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SUMMARY

The primary objeot of the research has boon the nuaerioal

evaluation of certnin oxact solutions of tho differential equation of
motion of a flexible rotor blade under the notion of centrifugal force

ard iertia, ,ivin. tho natural frequencies of free vibration a the

defleotion curves or modes of the different possible types of vibration.

Those raweriorl results apply to various degrees and knxln of blAde

taper, and they have been tabulated ar plotted. The taper ran.e is

(B0 ) Uniform mass distribution along the blade
radius

(D.) I&dar (trian ar) taper
(A) nliptios taper

(B) eneroaied elliptical taper

(C) Phrobelio taper
'D) Generalized parabolic taper
(L) Bade extension, parabolio type taper

(91) JFvperblic taper

(Bo) on be resarded PA a special case of (B) or (D) and (D) of (D),

whilae C.) is simply (D) oxtended across the axis of rotation. (L"') is

the limi.ting o.eo of ( )

From the results for the mathematical taper forms listed, the

frequencies of the various modes for non.-athematioal taper forms, as

used in most actual blades, can be interpolated fairly accuately

according to the de~.s of taper, specified by the distance of the

blade oentrld from the axis, in term of the tip radios. In inter-

polating modes (defleaton) sowe regard should also, be paid to the

Ip of twep, , S. iAe e r oncave or oonvex.

Mad root o itia. n uennce the modes an frequencies.

In sbmral thse am be were by the location of the flqPbW hine,

or the .quivalmt hing ponitim for built-in blade roots. Hing

looation is one of the variables Incudd n the ealolatimu, so

that Itb effot, jIeh is not ve7 SaeMve to t&Pr, am easily be

'o..



pw crtqai blades possessing rioeawe nriiftly a voll-mom

formula for vibration frow"Ma IS0 (koe + ise) dM 0 Is VIe
actual resultant frequsnW, (kw) the flesible-bleds ffeqm= cosidered

in tis report, ad 3Im the frequency of the non-rotating blade vibrating

an a beoo. The present work ioms tat the tormLa IS CAt for

cerasin -stuftard" distribution of bond r 'JitVii (31) along the blade

radius, the bandhing mode then being identical with the ooz spomnlzg

sods for a flexble rotating blade having the same mans taper. Bven

mdien not e3=t the formula represents a useful analysis of the frequency

shoing the results of a change in r.p.m. or fle~owal rigidilr, A~

dheodn,- more detailed calculations.

Arising from the present work, although niot port of the

original progriam and therefore not dealt with in asy detail in the

report:

WI The response of a rotating blade to periodic, sudden
or, as a special case, static loading a be alculated

exatly for axW of the tapere. blades having the "standard"
stiffness distribution. This provides a method of
stressing the blade.

(ii) 'iltwrnatIva37, independent e~iot solutions 0xe
available for the static loading case, cognate with tho
for the vibrating blade.

Ciii Applicable not onl~y to the taper form specified
above, but also to the wider taper range obtained by

knuoating these form., complete aMd exact solutions
are available for vibrating beaus having a wide rag

of muss and stiffness taper.

40v Shear deflection effects can readily be included
in the oalculaticms either fwr the non-rotating besas
or the rotating blades.

(v) Truncated utwm or tapered blades omzing tip
Reas are covee by a fairly simple axtension of lbs
solution for te Intact blade.

(vi) 2he differential etpaation fwr a robt blade,
mieh statically loaded or vibrating is safthemtioelly
identical with that for a so-called box wing owsstg

of ko spars and a torsion box. Colutions and results
fw ormb wings can therefore be aedunod from toe gSLY=
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LIST 07 SYMBOLS

*x Blade station (fraction of tip
radius, R)

y Blade deflection

it Angular. velocity of rotor

p Bl frequenay

kc Blade frquenay ratio D/w

M,, U indices

a Acceleration due to gravity

P Cenrifugal tension in blade

A Coefficient

HI Blade bond ri.gidity

GA~ Blade shear rigidity

Wwewaia: A~vraft nserir4, November 1958



Values of 0t u"W

Mass Mods
Cwe Ri j Ce-noS 0 1~l. 2a -2- s

Bo Urdforu 0.5 1 3 6 10 15 21 28

B (1 - BA 0-456 1 2.8 5,4 8.8 13 18 23-8

B ( - X) ~ 0.455 1 5 38 13.3

A ( -x'.&A 0a.10 1 2.67 5 8 ln.-67 16 21

E (1 - X) 0-4UJ. 5-05 12-2

c (1 - XA 0-40 1 4.75 31-07

B (1 - XR) 0.375 1 2.5 4.5 7 10 335 17-5

D, (1 - X) 0.333 1 4*.2 9-2 15-9

H -1 0 1 4. 9 16
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Solutioni (B3) "Geincrallss& e.fl ti.emans tapw

Bled =As per uit length m ( -x2)n

Cetri.fgal fame Lid
= + (l .. ?)n

The genwr1l differential equation (Ref.)
2

dxdx -

beooaes-~.f 1 t 2)n+]. k+ 2(2)no
bocs2(n + 1 dx x ax J y

1 - x 2 2

or () k + k y= -

7-friting for (l - x) [i.e. ftwmnposing oriZin to blrAe tip]

+ 1 ) + kc2y 0

The solution in asoending pas of x is

y = % +ajx + .+ + : +

W~here np + n+ l( 2 2
- 7 pk )n + 1 '-



solutoi (A) and (B) a . (3 -2)

J2

Deflooton 7aAb + al +a 2  I. .. p....
p

(B) (A) (n -

herea, = -k 2 % a, k 2 %

a3 m La1. k 2)a 1 (9 - k2 )
all =  (+1) . 2 1

5 - (n+ 
-

(nA 
"2 (5 - k2) &3

'6 = 4 (.n L7 "2)£ ( - k2) 
5

\n+l "6 5" " =)'
a7 77±+7 ( na-k ) 6  7 35

_n .1 (:L 8_ k a(21-k)£

£9 n= 7 -7 (&+6 C7'8'

II

&,=-en7,k s a 2

+ 73 -



Zlliptioal Tawe (SoliWm A)

2k2  1 1-

k2 =.§ 1- 8 +

I2 =5 y = - 5z + 6x2-2x
3

1? .8 y = x - 1,&z 2 -128 3 .-3-2 4

Ic 2 
- f2x2, . 80416

kc2 -=16 - 16+ 7
7 T7 7 +7

The above are nabura modes (symetrioal or ant±-symmetrioal)

for a complete two-bla e rotor. The anti-aymetrioal modes

(k2 = 1, 5, - .) apply also to a single blade hinged at the

axis of rotetn (x = 1).

For ot~ia hinge positions in gener'al we have Inter .ediat

values of k2, lead.ing to a rxm- nating series:

e.g. k2 z 1.5
1-x+0-23 0.0375z + 0.0109Cti' + 0-003~i ,.1z- l.5x +. o.2 + oo7 , o.o0o152z , o.ooo6

6 Mi °'°0-0052x + 0"00063.x

This isfou to have hinge (y =0) at x = 0.770

i.e. 0.23R from the a.s



M3#it:Loa3 Tqau, ose (A)

Vibration amnplitude y an a function of
freqamiy (0c) and blad~e stationi

2 56 7 la 14 16

1 0 ,*123 +-185 0 -lie8 -3143

019 -. 098 +-030 +.124 +-095 -.034. -. 110

0-8 -. 1811 -072 +.029 +-159 +-066 -017

0-7 -. 2).6 -. 167 -076 +*2169 +'11 5 +-080

0.6 -272 -238 -174~ +-113 +-162 +-150

0.5 -250 -263 -. 242 0 +-097 +-343

0.4 -. 168 -225 -. 2149 -*137 -039 +-037

0-3 -014 -103 -. 166 -233 -*188 -133.

0,2 +-22)+ +-126 +.044 -183 -*2211 -233

0 1 41 41 41 41 4
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SolaxW.ai (D) "Generaliued paso'bol-to" man tqpe

Mad awn per ut le.igth m = (1 - X),

n + 1 n +
., n +1 (1 _ .)n.l

The geneel diffetial. e tLon (Ref.)

d p nU) 2
92

becomes (l - ] k2.

+n - ~l 2  2

or!_ --1 + -~ + =~
UritiW for (I- x) [i.e. tran ~oau± origin to blade tip]

The solution i- ascending powers of 3 is

y = so+ajx ...... ap xp+ ......

=~ nr+I (l -Lyt l 2)

Ip-77
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Ptraoli taper, case (0)

RM vibration amplitude y an a
f mto of frequecy (C2) and blae stati.n (z)

4 5"4 7 8.8 31 13 15

1 -119 +,080 +,182 +,343 +.004 -. 099 -. 132

0.9 -. 198 -. 006 +'131 +'174 +.096 -.011 -. 092

0.8 -. 250 -.114 +"o+7 +-349 +.155 +.085 -,008

0.7 -. 269 -. 195 -. 070 +,077 +-154 +.148 +,095

o.6 -,248 -,246 -'157 -. 026 +,095 +.146 +,151

0'5 -,182 -- 21:.9 -- 229 -'145 -. 026 +.066 +,125

0.4 +,066 -- 189 -. 21A -,227 -,155 -. 071 +,008

0.3 +.106 -. 050 -. 162 -- 221 -. 233 -. 203 -. 154

0,2 +'339 +184 .+04.5 -. 069 -. 161 -. 208 -. 227

0,1 +'635 +,528 +,419 +,308 +,193 +.10)+ +-029

0 +1 , 41 41 4 +1 +1
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Solution (D) extenid

for nc 0, since the corresponding taper curve is hollow and has

a finite tip ordinate.

The length of the extension has to be ohosen to mam

P =O at thenevwblade tip, i.e. the origin (x=0) has tobe at

the o *g. of the total m"ws. From the ex~reesion forr alreadyr

derived., the length of the extension inseen tobe n

i.e. x =-- at the new blade tip.

A further transposition of the origin to this point is

found desirable so as to give oonvergenoe of the series solution.

The new differential equation is

x 1 x 2 + +k 2 y 0

and the solution in ascending powers or x is

y = a 0 + ax L+ . -- a p +.

with a= P 4 iZ--k2 p

I 2'-
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Oase (D), extend (Z)

The "modified parabolic" mass distribution (1 x)n

d.th a ranging from 0 to 1 oovera the uniform (n . 0) end

uniformly-tapered blade (n z 1) and as intermediate oases parabolas

of various crdwm, including the coomon parabola (n )

Mhen n is negative the mass beooame ininite at the

blade tip (x = 1) but the solution remains valid and useful for

a values of x, i.e. for the blade oontimation beyond the

axis. The special value of this result is that the mass

diastibution ourve is now oonoave, thus more resemibling aotual

blades, and furUir it has a finite ordinate at the blade externkion

tip.

Thelatter is given by (i -x) + \n + 27

This is the di tane from the axis at bich the

oentifugal force vanishes;; in other words the axis of rotation

is at the oentroid of the blade .a its extension. The tip

=a in te is n + i/

The taper and concavity range is seen from the table.

Mass ourve n = 0 4 (-)

Root ordCinate 1 1 1 (s

Md ordinate 1 .707 .438 (2-1)

Tip ordinate 1 .577 .299 (u)

Area coefficient 1 .732 -495 0
Centroid from axis 0.5 .455 .4.0. 0

The limiting oase (n = -1), which requires to be solved

separately, in also quoted for coaparison.

I _ _____
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IW.pebolio =as distrbutImx CE1)

Mlade mass per unit length 3ea (X from Axis)
or x)- ( from tip)

TEiis oan be regarded as a special oae of the extended

solution (D), with n = -1, but this gives an infinite blade length

A solution for finite blade length (= 1) is however readily

obtained, namely, in ascending powers of ditanoe 2 from the tip.

&0 + a0  X + ...... + a xP . ......

The fact that the mass grading becomes infinite at the

axis means that the length of blade to stioh the solution can be

applied has to be cut short of this point.

Regarded as a special case of the extended solution (D)

it is seen that the Iperolic mass distribution given the limiting

degree of hollowness of the mass curve to which the solution

applies.

U ....
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The oharacteristic bem stiffness an shoar stifftnes

The various exaot solutions work e out for rotating flexible

bladeas apply it is found also to non-rotating blades having the saw

mass distribution and a certain oharacteristic bend stiffness
distrib~ution related to the mass distribution. Similarly' for shear
stiffness.

It is considered sufficient to %mrk out one typioal example.

For case (D), mass distribution (1 - x)n  ( from root)

and for the first non-rigid mode, withi 02 -(n * 3)= n+2

(applicable to the blade proper 21 its extension beyond the

axis, wi~th both ends free).

The nod ., on substitution in the general series is

y - +2 x+ .2 x2 ? from tip)

The shear force is proportional '.o

f~n d -I n~l (n +3) Xn+i2 + ( ~ 2 L1( ,4 n+3
n + 1 (n +2)21  (n+2-

By further integration, the bending moment in

1 1n+~2 2 n3 a+I n-
(n + )(n + 2 n+2) z ~ 3 x + (n +2).7

The curvature being constant, this is also the required ben

stiffness
/2

El = ,n2,7- apart fran a constant multiplier.
+ 2 -

%Ililarly, the shear stiffness got by dividing the shear force

by the slope ~in

= apart from a constant multiplier.

Analagous remlts are fowA for all the types of mass

distribution Investigated, and these are found to be general aM

applioable to all modes.



Hinge positions voaus k2

kc2  x Ix

/ 1 .000

1.1. 0.063 13 0.152
0th! 0th 1)

1.3 0.167 1.5 0.231

<1.5 0.250 2 0-332

16 0.000 " -0-014

th. 7 0.112 ith 5 o.115

8 0.207 6 0222

15 0.000 (10 0 o055

6 0.046 t12 0.176

;18 o .1;. (16 0-002

20 0.207 3rd< 18  0071

$.29 0000 21 0.182

3r 33 0.126

!36 0.177
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Application of results to fixed-root blades

The results for anti-symmetrioal vibration modes (y 0

at x = 1) of a rotor consisting of two similar blades (eog. Oases
A, B) and for the correspondrng modes in othur oases, can be regarded

as applying equally to the anti-symmetrio vibration when the two
blades are rigidly connected to each other via a rigid hub, subject

to possible restraining effects on the hub from its mounting on the

vertical driving shaft (i.e. the hub may not be freely pivoted, as

assumed, at the axis of rotation).

IHcwever, -ie are interested also in applying the results,

as far as foasible, to the symmetrical vibrations of such rigid-hub

type rotors, wen the root condition for the vibration amplitude or
blade deflection is Z = 0. If the hub itself Ls sufficiently

ox
rigid, this root cordition may be applied at the station where the
blade root enters the hub.

Such a condition, in conjzction with y = 0 (%',hich iill

be true if the blade mass is small enough in relatin to that of the

rest of the helicopter, and the rotor mounting rigid) cannot be met

by any curre applicable to a perfectly flexible blade, as here

assumed, but an equivalent hinge position, where the oondition y = 0
(nly has to be met, can be determined, making use of the fact that

the restraining effect of the hub on the blade bending extends oaly

over a limited distance, which can be estimated. It is in fact
very nearly, as for a blade of uniform stiffness (EI) anc

cmnstant tension (P); t-s is the distance of the equivalent hinge

(or effective node) from the point where the blade enters the hub.

This is the actual distance, to be expressed as a fraction of the
rotor radius R in accordance -ith the trmimloay here used.

Rigid mountinZ of the hub in the vertical direction (y - 0)
has been assumed but if this condition in not fulfilled the mo-e

position will be changed accordingly, by an amount dependent on the

spring constant of the mounting and the mass of the lub in relation

to that of the blade In general the effective node will tend to

move radially outwmxa to some extent. his applies for instance

ihen the mounting is flexible anough to leave the b& subatantially

free
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LIST CF DZL--=S

Fig. 1 Mass Distribution Curves (2 sheets)

Fig. 2 Uniform Blade, Oth mode

Fig. 3 Uniform Blade, lst symm. mode

Fig. 4 Uniform Blade, Ist mode

Fig. 5 Uniform Blade, 2nd mode

Fig. 6 Uniform Blade, 3rd mode

Fig. 7 (Linearly) Tapered Blade, various modes

Fig. 8 lst symm. mode, Uniform and Tapered Blade

Fig. 9 1st mode, Uniform and Tapered Blade

Fig, 10 2nd mode, Uniform and Tapered Blade

Fig. 11 Parabolic Blade, 1st mode

Fig. 12 Parabolic Blade, 2nd mode

Fig. 13 Elliptical Blade, 1st mode

Fig. l. Elliptical Blade, 2nd mode

Fig. 15 Various Tapers, lt mode

L
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