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ABSTRACT

A new theory of combined stress damping is developed and evalu-
ated on the basis of experimental results for several materials. It
is concluded that the new theory should be limited in application to
materials whose dominant damping mechanism is known to be plastic
deformation. It appears that a separate theory of combined stress
damping may be required for each mechanism of damping.

This technical documentary report has been reviewed and is approved.
d..

W. J. TRAPP
Chief, Strength and Dynamics Branch
Metals and Ceramics Laboratory
Directorate of Materials and Processes
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I. INTRODUCTION

The importance of material and structural damping as a means
of controlling the amplitude of resonant vibrations in members and
configurations subjected to cyclic loads has been discussed in
several prior publications (1) (2), and sumaarized in reference (3).
The early investigations of damping were naturally concerned with
the common engineering materials when subjected to the simple states
of stress as obtained under bending, torsional or axial loadings.
The damping properties of many materials have been experimentally
determined for these loadings, and the effects of other variables
such as stress history, temperature and frequency of loading con-
sidered.

As material damping began to emerge as an important factor in
the controlling of resonant fatigue, several new alloys displaying
high damping capacities were developed and have been used, to some
extent, for this purpose. Notable among these are the manganese
copper alloys, some reinforced plastics, and materials exhibiting
large magnetoelastic damping. In structural application, however,
it is frequently found that states of stress occur which are more
complicated than in simply loaded test specimens, and thus an experi-
mental determination of the damping properties of materials sub-
jected to all possible states of combined stress would be desirable.
This would be a formidable task. It might rather be more productive
to seek to establish laws, or criteria, which would be useful for
predicting the damping properties of materials under combined stress.

As a result, the following goals have been chosen for this
investigation:

1. To establish a procedure for predicting the damping proper-
ties of materials under various states of combined stress
from known damping properties under uniaxial stress condi-
tions.

2. To determine experimentally the damping capacities of
several materials over a range of combined stresses in
order to verify the validity of any procedure established
under 1.

* Numbers in parentheses refer to a bibliography on page 21.

Manuscript released by the authors August 1962 for publication
as an ASD Technical Documentary Report.
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II. REVIEW OF PRIOR WORK ON COMBINED STRESS DAMPING

Robertson and Yorgiadis (4) compared the damping of several
materials under axial and torsional loadings, and found that the
ratio of axial to torsional stress necessary to produce the same
damping ranged from 0.48 to 0.60. They also cite data obtained by
Foppl, who determined this factor to be between 0.53 and 0.60 for
several steels. These similarities between various materials
suggest the existence of a general rule or criteria of combined
stress damping. As a ratio of torsional to axial stress of 0.577
is required to produce the same distortional energy, Robertson and
Yorgiadis were led to the conclusion that states of stress display-
ing equal distortional energies should display equal damping.

V. W. Anderson (5) conducted tests on hollow tubes of mild
steel and pure copper at various states of biaxial stress. The
specimens were subjected to a completely reversed tension-compres-
sion load cycled in phase with an alternating torsional load.
Because of the large magnitudes of stress found necessary to pro-
duce measurable damping, his data may have been affected to some
extent by stress history, but certain meaningful trends are evident.
He found the damping of mild steel under any state of combined
stress (obtainable by a simultaneous application of axial and tor-
sional loads) to be reasonably close to the damping which would be
measured in a specimen of the same material subjected to an axial
stress of magnitude sufficient to produce the same octahedral shear-
ing stress. Under the same cohditions, pure copper was found to
have approximately the same magnitude of unit damping as would be
found in a specimen subjected to the uniaxial stress necessary to
produce the same strain energy. Some results of Anderson's investi-
gations are presented graphically in Figures 1, 2 and 3. The basis
of this investigation was the assumption that corresponding to any
state of combined stress there is a uniaxial stress (the equivalent
stress) which will produce the same damping. This approach will
hereafter be termed an equivalent stress theory. The equivalent
stresses considered w.re defined by equating various quantities,
such as the maximum principal stress, the maximum strain, the maxi-
mum shear, the maximum distortion energy, and the maximum strain
energy. The resulting equivalent states of stress are as indicated
in Figure 4. Several curve fitting techniques were developed and
employed to ascertain which of these criteria would best describe
the combined stress damping properties of each material.

J. S. Whittier (6) proposed that the unit damping under a
state of combined stress could be bounded above by the damping which
would occur if the damping were due only to dilatation, and below
by the damping due only to distortion. The data of Robertson and
Yorgiadis, Foppl, and Anderson do not appear to fall entirely within
these bounds; however, Whittier suggests that this may have been
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due to anisotropy. In an experiment carefully designed to minimize
the effects of anisotropy and stress history, Whittier found the
damping of mild steel under a biaxial state of stress to be nearly
midway on a logarithmic plot between the proposed bounds. He ob-
tained a state of biaxial stress by vibrating a circular plate in
its umbrella, or first-free mode. One important feature of any
bounding technique is the ratio of the bounds, which in Whittier's
work was approximately seven to one. This ratio is fairly large in - .
comparison with the standard deviation of damping values encountered
in typical investigations. In an effort to improve the accuracy of
prediction, Whittier considered the ad hoc possibility that the two
modes of dissipation might be equally effective. This led to pre-
dicted values within 150% of the measured values.

III. A NEW THEORY OF COMBINED STRESS FOR DAMPING

It is the purpose of a combined stress theory to predict the
magnitude of a simple uniaxial stress, such as tension, which will
produce the same material behavior as a given state of combined
stress. Such phenomena as yield, fatigue, creep, and damping may
all be of interest in a member subjected to a multiaxial state of
stress.

Historically, the first of these to be considered both experi-
mentally and analytically was yield, and it has been generally "'-
found that ductile materials will yield as predicted by either the
Tresca or Von Mises criterion. The Tresca yield condition assumes
t'hat yield will begin when the maximum shearing stress reaches a
certain critical value. V 1 Mises' criterion, (critical magnitude
of the second deviatoric invariant), the distortion energy theory,
(critical level of the energy of distortion), and the maximum
octahedral shearing stress(max OSS)theory, (critical level of OSS),
all predict the same yield locus, although they differ somewhat in
their formulations. It is of interest to note that the above men-
tioned theories all predict that yield will not be produced by any
amount of hydrostatic pressure or dilatation. Other yield theories
in common usage which do permit some influence of dilatation on
yield are the maximum stress, maximum strain and the maximum strain
energy theories. All of these theories, as applied to yield, are
discussed more fully in references (5 and 7). These theories of
combined stress have also been applied to other phenomena by means
of equivalent stresses. Fatigue (7) and damping (5) have been
treated in this manner.

• 0
A combined stress theory might be defined as the mathematical

description of a surface in a coordinate space defined by the three
principal stresses, each point of which is equivalent with respectto the phenomenon of interest. For example, in a theory of yield

3
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we seek to define the surface which is the locus of all points
where yield will commence on the first loading from a virgin state.
For damping, the desired surface will contain all points having the
same unit damping energy. It is of course possible that two or
more phenomena might have the same representation. If, for example,
a material exists which displays the same damping at every possible
first-yield state, then this yield surface is obviously one of the
iso-damping surfaces.

If a material has a locus of points in stress-space character-
ized by equal damping, then all that will be required for the pre-
diction of the combined stress damping properties is two sets of
information:

1. the damping/stress relationship under a simple state of

stress,

2. the shape of the iso-damping surfaces.

3.1 Theory

In an earlier investigation of damping under uniaxial stress,
Lazan (8) found that the damping could be expressed reasonably well
by

);(I

where

is the specific or unit uniaxial damping energ, having
dimensions of in-lb/in3/cycle, and is the energy dissi-
pated by a unit volume of a homogeneous material during
one complete reversal of a homogeneous and uniaxial state
of stress;

O-. is the magnitude of the uniaxial stress;

* is the magnitude of plastic strain in the direction of
the load;

and K is a factor of proportionality depending solely upon the

shape of the hysteresis loop.

A hysteresis loop typical of metals is as shown in Figure 5. it
will now be asserted that for any given material, the same basic
mechanism of damping will be operative at all states of stress.

In an attempt to extend a result observed to be true for uni-
axial states of stress, (Eq. 1), to states of biaxial stress, it will
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be assumed that

D(K, 9-) , " -. (2)

where

D(,6,) is the unit damping energy at a state of cyclic combined
stress having principal stresses, I,, and T-_ constant in
direction and varying sinusoidally with a common period
and phase, the third principal stress being always zero;

g , are the plastic (non recoverable) components of the prin-
cipal strains;

1,,j- are the greater and lesser principal stresses respec-
tively, and

are again hysteresis loop shape factors which, for iso-
tropic materials, will normally be equal.

The form of Eq. 2 implies that no interaction occurs. That is, if
*-, and e,"are held fixed and 6,' is zero, a change in c-wili not affect
the damping. It is now assumed that the hysteresis loops may be
described by

, "E(3)

and
2.

where the f,.*-are functions of the state and magnitude of stress,
and will be taken to be equal for an isotropic material. Thus

G_) =U0..-  G-, E_, + G!-£ (4)

This equation predicts that the unit damping energy will be
proportional to a product of the strain energy and a function of
the state of stress. If the elastic strains are much greater than
the plastic strains,

then ,=, g' . Employing Hooke's law,

and -(5)

5
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a substitution into Eq. 4 gives,

* If a new parameter q, is introduced such that

the loading is then described by the two parameters, o- and G
where o . specifies the type of loading and G6 the magnitude. Then

K.p3,G M~I-2)( (7)

In order to evaluate the function F in terms of the state of stress,
we first consider a uniaxial state of stress in a material which has
damping properties described by (1, 2)

'Dt (8)

where T and Y1 are parameters of the material and are dependent
upon stress history.

Thus

or

-- TQ- ,O) -K (1--,,o)o".

and hence

.4v o K - '' (9)

If at any state of combined stress the G is replaced by some
function of the principal stresses, - and cj, then

6
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K

and

(10)

As a consequence of these assumptions, it is to be noted that
in a material where fl is nearly 2, the damping will be proportional
to the strain energy, where the factor of proportionality is a
slowly varying function of stress. If on the other hand the value
of A is very large, the damping will behave as would be predicted
by an equivalent stress theory. That is to say, for large ri , the
combined stress damping D(,,o)will be dominated b the function \ .

The function 4 (assumed to be a function of the state of stress

only) might well be some combination of stress which describes a
critical physical quantity, such as:

1. the maximum stress,

2. the maximum strain,

3. the maximum shear, or

4. the maximum octahedral shearing stress.

The representation of these particular quantities in terms of
the principal stresses is in some cases dependent upon the signs of
the stresses. In the portion of the T- Gj plane attainable under
a combined axial and torsional loading, they become

1. =3~F (11)

2. "4 3 -QG . (12)

3. ,* - T,- and (13)

4. T =, q-cs respectively. (14)

It is certainly possible to make other assumptions as to the
critical physical quantities used to define q3, however the ones
here chosen are felt to be representative. We thus find the follow-
ing possible expressions for the P function.

1. E 3/K Z' (15)

2. -,.- ) 2 () =QEL) (16)

E 5'/< U-12- 0- .
3. F1  " F-..) 1 EJ< (J- (17)

7
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4. ( G') _ e f, (18)

The combination of these functions and Eq. (7), the expression for
i M z) , leads to the nondimensional iso-damping lines shown in

Figures 6 and 7. It is interesting to note that the theory is so
constructed that for n = 2 all curves coalesce to the same iso-
damping line and that this iso-damping curve is also the locus of
all points having the same strain energy.

The expressions for the functions, 9 , F-' and D(T,T) for the

various T1 are summarized in Table A.

3.2 Discussion

Certain features of this theory should be amplified. The
analysis assumes that the sole difference between a state of uni-
axial stress and a state of biaxial stress is the state of stress
itself. That is, it is implied that the basic mechanism of damp-
ing will be the same, and that the effect of such variables as
temperature, frequency and metallurgical condition will also be
the same in biaxial and uniaxial states of stress. Although the
I Yf-2. is not permitted to vary with the number of cycles of
reversed stress, (a stress history effect), the analysis is not
restricted to applicetions where stress history does not appear.
The factor U in Eq. (10).may be permitted to vary with n, but only
in the same manner as in a uniaxial test. Thus, this theory in-
directly predicts that the stress history effects in a combined
stress test will be the same as in a uniaxial test.

The restriction to small plastic strains is perhaps more
severe. As a measure of smallness, consider the ratio of plastic
to elastic strains in a uniaxial test,

~(19)

which is assumed to be small.

Substituting Eq. (1) for the plastic strain and - for the
elastic, we find that

DE
S .. (20)

If K is assumed to be three (Ref. 8), the value of R may be com-
puted for various materials as follows (Data taken from Ref. 9).

4 p -:



Material D i 0** E R

Sandvj" QT 2.8 100,000 29.2 2.72xi0 -3

Sandvik N 1.3 55,000 29.2 4.17x0 -3

N 155 0.4 33,000 30.0 3.68x0 -3

1020 0.45 30,000 29.4 4.9xi0 -3

24ST4 0.45 24,000 10.6 2.77xi0 -3

Jl magnesium 0.1 8,000 6.5 3.39xi0 -3

Grey-Iron 0.7 6,500 20.0 .111

The stress level, (-. , used in these computations is termed the
cyclic stress sensitivity limit, and is that stress level where
stress history first affects damping. This quantity has been pre-
viously discussed by Lazan (1), and is generally less than the
fatigue strength (about 80%, Ref. 2). At the fatigue strength, the
following values were found, using the largest value of damping
which may occur at this stress.

Material D GP E R

Sandvik QT 2.3 92,000 29.2 2.64xi0

Sandvik N 10-70 76,000 29.2 .118

N 155 26-45 53,000 30.0 .160

1020 0.7-20 35,500 29.4 .156
24ST4 0.6-10 27,000 10.6 .0475

Jl magnesium 0.5-1.3 17,000 6.5 .00976

Grey-Iron 1.3-1.9 9,500 70.0 .141

As a consequence of the above, it may be seen that the assumption
of negligible plastic strains in comparison with the elastic strains
is quite valid at the stress sensitivity limit, at least for ma-
terials such as these, but may be questionable at stresses at or
above the fatigue strength. For most materials the ratio R will
increase, and in many cases quite rapidly, as the stress is raised
above the sensitivity limit, ,.

This theory bears certain resemblances to the equivalent stress
theory as previously described. If n = 2, this theory, regardless
of the choice of -C*, is identical to an equivalent stress theory
based upon equivalent strain energies. For very large n, this
theory coincides with the equivalent stress theories, where the q-*
becomes the equivalent stress.

9



A prediction of an effect of dilatation on damping is built
into this theory. Since the damping is found to be proportional to
the strain energy, and the strain energy not independent of dila-
tation, it follows that the damping will depend also on the dilata-
tional component of the stress tensor. This is perhaps one of the
greater qualitative differences between this theory and an equiva-
lent stress theory based upon the Von Mises yield condition. It is
to be recalled that the experiments of J. S. Whittier (6) showed a
pronounced effect of dilatation on combined stress damping.

3.3 Application of The New Theory to Previously Obtained Results

The data of V. W. Anderson (5), Figure 3, appear as indicated
in Figure 8 (mild steel) and Figure 9, (pure copper), when reduced
to a dimensionless form. The lines of iso-damping as predicted by
the various equivalent stress theories are indicated on these fig-
ures. From the original data obtained by Anderson, the slope of
the log damping vs. log stress curve, n, is found to be between 7.5
and 11 for mild steel, and between 3.2 and 3.8 for pure copper.
For representative values of n, (9 and 3.5), the theory developed
in the preceding section predicts the iso-damping lines of Figures
10 and 11 respectively. Anderson's data are plotted again on these
figures, and it may be seen that the new theory gives a reasonable
description of the combined stress damping behavior if the critical
physical quantity, o- , is chosen as either maximum shear or dis-
tortional energy in the case of m'ld steel, and as the maximum
strain for pure copper.

Apparently this new theory iv qdequate for the description of
the combined stress damping behavi. of these materials. It might
now be pertinent to attempt to aply this theory to materials with
different basic damping mechanisms in an effort to discover if this
theory is limited in application to materials of specific mechanisms.

IV. EXPERIMENTAL INVESTIGATION

4.1 Description of the Biaxial Stress Damping Machine

The biaxial stress damping machine used in this investigation
was designed and constructed by V. W. Anderson and has been pre-
viously described by him (5). A schematic diagram of the machine
is presented as Figure 12, and a brief description of the mechanism
is as follows. By means of crank mechanisms, axial loads of up to
+4200 pounds and torques of up to +1000 in-pounds may be applied to

thin-walled cylindrical specimen. The cyclic axial load is ap-
plied to the specimen S through a vertical shaft which in turn is
connected to one end of lever arm A by a flex plate. The lever A
can move only in the vertical plane. A connecting rod and variable
throw crank assembly VI are at:.ached to the opposite end of lever A.

10



By changing the throw of the crank, which may be done while the
machine is in motion, the magnitude of the cyclic load applied to
S may be increased or decreased. The torsional load is applied in

ZZ" a similar manner through an identical variable throw crank assembly
V as shown in the top view of Figure 12. The variable throw crank
f~r the torsional load is linked to the same vertical shaft by means
of a connecting rod and a torque arm T. This torque arm may move
only in the horizontal plane. By changing the throw of V2 , as may
be done while the machine is in motion, the torque acting on S may
be adjusted. The crank settings of V and V as well as the num-
ber of cycles of alternating stress Ae notea by revolution counters
attached to the machine. Timing belts connect V1 and V through a
speed reducer to a controllable speed motor. By means 3f a timing
belt between V., and V2, the phase between the axial and torsional
loads may be a justed.

The axial and torsional loads are measured by a dynamometer D
which employs resistance type strain gages to sense the changes in
force and torque. The location of gages and circuitry were chosen
so that the axial and torsional-loads would be measured independ-

-ently of each other. Axial and torsional strains in the specimen
0 S are also measured independently by means of resistance type

strain gages attached to the specimen.

4.2 Instrumentation and Calibration

The measuring and recording instrumentation consisted of the
following elements: an X-Y Autograph recorder, switch box, stress
and strain control boxes, dynamometer, resistance strain gages on
the.specimen, and a voltage supply. These elements were assembled
as indicated in Figure 13. Stress-strain hysteresis loops were
plotted on the recorder for any combination of alternating axial
and torsional stresses. A switch box was included in the circuitsuch that torsional and axial hysteresis loops might be plotted
with the same recorder.

The dynamometer was calibrated by determining the load re-
quired to produce the same recorder deflection as a precision
resistor shunted into the dynamometer circuit. A range of resistor
sizes was used to insure a valid calibration over a wide range of
loads. This method of calibration is independent of long term
battery voltage drift or recorder adjustment. A similar procedure
was employed in the torsional load calibration, the loals necessary
for calibration being obtained by attaching dead weights to the
torsion arm. Again, several precision resistors corresponding to
a wide range of torsional loads were used.

The axial strain in the specimen was calibrated by relating
the strain reading of a Tuckerman Optical Extensometer to a pre-
cision resistor shunted across one arm of a Wheatstone bridge.

III
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Finally, the torsional strain was calibrated analytically from the
relationship,

Rs (21)

where is the torsional strain,

R5 is the known shunt resistance,

R is the known resistance of the electric gage,

and is the gage factor.

The calibration factors for strain measurement have been
checked periodically to insure uniformity in the strain readings
obtained from various specimens.

4.3 The Experimental Program

One of the goals of this investigation was to determine the
damping values of selected materials over ranges of stress magni-
tudes and principal stress ratios. The testing machine previously
described was used as it is capable of producing any combination
of principal stresses in the range

06-c ?U for 1- o and O z! - M for a, 4..

Since the means of damping evaluation employed was the direct
measurement of hysteresis loop areas, it was necessary to confine
the investigation to states of stress which would produce hysteresis
loops of sufficient area to be measurable with a planimeter. On
the other hand, it was desirable to conduct the experiwents at
stresses below the point, Q- , where damping capacity would be
affected by the number oi cycles of stress. A material such as
mild steel does not display a hy'_-%ztq loop of significant width
below this limit, and consequent! , to measure loops of the afore-
mentioned material by this method, it would be necessary to operate
at levels of stress above T , and stress history effects could
become serious.

This would not be feasible in this investigation, as it would
necessitate the use of a separate specimen for each stress ratio to
be tested. Thus, a material is required which will have high damp-
ing at stresses below stress C. In order to define exactly what
is meant by "high", a material parameter descriptive of this proper-
ty is needed. Since the hysteresis loops are in any case quite
narrow, they were assumed to be very narrow ellipses. The area
of an ellipse is ? times the product of the semi-major and semi-
minor axes. Consequently, solving for the semi-major and minor axes

12
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in terms of the maximum stress and strain in the cycle, it is found
that

51 ,(22)

where = width of !oop 2..i-- ction of minor axes) _1

length of -- i°.'.ection of major axes) 2 (loss factor),

* D,= damping energy jsociated with a stress level G,

is the secant -alus associated with a stress level 4

and W= is the level ot u-,iaxial reversed stress.

A hysteresis loop where .yis about 1% was found to be the narrowest
which could be meas,,._-ed by a planimeter with any degree of accuracy.
The quantity defined by Eq. (22) is very similar to the ratio
defined by Eq. (20). In fact,

- - (23)

L

If the analysis of Section III is to appl;, P must be small, cer-
tainly no more than 0.1. Thus, the most desirable material is one
having a value of~between 1% and 5% at a stress less than wj.

4.4 Descriptiro of Materials and Test Members

The specimens used in the experiments were made from bar stock
of manganese copper (CDC #780, Chicago Development Corporation,
5810 - 47th Avenue, Riverdale, Maryland) and Cobalt Nickel (Nivco
10, Westinghouse Electric Corporation, Blairsville, Pennsylvania)

* alloys. The chemical compositions of these alloys were stated by
- the manufacturers to be:

Nivco 10

Element Range (% Composition)
C 0.05 Max
Mn 0.20-0.50

Si 0.10-0.25
P 0.01 Max
S 0.02 Max
Fe I. )0 Max

: . Al 0.15-0.30
Ti 1.55-1.95
Zr 0.90-1.20
Ni 21.50-23.50
Co Balance

13
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CDC #780

Element Range (% Cc.mposition)

Mn 78-82
Cu 18-22.

Some of the mechanical properties of these alloys at room tempera-
*[ ture are:

Nivco 10

Fatigue strength 59,000 ps6 at 108 cycles
Modulus of elasticity 29.7 x 10 psi
0.2% Yield strength 110,000 psi

CDC #780

Fatigue strength 17,000 ps at0 cycles
Modulus of elasticity 13.5 x 0c psi
0.2% Yield strength 24,000 psi.

These materials were chosen primarily for their high damping
properties at low stress levels produced by mechanisms other than
plastic deformation. The effect of stress history on the damping
of manganese copper r s previously found to be very small (10).
The relative damping 7alues of these materials under reversed load-

.* ing are compared with other structural materials in Figure 14.
Both materials were heat treated by the manufacturer4 to insure the
maxmum isotropy necessary for a unique relationship between uni-
axial and biaxial damping properties.

In order to minimize the inevitable variation of properti :, ,
from specimen to specimen, all specimens of each material were clt
fr'omn the same bar. All of the specimens were of the thin walled
cylindrical type designated as "Type ND" and shown in Figure 15.
The ratio of the wall thickness to the diameter of the specimen is
about 0.027, which is small enough to assure a nearly uniform
distribution of shear stress over the cross sectional area. The
outside diameter and the length of the test section provide an
adequate surface for the fastening of the resistance type strain
gages used to measure axial and torsional strains. The effects of
specimen fillets on strain readings were assumed to be negligible,
since the fillets are of a large radius and the strain gages mounted

* well away from them. Machining and polishing procedures were iden-
tical to those previously described (11).

A
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4.5 Test Procedure

Previous investigators have found that the unit damping energy
for a given material, frequency and temperature depends both on
stress amplitude and stress history. Combined axial and torsional
damping tests were conducted so as to minimize the effect of stress
history. As a check on the effect of stress history on the specific
damping energy, the following experiment was conducted. The specific
damping energy was determined at a minimum stress level Gx , and at
increasing stress levels until a maximum stress amplitude, 6m was
reached. Then the damping was measured at decreasing amplitudes of
stress until the minimum value was reached. This experiment again
was conducted for both pure axial and pure torsional loadings. The
results are as shown in Figure 16. This preliminary test indicated
that there was some range of stress over which no appreciable stress
history effect would occur when the loading was either pure axial or
pure torsional. IT thei; becomes plausible to assume that no stress
history effect will exist over a similar range of equivalent
stresses when the loading is a biaxial combination of axial and tor-
sional loads. This was indeed found to be the case. For each
value of o used, the damping vs. measure of stress curve retraced
well when the magnitude of iwas increased and subsequently de-
creased within a range ILe- q,.

To accomplish the second of the objectives outlined in the
introduction, the following procedure was established.

1. Several levels of stress Fi, all such that G4 Twere
chosen.

2. Several combinations of axial and torsional loadings were
selected.

3. At each combination in (2), the loading program (1) was
carried out with a sufficient number of repeat runs to
establish reproducibility.

4. 1 through 3 were repeated with a different specimen.

The specimen was secured in the proper neutral position on
the biaxial stress damping machine by eliminating nearly all axial
or torsional pre-load from the specimen. By using the recording
apparatus at maximum sensitivity, it was found possible to elimi-
nate axial and torsional stresses to within 100 psi. Care was
exercised in specimen alignment to insure that no bending stress
would be introduced.

Duplicate hysteresis loops were recorded to check their re-
producibility. All damping tests were performed at room temperature
and at a frequency of 4 cycles per minute, a convenient speed at
which to operate the X-Y recorder.

15
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4.6 Data Reduction

The test specimens employed were designed such that the axial
and torsional stresses might be assumed to be uniformly distributed
over the cross section under a biaxial state of stress. Since the
ratio of wall thickness to diameter was 0.027, thin wall torsion
theory was applicable. The true variation in torsional stress
across the wall was less than 3%, and the test length of the speci-
me, great enough so that a uniform axial stress existed at the
loc4 ion of the strain gage.

The unit damping energy under the combined state of stress
was determined by measuring the two stress-strain hysteresis loops
which resulted when the specimen was cycled. The damping energy
at a state of biaxial stress is considered to be the sum of the
areas of the two principal stress-strain hysteresis loops, or

*DMY,f) U.) + ('cTzd 8 - C)-, D

where "D, D, are the damping energies as measured from the T-, and

- stress strain diagrams. Because of the changing in direction
of the principal axes as the relative amounts of axial and tor-
sional loads, O(_ are changed, the measurement of hysteresis loops
in terms of the principal axes would require separate strain gages
for each desired ratio of axial and torsional loading. As this
would necessitate repeated relocations of strain gages on both
specimen and dylnamometer, a method of recording damping at any
state of biaxial stress with one set of gages was developed. If
the damping energy is dependent only upon the invariant features of
the stress tensor, and the material isotropic, then the damping is

1 also invariant with respect to a transformation of coordinates, and
may be measured in any set of coordinates. Further, the damping
energy may be measured by adding the damping energy observed by
instrumentation designed to be sensitive to axial loading only to
that observed by instrumentation designed to be sensitive to tor-
sional loading only. The damping energy must be the equal of the
net work done per cycle, and as the only work done is by the axial
and torsional stresses, we find that the net work is given by

where Q-_and are the stresses due to the axial and torsional load-
ing, Eand Z.,are the strains as measured by axial strain gages
(parallel and perpendicular to the axial loading) and torsional
strain gages (gages aligned at 45% to the direction of axial load-

ing), and Qand D proportional to the areas of the respective
hysteresis loops.
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The areas of the axial and torsional hysteresis loops were
measured with a planimeter and the damping associated with each
loop was found from

SDG = 1, Xa A, and

where Do and 0S are the net work inputs under combined loading, 4
and /7 are recorder calibration stress constants in psi/in, of
deflection along the stress axis of the recorder; A and AXare the
strain constants in micro-inches/in of deflection along the strain
axis of the recorder; J and Asare the areas of the T-s and rs-Es
hysteresis loops respectively, measured in square inches. The.total1" damping energy of the material under the state of biaxial stress
obtained from a combined axial and torsional loading is

D +c
IT

V. RESULTS AND DISCUSSION

The data obtained experimentally is presented as plots of the
unit damping energy versus the maximum principal stress for several
values of a, Fig. 17, manganese copper and Fig. 18, Nivco 10,
both display some amount of scatter, but are considered acceptable
for purposes of observing the nature of behavior. From these
figures, it is possible to ascertain the states of combined stress
within the range of this investigation,

which will produce equal amounts of unit damping. Such states of
stress are indicated in Fig. 19 for the manganese copper alloy and
as Fig. 20 for the magnetoelastic material, Nivco 10 alloy. In
dimensionless form, these results appear as in Figs. 21 and 22 re-

*spectively. When plotted in this manner, the scatter in the data
*becomes much more apparent, however it may be seen that the effect

of the lesser principal stress, (-1 , is relatively small, suggest-
ing that the combined stress damping for each material is depend-
ent mainly on the magnitude of the greater principal stress. In
terms of an equivalent stress theory, the maximum principal stress
appears to be most appropriate.

These results do not seem to be easily reconciled with the
theory advanced in section III, as the exponent n for both material.s
is seen from Figs. 17 and 18 to be less than three, and an examina-
tion of Fig. 6 reveals that none of the critical stresses there

17
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considered will produce such behavior. Consequently, either the
validity of this theory in general, or its application to these
materials must be questioned.

Cochardt (12), in a discussion of the damping of a magneto-
elastic material, a 12% chrome steel turbine blade material, shows
that the maximum energy loss due to magnetoelastic damping in a
state of torsional stress should be the same as the maximum energy
loss in a state of tension. He assumed, since it was considered
impossible to determine the exact relationship, that the torsional
stress necessary to produce this maximum damping would be one half
of the tensile stress. This leads directly to the conclusion that
a state of torsional stress will produce the same damping as a state
of tensile stress of twice the magnitude. No previous attempts
at the prediction of biaxial stress damping properties for man-
ganese copper are known of at the present time.

If one considers the influence of residual stress on the damp-
ing of each of these materials, it becomes apparent that for resid-
ual stress other than hydrostatic, these materials are highly
anisotropic in their damping behavior, and consequently, it would
appear that no simple (isotropic) theory may be expected to give
a reasonable prediction of their combined stress damping behaviors.
It is also to be anticipated that these materials would display
quite different behavior, both quantitatively and qualitatively,
if the specimen orientation witn respect to rolling direction were
to be changed. It is to be noted in Fig. 18 that the slope of the
damping stress relationship is considerably less than the value of

7.- three which is to be expected of a material whose dominant damping
mechanism is magnetoelastic. It thus appears that the Nivco 10
specimens used in this investigation were not behaving as a
magnetoelastic material, likely a result of removing the residual
stresses necessary for the magnetoelastic behavior (13) by the
machining operations. This possibility was investigated. The
specimens blanks were found to have a BHN of about 300 in the
as-received condition (properly heat treated for high damping).
The test section of a prepared specimen was subjected to a hard-
ness test and the BHN found to be about 100. Cochardt has pub-
lished (13) a curve of damping vs. hardness for a material of
quite similar composition. His results indicate a very sharp
dropping off of damping as hardness is permitted to vary in either *-

direction from the value corresponding to optimum damping. Thus,
we might expect that at the observed lower values of hardness, the
magnetoelastic damping mechanism is not strictly dominant, but rather
that the damping is due to a combination of the magnetoelastic
phenomenon and other mechanisms quite likely local plastic deforma-
tions.

18
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VI. SUMMARY AND CONCLUSIONS

In the past, the usual procedure employed for the description
and prediction of combined stress damping properties was the equiva-
lent stress approach. This means was employed by Yorgiadis and
Anderson, and somewhat indirectly by Whittier, but has not proved
to be entirely satisfactory.

A new theory was developed incorporating one of the most
significant features of material damping, i.e., the dependence
of damping on a nth power of the applied stress. This nth power
law as observed for uniaxial stress was extended to states of
biaxial stress through several assumptions, notably:

1. that the material is isotropic;

2. that the same mechanism of damping is operative at all
states and magnitudes of stress;

3. that the shape of the hysteresis loop is the same at all
states of stress (This may well be related to 2.); and

4. that the effects of such variables as temperature, fre-
quency and stress history will be the same at all states
of stress (This should be a consequence of 2, as the
nature of these effects depends on the operative mechanism).

This new theory predicts biaxial stress damping properties to with-
in a multiplicative function of the stare of stress. This function
is somewhat arbitrary. It may either be selected on the basis of
experimental results for the material in question or chosen to be
the same as in a similar material for which the proper function
already is known.

The results of a previous investigation by V. W. Anderson are
satisfactorily described by the new theory. Tests were conducted
on two newer materials, Nivco 10 and manganese copper, but in these
cases the new theory does not give a satisfactory description of
the biaxial stress damping properties. A much stronger dependence
on the greater principal stress was observed in these materials
than is predicted. One essential difference exists between the
testing procedures for the two groups of materials and should be
considered. It was considered desirable to perform tests at
moderate stress levels in order to avoid the difficulty in obtain-
ing reproducible data which is experienced when stress history
effects are present. Readily measurable damping was obtained at
stress levels below 6c' in the case of the high damping alloys
Nivco 10 and manganese copper, but it was found necessary to test
the copper and steel at relatively higher levels of stress (above
their sensitive limits, c ) in order to obtain measurable damping.
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This difference may be of some significancL in any comparison of
results for the two groups of materials. It is also suspected that
these high damping materials may display strong directional proper-
ties which were not investigated.

Of a greater significance, however, is the mechanism of damping
operative in each case. It is to be noted that the materials for
which the new theory gives satisfactory agreement are materials
which dissipate energy by means of local plastic deformations,
whereas other mechanisms are normally dominant in the two materials
for which the theoretical predictions are inadequate. As a con-
sequence of this, the new theory should at least be limited in
application to materials for which the dominant damping mechanism
is that of plastic deformations. Since even the uniaxial damping
characteristics of two materials of different mechanisms are quite
dissimilar, it is probable that no theory of combined stress damping
can be formulated that will be valid for all mechanisms. It is
likely that a separate theory will be necessary for each mechanism
of interest.

Further experimental investigation would be desirable. In
addition to the testing of materials displaying different mechanisms
under combined axial and torsional loadings, data obtained from
other states of biaxial stress would be useful. For instance, the
providing of internal pressures in suitable combinations with axial
loads would greatly increase the portion of the j,L diagram which
might be reached experimentally. The measurement of damping energy
under a c,-,-lic hydrostatic pressure would be very interesting,
although experimentally difficult.
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