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Fleld Emission in a Magnetic Fieid*
F. J. Blatt

Physics Department, Michigan State Unlversity,
East Lansing, Michigan

An expression for the field emission current in a longi-
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nal magnetic field is derived in the zero temperature

limit. Two cases are considered, corresponding to constant

earacocep 8Y DDC

78]
Pe¥mi energy (A) and constant electron density (B). In both
cases the calculated current density contains an oscillatory

contribution periodic in 1/H as well as a term which increases

as the square of the magnetic fleld. 1In case B, however, an

oscillatory contribution appears that is absent 1n case A.
Since the two oscillatory terms in case B differ in phase and
their amplitudes depend on different powers of H, it should be

possible to distinguish between cases A and B. The current

increase quadratic in H has its origin in the steady dlamagnetism

of the electron gas. Using accepted values of effective mass,

Fermi energy, and work funetion we find that for bismuth the

predicted variations of the emission current with magnetic fleld
should be readily observable.
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The effects of a strong magnetic field upon the physical
properties of metals, semimetals and semiconductors have received

1

conslderable attention in recent years. Muech of the impetus

derived from the lucid exposition of Lifshitz and co-worker52
who demonstrated the far-reaching infe mces that could be drawn
from measurements of magneto-resistance and Hall effect on pure
single crystals at low temperatures. At the same time Harrison's
work3 provided a simple link between de Haas-van Alphen data and
what had appeared to be very complicated band structures of
most polyvalent metals. Filnally, improved techniques of c¢rystal
purification and growth, the attainment of magnetic fields of
better than 105 gauss by pulse techniques, and the development
of lmproved experimental techniques account for the rapid accretion
in recent years of de Haas-van Alphen, Shubnikov~de Haas, cyclotron
resonance, and related data on a host of conductors.u

Application of a magnetic fleld to a free electron gas
gives rise to highly degenerate energy levels separated by
ho = 8%H = ehH/m%c as well as to regular singularities in the
density-of-states function, thereby exerting a profound influence
on any physical property elther directly or indirectiy related to
the electronic system. Varilations of the magnetic susceptibility,
of the specifilec heat and of the transport properties periodie



in H'l are the direct effects most frequently investigated.

The only indirect effect that has been studled is the influence
of a magnetic field on the velocity of Bound.5
On the following pages we focus attention on yet another

direct effect which, as far as we know, has not been the subject
of either theoretical or exper{mental investigation, namely, the
current emitted from a éold metallie surface in & strong electrie
fleld. The pericdic variations in X, C,, and the transport
properties with magnetic field arise because N(n), the density
of states at th2 Fermli energy n, exhlibits singularities at
intervals periodic in H’l, and all of the aforementioned properties
depend critically upon N(n). By contrast, in high field emission
all the conduction electrons can contribute to the current
although the prcbability of emission is greater for electrons
of higher energy. The observed current is thus a sultable
integral over the electron distribution, and, consejuently, we
would expect the oscillations in I»l'1 to be somewhat less well
defined. Nevertheless, as we shall see below, periodlc variations
of the emission current with magnetic field should be readiiy
observable under approprlate, physically attainable conditions.
The phenomenon we consider here bears some similarity to
current oscillations in tunnel diodes in strong longitudinal
magnetic fields.6 In that case the current oscillations arise,

indirectly, from oscillations of the electron Ferml level which
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brings forth corresponding changes in the junction field.’

Since the barrier width in a tunnel diode is roughly independent
of energy in the ehergy range of interest, the electrons that
make the dominant contribution to the tunnel current are those
in the lowest orbital quantum states. In our case we face &
somewhat different altuatlion. The width of the barrier increases
with decressing electron energy and normally only electrons near

the Ferml energy contribute to fleld emiasion.8

Caleulation of the Emission Current
The allowed energy levels of an electron in a magnetic field,

chosen along the z direction, are given by"*

€ = e‘(kz) =€, + €, = a( £ +-%) + neki/am' (x)
where
eH
m¥e

1s the cyclotron frequency of electrons of effective mass m%,
and 2 1s a positive integer or gero.
The number of states with quantum number £ and energy between
€ and € + de is
eH 1 - -
gl Yae = 2gB(an*)V2(c-e, ) 2ue ()

The emitted current density is given by the produet of the
flux of electrons of energy € incident on the surface of the
metal from within and the penetration probability, D, lntegrated

over the entire electron distribution. The flux of electrons

*We shall disregard spin splitting throughout this
discussion.



with energy about €, vy > O, and quantum number / is

rlelv, g(e)Ny(e)ae
where f(€¢) is the Fermi distribution and the factor 1/2 takes
account of the fact that for given € only half the electrons
hive a positive z-component of velocity. We thus are led to the
following expression for J Y the current density attributable to
the £'th orbital level

3 = - -:-g——aH £(¢)D, (€ )e. (%)
*

Finally, the total emission current density is obtained by
summing over all orbital states; l.e., J = 21‘ ‘71,'

We now proceed on the assumption that the penetration
probability in & longitudinal magnetic fleld is the same as In
gero fileld. Accordingly, Dz(c) - D‘(ez,F) 1s given to zood

approximation by8

D,(¢,,F) = expl-g - 1;5-]

- expl-g - n-e+m§£+1/2) (5)

where 7.3/2 1/2
g - S8 JOPE (5 79 5 207t ELE (6)
.T6 x 10~5F (1)

°" (m*/m) 26 % (3.79 x 107 FY5/8)

Here F is the electric field in volts/cm at the surface of

the metal; £ is the work function in ev; v(y) and t(y) are



funetions evaluated by Burgess, Kroemer and Hbuaton9 and shouwn

in Fig. 1.
From (4) and (5) we obtain the simple result
3~ az Bzf £(e)e® e (8)
: anl
where o A= 2§§§ e~le+n/d] {Ca)
¢
-2 ,/4
Bl = @ ‘/ (8b)

The integral in Eq. (8) is of a type commonly encouniered
and is conveniently evaluated in a series in powers of KT/n. In
the present treatment we restrict ourselves to the limit 0 -»C
and retain only those non-vanishing terms of lowest order in the
2xpansion parameter. In this approximation

J = %Z'Bzd[e"/d-e‘l/d]

(ﬂ‘ell/d-

. = AdZ'[e 1] (s)

The prime ocn the summation denotes that the su: is to be Taken
over all values of £ between 0 and zmax, where zma
== -Gl
c.nax - %h 2°
readily obtains

n/d |
dle =1)=9 Pl 2 .
J = Ad Z(~1 { 7 )12 in{27pn/ 1w
' + 2 4 p° + (hm/d)el{ TP sin{zmon/ne)

- (Pg.“)(cos(m,/mj +eVd . L s1a(2vpn/1p)}] (10)

x is given by

With aid of the Polsson summatlion form:le one
®

The oscillations in J with H, periodie in 1/H are spparent from
Eq. (10).



We shall here distinguish between two situations which often
may not be reallzed in practice but which represent extreme limitcs.
A. The light-hasa econduction band overiaps a heavy;masa

hole bend.

B. There is no band overlap whatever.

Case A is approximeted by many seminetals, such as bismuth,'
in which de Haas-van Alphen oscillations are most easlily observed.
Case B is probably rare in all but monovalent metals, out may be
approximated in suitable doped n-type semiconductors, for
example n-InSb.

In case A the hlpgh density-of-states hoie band will maintain
a fixed Ferml level by acconmodating electrons from or ccentributing
them tc¢ the electron band as the magnetic fleld is varied. In
caga B the number of electrons will remain fixed and the Femmil
2nergy now depends on the strength of the applied magnetie field.

I case A, Eq. (10) represents the final result. If, however,
n is fixed, additional oscilllatory terms appear that arise from
the veriation of n with H. At constant electron concentration

+he Ferml energy in a megnetic fleld is given by'°

o fp oLl meTy2 1 kT 1 my2
n o= r‘O kl ‘15(""'0) . 8‘6('—""'0) + m(——n ) |
5 1/2 o (¢
kThoy2 _ *kT(hwe =1)% 8in A,
O v o v
(11)

where n  1s the Ferml energy at T = 0%k, H= 0, and A and & are
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ziven by
A = 2wqn/Tw - w/4
¢ « 2°qKT/10 (12

In the zero temperature limit, to which we are restrleting

cur treatment, Eq. (11) reduces to
w(H) = no{l + -&:-1-8-(“——“)2 - 1 (;1_9_)3/2 E -SLJ-‘)E- sin ). (13
(6%<) o q=1 43

It 1s the Ferml energy n(H), as given by &;. (13, which
must be substituted in Eq. (10) when evaluating the ewirsicn
current for ecase B. Although the fileld dependence of the Femmil
energy through the monotonic increase with H2 and the osecillatory
terms 1s relatively small, nevertheless this eifect caruot e
neglected, particularly in the Tirst term of Fq. (10) where ste-
Fermi energy apgesrs in the exponent. Picvided %ﬁ ¢ 1 it .8

o
permissible to replace w by n. in the expression for 1, . (12,
°

and also in the arguments of the trigoncmetrie funetica in ¥g. {10).

Thig simplifying appraoximation cannot be employed at fields of
aufficient strength such that hw ), Ngs the rrevalling situation
alreacy &t moderate fields { ~15 kilogauss) :n bisruth and ut

sven lower filelds in dilute BiSb alloys.

Numerical Evaluation of the Emlssion Current

In this sectlion we present results of £ nusericar evaluation
of Bg. {10) for bismuth using reasonable values of electric field
and other parameters. The preferrsd value of the work funciion

11

of bismuth is 4.25 ev; for the Fermi energy o and effectlive
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mass n* we take 15.7 x 1072 ev and 0.0105 m.o;l2 for the electrit
field we select & representative value of 3 x 107 volts/cm.
Une obtains

g =143, d = 1,35 ev
and - o%=1.1x 1072 ev/kgauss .
From these numerlical values it follows directly that for reasci-
eole ragnetic flelds, less than 50 kilogauss szy,

X1 ang also%‘?-« 1.

Ue may therefore use these ratios as expansicn parameti rs In

; 1
the ovaluation of Eq. (10). To lowest order in %"—’, -af' we obisln

oty Ll 12 o .
J=A4%1 +§'1;(,,°) +1;(no) G(m)} (11)
®
wiere A' = 2TEL_ T,
.. . h
G{x) ie th2 periodic furction

G(x).n%- 4x?, -%( X <%

.
shown in Flg. 2.
Since bismuth approximates case A (constant n) Eq. (1%) i3

wae doesired result. At fields near 10 kilogezuss osciliatlons
whose auplitudes ax-é about ten per cent of thLe average curvaert
should apnear. ' . .
For comparison we g,ivé also the result for case E (constait n)
using the same numerical parameters.. We 'obta.in then, rétain’i.nz:
only terms to order (Wno)a, | | o '
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J=a{1+ ﬁ(’,‘,—-‘ff + i—(%,’-—jﬁ(-}%) + (#)1/2(2-%’)3/%(;%)} amp/en? (15)

where F(?%) = 3 (-1)p !’.&‘L?L'E.’l[.hﬂ:_!ﬂl .
p=1 VP

For the paraﬁeters we have selected A'= 5000 amp/em®.

Of the three field dependent terms in (15) the last clearly
dominates at low flelds; l.e., when hm << LA As the magnetic
field 1s increased and hw approaches No? the term involving tlre
function 0(;%) takes on increasing importance. Since G(ﬁk) erd
F(ﬁk) differ in phase by ¥/4 and the amplitudes of the cseililation
save a s8lightly different fleld dependence, it should be possible
to identify the two experimentally. Finzlly. we anticlpate a
nonotonie inerease in J with H, given by the term %3(%%)2,
whiech has the same origin as the steady diamagnetic suscentibllity

of the electron gas.

Coneclusilon.

We have investigated theoreticaily the varlation of éhe
high-fleld emlssion current in a longitudinel magnetic field
in the zZero-temperature limit within the single-particle free
electron approximation. ' Under suitable conditioné, perhaps
most easily realized in bismuth and bismuth-antimony elloye,

‘the emission current should show oscillations of the de Hass-
van Alphen type. Moreover, we anticipete a monotoniec increase

in emission, quadratic in H.
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The expressions for the emission current in the cases of
constant Fermil energy and constant electron econcentration differ
through the presence, in the latter instance, of an addéitlonal
oscillatory term whose phase and fleld dependence set it apart
frum the term which alone determines the osclilatory behavior in
the former case. Since a fixed Ferml energy implies tnhe prasence
of an overlapp}ng high density-of-states band, emission current
variationé, apart from thelr intrinsic interest, may provide
useful information on the band structure. It may also develcp
that the dependence of the emission current on magnetic fleld
could prove valuable in the study of surface effects in sami-
metals and some semliconductors.

In our derivation of the equation for the emission curren:
we have assuned that the penetration probability, D, does not
depend explicitly on the magnetic field. This assumption cannot
be justifled elther theoretiecally or by recourse to experimental
daca slnce such 1s, as yet, non-existent. It may well be that
the functlion D(ez,F) depends on H algo; this would surely modifly
the behavior profoundly, but at present it seems futile to try

o antleipat: that contingency.
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Iist of Figures

Figure 1. The functiomv(y) and <(y).
Figure 2. The function G(x).
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