, will denote an arbitrary region in
E that may be either open or closed. Further, we employ the
standard notation for closure; thus, if R is open, ® stands for
the closure of . On the other hand, the letter R is consist-
ently reserved for a regular region in E, by which we mean an
open (not necessarily bounded or simply connected) region, the
boundary B of which consists of a finite number of non-intersect-
ing closed regular surfaces, the latter term being used in the
sense of Kellogg [9](p.112). Since B is bounded even if R is
not, an unbounded R is of necessity an exterior region, i.e. a
region containing all sufficiently distant points. Note also
that B may have corners and edges. A point P of B will be
referred to as a regular boundary point if B possesses a tangent

plane at P; by a regular subset of B we shall mean one that
consists exclusively of regular dboundary points.

In the present investigation we have frequent occasion
to deal with real-valued functions of position and time, whose

domain of definition is the cartesian product of a region of
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space R and an (open, closed, or half-open) interval of time,

for which we use the symbol J. In this physical context we shall
denote by x, with the rectangular coordinates (xl,xa,x3), the
position vector of points in R, call t the time, and write ®xJ
for the appropriate domain of definition. PFurther, if f is a
function defined on RXJ, we write f(x,t) for the value of f at
(x,t) and use £(+,t) to designate the subsidiary mapping of
position that results from holding t fixed in J. The analogcus
interpretation appllies to f(g,-). Finally, as far as the partial
space and time differentiation of f 18 concerned, we adopt the

J

L4

notation
A Ne (4, 1) R
f(??j k(sﬁt) = =2 o (m,n = 0,1,2,000-) »
ceses e axiaxJ.....axkat
m indices
m+1 > (1.1)
: 3T (x,t)
rL“_'_';_LJ,‘(E’t) = Ox,3x,.....0x, 0t (m=0,1,2,¢+++) ,

m indices
with the understanding that all subscripts, unless otherwise
speciflied, henceforth have the range of the integers (1,2,3).
Turning to functions of the time alone, we define the
Heaviside unit step function by

(2) nh(t) =0 for t€(-00,0),

(1.2)
(b) h(t) =1 for t€[0,00) ,

and introduce the following convenient generalization of the

Heaviside function.
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Definition 1.1 (Functions in Heaviside Class H'). We say that
feH if £(t) is defined for all t€ (-0, ) and

(a) £ =0 on (-00,0),

3
) recN(0,m)). (2.3)

Further, if f€H\, we write
#(0)(0) = £ (0+) (n = 0,1,2,...N). (1.4)

A useful extension of this definition to functions of
position and time is furnished by
Definition 1.2 (Functions in Class C'*N or class H™YV),

(A) We say that re ™ N(@xJ) 1ir £(x,t) 1 defined for
all (x,t)€RxJ and the functions

¢(n)
s1§eeesce.k (m=0,1,2,°+*M; n = 0,1,2,**N) (1.5)
e —

m indices

(B) We say that reH™M(@) if f(x,t) 1s defined for
all (x,t)€wx-m,0) and

(a) £=0 on RX-x,0),

1.6
() rec®Nexo,0)). (1.6)

Further, 1f reHN(C), we write
@) ko el o meone, e )

m indices m indices n = 0,1,2,**N),

3 If X 18 a set then EN(X) stands for the set of all functions
that are N times continuously differentiable on X,
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Next we collect some basic results from the theory of
Stieltjes convolutions. To this end suppose that ¢ and V are
functions of position and time defined on Rx[0,c0) and @%(- ,m ),

respectively, and assume that the Riemann-Stieltjes integral

J(x,t) = T ¢(x,t-t)ab(x,) (1.8)

T==®
exists for all (x,t)€Rx(-c0,). Then the function ¥ so

defined on ?X%(-c0,c0) 1s sald to be the Stieltjes convolution of
¢ and V; we also write

= prab , I(x,t) = [owab)(x,t). (1.9)

In view of Theorem 1.2 and Theorem 1.6 of [1], we have
Theorem 1.1 (Properties of StieltJes convolutions). Let
o™ (®) and y,0€ '} (R). Ten:

(a) oxabeH1(G) with K = min(M,N);

(b)  oedb = Yude;

(c) exa(¥»d0) = (pxad)«d0 = padedo;

(d) oua(¥+0) = pedb + 9xd0;

(e) osab = Ommp ¢ =0o0r ¢ =0;

(f) o%dh = ¢; .

(8) [esa¥](x,t) = ¥(x,0)0(x,t) + [ o(x,t-T)d(v)d=
for all (x,t)€x0,00); °

(n) NﬂdO),i = 4#d0 + $ad0 , if N> 1.

Theorem 1.3 and Theorem 1.4 of (1] may be combined into
Theorem 1.2 (Stieltjes inverse). Let Qeﬁa and ¢(0)¥0. Then
there exists a unique function ¥ = 9>, which we call the
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Stieltjes inverse of ¢, such that € Hl and

p#dd = h on (- ,00). (1.10)

Finally, we state and prove a result on Stieltjes convolu-
tions that 1s closely related to Theorem 1.5 in [1].
Theorem 1.3 (Sequences of Stieltjes convolutions). Let & be

bounded and let {q)n} be a sequence of functions such that

(a) "€ B OR) (n=1,2,-+++°);
(b) ¢" — ¢ as n —> o, uniformly on ®x[0,T]

for every T&€[0,). Further, suppose ¢eHl. Then,

¢sad —> 9xdd as n —> o, uniformly on %x[0,T] for every
T€[0,m).
Proof. From (a),(b) follows 9 €CO(Tx[0,0)). Choose T€ [0,00)

and define a sequence of functions {J"} on Z%(-c0,00) by means of

I =1%ayl , M =¢" -9 (n=1,2,-4:). (1.11)

By (a) and (1.11), "¢ Ho’o(?fz). Moreover, it clearly suffices to
show that, given d > O, there exists an N(d) such that

n> N®) =>» J%(x,t) < for (x,t)€&®&x[0,T]. (1.12)
By (b) and (1.11), there exists N(3) such that for fixed T, > 0,
n> N®) =5 [%x,t)] <b/A for (x,t)&Rx[0,™T ], (1.13)

where A = %(-To,'r) is the total variation of ¢ on [-TO,T']. On
the other hand, from (1.11) and a familiar estimate of Stieltjes
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integrals ([10], p.232) follows

Fx,t) < max _6"|A for (x,t)€R*[0,T]. (1.1%)
R0, T+T, ]

But (1.13) and (1.1%) imply the desired conclusion (1.12).

We have so far considered only scalar-valued functions
of position and time., Functions whose values are vectors or
higher-order tensors will consistently be denoted by underlined
letters. Thus, if the function v 1s defined on{.XJ, its value
v(x,t) at position x and time t 1s a known tensor for every
(x,t)e®RxJ. Further, if the values of v are tensors of order
N > 1, we write viJ....if: (N subscripts) for the components of v
in a rectangular cartesian coordinate frame and henceforth adopt
the usual summation convention for repeated subscripts. We say
that ve C™N(@x)) or that ve B'"N(R) 1f and only if the corre-
sponding statements hold true for vy Jeuun K" Suppose u and v
are tensor-valued functions of the same order N > 1, while ¢ is
scalar-valued, and let u,v,9 have the same domain of definition.

We then adopt the notation

ume = v o= Yy g P =v

iJo..o-k !

) (1.15)
E*d——uid-oaoak*dviij""'k !

provided the Stieltjes convolutions involved are meaningful.
We may now turn to preliminaries from the quasi-static
linear theory of viscoelasticity. For this purpose let u,e,

and ¢, with the components ug,€44, and Oy 4 be the fleld histories
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of displacement, infinitesimal strain, and stress, respectively.
All of these field histories are to be regarded as functions of
position and time, defined on Rx(-w ,00), where R 1s the (regular)
reglon of space occupled by the interior of the body in 1its unde-
formed state. We assume the body to be originally undisturbed in
the sense of the initial conditions

Uy =gy = Oy = 0 on ERx(-,0). (1.16)
Next, we recall the relevant fundamental system of field

equations, which must hold throughout the space-time domain
Rx(-00,00). The linearized displacement-strain relations take

the fom
= + .
251J Yy uJ’1 s (1.17)

while the stress equations of equilibrium become

93,5 VF1 =0 s 959 = %y » (1.28)

where F’1 stands for the components of the body-force density F.

In stating the stress-strain relations we shall make use of the

deviatoric components of stress and strain defined by

845 = O34 - % biJ°kk s €94 = €44 - % biJekk s (1.19)
in which 61J denotes the Kronecker delta. Furthermore, we shall
confine our attention to the isothermal relaxation integral law
appropriate to linear, homogeneous and isotropic, viscoelastic

solids. This constitutive law may now be written as

844 = eu*dG1 » O = Eqedl, (1.20)
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provided Gl and 02, which are functions of the time alone,
designate the respective relaxation modull in shear and isotropic
compression.

To the foregoing lnitial conditions and field equations

we adjoln the boundary conditions. From here on let
8, = o 40y (1.21)

denote the components of the traction vector S on a surface with

the outward unit normal vector n. The boundary conditions

governing the standard mixed problem then appear as
u, = ﬁi on le(-oo,oo) s 8 = §1 on B2><(—oo,oo), (1.22)

in which Bl and B2 are complementary subsets of the boundary B

of R, while :\5 and _§_ represent prescribed surface displacements

and surface tractions. In the first boundary-value problem B,
is empty and the displacements are given on Bx(-o,00); in the
second boundary-value problem B, 1s empty, the surface tractions
being assigned throughout BX(-co,m ).

With a view toward an economical statement of the hypo-
theses underlying subsequent theorems we introduce
Definition 1.3 (States, regular viscoelastic states). If u is a

vector-valued — and g,¢ are second-order tensor-valued functions

of position and time defined on R%(-c0,00), we call the ordered

array J = [u,e,0] a state on Rx(-00,00) and denote by
3(x,t) = lulx,t),e(x,t),0(x,t)] the value of } at (x,t).

We say that J = [u,g,0] 18 a regular viscoelastic state
on Rx(-co,c0) corresponding to the relaxation functions G,(v=1,2)
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and the body-force density F, and write

d = [u,e,0l€ V(R0,6,,F), (1.23)
provided:
(a) ue€B?*1(R) and e,0,FcHOO(R), while G,€ H° with

@,(0) > 0 (v = 1,2);
N

(b) wu,e,s,F,G,(v=1,2) on the interior' of Rx(-co0, )

satisfy the field equations (1.17), (1.18), (1.19), (1.20);

(¢) if R® is an exterior region, then, as x = | x| —> oo,

u(x,*) = o(x71) , a(x,-) = o(x™1),

(1.2%)
o(x~3),

o(x,*) = 0(x~2) , B(x,-)

uniformly on [0,T] for every T€ [0,m).
If, in particular, F = O on RX(-,0), we write

J = [u,e,0]€V(R,G,,0,). (1.25)

In (1.24), as in the sequel, the notion of "order of
magnitude" is used in its standard mathematical connotation.
Thus, if v 1s defined on ®%[0,0 ), R being an exterior region,
we write v(x,:) = 0(x") as x —> oo, uniformly on [0,T] for every
Te [0,00) if and only 1f : given T > O, there exist numbers p(T)
and M(T) such that x = |x| > p implies l"ij.”.”k(l‘.:t” < X"
for every t € [0,T].

Conditions (a) and (b), which are partly redundant but

mutually consistent, could be weakened somewhat at the expense

'

Recall that R may be open or closed.
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of more elaborate smoothness assumptions. Note that the field
histories belonging to a regular viscoelastic state may possess
finite jump-discontinuities with respect to time at t=0.
Addition of states and multiplication of a state by a
scalar constant are defined as follows. Suppose J = [u,e,0] and

J' = [u',e',0'] are states on ky(-o0,0). Then

J + 4 = [utut,ete’,o+0'],
1.26)
A = [Au,\e o). (

Further, we define the derivative of a state J = [u,e,d] with
respect to the k-th cartesian coordinate (in a given coordinate

frame) by means of

dx = [B,k’i,k’g,k]’ (1.27)
provided the requisite space-derivatives ui,k’eij,k’ and °1j,k
exist.

The uniqueness and the reciprocal theorem of linear
viscoelasticity play a particularly essential part in the
analysis to follow. For this reason we include here statements
of both of these theorems.

Theorem 1.4 (Uniqueness theorem). Suppose

J = [B’E.’g] EV(F: Gl 1 G2:E_) 2

.28
' = [E"E"Q.'JEV(R:GPGQ,_F_‘). (1.28)

Further, let

u=u' _O__rlle(-(n,CD) s S =8 @.ng(’m.vw): (1.29)
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where B, and B, are complementary subsets of B. Then

n

[B’E:Q_] = [E'JE'JQ'] + [E:O:O] @FX(-oo,oo), (1-30)

where, for every (x,t)€ Rx(-o0,mw ),

w(x,t) = a(t) + w(t) ax with a, weH, (1.31)°

8o that w represents an (infinitesimal) rigid motion of the

entire body.

Volterra's [11] proof of the preceding uniqueness theorem
was spelled out in detail in [1] (Theorem 8.1) with limitation to
bounded regular regions of space. The extension of this proof to
unbounded (exterior) regions offers no difficulties in the
presence of the regularity assumptions (1.24) which imply further
that g¢(x,-) = O(x'a) as X —> o, uniformly on every interval [0,T]
Theorem 1.5 (Reclprocal theorem). Let

J
Jl

Then, for each t& (- ,m ),

[3,2,9_] EV(R) Gl’ 02 :E) P
(1.32)

[E':E_':Q_'JGY(R,Gl,GQ,E') >

g [S#du'](x,t)aA + i [Fxdu'}(x,t)av =

l.![§'*dy_](gg,t)dA +£ [F'du)(x,t)av

I_'; [oxge ' 1(x,t)dV = £ [g'#de)(x,t)av . (1.33)

n n
.

5 Throughout this paper the symbols and "A" are used to
indicate scalar and vectorial multiplication of vectors,
respectively.
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A proof of this theorem, valid for bounded regions,
appears in [1] (Theorem 7.4); its generalization to exterior
regions 18 a trivial matter.

Finally, we clite a result that furnishes an extension to
viscoelasticity theory of the Papkovich-Neuber stress functions
in classical elastostatics (see Theorem 9.2 of [1]).

Theorem 1.6 (Generalized Papkovich-Neuber solution).

Hl,l

(a) Let R be open and bounded. Let F€ (R) be vector-

valued and assume G, H> with G,(0) > 0 (v=1,2);

(b) Suppose ¢ € H3’1(R) and Y€ H3’1(62) are a real-valued

and a vector-valued function, respectively, such that

Voo

-3xf, Vd =3¢ onRx(-00,®), (1.34)8
where

£

Prda]tea(20,+G,) 7Y (1.35)

(c) Define a state [u,e,0] on @< -00,m ) by means of

u = v(P+x-$)»d(0G,+2G,) - 4P»d(2G,+0,) (1.36)

in conjunction with (1.17) and (1.19),(1.20).
Then

J = [u,e,0]€V(®,G,G6,,F). (1.37)

The completeness of the foregoing solution to the field
equations was established in Theorem 9.4 of [1].

6 2

vV is the spatial gradient operator and V¥
Laplacian operator.

the spatial
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2. Kelvin's problem in viscoelasticity theory: the basic

singular state. Higher-order singular states.

In the current section we deal first with the problem of
a concentrated load applied at a point of a viscoelastic medium
that occupies the entire space E. This problem is the counter-
part in viscoelasticity theory of Kelvin's problem in elasto-
statics and its solution supplies the fundamental singular solu-
tion of the field equations under present consideration.

Kelvin's solution of his problem, which was first
published without prcof in [12] (1884%), was later deduced by
Kelvin and Tait ([13], p.227 et seq.) through a 1limit process
that takes as its point of departure an elastic solid subjected
to distributed body forces. This limit definition of the notion
of an internal concentrated load in classical elastostatics is
sketched in somevhat greater detail by Love [5] (Art.130) and
was made fully explicit in (8], which may serve as a guide for
the generalization to be attempted here. The theorem to which
we turn now is intended to serve a dual purpose: first, it aims
at a mathematically precise and physically natural unique charac-
terization through a 1limit process of the singular problem at
hand; second, it furnishes the explicit solution to the problem
thus formulated. To facilitate the statement of this theorem we
first agree that Qp(io) denotes an open sphere with the radius p
centered at 5? and adopt
Definition 2.1 (Limit definition of a concentrated load). We say
that {F"} 1s a sequence of body-force distributions that tends to
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a concentrated load L applied at _:go if x°c E and LeHl is

vector-valued, while (g"} has the following properties:

(a) for every n (n=1,2,-..) F* 1s a vector-valued function

with :
Fe®1(E) , =0 on (E-@")x(-00,00), (2.1)

where {Qn} is a sequence of "load regions" characterized by

Qn=an(_§°) ,8" 30 as n—>o0; (2.2)
(b) I P(x,:)dV-—>L as n —> o, uniformly on [0,T]
Qn
for every T€[0,00);
(c) the sequence of functions {®"}, defined by

0" =I | B%x,-)lav on (-w,0) (n=1,2,..:), (2.3)
Qn
1s uniformly bounded on [0,T] for every T€[0,m).
We are now in a position to turn to

Theorem 2.1 (Viscoelastic Kelvin-state). Let {En} be a sequence

applied at x°. Let G,€H° with G,(0) > 0 (v=1,2). Then:

(a) there exists a unique sequence of states {gn} such

that
" = [, e",0"1€V(E, 6),6,,F") (n=1,2,.-:);  (2.4)

(b) §" converges to a limit state § as n — o, uniformly
on Bx(-00,T] for every bounded ® such that 5°¢ ® and every
T€(-0,0);
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(¢) the 1imit-state J = [u,£,0] 1s independent of the

particular choice of the sequence {En} and — 1in the sense of
Theorem 1.6 — is generated by the stress functions ¢, y defined
through

(1,5) = 0, Bxst) = - — (2.5)
x,t) =0, 9(x,t) = - 2.5
v - 8| x-x°1
for every x # x° and every t €(-a,00), where

£ = L#dG #a(20,+6,) ™  on (-0,). (2.6)

We call [ the (viscoelastic) Kelvin-state corresponding

Yo a concentrated load L applied at gc_o and to the relaxation

functions 01,02.
Proof. Note that the existence of the Stieltjes inverses G'l,
(2(}1+02)"1 18 assured by Theorem 1.2 and the present hypotheses
on G,(v=1,2). Define two sequences of functions {cpn} and {Q_n}

by setting, for every n(n=1,2,--.) and all (x,t)€ Ex(-m ,00),

£, t) )
P (x,t) = ﬁ In —Tx2T— % -
. , (2.7)7
PP(x,t) = ‘lj LY
S - S
where =
7 = Fa0] %a(26,+0,) 0 on Ex(-c0,). (2.8)

Ta subscript attached to an "element of volume" or an "element
of area" in a volume or surface integral indicates the
appropriate space variable of integration.
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Thus ¢°(*,t) and _Qn( -,t) are Newtonian potentials of mass distri-
buticns over F'. It follows from (a) in Definition 2.1,
Theorem 1.1, and a trivial extension of Lemma 9.1 in [1] that

¢, ¥Pen3}(E) and that

Vet = -;-gc_-g_“ , VP = % £ on EX(-00,00). (2.9)

Consequently and because of the behavior of the integrals in
(2.7) as x = o, the functions <pn and j{n, vhen used as stress
functions in conjunction with Theorem 1.6, generate a state

J% = [u",e", ") that meets (2.4). The uniqueness of §" 1s
immediate from Theorem 1.4%. Thus part (a) of the theorem under
consideration has been confirmed.

Let J = [_g,g,g] be the state generated by the stress
functions ¢,% in (2.5). Choose & such that 5°¢ ®, choose
T&(0,00), and hold ®x[C,T] fixed for the remainder of the
argument. In order to establish parts (b) and (c) of the

theorem it suffice38 to show that, 23 n — o0,
n n or\ O o .
U —>u, e —>eg, 6 —>d uniformly on Rx[0,T]. (2.10)

By virtue of Theorems 1.6, 1.3, however, (2.10) follows if we
show that for a fixed choice of the coordinate frame, as n — oo

and uniformly on gx[0,T),

S Observe that both { and §° vanish identlcally on Rx(-oco,0).
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n n n
¢ —>9, ¢,19v,1 E) ‘V’iJ—)‘P,iJ )

(2.11)
n n n
Lilnd 5 ¥iag FRE SThad FTR
Since all of (2.11) may be established by strictly
analogous means, we shall demonstrate merely that
}[v_“ —> VY as n = o, uniformly on R%{0,T]. (2.12)

To this end we infer from (2.5),(2.7) that for (x,t)cex[0,T],

Brly™(x,t) - b(x,t)] = IN(x,t) + I3(x,t), (2.13)

provided
Pxt) = [ e - —2)eNg 0y,
an 1x-x°  |x-l
(2.14)
Dixt) = —2— [g(t) - [ £E,B)av] .
| x-x qn
Accordingly, 1t is sufficient to show that
}_?,;_2 — 0 as n —> ®, uniformly on R>0,T]. (2.15)
In view of (2.8), the first of (2.1%) becomes
Dzt = [ (2 - 2 JEsa0)(E, t)avy (2.16)
gn Ix-x°l x|
for all (x,t) €&x[0,T]), if one sets
G = a;%a(26,+6,) ™! on (-,0). (2.17)

Now, by the hypothesis underlying the present theorem and (a) in
Definition 2.1, there is an N > O such that ®NQ" is empty wnen
n> N. Consequently, for n > N and (x,t) € ®x[0,T], the volume
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integral (2.16) 1s proper. Thls entitles us to reverse the order
of the process of space-integration and convolution in (2.16)
when n > N, as is readily seen with the aid of Theorem 1.2, (a)
and (g) in Theorem 1.1, and the available regularity of the

functions F' and G,(v=1,2). Hence

;;_’=£n*d0 on ®x[0,T] (n > N), (2.18)
where
I%(x,t) = | [—2— - —2—JF%(E,t)aV, 2.19)
1"(x,t) L" o el JEME, t)ave (

and clearly I” is continuous on gx[0,T]. From (2.18) follows the
estimate, valid for n > N and fixed To > 0,

5] < mex 127 (=20, ) on Bx(0,T, (2.20)

where vé( -TO,T) is the total variation of G on [-TO,T]. On the
other hand, one draws from (2.19) that

I(x,t L .| t)lar :
L A e i ey Lnl_ (£.%)l4 (2.21)

for every (5,t)e§x[0,'1‘+'1‘°]. But, in view of (c¢) in Defini-
tion 2.1, the integral in (2.21) is bounded uniformly for all n
and all t € [O,T+To], whereas the coefficient of this integral
tends to zero uniformly as n —> oo for all x ¢ g because of (a)
in Definition 2.1. Consequently _I_n - 0, as n —> o, uniformly
on EX[O,Tl-TO] and hence (2.20) implies the statement concerning
l? in (2.15).
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integral (2.16) 1s proper. This entitles us to reverse the order
of the process of space-integration and convolution in (2.16)
when n > N, as is readily seen with the aid of Theorem 1.2, (a)
and (g) in Theorem 1.1, and the available regularity of the

functions F" and G,(v=1,2). Hence

I} = I™xa¢ on Wx0,T] (n> N), (2.18)

where

M(x,t) = | =2 (g, t)ave (2.19)

— -
ot lx-x| 1%l
and clearly I” is continuous on gx[0,T]. From (2.18) follows the

estimate, valid for n > N and fixed To > 0,

|Z} < _ max I (T ,T) on gx[0,T], (2.20)
QX[O,T-!-TO]

where ”6(°T0’T) is the total variation of G on [-TO,T]. On the
other hand, one draws from (2.19) that

°(x, L || 1F ) av 2.21
ladts S geal Iz  Ixll Lnl- woella (2.20)

for every (gc_,t)eéx[o,wrol. But, in view of (c) in Defini-
tion 2.1, the integral in (2.21) is bounded uniformly for all n
and all tGE[O,T+T°], whereas the coefficlent of this integral
tends to zero uniformly as n — oo for all x¢ g because of (a)
in Definition 2.1. Consequently ;P-—> 0, as n —> o, uniformly
on §X[O,T+To] and hence (2.20) implies the statement concerning
17 in (2.15).
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By virtue of (2.6),(2.8), and (2.17), the second of (2.1%4),
after a permissible reversal of the processes of space-integration

and convolution, yields

D(x,t) = —L—[{L - J_F:“(s,-)dV}*dG](z,t) (2.22)
|x-x" ot
for all (x,t)€ ®x[0,T]. The assertion concerning Ig in (2.15)

now follows from (b) in Definition 2.1 together with Theorem 1.3.
This completes the proof.

Conditions (a) and (c¢) in Definition 2.1 trivially imply
(c')J (x-x°) AF*(x, - )dV — 0 as n —> oo, uniformly on [0,T]

on

for every T€[0,m). It is natural to ask whether the seemingly
artificial requirement (c) may be replaced by (c‘) without
impairing the conclusion in Theorem 2.1. That this 1is not
possible is clear from Theorem 4.3 in [8], on passing to the
special case of the elastic solid. Indeed, if (c) is replaced
by (c') in Definition 2.1, one can construct a sequence {En}
of body-force distributions that tends to a load L = O at x°
and yet generates — in the sense of the limit process underlying
Theorem 1.2 — a limit state other than the null-state. Require-
ment (c) does bacome superfluous, however, if {EP} 1s restricted
to body forces that are, at every instant, parallel and of the

same sense. In this speclal case one has
FYx,t) = | F{x,t) k(t) for all (x,t)e"x[0,0), (2.23)

k(t) being a unit-vector, and (a),(b) are readily found to imply
(¢), in Definition 2.1.



562(25) /21 23

From here on let €q denote a unit-vector in the Xq~

direction. If L = hga in Theorem 2.1, we call the limit state

J the normalized (viscoelastic) Kelvin-state (corresponding to

a load in the x,-direction applied at 5? and to the relaxation
functions Gl’Ge)‘ Moreover, we denote the value of this state
at (l‘.:t) by

302, 655°) = [®(x,£:5x°),e%(x,£55°),0%(x, £52°) ] (2.24)
with the understanding that all superscripts not otherwise
specified henceforth have the range of the integers (1,2,3).

Evidently, for every constant vector a,
J%(x,5;x%2) = §%(x-a,t;:x°), (2.25)
whence in particular
182 t5x°) = §%(x-x°,t;0). (2.26)

We now record the cartesian components of displacement
and stress belonging to JG(E,t;O). These components are easily
obtained on setting L = he, and 59 = 0 in (2.5), by recourse to

(1.36), (1.17), (1.19), and (1.20). In this manner one arrives at

-

XgX X X
uj (%,t50) = T3 (8) [d , + _iigi_] +3Q(t)ldy, - ;21]}’

a £50) = g Xy X i ‘
oij(g_c_ t;0) éﬁg{—g“”?h(t) 3Q,(t)] L(a 27)
+ Qg(t)[baixjﬂajxi-bijxu]},

where x = |x| = /%X, , as before, and J,,Q,,Q, are auxiliary

response functions defined by
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-1

3 =070, q = (20+0,)71 , @, = @ #d6, on (-,).(2.28)°

1
In the particular case of an elastic solid one has
G1 = 2ph , 02 = 3xh ,

h h 2
Jl'?ﬁ’Q‘lgﬂwgu’Q‘z‘ﬂw%u ’

provided p and x stand for the shear modulus and the bulk

(2.29)

modulus of the material, respectively. In this instance (2.27),
for 8ll x # 0 and 0 < t < oo, reduce to the analogous formulas
appropriate to the normalized elastostatic Kelvin-state (see,
for example, equations (5.4) in [8]).

We take up next a theorem that summarizes certain
relevant properties of §%x,t;0). For the sake of convenience
in stating this and subsequent results we introduce the symbol
E;o for the open region consisting of all points of the Euclidean
s;ace E with the exception of the point §°. Further, we shall

simply write E' in place of E' o when _Jg° = 0, so that E' denotes

X
the complement of the origin with respect to the entire space E.

Theorem 2.2 (Properties of the Kelvin-state). The normalized

Kelvin-state Ja(_:_c_,t ;0) has the properties:

(a) u%,g%g% H® ’I(E') and Ja = [BGJEG’QG]GAY(E':GZLJGQ]S

(v) {I§°(§,~;0)dA=gah on (-00,0),

where II1 is any closed regular surface surrounding the origin and

9 Not? ti,r)mat Jl is the creep compliance in shear (see Theorem 3.3
in (1]).
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s% 1s the traction vector of §© on that side of I1 which faces the

origin;

(c) £§A 5%(x,+;0)dA = 0 on (-o0,m);

(4) w(x,;0) = o(x71) , ¢%(x,-;0) = 0(x~2) as x —> O,
uniformly on [0,T] for every T€[0,m).

Proof. Property (a) is immediate from the specific form of the
stress functions generating J%, exhibited in (2.5), and from
Theorem 1.6. To confirm (b), use the secocnd of (2.27) and note
that because of (a) the surface II may be restricted to be a
sphere centered at the origin. Property (d), which characterizes
the order of the displacement and stress singularities at the
load-point x° = 0, follows at once from (2.27), whereas (c¢) is
readily found to be implied by (a) and (d).

In the treatise literature on elasticity theory the
original Kelvin-problem is frequently formulated on the basis
of the elastostatic counterpart of (a),(b),(¢c) in Theorem 2.2.
As was pointed out in [8], such a direct formulation of the
problem fails to determine its solution uniquely. Similarly,
(a),(p),(c) do not furnish a unique characterization of the
viscoelastic Kelvin-state {%(x,t;0) since — as we shall have
occasion to see shortly — there exist viscoelastic states
(aistinct from the null-state) that are regular on E'x(-co,o )
and possess self-equilibrated singularities at the origin. In
this connection we mention further that the viscoelastic Kelvin-

state J“(;,t;o), whose displacements and stresses are exhibited
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in (2.27), may alternatively be obtained directly from the corre-
sponding elastostatic state through a purely formal application
of the well-known correspondence principle that links the linear

theorlies of elasticity and viscoelasticity.lo

However, this
elementary method for deducing the viscoelastic Kelvin-state
does not assure the truth of Theorem 2.1, from which the singular
state in question derives its intrinsic physical significance.

We turn now to a discussion of the higher-order singular
viscoelastic states that may be generated through a single space-
differentiation of the Kelvin-state. Thus let ja(g,t;gé) once

again be the normalized viscoelastic Kelvin-state introduced

previously and define a set of nine viscoelastic doublet-states

%P (x,65x°) = [0 (x,t;x°),6%P (x,t;x°),0% (x,£;x°) ] (2.30)
by means of

1P (x,t:5°) )1

o) a e 'l
3xp {7 (x,t;x°) for (x,t)e€ onx(-oo,oo).(2.31

A physical interpretation of Xaﬂ is easily established. Indeed,
(2.31) implies

{Px,652%) = 1t {308%x+0et52°) - §%(x,t520) 1}, (2.32)
00 B

10 For the analogous treatment of the problem of the half-space
under a concentrated surface load perpendicular to the
boundary, see Lee [14].

11 Recall (1.27).
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which, because of (2.25), is equivalent to
OIB(x,t'x°) = 1im {2[)%(x,t;x°-0e ) - {%(x,%3x°) )} .(2.33
3 » 24 00 Q \’ g }

From (2.31) and (2.26) follows
!“p(ﬁ:t;f) = J“a(z-zc?,t;O). (2.34)

We list next the cartesian components of displacement and stress
belonging to laa(g,t;o), which may be computed from (2.27) with
the aid of the defining relation (2.31).

ugp(f_:tio) - __3_ {[QJ (t)+‘2Q1(t)]bia B

+ [23,(t)- 3@1(tm——,—’ﬁ - By - Bypny]} s
a;‘%(;,t;o) = 3“3;5 {lah(t)-ao?(t)][—"’fﬁé—i—i Bg1%xy o (2.35)

x
2
- bpjxuxi-baﬂxixjj + Qe(t)[ba1(3xBxJ-bBJx )
2 2
+ baJ(3x1x3-bpix ) - 613(3xaxﬁ’baﬁx 3. )
Here J,,Q,,Q, are again the response functions given by (2.28).

The subsequent theorem is a trivial consequence of (2.31),
Theorem 2.2, and the explicit formulas (2.35).
Theorem 2.3 (Properties of the doublet-states). The doublet-state

Jap(g,t;o) has the properties:
(a) u®P,e%,%c u®s1(E) and

JoP

[uoP, e, s 1€ Y(E',0,,0,);

(v) £§°p(5,-;0)d1\

0 on (-CD,@),
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where II 18 any closed regular surface surrounding the origin and

5% 15 the traction vector of |9 on that side of I which faces

the origin;
(¢) £5A§“B(£.-;O)dl\ = dyp &y on (-0,00),

where bGBY designates the components of the usual alternator;

_2)

(d) u*P(x,-;0) = 0(x72),g%(x,-;0) = o(x™3) as x — o,

uniformly on [0,T] for every T€ [0, ).

Properties (a),(b),(c) were to be anticipated intuitively
because of the physical meaning attached to the doublet-states
by (2.33), and in view of (a),(b),(c) of Theorem 2.2. As is
apparent from (b) and (c¢) in the present theorem, the stress
singularity of,!ap(g,t;o) at the origin is statically equivalent
to a couple or to null depending on whether a # B ora = B. For

this reason we call JGB(E,t;EP) a doublet-state with moment or a

doublet-state without moment, according as ¢ # B or a = B.

As in elasticity theory, it 1is expedient to introduce
two particular linear combinations of doublet-states. Thus we

designate by
$2(x,t5x°%) = [w%(x,t;x°),e%(x,;x°),6%(x,t;x°) 1 (2.36)
the state defined through

§°(x,t5x°) = f%%(x,t;x°) (2.37)1°

12 The summation convention is henceforth understood to apply also
to repeated superscripts and to repeated indices that appear
once as a subscript and once as a superscript, provided these
indices have the range (1,2,3).
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and call it the state appropriate to a (viscoelastic) center of

compression at 50. Further, we denote by

THx,t:2%) = [2%(x,£52°),2%(x,t5x°), 57 (x,£5x°) ] (2.38)
the state defined through
e t5x°) = 5 b JBY(z,t;f), (2.39)

which we address as the state appropriate to a (viscoelastic)
center of rotation in the x,-direction at x°.

From (2.37), (2.39), (2.35) follow

u? (x,t;0) = ——3-3' x,Qt) , )
: hue? 1 \ (2.40)
2
¢f (x,;0) = ;ig (3xyx,-8, x°)Qy(t),
-1 )
-ﬁi (.J_(.,t;O) = ‘)‘:;x's bcinBJl(t) ’
>(2.41)
3% ,(x,%50) = aﬁxg (3gp1%pX ;*8 g Xg%; I(E) .

The implications of Theorem 2.3, as far as the properties of the
states appropriate to a center of compression and a center of
rotation are concerned, are immediate. In particular J°(§,t;o)
has a self-equilibrated singularity at the origin, whereas the
singularity lnherent in T“(;,t;o) is statically equivalent to a

couple whose axis 1s the xa-axis. Specifically,

{I_'Sa(;c..-;o)dl\ =0, {I_&AE"(E.-;O) = g;h on (-o,). (2.42)
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Through successlve space-differentiations of the Kelvin-
state fc(g,tggé) one may evidently generate an infinite aggregate

of viscoelastic states that are regular on E'ox(—oo,oo) and
X

possess singularitles at 59 of progressively higher order.
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3. GQreen's states. Integral representations for the solution

of the fundamental boundary-value problems.

As a prerequisite for the treatment of the main subject of
this section we require two lemmas concerning certain integral
properties of the viscoelastic Kelvin- and doublet-states dis-
cussed in the preceding section. To shorten the formulation of
these lemmas, and for future convenlence, we make the agreement
that EP(EP) henceforth denotes a spherical surface of radius p,
centered at the point with the position vector ;9. Further,
Qp(§°), as before, denotes a spherical neighborhood of x°, with
the radius p. Finally, we shall write Ep and Qp in place of
Zp(ié) and 99(59), when x° = 0.

Lemma 3.1. Let ®be 2 neighborhood of a point x°€ E. Let
J = [u’E.’.d.] € V(Q:G]_:GQ:E)

and suppose J“(g,t;lt?) is a normalized viscoelastic Kelvin-state.

Then for fixed x° and each t € (-, ):

(a) 1m | [(3eaw®)(x,t)as = o, (3.2)
p—>0 XP(XO)

(6) 1m | (S%waul(x,t)ar = u(x°,¢), (3.2)
p—>0 o
Zp(x”)

provided S and S® are the respective traction vectors of | and
{° on that side of Z,(x°) which faces x°.
Proof. Without loss in generality assume 5° = 0, Also, since

f(x,t) and §%(x,t;0) vanish for all (x,t)ERx(-m,0), it



562(25) /21 32

suffices to consider t > 0. Thus choose t€ [0,00) and hold it
fixed throughout the remainder of the argument. Further, let

£.> O be such that £, C ®,
o Po

With a view toward proving (a), define Ig(p) for all
Pe(o,pol by means of

P
whence and from (b) in Theorem 1.1,
15 () ¢ £ | [u*#asS)(x,t)|an. (3.4)
P
Now note that

VeR =pg(-,t) < 19(0)] + t max ¥l , (3.5)
[o,t]

where %(-oo,t) 1s the total variation of ¢ on (-o,t]. From

(3.4), (3.5), in view of (1.15), (1.8), and the usual estimates

of Stieltjes and Riemann integrals, follows

IT(0)) < [ max || )imaxlS(-,0)] + ¢ max IS|Jume®. (3.6)

px[O,t] Ep pr[O,t]

The leading term within brackets is o(p'l) as p —> O because of

(4) in Theorem 2.2, whereas the second term within brackets is

uniformly bounded for all p €(0,p ] by virtue of (1.21) and the

regularity of ¥,, on apotlo,t]. Hence (3.6) implies (3.1).
Consider next part (b) and define I3(p) for all p €(0,p ]

through

Io(p) =zI [s%eaul(x,t)an. (3.7)
[
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Setting

v(x,%) = u(x,t) - u(o,<) (3.8)

for all (x,t)clx(-oo,00) and invoking once more (b) in

Theorem 1.1, one has

I5(6) - wg(0,0)] < 1 ] [wses® Nz )en]

p
+ |[y_(0.-)*d£ 5%(x, -;0)dA1(t) - uglo,8)] . (3.9)

The second term in thg right-hand member of (3.9) vanishes by
virtue of (b) of Theorem 2.2 and (f) of Theorem 1.1. To

" estimate the first term proceed as in part (a). In this manner
one is led to

115(p) - uglo,t)] <

( max _|v|)lmax |S%(-,0;0)] + t max _|S%|J4np2.  (3.10)
Ex[0,t] z ’ z,x[0,t)

The leading term within brackets 1s o(1) as p — O because of

(3.8) and the continuity of u on 'ﬁp x[0,t]. On the other hand,
o

the second term within brackets 18 O(p~2) in view of (1.21) and
(2.27). Thus (3.2) follows and the proof of Lemma 3.1 is
complete.

Lemma 3.2. Let R be a neighborhood of a point x°¢ E. Let
d = [u,g,01€V(R,0,,6,,F)

and suppose Jap (x,t;x°) 1s a viscoelastic doublet-state corre-

sponding to the relaxation functions G,,G,. Then for fixed x°

and each t €(-m,m):
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() um S (8 dm )an = 2 egp(a,) + hg(a®se),

p'= (3.11)

(b) 1lim I [s%Pudul(x,t)aA =
p—>0 Z,(x°)

ug o(2%,t) - 2 egp(x®,t) + Ag(x°,8), (3.12)

where

)‘aﬂ(?ﬁo’t) =% {baﬂew(-’ﬁo:t) + 2[(eaB-zbaBew)*dQ‘z](Eo’t)}(; )

while S and S°P are the respective traction vectors of § and

§°8 on that side of Z,(x°) which faces x°.

Proof. As in the proof of Lemma 3.1, assume 50 = 0, hold
te[0,00) fixed, and let P, > O be such that Zp C R,

Consider first part (a) and define Igﬂ(p? for all
p&(o0, po] through

Fe) - | s i, (3.14)

P
In view of the present hypotheses, one draws from (3.14) 1in

conjunction with (2.35), (1.21), the divergence theorem,
Theorem 1.1, and (1.18), after a stralghtforward computation,
that

) = 1 0) + 1), (3.15)

where

B .
) - 2 ép([dusid(2JlT3Q1)](§,t) :
+ [oiJ*d(2J1-3Q1) x,t) [#(bijxaxaﬂaaxixﬂ%“xixa)

-bapbij.aajbﬂij} av, (3.16)
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af 1 - -
15 (p) = - 5553 sz{[p'a*d(aJlﬁQl)](s,t)xa *

3
+ [Fiid(2J1-3Q1)](5,t)[—x-:'T;‘—)c-E - baﬁxi-bﬁixa]}dv. (3.17)

By Definition 1.3 and (a) in Theorem 1.1, the convolutions
entering the integrand in (3.16) are (for fixed t) continuous
on ﬁ%, whereas the integrand in (3.17) is o(1) as x —> O so that
Igp(p) = o(1) as p — 0. Consequently (3.15), (3.16), (3.17)

furnish

8np
+ [0, j#d(23,-32,) (0, t) [35(6ijxaxB%quixﬁi-bpjxixa)

I‘{B(p) = —175{ {logg=a(23,+39))1(0,¢)
p

- baﬂbij-bajbai]}dv + o(1) as p—> 0. (3.18)

Now carry out the space integration in (3.18) and use (d) of
Theorem 1.1, as well as the second of (1.18), to obtain

137(p) =I5 {6loggea(s,+2)) 1(0,t)
- dgplo,#d(27,-3Q,)1(0,£)} + o(1) as p —> 0. (3.19)

Conclusion (a) follows from (3.19), (3.14) after an elementary
computation involving the use of Theorem 1.1, Theorem 1.2,
equations (1.19),(1.20),(2.28), and the definition of )\aagiven
by (3.13).

Turn to part (b) and define Iip(p) for all pG(O,pO]
through
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Iﬁﬂ(p) =g [_S_"B*dy,](g,t)dA. (3.20)
P
The required limit of Iﬁp(p), as p — 0, may be confirmed by

an argument which is quite similar to that employed in establish-
ing part (a). In this connection one needs to make use of the
fact — implied by (a) in Definition 1.3 — that, for each
(;,t)eﬁpx[o,m),

u(x,t) = u(o,t) + E’J(O,t)xj + U(x,t) (3.21)

with _I_JGCa’l(ﬁpx[O,oo)) and
Ulx,) = 0(x?) as x — o0, (3.22)

uniformly on [0,t]. Purther details of the proof may safely be
omitted.

Lemma 3.2, by virtue of (2.39), at once yields
Corollary 3.1. Let x°,R, and | meet the same hypotheses as in

Lemma 3.2. Suppose J%(x,t;x®) 1s the state appropriate to a

center of rotation. Then for fixed _Jg° and each t€ (-00,00):

(a) 1im ,[ [S#au®1(x,t)dA = O,
P—>0 Z,(x°)

(b) 1im f [(Z%xdul(x,t)dA = wy(x°,t),
P—>0 Z,(x°)

where w 18 the rotation field history of | , i.e.

w=2vAu on Rx(-m,), (3.23)

while S an Ea are the respective traction vectors of f and

7° on that side of Zp(_J_c_o) which faces x°.
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It is worth mentioning that conclusions (a),(b) in
Lemma 3.1 and Corollary 3.1 do not involve the relaxation func-
tions of elther the singular or the regular state under consider-
ation. Also, the conclusions in Lemma 3.1 and Corollary 3.1
hold true even if the relaxation functions of the singular state
are distinct from those belonging to the regular state.

We are now in a position to deduce the lntegral repre-
sentations which constitute the main objective of this section.
With a view toward a representation theorem applicable to the
first fundamental boundary-value problem, in which the surface
displacements are prescribed over the entire boundary for all
time, we introduce

Definition 3.1 (Green's states of the first kind). We call

}a(s:t;i) = [ﬁa(satif_):ﬁ_a(s,:tii)xia(s_:t;ﬂ)],

%P, t5x) = [89B(E, t;x),8%B(E, ¢;x),89B(E, t5x) )

the Green's states of the first kind for a (regular) region R

and relaxation functions G,,CG, if and only if: for all
(§,t;x) € R%(-00,00)xR with E # x,
IG(S_:tSL) = Ju(g_,t;_x_) + ja(sot;?}_):
o (3.24)
19256520 = - 30°P@E 60 + 1P0(E 600 + TP 00,

where 1%(E,t;x) and JGB(E,t;g) are the normalized Kelvin-state

and the doublet-state, corresponding to 01,02; further
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ic(g_:tiﬁ) = [:Lla (5_:1332(_) :Ea (E_,ti_is) :éa(iati?_(_) ]:
§oP @, t5x) = (30B(E, £5x),8%P (2, 65x),3%8 (8, £5x) 1,

for each xcR, are states such that
(a) 7m0, §%0, 0 € V(R 0.0,),
(v)

A

4%(+,+;x) = 0, 49B(+,+;x) = 0 on Bx(-00,m).

Observe that requirements (a),(b), because of (3.24%) and
Theorem 1.4, for fixed x€R, uniquely characterize the states
J%(-, ;x) and fap(-,-;g) as the respective solutions of two
first boundary-value problems for the region R. Consequently,
the Green's states { ¢ a.nd‘j“’s are also uniquely determined by
the foregoing definition. With reference to this definition we
state
Theorem 3.1 (Integral representation of the solution to the

first boundary-value problem). Suppose
J = [E.:E.:l] GV(.R: Gl" 02’2) . (3.25)

Let §%(E,t;x) and jap(s,t;g) be the Green's states of the first

kind for the region R and relaxation functions GI’GQ' Then, for
each (x,t)€ RX(-00,00),

ug(x,t) =L [E*dﬁ“](ﬁ,t;z)d\fs_ - }.[ [§“*dy_](§,t;gc_)dA§ , (3.26)13

eqp(X,t) | [Exad®P1(E, t;x)avg - I [5%Peau (&, t5x)ane. (3.27)
R - B =2

13 H
ere and in the sequel we conveniently write ggfdgj(g,t-g) in
place of [2(-,~;§)*d¥(-.-;;s)](§,t) 17 9( -, -;x)58(", -3x) are
sultable functions o osition and time. Cf. the notations
adopted in (1.9),(1.15’)).
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Proof. Choose (x,t)€RX(-w ,0) and hold (x,t) fixed throughout

the following argument. Let po > 0 be a number such that

Zp (x)CR. For each p€(0,p0] denote by R, the regular reglon
o

R-ﬁp(g) with the boundary Buzp(gc_) . Bearing in mind Defini-

tion 3.1, as well as Theorems 2.2, 2.3, observe that
§%C5x), §OPC, 50 € VR, 6,,0,) - (3.28)
Next, apply the reciprocal theorem (Theorem 1.5) to the
pair of states J, §%(-, ;x) and to the pair !, !aB( *,*;X) 1in their
common domain of regularity T\‘px( -0, ). Because of (b) in
Definition 3.1, this ylelds
| Israi®igesman, + [ Iread®)(g tsx)avy =

[ (saulEesmang + [ (8%aul(g,t5x)an (3.29)
B zp(?ﬁ)

| [§*d§_“B](5,t;_§)dA5+f [Fxad®P1(E, t;x)avg =

[ 18%eaul(E,t5x)an, + [ (8%Paaul(E,t5x)ang . (3.30)
B - zp(l(_) -

Now proceed to the limit as p —> 0 in (3.29) and (3.30),

14

using Lemma 3.1 and Lemma 3.2, respectively. This confirms

(3.26),(3.27) and completes the proof.

1% Recall from (3.24) that the singular part of § (-, *3X) and of
f“p( 'y ';_J&) are a Kelvin-state and a linear combination of
doublet-states, respectively. On the other hand, the regular
parts of the Green's states under consideration trivially f£ail
to contribute to the limits, as p —> O, of the surface integrals
over Z,(x) in (3.29),(3.30).
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The relevance of Theorem 3.1 to the first boundary-value
problem stems from the fact that the right-hand members of (3.26),
(3.27) — apart from elements of the Green's states ja, f“ﬁ-—
involve only the body forces and surface displacements of the
state { . Integral representations for the stresses belonging
to d , are immediately obtainable from (3.27). If R, in
particular, coincides with the entire space E, then ¢ = §® on

Ex(-m ,m )xE, according to Definition 3.1, and (3.26) reduces to
Uy (X, t) =£ [Fwau® J(E,t;x)ave . (3.31)

We now further examine the Green's states entering
Theorem 3.1 and establish
Theorem 3.2 (Symmetry of the Green's states of the first kind).
Let §%(E,t;x) and fGB (£,t;x) be the Green's states of the first

kind for a region R. Then, for each (;_,t,g)GRx(-cp,oo)xR with

5_7‘5:

’:g(;_:ti.’s.) = ﬁg(_’&,tis) ) (3-32)
e tx) = S (xt:E). (3.33)

Proof. Choose and fix (,t,x) €Rx(-co, )xR with £ # x. Let
P, > O be a number such that Ep (E)CR, Zp (x) CR, while
o o

Zp (g)nzp (x) is empty. Then, for each pG(O,pO], the region
) )

Rp = R-ﬁp (€) - ﬁp(gc_) is regular and, by hypothesis and

Definition 3.1,
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Peusm), 1P, 0 € V(R L0,,0,), (3.34)
JP 0 x0T (50 € VIR, 0,,6,). (3.35)
To complete the argument, apply Theorem 1.5 to each of the
pairs of states appearing in (3.34%) and (3.35), respectively,
bear in mind (b) in Definition 3.1, and proceed to the limit as
P — O, making use once again of Lemma 3.1 and Lemma 3.2.
We turn now to the second boundary-value problem (surface
tractions prescribed over the entire boundary for all time) and
adopt

Definition 3.2 (Green's states of the second kind). We call
all A A A
! (S:t 3_’5) = [_\_l_a (g_:t;_JS) :E_a (_E_:til(_) ,g_a (E:tiﬁ) ]:

PP, tsx) = (B%P(E, £:x),8%B (L, £3x),8%P (£, t3x) 1,

the Green's states of the second kind for a (regular) region R,

relaxation functions 01,02, and — 1n case R 1is bounded — for

& (fixed point) x°€ R if and only if: for all
(§,t,x) € Rx(-00,0 )xR with £ # x, £ # x°,

%@ tx) = 1P t50) + JO(Et5x) ]
+ 0[-13(5_:1:;5.0) + bQBY(xB-xg)ﬂ(g-’tsﬁo)]’ >(3.36)
P Etsm) = - P () + PR e ] + TP tx)

where g“(g,t;g),g“f’ (§,t;x), and J*(E,t;x) are the normalized

Kelvin-state, the doublet-state, and the state appropriate to

a center of rotation, all corresponding to 61,02, while c=1

when R 1s bounded and c¢=0 when R is unbounded; further,
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FHE £5x) = (388, £5x),E%(8,t:5x),87 (B, t52) ],
IGB(S:t.;?_C_) = [iaa(éttiﬁ))gaB(EJtii):_a_'aB(S,,t.;?S) ].v

for each x€R, are states such that

(a) ia(°:°§£): :?'GB(':';?_(,)E.\P(R:GI:Gz):
(b) éd(.’-;?&) = 0, éaa('s'i_’_{_) =0 on Bx(-CD,OO),
and

(c) when R is bounded,
d%x%, -;x) = 8%(x°,5x) =0 on (-00,),

B (x°, -5x) = @%P(x%, ;x) =0 on (-o,m),

in which §®,%%®are the respective rotation vectors of J%, job.

Definition 3.2 is, to an extent, analogous to Defini.
tion 3.1. The regular parts of the Green's states in
Definition 3.1 are uniquely characterized as solutions to first
boundary-value problems for the reglon R. In contrast, J%(-,*;x)
and ]“B( *, ';5), for fixed x €R, are 1n the present instance each
the solution of a second boundary-value problem for R, as is
apparent from (a), (b), and (3.36). According to Theorem 1.4,
the solution to such a problem 1s unique — except for an
arbitrary additive (infinitesimal) rigid motion of the entire
body, when R is a bounded reg.‘xon.]‘5 Condition (c) in Defini-
tion 3.2 serves to eliminate this indeterminacy from & and i@ .

15 If R 1s unbounded, the additive riglid motion is precluded by
the regularity condition (c) in Definition 1.3, which requires
the displacements to vanish at infinity. Note also that in
the first boundary-value problem the additive rigid motion is
precluded by the boundary conditions, regardless of whether
or not R 1s bounded.
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Thus, for a given x°, the states ya,jaB are fully unique and

hence, because of (3.36), the same is true of the Green's states

aQ Aaﬂ
E)

J
both §¢ ana j“ﬁ are entirely independent of x°.

of the second kind. Further, when R is unbounded (c=0),

If R is bounded (c=1), the singular part of §® in (3.36)
1s considerably more complicated than its counterpart in (3.24)
of Definition 3.1 for reasons to be made clear presently.
Indeed, a necessary condition that the second boundary-value
problem characterizing ja possess a solution when R is finite,
is that for each x€R,

f§u(§,'i_§)dA§ = 0, I;A_S_G(S_, ';_}_c_)dAE = 0 on (-00,00),
B B B (3.37)

1.e. that the surface tractions governing j (-, -;x) be self-

equilibrated.l®

The requirement (3.37), in turn, because of (b)
and (3.36), implies that the system of singularities involved

in the singular part of §¢ must be self-equilibrated. The
supplementary singular part of ]“, which carries the multiplier
¢ and whoge singularities are located at 5 = 59, serves the
purpose of assuring the self-equilibrance of the complete system
of singularities at £ = x and £ = x°. This claim is readily

verified with the aid of (b),(c) in Theorem 2.2 and (2.42).

106 Note from (a) that 7“(-,-;5) must meet the equilibrium
equations in the absence of body forces.
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Conditions (3.37) are no longer necessary for the exist-
ence of J% when R is unbounded, in which case ¢=0 and the
singular part of i“ is merely a normalized Kelvin-state corre-
sponding to a concentrated load at § = x. Finally, we observe
that the pair of singularities at & = x 1in the singular part of
iaB is always self-equilibrated, regardless of whether or not R
1s finite, as is immediate from the second of (3.36) and (b),(c)
in Theorem 2.3. We may now proceed to
Theorem 3.3 (Integral representation of the solution to the

second boundary-value problem). Suppose
{= [u,e,9]1€V(R,0,6,F) (3.38)
and, if R is bounded,
u(x® ) = w(x°-) =0 o (-@,m), (3.39)

where w is the rotation vector belonging to J , while x°c R.

—— CEE—— S————————

of the second

kind for the region R, the relaxation functions 01,02* and — in

case R is bounded — for x°. Then, for each (x,t) €Rx(-0,0),

ug(x,t) = £ [E#ad®)(§, t:5x)aV, + £[§*dﬁ“](§.t;z)dl\ »  (3.%0)

eqp(X,t) = i‘; [E*dﬁ"p](i,t;i)dvs + £[§*dﬁ“pl(£.t;§)dA£. (3.41)

Proof. Note that if § satisfies (3.38) with R bounded, it can
always be made to meet (3.39) as well by addition to u of a rigid
displacement history. The indentity (3.41) and, if R is unbounded,
also (3.40), may be confirmed by an argument strictly analogous
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Conditions (3.37) are no longer necessary for the exist-
ence of % when R is unbounded, in which case c=0 and the
singular part of fa is merely a normalized Kelvin-state corre-
sponding to a concentrated load at § = x. Finally, we observe
that the pair of singularities at § = x in the singular part of
iaB is always self-equilibrated, regardless of whether or not R
is finite, as is immediate from the second of (3.36) and (b),(c)
in Theorem 2.3. We may now proceed to
Theorem 3.3 (Integral representation of the solution to the

second boundary-value problem). Suppose

1= lue,8] € V(R,0,,0,,5) (3.38)
and, if R is bounded,
E(_J_(.o:') = 2(9_‘.03') =0 on (-0) ,G)), (3-39)

where 18 the rotation vector belonging to { , while x°¢R.

Let 1%(E,t;x) and 5“5(g,t;;) be the Green's states of the second

kind for the region R, the relaxation functions 61,02* and — in

case R is bounded — for x°. 'Then, for each (x,t) €Rx{-,x»),

ug (x, t) -—-£ (Bxa@®)(E, 00007, + [[5008® 18, bixdong ,  (3.00)

eqp(xst) = £ [Exad®® 1(g, t5x)av + 113 [5#ad?P1(E, tsx)ane . (3.41)

Proof. Note that if § satisfies (3.38) with R bounded, it can
always be made to meet (3.39) as well by addition to u of a rigid
displacement history. The indentity (3.41) and, if R 1is unbounded,
also (3.40), may be confirmed by an argument strictly analogous



562(25) /21 45

to that employed in the proof Theorem 3.1. We therefore give a
detailed derivation merely for (3.40), assuming R to be bounded.
Consider first the speclal case in which x = §° and con-

clude from (3.36) that then
720, 5x°%) = §%(-,-5x°) on Fx(-c0,). (3.42)
But (3.42), together with (a),(b),(c) of Definition 3.2 and
Theorem 1.4, implies that §%(-,:;x®) 1s the null-state. Hence,
and in view of the first of (3.39), the identity (3.40) 1s
trivially met when x = x°. |
Next, hold (x,t) € Rx{-c,) fixed and assume x ¥ x°.

Let p, > O be a number such that Z, (x)CR, zp (x°)CR, while
(o] (o]

z, (_x_)ﬂzp (x°) is empty. Then, for each p€(0,p ], the region
o o

R = R-Qp(i)-ﬁp(gc_o) with the boundary BUZ,(x)U Zp(;go) 18 regular
and, by hypothesis and Definition 3.2,

150,52 €% (K ,0,,0,). (3.43)
Now apply the reciprocal theorem (Theorem 1.5) to the pair of

states { and j'a( 5 *3X) in their common domain of regularity

Rpx(-oo,oo). Because of (b) in Definition 3.2 one thus arrives at

| (ral® )G bixday + L5t Ng, eimdang +

[ (sead®)E, tix)an, + | [Sal® )(&, t:x)ang =

Zo(x) Zp(x%)
[ (BPeul@timang + [ (FeaulEtix)ea . (3.44)
z (x) 2, (x°) =
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Proceed to the limit as p —> O in (3.44), taking into account the
nature and location of the singularities entering the right-hand
member in the first of (3.36) and using Lemma 3.1, Corollary 3.1,
as well as (3.39). This ylelds the desired result (3.40).

It is instructive to examine the influence of the cholice
of the fixed point x° in Theorem 3.3. A change in this choice
evidently affects u merely within an additive rigid displacement
history and therefore leaves g unaltered. On the other hand,
such a change alters the basic structure of g“ (whose singular
part depends upon the location of ;9) but results only in the
addition of a rigid displacement to QQB, which is easlily seen to
have no effect on the right-hand member of (3.41).

The Green's state f“p of the second kind conforms to the
symmetry relation (3.33) in Theorem 3.2, as may be verified by
precisely the same scheme used to prove (3.33) originally. In
contrast, §& of Definition 3.2 is found not to obey (3.32) because
of the asymmetric manner in which f and x enter the supplementary
singular part of §% in the first of (3.36).

Theorem 3.3 owes its importance, as far as the second
boundary-value problem is concerned, to the fact that the right-
hand members of (3.40),(3.41) — apart from elements of the
Green's states of the second kind — involve exclusively the body

forces and surface tractions appropriate to §. Analogous integral

representations for the stresses belonging to ! follow at once

from (3.41) with the aid of (1.19),(1.20).
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We have so far confined our attention to integral repre-
sentations appropriate to the first and second fundamental
boundary-value problems. An integral-representation theorem for
the mixed problem, which contains Theorem 3.1 and Theorem 3.3 as
special cases, may be deduced by obvious similar means and with
but superficlal complications.

Theorem 3.3 may be used as a basis for a mathematically
precise and physically meaningful definition of the notion of a

concentrated surface load. The latter concept may be defined

through a 1limit process applied to a sequence of regular visco-
elastic states that corresponds to distributed surface tractions}7
in analogy to the 1imit treatment of internal concentrated loads
contained in Section 2. We shall, however, not pursue this issue
further and shall turn instead to a more basic application of the
integral representation for the solution to the second boundary-

value problem supplied by Theorem 3.3.

17 see [8], Section 7, for a detalled analysis of concentrated
surface loads in elastostatiecs.
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4. Saint-Venant's principle for viscoelastic solids.
Saint-Venant 's principle in the classical equilibrium

theory of elastic solids was originally introduced by
Saint-Venant [15] in connection with — and with limitation to —
the problem of extension, torsion, and flexure of prismatic or
cylindrical bodies. The earliest universal statement of the
principle 1s apparently due to Boussinesq [16](p.298), whose
formulation has since become traditional. Love [5])(p.132),
adopting Boussinesq's version, states the principle as follows:
"... the strains that are produced in a body by the application, to
a small part of its surface, of a system of forces statically
equivalent to zero force and zero couple, are of negligilble
magnitude at distances which are large compared with the linear
dimensions of the part." The far-reaching importance of the
principle stems, of course, from the fact that it presumably
entitles one to relax the boundary conditions in the second
boundary-value problem of elastostatics and to replace the given
surface tractions, at least in part, by statically equivalent—
but analytically more manageable — loadings.

As was first pointed out by von Mises [6], the conven-
tional statement of Saint-Venant's principle is in need of
clarification. Von Mises observed that the sentence cited
involves a dual comparison, which 18 not fully made explicit.
Thus, the statement in question asserts that the strains due to
self-equilibrated loads are "negligible" at distances which are
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large compared to the size of the load-region, the tacit implica-
tlon being that these stirains are small compared to strains pro-
duced by loads which are not statically equivalent to null.

Von Mises noted further that one cannot in general meaningfully
speak of strains '"producéd" by non-equilibrated loads since the
equilibrium problem for given surface tractions and for a bounded
region (in the absence of body forces) has no solution unless the
tractions acting on the entire boundary conform to equilibrium.
He concluded that for a finite body it is necessary to consider
the Joint effect of the tractions applied to several (at least
two) distinct portions of the boundary.

Two additional criticisms of the traditional version of
Saint-Venant's principle are equally self-evident. Trivially,
the strains arising from loads applied to a finite part of the
surface of an unbounded elastic body are arbitrarily small at
points sufficiently far removed from the region of load applica-
tlon, regardless of whether or not the loading is equilibrated.
On the other hand, it follows from the superposition principle
of linear elasticity theory that the strains and stresses at a
fixed point of an elastic body, produced by equilibrated surface
loads, may be made as large as one pleases by choosing the
magnitude of the loads sufficiently large, regardless of the
size of the region of load application.

The foregoing observations suggest an interpretation of
the conventional statement of Saint-Venant's principle that may
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roughly be phrased as followslaz Let the loads acting on an

elastic body be confined to several distinct portions of 1its
boundary, each lying within a sphere of radius p, and suppose the
loads remain bounded as p —> O. Then the stralns at a fixed
interior point of the body are of a smaller order of magnitude

in p, as p —> 0O, when the tractions on each load region are self-
equilibrated than when they are not.

That this is the meaning intended by Boussinesq [16] 1s
apparent from his own efforts to justify the principle. With
this objective in mind he examined the strains at an interior
point of a semi-infinite elastic body that is subjected to a set
of concentrated loads applied normal to its plane boundary.
Assuming the points of application of the loads to lie within a
sphere of radius p, he then showed that the order of magnitude
of the strains in question is p if the resultant force 1s zero,

2 when the resultant moment also vanishes.

and p

Von Mises [6]) demonstrated with the aid of two examples,
which involve tangentlal as well as normal surface loads, that
the traditional version of Saint-Venant's princinle (interpreted
as above) requires amendment in order to be generally valid.
Guided by these counter-examples he conjectured a modified
Saint-Venant principle which was later on formulated and proved
in [7]. It 1s this modified principle which we now seek to

extend to viscoelastlc solids.

18 This interpretation is taken from [7]; it 1s an elaboration
of von Mises' [6] earlier interpretation.
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In order to avoid an unduly lengthy statement of the
theorem to be established we introduce two preliminary definitions
that will permit us to phrase the underlying hypotheses concisely.
In this connection we recall our previous agreement to the effect
that Qp(gc_o) always stands for an open sphere of radius p
centered at 9_:_0.

Definition 4.1 (A set of families of contracting load regions).
We say that Ag (0 < p < p_; n=1,2,...N) is a set of N famililes
of load regions on the boundary B of a (regular) region R, which

o]
contract to N points £"€ B, if and only if for every p €(0,p,)

and every n(n=1,2,...N):

o
(a) AP = §p (EMNB and this intersection 1s connected;

P
(v) Aglﬁ AS =0 for m#n (m=1,2, .N);

(c) A‘?C n" , where I (the "embedding region" of A:)

1s a subset of B and the position vector § of n™ admits the

parametrization

£ = gn(i) for a = (al,ae)GDn, (4.1)

D" being an open, bounded, simply-connected plane region, while

(o]
" e c®(0P), £™0) = &N, 3?1,\ _f_?e #0 on D', (4.2)%°

A typical member of the set Ag (0<p < Pos n=1,2,.,.N),
for fixed p and n, is shown in the accompanying figure, in which

g?'- £™(a) (p=1,2). No summation

We use the notation gn' p(g_ )

p
with respect to n 1s intended in (4.2).
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3“ and Q designate the endpoints of the position vectors En and
&, respectively, whereas x 1s the position vector of a point P
in R. Note that according to the first of (4.2) each subregilon
mt of B possesses continuous curvatures. Therefore the points
g_n (n=1,2,...N) are necessarily distinct regular points of B;

moreover, the boundary B — yithip each of the N embedding

regions — 1is, by implication, required to exhibit a higher
degree of smoothness than that automatlcally assured by the
assumption that R is a regular region of space. The second of
(4.2) asserts merely that EP is the image under g? of the origin
of the parameter-plane ('"g-plane"). Finally, the third of (4.2)
is equivalent to the condition that at each point of D" at least
one of the Jacobians of the mapping g? fails to vanish, so that
g? defines a regular curvillnear coordinate-net on n,

Definition 4.2 (Associated family of viscoelastic states). Let

Ag (0 <p <p,; n=1,2,...N) be a set of N familles of load regions

on the boundary B of a region R, which contract to N points

£n
£'€B. We say that

J(?E:txp) = [H(?E:tsp):E(J_C,:tap):g(l:tap)] (o < p < Po)(u-3)

1s a family of viscoelastic states on Rx(-c0,00) corresponding to
loads on A" if and only if for each pe(o,po):

P

(a) J(':',P)G'V(F,G :G2)5
N

(b) S(+,*,p) =0 on (B - U Al)x(-0,00);
n=1 P

(c) when R 1is bounded,
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3“ and Q deslgnate the endpoints of the position vectors _2“ and
&, respectively, whereas x 1s the position vector of a point P
in R. Note that according to the first of (4.2) each subregion
i of B possesses continuous curvatures. Therefore the points
_g_n (n=1,2,...N) are necessarily distinct regular points of B;

moreover, the boundary B — yithin each of the N embedding

regions — 1s, by implication, required to exhibit a higher
degree of smoothness than that automatilcally assured by the
assumption that R i1s a regular region of space. The second of
(4.2) asserts merely that §°_n 1s the image under f" of the origin
of the parameter-plane ('"a-plame"). Finally, the third of (4.2)
18 equivalent to the condition that at each point of D" at least
one of the Jacobians of the mapping £ fails to vanish, so that
_gn defines a regular curvilinear coordinate-net on n",

Definition 4.2 (Associated family of viscoelastic states). Let

Ag (0 <p < py; n=1,2,...N) be a set of N families of load regions

on the boundary B of a region R, which contract to N points
o
EPeB. We say that

d(x,t,0) = [ulx,t,p),e(x,t,p),0(x,t,p)] (0 < p < p,)(4.3)

is a family of viscoelastic states on Rx(-o0,00) corresponding to

loads on A" if and only if for each p€(0,p,):

p

(a) J(':‘:P)GV(R,GI,Gz);
N

(b) _S_('J':P) =0 on (B - U An)x(‘m:w)i
n=1 P

(c) when R 1is bounded,
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(a) |S} 1s uniformly bounded on Bx(-oo,t]x(o,po) for
every t €[0,00).
Furthermore we adopt the notation

L%(t,p) =I S(E,t,p)dA ,

An

P (4.%)
_N_ln(t,p) = I §A§.(§.:t:p)dA )

A

whence L"(t,p) and M*(t,p) stand for the resultant force and the

resultant moment about the origin, of the tractions S(:,t,p)
acting on A:: .
Assumption (b) requires the surface tractions S(:,t,p)

of the state l(-,t,p) to vanish on the complement with respect to
B of the union of the load regions Ag (n=1,2,...N), for all time
and every pEE(O,pO). It is worth noting that no regularity
restrictions other than (d) are placed on the family of states

] as far as 1its dependence upon the parameter p 1s concerned.
Indeed, but for notational complications, it would have been
equally adequate for our purposes to introduce a set of sequences
of contracting load regions and an associated sequence of visco-
elastic states corresponding to loads on these subregions of the

boundary. We may now proceed to formulate
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Theorem 4.1 (A Saint-Venant principle for viscoelastic solids).

Let A;‘ (0<p <p,sn=1,2,...N) be & set of N families of load

regions on the boundary B ot a (regular) region R, which contract
Q)
to N points £"€B, and assume N > 2 if R 1s bounded. Let

l(x,t,p) (0<p < P,) be a family of viscoelastic states on

Rx(-0,00) corresponding to loads on Ag. Let x€R and t€(-00,00).

Further, assume the existence of the Green's states of the second

kind for the region R (Definition 3.2). Then, uniformly on (-co,t],

u(x, -,p) = 0(p%), elx,-.p) = 0(p®), o(x,-,p) = 0(p®) a8 p = O,

(4.5)
where 4=2. Moreover:
(a) & =3 1if
L" = 0 on (-00,tIx(0,p,), (n=1,2,...N); (4.6)

(b) & =4 1f

.I_‘n =0, .[ 51§(§.:‘:')dA =0
n
Ao (%.7)
on (-c0,t]x(0,p ), (n=1,2,...N);

(¢) & =4 1f

"=0, =0 on (-oo,t]x(o,po), (n=1,2,...N), (4.8)

provided
§(§_:T:P) = Qn(s_,‘t,p)_lg\(‘t) (no sum) ("‘-9)

for all (g_,T,P)GAgX(-a),t]X(O,pO) and n=1,2,...N. Here ¢" is
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scalar-valued, while kn 1s continuous with 5“(':) a unit vector

such that

_lsn'g.ni‘ 0 on (-(D,t] (n=1:2:---N)a (4.10)

on °n
V" being the unit normal of B at .

Proof. By hypothesis, (a) in Definition 4.2, and Definition 1.3,
{(x,t,p) 18 the null state for each (_J_c_,t,p)eRx(-ool,O)X(o,po);
accordingly the conclusion 1s trivial when -co < t < 0. Thus
choose (x,t) € RX[0,00) and hold (x,t) fixed for the remainder of
the argument.

From (a),(b),(c) in Definition 4.2, (b) in Definition &.1,
Theorem 3.3, and (1.19),(1.20) follows, for all
(1,p) € (-0, )x(0,p ),

N -
ui(in"::p) = nil u?‘l‘.:mp).
N n
eij(i""p) = nil 813(5’7’9)’ r (4.11)
N n
diJ(_x_!.t)p) = nEl OIJ(E:T:P) J

where, for each n (n=1,2,...N),

u?(i:'rap) = I [_S_*dgil(SJTi_x_oP)dAS
An
p -

eri’J(s,f.p) = (s#aatd)(g,v;x,p)a8, , > (4.12)2°
n
)

o?J(E:":P) = [E?J*dqll(éo't:p)

+ % bid[eﬁkm(ca-al)](é,t,p). )

20 ye write [§*dﬁ1](§_,t ;X,p) to denote the convolution-value

[S(',-,P)*dﬁi 0,‘;x ] ’t ) t o S 1 1‘9 R .
well as Foo"Enc(>te ua? % )y ote ee also (1.9),(1.15), as



562(25)/21 56

Here ﬁi(g,x;g) and ﬁ?J(g,t;g) are the displacement field histories
appropriate to the Green's states of the second kind for the
region R, the relaxation functions 01,02, and — 1in case R 18
bounded — for x° (See Definitions 3.2, 4.2).

In view of (4.11),(4.12) 1t 18 natural to call u’i‘,e‘;J,
andd?j (n=1,2,...N) the displacement, strain, and stress contri-
butions arising from the loading on the n-th family of load
regions. We mention parenthetically, however, that when R is
bounded the "contribution-state" | = [u™,e",0"] (n=1,2,...N)
possesses an independent physical significance as the solution
of a second boundary-value problem if and only if the tractions
cn each individual family of load regions are permanently self-
equilibrated, 1.e. Lp = y? = 0 on (-oo,oo)x(O,po) for n=1,2,...N.
In this case, or when R is unbounded, one has for each p € (0,p o)

and each n (n=1,2,...N),

Jn(':':p)GY(Faolsca) (u-13)

with

s+, ,p) = 8(-,- n AD

_( » ,P) _( » :P) o p ? (4.14)

§n(',.’p) = o On B-An F)
which characterize ™ uniquely. Also, clearly, when R 18 bounded
either the loadlng on each family of load regions is permanently
self-equilibrated or there exist at least two such families for
which this 1s not true.
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We now examine a typical displacement contribution
Bn(é,'ﬂ,p) with a view towerd establishing the order of magnitude
of u(x,T,p) as p —> 0. For this purpose hold n (n=1,2,...N)
fixed and observe on the basis of (¢c) in Definition 4.1 that,
for all (£,t)€N™x(-00,00),

A mx) = 8HEe),mix) = g eLTix), a=(ag,a,),(4.15)

where the functions gin( Y -,-_Jg) are defined on an(-oo,oo) and
evidently
in,, . _ n 21
g (*,3x) =0 on D'x(-00,0). (4.16)

As 1is clear from the behavior of ﬁi( *5*3X) on Bx[0,c0) implied
by Definition 3.2 and the smoothness of f" stipulated in the
first of (4.2), the functions

%? g™a,T;x) (4.17)

L

£ 5x)
exist and are continuous for all (_g_,':)Gan[o,oo); furthermore,
throughout this domain gi™(a,7;x) and gi®(a,t;x) are twice
continuously differentiable with respect to 01,02.
In view of the preceding observations, gin( *,T ;_:_g) for
each T € (-, ) and all a €D" admits the Taylor expansion
gMatix) = gPsx) + Eﬁg('c ixda ) + oMa,mix)  (4.18)32

where we have used the notation

2l Recall that X€R is fixed.

22 Here and in the sequel summation with respect to p (p=1,2)
is implied when p 18 a repeated index.
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Em(f;gs) = gi™(0,7;x),

01 d i (+.29)
n . = n . =

5|p(7,£) = 53; g (gjt)i)l(a1=a2=o) (p=1,2).

The remainder Q;n(g,T;E) in (4.18) evidently possesses the same
degree of smoothness for all (g,t)EEDnX[O,oo) as does E;n(g,rig).
Furthermore,

olf(.,+;x) =0 on D(-w,0), (4.20)

whereas

olf(a, -;x) = 0(a?), &¥a, ;x) = 0(a?) as a = Ja| = 0,

(4.21)
uniformly on (-oco,t].

Before continuing the argument we note from (4.1),(%.2)
that the mapping g? 1s one-to-one in a neighborhood of the origin
of the parameter-plane. Indeed, (4.1),(%.2) together with (a)
in Definition 4.1 imply that there exists a number‘nl(o < p1 < po)
and a function QF mapping A?lonto a neighborhood of the origin

of the a-plane, 1i.e,

a = ¢"(8), (¥.22)

where g? is independent of one of the components of { and is
continuously differentiable with respect to the remaining two.

In order to avoid cumbersome notation and since n is being held
fast, we shall hereafter write a(f) in place of (). It follows

from the regularity of the inverse mapping under consideration that
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max |a(€)] = o(p), J ah = 0(P2) as p = 0.  (4.23)
g€ Al n
2 A
P P
Now substitute from (4.15) into the first of (4.12) and

use (4.18),(4.22). After a brief computation involving permissi-
ble reversals in the order of the processes of convolution and
surface integration one thus obtains, for all (’t,p)G(-oo,t]X(O,pl),

u;x(zs":.vp) = Iin(E:T:P) + Iri;n(_&:'tap) + Ién(z_(_:":p): (4-2“’)

where

Iin(_&:'r:p) = [J §_(§_,',P )dA*dgin('iﬁ) ](7) 2
ho

I3MxT.e) = (] S, pda @)aMaZN5x) Jx) , o (4.25)
ho

13 aap) = | 1S(8, ",p)sag M (a(g), 5x) Medang -
A -
o

Also, by (4.16),(%4.19) and (4.20),(4.25),

I™x,,°) =0 on (-w,0)x(0,p;). (4.26)

Our next task consists in estimating the order of

in
3 in (4.25)

and observe with the aid of (1.15) and (3.5) that, for all
(v,p) € [0,t]x(0,p,),

magnitude of Itn(g,T,p) as p —> 0. Consider first I
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| 3%x,m0) <

[ max |S(:,p)) ] max |&(a(£),0;x)]

n n

ADX[0,¢] Ler

+t max Iéin(gjg),T;g)IJ J da . (4.27)
(£,7) € Agx[0,¢] Ay

By (4.27), (d) in Definition 4.2, (4.23), and (4.21), there exist
constants p2(0 <py < pl) and C such that, for all

4 4

|I§n(9_t,'c,p)l < CpT + Ctp. (%.28)

This conclusion, together with (4.26), assures that
1%(x,-,p) = 0(p") as p —> 0, (4.29)

uniformly on (-co,t]. Proceeding similarly with the first two
of (4.25) — bearing in mind (4.17),(4.19), and the continulty of
g0, -;x) and éig(o,-;g) on [0,t] — one arrives at

Iin(é: : ,P)

o(p?) as p > 0,
(4.30)

I2%(x,,p) = 0(p3) as p >0,

uniformly on (-co,t]. But (4.29),(%.30), because of (4.2%) and
the first of (4.11), imply the first of (4.5) with 3=2,

We now turn to the remaining assertions concerning the
order of magnitude of the displacements as p —> 0, which pre-

suppose various restrictions upon the loading beyond those
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implied by Definition 4.2. Thus suppose (4.6) holds so that the
resultant force of the loading on each family of load regions
vanishes up to the instant t. In this case, I%n(g,',°) vanishes
on (-oo,t]x(o,pl) according to (4.4),(4.25), and hence (4.24),
(4.29) imply

u?(i:':P) = Ién(lc_:':P) + O(Pu) as p —» 0, (4-31)

uniformly on (-a,t]. The conclusion under case (a) is
immediate from (4.31) and the second of (4.30) in conjunction
with the first of (4.11).

Next consider case (b), which is characterized by (4.7).
Here (4.6) continues to hold, whence (4.31) remains valid. In
addition, the second of (4.7) requires the three first moments
(about the coordinate planes) of the tractions on each family of
load regions to vanish up to time ¢t.

Equations (4.1),(4.2) insure that ™ on D® admits the

Taylor expansion

(o} 0.
@) = £7+ £ po, + ¥(a), 8 = (ay,8p), (4.32)23
where
0 0 0
£ = £70) = E°, g’l‘p = f“p(o) (p=1,2). (4.33)

The remainder "€ C2(D") and
P(a) = 0(a®) as a = la] = oO. (4.34)

Since § = £™(a) on 0", equations (4.32),(4.7), in view of the
first of (4.4), at once furnish

23 Recall Footnotes No. 19,22.
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. jn SEmele, e = - [ )G uplar  (4.35)

n
Ap Ap

for all (%,p) € (-o,t]x(0,p;). On estimating the right-hand
member of (4.35) with the aid of (4.3%),(4.23), and (d) in
Definition 4.2, one infers that

o)
Bp | 8@mele,@)ar = o(p") as p >0, (4.36)
n
AP
uniformly for all t€(-o0,t]. Now, (4.36) may be regarded as a
system of three (inhomogeneous) linear algebralc equations in the

two unknowns

j‘ §(§:Tap)0p(§,)d1\ (p=1,2) .
n
Ap
Furthermore, because of the last of (4#.2), the coefficient-matrix

of this system has the rank two. Hence (4.36) imply

I E(L,'.p)ap(i)dl\ = o(p") as p > 0 (p=1,2), (4.37)
An
p

uniformly on (-co,t]. From (4.37) and the second of (4#.25), in

turm, follows the estimate
127(x, -,p) = 0(p*) as p = o, (4.38)

uniformly on (-o,t]. Finally, (4.38) together with (4.31) and
the first of (4.11) imply the first of (4.5) with d=4,
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Consider at last case (c¢). Here the ordinary equilibrium
conditions (4.8) are presumed to hold, whence the loading on each
family of load regions 1s self-equilibrated. In addition, as
required by (4.9), the tractions on each family A? (n fixed) —
up to time t — are now supposed to form a parallel system at
every instant and, according to (4.10), must not be parallel to
the tangent plane24 of B at E?.

Since (4.8) include the assumption (4.6) underlying
case (a), equation (4.31) is satisfied also in case (c). Further,

equations (4.8), by virtue of (4.4) and (%.32), yleld

ETP AJ .§(§:T:P)ap(§)dA = - j $™Ma(E)) A S(E,T,p)ar  (4.39)
AIPI Ag

for all (t,p)€ (-oo,t]x(o,pl). From (4.39) one draws?

[
B[ sEmeey e - o(p*) as p > 0, (k.40
n
Ap
uniformly for all t€(-o,t]. Next, substitute from (%.9) into

(%4.40) to obtain

_Er,‘p/\g“(t) j ¢n(§,'r,p)ap(§)dA = o(p*) as p > 0,
Ay (4.41)

2KIt follows from the assumed smoothness of the boundary B
within each embedding region " that the instantaneous trac-
tions on AP, for fixed n and sufficiently small p, cannot at
present be parallel to B anywhere within Ag.

25 ¢r. the estimate of the right-hand member of (4.35).
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uniformly for all t€(-co,t]. Scalar multiplication of (4.41)

o
by gTq (q=1,2) leads to

[(Eflll,\ _3_?2)-_1{‘(1)] I ¢“(g,c,p)ap(;)dA = o(p*) as p — 0 (p=1,2),
Ag (4.42)

uniformly for all T€ (-o,t]. Now note from (4.2) that

o) Q
g?l/\gfé is a non-zero vector that is normal to the boundary B

o
at 59. Consequently and by the hypotheses on gn, the coefficient
of the integral in (4.42) is uniformly bounded away from zero for

all t€(-mo,t), whence — using (4.9) once more —

[ 85 -.p)a (B)an = 0(p*) as p —> 0 (p=1,2),  (4.43)
n
uniformly on (-co,t]. But (4.43) is identical with (4.37) and
thus the first of (4.5) with d=4 follows in the same manner as
in case (b).

This completes the proof as far as the required orders
of magnitude of the displacements are concerned. To reach the
corresponding conclusions regarding the gtrains one may proceed
through the identical argument, taking the second of (4.11) and
the second integral representation in (4.12) as the point of
departure. Since the foregoing reasoning in no way depended upon
the specific nature of the singularities inherent in the Green's
displacement Q} entering the first of (4.12), the desired con-

clusions for the stralns are immediate from those we have
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established already. Finally, the requisite orders of magnitude
of the stresses follow trivially from those pertaining to the
strefns because of the last of (4.11) and the third of (4.12).
The proof of Theorem 4.1 1s now complete in its entirety.

Observe that the content of Theorem 4.1 is not weakened
if the conclusions d=2, d=3, d=l4 are replaced by d > 2, & > 3,
d > 4, respectively. The essential significance of the first
conclusion (d=2) lies in the fact that the displacementg, strains,
and stresses (at a fixed interior point of the body) are bound
to vanish at least to the order O(pa) as p — O in the absence
of any restrictions upon the loading beyond those implied by
Definition 4.2. In particular, this order of magnitude prevails
regardless of whether or not the loading on each family of load
regions 1s or is not self-equilibrated.

In case (a), where (4.6) 18 met, so that the resultant
force belonging to each family of load regions vanishes, a
reduction of the (maximum) order of magnitude from 0(p2) to 0(p3)
is guaranteed. But (4.6), though sufficient, is clearly not
necessary for 3=3. Analogous comments apply to the further
reduction from 0(P3) to O(Pu) assured in case (b) and case (c).

Conditions (4.7) evidently imply the ordinary equilibrium
conditions (4.8). The converse i1s however not true, whence (4.7)
represent a stronger restriction upon the loading than do (4.8).
On the basis of the traditional statement of Saint-Venant's

principle in elastostatics, discussed at the beginning of this
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section, one would expect (4.8) by themselves — i.e. in the
absence of the additional requirement (4.9),(4.10) that the
tractions on each family of load regions be parallel and not
tangential to the boundary — to guarantee the reduction to d=4
from =3 in case (a). That this expectation is not borne out by
the facts 1s apparent from von Mises' [6] counter-examples, which
refer to the special case of the elastic solid.

The preceding conclusion has a counterpart in the theory
of basic singular states dealt with in Section 2. Thus consider
the Kelvin-state :“(;,t;o) and the doublet-state Jcp(g,t;o).

Both of these states are regular for all (x,t)€ (E-R)x(-00,0),
where R is an arbitrary (regular) region containing the origin,
and both states may be regarded as induced on (E-R)x(-00,c0) by
their respective surface tractions on the boundary II of E-R.

Let L%, M® and L°P, MOP denote the resultant force and the
resultant moment about the origin of the tractions on II belonging
to {2 and J9P, respectively. Then, from Theorem 2.2 and

Theorem 2.3, on [0, ),

&ufoanago:

L -0, MPgo (app), (4.44)
1 -0, =0 (a=p).
Next consider the rate of decay of the corresponding stresses at

infinity (1.e. "at distances large compared to the size of the
region of load application NI'"). An inspection of (2.27),(2.35)
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confirms at once that for every t€[0,0), as x & |x| - o,

6%(x,t;0) = 0(x72), ¢%(x,t;0) # o(x7®) (& > 2),
0% (x,t;0) = o(x™3), s%B(x,t;0) # 0(x™®) (d > 3), (arB), > (4.45)
0%B(x,t;0) = o(x~3), ¢®B(x,t;0) # o(x”®) (& > 3), (a=p).

Consequently, whereas the stresses decay more rapidly when the
resultant force of the loading on Il vanishes than when this is
not the case, the additional vanishing of the resultant moment
falls to give rise to a further reduction in the order of
magnitude of the stresses as x —» oo.

The Saint-Venant principle contained in Theorem 4.1 may
be extended to accommodate concentrated surface loads with the

aid of a corresponding generalization26

of Theorem 3.3. If this
is done, one finds that Theorem 4.1 continues ‘o hold true
provided the conclusions 3=2, d=3, bd=4 are replaced by d=0, d=1,
=2, respectively. On the other hand, the extension of the
principle to anisotropic viscoelastic materials would require an
integral representation for the solution of the second boundary-
value problem appropriate to such materials and analogous to that
deduced by Fredholm [17] in the linear equilibrium theory of
anisotropic elastic solids.

Acknowledgmant. The authors are greatly indebted to M. E. Gurtin,
who read the manuscript and supplied numerous most helpful

criticisms and suggestions.

26*bf. the remark on concentrated surface loads at the end of
Section 3.
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