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ABTMUCT

A rectangular transfer matrix for the n-port (n > 2)

network is developed here. Considered is a device so used that

a p-port is transformed into a q-port (p + q = n and q < p).

Its rectangular transfer matrix has all the interconnection pro-

perties of usual transfer matrices, provided the matrices multi-

plied are conformable (this can also be expressed in circuit

terms). Standard tests for reciprocity and losslessness are

shown to be applicable to the generalized transfer matrix with

some modification.

The single frequency decompositions of Kurss and Youla

for the 2n-port are shown to be valid for the n-port.
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SOME GENERAL RESULTS FOR THE N-PORT

I. INTRODUCTION

The first occurrence of transfer matrices in electrical

engineering utilized the chain, or ABCD, matrix. The introduction

of the scattering matrix to circuit theory led to the definition

of the transfer scattering matrix for the two-port. At this point

of development the impedance, admittance, and scattering matrices

of n-ports were well-known. However, the transfer matrices in

the impedance and scattering formalism were restricted to the two-

port. It has since been shown in the literature that if the de-

vice has any even number (2n) of ports (one shall refer to it as

an even port device), the transfer matrix of the 2n-port is de-

fined where the scalars in the two-port case are n x n matrices.

Redhefferl has even considered. the case where the elements were

operators in Hilbert space. There has developed much literature

on the 2n-port network. This formalism is especially pertinent

at microwave frequencies for multimode propagation in a waveguide.

Nevertheless, it is desirable to obtain a formulation that can

consider both odd port devices and even port devices which are

not used as 2n-ports (i.e., a four-port considered as transforming

a three-port into a one-port).



The general single frequency lossy two-port (reciprocal)

was shown by Wheeler to be decomposable into a pure simple lossy

section (two-port) bracketed by two lossless two ports (see fig. 1).

Similarly it was shown by Haus5 that the non-reciprocity of a two-

port can be isolated in a similar manner (see fig. 1). For loss-

less networks Weissfloch6 decomposed the two-port into an ideal

transformer between two lossless transmission lines (see fig. 1).

For the single frequency 2n-port Kurss7 has shown that

the lossy 2n-port can be decomposed into the simple lossy 2n-port

bracketed by two lossless 2n-ports. He also shows that the non-

reciprocal network is amenable to similar treatment. Youla 8 showed

that the lossless 2n-port can be decomposed into n uncoupled trans-

formers between lossless all-pass networks, (i. e., if the scat-

tering matrix is partitioned into

S r i S P P

where each sunmatrix is n x n, SV and S2. are the zero matrix.

That is, there is no reflected wave, hence the terminology all-

pass).

This paper considers the formulation at single frequency

of a rectangular transfer scattering matrix to represent a network

with p output and q input ports. The analysis is restricted to



cases for which p > q.

II. FORMULATION OF THE TRANSFER SCATT1RING MATRIX

To obtain this formulation, one begins by representing

the device by an m x m scattering matr-i~x: [S]. Although it is

not a necessity, the scattering formaLism shall be resorted to

for the remainder of this paper. The device is considered to

transfer a p-port into a q-port (p + qL. = m). Thus, partitioning

[]:

where [S,] is q x q, [S12] is q x p,SC9 1 1 isp x q; (S22] is

p x p. One also defines b1, j as q element column matrices

and b., a2 as p element column matrices. The device is repre-

sented by the following equations:

h = = [S12] a, + [I I a, , (2a)

P = [s21 ] a, + [S22] a2  . (2b)

If the network were a 2n-port where p is equal to q(equals n),

the inverse of S., could be found (asmuming its existence)j

otherwise the transfer matrix would nct exist. For the case of

interest here, however, [S21] is rectawBgular, requiring the



4

following development.

One multiplies equation (2b) from the left side by

the transpose of [S2,1] : [S21]' [S2 1 ' [Sv ] is a square

matrix; hence it may have an inversea which is designated

[A]- 1 . Then one develops a 2q x 2p matrix [T] defined

a. It must be assumed that q is less than p in the non-square
transfer matrix. If this were not true, [A] would not have
an inverse since its rank must be, at most, the smaller rank
of the two prouct matrices (as a consequence of the Binet-
Cauchy formula3).* As a result of the preceding there is,
at most, one non-square transfer matrix (i.e., there is no
reverse transfer matrix as in the square case) for given
values of p and q. There will always be a transformation
between the output scattering matrix, IS], and the input
scattering matrix, [WI:

[W] = [s11] + [s2] [s] -[lI - [ S] [s] I

Alternatively,

W = [TI [S) + [T12 ]] [[T21 ] S] + [T2 ]]' M"1

where M = [TP 1S + T2 P] [T21S +TPPI'.

The restriction that q is less than p may be stated more
elegantly as a linear mapping not increasing the dimension
of the space.

* F. R. Gantmacher, The Theory of Matrices, p. 12.
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similarly to equation (2):

S] [T r (3)

The components of IT] are:

IT, 1 q,p = [SIM] - [IS I [A]-' [S ]' [S22]

[T12]q,p = [Is] (A] -1 [S1]'

[TV1 ]q1p =-[A] - " [S21,, ]' S20]

[T ]qpp = (A]- ' [S21 I'

III. PROPERTIES OF TRANSFER MATRICES

The rectangular transfer matrix has most of the prop-

erties of the usual transfer matrices. If two transfer ma-

trices are conformable, then matrix multiplication is possible.

It should be pointed out here that the concept of cascading,

implied by use of the T matrix, is not quite that of two-port

practice, or of 2n-port practice, where half the ports, arbi-

trarily called "input," are to the left of a device, and half,

called "output," are to the right. Here, since one deals with



non-square matrices, the number of input ports differ from the

number of output ports. Thus, a four-port with non-square T

may connect to a one-port on its left, and a three-port on its

right. However it is noted that a (3 + 2) - port can not be

cascaded with a (2 + 4) - port using rectangular transfer ma-

trices in this form.

In the 2n-port literature, the conditions for lossless-

ness and reciprocity of the transfer matrix are formulated in

terms of the 2n x 2n Pauli matrices:

[o1 Ill
110 1[1 = L_[I ] I

[' ] = [1 -Ill

Where [0] and [] are the n x n zero and n x n unit matrices,

respectively.

For reciprocity,

IT]' (t] (T] = [I]

IT] (_71] (T]' = [a,]

For losslessness,
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[T]* (02] (T) Eu[0]

ET] [02] [T]* =[a;,]

(* denotes complex conjugate transpose)

In the case of a network having a rectangular transfer

scattering matrix IT], a necessary condition for reciprocity is:

IT] [all [T' = [ac] (3a)

while a necessary condition for losslessness is:

[T] [am] [T]* = [] (3b)

It must be noted that these conditions are not sufficient.

It is possibleato find scattering matrices which are not lossy or

reciprocal that will map onto transfer matrices that satisfy condi-

tions 3a and/or 3b. The mapping S - T is not even one-to-one for

several S matrices may go into the same T (this is not true for

square transfer matrices). Therefore later decompositions based

on the T matrix will have an ambiguity which can only be resolved

by resorting to the S matrix. (See section V on the Weissfloch

equivalent circuit). However, in Appendix 2 it is seen that if [T]

is reciprocal (lossless), then T T' (T T*) represents a reciprocal

a. See Appendix III.



(lossless) network. This also holds for what may be called

pseudo-lossless forms; i.e., rectangular T matrices that

satisfy 3b but represent lossy networks.

The third condition using a:

T 03 T = q3  U3 Y o 1

for symmetry does not carry over to the rectangular transfer

matrix since the usual symmetry concept does not apply here.
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IV. THE WHEEML TYPE DECOIMITIONS

The similarity of the isolation of the lossy part and the

non-reciprocal part has been noted by Kurss, but this paper will

only consider the isolation of the lossy segment. The general

transfer matrix will be decomposed as follows:

[T] = [U1] [C] [U9] .()

U1 and U2 represent lossless networks while C is the

simple lossy section; U1 and C are m x n matrices, while T and U.

are m x n matrices. Following Kurss (not in notation, however),

one denotes the a. adjoint of T,T+:

[T]+ = [a2]-' IT]* [azln •

One notes here that the a. matrices are square and of

different orders. This satisfies the usual relation:

O + •

A matrix is 02 self-adjoint if T = T+, and a matrix represents a

lossless network if it is q2 unitary.

It is noted that rectangular matrix products of the form

AA' and A'A (with or without complex conjugates) have the same

rank, and essentially the same eigenvalues and Jordan canonical

form. 9 The difference is that the matrix of higher order has some

additional zero eigenvalues to account for the difference in order.
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Following Kurss one defines a matrix:

H = TT+ 5

Kurss defined the product in the reverse order, but the re-

vised arrangement will keep H non-singular. When relation 4

is substituted into 5,

H = U 1 CC•U(

It is seen that H has the same Jordan canonical form as CC*.

In addition,

Us = C-'U,-'T

is a lossless network. Thus the constructive steps of Kurss

required to obtain the constituants beccme:

1) Find the Jordan matrix of H.

2) Find a C -unitary matrix U1 such that

6 c = U2e is simple.

e is the matrix relating H and its Jordan matrix J

(H = e " 1 ).

3) Choose C as a solution to the equation

C* = ecJe -
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The proof of Kurss for the feasibility of this con-

structive process carries through with slight modifications.

Youla 2 has stated that the proof of Kurss, which assumes a

diagonal Jordan matrix, can be extended so that this requirement

is not needed. It would seem that this is applicable to the

rectangular case also.

V. THE WEISSFLOCH DECOMPOSITION

The lossless network may be decomposed into the cas-

cade of an all-pass 2q-port, "uncoupled transformers," and an

all-pass 2p-port. It is noted that a lossless all-pass network

can not be reciprocal for an odd-port device (i.e., all scat-

tering coefficients on main diagonal cannot be zero).

To proceed with the proof one considers the following

form: TT* = K. This is a non-singular Hermitian matrix

(K* = (TT*)* = (TT*) = K). K is also Hermitian positive semi-

definite since it is of form TT*, but since its determinant is

non-zero, K is Hermitian positive definite. Then the proof pro-

ceeds in a manner similar to that of Youla8 using the unique

polar decomposition of a square matrix (T) into the product of a

Hermitian positive matrix (G) and a unitary matrix (F), taken

akin to complex number Z = Aei 3a

a. Page 277.
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In this case the unitary matrix (F) is not required since K is

Hermitian positive definite. Then following Youla's arguments

exactly:

U 0 Cosh X sinhX I -i
K=

K I J sinh X cosh 1 V

where U and V are q x q unitary matrices and cosh X and sinh X

are diagonal real matrices.
A AA AA

If one defines a 2q x 2p matrix T so that T T* = T T'

coh sinhX

snh cosh

then T may be written:

T TW
0 I

Since T T* = K, W is unitary. The lossless condition

applied to W requires that W be an all-pass. In the pseudo-

lossless case W is not an all-pass and in fact, accounts for the

loss in the overall network. Note that the matrix W is in no

way specified by the matrix T (except for being unitary). It

contains the information lost in the mapping S - T. In partic-

ular T does not determine whether the network is lossless or

pseudo-lossless. Thus,

T =~~T[ } ,
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where X and Y are p x p unitary matrices, and is a 2q x 2p

matrix representing ideal transformers, then[ 0o] Eo A*OU
K = [U TJ Au T*

This shows that the Weissfloch decomposition is pos-

A
sible if one can construct a T such that,

AA coshX sinhX 1
T L sinh X cosh X

A solution when p = n-i and q = 1 is:

-P cosh X ... 7 cosh X -P sinh X ... sinh X

1- sinh X ... sinh X cosh X . coshX

If q is greater than one, there may be several possible matrices
A

T. This is shown by the following two acceptable matrices for

q = 2 and p = 4.
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T1

cosh),, 0 0 0 sinhX, 0 0 0

o -cosbx -coshX2 - CoShX2  0 -SnhX2 -Sin? -sinhX 2.T3 3 3 43 3T

sinhX1l 0 0 0 coshX31  0 0 0

o -LSnhX, - SrhX2 -LsinhX, 0 -cosh, -coshX 2 -coshX,
r3 4T3 r4 3 4T3 4'3

A

coshX, -coshX, 0 -.1Ls.inhX 1 Lirm 0 0

0 0 -coshX 2 1-coshX 2  0 0 -~sinhX 2  1 }SinhX2

0snX 0snX -shX sh20 0 -cosh\1  2coshX1  0 0

r4n 2  -,inr2  0r0 ,rcoh 2 osX

A

The ambiguity in T is complemented by complete non-

specification of matrices X and Y. It is to be noted that

reciprocity would require V = U and Y - X.
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APPENDIX I.

Figure 2 shows the transformer decompostion of the

two six-ports whose matrices are given in the text. Figure 3

shows the complete decomposition of a lossless reciprocal

three -port.

APPENDIX II: On The Forms T' al T and T* a T

For the 2n-port if T is reciprocal (lossless) T' and

are reciprocal (lossless). For the rectangular transfer

matrix T' does not represent a network but the forms T' a, T

and T T can be formed. Denoting: A' S14 by S2 1  left

it is seen that the form T' CI T(T* U T) differs from Tor T'

(TC 2 T*) by the fact that the left inverse multiplies S., on

the right (hence in the 2n-port or square matrix case there is

no difference). The results are subsumed in the following

equations;

T' FT lef0tS"SI
S21 S2 1  left 0

T* T = S 21 1eft) S21 
S -1 left 0

0 -(S21 Sa-Ileft)* S2 S2 1 " le I -
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The backward signa matrices have the same rank and

non-zero eigenvalues as the ordinary sigma matrices. They

have additional zero eigenvalues to fill out their greater

dimension.

A calculation will show if T a T' = a, then

T T' = c and therefore T T' would be a reciprocal 2n-port

while T' T would not. The similar result holds for the loss-

less case.

APPENDIX III

The n-port, with n > 3, that has this scattering matrix

10 0 ...

lO...1J.
8 = 10 0 x,

will have the following rectangular scattering matrix

i0... ...T =
-0 .. i0 ...

Tis transfer matrix will satisfy the lossless condition

even though X may be such that the original network is lossy active
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or indefinite. This transfer matrix also satisfies the recipro-

city condition even though if n > 4, x can be non-synmetric and

hence the circuit be nonreciprocal. All these networks with dif-

ferent scattering matrices, that depend on X, will map onto the

given transfer matrix.
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Fig. 1

The Decomposition of a Two-Port

In the Wheeler decomposition, B is pure lossy, while

A and C are lossless. In Haus decomposition, B is pure non-

reciprocal, while A and C are reciprocal. In the Weissfloch

transformer, B is an ideal transformer, while A and C are

lengths of lossless transmission lines.
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A

coshX 1  0 0 0 sinhX 0 0 0

o 1LcoshX .Lcosh X -L-cosh X 0 .LsinhX .-LsinhX -.Lsinh X
13 2 r 213 2 1r3 21j3 21I3

sinh X 1 0 0 cosh X 0 0 01 1

0 LsinhX LsinhX 2 .sinhX 0 -icoshX 2 -LcoshX 2  cosh
-3 2 r3 2 3 2 r3 2 3 2 r3

r I

I _ _IIM

M2 2

_ A
__2 I =

coshX -1 coshX 0 0 J-sinhX -Lsi,, o
2 ' 2 1 12 F1 2  -

o 0 cosh Lcoshk 0 0 oLsinhX _LsinhX
12_2 12 42 2 12

lsinhX 1 ~.sinhI\ 0 0 _cosh\ -coshX 0 0
12 2-22 2 1

I2

L
I 2 .&rM2 -_I 3 1

NM

Fig. 2

The two possible couplings for a six-port operating as a four-to-

two-port. Note that there is no coupling between the boxes. The matrices

explicitly state the relations between the ports.
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LIIIYJIRD. CHH ' -H2® ®

Fig. 3

The lossless three-port represented by a transformer

(coupling M), four lengths of transmission line, and a directional

coupler ( D. C.) whose scattering matrix, using port numbersas

shown above, is:

o at 0 jo

a( o jo 0

o jP 0 (

jP 0 CX 0
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The Research Division of the College of Engineering is an integral part of the educational
program of the College. The faculty of the College takes part in the work of the Research Divi-
sion, often serving as co-ordinators or project directors or as technical specialists on the projects.
This research activity enriches the educational experience of their students since it enables the
faculty to be practicing scientists and engineers, in close touch with developments and current
problems in their field of specialization. At the same time, this arrangement makes available to
industrial and governmental sponsors the wealth of experience and special training represented by
the faculty of a major engineering college. The staff of the Division is drawn from many areas of
engineering and research. It includes men formerly with the research divisions of industry, govern-
mental and public agencies, and independent research organizations.

Following are the areas represented in the research program: Aeronautical Engineering,
Chemical Engineering, Civil Engineering, Electrical Engineering, Engineering Mechanics, Indus-
trial and Management Engineering, Mechanical Engineering, Metallurgical Engineering, Mathe-
matics, Meteorology and Oceanography, and Physics. In addition, an interdisciplinary research
group is responsible for studies which embrace several disciplines. Inquiries regarding specific
areas of research may be addressed to the Director, Research Division for forwarding to the appropria
research group.
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