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RESEARCH IN MAGNETOHYDRODYNAMICS AND ITS
ASTROPHYSICAL APPLICATIONS
by

Max Krook

Abstract

The long-range goal of this contract was the theoretical study
of magnetohydrodynamic phenomena in stellar atmospheres. It was
clear, however, that an appreciable expansion in our knowledge of funda-
mental magnetohydrodynamic behavior would have to precede the fruitful
quantitative study of such phenomena in stellar atmospheres. Moreover,
available methods of calculating the structure of stellar atmospheres,
even in the absence of magnetic fields, were so cumbersome as to make
such calculations with magnetic fields prohibitively complicated and
tedious.

The immediate aims of the investigation were therefore to
study fundamental magnetohydrodynamic behavior and to evolve more
efficient methods for solving the atmospheric structure equations. Keeping
i » mind the long-range goals of the project, an effort was made to con-
struct dynamical models for stellar atmospheres and, in particular,

dynamical models for transient phenomena in such atmospheres,
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Magnetohydrodynamics and Plasma Physics

J. D. Murray and G. S. S. Ludford analyzed the flow of an
electrically conducting fluid past a magnetized sphere in two papers
distributed together as Scientific Report No. 1,

Two papers by M. Krook were published in 1959 that were
related to the contract work, The first, ''Shock Fronts in Ionized Gases"
(Annals of Physics, 6, 188, 1959), gives a moment method for approxi-
mate solution of the Fokker-Planck equations for a plane shock wave in a
plasma. The second paper, "Continuum Equations in the Dynamics of
Rarefied Gases' (Journal of Fluid Mechanics, 3. 523, 195?). presents a
general class of methods for the reduction of problems formulated micro-
scopically in terms of kinetic theory, into approximately equivalent con-
tinuum problems; in particular Mott-Smith's method is generalized.

R. M. May has used the statistical model for molecular inter-

actions to make an exhaustive analysis of the propagation of small-

amplitude waves in an infinite, uniform, and uniformly magnetized plasma.

In particular, he investigated the character of the propagation in the whole
region from "low density" (collision frequency very small compared to
plasma frequency and gyrofrequency) to ""high density' (collision frequency
large compared to plasma frequency and gyrofrequency).

In many situations of interest, we are confronted with the prob-

lem of solving the non-linear kinetic equations. These equations cannot
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be solved exactly and approximate methods have therefore to be used.
Different approximation methods often lead to very different solutions
to the same problem. No way has yet been found for estimating the
errors in such approximate s olutions of the non-linear Boltzmann equa-
tions. To gain some insight into the accuracy of various types of approx-
imation procedure, the following program was embarked upon:

Using the éppro:dmte kinetic equations appropriate to a statis-
tical model for molecular interactions, numerically exact solutions to a
number of problems can be obtained by first reducing the problem to one
involving a set of non-linear integral equations with integral constraint
conditions. The same problems can also be solved approximately by
various methods, using the same statistical model. The various approxi-
mate solutions are then compared with the numerically exact solutions,
The problems selected for this comparison were (i) Couette flow with
heat transfer which depends on three dimensionless parameters {Mach
number, Knudsen number, and temperature ratio of the walls) and (ii) the
plane stationary shock wave which depends on Mach number., The numer-
ically exact solutions for a wide range of the dimensionless parameters
were obtained by D. Anderson and discussed in detail in his thesis,
"Numerical Experiments in Kinetic Theory" (Department of Engineering
and Applied Physics, Harvard University, 1963). Various types of
approximate solutions to these same problems and the comparison with
Anderson's solutions have been obtained by H. K. Macomber (not supported

by this contract), and will be presented in the near future in his thesis.

3.
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Miss Barbara Abraham investigated the propagation of small-
amplitude plasma waves in an ionized, exponential atmosphere (in the
presence of a gravitational field). This work is relevant to the propaga-
tion of waves in a planetary ionosphere and in the solar corona. In addi-
tion, Miss Abraham and May investigated the effect of particle correla-
tions on the propagation of waves in a plasma. These investigations were
reported in Miss Abraham's thesis, '"I. Propagation of Waves in a Plasma
of Variable Density; II. Effect of Particle Correlations on Plasma Waves'
(Physics Department, Harvard University, 1962).

E. H. Avrett has investigated the motion of a charged particle
in the equatorial plane of a dipole field (Scientific Report No. 3).

Due to insufficient funds, the work of May, Anderson, and Miss
Abraham, supported in part by this contract, will not be distributed as
Scientific Reports. This work will, however, be published with due

acknowledgment to the contract,

Structure of Stellar Atmospheres

Th'e development of a rapid and efficient method of calculating
the structure of a stellar atmosphere of given effective temperature,
surface gravity, and chemical composition, proceeded through a sequence
of steps. The accent here was placed on the general case of non-gray

atmospheres.
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P. H. Stone and J. E. Gaustad studied certain moment methods
for the case of an absorption coefficient which is a step-function of fre-
quency. G. F., Carrier and E. H, Avrett pointed out.the importance of
boundary layers for the problem and applied boundary iayer techniques
to the solution (Scientific Report No. 2).

Stone studied the same problem by use of approximate integral
equations (Scientific Report No. 4).

M. Krook used the Poincaré-Lighthill perturbation method to
solve the general non-gray problem. The zero-order solution in this method
is formally that for a non-gray atmosphere. This method has been used by
O. Gingerich to determine the structure of A-star étmospheres. However,
the method is not suitable for very large departures from grayness. A more
powerful and general perturbation-iteration method was then developed by
Krook and Avrett. This method is not based on a gray solution in zero order
and has been found to provide a very rapid and efficient technique for calcu-

lating atmospheric structure (Scientific Reports Nos. 5 and 6).

Solar Transient Phenomena

M, Krook has proposed a model for active régionl in the solar
atmosphere which seems capable, at least qualitatively, of accountinﬁ in
a unified way for a wide range of observed transient phenomena. The model
involves an interaction of strong iocalized magnetic fields with the convec-

tive motions in the hydrogen convective zone. The central idea is that
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energy outflow is partially blocked locally by the strong field, and that
an additional energy flux has thus to be carried by the surrounding
material, This additional flux enhances the chromosphere-corona build-
ing activity of the hydrogen convective zone in the neighborhood of the
strong local field. Various types of transient phenomena then occur
depending on the orientation of the field (radial as in a sunspot field, or
parallel to the surface), and on the character of the fringing fields.
Qualitatively, several observable features of this model seem to agree
with observational results. Quantitative studies of the model are now in

progress.

The following Scientific Reports have been issued under this contract:

Scientific Report No. 1, August 1960, GRD-TN-60-499

On the Flow of a Conducting Fluid Past a Magnetized Sphere,
by G. S. S. Ludford and J. D, Murray.

In the steady flow of an incompressible, inviscid, conducting
fluid past a magnetized sphere, the first-order effects of the magnetic
field and the conductivity are studied. Paraboloidal wakes of vorticity

and magnetic intensity are formed, the former being half the size of the

latter. The vorticity, generated by the non-conservative electromagnetic

force, is logarithmically infinite on the sphere. For the case of a dipole

of moment M at the centre of a sphere of radius a, the drag coefficient is
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where 4 and /t'are the permeabilities of the fluid and sphere, respec-

D:

tively, P is the ratio of the representative magnetic pressure /le/ 206

to the free-stream dynamic pressure, and RM is the magnetic Reynolds number.

Further Results on the Flow of a Conducting Sphere Past a
Magnetized Sphere, by G, S. S. Ludford and J. D. Murray,

In the present paper we consider the general axially symmetric
magnetic distribution in more detail. It appears that the singularity in the
vorticity can only be absent when the undisturbed magnetic field vanishes
at the front stagnation point. Explicit formulas for the drag are given in
terms of certain coefficients determined by the distribution; the drag is the
same for image distributions with respect to the plane & = 7f/ 2. As an
example we compute the drag due to an off-center dipole and find it to be

larger than that for a centered dipole of the same moment.

Scientific Report No. 2, January 1962, AFCRL-62-213

The Application of a Moment Method to the Solution of Non-Gray
Radiative-Transfer Problems, by Peter H. Stone and John E. Gaustad.

A modified version of Krook's moment method for solving equations
of radiative transfer is presented. The method is then tested with a simple

step-function form for the absorption coefficient by obtaining a large number

e e ————————— ittt




of numerical solutions in the zero-order approximation. The solutions
show that the method is useful for a wide range of non-gray models and
that a discontinuity in the absorption coefficient has the effect qf de-
creasing the surface temperature relative to a gray atmosphere with the

same effective temperature.

A Non-Gray Radiative Transfer Problem, by G. F. Carrier and
E. H. Avrett.

The absorption coefficient for a stellar atmosphere depends on
frequency as well as depth., Often the frequency dependence is characterized
by a large discontinuity at each of the series limits, In order to investigate
the effect of such a discontinuity, we consider a model atmosphere with an

absorption coefficient of the simple form

K(X>, OS ))<))01
D=y
e k(x), Y > o,

where € is constant and small compared with unity. Using the Eddington
approximation, we obtain for the temperature distribution a highly non-
linear differential equation which is of boundary-layer type. This equation
is solved by conventional methods of boundary-layer theory. The calcu-
lated results exhibit a greatly reduced temperature in the outer layer of the
atmosphere (the boundary layer) and a greatly reduced amount of ultra-
violet flux () > ))p ) emerging from the atmosphere. The method by which

the boundary-layer equation is obtained and solved is applicable for absorption
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coefficientsof greater complexity and for approximations of higher

order than the Eddington approximation.

Scientific Report No. 3, April 1962, AFCRL-62-283

Particle Motion inthe Equatorial Plane of a Dipole Magnetic
Field, by E. H. Avrett.

An exact relation is derived which describes bound particle
orbits in the equatorial plane of a dipole magnetic field. An exact ex-
pression is then obtained for the average angular velocity of the particle
about the dipole axis. The corresponding drift velocity is compared
with the usual first-order expression based on a constant lbcal field
gradient. It is shown that the first-order expression for the drift velo-
city can be considerably in error when the particle loops are not small

compared with the mean distance from the dipole axis.

Scientific Report No. 4, May 1963, AFCRL-63-487

Approximate Integral Equations for the Temperature in Non-
Gray Model Atmospheres, by i’eter H; Stone.

Approximate integral equations for the temperature distribution
in non-gray model atmospheres in radiative equilibrium are derived and
compared with the equations derived by using standard approximations.
Use of the approximate equations greatly facilitates the numerical solution

for the fempertture distribution. Iteration procedures, implemented by
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an IBM 7090, are applied to two approximate forms of the temperature
equation for the special case where the monochromatic absorption coeffi-
cient is a step function of frequency, with the step's size independent of
depth. Solutions for 56 representative models of this type are attempted
and the convergence properties of the equations determined. The results
show the effect of absorption discontinuities on atmospheric temperatures
and thus indicate those spectral features that may be expected to have an
important influence on atmospheric temperatures,

t3- 819

Scientific Report No. 5, June, 1963, (AFCRL number-te-come)

A Perturbation Method for Non-Gray Stellar Atmospheres,
by Max Krook.

Poincaré-l..ighthill perturbation procedure is applied to determine
the temperature distribution in a non-gray stellar atmosphere. The zero-
order solution is fornially that for a gray atmosphere. The higher-order
solutions involve both corrections to the temperature and scale changes.

63- ¥29

Scientific Report No. 6, June, 1963, (AFCRL-number-to-come)

Th? Temperature Distribution in a Stellar Atmosphere, by
E. H. Avrett and Max Krook.

We describe an iterative perturbation method for the determina-
tion of the temperature distribution in a plane-parallel pure absorption
atmosphere. The method is unrestricted by the nature of the absorption

coefficient and is rapidly convergent.




QIALLISSVIONN

ce9a yone ut 1

103 syepowt [eatueudp ‘Iepnoiized ur ‘pue ssasydsoune u-——ou- 10§ -—'voE
1eITWPRAP 10NIISUCD 0F FpTW sem 14030 uv ‘309foad ayl Jo syeod sfuwz
-Buo| ey3 putw ut Suidesy; ‘suonenba 2amonayse u...-inocan !._.— Sutajos 103
SPOYIIW JUSID}JP II0W BA[OAD O} PUR JOIARY! y 3 ™

~uswwpun} Apras o3 910ja13y} 319m uonelusaaur oﬁ Jo swte 3-_«.2::: YL

*enoipay pue perwdLy A ad spay oy
Yim SUCHIRMOTED YONs 9}Vl O} #¥ SWORISQWIND OB 219m 'SP(ol} oneulnu
jo @dussqe sy ut UGAR ‘eezeydecurie 1ejtels jJo sxmydnaie ey Bunemafes jo

O

. wone w vl
105 Lp xep wd w; pue anfioee 20) cionl
Iu-l-lw -u-:u-lou 0} SPWMU S LIOHS wY .-91.91 - -o i obwea
~Suoy sy putws uy Swpdesy » Aee 20y
SPOWISUL JUSIIISS PIOKL SAOAS OF pue 20jAvyeq )
pung Apmas oy i ssvm n ¥ 03 o owiye SjeTpennmy oqL
1P8Y P POITOYY & wosd epiey Jneule

Wia sUORVmOTE: Youu sy 0F ex !le-uoa.-!.o o8 sasm ‘oproy ull

JO eouseqe o Ul UBAS " aerom po o Suny
SpoYINL IqUlTvAR ‘13A0RI0) ‘saiayd: Aw[[ale ut yd yony jo CPOWIMAL SIGUIIVAR ‘IBAOCSION Avi®e wy ot yone ‘
wotpdeljod HQQ Ul ‘A Apnis sanwmnuwnd [nAINL; eyl 9pedaad 0) sAawy PIMOm J01AWYeq SnuWRApOLp wOTIIe[10d DAA VT A Apras sapmpunb MBI} oqy spedsid 0} saUy PIMOM 201AVREq Jrwvaipeap
W *qooay ‘Al -Aqorsulwu (viuswwpung jo aBpeimouy Ino uy uoisuwdxe uZ!u-..nn- uw »-5 ‘W NP0IN ‘Al -AyoseuBwz [wIusEvpuUn] jo slpeiaomy 2wo wy worswwine oqerderdde ww 3N
AacrearnsqQ) eBeqo) prvaswy ‘[fI| ‘1sAsmoy ‘avers sem 3 ‘sazayd awqays uy K101wa189qQ oBe(o) pavasvy °[II| ‘IeAsmon ‘2werd ewm § “seieydecunrv zvrese ¥y vuswensyd dSrwuvelpesply
SPSP-(909)614V PraWO)  °T) Jo Aprus reoy 3 9 wem 35wa3u03 $1a jo [eod ofwwa-Buoy SL SYSH-(¥09 )6V 3 2 M o hpme T N sea o jo (vol sBwe:-Suey sqrL
5198 sl 26€98 Nou1
$e99 olord TUDIV ‘1 11odey petpisswroun $€98 efoag TUDLV ‘1 uodey petjreseroen
*dd g1 ‘€961 ounr ‘3zodsy reury . *dd o1 ‘Co61 swnr Lrodey rwwiy
10104y nusvig *y %002 xe)y Aq ‘SNOILVOrIddV 821944 vy ‘v noos) XU Aq ‘SNOLLVIFIddV
sonuvuipospinorsuleyy g TVOISAHAOWLSY S1I ANY SIDNVNAGOYAAHOLIANDVYN NI HONVISIY sormvukporphqoisudeyy ¢ TYISAHIOM ISV S1I ANV SIONVNAGOMAAHOLIENDVIN NI HON VESEY
seasydsowy ze(ieg jo Azoeyy 2 ¥LI-C9-THDAV sezendsounty 2etterg jo L10eqy b ] Y EYTEDAV
sotedydoryey “t ‘ssw)y ‘piospeg ‘ssiiojwioq¥] Ysivesey sSpuque) JV edtsdkqdosisy 1 ‘esvyy ‘piofpeg ‘eericiezonTY YIiwessy slpuqmed gV
TATIISBYTONN AXLISSVIONN
QXAIJISSVTIONN O GILIISEVIONN O
*esaoyd yans uy \ ] oy nvsn -y d
10) spopowt fedrwreudp ‘aeuotized uy ‘pue seseydsoune un_-'o- 10} s{spowt 20} srop Ap °. yuawd uy -‘l .-Gq-’l a0§ l-l‘.
fedtwrudp 1onsieucd 3 spewt Fem 110)je uw '3o9foad Iy3 jo ervol sPuwa -d..:...-ﬂ»v uu.rzclou 3 SPWMU SUn WIOHS we .-o&’us "y 0 .-col sPwwa
-Buot ay1 purwe u1 Buyd b3a 24M3ONIIE D1AIY oﬁ Sutafos d0§ -Suot ey puTwz Uy d o2 Duyap i
SPOLISW USLIIPIE S0 s>-c>¢ 01 pue 20tAYy Ap 9 m SPOISWL JUSTILFE saous BA[OAS O} PpUT JOLARYSQ A ull
-usurepuns Apnis 03 910}919Y) viom uonedusasur o1 jo sure Sui!.::: L punj Apras o3 szofeampy siem uoReln Y ey po -l-aa nepounuy c‘u_
*snotpay pue peredrdwios A(aanqyosd epiey sysulvw 03 pue porwdtdusod £ d sproy >neuien
Yitm SUOIITIND|ET YONE S)xEll O) ¥R PUICEISQIIND O J1om ‘splay drjsulew YIlm SUORIRMOTED YN Cd’! oy sw lﬂ.-ilu o8 saem .!'G speuom
30 eouseqe ayy uy usAe ‘seseydeousie serree Jo 22NN oy Funjenoted Jo JO e3useqe S Ul WSAS ° - aeqiew po o depy e po
PPOYISI B{GRIIVAR *IIA0II0P ‘EIXIY ae|ols ut yd yans jo SPOYISUS SIQRIIRAY *IBADSION nd: av(ime wuy e
uoie o> Oad ul ‘A Apnim sAatuwminuenb [nAtni) 9y opedasd 01 vAwy PIhom 10lAwyaq dnuwukpoip uonIeLe? HAQ Uy A Apras 3 o3 op d 03 sAwy PINOM 201ABNSY ITEVRLpEIP
W *wooay  CAl| -AyoreuBwmu [viusurepun; jo oBpeimouy zno ut uoisuedxe vrqedasdde uv 3N ) 'w00IN  "AlL -»aaoﬂulu twrsuswsvpun; jo efipeimony ino uy uwoisuwdus sqerdsadde ue U
A10reazssqQ 9801103 pavaaeyy ‘[ | 'avasmoy ‘iee(d sem 3 ‘wsaoydsowre seqreis Ul ruswouayd dnueuipoaphy £201wA1890 8BR[10D) PARAITH  ‘III | *IsASmony ‘awerd ewm 3 ‘ssisndecune aviieis O} Tustaousgd Spuwipesply
SPSE-(#09)614Y 1OvIWOD ‘q1] -vieuSwu jo Apnys (eonescvyy Iyl sem 10wauDd Sty JO [woB IBuva-Buop eyl S¥SP-(¥09)61 LY 12023000 ‘11| -oreulwmu jo Apne (EIVISICEY] MY SBM IDRIWOD SIYY jO [vol eBuea-Busy eqL
25€98 A9l 25€9€ xewlL
SE9B I0efoad TUHOLV ‘1| raodow poyreseroun S€98 8foid THDIY ‘1| wxodey peywewroun
*dd o1 €961 ounp ‘1zodey peury “dd o1 ‘€961 swnr ‘wodey rewry
50184y TisRlg 3 Noo1) xvpy Aq *SNOILVOriddY 9210y vwseid 3 noos) xepy Aq ‘ENOLLVITSEV
sotureudposphyorsuepy € TYDISAHJOULSY SLI ANV SIDNVNAQOYQAHOLINDVN NI HOUVISIY eonuvukporpAyoreuleyy ¢ TVIISAHIOULEY S1I ANV SIDNVNAGONAA HOLENDVIN NI HOM VESEN
sessydsouny zejieg jo Azoeyyr 2 $19-€9 "TUDLY sezeydsounyy aeiewg jo Aioeyy 2 LY -CI TRV
sotsdydoasy ‘1 ‘ssE)y ‘pIOSPIM 'EOII0IRIOQF] YOieasdy sBprLique) JV sarehudozsey “1 ‘eTVNY PIOPeQ ‘eP1I0INIOQEY YIavessy slpquin) SV
TAIISVIOND QALIVEVTIONN




